N

N
N

HAL

open science

Stability for Quantitative Photoacoustic Tomography
Revisited

Eric Bonnetier, Mourad Choulli, Faouzi Triki

» To cite this version:

Eric Bonnetier, Mourad Choulli, Faouzi Triki. Stability for Quantitative Photoacoustic Tomography
Revisited. Research in the Mathematical Sciences , In press. hal-02133521v2

HAL Id: hal-02133521
https://hal.science/hal-02133521v2
Submitted on 22 Mar 2022 (v2), last revised 23 Mar 2022 (v3)

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-02133521v2
https://hal.archives-ouvertes.fr

STABILITY FOR QUANTITATIVE PHOTOACOUSTIC TOMOGRAPHY
REVISITED

ERIC BONNETIER, MOURAD CHOULLI, AND FAOUZI TRIKI

ABSTRACT. This paper deals with the issue of stability in determining the absorption and the
diffusion coefficients in quantitative photoacoustic imaging. We establish a global conditionnal
Holder stability inequality from the knowledge of two internal data obtained from optical waves,
generated by two point sources in a region where the optical coefficients are known.

Mathematics subject classification : 35R30.

Key words : Elliptic equations, diffusion coefficient, absorption coefficient, stability inequality,
multiwave imaging.
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1. INTRODUCTION

Throughout this text n > 3 is a fixed integer. If 0 < 8 < 1 we denote by C%#(R™) the vector
space of bounded continuous functions f on R"™ satisfying

1 =sup { L= 10

s,y €ER™ x#£yp < oo.
[z —ylP

C%8(R™) is then a Banach space when it is endowed with its natural norm

Il fllco.s@ny = [ fllLoommy + [f]5-

Define C1#(R™) as the vector space of functions f from C%#(R™) so that 9; f € C®#(R"),1 < j < n.
The vector space C18(R™) equipped with the norm

Ifllcre@ny = Iflcosey + > 1105 fllcos@n
j=1

is a Banach space.

The data in this paper consists in £1,& € R™, Q € R™\ {£1,&} a CY! bounded domain with
boundary I', 0 < a < 1,0 < 8 < o, A > 1 and k > 1. For notational convenience, the set of data
will denoted by ®. That is

D =(n,&,8,0 0,0\ K).
Denote by D(), k) the set of couples (a,b) € CL1(R™) x CO1(R") satisfying
(1.1) A <a and lalleragny < A,
(1.2) k1 <b and 6]l o1 (mry < K,

The authors were supported by the grant ANR-17-CE40-0029 of the French National Research Agency ANR
(project MultiOnde).
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Define further the elliptic operator L, ; acting as follows
(1.3) Lo pu(z) = —div(a(z)Vu(z)) + b(z)u(z).

We show in Section ?? that if (a,b) € D(A, k) then the operator L, ; admits a unique fundamental
solution G, satisfying, where £ € R",

Gan(6) € ot R™\AE}),  LapGan(-€) =0 R\ {¢},
and, for any f € C§°(R"),
w= | Ganb(+€) f(€)dE
belongs to H2(R™) and it is the unique solution of L, yu = f.
We deal in the present work with the problem of reconstructing (a,b) € D(\ k) from energies
generated by two point sources located at &; and &. Precisely, if uj(a,b) = Gap(,&5), j = 1,2, we
want to determine (a,b) from the internal measurements

vi(a,b) =bu;(a,b) nQ, j=1,2.

This inverse problem is related to photoacoustic tomography (PAT) where optical energy absorp-
tion causes thermoelastic expansion of the tissue, which in turn generates a pressure wave [?]. This
acoustic signal is measured by transducers distributed on the boundary of the sample and it is used
for imaging optical properties of the sample. The internal data vy (a,bd) and va(a,b) are obtained
by performing a first step consisting in a linear initial to boundary inverse problem for the acoustic
wave equation. Therefore the inverse problem that arises from this first inversion is to determine
the diffusion coefficient a and the absorption coefficient b from the internal data vy (a, b) and vy (a, b)
that are proportional to the local absorbed optical energy inside the sample. This inverse problem
is known in the literature as quantitative photoacoustic tomography [?, ?, 2, 7, 2, 7, 2, 7].

Photoacoustic imaging provides in theory images of optical contrasts and ultrasound resolution
[?]. Indeed, the resolution is mainly due to the small wavelength of acoustic waves, while the con-
trast is somehow related to the sensitivity of optical waves to absorption and scattering properties
of the medium in the diffusive regime. However, in practice, it has been observed in various exper-
iments that the imaging depth, i.e. the maximal depth of the medium at which structures can be
resolved at expected resolution, of (PAT) is still fairly limited, usually on the order of millimeters.
This is mainly due to the fact that optical waves are significantly attenuated by absorption and
scattering. In fact the generated optical signal decays very fast in the depth direction. This is
indeed a well known faced issue in optical tomography [?]. In most physicists works dealing with
quantitative (PAT), the absorption b > 0 is assumed to be constant and the optical wave is sim-
plified to Ce™"?, as a function of the depth z, which is known as the Beer-Lambert-Bouguer law
[?]. Recently in [?], assuming that medium is layered, the authors derived a stability estimate that
shows that the reconstruction of the optical coefficients is stable in the region close to the optical
illumination source and deteriorate exponentially far away.

Stability inequalities for this inverse problem were first obtained in [?, ?] under a strong non-
degeneracy assumption. Later in [?], the authors improved these results by removing the non-
degeneracy assumption for well-chosen boundary conditions (Definition 2.3).

Assuming that the optical waves are generated by two point sources d¢,,% = 1,2, we aim to derive
a stability estimate for the recovery of the optical coefficients from internal data. We point out that
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taking the optical wave generated by a point source outside the sample seems to be more realistic
than assuming a boundary condition.

In the statement of Theorem ?? below C' = C(D) > 0 and 0 < v = (D) < 1 are constants.

Theorem 1.1. For any (a,b), (@,b) € D(\, k) satisfying (a,b) = (a,b) on T, we have

_ ~ _ _ v
la = @ll gy + 15 = Bllon.a) < € (o1 = Bllog, + o2 = Sall o)

The rest of this text is organized as follows. In section 2 we construct a fundamental solution and
give its regularity induced by that of the coefficients of the operator under consideration. We derive
pointwise lower and upper bounds for the fundamental solution that are of interest themselves.
These bounds show how the optical signal decays fast in the depth direction. We also establish in
this section a lower bound of the local L?-norm of the gradient of the quotient of two fundamental
solutions near one of the point sources. This is the key point for establishing our stability inequality.
This last result is then used in Section 3 to obtain a uniform polynomial lower bound of the local
L?-norm of the gradient in a given region. This polynomial lower bound is obtained in two steps.
In the first step we derive, via a three-ball inequality for the gradient, a uniform lower bound of
negative exponential type. We use then in the second step an argument based on the so-called
frequency function in order to improve this lower bound. In the last section we prove our main
theorem following the known method consisting in reducing the original problem to the stability of
an inverse conductivity problem.

2. FUNDAMENTAL SOLUTIONS

2.1. Constructing fundamental solutions. In this subsection we construct a fundamental so-
lution of divergence form elliptic operators. Since our construction relies on heat kernel estimates,
we first recall some known results.

Consider the parabolic operator P, ; acting as follows

Pa,bu(xa t) = *La,bu(xv t) - 8{&(1’, t)

and set

Q={(x,t,§,7) e R" xR x R" xR; 7 < t}.

Recall that a fundamental solution of the operator P, is a function E,;, € C*!(Q) verifying
P,p,E =01in Q and, for every f € C§°(R"),

lim [ Bop(at €7 F(©dE = f(2), xR
The classical results in the monographs by A. Friedman [?], O. A. Ladyzenskaja, V. A. Solonnikov
and N.N Ural’ceva [?] show that P,; admits a non negative fundamental solution when (a,b) €
D(\ k).
It is worth mentioning that if a = ¢, for some constant ¢ > 0, and b = 0 then the fundamental
solution F, ¢ is explicitly given by

1 |z—¢|2

Eeo(z,t,8,7) = WB_““’“’ (2,6,§,7) € Q.
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Examining carefully the proof of the two-sided Gaussian bounds in [?], we see that these bounds
remain valid whenever a € C11(R") satisfies

(2.1) A <a and lallcragny < A

More precisely we have the following theorem in which
1\2

| )
o, x€R" t>0,c>0.

Ec(x,t) = We_ 5

Theorem 2.1. There exists a constant ¢ = c(n,\) > 1 so that, for any a € CY1(R™) satisfying
(?7), we have
(2.2) Eerr(x =&t —7) < Eqo(a, 1:6,7) < Eelx =&t —7),
for all (z,t,&,7) € Q.
The relationship between &, and E. ( is given by the formula

(2.3) Sz —Et—7) = (me)n /2t

Eepaole,t,6,7),  (2,1,6,7) € Q.

The following comparison principle will be useful in the sequel.

Lemma 2.1. Let (a,b1), (a,b2) € D(A\, k) so that by < by. Then Eqp, < Eqp, -

Proof. Pick 0 < f € C§°(R™). Let u be the solution of the initial value problem
P,pu(z,t)=0 e R" x {t > 7}, wu(z,7)=f

We have

(24) u(et) = [ Bun (o661 F(€)d6 2 0.
On the other hand, as P, 3, u(z,t) = 0 can be rewritten as

Pap,u(e;t) = [bi(z) = ba(2)]u(z, 1),

we obtain
(2.5) u(z,t) = RnEa,bz(ﬂf,t;&T)f(S)df

[ Buo i 5)a(6) ~ ba(©lute, s)deds.
Combining (??) and (??), we get

Botn(,6 €N S [ Bas (0667160,

which yields in a straightforward manner the expected inequality. O

Rn

Consider, for (a,b) € D(\, k), the unbounded operator A,y : L*(R™) — L?(R™) defined
Aap=—Lap, D(Aqp) = H*(R™).

It is well known that A, ; generates an analytic semigroup et4av . Therefore in light of [?, Theorem
4 on page 30, Theorem 18 on page 44 and the proof in the beginning of Section 1.4.2 on page 35]
kap(t,7;€), the Schwarz kernel of et4a:¢ is Holder continuous with respect to x and €, satisfies

(2.6) kas(t,z,6)| < e & (x — &, 1)
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and, for |h| < Vt+ |z —¢|,

. (Y e

27) oo+ 1.8) = huatt O < e (=l —) aw e,
T — T e 7|h| >” xr —

(25) st .6 +) = bt )] < = ) Bl

where ¢ = ¢(n, A, k) > 0 and § = d(n, A, x) > 0 and n > 0 are constants.
From the uniqueness of solutions of the Cauchy problem

(2.9) u'(t) = Agpu(t), t >0, u(0)=fe CFR),

we deduce in a straightforward manner that kq (¢, ;&) = Eq (2, 6;€,0).
Prior to giving the construction of the fundamental solution for the variable coefficients operators,
we state a result for operators with constant coefficients. This result is proved in Appendix ?77.

Lemma 2.2. Let pp > 0 and v > 0 be two constants. Then the fundamental solution for the operator
—pA + v is given by G (2,6) = Gu (=€), 2, € R, with

G (@) = rp) 2 (Vo) |2V K o 1 (VPl2l V), € R
Here K, /5_1 is the usual modified Bessel function of second kind. Moreover the following two-sided
inequality holds

_16_\5\1\/\/;7 e—Vvizl/(2vR)

2.10 <G, . zEeR"
( ) ‘x|n72 —g/7 )= |x|n72 z

for some constant C = C(n, u,v) > 1.
The main result of this section is the following theorem.

Theorem 2.2. Let (a,b) € D(\, k). Then there exists a unique function G satisfying Gap(-,€) €
C(R™\ {£}), £ €R™, Gyp(x,-) € C(R*\ {z}), z € R", and
(i) LapGap(-§) = 0 in Z'(R™" \ {¢}), £ € R",
(i) for any f € C§°(R™),
u(z) = A Gap(@,§) f(§)dE
belongs to H2(R™) and it is the unique solution of L, pyu = f,
(i) there exist two constants ¢ = c(n,A) > 1 and C' = C(n, A\, k) > 1 so that

(2.11) e (z,€) < 076_‘%‘
' e N TR

Proof. Pick s > 1 arbitrary and let f € C5°(R™). Applying Holder’s inequality, we find

[ ot 1 FIE < (e}

Ls(Rn) f||L5/(Rn)7

where s’ is the conjugate exponent of s.

But, according to (?7),
s c \* _slz—g)?
LS(R") S (tn/Q) /n e et df

||ka7b(tv T, )|




6 ERIC BONNETIER, MOURAD CHOULLI, AND FAOUZI TRIKI

Next, making the change of variable £ = (y/ct/s)n + x, we get

n/2
s c \*[ct g2
kot 2, )y < (Tnm) (S> / e ap

y < tn(l/sfl)/2cvs7

Hence
”ka,b(t? €z, )

C,=c (S)nﬂ (/n e—IWIZdn) 1/5.

We get, by choosing 1 < s < 15 <5,

with

“+oo
| [ ataoiseac

// ko1, 2.)|F(©) |d5dt+/+°°/ aat, 2, )| F()lde

n

< Cullfll g / B0y 4 Oyl f)] o </ (05D g,

In light of Fubini’s theorem we obtain

+oo +too
(212) [ haste @i = [ ([T rattagat) siepas
Define G, 5 as follows
+oo
Ga,b(l‘7£) = / ka,b(taxag)dt
0
Then (??) takes the form

+oo
(213) | [ msteron@a = [ Guoseas

R’Vl
Noting that A,y is invertible, we obtain

—Af(x) = </O+Oo e“‘mhfdt) (z)

+oo
=[] kst s@icar, v
0 n
This and (??) entail
—A @) = | Gap(@,f(€)ds, xR

Rn
In other words, u defined by

U(J}) = - Ga7b($7£)f(§)d£, T e Rna
belongs to H%(R™) and satisfies L, pu = f.
Since, for x # &,

teo g lz—g|2 Foo 1
/ ——e @ dt = c”/2_1/ 22 Tqr | ——
o tn/? 0 |z —&|n—2
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we get in light of (77?)

C
|Gap(@+h,§) — Gap(z, &) < WWU’ z#& b <z ¢

where C = C(n, A, k) is a constant. In particular, G,(-,&) € C(R™ \ {¢}). Similarly, using (?7)
instead of (?7), we obtain G4 (z, ) € C(R™ \ {z}). More specifically we have

C
(2.14) |Gap(z,§+h) = Gap(z,§)| < mlh\”, z#& b <z —¢]

Let £ € R" and w € R™\ {¢}, and pick g € C5°(w). Then set

wap(y) = / Gl y)g(@)de, y € B, dist(E,)/2).

It follows from (?7?) that, for y € B(&, dist(§,w)) and |h| < dist(y,@), we have

c

a h) — wq <—————|n|"
|w ,b(y+ ) w ,b(y)‘ = dist(y’w)n_2+n| ‘
Therefore wq, € C(B(, dist(€,w)/2).
Let M(R™) be the space of bounded measures on R". Pick a sequence (fx) of a positive functions
of C§°(R™) converging in M(R™) to d¢ and let u; = —A;})fk. In that case, according to Fubini’s

theorem, we have

[ uwg@ds= [ [ Goste oo wiyds
— [ wasl) 5wy — was(€) = [ Gunle, Og(a)da,

w

where we used that suppfr C B(,dist(¢,w)/2), provided that k is sufficiently large. That is we
proved that uy converges to G (-, &) weakly in LZ (R™\ {¢}) (think to the fact that C§°(w) is
dense in L?(w)).

Now, as Lgpup = fr, we find Ly 3Gop(-,€) = 0 in R™ \ {{} in the distributional sense.

The uniqueness of G, follows from that of u and, as k™! < b < K, we deduce from Lemma ??
that

Ea,ﬁ(xvtagvo) < anb(x,t,f,()) < Ea,ﬁ_l(xvtagvo)'

But a simple change of variable shows that

(2.15) Byt (2,1,€,0) = e 'E,o(,1,€,0)
and
(2.16) E, . (z,t,¢0) = e*”tEap(x,t,{,O).

Therefore, from Theorem ?? and identity (?7?), there exists a constant ¢ = ¢(n, A) > 1 so that

o (Wc_l)n/2+1
e ~ - 7

EC—1/410(.’I],t,§, 0) S Ea’b(x,t,€70)

n/2+1
_x L T
S (& t%Ec/Al,O(qugao)?
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which, combined with identities (??) and (??), gives

—1\n/2+1
%Ec*1/4,n(x7t7§70) < Ea,b(x,t,E,O)

n/2+1
< LEC/4,K71 (Z‘, t, &, 0)

™

™

From the uniqueness of G, j, we obtain by integrating over (0, +00), with respect to ¢, each member
of the above inequalities

(ﬂc_l)"/Q'H (Wc)n/2+1

GC—1/47R(Z‘,£) < Ga7b(l‘7f) < Gc/4,n*1(xa§)'

These two-sided inequalities together with (??) yield in a straightforward manner (?7?). O

™

The function G, given by the previous theorem is usually called a fundamental solution of the
operator L p.

2.2. Regularity of fundamental solutions. Let £ € R" and O € O’ @ R™\ {¢} with O’ of class
CH As Gop(+,€) € C(00'), we get from [?, Theorem 6.18, page 106] (interior Holder regularity)
that Gy (-, &) belongs to C%(0).

Proposition 2.1. There exist C = C(n, A\, k,a) and v = v(a) > 2 so that, for any £ € R™ and
O e R"\ {¢}, we have

(217) 1Gas(+E) ooy < CAW + o) max (o77,1) 72
Here o = dist (5,@), d = diam(O) and
A(h) = [L+2h+2R* + R3]\, h>0.

The proof of this proposition is based the following lemma consisting in an adaptation of the
usual interior Schauder estimates. The proof of this technical lemma will be given in Appendix A.

Lemma 2.3. There exists two constants C = C(n,«) and v = v(a) > 1 with the property that, for
any bounded subset Q of R, § > 0 so that Qs = {z € Q; dist(x,0Q) > §} # 0, w € C*>*(Q)NC (Q)
satisfying Lo pw =0 in Q and Q" C Qs, we have

(2.18) wllga.e gy < Cmax (5-3),1) A [wlo(g),

where A is as in Proposition 7?7 and d = diam(Q).

Proof of Proposition 7?7. We get, by applying Lemma ?? with @' = O, § = p/2 and Q = {x € R™; dist (x,@) < 9/2}
G+l 2 ) < CAM + 0)" max (8-, 1) |G- Ol )

This and (??) yield

(219) 1Gas(-E)lonam) < O + o) max (574 1) g 420/ Ve,

with C' = C(n, A\, K, @) and ¢ = ¢(n, A). It is then clear that (??) implies (?7). O

The preceding proposition together with Lemma 7?7 enable us to state the following corollary.
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Corollary 2.1. There exist C = C(n, A\, k,a,0) and v = v(a) > 1 so that, for any & € R™ and
O e R"\ {¢}, we have

(2.20) 1Gan(- ) m2ve(0)
< CA(d + ¢)” max (d”/Q, d"/2+°‘70> max (Q7(2+°‘), 1) 0 "2,
where o = dist (f,@), d = diam(0O).

Corollary 2.2. There exist C = C(n, \, k, ) and ¢ = ¢(n, A\, k, @) so that, for any &1,& € R™ and
O e R"\ {1, &2}, we have

o [ets
0),

where o = min (dist (&1,

< Cecldtes) (1 +max( ~(24e) 1) _”+2> ,
02 Ot(o)

dist (£2,0)) and o4 = max (dist (§1, O) , dist (&2, O0)).

Proof. In this proof C' = C(n, A\, K, @), ¢ = ¢(n, A\, K, @) and v = v(«) > 2 are generic constants.
From Proposition 7?7, we have

(2.22) 1Gan(s &)l < CAM + 04)” max (0=, 1) =72, j=1,2.
Let Cp > 1 end ¢g > 1 be the constants in (??) and fix 0 < dp < 1. Then the first inequality in
(?7) gives

1 n—2 2 d
< Cy(d+ e2VaR(dtes),
Gon(oE) = Coldrer)

This inequality together with Lemma ?? in Appendix ?? yield

1 3
2.23 - < Cecldter) (1 1 Gas-, o )
(3:2%) H Gap(8) [lc2a@) ~ |GasDllcz o)
Then in light of (??) and (??), we get in a straightforward manner
4
G e (1 e (0, 1) )
( 7§1) 2, a(o)
and hence
ab(+§2) d —(2+a) 1\ —n+2)?
< Cefldted) (1 4 max (o 1) 0= 12 .
H ( 51) C2o( ) ( (Q ) o )
This is the expected inequality. O

This corollary combined with Lemma ?7 yields the following result.

Corollary 2.3. There exist C = C(n, A\, K, «,0) and ¢ = ¢(n, A\, K, a, 0) so that, for any &1,& € R™
and O € R™\ {1, &}, we have

Gap(,&2)
Gap(61)

Here o1 is the same as in Corollary 77.

4
(2.24) ‘ < Cel@ter) (14 max (o2, 1) p2+2)

’H2+9 o)
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2.3. Gradient estimate of the quotient of two fundamental solutions. The following result
uses the singularity of the Green function near the location of the point source.

Lemma 2.4. There exist x* € B(&,[61 — &2[/2) \ {&}, C = (n, A\ k,[§1 — &) > 0 and p =
p(n, A, 5,161 — &) > 0 so that B(z*, p) C B(&2, (61 — &2[/2) \ {&} and

o=l (Gee)

Proof. We set for notational convenience w = Gg (-, £2)/Gap(-,&1). In light of Theorem ?7?, we
obtain by straightforward computations the following two-sided inequality

-1
c ¢ v € B(& |61 — &1/2)\ {&).

e =S g
Here and until the end of this proof C'= C(n, A, , [§&1 — &2|) is a generic constant.
Set t =& — £2]/4 and define
p(t,0) = w(&a +10), (t,0) € (0, x S
According to Corollary ??, ¢ € C2%((0,] x S*~!) and hence

L2(B(z*,p))

(2.25)

loc

B t
o(5.6) — (t.0) = /t V(s + s6) - Ods,

which in turn gives
t
[0(2.0) ~ plt,0) < () [ [Vuea + ) ds
t

t
gf/ |Vw(Es + s8)|* ds
t

L [t gn—1 N
< t/t P IVw(& + s0)°ds, (t,0) € (0,4] x S*L.

Whence, where t € (0, 7],

(2.26) t’H/ lo(t,0) — o(t, 0)|>do gf/ \Vw(z)|” de.
sn—1 €

Here
G ={reR" t<|z—&|<i}.

On the other hand inequalities (??) imply, where (,6) € (0,7] x S*~1,
—1

<et0) < o=

tn—2

Let us then choose to < f sufficiently small in such a way that
c1! C

$n—2 o fn—2
Therefore, for (¢,0) € (0,t0] x S"~1, we have

>0, te (O,to].

—1 2
(2.27) (tc,:? — ;;) < le(E,0) — [t 0)]*.
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We then obtain by combining inequalities (??) and (?7?)

Y o N o
IS 1|(tn_2-ﬁh2> fgt(K|Vu&zH2dx, t e (0,10].

We have in particular

c:g/"|Vw@nﬂm.
C,

to

Let p =tg/4. Then it is straightforward to check that, for any = € ?to,

B(z,p) C {y € R™; 3to/4 < |y — &| < 5t/4} C B(&s, |61 — &/2) \ {&}-

Since %}, is compact, we find a positive integer N = N(\, &, [& — &) and 2 € 6, 1 =1, - -

so that

N
?toc U B((Ej,p).

Jj=1

Hence

CS/’ V() da.
U;\jle(m]"p)
Pick then z* € {z;, 1 < j < N} in such a way that

/ |Vw(z)|? dz = max/ [Vw(z)|? de.
B(a*.p) 1IN I B(e;00)

Therefore
CS/’ V(o)) da.
B(z*,p)

This finishes the proof.

3. UNIFORM LOWER BOUND FOR THE GRADIENT

Let O be a Lipschitz bounded domain of R” and o € C%1(0) satisfying
(3.1) » <o and lollgor @) <

for some fixed constant s > 1.

We prove in this section a polynomial lower bound of the local L?-norm of the gradient of

solutions of
Lyu=div(cVu) =0 inO.

In a first step we establish, via a three-ball inequality for the gradient, a uniform lower bound
of negative exponential type. We use then in a second step an argument based on the so-called

frequency function in order to improve this lower bound.

11
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3.1. Preliminary lower bound. We need hereafter the following three-ball inequality for the
gradient.

Theorem 3.1. Let 0 < k < £ < m be real. There exist two constants C = C(n, s, k,£,m) > 0
and 0 < v = ~v(n,s,k,¢,m) < 1 so that, for any v € H'(O) satisfying L,v = 0, y € O and
0 < r < dist(y, 00)/m, we have

CHVUHL2 (B(y,tr)) < HV'UHL2(B v, k) ||VU||L2 (B(y,mr))"

A proof of this theorem can be found in [?] or [?].
Define the geometric distance d? on the bounded domain D of R™ by

D . . . . . ...
dg (z,y) = inf {£(1)); ¢ : [0,1] — D Lipschitz path joining z to y},

1
o) = / () dt
is the length of .

Note that according to Rademacher’s theorem any Lipschitz continuous function v : [0,1] — D
is almost everywhere differentiable with |¢)(t)| < k a.e. t € [0, 1], where k is the Lipschitz constant

of 1.
Lemma 3.1. Let D be a bounded Lipschitz domain of R™. Then df € L*°(D x D) and there exists
a constant cp > 0 so that

(3.2) |z —y| <dP(x,y) <cplr—yl, x,y€D.

where

We refer to [?, Lemma A3] for a proof.
In this subsection we use the following notations

O° = {z € O; dist(z,00) > &}

and

x(0) = sup{s > 0; O° # 0}.
Define
(33)  F(O.20.Mn.6) = {uc HNO); Leu=0in O,

IVull20) < M, VullL2(Bo,8)) = 0}
with & € (0, x(0)/3), 2o € O3, n >0 and M > 1 satisfying n < M.

Lemma 3.2. There exist two constants ¢ = c(n,») > 1 and 0 < v = y(n, ) < 1 so that, for any
u € (0,19, M,n,0) and x € O3, we have

(34) e_[ln(chf/n)/’Y]e[z"‘ln‘mc‘wiwo‘/s < Hvu||L2(B(z,5))7
with ¢ = ¢o s as in Lemma 77.
Proof. Pick u € #(O,x9, M,n,0). Let z € O3 and + : [0,1] — O be a Lipschitz path joining
x = 1(0) to xo = (1), so that £(y)) < 2d,(xo, ). Here and henceforth, for simplicity convenience,
we use dg(zo, ) instead of dS (xo, x).

Let to = 0 and t511 = 1nf{t € [tr, 1]; ¥(t) € B(¥(t),6)}, k > 0. We claim that there exists an

integer N > 1 verifying ¢ (1) € B(¢(tn),d). If not, we would have (1) & B(¢(ty),d) for any k > 0.
As the sequence (t) is non decreasing and bounded from above by 1, it converges to £ < 1. In
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particular, there exists an integer ko > 1 so that 1 (t) € B (v(£),6/2), k > ko. But this contradicts
the fact that [(tg4+1) — ¥ (tx)] > 9, k > 0.
Let us check that N < Ny, where Ng = Ny(n, | — 20|, ¢,d). Pick 1 < j < n so that

max [V;(ter1) — Yi(te)| = [ (ter1) — ¥j(te)l,

1<i<n

where ; is the ith component of ¢. Then

6 <nfhy(tryr) —itr) =n

ty1 | tet1
[ bt <a [ o

tr tr

Consequently, where ty11 =1,

N Th41 |
(N+1)5 < nZ/ ()]t = nl(e) < 2nd, (z0, ) < 2ncl — xo|.
k=0 "tk

Therefore

N<N0:[2m|x_x0|]

0

Let yo = z and yp = ¢(tx), 1 < k < N. If [z —ypsa| <4, then [z —yx| < [z —ypta|+ [Yht1— x| <
2§. In other words B(yg+1,0) C B(yk,20). We get from Theorem ??
(3-5) ”VU”L?(B(yj,Qé)) < C||Vu||1L;(’YB(yj735))||v“||z2(3(yj,5))a 0<j <N,

for some constants C' = C(n, ) >0 and 0 <y =v(n, ) < 1.
Set I = [[VullL2((y;.6)), 0 < J < N and Int1 = ||Vul[22(B(x0,6))- Since B(y;+1,6) C B(y;,20),
1 <j <N —1, estimate (??) implies

(3.6) Ly <CM'™I), 0<j<N.

Let C; = C1+7+-+7""" and B8 = yN+1. Then, by a simple induction argument, estimate (77?)
yields

(3.7) Ing < CIMYPIP.

Without loss of generality, we assume in the sequel that C' > 1 in (??). Using that N < N, we
have

ﬂ > 60 = FYNO+17

Cl S Cﬁ7

ﬁ B _ & Bo .
M -\ M
No+1

|
sz (8

These estimates in (??) give

from which we deduce that
1 No+1
IVall (s < CT5 M [Vl Latn i, o)
But M > 1. Whence
1 ANo+1
N < Vull2@o.0) < CT7 M|Vl pa(pa,s))-
The expected inequality follows readily from this last estimate. ]
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3.2. An estimate for the frequency function. Some tools in the present section are borrowed

from [?, 7, ?]. Let u € HY(O) and o € C%'(0) satisfying the bounds (??). We recall that the
usual frequency function, relative to the operator L., associated to w is defined by

rD(u)(zo,r)

N(u)(ao,r) =

provided that B(zg,r) € O, with

D(u)(zo,7) = /B ( )a(m)|Vu(m)|2da:,

H(u)(zo,r) = /6 3 )U(m)uQ(x)dS(x).
Define also

K(u)(zg,r) = / o(x)u?(z)dz.

B(zo,r)
Prior to studying the properties of the frequency function, we prove some preliminary results. Fix

u € H%*(O) so that L,u = 0 in O and, for simplicity convenience, we drop in the sequel the
dependence on u of N, D, H and K.

Lemma 3.3. For zy € O% and 0 < r < §, we have

(3.8) OrH(xo,7) = n%H(xOJ) —i—ﬁ[(xo,r) +2D(xq, 1),
(39) 0,D(wo,) = "2 Dlao, ) + - Do, ) + 28 (zo, 7).
Here

= ’lL2 o\xr) - -vV\x T
H(wor) = /6 AL ORI

A

(o, 7) = /8 o SO S,

D(zg,7) = /B( : |Vu(z)|*Vo () - (z — 20)dz.

Proof. Pick xg € ©% and 0 < 7 < §. A simple change of variable yields

H(zg,7) = / o(xo + ry)u®(zo +1y)r" 1dS(y).
8B(0,1)
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Hence
0. Hizo,r) =" Hlzor)+ [ Vlow)(ao + 1)y S ()
9B(0,1)
—1
=0 H(xo,7) + / u?(xg + ry)Vo(zo + ry) - yr"1dS(y)
r 8B(0,1)
[ ota+ ) V) + ) g5 S ()
8B(0,1)
-z 1H(a?0,r) + / u?(z)Vo(z) - v(x)dS(x)
r 0B (xo,r)
+/ o(x)V(u?)(x) - v(x)dS(x)
9B (xzo,r)
_— ; 1H(x0,7") + H(xg,7) +/ o(z)V(u?)(x) - v(z)dS(x).
9B (zo,r)
Identity (?7?) will follow if we prove
(3.10) 2D(xg,1) = / o(z)V(u?)(x) - v(z)dS(z).
OB(xo,T)

To this end, we observe that div(cVu) = 0 implies
div(eV(u?)) = 2udiv(oVu) + 20| Vul? = 20| Vul?.
We then get by applying the divergence theorem

(3.11) 2D(xg,1) = /B( )div(a(x)V(uQ)(x))dm

= / o(z)V(u?)(z) - v(z)dS(z).
OB(xo,r)

This proves (?7).
By a change of variable we have

Do) = [ [ (oot ty)|Vatao + tg) P dS (o)
o JoB(o,1)
Hence

0rD(xzq, 1) = / a(xo + 1Y) | Vu(ze + ry)[*r"~1dS(y)
8B(0,1)

N / o(2)|Vu(z)*dS(z)
OB(zo,r)

—1 o\r ux2x—x V(T x
= IV ) S

r

An application of the divergence theorem then gives

OrD(xg,7) = 1/B( - )div(a(:v)|Vu(m)|2(:E — x9))dz.

r
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Therefore
0,D(z0,1) = - / V() 2div(o(2)(@ — 0))dz
T JB(zo,r)
1
+1 / o(2)(x — 70) - V(| V() 2)da
T JB(xo,r)
implying
(3.12) 0rD(zg,7) = ED(azo,r) + 1D(:z:o,r)
T T
1
+ - o(x)(z — xo) - V(|Vu(x)|?)dx

+2 / o (@) Bru() (z; — wo,)Oyu(x)vi(2)dS ()
OB(zq,r)
= —2/3(%7” Osu(x)o(x)(x; — xo ;)0ju(z)de
-2 /B(xw) Oiu(x)0ju(x)0; [o(x)(x; — xo,;)] de
+ 2/ o(x)0iu(z)(x; — xo ;)0u(x)v;(x)dS(x).
OB(xo,T)

Thus, taking into account that cAu = —Vo - Vu,

/ o(z)(z —z0) - V(|Vu(z)|?)dr = —2/ o(z)|Vu(z) *dx
B(zo,r)

B(zo,r)

+ 2r /¢93(x0,7) o(x)(0,u(x))*dS(x).

This identity in (??) yields

A

-2 1~
—D(zg,r) + 2H (x0,T).
,

OrD(xg,71) = nTD(aco,r) +

That is we proved (?7).

Lemma 3.4. We have

K(zg,7) < TeT”QH(xo,r), z9 €0° 0<r<4.
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Proof. Taking into account that H(zg,r) > 0 and D(xg,r) > 0, we obtain from identity (?7)

OrH (z9,7) > / dyo(x)u?(x)dS(x)

OB(zo,T)

> / 0u0(2) (2 (2)dS(x) > — 2 H (w0, 7).
OB(zo,T)

o(x)

Consequently r — ers’ H(x,r) is non decreasing and then

/on, dt</ " H(zo, t)dt

2

< / 6”‘2H(x0,r)dt <re" H(xzg,r).
0

.TO, / H .’130,

K(xg,r) <re” H(mo, ).
This completes the proof. O

As

we end up getting

Now straightforward computations yield, for 2o € ©@% and 0 < r < 6,

&,N(xo,r) _ 1 67-D(330,7’) _ 8TH(x0ar)
(3.13) N(zg,r) 7 + D(zq,7) H(zg,7)

Lemma 3.5. For zop € O% and 0 < r < §, we have
N(zg,r) < 62”25N(x0,5).

Proof. We have from formulas (??) and (??) and identity (?7)
O;N(zo,7)  D(xo,7)  H(zo,7) H(xo,7) D(zg,r)
(3.14) NGso.r) ~ rD(ao,r)  H(wo,1) 2 Do) CH(zo.r)
_ D(xo,7)  H(zo,r) 49 H(xo,r)H (x0,7) — D(zo,7)?
rD(zo,7)  H(zo,T) D(xq,r)H (z0,7) '

But from (??) we have
D(xqg,7) :/ o(x)u(x)d,u(z)dS(x).
9B(xo,r)

Then we find by applying Cauchy-Schwarz’s inequality
Do, r)? < / o (a0 (z)dS (x) / (@) (D)2 (2)dS () | .
9B (zo,r) OB(zo,r)
That is

(315) D2(£07’r) S H(Jfo,”/’)ﬁ(ﬂ?oﬂ").
This and (??) lead
O0rN (zg,7) D(xo, T) ﬁ(xo, T)

(3.16) N(zg,r) = rD(xo, ) a H(zo,7)
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On the other hand

(3.17) ‘f[(mo,rﬂ < #||Va|l oo H (20, 7) < 5*H(20,7),
and similarly
(3.18) |E(x0,r)| < 2rD(zg, 7).
In light of (?7?), (??) and (?7?), we derive
Or N (z0,7) 9
GV, T)
N(zg,7) — ol

that is to say
0, (¢ " N (2o, 7)) > 0.
Consequently
N(zg,7) < 62“2(5*T)N(3:0, 0) < 62”25N(m0, d),
as expected. O

3.3. Polynomial lower bound.

Lemma 3.6. There exist a universal constant w and two constants ¢ = c¢(n,») >0 and 0 < vy =
v(n, ) <1 so that if

Co(h) = Mrwsc(1 + d)s— 13 +R2mn(eM/m)/]elm 0t oy o
then
[N (u)(z, )| (0,5) < Co(lz — 20| /3),
for any u € L (O, 20, M,n,0/3), where ¢ = ¢o is as in Lemma ?7.

Proof. Pick x € ©°. Then from Lemma ??

IVl L2 (soa 3y > e eM/m/letrimimzels,

for some constant ¢ = ¢(n, ») and 0 < v = y(n, »)) < 1.
On the other hand, we establish in a quite classical manner the following Caccioppoli’s inequality

IVullZ2 (573 < WHUHZH(E;(E@)’
where w is a universal constant. Therefore
(3.19) [ullF2 5.5y = Collz — 0| /6),
where
5 &2 [6n] 10yl c]h
(3.20) Co(h) = me*[2 In(eM/m)/le , h>0.

Since K (u)(z,d) > %_1Hu||%2(3(m75)), we find

(3.21) K (u)(z,0) > _ B —men/mnelonn etz ol
' T @ (1 4 d) '
In light of Lemma ??, we derive from (?7)

— 2§
(3:22) H(u)(,6) > 20" mlainten/myajeleninete=solss

= @31+ d)
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In light of Lemma 77, we get

VullL2 0
N < 232§ || (
(z,1) < e 7H(u)($,5)’

This inequality and (??) give, where ¢ = ¢(n, 5) is a constant,

0<r<i,

N(z,7) < Mws>*(1 + d)5_1e3”25+[2ln(CM/”)/'Y]e[Gnllmur‘%mo‘/é, 0<r<i,

which is the expected inequality.

Proposition 3.1. Let Cy be as in Lemma ??, Co as in (?7?) and set

(3.23) Ci(h) = 2Co(h) +n, h>0,

(3.24) Co(h) = 5277 %Co(h), h > 0.

Ifue S(0,x9,M,n,0/3) then
e —aol/p) (5)

Proof. Observing that, where H = H(u),

9, <1n H(‘“’“)) _ O H(z,r) n—1

rn—1 H(z,r) o

<Nullfe(pry, =€ 0%, 0<r<d.

we get from Lemma ??, (??) and the fact that |H (z,7)| < *H(z,7),

Oy (ln 7H(x, T)> < 2?4+ LV(I’T) <+ —2CO(|I — 20l/9) 0<r<é,

f— 3

pn—1 r r

Thus

56 n—1
H(z,t) H(z,s0)r 9 )
=n—"—2"" < — — z
/S Oy <1n pros) > dt =1n (@, 57)on1 #°(0 —1)s + 2Co(|z — xo|/J) In o

T

for0<s<1land 0<r<§. Hence

5 Ci(|lz—z0|/0)—1
) H(z,sr),

H(z,sd) < 0 (r

and then

1
[ullZ2(pa.s)) < %5/0 H(x,sd)ds

) S Ci(lz—mo|/8)—1 1
< 20e* 0 <) / H(xz,rs)ds
r 0

9 525 (0 C1lz==0l/9) 2
<20 () 122 a0y

Combined with (??) this estimate yields in a straightforward manner
r)cl(\ﬂﬁ—-”ﬂol/ts)

%_26_”2550(|x — x9|/9) (5

< ullZ2 (8-

This is the expected inequality.

19
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For a bounded domain D, we denote the first non zero eigenvalue of the Laplace-Neumann
operator on D by us(D). Since pa(B(zg,7)) = p2(B(0,1))/r%, we get by applying Poincaré-
Wirtinger’s inequality

1
3.25 w—{wH22 porn < —s— IV 22 Biar
(3.25) A
2
r

P — W ,
= /,LQ(B(O, 1)) || ||L2(B(z,r))

for any w € H'(B(z,r)), where {w} = m fB(w ny w(z)de.
Noting that .7 (O, g, M,n,§/3) is invariant under the transformation u — u — {u}, we can state
the following consequence of Proposition 7?7

Corollary 3.1. With the notations of Proposition ??, if u € #(0, xo, M,n,6/3) then

r\ C1(lz—z0l/d)
Callo = wol/9) (5 )

< HVU”%z(B(I,r))a re0, 0<r<s,
with
(3.26) Co(h) = pa(B(0,1))672Co(h), h >0,

with Cy as in Proposition ?7.

It is important to remark that the argument we used to obtain Corollary ?? from Proposition
77?7 is no longer valid if we substitute L, by L, plus a multiplication operator by a function oy.
The following consequence of the preceding corollary will be useful in the proof of Theorem 77.

Lemma 3.7. Let w € O and set § = dist(w,00). Let u € .#(0,x0, M,n,6/3) and f € C%*(O).

Then we have

(3.27) 1l ) < Call Fll gl ) 111V 1171 0

with
o

=

max, o C1 (| — x0]/0) +
C; = max (25a(max (1, (égéa)_l) ,max (1, M?) ((250‘)_1> )
where Cy = max g Ca(|z — x0|/0) with Cz is as in Corollary 77.

Proof. By homogeneity it is enough to consider those functions f € C%%(O) satisfying || || 00 (@) =

1. Let C; and Cy be respectively as in (??) and (??). Let u € .#(O, 29, M,7n,8/3) and f € C%*(0O)
satisfying ||f||CO,a(5) = 1. Pick then z € @. From Corollary 7?7, we have

(3.28) Co(|z — 20| /5) (g)&('mwé)

On the other hand, it is straightforward to check that

[f@<[fWl+r" yeBxr).

< HVUH%2(B($,T))7 0<r<d.
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Whence
| f(z) [Vu(y)[?dy < / |F )| Vuly)Pdy

B(z,r) B(z,r)
—+ Ta/ |Vu(y)|2dy.
B(z,r)
That is we have

F@IIVullie e < 1AVl Ben) + o IVeliesen)-

Since v is non constant, by the unique continuation property, we have ||Vu||2L2(B(w ") £0,0<r <.

Therefore )
1 FIVul*|| 21 (B2

||VU||2L2(B(;E,T))

[f(z)] <

+rY 0<r<é.

This and (?7?) entail

e Ci(lz—=ol)
) < Calle - aal 57 (2) VUl s 3oy + 77, 0 <7 <.

Hence

/q\ Galla=aal)
@) < e~ ol (1) 1AV 10 + 8%, 0<s<1.

In consequence .
A (1\“
[l zoe () < Co (S> 1fIVul? o) +0%s%, 0<s<]1,

where & = max 5 Ci(|x — z0|/d). The expected inequality follows by minimizing the right hand

side of the last inequality, with respect to s. O

4. PROOF THEOREM 7?7

Pick (a,b),(a@,b) € D(\,«) and let uj = Gop(-,&;) and @; = Ga5(+ &), 7 = 1,2. By simple
computations we can check that w = us/u; is the solution of the equation
div(eVw) =0 in R\ {&,8&},
with )
o=aul= ab%'
Similarly, @ = @2/@; is the solution of the equation
div(EVE) =0 in R\ {6, 6},

with
av?

S
We know from Lemma ?? that there exist 2 € B(&z, |l§)1 —&1/2)\{&}, mo = no(n, Ak, |€1— &) > 0
and p = p(n, A, K, [&1 — &2|) > 0 so that B(z*, p) C B(&2, |61 — &21/2) \ {&2} and
(4.1) o < Vw2 p)-
Fix then a bounded domain Q of R™ \ {£1,&} is such a way that QU B(x*, p) € Q, and set

0 = dist(Q U B(z", p), 0Q).

G =aud =
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In the rest of this proof d = diam(Q). According to Corollary ??

4
(4.2) ||V'LUHL2(Q) < M = Cecldter) (1 + max (Q:(2+a), 1) an+2) 7

with C = C(n, A\, k,a,0) and ¢ = ¢(n, A\, k,a,0), o— = min (dist (&1, Q) , dist (&2, Q)) and oy =
max (dist (£1, Q) , dist (&2, Q)).

Now, since
lollens @) < lallgos @ lualZo. g
we get, similarly to the end of the proof of Corollary ??, from [?, Lemma 6.35, page 135]
loll oo @y < Cllallgon gy 2. g
where C' = C(n, \, k,d,&1,&) > 0 is a constant. This inequality together with Proposition ?? yield
(4.3) ||‘7||co,1(§) <C,

for some constant C = C(n, \, k,d, &1, &) > 0.
On the other hand, we have from (?7?)

Gl L
(44) C Q%W S Uy, m Q,

with constants ¢ = ¢(n,A) > 0 and C' = C(n, A\, k) > 0.
We get by combining (?7) and (??) that there exists » = »(n, A\, k, a, Q,&1,&2) > 1 so that

—1

» <o and ||UHCOJ@) < .
Next, if p < §/3 then (??) implies obviously
(4.5) no < |VwllL2(B(20.6/3))

with 79 as in (??). When p > 6/3 we can use the three-ball inequality in Theorem ?? in order to
get

é||vw||L2(B(a:*,p)) < ||Vw||iQ(B(mo,§/3))||Vw||1L;(sB(x*7p+5/3))7
where C' = C(n, A\, k,Q,£1,&) and 0 < s = s(n, A\, k, Q, &1, &) < 1 are constants. Whence
(4.6) (Cno) s M=% < VWl L2 (B(a0.6/3))-

In light of (??), (??) and (?7?), we can infer that, for some constant n = n(n, A, k,Q,&1,&2) > 0,
w e F(Q,x*, M,n,d§/3), where M is as in (??) and ./(Q,x*, M,n,d/3) is defined in (?7?).

Lemma 4.1. We have

(4.7) Cll(o = )|Vl < llw = @] 755%" + llo = &L,
where C = C(n, \, k,Q,a,0,&1,&) > 0 is a constant.

Proof. Clearly, if ( =0 — 6 and u = w — W, then

div(6Vu) = div({Vw).
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Recall that sgn, is the sign function defined on R by: sgng(t) = —1 if ¢t < 1, sgny(0) = 0 and
sgny(t) =1if t > 0. Since
div(|¢|Vw) = V(|- Vw + [(|Aw
= sgn,(Q)VC - Vw + sgny (()CAw
= sgn,(€)div(¢Vw) = sgny(¢)div(6Vu),
we get by integrating by parts

(4.8) /Q\C||Vw|2dx=—/Qdiv(\CWw)wdx—i—/F|C\w81,wd5(x)

—/ sgn, (¢)div(6Vu)wdx +/ [Clwo,wdS (x).
Q r
Thus
[ elvular < € (s + Il=m) -
This, the following interpolation inequality

/(2+60 2/(2+6
lull () < callull e, lull3sss o

H2+0(Q)
and Corollary ?? give (77). O
We have from (??) in Lemma ?7
~ 5 11~ 1—4
16— llo < Cslls — ol o o — 8) V| o,

from which we obtain
15 = ol @y < Csmax (1,115 = ollgo @) ) Il = )Vl q)
Combined with Proposition ??, this inequality gives
16 = oll @ < Cli(o = 8) Vw1 q)-

Here and henceforward, C = C(n, A\, k, Q, a,0,&1,&2) > 0 is a generic constant.
Therefore, we obtain in light of Lemma 77

. _16/(246 - fr
15 = ol < € (I = BIEEG" + o = o)

Since @ = a and b = b on I" and regarding the regularity of u; and @;, i = 1,2, we finally get

B 5 B fto
(4.9) 15 = ol < € (o = Billo) + o2 = B2llogm))
with
e
Ho=7579

The following lemma will be used in sequel.

Lemma 4.2. We have

_ . R R i1
(4.10) ! = @ o) < € (lon = Bl + o2 = B2llo@m))

where 0 < fi1 = fi1(n, QA K, 0,0,£1,&) <1 and C =C(n, QU A\ Kk, a,0,&,&) > 0 are constants.
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Proof. In this proof C' = C(n,Q, A\, k,a,0,&1,&) > 0 is a generic constant. It is not hard to check
that

—div(eVu;') =v; inQ,
—div(eVa; ') =9, in Q.
Hence
—div(eV(uyt — iy 1)) = (v1 — 1) + div((ec —&)Va; ) in Q.
By the usual Holder a priori estimate (see [?, Theorem 6.6, page 98])
C”Ufl - ﬂf1||c2,a(§) < o1 = 771”()0‘&(5)
+ 1[div((0 = 3V o + ur = a7 o ry.

Consequently

(4.11) [— ﬂf1||c2’°(§) <cC <||v1 - 171||co,a(§) + o - 5\\Cl,a(§)) ,
where we used

luit = @7 ooy = oot = 57 [l com (r-
On the other hand, since

llo— ar||cl,1(ﬁ) <C, v — 171||cl,a(§) <C
and Q is C11, we get again from the interpolation inequality in [?, Lemma 6.35, page 135]
(412) o~ 8lenay < Clo —al5m. 01— illcong < Cllon — 01l g,

where 0 < 7 = 7(0, ) < 1 is a constant. Inequality (??) in (??) yields

(4.13) lur* = @ me@) < € (Ion = Bllg g + o = 5 ) -

On the other hand, we have from (?7?)

B B 5 Ao
(4.14) 15 = ol < € (o = Bl + o2 = B2llogm)) -
Whence, we get in light of inequalities (??) and (??), where fi; = 7o,

A1

”ul_l Uy 1”(;2,&@) <C (HUI - 771”0(5) + vz — 772”0(5))
This is the expected inequality. O

Also, since
HO’ — 6’”01,1(5) < O, ”Ul - 61”02&‘(5) < C’

we can proceed as in the preceding proof to get

(4'15) ”G o &||C1=a(ﬁ) < C”U - &||Tc(ﬁ)a ”7]1 - '51”01,(1(5) < C””l - 171”2(5)’
the constant 0 < 7 = 7(2, @) < 1. But
a—a=ou’ =5 * = (0 —o)ur” + o’ — i)

= (0= d)uy? +a(uy ! +ay ) (ug — g ).

Hence

(4.16) lo =l < C (lur = a7 lena + 1o = Fllorag) ) -
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This inequality together with (??), (?7) and (??) imply

B _ B A1
(4.17) la = allram < C (o1 = dillo, + o2 = B2llo) -
We proceed similarly for b — b. Since
b—b=wvu;' — o] = (vy — 0)uyt + o1 (upt —apt),
we have
- . . fn
(4.18) 16 = Bllone < C (Il = 1llog, + lve = Tellem)) -

The expected inequality follows by putting together (??) and (?7?).

APPENDIX A. PROOF OF TECHNICAL LEMMAS

Proof of Lemma ??. In this proof C = C(n, u,v) > 1 is a generic constant.
It is well known that G;,,, v > 0, the fundamental solution of the operator —A + v, is given by
Giu(2,8) =G1(x — &), z,&§ € R™, with

Gro(x) = 2m) "2V /)2 K e (V).

In the particular case n = 3, we have K /5(z) = \/m/(22)e”* and therefore
—Vvz]
e
gl,u(x) = Tlxl

Let f € C§°(R™), u > 0 and v > 0 be two constants, and denote by u the solution of the equation
(—pA+v)u=f inR".
Then

(A.1) w(z) = [ Guu(z,8)f()ds, = eR™

RTI,
We remark that v(z) = u(\/pz), € R" satisfies (—A + v)v = f(/it -). Whence

u(ypz) =v(@) = | Giu(z—&)f(Vug)dg

~i? [ Guula—/VIEQd R
Hence
(A2) u@) =i [ Guulla O/ VIOE @ eR
Comparing (??) and (??) we find

GIMV(xvg) = :u_n/le,V((x - 5)/\//7')7 r,§ € R™.
Consequently G, ,(z,§) = G, . (x — §) with

(A:3) Gy () = (2mp) ™2 (om /)" > Ky 1 (VY| V), @ € R™
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By the usual asymptotic formula for modified Bessel functions of the second kind (see for instance

[?, 9.7.2, page 378]) we have, when |z| — oo,

T Jh 1/2
Kojaslal Vi) = (50005 ) e VPRIV (14 01 lal).

where O(1/|z|) only depends on n, p and v.
Consequently, there exits R = R(n, u,v) > 0 so that

e VPll/VE o~ Vlel/ i

(A.4) TR < Kyppa(Volzl /i) < CW’ x| = R.

Substituting if necessary R by max(R, 1), we have

1 < 1
||/2=1 = |g[1/2

(A.5) |z] > R.

Moreover, we have

o~ Vlz|/VE

|£L’|1/2

o~ VPlel/(2y)

—_ [1,)(n=3)/2 —ﬁlwl/(%@}
[\x| € |21

|| > R.

Since the function z — |z|("=3)/2e=V¥12l/(2VE) is bounded in R™, we deduce

e~ VIIRI/VE  o—VPlal/(2VE)

(A.6) FIE < T |z| > R.
Using (??) and (??) in (??) in order to obtain
. e—Vvlzl/vi e~ VIl /(2v/m)
(A7) NEE < Kyjoo1(Vrlal /i) < OW, lz| > R.

We now establish a similar estimate when |z| — 0. To this end, we recall that according to

formula [?, 9.6.9, page 375] we have

1 2 n/2—1
Ky o-1(p) ~ 51"(n/2 -1 (p) as p — 0,

from which we deduce in a straightforward manner that there exists 0 < 7 < R so that

e VPlel/VE o~ V7lzl/(2vP)

(A.8) T < Ko (Vvlzl/y/n) < CW’ |z <.

The expected two sided inequality (??) follows by combining (?7?), (?7?) and (?7?).

O

Proof of Lemma ??. Let Q be an open subset of R", set d = diam(Q), d, = dist(x,0Q) and

dgy = min(dy, dy).
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We introduce the following weighted Holder semi-norms and Hélder norms, where o € R, 0 <
v <1, and k is non-negative integer,

W00 = W7o = sup  dtI[0%w(a)],
z€Q, |B|=k
[w }5:) = sup dk+7+”|aﬁw(y) — 86w(x)|7
e e s=k Y ly — x|
k
wli7y = > [w]i,
j=0

() o = lwlh + W] o

In term of these notations, we have

la(y) — a(@)|

aly 0.0 = SUp + sup d¥ < (14+d)A,
| ‘O Ho) €Q| ( )| v ye0 x,y |y—l"a ( )
0; —0;
|8ja|(()lgz_Q = sup dy|0;a(z)| + sup dﬁf" jaly) = ;a(x)| < (d+d?)A,
WE e 2yeo ly — x|
b(y)—0b
82k = sup ool + sup 2 PO =HEN < (@2t
z€0 z,y€Q ly — x|
In consequence
(A.9) |a\O w0 T 10 a\o wo T |b|O o SA() = [142d +2d* + d°]\
Following [?] we define also
[Wioo =[wlio= sup d;0%w(z)],
z€9Q, |Bl=k
[w]z = sup dk-{—a'a ’LU( ) aﬁw(x”
M yeo,ipi=k ly—ap
k
‘wlz;Q = Z[w];;Q’
j=0

Wk i = |wlko + [W]k 4 0-

From [?, Lemma 6.32, page 130] and its proof we have the following interpolation inequalities:
suppose that j and k, non negative integers, and 0 < g,v < 1 are so that j + 8 < k + . Then
there exist C' = C(n, a, 8) > 0 and ¥ = 9(a, B) so that, for any w € C**(Q) and € > 0, we have

(A.10) ]} g0 < O [wlog + i o
(A11) [wl; s < Ce oo + efulf o

Here [wlos = sup, cq ().

Checking carefully the proof of interior Schauder estimates in [?, Theorem 6.2, page 90|, we get,
taking into account inequalities (?7)-(??), the following result: there exist a constant C = C(n) > 0
and 7 = 7(a) so that, for any 0 < u < 1/2 and w € C**(Q) satisfying L, yw = 0 in Q, we have

(A.12) [w]3.0,0 < CA) (177 [wloig + 1 [wW]50.0) -



28 ERIC BONNETIER, MOURAD CHOULLI, AND FAOUZI TRIKI

Substituting in (??) C by max(C,2%"1), we may assume in (??) that C = C(n,a) > 29", Bearing
in mind that A(d) > 1, we can take in (??), u = (2CA(d))~/*. We find

(A.13) [w]3,0,0 < CA(A)"|wlo:0,

for some constants C' = C(n,a) > 0 and s = »(a) > 1.
Using again interpolation inequalities (??) and (??), we deduce that

(A.14) [w]3,0,0 < CA(A)"|wlo;o-

Let § > 0 be so that Qs = {z € Q; dist(z,0Q) > 6} is nonempty. If Q' is an open subset of Qs
then (?7?) yields in a straightforward manner

0l () < € e (573, 1) ()l
This is the expected inequality. ([l

Lemma A.l. Let K be a compact subset of R" and f € C*>%(K) satisfying ming |f| > c¢_ > 0.
Then

3
(A.15) 11/ fllczey < Cch (1 + || fllczam)
where ¢y = max(1,c"') and C = C(diam(K)) is a constant.

Proof. Let z,y € K. Using |1/f|o.x < c+ and the following identities

1 1 1 1
£y Pl (f(:c)f2(y) + f(x)zf(y)> (f(z) = f(w)),

1 1 1 1 1

76 7~ (Twrw * Pere i) U o)

we easily get

(A.16) [/ o <34 [flar, =23
Also, we have

0if(W)0;f(x)  0if(y)0;f(x) _ 0if(y)

f3(y) f3(x) f3(y)

(0 f(y) = 0 f(x))

0if (@) 5 £0) _ & (x 11 (0D F
+ 90 010 - oo + (5 - oy ) 0T,
In light of (??), this identity yields

(A.17) (000 f/ F?lasic < € ([0 flac ] 95 flo

"‘[ajf]a;Kwif‘O;K + [f]a;K|aif|0;K‘ajf|0;K) :
On the other hand, since
BRIy B 1
Ply) P Py
we find, by using again (?7?),
(A.18) (07,1 Flasic < 3¢ ([07 flask + [Flasx |0 flo,xc) -

Inequalities (?7), (??), the identity 0;;(1/f) = 20 f9; f/ f* =7, f/ f* and the interpolation inequal-
ity [?, Lemma 6.35, page 135] (by proceeding as in Corollary ??) imply

2 £(0) — B2 f(a b1 2 flp
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3
(A-19) 051/ Hlaxe < Cet (14 [ fllezeq)”
with C = C'(diam(K)) is a constant.
The other terms for 1/f appearing in the norms || - [|¢2.a(x) can be estimated similarly to the
semi-norm in (??). Inequality (??) then follows. O

Recall that 0 < 0 < v < 1.

Lemma A.2. C*>%(0) is continuously embedded in H**%(0). Furthermore, there exists C' =
C(n,a — 0) so that, for any w € C**(0), we have

(A.20) w200y < Cmax (d"/2, a2 ) ]l .0 ),
where d = diam(0O).
Proof. Let w € C**(0) and, for fixed 1 <4,j < n, set g = 9;w. Then

lg(z) — g(y)|? 5 / / 1
—————=—dzdy < [g]. ———~dzdy.
jg o |z —ynt2 9)aso oJo |t —y[r—2a=0)

In light of [?, Lemma A3, page 246], this inequality yields

lg(x) —g9(y)? S7=1||0]d2(@0)
e dady < ,
/0 o lw—ym2e =T gy e

But |0] < |B(0,d)|. Hence

|g(33)—g(y)|2 S" 1‘2dn 2a—b)
A21 7 drdy < .0
( ) / | y|n+29 dz Yy > 2( 0) [g]a,o

Using (??) and the inequality
720y < 8" Hd"|hlo,0, e C(O),

we get from the definition of the norm of H*-spaces in [?, formula (1.3.2.2), page 17]
Hw||H2+"(O) < Cmax (dn/Qa dn/Haie) Hw”cza(@)v
for some constant C' = C'(n,a — 0) > 0. This is the expected inequality ]
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