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Abstract

In this present paper, two configurations of dynamic vibration absorber in conjunction with negative stiffness
(NSDVA) are investigated and their parameter optimization is conducted according to two tuning methodolo-
gies: the fixed points theory and the stability maximization criterion. Closed-form solutions to the optimal
parameters of NSDVAs are analytically derived and are expressed in terms of ratio between the negative stiff-
ness and mechanical stiffness of primary system. Allowable bounds on negative stiffness are specified with the
consideration of stability requirement, based on which the ultimate control performance of NSDVAs could be
imagined. Furthermore, an optimal negative stiffness ratio is defined within the stable region when the NSDVAs
are tuned by the fixed points theory. Finally, numerical simulations are carried out in both harmonic and free
vibration scenarios. Simulation results suggest that the inclusion of negative stiffness in the coupled system
can significantly improve the vibration control performance in terms of broadening the frequency bandwidth
of vibration suppression, decreasing the peak vibration amplitude of primary system and confining the stroke
length of NSDVAs. Meanwhile, the negative stiffness can enhance the damping capability of coupled system,
engendering an accelerated convergence of transient disturbances.

Keywords: Dynamic vibration absorber, negative stiffness, optimization, fixed points theory, stability

maximization criterion

1. Introduction

In the fields of mechanical and civil engineering, the dynamic vibration absorber (DVA) is widely used to reduce
the undesired detrimental effects of dynamic loads on primary systems for its high simplicity and reliability [1-
4]. Conventional DVAs are purely passive and are composed of three common mechanical elements, i.e. mass,
spring and viscous damper. The traditional DVA (denoted as DVA-I in this paper) was proposed and well
documented in [5], whose mass is attached to the primary structure via a parallel connection of a linear spring
and damper. Meanwhile, a non-traditional DVA (denoted as DVA-II) was developed in [6], whose damper is
connected to the base instead of the main system.

The first analytical method for tuning DVAs is the fixed points theory [5]. In the objective of minimizing
the peak amplitude of frequency response function (FRF) of primary system, it consists in equalizing the
vibration amplitude at fixed points and making the FRF passing horizontally through these points. In fact,
the fixed points correspond to positions where all FRFs of undamped primary system intersect, regardless of

the damping level of DVA. Clearly, this heuristic approach only yields an approximate solution to the H,
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optimization problem due to the discrepancy between fixed points and resonance peaks of FRF, however, its
high accuracy and efficiency is a long established fact [7]. By applying the fixed points theory, the optimal
tuning of DVA-I and DVA-II was accomplished by Den Hartog [5] and Ren [6], respectively, when connecting
to an undamped primary system of single degree of freedom (SDOF). It was reported in [6] that compared to
DVA-I, DVA-II can slightly improve the vibration control performance and could bring convenience in certain
practical implementation. For damped primary systems, approximate solutions were carried out for optimal
parameters of DVA-I [8] and DVA-II [9] by employing an equivalent linearisation technique, by means of which
the damped primary system can be matched with an equivalent undamped one.

When the main system undergoes a transient disturbance, however, the optimal tuning based on fixed
points theory could loss its effectiveness, since it aims at improving the steady state frequency response. In
this context, a new tuning rule, termed as stability maximization criterion, was proposed by Yamaguchi [10]
in the objective of decaying the transient disturbance as soon as possible. The design objective is fulfilled
by maximizing the minimal absolute value of the real parts of system eigenvalues. By using this method,
Yamaguchi [10] determined the optimal parameters for a DVA-I attached to an undamped primary structure.
Xiang and Nishitani [11] analytically formulated the optimal parameters of DVA-II for an undamped main
system, meanwhile, provided numerical solutions for a main system with different damping values.

Nevertheless, the disadvantages of DVA-I and DVA-II are evident. First, their vibration control performance
is limited by the maximally attainable mass ratio between the DVA and main system. Second, both DVAs are
only effective within a narrow frequency range around the target mode, whose control effect could deteriorate
when the excitation frequency varies. In the objective of enabling DVAs to adaptively track the excitation
frequency, smart materials whose physical properties are adjustable can be integrated, e.g. shape memory alloy
[12, 13], magnetorheological elastomer [14, 15] and combination thereof [16]. Besides, it was reported in [17]
that the negative stiffness can be used to enhance the vibration control performance.

The negative stiffness mechanism (NSM) is featured by a force-displacement curve with a negative slope,
signifying that a NSM can generate a force to assist its motion instead of resisting it. Recently, the NSM has
received wide attention in the domain of vibration isolation. By arranging in parallel the NSM and the support
stiffness of structure to be isolated, the resonance frequency can be decreased, thereby improving the vibration
isolation in the low-frequency region and broadening the frequency range of vibration isolation, meanwhile,
the static stiffness is not affected in avoidance of an excessive static deflection and system instability. The
high-static-low-dynamic stiffness characteristics can be achieved by various mechanical structures, which can
be categorized into: symmetric pre-compressed springs [18, 19], bio-inspired X-shaped structures [20, 21] and
magnetic negative stiffness springs [22, 23]. Clearly, most NSMs in aforementioned researches are passive and
nonlinear, meanwhile, it was stated in [23] that the negative stiffness utilizing Maxwell magnetic normal stress
can be regarded as linear in a certain range around the equilibrium position. A more convenient approach to
realize a linear NSM was proposed and experimentally validated in [24] by using an active control technique
with a linear actuator. To summarize, the NSM has widespread application in ameliorating the vibration
isolation performance, however, only few studies on enhancing the control effect of DVAs via negative stiffness
are available in the literature, as reported below.

Shen et al. [25] incorporated a negative stiffness between the base and the mass of DVA-II, yielding the
NSDVA-II configuration. Its optimization according to the fixed points theory was carried out for a SDOF

primary system, suggesting that the use of negative stiffness decreases the peak vibration amplitude of primary
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system and broadens the frequency range of vibration absorption. Similarly, the NSDVA-I was studied by
Antoniadis et al. [26], however, the optimal damping value of absorber had not been provided. Later, Huang et
al. [27] also addressed the optimal tuning of NSDVA-I attached to a SDOF primary system, while the optimal
damping value of absorber was derived according to the equal damping criterion proposed in [28]. This criterion
yielded a larger damping value for DVA and a larger peak amplitude for primary system when compared to
the case optimized by the fixed points theory. It should be mentioned that the intentional introduction of a
grounded negative stiffness into both DVAs does contribute to the improvement of vibration control performance,
meanwhile, the coupled system could be potentially destabilized. Nevertheless, the crucial stability analysis and
the permissible interval of negative stiffness had not been addressed in aforesaid works and the NSDVAs had
been optimized only in terms of suppressing harmonic vibration.

Therefore, the focus of this present paper is to carry out a thorough optimization analysis for both types
of DVAs enhanced by grounded negative stiffness, NSDVA-I and NSDVA-II, under harmonic and transient
excitation circumstances. Coupled systems related to both NSDVA-I and NSDVA-II are nondimensionalized in
the same framework. Then, their optimal parameters are determined based on the two aforementioned tuning
strategies, fixed points theory (FPT) and stability maximization criterion (SMC), respectively. And light will
be shed onto the influence of negative stiffness on the control performance of DVAs and the allowable bounds
on negative stiffness will be also predicted for both types of NSDVAs relevant to each optimization criterion.
Finally, NSDVA-I and NSDVA-II will be compared with each other in different excitation scenarios for the first
time.

This paper is organized as follows. In the next section, mathematical modeling of both NSDVA-I and
NSDVA-II implementing on a SDOF primary system is first presented and a stability analysis is performed. In
Sections 3 and 4, the optimal parameters of NSDVAs are analytically derived according to two aforementioned
criteria, respectively. Finally, simulation results and numerical analyses are given in Section 5 in order to

underline the effect of negative stiffness and to compare the control performance of different DVAs.

2. Mathematical modeling

2.1. NSDVA-I

A SDOF undamped primary system attached with a DVA-I is presented in Fig. la and Fig. 1b illustrates
the coupled system with NSDVA-I, which is based on the classic DVA with a supplementary negative element
locating between the secondary mass and the base. With an excitation force F(t) exerted on the primary

system, the dynamics of the two DOF system in Fig. 1b can be described by the equations of motion:

maiy = ko(xe —x1) + co(do — &1) — krzy + F(t) (1a)

Mmols = ka(x1 — 2) + co(&1 — &2) — knao (1b)

where x1 and x5 are the displacements of the main and secondary mass, respectively, and the dot represents
differentiation with respect to the actual time t. m; and k; are the mass and mechanical stiffness of the primary
system. mg, ¢o and ko stand for the mass, viscous damping coefficient and mechanical stiffness of the DVA. k,,
denotes the grounded negative stiffness.

Denoted by wi, we and &, the natural frequencies of the main system and of the DVA and the mechanical
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Fig. 1. Schematic diagrams of a SDOF undamped primary system controlled by four types of absorber under direct force excitation:

(a) DVA-T; (b) NSDVA-T; (c) DVA-IT; (d) NSDVA-IL.

Then, two common tuning parameters of DVAs, the mass ratio u and the frequency tuning ratio f between
secondary and primary systems, can be defined as:

ma

m=— fzi' (3)

my w1
Furthermore, an additional dimensionless parameter (3 is herein introduced, which is defined as the ratio of

negative stiffness and the mechanical stiffness of primary system:

kn
- n 4
g 4
with 5 < 0. Rescaling the time by ¢ = 7/w1, one has:
d d d? d?
wy = w} (5)

at = ar A T e

By substituting Egs. (2)-(5) into Eq. (1), the equations of motion (1) reduce to
o) +x1 + pxh + Pae = F(7) [k (6a)

xg+2§f(x'2—x'1)+f2(:172—:1:1)+i:@:O (6Db)
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where the prime in the superscript indicates differentiation with respect to the rescaled time 7. The dimensionless
frequency variable, complex magnitudes of displacement x; and external force F'(7) are denoted by 5, X; and
F, respectively. The transfer function G;(5) relating the static displacement of primary system, F'/k;, and the
displacement of primary system, X7, can be obtained by transforming Eq. (6) in the Laplace domain:
X, (8> + 20 f5 + B+ pf?

Flky  ps*+2u8 f(1+ )5 + (B + p+ pf? + p2f2)5% +2uf f(1+ 8)5 + 6+ pf2(1+ )

where F'/ki corresponds to the static deformation amplitude of primary system when controlled by a classic

Gr(5) = (7)

DVA, namely = 0. It is worth noting that as a negative stiffness is present, the static displacement of primary

system is no longer equal to F'/k1, as evident from G;(5=0) # 1.

2.2. NSDVA-II

Fig. 1cillustrates the undamped primary system controlled by a non-traditional DVA, and Fig. 1d represents the
coupled system relevant to NSDVA-II. Similarly, the dynamics of coupled system in Fig. 1d can be formulated

as:

mlﬁh = k2($2 - 1‘1) - kla:l + F(t) (8&)

maiy = ka(21 — T2) — kn2o — coia (8b)
By taking the same procedure as in subsection 2.1, Eq. (8) can be recast into a dimensionless form:

o + (L+ pf)ar - pfas = F(1) [k (9a)

:E'2'+2§fm'2+f2(x2—x1)+ix2 =0 (9b)

In this scenario, the transfer function G;;(8) from the static displacement of primary system, F'/k;, to the
displacement of primary system, X7, is described by:
Xy ps® +2u8 f5+ B+ pf?

Flky  ps*+2plfs3 + (B+p+pf?+p?f2)s2 +2u8 f(1+pf?)s+ B+ pf2(1+6)
It is apparent that the transfer function of coupled system without negative stiffness can be achieved by vanishing

g in Eq. (7) or (10). Moreover, the primary system coupled with either a NSDVA-I or a NSDVA-II has the

Gr1(5) (10)

same expression of static displacement, as G;(5=10) = Gr7(5 =0).

2.3. Stability analysis

In light of the inclusion of negative stiffness, it is of a special importance to specify the allowable bound on the
value of negative stiffness, within which the coupled system remains stable. Considering that stability analysis
of such kind of system is rare in the current literature, therefore, one of the major contribution of this present
paper is to conduct a systematic study on stability issue of primary system coupled with different types of
NSDVA and in the two aforementioned excitation scenarios.

According the Routh-Hurwitz stability criterion, a system is asymptotically stable if and only if all its
eigenvalues lie in the left half of the complex plane. Denoted by )\, eigenvalues can be determined by the

characteristic polynomial P(\) of the two DOF system in the form of:

PA) = XN 4503 + 0,02 + 03\ + 04 (11)
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and the stability of coupled system is guaranteed when the following necessary and sufficient conditions are
satisfied:
61>0, 03>0, 64>0, 610203 > 02 +020,. (12)

where all real coefficients of the characteristic polynomial P(\) correspond to the ones in the denominator of

the transfer function, G;(3) or Gys(5), recasting into the monic form. Therefore, these coefficients are given by

o NSDVA-IL:
61 =26f (1 +p), 52:1+i+(1+/¢)f27 63 = 26f(1+B), 54:i+(1+ﬂ)f2. (13)

o NSDVA-II:
51 = 2¢f, 52:1+i+(1+ﬂ)f2, 63 =26 (1 + puf?), 64:i+(1+ﬁ)f2. (14)

By substituting Eq. (13) or (14) into Eq. (12), a unique constraint on the negative stiffness ratio 8 for both
types of NSDVAs can be achieved as follows:
2
- ) =-1+ 1
pf?+1 pf?+1

where the expression of lower bound on § is implicit due to the probable dependence between the frequency

5>

(15)

tuning ratio f and the negative stiffness ratio 8. Nevertheless, it is evident from Eq. (15) that S should be
always greater than —1 for any positive mass ratio p, signifying that the absolute value of negative stiffness
k,, should be always inferior to that of primary system ki. The explicit expression for lower limit of 5 will be
derived in the following study under the condition that the analytical formulation of frequency tuning ratio f

is sought and expressed as a function of 5.

3. Optimization of NSDVA-I

In this section, the primary system undergoes a sinusoidal or transient disturbance and the parameters of
NSDVA-I are tuned successively by the FPT and SMC. Moreover, the permissible bound on 3 will be specified

in each scenario and an optimal value of 8 will be also defined in the harmonic case.

3.1. Harmonic excitation scenario
Considering that the primary system is harmonically excited at the forcing frequency w, its squared amplitude

of FRF can be written by substituting 5 = jw/w; = ja into Eq. (7):

X
Flh

_A+4€°B

- C+4€2D (16)

(@) ‘

with j = /-1 and « designating the excitation frequency normalized by the natural frequency of primary system.

And the four components are given by:
A=[B+u@-0], B = i260, .
2
C=[[B+n(6-0)](1-2) +po(8-nQ)]| ,

2
D=p2¢0(1-Q+ - Q).
where two intermediate parameters are introduced for the purpose of brevity, i.e.:

b=f* Q=a’ (18)
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3.1.1. Optimal tuning based on fized points theory

Fig. 2 depicts several normalized frequency responses of primary system coupled with a NSDVA-I with different
damping ratios. One can tell that there exist two fixed points, denoted by P and @, whose abscissas are
independent of the mechanical damping ratio £&. In order to locate their abscissas, two extreme scenarios are

considered, £ =0 and £ — oo, where the squared amplitudes of FRF can be simplified as:

A B
G2 = G2 == 19
I £=0 C7 I o0 D ( )

Equating the two previous expressions results in

Fig. 2. Existence of fixed points in frequency response of a SDOF undamped primary system attached with a NSDVA-I. p = 0.05,
B =-0.1 and f=1.6. Solid line: £ = 0.1, dotted line: £ = 0.3, dash-dotted line: £ = 0.9.

B+ pu(p—Q) . 1
[B+u(d-N](1-Q) +pp(B-pQ) ~1-Q+8-uQ

The positive sign does not conduct to meaningful results, while the negative sign leads to a quadratic equation

in Q:

(20)

(12 +2p)Q% = 2(B + p+ B+ pop + > ¢)Q+ 5% + 28+ 2up(1+ 5) = 0 (21)

from which the abscissas at the two fixed points satisfy the following condition:

2 2
QP+QQ= (/8+’U/+62'u’+/1’¢+/1’ ¢) (22)
W+ 20
Furthermore, the vibration magnitudes at 2p and Q¢ should be equalized, namely:
Gy =Gy (23)
£—00,0=0p £—00,0=0q
yielding another constraint on abscissas at fixed points that:
2(1+5)
Qp+Qg=——"-—+ 24
prilo= =) (24)

The combination of Egs. (22) and (24) gives the optimal frequency tuning ratio fi ¢y as a function of the mass

ratio x4 and the negative stiffness ratio 3:

fI,fpt =V ¢I,fpt = & (25)

p(1+p)?
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The back substitution of Eq. (25) into (21) and solving the quadratic equation yield the abscissas at two fixed
points, respectively,

QP:u(w?)(ﬁﬂ)— p(p+2) (- B)? QQ:M(/L+2)(5+1)+ (2= 5 (26)

p(p+ 1) (p+2) ’ p(p+ 1) (p+2)

Then, the optimal maximum amplitude of FRF can be obtained as:

| (e +2)
cmon NG5 @)

Up to now, the only unknown tuning parameter is the absorber damping ratio &, and a direct way of determining

Grept = G =Gy

§—00,0=0p

its optimal value is to set as zero the partial derivative of FRF (16) with respect to Q at fixed points P and
@, which could be cumbersome in some cases. Therefore, the Brock’s approach [29] is adopted in this paper
to obtain the optimal damping ratio £ in avoidance of the tedious derivatives. Denoting the optimal squared
magnitude at fixed points by & = G%fpt, the mechanical damping ratio £ can be expressed as a function of this
amplitude in such a way that:

A-hC

2—_
4= B -hD (28)

Instead of imposing the horizontal tangent constraint at the fixed point P, we consider an adjacent point, P of
abscissa (2 = Qp + € with € being the small perturbation in €2, and equating its magnitude to & at fixed points,

ie.:

452:_A—hc :n0+n16+n262+... (29)
B-hD d0+d16+d262+...
Q=Qp+e

where the coefficients of € are dependent of i, 8, ¢ and A. It can be proven that the constant terms ng and dj are
equal to zero when ¢ = ¢1 ¢pt, = figpe and Q = Qp or Qgq. Therefore, the fraction ng/dy is of intermediate form
0/0 and the optimal damping ratio can be obtained by approaching ¢ — 0. According to the de L’Hospital’s

rule, one has:

2 2 _ N1
ety = lim 4” = 7 (30)
with the numerator and denominator given by:
n1 =nyo + nllQ + 711292 + n13§23
(31)

d1 = d10 + dllg + d12Q2

where all coefficients are expressed as:

nig=-2hp? (p+1) (B+1)¢* =2p (hB*+2hBpu+2hB+hp-p)¢-28 (hB+hp-p)
ni=2hp? (1) ¢? +4hp (28p+p* +B+2p) p+2hB% + 8K Bu+2hpu* -2

niy==6hp (UPh+pe+ B+ p)

nis = 4hp? (32)
dio = —p°¢ (RB*+2hB+h-1)

di =4hpg (p+1) (B+1)

diy = -3h ¢ (n+1)°

The optimal damping ratio i gy can be then computed by substituting the optimal frequency tuning ratio (25),

frequencies at fixed points (26) and peak magnitude (27) into Eq. (30). Clearly, two quasi-optimal solutions of
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&1.epe can be obtained at the two fixed points, which are denoted by £p and £g and are slightly different with

each other. Finally, their root mean square value is accepted as the optimal mechanical damping ratio, i.e.:

2, g2 — 2\3
i = Sptéo n(2Bu+58+3)(n-5) (33)

2 A+ 1)+ 2)(B+ 1)2(1= B) = (1= B)*]

By imposing 8 =0, Eq. (33) reduces to \/3u/8(1 + 1), which is exactly the classic expression derived in [5] for
the DVA-I without negative stiffness.

3.1.2. Lower limit and optimal value of 3
By substituting the optimal frequency tuning ratio (25) into the general stability condition (15), an inequality
on [ can be obtained:

B%— (W +3u)B-p<0 (34)

suggesting that 8 should locate within the interval (ﬁf fpt 5{7 fpt), with the lower and upper limits defined by:

17+ 3p =/ (p® + 3p)? +4p B = 1%+ 3p+/(p? + 3)% + 4y (35)
2 ’ '

ILfpt — 2

61_,fpt =
It is noticeable that ﬁf', tpt > 0 and By > —1 always hold for any positive p. The allowable bound on f is then
reduced to:
B € (Brgpt, 0] (36)
Fig. 3 depicts the frequency response surface of primary system against the dimensionless excitation frequency
« and the negative stiffness ratio f with absorber parameters tuned by the fixed points theory. The curve
C1 corresponds to the frequency response curve of a classic DVA-I, namely 8 = 0. It is apparent that the
inclusion of negative stiffness does contribute to the decreasing of peak vibration amplitude and the increasing
of absorbing frequency range. Nevertheless, the vibration amplitude at o = 0, i.e. static displacement X s of
primary system attached with a NSDVA-I, increases monotonically as the negative stiffness ratio 8 approaches
to its lower limit By, which is in contrast with the trend of the magnitude at fixed points. Therefore, it could
be postulated that the optimal negative stiffness ratio Sy pt is achieved when are equalized the static amplitude
of primary system X7 5 and the peak magnitude % given in Eq. (27). The static amplitude of primary system
X715t can be determined by imposing € =0 in Eq. (16), leading to:

+(p?+2
Xf,st=Gz| _ p+(pt+2p)B (37)

0=0  p+(p?+3p)B- B2

It is worth noting that X; ;; deviates from unity in the presence of negative stiffness (namely 8 # 0), which

designates that the static displacement of primary system is no longer controlled solely by the mechanical
property of primary system but also influenced by the secondary oscillator. Equating Eqgs. (27) and (37) yields

four rational values of B g, respectively:

3= (p DN p? +2u 5 3 (p+ )P+ 2p

1

2-(u+1)? P 2-(n+1)? ’ (38)
8 = 17+ 20 = (p+ 1)/ p2 +2p 8, = 17+ 20+ (p+ 1)/ p? +2p
w+2 ’ w+2 '

where (2 and 4 are always positive for a mass ratio u < 0.25 which covers the most engineering applications in
practice. Furthermore, 3 is always inferior to the lower bound ﬁi ot for any positive u, with which the coupled

system becomes unstable. Finally, (3 satisfies the following condition:

~1< g <B3<0 (39)
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which clearly suggests the existence of an optimal negative stiffness ratio By g within the stable region, which
is formulated as:

it 2u— (p+ D)p? + 20

e (40)

Marked by C2, the frequency response of primary system with the optimal value Sy fpt is drawn in Fig. 3, where

ﬁ[,fpt = /83

an equilibrium is established between the increasing of static displacement and the decreasing of vibration

amplitude at fixed points as the negative stiffness goes up to its lower limit.

25

=
(&)
1

Magnitude(dB)

7

HHHH
ARy
VA
I
AT
S

-0.15

Fig. 3. Frequency response of primary system attached with a NSDVA-I versus the dimensionless frequency o and the negative

stiffness ratio 8 with u =0.05. Curve C1: 8=0, C2: B = By fpt-

Fig. 4 depicts the evolution of peak vibration amplitude of primary system controlled by a NSDVA-I (marked
by black solid curve) with respect to the stiffness ratio § when optimized by the fixed points theory. A minimum

is observed in the peak amplitude curve within the stability region, at which the optimal negative stiffness ratio

is defined and coincides with the one predicted by Eq. (40).
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Fig. 4. Evolution of normalized peak vibration amplitude of primary system with respect to negative stiffness ratio g in the

optimal scenario relevant to fixed points theory with given mass ratio p = 0.05. Solid line: NSDVA-I, dash-dotted line: NSDVA-II.
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3.2. Transient excitation scenario

In practice, there exists other performance assessment than optimizing the steady state frequency response of
primary system, e.g. shaping its transient response optimally in terms of fast attenuation and low peak response.
As presented in the Introduction, this design objective could be achieved by tuning the NSDVA according to

the stability maximization criterion.

8.2.1. Optimal tuning based on stability maximization criterion
Give that the coupled system is of two DOFs, there exist four eigenvalues for its characteristic polynomial,
denoted by A1, A2, A3 and A\4. Therefore, the transient response of primary system under free vibration can be

expressed in the form of:

21(7) = A1eMT + Ape + A3e™T + AgeMT (41)
where Ap, Ao, A3 and A4 are coefficients in terms of rescaled time 7 and are dependent of the initial state of
the system. As proposed in [30], a performance index is defined as the absolute value of the maximal real part
of all eigenvalues, i.e.:

A= —mlax{Re()\Z-)} (42)
which indicates the slowest speed of convergence of the free vibration response and is termed as the degree of
stability. Therefore, the stability maximization criterion aims at maximizing the degree of stability A, namely
all eigenvalues should locate as far as possible away from the imaginary axis in the left half complex plane.

As stated in [30], the design objective is fulfilled when the eigenvalues of coupled system take the form of a
double pair of complex conjugates. Denoting the eigenvalues by A1 = A3 = —p+ jq and Ay = \y = —p — jgq, p must
be positive in order to locate at the left half complex plane and is exactly the degree of stability A. Thus, the

characteristic polynomial can be factorized in terms of its eigenvalues:

(A=A1) - (A=A2) - (A=A3) - (A=Ag) =0 (43)
which can be expanded and further rearranged in the polynomial form of A as:

M+ aph3 + (4p® + 2))N2 + 4pr? A+t = 0 (44)

with r = \/p? + ¢® designating the modulus of complex poles. By comparing coefficients in Eqs. (13) and (44),

four conditions should be satisfied simultaneously:

Ap =26 f(1+p) (45a)
4p2+27‘2=1+§+(1+u)f2 (45b)
dpr? =2 f(1+B) (45¢)
r4:i+(1+,8)f2 (45d)

which culminate into the SMC-based optimal parameters of NSDVA-II as follows:

_ | (=8 -Bu) _ p-p
frame =\ W@ S\ G-’ e

which distinguish from the ones obtained in the harmonic scenario. Besides, the modulus and real part of

eigenvalues (i.e. degree of stability) are written as:

_ B (n-B)°
i e N "
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3.2.2. Lower bound on f3

With the knowledge of frequency tuning ratio fisme, the general stability condition (15) is always satisfied for

any 5> —1. However, another constraint should be considered for the SMC-based optimization procedure, i.e.
psr (48)
as required by the complex pole assumption, which yields an inequality condition on 3:
(1-4p)B* = 10uB + p* = 4p <0 (49)

Given that p is usually lower than 0.25 in practical applications, a lower limit can be determined for 3 as:

-2
:H44ZE<0
1+2/p

while the upper threshold related to Eq. (49) is always positive for any mass ratio p. As a whole, the permissible

-1< Bismc (50)

interval of negative stiffness ratio [ in this scenario is described by:

B € [Breme: 0] (51)

The evolution of complex eigenvalues of the coupled system as a function of 5 is plotted in Fig. 5. One
can notice that as the negative stiffness ratio approaches gradually to its lower threshold 5{ «me» the complex
conjugate pair of eigenvalues move away from the imaginary axis of complex plane and migrate towards the
real axis, designating a faster attenuation and a smaller oscillation cycle. When [ arrives at its lower bound,
all four poles coincide with each other and become real, whose abscissa is equal to —1/(1 +2,/jz) and for which

the ultimate mechanical damping ratio is written as:

& J 2VE
Bme TN (1 p) (1 - p+24/70)

which clearly suggests that under no circumstance, the mechanical damping ratio of NSDVA-I tuned by the

(52)

SMC could be greater than or equal to unity for pu < 0.25.

Fig. 5. Evolution of root loci of the primary system coupled with a NSDVA-I versus the negative stiffness ratio 8 in the SMC-based
optimal scenario with given mass ratio p = 0.05. For each specific value of 3, the coupled system has a double pair of complex

conjugates.
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4. Optimization of NSDVA-II

In this section, a non-traditional absorber NSDVA-II, as illustrated in Fig. 1d, is under consideration in both
harmonic and free vibration cases. Although the optimization of NSDVA-II based on the fixed points theory
is available in [25], its stability analysis and bound on negative stiffness ratio 8 had not been addressed, which
will be accomplished in this paper. Furthermore, to the best knowledge of the authors, optimization based on
stability maximization criterion is still lacking in the literature. Therefore, the optimization of NSDVA-II based

on these two methods will be conducted by following the same procedure as in Section 3.

4.1. Harmonic excitation scenario

The primary system being excited harmonically, its squared amplitude of FRF can be cast in the form of Eq.

(16) with the four coefficients expressed as:

A=[B+u(6-], B = 1260, 5
C= [[ﬂ + (= Q)] (1 - Q) + pp(B - MQ)]Q, D = 12601 + g - Q).

By employing the fixed points theory, the optimal frequency tuning ratio fi g is formulated as the function of

the mass ratio p and the negative stiffness ratio 3:

p-pB
Jittpt = (54)
NV (-
The fixed points P and Q locate at:

o, 20 =B = V2Gu=B () 2p(1=B) + /2= B (55)

2p(1 = p) C e 2p(1 - )

and the vibration amplitude at fixed points reads as:

_ | 2e(- 1)? 56
G11,8pt =B (56)

Finally, the optimal damping ratio iy ¢yt is determined by adopting Brock’s approach, giving

3u(1-8)(n-B)°

&ML fpt = (57)

4[20(1 = B)*(n = B)? = (1= B)*]

The substitution of Eq. (54) in the general stability condition (15) leads to:
B € (Brript, 0] (58)
with By ¢, = —\/H. As stated in previous section, optimal value of 3 can be determined by equating the

static displacement of primary system and the vibration amplitude at fixed points. In this scenario, the static

displacement of primary system is described by:

_n(1-5)

Xirst=G 59
IT,st 11|Q:0 P2 (59)
Then balancing Egs. (56) and (59) yields four possible values of By tps, respectively:
-l -p)V2p _ L+ (1 -p)V2u
ﬂl = ) 62 = ;
1-2u 1-2u (60)
_p=(A-p)V2p _pr (A -p)V2p
53 - 2 ) ﬁ4 = .
- 2-p
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where S2 and [, are greater than zero for any positive u and f1 < By 4, always holds for p < 0.25. The last
possible solution satisfies: BI_prt < B3 <0,Vu € (0,0.25), which should be then retained. Finally, the optimal
negative stiffness ratio Sy pe for the NSDVA-II is formulated as:

ﬁII fpt = M (61)
) 9 -1

which is exactly the same as that proposed in [25]. Again the optimal formula (61) is validated by inspecting the
frequency response of primary system with this specific value. As evident from Fig. 6, the static displacement
and the vibration amplitude at fixed points are balanced in the frequency response relevant to S st (denoted

as C4).
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Fig. 6. Frequency response of primary system attached with a NSDVA-II versus the dimensionless frequency « and the negative

stiffness ratio 8 with p =0.05. Curve C3: 3=0, C4: 8 = By tpt-

4.2. Transient excitation scenario
In this scenario, the stability maximization criterion is adopted to improve the transient response of primary
system connected with a NSDVA-II. By balancing the coefficients of corresponding characteristic polynomial

(14) with the ones of the optimized characteristic polynomial (44), four optimality conditions should be fulfilled:

dp=2¢f (62a)
4p2+2T2:1+i+(1+u)f2 (62D)
dpr? = 26f(1+ pf?) (62¢)
r4:i+(1+ﬂ)f2 (62d)

from which one can determine the optimal tuning parameters of NSDVA-II as:

BT =T Ry -
2u2 ’ 2 '

fII,smC = II,smc

14



Frequency ratio f Mechanical damping ratio & H X
Flk|,
1 3p w+2
DVA-T[3] 1+p 8(1+pu) V u
NSDVA.I -8 p(2Bp+ 55 +3) (- B)* [1(p+2)
p(l+p)? A+ D[+ 2B+ 1)2(u=5)* = (u= )" (=Y
1 3 2
DVA-II [6] — e /—lu) (1- u)\/;
NSDVAII 25 p=p 3u(1-B)(n-5)° Lo 2
. p(l=p) \ 4200 -8~ 82 - (1~ 5] UGy
Table 1: Optimal parameters of various types of DVAs based on the fixed points theory.
Frequency ratio f Damping ratio & Degree of stability A
1 o 0
DVA-T[10] 1+p 1+p 4(1+ )
(r-B)(1-Bp) 15 (n-p5)*
NSbvAL WL+ AT+ 1) V@ ma - \J (e (L7 )
1-y/1-4 1-y/1-4 1-3p-(1- 1-4
DVA-II [11] T“ L \/ p (Wu)\/ I
1+B-2p-+/(1+B)*-4p 1-B-(1+5)*-4u 1+8-3B-B)p-A-p)/(A+5)* -4
NSDVA-II \ o2 \/ \/ 5 \ S2

Table 2: Optimal parameters of various types of DVAs according to the stability maximization criterion.

23 and the modulus and real part of eigenvalues (i.e. degree of stability) given by:

Jes VT, [148-G-8u- -/ BP
= ; Am=pn = 5 :
21 8u

The authors remark that in the case of NSDVA-II, the lower limit of § is not unique for u € [0,0.25] so that

(64)

289
20 one should investigate the threshold of 8 per segment of u. The lower bounds on negative stiffness ratio § are

21 given directly as follows:

+2 opu—1 1
pr2/pGe-b) L
1-4u

BI_Lsmc =

22 whose detailed deduction is annexed in the appendix A.

203 At this point, it is pertinent to summarize all analytical formulae of optimal tuning parameters for both types

204 of NSDVAs based on different optimization criteria and compare with those available in the literature. In Table
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FPT SMC

2 2 2
o H3u—/(p? +3p)? +4p _ pw=2/p
NSDVA-I = > S
SDV. ﬁ>ﬁ1,fpt 2 B—ﬂl,smc 1+2\//_1/
NSDVA-II B> Biigps = VI B2 Bl ame given in Eq. (65)

Table 3: Lower bounds on negative stiffness ratio 8 for two types of NSDVAs based on different optimization criteria.

1 are summarized the optimal frequency tuning ratios and mechanical damping ratios of both classic DVAs and
NSDVAs optimized according to the fixed points theory and the normalized vibration amplitudes at invariant
points are also listed. Clearly, the optimal expressions of NSDVA-I in the second row (or NSDVA-II in the
fourth row) reduce to the classic formulae of DVA-I in the first row (or DVA-II in the third row) by imposing
B = 0. Similarly, the optimal tuning parameters of different DVAs calibrated by the stability maximization
criterion as well as their performance indices are outlined in Table 2. Finally, in Table 3 are arranged all lower

thresholds of negative stiffness ratio 8 for both types of NSDVAs with respect to two tuning strategies.

5. Numerical simulations and analyses

In this section, numerical simulations will be performed in order to illustrate the effect of negative stiffness on
vibration control performance in both harmonic and transient scenarios by comparing with the classic DVAs.
In the following study, the results are obtained with the mass ratio being p = 0.05 except for specific cases.
The responses in the frequency domain are plotted directly by using the FRFs (7) and (10), meanwhile, the
temporal responses are obtained by solving the dimensionless equations of motion (6) and (9) via the fourth-

order Runge-Kutta method with a fixed and sufficiently small time step.

— — DVAFPT — — DVAFPT
or - — NSDVAFPT | | or — = NSDVA-FPT

—— DVA-SMC —— DVA-SMC

—— NSDVA-SMC —— NSDVA-SMC

(a) DVA-I (b) DVA-II

Fig. 7. Frequency responses of primary structure attached to: (a) DVA-I; (b) DVA-IL. Thin lines correspond to classic DVAs
(namely 8 = 0), Thick lines are related to NSDVAs with optimal negative stiffness ratio (8 = B gpt or SBir fpt). Dashed and solid
lines are responses optimized by fixed points theory and stability maximization criterion, respectively. For both configurations,

vibration responses at fixed points P and Q have the same amplitude as the corresponding static displacement.
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5.1. Harmonic vibration case

Fig. 7 depicts the normalized frequency responses of primary system attached with four aforementioned types
of DVAs under sinusoidal force excitation. The frequency responses with DVA-I are plotted in Fig. 7a, while
the performance of non-traditional DVAs is illustrated in Fig. 7b. The thin lines correspond to the absence
of negative stiffness (i.e. 8 = 0), while the thick lines are related to the case with optimal negative stiffness
ratio Bp gt or Biiepe. Finally, the dashed and solid curves are relevant to DVAs optimized by FPT and SMC,
respectively. It is evident that compared to the SMC, the FPT contributes to the minimizing of peak vibration
amplitude of primary system in the steady state and to a relatively large frequency bandwidth of vibration
suppression. Moreover, in the frequency responses related to NSDVAs with optimal negative stiffness ratio,
the vibration amplitude at fixed points P and Q is equal to the static deformation (i.e. at a = 0), validating
the aforementioned postulation on optimality condition. By inspecting frequency responses relevant to DVAs
and NSDVAs, one can infer that the addition of negative stiffness leads to the decrease of peak vibration
amplitude, the broadening of suppression bandwidth and the left shifting of resonance area for both optimal
NSDVAs. Furthermore, it is hinted that given the same mass ratio, the DVA-II (or NSDVA-II) can provide a
better control performance than the DVA-I (or NSDVA-I, respectively) in terms of reducing the peak vibration

amplitude of primary system.

— — DVA-FPT — — DVA-FPT
16000 [-|= = NSDVA-FPT 16000 [ |~ = NSDVA-FPT 2
—— DVA-SMC —— DVA-SMC
= NSDVA-SMC e e e — — =— NSDVA-SMC
[} n T T T T T T T T T T
2 @ %
S 12000 1 S 12000 - / 1
Q. S /
a @
e ® /
2} 1% /
= = /
£ 8000 1 £ 8000 ! 1
8 s '
=] S
S N E J
s S ammmm- = 5
O (8] // —c T e =
-
4000 1 4000 et §
Ld 2, ”
-
- -
0 1 2 3 0 1 2 3
(o3 (o3
(a) DVA-I (b) DVA-II

Fig. 8. Cumulative mean square value of normalized displacement of primary system: (a) DVA-I; (b) DVA-IIL. Thin lines correspond
to classic DVAs (namely 3 = 0), thick lines are related to NSDVAs with optimal negative stiffness ratio (8 = By pt or Bir,¢pt). Dashed

and solid lines are responses optimized by fixed points theory and stability maximization criterion, respectively.

The main drawback of negative stiffness is to amplify the vibration amplitude of primary system in low
frequency region. Nevertheless, the justification of its use in control scheme could be twofold: improved frequency
responses over a larger area around resonance as previously discussed and reduced cumulative mean square
response (CMSR) of primary mass, which is illustrated in Fig. 8. The dimensionless CMSR is defined as the
integrated value of squared normalized displacement of primary system over a certain frequency range [31],
standing for the total kinetic energy of primary mass when undergoing a broadband excitation. Fig. 8 clearly
suggests that both NSDVAs can reduce the peak value of CMSR, by a factor close to 3, signifying that the use

of negative stiffness can enhance significantly the system damping capability against external disturbance.
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Fig. 9. Frequency responses of relative displacement between primary and secondary masses: (a) DVA-I; (b) DVA-IL. Thin lines
correspond to classic DVAs (namely 8 = 0), thick lines are related to NSDVAs with optimal negative stiffness ratio (8 = B gt or

Bi1,¢pt). Dashed and solid lines are responses optimized by fixed points theory and stability maximization criterion, respectively.

More benefit could be introduced into the control performance by using the negative stiffness. Fig. 9
demonstrates frequency responses of relative motion between primary and secondary masses, also termed as the
stroke length, under harmonic force excitation. One can remark that both NSDVAs can reduce significantly the
peak vibration amplitude of stroke length compared to their DVA counterparts, which facilitates their practical
implementation in a more strict environment.

Nevertheless, the FPT is not oriented towards the optimization of damping ratio £* of coupled system,
which is defined as the minimal value of all modal damping ratios. The modal damping ratio associated with a
specific eigenvalue is determined as the absolute value of ratio between its real part and its complex modulus.
Therefore, increasing £* leads to the decrease of damped natural frequency so that the required oscillation cycle
for decaying the disturbance to zero is reduced. Fig. 10 demonstrates the evolution of system damping ratio
&* as a function of negative stiffness ratio 5 for the NSDVA-I (in Fig. 10a) and the NSDVA-II (in Fig. 10b).
For both NSDVAs, FPT always yields a smaller value of £* than SMC over the whole range of 8, implying that
SMC is more preferable for tuning NSDVAs in the case where a larger damping ratio is needed. Moreover, one
can observe that the system damping value at the optimal negative stiffness ratio, B¢ or Bireps, is not the
largest, validating the fact that FPT aims at improving the steady state response instead of maximizing the

damping capability.

5.2. Transient vibration case

The capability of decaying transient disturbances can be also quantified by taking the degree of stability A
as the performance index. In fact, A represents the slowest exponential decay speed of transient response,
therefore, a larger value of A corresponds to a faster decay of disturbance. Fig. 11 depicts the eigenvalues of
primary system controlled by a DVA-I (in Fig. 11a) or a DVA-II (in Fig. 11b). With the definition of degree
of stability given in Eq. (42), the performance indices for different DVAs read as: Ay g = 0.061, Ajgme = 0.11
and A7

I,smc

= 0.83 for DVA-I based on different optimization criteria, and Ay gt = 0.067, A gme = 0.12 and

sme = 1.35 for DVA-II with different tuning parameters. Performance indices without any superscript are
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Fig. 10. The fluctuation of system damping ratio £* as a function of the negative stiffness ratio 8: (a) NSDVA-I, (b) NSDVA-IL
Dashed and solid curves are related to FPT- and SMC-based optimization, respectively.

related to DVAs without negative stiffness, while those with the superscript, —, are related to NSDVAs with
critical negative stiffness ratio Sy .. or Bjj g It clearly suggests that the SMC always conducts to a double
pair of complex eigenvalues and a larger performance index than the FPT, namely a faster convergence of
transient response. In the ultimate scenario with SMC-based optimization, all the eigenvalues are coincident
with each other and locates at the real axis of the complex plane, at which the largest degree of stability can
be achieved. Furthermore, DVA-II has a slightly better performance index than DVA-I with 8 = 0, while the
inclusion of negative stiffness renders the advantage claimed for DVA-II over DVA-I more significant. Precisely,
an increase of 62.7% in terms of performance index is observed for the NSDVA-IT when compared to NSDVA-I

at their respective lower bound on .

1.5 1.5
1r u * 8 1r
[ ]
l,smc
051 051
~ A ~
= L . l,smc = L
E 0 > E 0
AI,fpt
-05F 05
[ ]
1k ] > ] 1t
-15 : : : -15 : : : :
-0.9 -0.85 -0.1 -0.05 0 1.4 -1.35 -0.15 -0.1 -0.05 0
Re(\) Re(})
(a) DVA-I (b) DVA-II

Fig. 11. Root loci of primary system coupled with a: (a) DVA-I; (b) DVA-II. Circle and square markers: classic DVA optimized
by FPT and SMC, respectively (i.e. 8 = 0); diamond marker: SMC-based NSDVA with critical negative stiffness ratio 8y or
B sme- The performance indices read as: (a) Ay ¢py = 0.061, Apgme = 0.11 and A =0.83; (b) Arr,gpt = 0.067, A1 smc =0.12 and

I,smc
AT =1.35.

II,smc
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A numerical simulation in the temporal domain is also carried out to investigate the control performance
of various DVAs with respect to transient vibration. Fig. 12 plots the temporal responses of primary system
and stroke length of absorber for different configurations. The simulation is performed under free vibration
(namely F'(7) =0) with a relatively large mass ratio g = 0.1 for a better visual effect. The initial states of two
DOFs are imposed as: x1(0) = zp = 0.1 and 21 (0) = 22(0) = 25(0) = 0. The temporal solutions related to the
dimensionless ordinary differential equations (6) and (9) are obtained by adopting the fourth order Runge-Kutta
method with a fixed time step le—4 for a simulation duration of 60. As evident from Figs. 12a and 12b, SMC
and FPT render a similar attenuation performance of transient response of primary system in terms of the peak
vibration amplitude and the settling time when 8 = 0, which is consistent with the prediction according to the
performance index. Besides, the SMC-based NSDVA-II with critical negative stiffness ratio outperforms the
NSDVA-I in terms of much more shorter settling time and lower peak amplitude of primary system. Finally,
Figs. 12c and 12d suggest that SMC is more preferable than FPT in terms of confining the peak vibration
amplitude of stroke length of DVA.

1 1
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Fig. 12. Transient responses under free vibration normalized by the initial displacement of primary system zo: (a)-(b) displacement
of primary system; (c)-(d) stroke lengths of DVAs. The mass ratio is imposed as p = 0.10. Dashed line: FPT-based DVAs (with
B =0); thin solid line: SMC-based DVAs (with 8 = 0); thick solid line: SMC-based NSDVAs with critical negative stiffness ratio

(i'e' fBI_,smc or ﬁI_I,smc)'

20



379

380

381

382

383

384

385

386

387

388

389

390

391

392

393

394

395

396

397

398

399

400

401

402

403

404

405

6. Conclusions

In this paper, optimization of both NSDVA-I and NSDVA-II is carried out based on two tuning strategies,
fixed points theory and stability maximization criterion. Optimal parameters of frequency tuning ratio and
mechanical damping ratio of absorber are derived analytically. And allowable bound on negative stiffness is
specified for each NSDVA and for each optimization scenario based on the stability requirement. Besides, an
optimal negative stiffness ratio is defined when the NSDVA is optimized according to the fixed points theory.

Numerical simulation results demonstrate that under harmonic excitation, the inclusion of negative stiffness
can reduce significantly the maximum vibration amplitude of primary system and the stroke length of DVA
and increase the frequency bandwidth of vibration suppression. Moreover, it is shown that the system damping
increases as the negative stiffness approaches to its lower limit. Finally, temporal responses under free vibration
suggest that in the ultimate scenario, the SMC-based NSDVAs can attenuate the transient response in an
extremely short duration.

Comparisons between the two types of DVAs are also made. It is apparent that DVA-II (or NSDVA-II)
can provide a better control performance than DVA-I (or NSDVA-I) in terms of confining the peak vibration
amplitude of primary system and stroke length of absorber. These two types of DVAs with 8 = 0 have a similar
performance of attenuating transient disturbance. When a negative stiffness is present, the SMC-based NSDVA-
IT can provide a better damping performance and have a larger permissible interval for the negative stiffness,
comparing to the NSDVA-I. Therefore, the NSDVA-II can yield a more rapid convergence of transient response

of both primary system and stroke length of absorber and can reduce their peak response more significantly.
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Appendix A Allowable interval of 3 for SMC-based optimization of NSDVA-II

Multiple constraints exist on the negative stiffness ratio 3, as discussed one by one in the following study.

1. The stability requirement. The substitution of optimal frequency tuning ratio firsmc into the general

stability condition (15) yields:

(1+8)% =2u> (1+B)\V/ (1 +8)2 - 4p (A1)
which results in a possible bound on g: 8> 1 =/2p - 1.

2. fﬁ’smc > 0. This condition imposes that:

1+822u
B2B2=2u-1
(1+8)%>4pu = (A.2)
B2B3=2f~1
(1+8-2p)%>(1+5)* -4u
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414
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416

417

418

419

420

421

422

423

424

425

426

427

428

429

430

431

432

433

One can tell that 83 > 51 > B2 always holds for any positive p < 0.5 and the mass ratio should be inferior

to 0.25. Up to now, the negative stiffness ratio 8 should be bounded by: g > 83 =2,/ - 1.

. The complex eigenvalue assumption pf < r%. The inequality conducts to ¢; < to with the two polynomials

given by:
t1=1-Tp+pB(1-3u), ta=(1-5u)\/(1+3)2-4pu. (A3)

It is remarkable that the signs of ¢; and ¢ depend on the mass ratio p so that the lower bound on
should be deducted per segment of u. The coefficient ¢; will be positive if 8> 84 = (7Tu-1)/(1-3u) and to
remains positive when p is less than 1/5. Besides, one can tell that 83 > 84 for any u € [0,1/9]. Therefore,
three possible cases where a negative stiffness could be employed in the DVA, ie. § < 0, are listed as

follows:

1
e Case 1: B>03, 83<0,0<¢t) <ty, Ve 0,9],
e Case 2: 204, 84<0,0<ty <to, Ve ],

o Case 3: B20s3, f3<0,t1 <t2<0, Vi €

each of which will be investigated in order to obtain the lower bound on § with respect to the segment of

mass ratio p.
e Case 1. <0 always holds for p € [0,1/9]. Moreover, the condition 0 < ¢; < t5 results in:
(1-4p)B% - 2uB +25p> =4 <0 (A.4)

It is noticeable that the upper limit of this inequality is always positive, therefore, the corresponding

bound on B is: 85 < 8 <0 with
2 (- 1)

A5
Bs |~ (A.5)
With S5 being superior to 3 in the very range of mass ratio, the allowable bound on f is:
1
Bs<B<0,Vpe [0,9]. (A.6)

e Case 2. In this range of mass ratio, the condition 0 < ¢; < to will be satisfied if 5 > 4 holds.
Nevertheless, 34 will be positive when the mass ratio is greater than 1/7. Therefore, no negative
stiffness could be employed in the range of [1/7,1/5] and the permissible bound on f is expressed
as:

11
Bi<B<0,Vuel<,—|. (A7)
9'7
e Case 3. The constraint of t; < to <0 gives rise to
_p+2/pBr-1)

_ p=2/p(Bu-1)

B<p :\/_—, B2pr=—F—= (A.8)
1-4p 1-4pu

In the mass ratio range of [1/5,1/4], 8% > 5~ > 0 always holds. Therefore, the corresponding interval

of B is given as:

ﬂgsﬁgo,vue[;,i]. (A.9)

Finally, the lower thresholds of negative stiffness ratio S are found for each segment of mass ratio p and are

summarized in Eq. (65).
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