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Abstract—This paper describes a two-dimensional (2-D) 

nonlinear adaptive magnetic equivalent circuit (MEC) of radial-flux 

interior permanent-magnet (PM) synchronous machines (PMSMs) 

for automotive application, mainly for electric/hybrid/fuel cell 

vehicles (EVs/HEVs/FCVs). It includes the automatic mesh of 

static/moving zones, the saturation effect, and the connection of the 

zones for the rotor motion which is ensured by a new approach 

called “Air-gap sliding-line technic”. The local/integral quantities at 

no-load/load (viz., the magnetic flux density, the magnetic flux 

linkage and the voltage) have been validated with the 2-D finite-

element analysis (FEA) in the case of radial-flux interior PMSM with 

18-slots/16-poles having a double-layer concentrated winding (all 

teeth wound type). The semi-analytical results are in good 

agreement, considering both amplitude and waveform. The 

computation time is divided by 3/2 with an error less than 7 %. 

Keywords—Automatic mesh, radial-flux interior PMSMs, 

magnetic equivalent circuit, saturation effect, sliding-line technic. 

I. INTRODUCTION 

The PMSMs have become the most interesting choice for 
electric powertrains in automotive applications, mainly 
EVs/HEVs/FCVs. This is due to their high torque/power and 
torque/power density performances [1]. During the last 
decades, interior PMSMs have been used extensively in EVs 
and HEVs [2]-[4]. Compared with surface-mounted PMSMs, 
since the PMs are buried in the rotor iron, interior PMSMs 
have robust rotor construction and the PMs are shielded from 
the demagnetizing armature reaction field, as well as the PM 
eddy-current losses are reduced [5]. Furthermore, due to the 
difference between d- and q-axis inductances, a reluctance 
torque exists, which enhances the electromagnetic 
performances. Moreover, interior PMSMs are eminently 
suitable for automotive applications, which require a wide 
speed range of constant power operation. This is ensured by 
higher flux-weakening capability [1]-[2]. 

During the last decades, different approaches have been 
developed to study and/or analyze interior PMSMs. Due to the 
saturation effect and the significant leakage flux caused by 
magnetic short-circuit inside the rotor, it is difficult to use directly 
the subdomain technique in Maxwell-Fourier methods to predict 
the magnetic field distribution although some efforts have been 
made [6]-[9]. Generally, numerical methods are considered as the 
best approaches to analyze precisely interior PMSMs. Different 
studies have been achieved [10]-[12]. However, it is time 
consuming, which is their main disadvantage. Therefore, a MEC 

constitutes an excellent compromise to model interior PMSMs 
with accuracy and less calculation time [13]-[18], which allows to 
couple with optimization algorithms. 

In this paper, the approach proposed in [19] is applied to 
study a radial-flux interior PMSM for automotive application. 
The developed semi-analytical model includes the automatic 
mesh of static/moving zones, the saturation effect, and zones 
connection in accordance with rotor motion based on a new 
approach called “Air-gap sliding-line technic”, which was 
applied in [20]-[23] on different electrical machine 
configurations (i.e., axial-flux interior PM machine, coaxial 
magnetic gear equipped with surface-mounted PMs, and 
wound-rotor synchronous machine). This novel technique of 
connection between static/moving zones is applied for the first 
time on a radial-flux interior PMSM. Nevertheless, it should 
be noted that there are other techniques permitting to connect 
static/moving zones in electrical machines, which have been 
overviewed in [19]. In section II, the 2-D nonlinear adaptive 
MEC is described. To account for the saturation effect, an 
iterative process is considered. The nonlinear B(H) curve of 
the iron is then introduced by using the Marrocco’s 
interpolation function. In section III, the radial-flux interior 
PMSM with 18-slots/16-poles having a double-layer 
concentrated winding (all teeth wound type) has been studied 
for no-load/load operating points. In order to evaluate the 
reliability of the proposed method, the magnetic flux density, 
the magnetic flux linkage, and the voltage are compared to 2-
D FEA calculation [24]. Finally, the computation time and 
precision are analyzed. 

II. 2-D NONLINEAR ADAPTIVE MEC 

A. Problem Description 

The generalized nonlinear adaptive MEC has been applied 
to a radial-flux interior PMSM with 18-slots/16-poles (i.e., 
fractional-slot number) [see Fig. 1]. This electrical machine is 
used for automotive application (i.e., 16 kW @ 1,000 rpm), 
mainly for EVs/HEVs/FCVs. 

The topology of the machine is represented in Fig. 1(a). The 
stator has a double-layer concentrated winding distribution 
(viz., the non-overlapping winding with all teeth wound), 
supplied by sinusoidal current waveform with a maximum 
amplitude of s maxI . The 3-phase windings are star-connected. 

The winding schematic, having stpN  serie turns per phase, is 
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(b) 

Fig. 1.  Radial-flux interior PMSM (with 18-slots/16-poles): (a) Topology, and 

(b) Geometrical & physical parameters. 

TABLE I GEOMETRICAL AND PHYSICAL PARAMATERS OF THE 
RADIAL-FLUX INTERIOR PMSM. 

Parameters [Units] Values 

 sQ 2 p   18 16  

 zL mm  70  

   out sy ssi sR ; R ; R ; R mm   115; 103; 83; 81  

   r tm tb bb bm inR ; R ; R ; R ; R ; R mm   80;79;72.5;74.5;75; 60  

   sso t ssi sso; %      50; 30  

   m p b p; %      78; 5.95  

   rm ri;     1.05; 6 ,000  

 rmB T  1.15  

 s maxI A  282.8  

 stpN   39  

 

depicted in Fig. 1(a). Due to the periodicity of the winding, the 
machine can be studied according 9-slots/8-poles. The PMs, 
inserted in the rotor core and radially magnetized, are isotropic and 
have a linear demagnetization characteristic with a maximum 
operating temperature mfT  equal to 100 °C. The rotor bridge must 

be as thin as possible to avoid flux leakage. Its thickness should be 
obtained by optimal design to ensure best electromagnetic 
performances and mechanical robustness. The geometrical and 
physical parameters of the studied radial-flux interior PMSM are 
represented in Fig. 1(b) and given in TABLE I. 

B. Automatic Mesh 

The electrical machine is decomposed into two zones, i.e., a 
static zone and a rotary zone. Each zone can be modeled 
independently and the interconnecting between the two zones 
is accomplished by an “Air-gap sliding-line technic” [19]. 
Consequently, the stator or/and rotor topology can be replaced 
by another type of construction. The stator (rotor) is divided 

into 3 (4) zones in the r-axis and 5 (5) zones in the -axis. 
The mesh elements having the same magnetic permeability 
 

 
(a) 

 
(b) 

Fig. 2.  Mesh elements of the radial-flux interior PMSM in  r , , z  coordinate 

system: (a) Static zone under a tooth-pitch, and (b) Moving zone under a pole-pitch. 

 
 

(i.e., the same material), resulting from the intersection of 

zones in the r- and -axis, can be discretized into one or 
several bidirectional (BD) blocks from 

rNds   rNdr  and 

Nds   Ndr . The air-gap is divided into a single zone 

according to r-axis discretized into 
rNdag , which must be an 

odd discretization number to display the sliding-line in the air-
gap. The mesh elements of the static (moving) zone under a 
tooth-pitch (pole-pitch) are described in Fig. 2. The static 
(moving) zone under a tooth-pitch (pole-pitch) have to be 
duplicated 9 (8) times to obtain the Fig. 1(a). 

The BD blocks depending on the discretization chosen by 
the designer, connected between them by the loop fluxes   

and giving the possibility to magnetic flux to flow in both 
axes, are described by a middle-point related to (except in the 
stator and rotor edges due to the Dirichlet conditions): 

 4 magnetomotive forces (MMFs) of branches (i.e., two 

r-MMFs and two -MMFs); 

 and 4 magnetic reluctances (i.e., two r-reluctances and 

two -reluctances) crossed by branch fluxes  . 
 

C. Magnetic Reluctances 

The magnetic reluctances of BD blocks in the mesh 
elements are defined by 
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where  s, sl , r  are respectively the index of the {static zone, 

sliding-line, moving zone}; 0  is the vacuum permeability, 
 



 

 

r    is the length to surface ratio in the r- or -axis (only 

the -axis for the sliding-line) which depends on the shape 
and the discretization of mesh elements as well as the position 
for the sliding-line contrary to those of reluctances in the static 

and moving zones; rB   is the r- or -component of 

magnetic flux density; and  r   is the relative permeability 

defined by 
 

 r    

  curveB H     in the iron parts 

(2) 1     in the vacuum, winding or sliding-line 

rm     in the PMs 

 
in which rm  is the relative magnetic permeability of the 

PMs. The saturation effect is taken into account by 
interpolation of the nonlinear B(H) curve with a mathematical 
formulation , e.g., the Marrocco’s function [25]. The relative 
magnetic permeability can be expressed by 
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(3) 

 

where b  is the magnetic flux density divided by 1 T , 
1k  ~ 

4k  

are the interpolation coefficients obtained by minimizing the 
square-error between the nonlinear B(H) curve given by the 
manufacturer and the values obtained by the Marrocco’s 
function. For the studied machine, the M330-35A steel has 
been considered. The interpolation coefficients for this 
ferromagnetic steel are given in TABLE II, whose the 
interpolation error is less than 7 %. 

D. Electromagnetic Sources – MMFs 

The branch MMFs in the BD blocks can be expressed by 
 

MMF   

0     in the air (except the slot) and iron 

(except the teeth) 

(4)  rm 0 rmf B , , lB      in the PMs 

  gstp sf N , Cw , i     in the slot/winding/teeth 

 
where rmB  is the remanent flux density of the PMs at mfT , 

lB  is the branch length in the BD blocks crossed by  ,  Cw  

is the winding connection matrix between the m-phases and the 
stator slots that represents the stator windings distribution, and 

gsi  is the armature currents of m-phases in Fourier series [26]. 

E. Matrix Formulation and Solving 

The different steps of the nonlinear system solving are 
presented in the flowchart in Fig. 3. In this figure, ri  

represents the initial relative permeability in the magnetic circuit 
and satN  is the total iterations number for taking into account 

the saturation effect. By using the Maxwell’s equations as well 
as the magnetic material equations, the 2-D nonlinear adaptive 
MEC (where the loop fluxes   are the unknowns) can be 
 

TABLE II INTERPOLATION COEFFICIENTS OF MARROCCO’S 
FUNCTION FOR THE M330-35A STEEL. 

Coefficients [Units] Values 

   1 2 3 4k ; k ; k ; k    4 46.38; 1.62 10 ; 6.27 10 ; 6.69   

 

 
expressed by the following Cramer’s system, rs  

 

         
T

F 0         with      F MMF   (5a) 

 

where    is the diagonal matrix of reluctances (of dimension 

N N  with N  the total number of branch fluxes, branch 

MMFs or reluctances),    is the loop fluxes vector (of 

dimension N 1   with N  the total number of loop fluxes), 

   is the topological (or incidence) matrix (of dimension 

N N  ),  F  is the loop MMFs vector (of dimension 

N 1  ),  MMF  is the branch MMFs vector (of dimension 

N 1 ). These matrixes and vectors are dependent upon the 

discretization of the various zones. Their dimensions are 
invariable with rs  [19]. 

Analytically, (5) can be solved iteratively with a constant 
relative magnetic permeability according to the nonlinear B(H) 
curve at each iteration by using the fixed point iteration 

method. Knowing   , the magnetic flux densities vector  B  

(of dimension N 1 ) are defined by 
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where  S  is the vector of the corresponding reluctance 

surface (of dimension N 1 ) in the various BD blocks, and 

   is the branch fluxes vector (of dimension N 1 ). 
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Fig. 3.  Flowchart of the iterative solving of the nonlinear system ( rs  where rs  

is the mechanical angular position between the rotor and the stator) [19]. 



 

 

III. COMPARISON OF THE NONLINEAR ADAPTIVE MEC AND 

FINITE-ELEMENT CALCULATIONS 

A. Introduction 

For the comparison, the radial-flux interior PMSM has been 
modeled using Cedrat’s Flux2D software package (i.e., an 
advanced finite-element method based numeric field analysis 
program) [24]. The 2-D FEA is done with the same 
assumptions as in the semi-analytical model. The 2-D 
nonlinear adaptive MEC has been implemented in Matlab® by 
using the sparse matrix/vectors. The stator and rotor 
discretizations have been considered as follows 
 

 rNds 1 1 1  and  Nds 1 1 5 1 1   (7a) 

 rNdr 1 1 1 1  and  Ndr 1 1 5 1 1   (7b) 

 
The air-gap zone is discretized into agNdr 3 . Consequently, (5) 

is composed of N 684   loop fluxes and N 2,890  branch 

fluxes, which is much smaller than the 2-D FEA mesh having 
50,551 surfaces elements of second order (viz., the triangles 
number of system). The mesh of the machine is presented in 
Fig. 4(a). The discretization ptsN  corresponding to rs  for the 

rotor motion in the semi-analytical model is equal to 45. The total 
number of iterations for magnetic convergence satN  was 

imposed on 30 with an initial relative permeability ri 6,000  . 

The computation time is divided by 3/2 with respect to numeric. 

B. Results Discussion 

1) Magnetic Flux Density: The magnetic flux density is 
calculated in the various parts of the machine. In this paper, the 
 

 
(a) 

 
(b) 

Fig. 4.  Radial-flux interior PMSM with 18-slots/16-poles: (a) Mesh, 

and (b) Equipotential lines of magnetic potential vector at no-load. 
 

results obtained by the 2-D nonlinear MEC are presented and 

compared to 2-D FEA in three parts of the machine [see Fig. 2]: 

 Zone 3 (i.e., isthmus/tooth-tips/teeth) in the static zone; 

 Zone 1 (i.e., bridge/iron inter-pole) in the moving zone. 

 Static and moving air-gap. 

The r- and -component of B  at load ( s maxI  @ 1,000 rpm) 

are illustrated in Fig. 5-8. The components of B  in the 
isthmus/tooth-tips/teeth [see Fig. 5] as well as in the bridge/iron 
inter-pole [see Fig. 6] are very saturated. The results are in good 
agreement with 2-D FEA, which confirms that the nonlinear 

solving method is accurate. The components of B  in the static 
and moving air-gap [see Fig. 7-8] are in good agreement with the 
2D-FEA, which confirms the reliability of the proposed method 
concerning the zones connection for the rotor motion. Fig. 4(b) 
shows the equipotential lines of magnetic potential vector for the 
initial rotor position (i.e., rs 0  ) at no-load. Due to the 

fractional-slot number, the magnetic flux path is difficult to 
predict, over the different rotor positions. Therefore, the automatic 
mesh developed for the MEC appears as a good general solution 
with an error less than 7 %. 

2) Magnetic Flux linkage and Voltage: The magnetic 
flux linkage and the voltage for the three phases are presented 
in Fig. 9-10 for the no-load (0 A @ 1,000 rpm) and load 
operating. The rotor has been rotated over one electrical 
period. The no-load voltage corresponds to the back 
electromotive force (EMF) of the machine. The results 
obtained by the 2-D nonlinear MEC are very accurate 
compared to 2-D FEA. However, errors appears in the voltage 
calculation due to numerical derivative. The accuracy can be 
improved by increasing the number of steps over one electrical 
period (45 steps have been used), at the detriment of the 
calculation time. 
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(b) 

Fig. 5.  Waveforms of the (a) r- and (b) -component of B  in the 

isthmus/tooth-tips/teeth at load. 
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(b) 

Fig. 6.  Waveforms of the (a) r- and (b) -component of B  in the bridge/iron 

inter-pole at load. 
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(b) 

Fig. 7.  Waveforms of the (a) r- and (b) -component of B  in the static air-

gap at load. 
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(b) 

Fig. 8.  Waveforms of the (a) r- and (b) -component of B  in the moving air-

gap at load. 
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(b) 

Fig. 9.  Waveforms of the (a) magnetic flux linkage and (b) back EMF at no-load. 
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(b) 

Fig. 10.  Waveforms of the (a) magnetic flux linkage and (b) voltage at load. 

 

IV. CONCLUSION 

In this paper, a 2-D nonlinear adaptive MEC of a radial-flux 
interior PMSM has been developed. It includes the automatic 
mesh of static/moving zones, the saturation effect and the rotor 
motion. The local quantities such as the magnetic flux density 
in the different parts of the machine can be calculated with high 
accuracy, including in the saturated zones. The integral 
quantities (viz., the magnetic flux linkage and the voltage) at 
no-load/load can also be calculated precisely. The obtained 
results have been validated with the 2-D FEA considering 
radial-flux interior PMSM with 18-slots/16-poles having a 
double-layer concentrated winding (all teeth wound type). The 
computation time is divided by 3/2 with respect to numeric. The 
error is less than 7%. 
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