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ESTIMATES FOR THE SVD OF THE TRUNCATED FOURIER
TRANSFORM ON L%(cosh(b|- |)) AND STABLE ANALYTIC
CONTINUATION

CHRISTOPHE GAILLAC®:(2 AND ERIC GAUTIER™

ABSTRACT. The Fourier transform truncated on [—c,c] is usually analyzed when acting on
L*(—1/b,1/b) and its right-singular vectors are the prolate spheroidal wave functions. This
paper considers the operator acting on the larger space L?(cosh(b| - |)) on which it remains
injective. We give nonasymptotic upper and lower bounds on the singular values with similar
qualitative behavior in m (the index), b, and ¢. The lower bounds are used to obtain rates
of convergence for stable analytic continuation of possibly nonbandlimited functions whose
Fourier transform belongs to L?(e’I'!). We also derive bounds on the sup-norm of the singular
functions. Finally, we propose a numerical method to compute the SVD and apply it to
stable analytic continuation when the function is observed with error on an interval. In the
application we consider cases where the function that extrapolate is not bandlimited and when

it is bandlimited but the bandlimits are unknown.

1. INTRODUCTION

Extrapolating an analytic square integrable function f from its observation with error on
[—¢, c] to R has a wide range of applications, for example in imaging and signal processing [25],

in geostatistics and with big data [18], and finance [24]. A researcher may want to estimate
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a density from censored data. This means that the data is only available on a smaller set
than the one of interest (see, e.g., [5, 6]). When the function is a Fourier transform, this is a
type of super-resolution in image restoration [7, 8, 22] which can be achieved under auxiliary
information such as information on the support of the object. The related problem of out-of-
band extrapolation (see, e.g., [2, 7]) consists in recovering a function from partial observation
of its Fourier transform. A particular instance of this framework appears in the analysis of the

random coefficients linear model (see, e.g. [21]). There, the model takes the form
Y =a+8"X,

where (o, 37) € RPT! and X € RP are independent random vectors, and the researcher has at
her disposal an independent and identically distributed sample of (Y, X T) from which she can
estimate the Fourier transform of the density of the coefficients («, 37) on {(t,tx) : (t,z) €
R x X}, where X C RP is the support of X and the object of interest is the density the
coefficients.

It is customary to rely on analytic functions and use Hilbert space techniques. For the
extrapolation problem, one can restrict attention to bandlimited functions which are square
integrable functions whose Fourier transforms have support in [—1/b,1/b]. For out-of-band
extrapolation, one can work with square-integrable functions whose support is a subset of
[—1/b,1/b] in which case their Fourier transform is analytic by the Paley-Wiener theorem (see
[40]). Prolate spheroidal wave functions (henceforth PSWF, see [38, 43]) are the right-singular
functions of the truncated Fourier transform restricted to functions with support in [—1/b,1/0].
The truncated Fourier transform maps functions to their Fourier transform on [—c,¢]. The
PSWF form an orthonormal basis of the space L?(—c,c) of square-integrable functions on
(—c¢,c), are restrictions of square integrable orthogonal analytic functions on R, and form a
complete system of the bandlimited functions with bandlimits [—1/b,1/b]. Hence, a bandlimited
function on the whole line is simply the series expansion on the PSWEF basis, sometimes called
Slepian series, whose coefficients only depend on the function on (—¢, ¢), almost everywhere on
R. This makes sense if we understand the PSWF functions as their extension to R. In this
framework, analytic continuation is an inverse problem in the sense that the solution does not
depend continuously on the data, more specifically severely ill-posed (see, e.g., [20, 26, 42, 50]),
and many methods have been proposed (see, e.g., [4, 9, 17, 18, 19, 29, 31, 45]). To obtain precise

error bounds, it is useful to obtain nonasymptotic upper and lower bounds on the singular



3

values of the truncated Fourier transform rather than the more usual asymptotic estimates on
a logarithmic scale. In several applications, uniform estimates on the right singular functions are
useful as well. This occurs for example to show that certain nonparametric statistical procedures
involving series are adaptive (see, e.g., [16]). This means that an estimator with a data-driven
smoothing parameter reaches the optimal minimax rate of convergence. Importantly, such a
program providing nonasymptotic bounds on the singular values and right singular functions
has been carried recently in relation to bandlimited functions in [12, 13, 14, 37, 38, 41]. A second
important aspect is the access to efficient methods to obtain the singular value decomposition
(henceforth SVD). While numerical solutions to the inverse problems have for a long time relied
on the Tikhonov or iterative methods such as the Landweber method (Gerchberg method for
out-of band extrapolation, see [7]) to avoid using the SVD, recent developments have made it
possible to approximate efficiently the PSWF and the SVD (see Section 8 of [38]).

Assuming that the function observed on an interval is the restriction of a bandlimited func-
tion can be questionable. For example, in the case of censored data, the observed function
is a truncated density and the underlying function a density, and none of the usual families
are bandlimited. Moreover, even if the function were bandlimited, one would require an up-
per bound on 1/b which might not be available in practice (see [44]). For this reason, this
paper considers the larger class of functions whose Fourier transforms belong to the space
L? (ebH) of square-integrable functions with weight function e®!'l. This is the largest space that
we can consider to extrapolate a function with Hilbert space techniques because, for a > 0,
{feL*R): Vb<a, F[f]eL? (ebH)} is the set of square-integrable functions which have an
analytic continuation on {z € C: |Im(z)| < a/2} (see Theorem IX.13 in [40]). The broader
class L?(e’I) has rarely been used in this context and, unlike the PSWF, much fewer results
are available, with the notable exception of [32, 47]. It is considered in [5] in the case of cen-
sored data and in [21] for the problem of estimating the density of random coefficients in the
linear random coefficients model. There it is meaningful to assume the Laplace transform of
the density is finite near 0 or equivalently that it does not have heavy-tails.

In this paper, we use the weight cosh(b-) rather than e?l'l because the Fourier transform of
sech = 1/ cosh is essentially itself and, though with a different scalar product, L? (cosh(b-)) =
L? (ebH). Theorem II in [47] provides, for given b,¢ > 0 and a value of the index m going to

infinity, an equivalent of the logarithm of the singular values of the truncated Fourier transform
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acting on L? (cosh(b-)). Such an equivalent is important but this result is silent on the polyno-
mial preexponential factors, their dependence with respect to ¢ and b, and to deduce upper and
lower bounds on the singular values which hold for all m, ¢, and b. This behavior is important
in [21] where we integrate the bounds over ¢ in intervals [a, b] where a can be arbitrarily close
to 0. This paper provides nonasymptotic upper and lower bounds on the singular values, with
similar qualitative behavior, and applies the lower bounds to error bounds for stable analytic
continuation using the spectral cut-off method. There, the nonasymptotic lower bounds are
important to obtain a tight polynomial rates of convergence for “supersmooth functions”. We
also analyze a differential operator which commutes with a symmetric integral operator ob-
tained by applying the truncated Fourier operator to its adjoint. The corresponding eigenvalue
problem involves singular Sturm-Liouville equations. This allows to prove uniform estimates on
the right-singular functions. Solving numerically singular differential equations allows to obtain
these functions, hence all the SVD. Working with the differential operator is useful because
its eigenvalues increase quadratically while those of the integral operator decrease exponen-
tially. Finally, we illustrate numerically the proposed method for stable analytic continuation
by spectral cut-off. We propose an adaptive method to select the cut-off. When the function
is bandlimited and the researcher knows an interval which contains the bandlimits, we rely on
the PSWF and efficient methods to compute the SVD. We also illustrate the proposed method
involving numerical schemes for singular differential equations when the researcher does not
have prior information on the bandlimits and when she questions the fact that the function

can be bandlimited as in the statistical applications presented above.

2. PRELIMINARIES

We use Ny for the set of nonnegative natural numbers, a Vb for the maximum of @ and b, a.e.
for almost everywhere, and f(+) for a function f of some generic argument. We denote, for a > 0,
by L?(—a,a) and L?*(R) the usual L? spaces of complex—valued functions equipped with the
Hermitian inner product, for example (f, g) 2 (—aa) = f f(x)g(x)dz, by LQ(W) for a positive
function W on R the weighted L? spaces equipped with (f, g) = Ja f( W (z)dx, and
by S+ the orthogonal complement of the set S in a Hilbert space. We denote by H f | 2o ([a,p]) the
sup-norm of the function f on [a,b]. £ is the operator which extends a function in L?(—1,1) to
L? (R) by assigning the value 0 outside [~1,1] and RL?(R) — L?(R) is such that Rf = f(—-).



The inverse of a mapping f, when it exists, is denoted by f{. We denote, for b, ¢ > 0, by

C.: L?*(R) — L?*(R) Foe: L?(cosh(b)) — L*(—1,1)

foooe cef(e) f = Flfl(e)

by F[f] = g €™ f(z)dz the Fourier transform of f in L' (R) and also use the notation F [f]

for the Fourier transform in L? (R). O* denotes the Hermitian adjoint of an operator O.

(1)

Recovering f such that for b small enough f € L?(cosh(b-)) based on its Fourier transform
on [—c,c] amounts to inverting F, .. This can be achieved using the SVD. Define the finite

convolution operator

@) Q.: L*-1,1) — L*(-1,1)
h — f_ll me sech (Z£(- — y)) h(y)dy.

It is compact, symmetric, and positive on spaces of real and complex valued functions. Denote
by (p%l)meNO its positive real eigenvalues in decreasing order and repeated according to mul-

tiplicity and by (gﬁn)meNo its eigenfunctions which can be taken to be real valued. The next

proposition relies on the fact that, for all ¢ > 0, F [sech(c-)] (x) = (7/c)sech(m * /(2¢)).
Proposition 1. For b,c > 0, we have c¢Fp o Fy . = Qe

Proof. Because Fp . = FC.-1 = ¢ 1C.F, RFpe = FpcR,

(3) Fpe = sech(b)RFp £,

and sech(b-) is even, we obtain F, = R [sech(b-)Fp,£] and

cFp Ty = CRFyc [sech(b) Fp L] = 2n FL[C.—1 [sech(b-)C. FE]] = 2meF! [Coar [sech(b-)] FE],

where, for a.e. x € R,

e m™c

2meF! [C,1 [sech(b)]] (z) = /R e~iTsech (“) dt = “Csech <%x) .

C

As a result, we have, for f € L?(—1,1),

Cfb,cfl;ic[f} = CT(C/(Qb) [2SGCh] * g[f] = Qc/b[f]
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Proposition 1 yields that (g%b)meNo are the right singular functions of F3,.. The SVD of

Fb.c, denoted by (am ,gom ,g%b) . is such that, for m € Ny,
meNg

c/b
P
@ e =/ 2

and 5 = Fo, Cgm /a . It yields, for all f € L? (cosh(b-)),

(5) f=>

mENy

i (Pl 07 oy A

(5) is a core element to approximate a function from partial observations of its Fourier transform
when the signal f does not have compact support.

Proposition 2. For all b,¢ > 0, Fp . is injective and (@2’5) is a basis of L?(cosh(b-)).

mENy

Proof. We use that, for every h € L?(cosh(b-)), if we do not restrict the argument in the

definition of F, .[h] to [~1,1], Fp[h] can be defined as a function in L?*(R). In what follows,

for simplicity, we use JF .[h] for both the function in L?(—1,1) and in L?(R).

Let us show that 7y, defined in (1) is injective. Take h € L?(cosh(b-)) such that F .[h] is zero
n [—1,1]. Then, using Theorem IX.13 in [40], F} c[h] is zero on R. Thus, F[h]| hence h are

zero a.e. on R.

The second part of Proposition 2 holds by Theorem 15.16 in [28] and the injectivity of 7, .. [
Theorem II in [47] provides the equivalent

© OB % T )

where K (r) = 7r/ 2 (1 — r?sin(xz)?) 2 44 is the complete elliptic integral of the first kind. This
paper provides nonasymptotic upper and lower bounds on the eigenvalues and upper bounds

on the sup-norm of the functions (g<,)

meENp*
The proofs of this paper sometimes rely on the following operator
Wi_
Fe UM LE(Wiiy) — LA(-1,1),

7
" f - Flfl(e)

where Wi_; ) = 1{[-1,1]} + o0 ]1{[ 1,1]¢}, for which we use the notations pm “LE for the

. W,
mth eigenvalue of Q. Wi _ B By 1])



3. LOWER BOUNDS ON THE EIGENVALUES OF Q. AND AN APPLICATION

3.1. Lower bounds on the eigenvalues of Q..
Lemma 3. For all m € Ny, ¢ € (0,00) — pf, is nondecreasing.

Proof. Take m € Ny. Using the maximin principle (see Theorem 5 page 212 in [10]), the m+1-st
eigenvalue pf, satisfies

(Qef, 21y
£ 117210y

Prn, =

= max min ,
VESm+1feV\{0}

where S,,41 is the set of m + 1-dimensional vector subspaces of L?(—1,1). Using (3) and

Proposition 1, we obtain

<ch7 f>L2(71,1) = C<]:17c}_ic[f]7 f>L2(_171)
(8) = c(FL I Tl 1o o
= c|lsech x Fic [€ [f1]I17 cosn)

— c/Rsech (x) /Reictxg (] (1)t
= /Rsech (E) | FIELf] (x)|2d:z;

2
dzx

hence

(©) o~ max  min 2Tdrsech(@/e) |7 (€ [£]) ()| dac
" VeSmusevi{o} 17 [€ (D 72my |

Then, using that ¢ — cosh(t) is even, nondecreasing, and positive, we obtain that, for all
0 <c; <cgand z € R, sech (z/ca) > sech (z/c1) hence that pfl < p¢2. O

Theorem 4. For all ¢ > 0, we have pj > 27. For all m € N, we have

i sin(2c)? 7ein
(10) VOo<ce< T Py, > 2w e0)? exp <—2log ( 5 | ™
1
(11) Ve >0, py, > mexp <_7r(mQZ—)> .
(10) is valid for 0 < ¢ < /4 and more precise than (11) for ¢ close to 0. (11) is uniformly
valid. To prove it, we show that p¢, > sech (¢,,/c) pm_l’”’tm for well chosen t,, and rely on a

[-1,1)tm

lower bound on pp, . The proof of (10) uses similar arguments as those in [12] Section
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5.1 and a lower bound on the best constant I'(m,€) such that for all interval I C [—m, 7| of

length 2¢ > 0 and all polynomial of degree at most m € Ny,

i\ (12 i (12
12 () 2y = T, ©) [P () |12 my -

We use the lower bound in [34] page 240

lder\ 2™
€

(12) [(m,e) > <

for € = 4c. It is argued in [34] that it cannot be significantly improved for small e which is

precisely the regime for which (10) is used to bound the eigenvalues from below.

Proof. Let m € Ng, ¢ >0, and M = (m+1)/(2¢). For R > 0, we denote by PW (R) the Paley-
Wiener space of functions whose Fourier transform has support in [—R, R| and by Sy, +1(R) the

set of m 4 1-dimensional subspaces of PW (R). Using (9), we have

) 2 [ sech (z/c) |g(33)‘2d$
Prn = max 2 ’
VESmt1(1)geV\{0} H9HL2(R)

Then, for g € PW(1), the function gpre : = € R — (Mc)'/2g(Mcz) satisfies HgH%Q(R) =
HgMCH%Q(R) and belongs to PW (Me¢). Using

/ sech (E) () da = / sech (Mzx) |gaze(2))? de,
R ¢ R
we have, for V € Sp,41(Mc),

(13) > 21 [ sech (Mz) |g(2)[* da
"7 gevi{0} 191172 gy

Let us now choose a convenient such space V' defined, for ¢ : t € R — sin(¢/2)/(nt), as

m
V= {2 P2, (P, € cm“}-
k=0

The Fourier transform of an element of V' is of the form ) ;" PuF [¢] (- — k+m/2) and,
because F [p] () = I{| - | < 1/2}, it has support in [-1/2 — m/2,1/2 + m/2] = [-Me¢, M(].
This guarantees that V' € Sy, +1(Mec).

We now obtain a lower bound on the right-hand side of (13). Let g € V, defined via the
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coefficients (P;)T, and, for z € R, let P(z) = > 1", Pyaz®. Let 0 < 29 < 7/2. We have, using
Vx € [0,2x0), sin(x/2)/x > sin(zg)/(2z0) for the last display,

2

2x0 m )
/ sech (Mx) |g(x)|?* dz > / sech (Mz) > Pre’™| |p(2)” dz
R —2x0 k=0
1 2x0 "
> - Ppe'™| dx
~ cosh(2Mzg) ze[— 2300,2300] /2330 kzo
sin(z0)® oy
= (2ma0)2© P (e )HL2(7210,2:1:0)'

Now, using that, for k € Ny, t — F [¢] (t — k + m/2) have disjoint supports, we obtain
2 1 2
HQHLQ(R) ~or H]:[Q]HL? R)

1 m
= S IR IF )
k=0

1 .
= W HP (6 )HLQ(fﬂ,ﬂ‘) ’

hence, by (12),

¢ >
Pm = xg o

Sin($0)2e—2Mxo <7€7T> o

We obtain, for 0 < zp < 7/2 and m € Ny,

: 2
P = 2%% exp <—m0(m +1) —2log <7e7r> m> .
T c

0

Thus, for all ¢ > 0, we have p§ > 1 (by letting o tend to 0) and, for all m € N,

. 2
(14) Pry > o 2log(Tem)m sup (sm(wo)> e %o/c exp (— (ﬂ — 2log (:L’o)) m) )
z0€(0,7/2] o c

Using that if 2¢ < 7, 29 — xo/c — 2log (z¢) admits a minimum at zy = 2¢, we obtain, for all

0<c<m/4,
sin(2c)? 7€’
pgn Z 27TW exXp (—2 log < % m .
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We now prove the second bound on p¢,. Let m € Ny and ¢, = m(m + 1)/2. For all z € R, we
have sech (x/c) > sech (tn,/c) 1{|z| < t,,}, hence, by (9), we have

1
o, = max min sech F )} dy—s——
p VeSm+1feV\{0}/ ( >| £l )] A7 1y
¢ 1
>sech (=) max min /]1 z| <t} FIE A —
<C>V€sm+1few{0} Wil < 0} IFE U @ o —

t m
(15) > sech (?) pnvg[_l’l]’t .

Using that m = 2¢,,/m — 1 and (5.2) in [12] (with a difference by a factor 1/(27) in the

Wi11)tm

. . Wi_
normalisation of Q. | 1‘1]), we have pm, > 7 hence, for all m € Ny,

t m
Pin 2 €Xp (_?> pm T (by (15))

1),

> Texp (— 5
c

0

The best lower bound in terms of the factor in the exponential is (10) for ¢ < ¢y, where
cp = 0.12059, and (11) for larger ¢ (see Figure 1). This yields

Corollary 5. For all ¢ > 0,
(16) Vm e N, p¢, > 0(c)e”2m
po = 2

where

Teln T
: 1 T{c < —1
B:cr og<26> {0760}4-40 {¢ >},
27 sin(2¢)?
(2ec)?

0:c— I{c<co}+ ]l{c>co}

/<2c

Clearly, because ¢y < m/4 and x + sin(x)/x is decreasing on (0,7/2), the lower bound holds

when we replace 6 by

~ 27 sin(2¢o )?

(2eco)? T{c<co} + ]l {¢>c}.
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3.2. Application: Error bounds for stable analytic continuation of functions whose
Fourier transform belongs to L?(cosh(b-)). In this section, we consider the problem where

we observe the function f with error on (z¢ — ¢, 29 + ¢), for ¢ > 0 and zy € R,
(17) fs(cx + x0) = f(cx + x0) + 6&(x), for a.e. x € (—=1,1), F[f] € L*(cosh(b-)),

where ¢ € L?(—1,1), €l z2(~1,1) < 1, and 6 > 0. We consider the problem of approximating
fo = f on L?(R) from f5 on (z¢ — ¢, o+ ¢). This is a classical problem for which an approach
based on PSWF is prone to criticism when the researcher does not have a priori information on
the bandlimits or when she questions the bandlimited assumption. As we have stressed before
such an assumption makes little sense for probability densities.

Noting that, for a.e. x € (—1,1),

1
(18) 5. be [F [f(zo = )]l (x) = flex + xo)
suggests the two steps regularising procedure:

(1) approximate F [f(zo — -)] /(27) € L?(cosh(b-)) by the spectral cut-off regularization,

N _ 1 . c/by. b,c
(19) B =30 e {fole b gil?0)) ol

m<N Om

(2) take the inverse Fourier transform and define
(20) J5' () =2 F[FyY] (w0 — ).

These steps require numerical approximations of an inner product, of an inverse Fourier trans-
form over R, and of the singular functions. Sections 7 and 8 address these issues. The lower
bounds on the eigenvalues of Q. /, of Theorem 4 are useful to obtain rates of convergence when
Ff], which appears on the left-hand side of (18), satisfies a source condition: f € H&%, (M),

where
2
(21) HEOD = T 3, (FUE@0 =025 oo <M
for a given sequence (wm),,c,- The set can also be written as
oo\ 2 2
@) HLon=1r Y () (e s i), [

meNy
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This amounts to smoothness of f(c-+4x¢) on (—1,1). When w,, = 1 for all m this corresponds
to analyticity of f in R. We consider below the case where we have a preexponential polynomial
or exponential sequence w,,. Theorem 1 in [14] provides a comparison between the smoothness
in terms of a summability condition involving the coefficients on the PSWF basis and Sobolev
smoothness on (—1,1). Such a result is not available when the PSWF basis is replaced by
(gZ}C)meNO and requires further investigation.

Theorem 6. Take M > 0 and define 5 as in (16), then we have
(1) for (Wm)meny = (M7 )meng, 0 >1/2, N = |N|, and N =1n(1/68)/(28(c/b)),

(23) sup 155 = fll 2wy = ;0 ((=10g(8))™7),
FEH g (M) JIEll 2y 1) <1

(2) for (wim)meny = (€™ )meny, £ >0, N =|N|, and N =In(1/8)/(x + 8(c/b)),

(24) sup 1Y = £l oy = O (67/6H8EY |
FEM Sy (M), €l 2y 1)<1 L®) (Ho( )

Proof. We have, using the Plancherel equality for the first equality,
15 = Flacey =3 17 U] = F Aoy
:% |7 [ (z0 = )] = F[f(xo — ')]Hi?(R)
<o IF U @o = 3] = F 10— M eomnory
5% |7 [fgv(l‘o -] -F [fév(xo - ')]H;(cosh(b-))

(25) F L F L o~ )] = FLF@0 — Mis ooy

Using (19) for the first equality, the Cauchy-Schwarz inequality and (4) for the first inequality,

and (16) for the second inequality, we obtain

|7 [fgv(xo ) -F [fév(xo -] Hi2(cosh(b~))

N Z 2T77TC <(f5 — e +x0)79%b(‘)>L2(71,1) P ()

m<N Im

-y ()

m<N Om

L2(cosh(b-))
2

(s = £ (e taodgil®())
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< @rP (s — 1) e +alEaan S~

m<N Pm

21)2ch? o/BYm
< (2n) e 920) HS”%Q(fl,l) Z 2/

m<N

< (2m)?cs” 2B(e/HN
~ 6(c) (1 — 6_26(C/b))

Using (20), we have

(26)

27
N . c/b b,c
F LY (w0 = )] () e (Fles+a0) gf°0)) o)
m<N om
27
-3 = (A [ Flan =] i) et
’VTL_N o Lz(_lvl)
_ c/b b,c
; <JT_‘ l'() Fb ¢ [ Im } >L2(cosh(b~)) Ym (*)
= . c/b b,c
> (F o -], ¢5 >L2 oy P )
Thus, using Proposition 2 and Pythagoras’ theorem, we obtain
2
N _— [e—
I [0 — )] — Lo — M aom mN' L) e
, 2
5> (wN) (Flftro = D)
meENy
M? , .
(27) <~ (using f € HG, (M)).
W

Finally, using (25)-(27) yields

(28) 125 = £l <

(2m)%c 52628/ | %22 '
5(c) (1 — e 25D o7

ER

Consider case (1). Take ¢ small enough so that N > 2 and log (6 log (1/6)2”> < 0. By (28)
and the definition of (wn),,cy, in the first display below, N —1 < N < N in the second display,
and N > 2 in the third display, we obtain

N ) N2 (2m)2%c 2_28(c/b)N pr20 2
115" = Fll oy < <9(c) (1 _e—ZB(c/b))5 e N+ M

s
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———20 -\ —20

N “(1-1/N) (27)%c 9 9 N—20
< B(c/b)N T M2
- T (9(0) (1 — 6_25(0/17)) o +

: N?% <a<c> (1(32236@/@) PN M2> |
Using that
N 1 1 20 1 20
52 exp (Qﬁ (g) N) N — exp <2010g (%(C/b)) +log <5log <5) )) < <ﬁ(6/b)> ,
yields
(29)

18 = iy < - (48(5)) (9(0) (1(2_7225@/@) (5(2/@ DQG " M2> (st

hence the result.

Consider now case (2). Using N—1 < N < N in the first display and 62 exp (2 (ﬁ (g) + /{) N) =

1 and the definition of N in the second display, yields

—25(W—1) 2 N
N , . (27)%c 2_2(B(c/b)+K)N 2
Hf5 _ f”LZ(R) < - (9(0) (1 _ e—?ﬂ(c/b))5 e + M

e2r (27)%c 9
< M2 | 526/ (5+B(c/b)
i (9(@ (1= e 29em) ’

hence the result. OJ

The rate in (23) does not depend on ¢ but the constant blows up as ¢ — 0 (see (29)). In
contrast, the rate in (24) deteriorates for small values of ¢. The result (24) is related to those
obtained for the so-called “2exp-severely ill-posed problems” (see [15] for a survey and [416]
which obtains similar polynomial rates) where the singular values decay exponentially and the
functions are supersmooth.

The proof of Theorem 6 requires an upper bound on a sum involving the singular values for
small m in the denominator. Theorem 4 allows to obtain (26). Without it, one could at best
obtain, instead of (26), the upper bound (27)2c6?(N + 1)/p?\’,c. Because (6) is an equivalent of

the logarithm we are unable to obtain a polynomial rate of convergence as sharp as in (24).
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4. UPPER BOUNDS ON THE EIGENVALUES OF Q.

Theorem 7. For m € Ny and 0 < ¢ < 1, we have
9pc2m+1

2m + 1(1 —¢2)

C

Pm <

The proof of this result uses arguments which have been used in the proof of Theorem 3.1
in [12] for the PSWF.

Proof. Using the minimax principle (see Theorem 4 page 212 in [10]), the m + 1-th eigenvalue

ps, satisfies
. (Qefs Fhrzic
= min max 2 ’
VeSmievt | fll2 1)

Pin
where S, is the set of m-dimensional vector subspaces of L?(—1,1). We use (8), which yields

c <fik,c[f]a Fik,c[fDL?(cosh)

11 Z2(-1,1)

c .

Pm = S jevs

We denote by (Pr),,cy, the Legendre polynomials with the normalization Pp,(1) = 1. They are

such that ( m+ 1/2Pm) N is an orthonormal basis of L?(—1,1). Let V be the vector space
m&Ng

spanned by Py, ..., Pp_1. Take f € V- of norm 1. It is of the form f = >"32  ap\/k + 1/2P,

where 2% |ag|? = 1. The Cauchy-Schwarz inequality yields, for a.e. z € R,

Fiof)f < (Z mr?) <Z (k+3) \ficPk<x>|2>
k=m

k=m
and after integration

o0

* 1 £
e iy < 2= (45 ) WPl

k=m

Thus, we have

C = ]' sk 2
(30) Pm S C Z (k + 2) H-Fl,cPkHLz(COSh) :
k=m
Then, using (18.17.19) in [36], we obtain, for a.e. x and ¢ > 0,
Fi e [Pi] (z) = sech (z) F1c [€ [Pe]] (—x)

. 2
= sech (z) i7" ka+1/2(C|x|)v
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where Jj /9 is the Bessel function of order k + 1/2. Using (9.1.62) in [1] in the first display,
T(k+3/2) = (k+1/2)T(k 4+ 1/2) and T'(k + 1/2) > v2re ™ *1/2(k + 1/2)* (sce (1.4) in [33])

in the second display, we obtain

ez /2/*
T(k+3/2)

e 1 ec k
< sech = k.
= e “ﬁwﬁzk+q/2<2u»+1/m) =1
Thus, we have

2k
e ec
[Py] < 2kgach
H]:lc k HLQ(COSh S okt 1/2) (2(k+1/2)> /Rx sech (z) dz

< Gr 1y (2<k 172 ) ) || e

e ec 2k
S CESYOE <2(k+1/2)> L@k +1).

| Pt o [Pe] ()| < sech (z) /7

Then, by (30), we have

> 1 ec 2k
¢ < T(2k + 1
W“””g%k+u2(%k+um> (2k+1)

< i 1 ( ec >2k (2k + 12122 (using (1.3) in [33])
_eck:mk+1/2 ( ) e using (1.3) in [3:

2(k +1/2

= 2ec 2k

= 1
< 2ec > ok
_\Qm+1g%C
hence, for 0 < ¢ < 1, this yields the result. ]

Theorem 7 holds for a limited range of values of ¢ but this range is enough to construct the
so-called test functions to prove the minimax lower bounds in [21]. Note also that, by (10) and

Theorem 7, we have, for all 0 < ¢ < ¢y < 1 and m € N,

27 sin(2¢o )? 1 i 2ecy 1
—_— 211 - 241 — <ps < —21 - .
(2eco)? exp og c + 2 + log 5 m | < pp, < o 1(1— c%) exp og C m

These upper and lower bounds have a similar behavior as ¢ approaches 0 (see also Figure 1).
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— Lower bound (10) Lower bound (11)

14 Lower bound (11) 4 14 — Widom's equivalent
Upper bound Thm. 7 .
— Widom's equivalent

0 U.‘2 0j4 U‘.G 018 1
(a) c<1 (b) e>1
FIGURE 1. Bounds on lim, - —log(p$,)/m and Widom’s equivalent (6) as a

function of c.

5. PROPERTIES OF A DIFFERENTIAL OPERATOR WHICH COMMUTES WITH Q.

In this section, we consider differential operators L[1)] = — (p)’ 4+ g on L?*(—1,1), with
(1) p(z) = cosh(4c) — cosh(4ex) and g(x) = 3c? cosh(4ex), (2) p(z) = 1 — 2% and gq(x) = ¢°(z)
where, for Y (z) = sin (X (z)), X(z) = (r/U(c)) [y p(&§)~/2d¢, and

1
U(c) = /_ p(6) V2,

1

U(c)c

sinh?(4cx)
2 4 ’

p(z)

(31) E(Y (@) = & + > tan (X(2))? - ( )2 <cosh(4ca:) +

and (3) p(z) = 1—22 and g(x) = 0. By [47] (see also [32]), the eigenfunctions of Q. are those of
the differential operator in case (1) with domain D C Diax = {¢ € L*(-1,1) : L[] € L*(-1,1)}
with boundary conditions of continuity at +1. This is an important property for the asymp-
totic analysis in [47] and to obtain bounds on the sup-norm of these functions in Section 6 and
numerical approximations of them in Section 7. To study £ in case (1), [47] uses the changes

of variable and function, for all z € (—1,1) and © € Dyax,

(32) y=Y(z),
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. 1/4
(33) vy € (-1,1), T(y) = Fy)v (Y (), Fly) = (p(ly_ly(i’”) / :
where Y is a C°°—diffeomorphism on (—1,1). This relates an eigenvalue problem for (1) to an
eigenvalue problem for (2) and it is useful to view the operator in case (2) as a perturbation of
the operator in case (3). In the three cases, 1/p and ¢ are holomorphic on a simply connected
open set (—1,1) € E C C. The spectral analysis involves the solutions to (Hy): — (p¢')" +
(¢ — Ay = 0 with A € C which are holomorphic on E and span a vector space of dimension 2
(see Sections IV 1 and 10 in [27]). So they are infinitely differentiable on (—1, 1), have isolated
zeros in (—1, 1), and the condition of continuity (or boundedness) at +1 makes sense.

We now present a few useful estimates.

Lemma 8. We have, for all ¢ > 0,

\@620 \/§CZC
sinh(4c) <Ulg) < Wsinh(4c)'

Proof. By the second equation page 229 of [17]

Ue) 1 K et —1

c) = ,
c(1 + cosh(4c))1/2 et +1

and the result follows from the fact that, by Corollary 3.3 in [3],

ce¢ ete —1 mee?e
— < K < — .
sinh(2c) et +1 sinh(2c)
We obtain the final expressions by classical relations between hyperbolic functions. O

We make use of the identity, for all z € [—1,1],

(34) p(z) = 4esinh(4e)(1 — ) (1 4 u(x)),
1 4ccosh(4c

which is obtained by Taylor’s theorem with remainder in integral form
x
cosh(4cz) = cosh(4c) + (z — 1)4esinh(4e) + / 16¢? cosh(4ct)(z — t)dt.
1
Also, u is increasing on [—1, 1] because, for all x € [—1, 1],

4c
sinh(4c)(1 — =

1
(36) o (z) = E / cosh(det)(1 — t)dt > 0
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and, for all z € [0, 1],

(37) (cosh(4c) — 1) < u(x) <O0.

1
R
* 4¢sinh(4c)
Lemma 9. We have, for all ¢ > 0 and z € [0, 1],

csinh(4c) 8¢ sinh(4c) cosh(4c) ! ~1)2 2 ¢ sinh(4c)
1~z 3(cosh(de)—1) = </z p(&) dg) S Tioas

Proof. We have

(fp@_m@ - (<4c Y (2012~ / /15 2m?i(f3 a0 i) )
csinh(4¢) 1

-2

(38) T 1-z (I+u()?
_ csinh(4c)  csinh(4c¢)(2 + u(x))u(x)
(39) T i T U-o0ta@)?
where
I 1 ! u'(t)
(40) ii(x) _/x = </é i +u(t))3/2dt> 3

The upper bound in Lemma 9 uses that, for all x € [0, 1], u(xz) > 0. We now consider the lower
bound. By (36), u is a C!-diffeomorphism and
bo/(t)dt
(41) / Lth ___u@)
» (14u(?)) 1+ u(z)
Now, by (35), we have, for all z € [0, 1],
4c¢ cosh(4c) !
_ < PN _
u@) sinh(4c)(1 — x) /x (t = )dt
2¢ cosh(4c)
= o (L),
sinh(4c)

and, by (37),

L/ (t)adt cosh(4c)
(42) /x (1+ u(t))th <8¢ cosh(4c) — 1 (1-2).

Now, using that @(x) > 0 and that g : t ~ (2+¢)/(1 + t)? is decreasing on [0,00) hence
g(t)t < 2t for t > 0, we have

(2 +u(x))u(z) 1 1 1 u'(t)
cex LN i I (/g T % (b (0)
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4c cosh(4c) 1-—
\/ (42))
- cosh 4c) — 1 / d§ (by

8c? cosh(4c)

() < leosh(ig) — 1)L )

Proposition 10. F is such that

(44) Iy < 276
q2e—4c A2 2
(45> Hl/FH%OO([,LlD S T (1 + 3> COth(?C).

For all ¢ > 0 and A € C, the change of variables and function (32)-(33) maps a solution of
(H, U(e)2A /W2) in case (2) to a solution of (H)) in case (1) and reciprocally the inverse transfor-
mation maps a solution of (H) in case (1) to a solution of (Hy(n2y/-2) in case (2) and is a

bijection of D. Also, ¢¢ can be extended by continuity to [—1, 1] and, for all y € [—1,1],

o 5 (U(C)C)2 ~R(e) S ¢ () < 5 (U@C)Q,

s 5 ™

where

R(c) = = + (U (C)c>2 ((cosh(4c) (1 + gcoth(20)> ~1) + 2csinh(4c)> .

™

Proof. To prove (44) and (45) it is sufficient, by parity, to consider x € [0, 1].

(44) is a obtained by the following sequence of inequalities

@) p()
1=-Y(2)? g2 (71' fxlp 1/2d£/U(C))
Ule 2
< because sin(x) > 2x/m
(%) (fp 1%)2 ( (+) 2 20/7)
2
< (U(c > e csmh 4c) (by Lemma 9)
2
< <U2c > 4c? sinh(4e)*(1 +u(z)) (by (34))
< melcsinh(de)’ (by Lemma 8 and (37)).

~sinh(2¢)?(1 + cosh(4c))
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We obtain (45) by the inequalities below. Using for the first display that, for x € [0,7/2],
sin(z) <z, (34) and (38) for the second display, (37) and (43) for the third, and Lemma 8 for
the fourth, we obtain, for all z € [0, 1),

Lov@? _( x \? (p %)
o= ( (@)

)

= (U c)>2 24(cls$}i(zi))))22 1 +2($)
)
(

(
2 (14 4¢2/3)?  sinh(4c)
2csinh(4c)? cosh(4c) — 1
1+ 4c?/3)? sinh(4c)
4 cosh(4c) — 1 '

Classical relations between hyperbolic functions yield the final expressions for (44) and (45).

Let I" and ® related via (33). Buy the above if one function is in D the other is s well. Moreover,

by (33), we have
P =2 (B o) + )

(=) = 2 (=0 (B + a0 ) (0 + 200 () )

so differentiating a second time and injecting the above inequality, yields

(=) ) =2 (G (G 0+ 125 ) (a0 (B 32 7)) 20 (1))
~a (B 1) o) + - [ (B e a) [ o)
w2 (000D +ug (W) ).

Dividing by F'(y)/4 and using (32), I is solution of (HU(C)Z)\/ﬂ-Z) iff v is solution on (—1,1) of

o (10 + 725 0) (G @) (4400 (0 4 25500 )
Sl (P @+ 5 e (B ) @2 (v + v @)
—4 <qc (Y(z)) — Uﬁfg”) P ().
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We now use, for all x € (—1,1),

™

(47) Y'(z) = W

cos(X (x)),

which yields the equality between C* functions: (1 —Y?)/ ((Y")?p) = (U(c)/7)? and

(0 (af)) (52 (5779 2 (79
i () (S o (G e

- (qc (¥)— = - U(C)2A> .

2 2
The term in factor of 1 on the left-hand side of the above equality is

(1) (o)) 5 (2 s

Using —2pY" = p'Y' + 2 (n/U(c))*Y which is obtained from (47), this becomes
() (o)) 0 () (%)
-(7) () 5+ () (%

2 N2
= tan (X (z))* + <U7(TC)) (p” - (Z;> .
hence

(2 o a{e -4 4 () (4-0) - ()1 )+

and 1) is solution of (H)) in case (1).

S

S—

o
SN—

We now obtain upper and lower bounds on the even function ¢°(Y (x)), for = € [0, 1], and start
with the lower bound. To bound tan(X)? in (31), we use

2

(43) tan (U7(Tc) / xp<£>1/2d§)2 - (tan (;{C) / 1p(§>1/2d§)>_ |
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and (96) in [48] in the first display and Lemma 9 and the fact that (a — b)? > a® — 2ab for
a,b > 0 in the second display. We obtain

1

1 — 1 2
tan (X (1))° > <U7<T) ([ o) - [ p<g>—1/2d§>

S U(c)e\? [ sinh(4c) _ 8csinh(4c) cosh(4c)\ 8
T c(1—x) 3 (cosh(4c) — 1) 2
To bound the second term in the bracket in (31) we proceed as follows. We have
4csinh(4ex)?  sinh(4e) 1 sinh(4dex)?

p(x) T 1z 1+ u(z) sinh(4c)? (by (34))

sinh(4c b/
(49) =R (1 [0 ) e )

1-2z
< sinh(4c)
I

b 2 (Y o) (14 5 22000 ) 4 seimna))

2% B <U(c)c>2 R,

(14821 —=x)) (by (42)),

™

Consider the upper bound on ¢¢. For z € [0,1], by (48) and 0 < z < tan(z) on (0,7/2], we

have
<V (x 1 Ulc)e\? 1 B sinh(4cr)? _ cosh(4er
¢“(Y(x)) < 2+< - ) = (f;p@—wdgf (@) h(4cz)
Using Lemma 9, (49), and (36), we have
2
(50) ) < - (K9)

0

The unbounded operator £ on domain D in case (3) is self-adjoint. Indeed, it is shown
page 571 of [35] that D is the domain of the self-adjoint Friedrichs extension of the minimal
operator corresponding to the differential operator on L?(—1,1) on the domain Dy, (the subset
of Dpax of functions with support in (—1,1), see page 173 in [19], we removed one condition

on Dyax which is automatically satisfied). By Proposition 10, the multiplication defined, for
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¥ € Dmax, by ¥ — ¢ is bounded and symmetric on L?(—1,1). Thus, by the Kato-Rellich

theorem (see, e.g., [39]), the unbounded operator £ on domain D in case (2) is self-adjoint.

Denote by ((U(c)/ﬂ)Qxﬁn)meNO
case (2) arranged in increasing order and repeated according to multiplicity. They are real

the eigenvalues of the unbounded operator £ on domain D in

and, because the operator is bounded below, they are bounded below by the same constant.
Moreover, Proposition 10 yields that (an)mGNO are the eigenvalues of the unbounded operator
L on domain D in case (1). The following result gives exact constants and a behavior uniform

over m which is coherent with the asymptotic result on page 14 of [47].

Theorem 11. We have, for all m € Ny and ¢ > 0,

() (o) 20 () )

Proof. This follows from the min-max theorem and (46). O

6. UNIFORM ESTIMATES ON THE SINGULAR FUNCTIONS g,,cn

Theorem 12. We have, for all m € Ny and ¢ > 0,

7 4c2\ M? sinh(4c)\ /4 1 2R(c) \F R(c)
e < dc” sinh(4c) /2 | 29 S
195 | oo (1.17) < . (1 +3 ) ( e > cosh(2c) 12 + 1+ Smt 12

The proof of this result uses similar ideas as in the proof of Proposition 5 in [13]. The

important additional ingredients are the change of variables and functions and Proposition 10.

Proof. Using in the first display the change of variables (32) and the change of functions (33)

with ¢ = ¢&,, and denoting by I'¢,(-) = F(-)g5, (Y ~1()) and re, =< /U(c)/w, which is real
valued, and (47) and (33) in the second display, we obtain

1 o) [l
[ Ewf ar =" [ viw) @) oo do

1 T

_ ! cos(X (z))
—14/1 —sin(X(2))?

|95, (2)[* dz = 1.

Also, by Proposition 10, for all y € (-1, 1),

1) (-9 (75)) @)+ mim + )T = <m<m T G qc<y>> )
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We obtain, by the method of variation of constants and knowledge of the solutions to the
homogenous equation corresponding to the left-hand side of (51), that there exist A, B € R
such that, for y € (—1,1),

~ J— 1 ~
52 T5) = APul) + Bl + s [ En( VTG ()

where P,, is the Legendre polynomial of degree m and norm 1 in L?(—1,1), Q,, is the Le-
gendre function of the second kind, G.(y) = m(m + 1) — (U(c)/m)*xS, + ¢(y), and Ly, (y, 2) =

V1 =22 (P (y)Qm(2) — Pr(2)Qm(y)). By Theorem 11 and Proposition 10, we have 1Gell poo(=1,17) <
R(c). Because I'(,(1) is finite, Py, is bounded but limy_,1 @m(y) = oo, we know that B = 0.

By the result after Lemma 9 in [13], for all 0 < y < z < 1, |Lyu(y,2)| < 1. Hence, by the
Cauchy-Schwarz inequality, we have, for all y € (1,1),

1/2

T (y) — AP (y)| < m+11/2 (/yl (L (y,2))* (1 — z2)dz> v (/yl Gc(z)Qfﬁn(z)QdZ) :

(53) < m(l )
! e 5} 2 2R(C)2
/_1 I7.(y) —APm(y)‘ dy < 3 1/2)

and, by the Cauchy-Schwarz inequality,

E ) ay | [Pnt) P dy

1, o 2 1
[ [Fw) - AP dy 21+ 22— 211 |
-1 -1

-1

>(1—|A])?,
hence
2 R(e)
4 Al <1 -

Also, by (45) and Lemma 8, we have

o\ 1/2 /. 1/4
< me~%¢ (1 + 40) (31nh(4c)> cosh(2¢)"/2,

11/ F|| oo ((=1,1)) 3 ”

Ule)

and we obtain the result by (53), (54), and HFmHLOO([_l g S vm+ 1/2. O
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Corollary 13. For all m € Ny and ¢ > 0,

c 1
(55) gl oo 1y < Hle)yfm+ 5,
where
4c? 1 2 8 5 9c 1
H(C)—W\/1+3<1+2\f2<2+\/§> <7T2+3(1+2c) (c +8+2)>).

Proof. By the above results, (55) holds with

Te 2 <1 + 45) v <Sinz&40>> v cosh(2¢)1/? (1 +2V2R(c) (2 - %))

in place of H(c) and

062C

2
2
R(c) < = +2 <smh(40)> ((cosh(4c) <1 + gC0th(26)> - 1) +2c sinh(4c)> .
hence, using that e® > 1 + ¢ which implies ccoth(c) < ¢+ 2,
2 8cele 5 9¢ 1 2 8 5 9 1
.- Th) <S4t a+2 i
R(C)<7r2+3sinh(4c) <c +3 +2><7r2+3( + c)(c +3 +2>

We obtain the result, using

. 1/4 . 1/4
e ¢ <Sm2(40)> cosh(2¢)!/% = e7%¢ <smlr21(20)) cosh(2¢)**
- c

_ 1_6—40 1/4 1—|—6_4C 3/4§1.
4c 2

As a result we have, for a constant Cj,

c 1
(56) HgmHLoo([fl,l]) <Cp(cV 1)4 \/m7+2

7. NUMERICAL METHOD TO OBTAIN THE SVD OF Fj .

In recent years, efficient numerical methods to obtain the SVD of the truncated Fourier
transform acting on the space of bandlimited functions have been developped. This allows to
go beyond the usual toolbox based on the Tikhonov or iterative methods such as the Landweber
method (Gerchberg method for out-of-band extrapolation, see [7]). The strategy that we im-
plement in the next section is to first compute a numerical approximation of the right singular
functions (the PSWF). We use that the first coefficients of the decomposition of the PSWF on
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the Legendre polynomials can be obtained by solving for the eigenvectors of two tridiagonal
symmetric Toeplitz matrices (for even and odd values of m, see Section 2.6 in [38]). We can

o Wi_i 1% o Wi_ .
then compute their image by F. """ (see (7) for the definition of F. ") because, by [21],

]-'Cw[fl’”* = R |I{[-1, 1]}]—"0‘/[/[71’1]5] applied to the Legendre polynomials has a closed form
involving the Bessel functions of the first kind (see (18.17.19) in [36]).
For nonbandlimited functions, we propose to rely on the differential operator £ in case (1)

at the beginning of Section 5. We have used that because Q. commutes with £, (¢5,) are

meN,
the eigenfunctions of £. To obtain a numerical approximation of these functions, we uge L,
whose eigenvalues are of the order of m? (see Theorem 11), rather than Q., whose eigenvalues
decay to zero exponentially. This is achieved by solving numerically for the eigenfunctions of a
singular Sturm-Liouville operator. We approximate the values of the eigenfunctions on a grid
on [—1,1] using the MATLAB package MATSLISE 2 (it implements constant perturbation
methods for limit point nonoscillatory singular problems, see [30] chapters 6 and 7 for the
method and an analysis of the numerical approximation error). By Proposition A.1 in [21], we

have gog’f(-) = Lprlﬁc/b(b-)\/lg for all m € Ny. Finally, we use F; e/b [gf,{b} = J},{c/bcp,lﬁc/b and that

<p,17;c/ ® has norm 1 to obtain the remaining of the SVD. F7 /b [g%b} is computed using the fast

Fourier transform.

8. ILLUSTRATION: APPLICATION TO ANALYTIC CONTINUATION

We solve for f in (17) in Case (a) f = 0.5/ cosh(2-), which is not bandlimited, and Case
(b) f = sinc(2-)/6 which is bandlimited, when ¢ = 0.5, zp = 0, and £ = cos(50-). We use
approximation f¥ described in Section 3.2 with b = 1 for Case (a), b = 1/6.5 for Case (b).

By analogy with the statistical problem where 0§ is random rather than bounded, we use
the terminology estimator. We select the value for the parameter N = N based on a type of

Goldenshluger-Lepski method (see [23]):

Ne argmin B(N)+ %(N),
N’€{0,...,Nmax }
2 2med2e2B(e/b)N

(N’ YIN)= ———~+
L2(cosh(b-)) + ( ))+ ’ ( ) 1-— 672/8(0/17) ’

and Npyax = |log(1/0)]. Performing analytic continuation using (19) requires the approxima-
tion of the scalar products on [—1, 1] of the observed function f5 with gfr{b. We use the package

Nmax
MATSLISE 2 to compute the value of the functions (gf,{b) at the n first Gauss-Legendre

B(N)=  sup (HF(SNIVN—F({V‘
N<N’'<Nmax
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quadrature nodes. Results are presented in figures 2 and 3, where we use a 2'2 resolution in the
Fast Fourier transform, n = 15000, and precision of 10710 for the computation of the eigenval-
ues in MATSLISE 2, which also controls the precision of the computation of the eigenfunctions
in the function computeEigenfunction of MATSLISE 2 despite that this is not explicitely com-
puted (see sections 7.2.3 and 5.2 in [30] for examples).

We compare f{¥ to a similar estimator based on (19) but with the PSWF instead of g¢, in Case
(b). This approach can only be used to perform analytic continuation of bandlimited functions
when the researcher knows an interval which contains the bandlimits. In contrast, even for
bandlimited functions, using the estimator based on g%b allows to perform analytic continuation
without the knowledge of an interval containing the support of the Fourier transform of the
function. Importantly, Figure 4 shows that f g\/ performs almost as well as the unfeasible method
using the PSWF.

For the sake of conciseness, this paper does not study the effect of the various discretizations
which can be carried out with arbitrary precision. Rather, we used in the numerical illustration
conservative choices for those. This paper also does not consider the statistical problem, prove
minimax lower bounds for it, and the adaptivity of the data-driven rule giving N = N. This is
the object of future work. The interested reader can refer to [21] for the full statistical analysis

for estimation of the density of random coefficients in the linear random coefficients model.

@
o
w
o
—— True function f
- —— MNoisy observation f&
o | — — Estimator ;¢
Observation limits of 5
@ |
o
™~
o
.
o
g
o

FIGURE 2. Case (a) with noise (§ = 0.05), where F¥ in (19) uses gf,{b.
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FIGURE 3. Case (b) with noise (6§ = 0.01), where F}¥ in (19) uses g,é .
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FIGURE 4. Case (b) with noise (6 = 0.01), where F{ in (19) uses the PSWF.
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