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VANISHING VISCOSITY ON A STAR-SHAPED GRAPH UNDER GENERAL
TRANSMISSION CONDITIONS AT THE NODE

G. M. COCLITE AND C. DONADELLO

ABSTRACT. In this paper we consider a family of scalar conservation laws defined on an oriented
star shaped graph and we study their vanishing viscosity approximations subject to general matching
conditions at the node. In particular, we prove the existence of converging subsequence and we show
that the limit is a weak solution of the original problem.

1. INTRODUCTION

We consider a family of scalar conservation laws defined on an oriented graph I' consisting of m
incoming and n outgoing edges {2y, £ = 1,...m + n joining at a single vertex. Incoming edges are
parametrized by x € (—o0,0] while outgoing edges by = € [0,00) in such a way that the junction
is always located at * = 0. We use the index i, ¢ = 1,...,m, to refer to incoming edges and j,
j=m+1,...,m+n for the outgoing ones.

On the edge €y we introduce a scalar conservation law, describing the evolution of a density py.
Then on the incoming edges we have

(1.1) Opi + O fi(pi) =0, t>0,z<0,i=1,..,m,

and on the outgoing ones

(1.2) Op; + Onfi(pj) =0, t>0,2>0,j=m+1,...m+n.

The fluxes fi, ..., fm+n, differ in general, however we assume that they are bell-shaped (unimodal),

Lipschitz and non-degenerate nonlinear, i.e.

(H.1) for each ¢ € {1,....m +n}, fo € C%([0,1]), £(0) = f(1) =0, f¢ > 0, and there exist p, € (0, 1)

such that f{(p) (5; — p) > 0 for every p € [0, 1]\ {7g}:
(H.2) for any £ € {1,....m+n}, |{p : f/(p) =0} =0.

We augment (1.1]) and (1.2)) with the initial conditions

(1.3) pi(0,x) = pio(x), r<0,i=1,...,m,
p](oax):pj,O(x)v z>0,j=m+1, ... m+n,

assuming that

(FL3)[gmmanipho € L' (~50,0) 1 BV(~00,0),

Pm+1,05 -5 Pm4n,0 € L! (07 OO) N BV(O> OO)
and 0 < P1,05 --+5 Pm+n,0 < 1.

Finally, we introduce the necessary conservation assumption at the node, which transforms our
family of independent equations into a single problem

m m+n
Zfi(pi(t,O—)) = Z [i(p;i(t,04)) for a.e. t>0.
i=1 j=m+1
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2 G. M. COCLITE AND C. DONADELLO

junction

FIGURE 1. A junction consisting of m incoming and n outgoing edges.

Questions related to existence, uniqueness and stability of solutions for problems of this kind have
been extensively investigated in recent years, mainly in relation with traffic modeling. The interested
reader can refer to [7, [I3] for an overview of the subject. Here our point of view is different, as we do
not focus on a specific model. We consider a parabolic regularization of the problem, similarly to what
has been done in [10, 1], but instead of enforcing a continuity condition at the node for the regularized
solutions, we introduce a more general set of transmission conditions on the parabolic fluxes.

In this work we adopt the following definition of weak solution for the problem , , and
. We stress that this definition is for sure not sufficient to ensure uniqueness. On the contrary it
fix somehow a minimal set of properties that any reasonable solution is expected to satisfy, see [5] and
references therein for a more detailed discussion on this point.

:weaksol| Definition 1.1. Let pi, ..., pm @ [0,00) X (—00,0] = R and pm+1, .., Pmtn : [0,00) X [0,00) — R be
functions. We say that (p1, ... 7pern) is a weak solution of (.1} . ., and . 1.3]) if

(D.1) fi(p1), s fm(pm) € BVioe((0,00) % (=00,0)) and frmt1(Pm+1); s frmtn(Pmin) € BVioe((0, 00) %
(0,00));

ef:entrl| (D.2) for everyi € {1,...,m}, every ¢ € R and every nonnegative test function ¢ € C*°(R x (—00,0))
with compact support

0

0 0
/0 / (s — clowp + sign (pi — ) (fi(p:) — £i())Pucp) dtdz + / 1pi0(@) — clip(0,2)da > O;

—0o0

ef:entrR| (D.3) for everyj € {m+1,...m+n}, every c € R and every nonnegative test function ¢ € C*°(R x
(0,00)) with compact support

[ [ o3 = clowe + sign (0, — ) (y(om) — £5(0)0u) tda + [ lpjola) = eli(0,a)do > 0
0 0 0

m—+n

def:flux| (D.4) ilfi(pi(t,O—)) = > fi(pj(t,0+4)) for a.e. t > 0.

j=m-+1



GENERAL TRANSMISSION CONDITION 3

In [I1] the authors approximated ([1.1)), (1.2)), and (1.3)) in the following way

(atpi,a + 8xfi(pi,a) = €3§xpz‘,a, t> 07 T < 07 i,
Opje + 0ufi(pje) = Eagxpj,av t>0,2z>0,7,
prfl,s(ta 0) = pj,s(tv 0), t>0,1, ],
> (fi (pie(t,0)) — €0upic(t,0))

= 2 (fi(pje(t,0)) — €epje(t, 0)), t>0,
Jj=m+1
Pie(0,2) = pioe(2), x <0, 1,
Pie(0,2) = pjoe(x), x>0, ],

where i € {1,...,m} and j € {m+1,...,m+n} and p; 0., pjo. are smooth approximations of p; o, pj.o-
In this setting they showed that
pie — pi a.e. in (0,00) x (—00,0) and in L}

loc

((0,00) x (—00,0)), 1 <p < o0, as € — 0 for every i,

pje = pj a.e. in (0,00) x (0,00) and in L}

where (p1, ..., Pm+tn) 18 @ weak solution of ((1.1)), (L.2)), (1.3)), in the sense of Definition
In this paper we modify the transmission condition of (1.4) and inspired by [14] we consider the

following viscous approximation of (|1.1)), (1.2)), and (1.3)

((0,00) x (0,00)), 1 <p < 00, as € — 0 for every j,

(01pie + O fi(piz) = €024 pie, t>0,2<0,1,
Opje + 0ufi(pje) = 55’§zpj,a7 t>0,z>0,7,
(1.5) fi(pi,s(ta 0)) — €0z pie(t, 0) :_Bz'(ﬂl,s(ta 0); ees Pmtn,e(t, 0)), t>0, if
fj(Pj,s(ta 0)) — Eampj,s(ta 0) = Bj(pl,E(t70)a vy Pmne(t,0)), t>0, 7,
Pie(0,2) = pioe(2), x <0, 1,
(£5,(0,2) = pjoe(T), x>0, 7,
where, of course,
m m-+n
@ (1.6) Z Bi(p1,e(t,0), ..., pmin,e(t,0)) = Z Bi(p1,(t,0), ..., pmine(t,0)).
i=1 j=m—+1

The additional assumptions we make on the functions 8, and on the initial conditions py . are post-
posed to the next section.
The main result of the paper is the following.

Theorem 1.1. Assume|(H.1), |(H.2), and|(H.3) There exist a sequence {ej}ren C (0,00), e — 0,
and a solution (p1,..., pm+n) of (1.1)), (1.2), and (L.3), in the sense of Deﬁm’tion such that

eq:comp3-th| (1.7)

Pien — Pi a.e. and in Lfoc(((),oo) X (—00,0)), 1 <p<oo,i€{l,.,m},
eq:comp4-th| (1.8)
pies — i ae. and in L ((0,00) x (0,00)), 1 < p < 00, j € {m+1,.,m +n},

11K

eq:BV| (1.9)
J1(p1)s s fm(pm) € BV ((0,00) x (—00,0)), Jmt1(Pma1)s o, fmn(Pman) € BV((0,00) x (0, 00)),
where (P1,eys s Pmin,e,) 15 the corresponding solution of ((1.5).

It worth mentioning that a complete characterization of the limit solution obtained from (1.4]) as
e — 0 is given in [5], where the authors adapt to a star shaped graph setting some ideas and techniques
originally developed for conservation laws with discontinous flux, see in particular [2| [3] [4].
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4 G. M. COCLITE AND C. DONADELLO

At the moment we are not able to formulate a similar characterization of the limit of . In
general, however, the limits coming from parabolic regularization subject to the two different kinds of
transmission conditions are different.

To show this consider the simple case of a junction with one incoming and one outgoing edges. So
we have the conservation law

(1.10) Oip1 + Oz f1(p1) =0, t>0,x<0,
on the incoming edge and

(1.11) Op2 + Oz f2(p2) =0, t>0,z>0,
on the outgoing one. Assume that

f1(0) = f1(1) = f2(0) = f2(1) =0, 1, f2 <0,
there exists 0 < p < p < 1 and G > 0 such that f1(p) = f2(p) = G(p — p).

Consider the simplified version of (|1.5])

(1.12)

atpl,e + azfl(pl,s) = f':a%xpl,sa t>0,x<0,
atpls + azfz(pgyg) = 88233[12,5, t>0,x >0,

(1.13) { fi(p1e(t,0)) — €02p1£(t,0) = falp2,(t,0)) — €00p2e(t,0) = Gp1e — p22), >0,
pl,e(ovx) = ﬁv T < 07
p2.:(0,2) = p, x> 0.

The unique solution of (|1.13) is

(114) pl,&('a ) - pA7 p2,£('7 ) - ﬁ? e>0.

Therefore, as ¢ — 0 we get the solution of (1.10))-(1.11])

(1.15) p1(s) = P, p2(s) = p.

This stationary solution is not admissible in the sense of the classical vanishing viscosity germ, see
[4, Sec. 5], as it consists of a nonclassical shock. However, when dealing with conservation laws with
discontinuous flux, it is well known that infinitely many L' contractive semigroups of solutions exist,
also in relation with different physical applications. In particular, when the right and left fluxes are
bell-shaped, as we assume in condition each of those notions of admissible solution is uniquely
determined by the choice of a (A, B)-connection, see [1}, 4], 9, [12] for precise definitions and exemples.
In the exemple above the couple (p, p) is a connection.

It is worth noticing that entropy solutions admissible in the sense of a (A, B)-connection can be
obtained as limits of a sequence of parabolic approximations made with adapted viscosities but a
classical condition of continuity at the interface, see [4, Sec. 6.2] for a general result, but also [2, [15]
for an application to the Buckley-Leverett equation.

It is difficult, however, to establish a direct equivalence between the aforementioned results and
the one we put forward in this paper. In particular, in the present case we miss information on the
boundary layers at the parabolic level and we do not know how the transmission conditions we impose
on the parabolic fluxes translates into a condition for the hyperbolic problem.

The paper is organized as follows: Section [2| contains the precise list of assumptions on the initial
and transmission conditions in the parabolic problem . In Section |3| we present the proofs of all
necessary a priori estimates on . Finally, in Section [4| we detail the proof of Theorem

2. INITIAL AND TRANSMISSION CONDITIONS FOR THE PARABOLIC PROBLEM

The initial conditions pgo, £ = 1,...,m+n, on the hyperbolic problem (1.1}, (L.2)), and (L.3) satisfy
(H.3)
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Once the functions pg o are fixed, we impose on (|1.5)) initial conditions pg . such that
pi0.e € C((—o0,0]) N L (—0c0,0), pine € C([0,00)) N LY(0, 00), e >0,
Pi0,e = Pi0 a.e. in (—00,0) and in L} (—00,0), 1 < p < 0o, as € = 0,

pioe — pjo  a.e. in (0,00) and in Lj (0,00), 1 < p < 00, as € — 0,
0 < pioes Pjoe <1, e >0,

D psoel < llpiol < llpsol c>0
Pi0.ell L1 (00,00 = P10l L1 (—00,0) 5 (0,00) = 11P5,01lL1(0,00) » ’
||Pi,07a||L2(_oo,o) < Hpi,0||L2(_oo,o)’ (0,00) = HPj70HL2(0,OO)’ e >0,
||azpi,0,s||L1(_oo,o) <TV(pio), o (0,00) <TV(pjo) e >0,

€ Haxpi,O,SHLl(,OQO) y € Haggxpj,O,EHI;(O’oo) <C, e >0,

for some constant C' > 0 independent on «.
The functions [, appearing in the trasmission conditions in (|1.5)) take the form

m+n
Bi(p1,(t,0); vy Prtne(t,0)) = Z Gij(pig(t,0),pje(t,0))
(2.2) ~ B
+e (Z Kin(pie(t,0), pne(t,0)) = > Knilpns(t,0), picet, 0))) ;
h=1 h=1

forie{1,...,m},and for j € {m+1,...,m+n}

/BJ (pl,E (tv 0)’ ooy PmAn,e (t’ 0)) = Z Gi,j (pi,a (t7 0)’ Pje (t’ O))
(2.3) =

m—+n m-+n
( Z Kh] phe(t 0) pjs t O Z g,h /0], ph,e(t7o))> :

h=m+1

The functions G; j(u,v) € C®°(R?),i € {1,...,m},j € {m+1, oym+n}, and Ky, ¢(u,v) € C°(R?),
h, ¢ € {1,...,m+ n}, satisfy

0uGi (- -)
8uKh,€('7 )
In particular, (2.4) implies

8uGi7j(" ')v Gij(07 0) = Gi,j(lv 1) =0,

)

<
2.4 _
( ) S 81)Kh,€(') ')7 Kh,f(oﬂ 0) = Kh,€(17 1) = 0

(sign (u) —sign (v))VG, (-, ) - (u,v) >0, u,v € R,

(sign (u) — sign (v))VEp (-, ) - (u,v) <0, u,v € R,
25) (sign (u — u') — sign (v — V")) (Gij(u,v) — Gij(u',v")) >0, u,u',v,0" € R,
(sign (u — ') — sign (v — V")) (Kpe(u,v) — Kp (', 0")) <0, u, v’ v, 0" € R,

(X(=00,0) (1) = X(=00,0) (V) Gij(u,v) <0, w,vER,

(X(=00,0)(¥) = X(=00,0) (V) Kpe(u,v) >0,  w,veR,

where X (_oo ) is the characteristic function of the set (—oo,0).

This specific form of transmission conditions is reminiscent of the parabolic transmission condi-
tions considered in [I4] 8], which were originally inspired from the Kedem-Katchalsky conditions for
membrane permeability introduced in [16]

(2.6) KCh,e(u,v) = ¢pp(u —v),

for some constants c¢j ¢ > 0. Our conditions are more general and in particular we can notice that the
function K, ¢ above satisfies

(2.7) Khe(u,v)(uw —v) >0,
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6 G. M. COCLITE AND C. DONADELLO

that allows the authors in [14] to get the L? conservation (see Lemma [3.3| below).
We can observe that the equality (1.6) holds as

m m  m-+n
Z Bi(p1,(t,0); vy Prmtne(t,0)) = Z Z Gij(pie(t,0), pje(t,0))
=1 i=1 j=m+1
m m m-+n
(28) +e€ Z < Ki,h(pi,é‘ (t7 0)7 Ph.e (t7 O)) - Z Kh,i (ph,e (t7 0)7 Pie (ta 0)))
i=1 \h=1 h=1
m  m+n
= Z Z (GiJ (Pi,a (t,0), Pj,e (t,0)) — eKji (pj,f (t,0), Pie (t,0)))
i=1 j=m+1
and analogously
m—+n
Z ﬂj(pl,E(tv 0)7 ceeey Pm+n,s(t, 0))
j=m+1
(2.9) min m
= D Y (Gijpic(t,0), pje(t,0)) — eKjilpje(t,0), pic(t,0))) .
j=m+1i=1

3. A PRIORI ESTIMATES

This section is devoted to establish a priori estimates, uniform with respect to e, which are necessary
toward the proof of our main convergence result in the next section.

For every € > 0, let (p1,c, ..., Pm+n,e) be a solution of (L.5)) satisfying (2.1
Lemma 3.1 (L* estimate). We have that
(31) 0< Pies Pje < 17 i? ]

Proof. Consider the function

() = —EX(~00,0)(§)-

Since
1'(&) = =X(—00,0) ()
using we obtain
d m 0 m—+n 0o
pn Z/ n(pic)dr + Y /0 1(pje)dx
i=1Y 7> Jj=m+1
m 0 m+n 00
=) / 1 (pie)Oipicdr + > / 1 (pj.e)Orpjeda
=17~ j=m+1"0
m 0 m+n oo
=- Z/ X(=o00,0)(Pie)Orpicdr — Z / X(=o00,0)(Pj.c)Otpjedx
=17~ j=m+1"0
mo 0
:Z/ X(—oo,O)(pi,a)am(fi(Pi,s) — €0 pic)dr
i=1Y 7>
m—+n 00
+ Z /0 X(—oo,O)(Pj,a)a:c(fj(pj,s) — €0zpje)dx
j=m+1
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m-+n

= Y X0 (Pie(t:0)(f5(pje(t,0)) — £Dupje(t,0))

j=m+1

m 0
+ E / O2pie(fi(pie) — €0upie)ddyp, .—0y
=17 >

<0
m—+n 0o -
+ ) / 0305 (fi(pje) — €0xpje)ddy,, .—0)
j=m+170
<0
m+n m
<Y (o0 (Pie(t:0)) = X(—o0,0) (pic(£,0))) -
j=m+11i=1

: (GiJ (pi,s (ta 0)7 Pj,e (t7 0)) - EKj,i (pjﬁ (tv 0)7 Pie (t7 0))) <0,

where 07, oy and g, .—g) are the Dirac deltas concentrated on the sets {p;. = 0} and {p;c = 0},
respectively and we apply [6, Lemma 2]. Integrating over (0,¢) and using (2.1)) we get

m 0 m+n 00

0> [ oozt S [ ulpetta)ds
i=17 j=m+170
m 0 m+n 0

SZ/ n(pioe)de + / n(pj0.)dz =0
i=1Y % j=m+170

and then

Pies Pje > 07 /ia j?
that proves the lower bounds in (3.1). The upper bounds in (3.1)) can be proved in the same way using
the function & — (& — 1)X(1,<>o) (). O

Lemma 3.2 (L! estimate). We have that

m+n

Z l[pie(t, ')HLl(—Qo7O) + Z 1pje (2, ')HLl(opo)
i=1

j=m+1
m

< Z ||Pi,0| L1 (—00,0) + Z HPJ‘,OHJ*Jl(o,OO) ) t>0.

=1 j=m+1

Proof. Thanks to ((1.5), (2.8), (2.9), and (3.1]), we have that

(3.2)

m4n

m+n

d m 0 0o
7 Z/ |pieldz + 2/ |pjeld
i=1Y % j=m+170
d m 0 m—+n 00
= Z/ picdx + Z / pj.edr
i=17 j=m+170
m 0 m+n o0
=> / Oipiedr + Y / Opjedr
=17~ j=m+170

m+n

Z /0 a:r:(fj(pj,e) - €azpj,5)dx

j=m-+1

m 0
- Z/ ax(fi(pi,s) - 58xpi,s)d$ —
=17 =
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m m-+n
= - Z Bi(pl,a(t7 O)a ceey pm-‘rn,&(ta 0)) + Z ﬁj(ﬂl,e(t, O)v s vpm-‘rn,ﬁ(tv 0)) = 0.
=1 j=m+1
Integrating over (0,¢) and using we get (3.2).
Lemma 3.3 (L? estimate). We have that
m—+n
ZHPZE HLZ —s0,0) T Z 1pje(t, HLZQOO)
j=m+1
m+n )
(3-3) +2€/0 Z”a’ﬂple ||L2 —00,0) + Z Haije( 7')”L2(07oo) ds
j=m+1
m m—+n m-+n
SZ HP:OHLz —s0,0) Z ||p]0||L2 0,00) T2 (Z [1Bell Loo ((0,1)m+n) +Z 1fill 20,1 )
=1 j=m+1
for every t > 0.
Proof. Thanks to (1.5)), we have that
P} gt p?
i,e Fic g
o z [ e > [
j=m+1
m-+n
= Z/ Pi, satpz edr + Z / Pj, Eatp] cdx
j=m+1
m+n
= - Z/ pzz-: f’L Pi, s) 58:]0,015 dl‘ - Z / pjs f] Pj, z—:) Eaacpj s)d
j=m+1
m-+n
=— Z Pie (1, 0)(fi(pic(£,0)) = 202pic(t,0)) + D pje(t;0)(fi(pje(t,0)) — €Dupje(t, 0))
=1 j=m+1
ngtl‘ m+n Pjetx)
+Z/ [ nac)ars S / L7 nee ) ao
Jj=m+1
m-+n
_52/ :vpzs dr — ¢ Z / xp]s
j=m+1
m m+n
= Z pj,E(t7 O)/Bi(pl,é(tv 0)7 ceeey Pm—l—n,a(ta 0)) - Z p’i,&‘(t7 0))5)(01@@7 0)7 ceeey Pm+n,e(t7 0))
i—1 j=m+1
m ﬂi,s(t70) m+n pj.e(t,0) m—+n
—|—Z/ dg— Z / dg 52/ :vpzs d.CL‘—E Z / ffp]f'?
i=170 j=m+1 j=m+1
SO
m+n m+n
<Z”5€HLO®(01)M+H +Z‘|ft‘|L1 01)_52/ Oupic) dl‘_e Z / acpjs

j=m+1

Integrating over (0,¢) and using we get .
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Lemma 3.4 (BV estimate). We have that

m+n

ZHathe HLI( 0,0) T Z 195 (2, )”LI(OOO)

CON H o
<(m+n)C+ Z Hfz{HLoo(O,l) TV (pio) + Z Hf],”LOO(O,l) TV(pjo);

for every t > 0.

Proof. From (1.5 we get

agtpi,s + az(fz‘/(pi,s)atpi,s)
or tPje T 8m(f;(ﬂj,s)3tpj,e)

fi,(pi,e(ta 0))0:pie(t,0) — Eata:pz «(¢,0)

Fi(pje(t,0))0ep;(t,0) — €07, pje(t, 0)

Thanks to (2.5)), we have that

=1 j=m+1

_ -3 .
- Eatxxplﬁ’

_ 93 .
- satzxpj,ff?

m-+n

Z VG’L] p’L 8(t 0) p] €(t 0)) : (atpi,s(t70)7 atpj,&‘(t?()))
j=m+1

+e> VK n(pic(t,0), pre(t,0)) - (Qupic(t,0), 0upne(t,0))
h=1
m+n

— & Z VKh,i (Ph,e (t) 0)7 Pi,a (ta 0)) . (atph,s (tv 0)) 815/71‘,5 (t7 O))a
h=1

ZVGZJ Pi, e(t 0) L3, s(t O)) ’ (8tpi,s(t70)vatpj,s(tvo))
=1

m-+n

e D VEn;(pne(t,0),pje(t,0)) - (Oipne(t,0), 0upje(t, 0))
h=m++1

m-+n

— € Z VK j,h p]s t O) Ph, e(t 0)) ) (atpi,s(tv0)>atph,a(t70))'

m-+n

¥ Z/ picldo+ Y, [ lousdda

Jj=m+1

m+n

_Z/ 0% pi csign (Opic) da + Z / Opjesign (Oypjc) dx

j=m+1

— Z / Sign (O1pi.) O (1 (052 — 0By}

m+n

j=m+1

Z/ sign (0ypjic) Oz (f}(pje)Ospje — e0},pjc)dz

== Z sign (9¢pi(t,0)) (fi/(pi,a (¢,0))0pie(t,0) — 5831/)2',5 (,0))

=1
m+n

+ Z sign (atpjﬁ (t’ O)) (f]/'(pj,s (ta 0))8tpj,5 (t7 O) - 66152xp]',€ (tv O))

j=m+1
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m .0
+2) / O2opie(fi(pi)Orpic — €0upie)dbin, p —0}
1 J—o0

-~

<0
m—+n
+2 Z / at;vij(f (pjs)(?tpje Eat$pj8)d5{8tp]5—0}
j=m+1
<0
m  m+n
Z Z (sign (Opie(t,0)) — sign (Orp;e(t,0))) x
i=1 j=m+1
x VG j(pie(t,0),p:(t,0)) - (Orpie(t,0),0¢pje(t,0))
m  m4+n
ey > (sign(Grpic(t,0)) — sign (9epje(t,0))) x
i=1 j=m+1

X VK],Z(pZ,E(ta 0)7 pj,&(ta 0)) : (8t,0’i,€(t7 O)a atpj,s(ta O)) S 07

where dgp,,, .—0y and dgp,,, .~} are the Dirac deltas concentrated on the sets {Opic = 0} and {Opj =
0}, respectively and we apply [0, Lemma 2].
Integrating over (0,t) and using (2.1)), (3.1)) we get

m+n
Z 10epie (8 M g1 (o) + D 1005e(t )11 (0,00)
Jj=m+1
m m+n
< Z Hatpza HLl —00,0) + Z Hatpjg( ")HLl(O)OO)
i=1 J=m+1
m m+n
= Z Hga:c:cpl()s O fz Pi,0,e HLl( 00,0) + Z |€ zzPj0e ~ amfj(pj’o’s)HLl(Opo)
i=1 j=m+1
< Z ( “8§IP1707€‘}L1(_00,0) + Hfi/(pi,o,ff)HLoo(_oo’O) ||8zpz‘,0,s||L1(—oo,o))
=1
m+n
=+ Z (5 Hagxpj,(),sulll(o’(m) + “f;(pj7076)||L°°(0700) HaﬁﬂpﬁO,sHLl(O,oo))
j=m+1
m m-+n
< (m+n)C+ Y |[fill ooy TV (pi0) + D £l oo (0,1) TV (P30)
i=1 j=m+1
that is . =

Lemma 3.5 (Stability estimate). Let (p1c, ..., Pmine) and (P1 ¢, s Prmyn.e) be two solutions of (L.5).
The following estimate holds

m m—+n
Z Hpi,a(ta pza HLl —50,0) + Z Hp]a p]a HLI (0,00)
(3:5) . v
<ZHp20€ szsHLl —0,0) T Z lps0.e = pJOSHLlooo ’ t=0.
i=1 Jj=m+1

Proof. From (|1.5) we get
8t(pi,€ - pi,s) + 6Z(fl(pl,€) - fl(ﬁz,e)) = 58§x(Pi,s - ﬁi,s)?
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at(pj,a - ﬁj,s) + ax(f] (Pj,a) - fj (ﬁj,s)) = 58§x(pj75 - ﬁj,s)'
Thanks to (1.5)), (2.5, and (3.1), we have that

m—+n

d m 0 B 00 ~
G epiedaet 3 [ e 7yl
=17~ j=m+1"0
m 0 m+n 00
= Z/ Sign (pi,a - pi,e) at(pi,a - ﬁi,e)dm =+ Z / Sign (p]}é - ﬁj,e) at(pjaf - ﬁj,a)dw
i=1 7~ j=m+170
m 0
=—- Z/ sign (Pz’,s - ﬁi,s) az((fi(Pi,a) - fi(ﬁi,e)) - Ear(pi,e - ﬁi,s))dw
i=1Y 7>
m+n 0o
- > / sign (pje — D) z((fi(pje) = [i(Pse)) — €0u(pje — Pje))d
j=m+1"0
m  m+tn
= - Z Z [Sign (pi,s(ta 0) - pi,s(tv 0)) - Sign (pj,s(tv 0) - pj,s(ta 0))] X
i=1 j=m+1
X [G@j (Pz’,s (ta 0)? Pi.e (tv 0)) - Gi,j (ﬁi,a (ta 0)>ﬁj,€ (t, 0))}
m  m+n
+ed > [sign (pie(t,0) — pio(£,0)) — sign (pj<(t, 0) — §j (£, 0))]x
i=1 j=m+1

X [KGi(pie(t,0), pie(t,0)) = Gij(p; (1, 0),p;(t,0))]

m. 0
+2 Z/ Oa(pie — Pie)((filpig) = [i(Pic)) — €0x(pie — Pic))dbyp, =5, .}
=177

<0
m-+n 00
+2 ) /0 Oa(pic = 13,0 (Filpje) = 1(7;2)) = €0u(pjc — 1,2}, 5,y <O,
j=m+1
<0

where we use [0, Lemma 2] and we denote by Ofp; .=p, .} and 5{%5:@ _y respectively the Dirac deltas
concentrated on the sets {p;- =p; .} and {p;j- =p,.}.

Integrating over (0,t) we get (3.5)). O

4. PROOF OF THEOREM [I.1]
compactness

i

The well-posedness of smooth solutions for can be proved following the argument used in [11]
Theorem 1.2] to establish the well-posedness of smooth solutions for (1.4)). Indeed, the existence of a
linear semigroup of solutions in the linear case (i.e., when f; = 0) is shown in [I4]. Then the Duhamel
Formula, estimates similar to the ones in the previous section and a fixed point argument lead to the
result.

The main result of this section is the following.

lm:comp| Lemma 4.1. Let (pie, ..., Pm+ne) be the solution of (L.5)). There exist a sequence {ej }ren C (0,00), e —
0, and m +n maps p1, ..., Pm+n Such that

(4.1) P1seer P € LH((0,00) X (—=00,0)) N L>¥((0,00) x (—00,0)),
(42)  prasts o Prmtn € L((0,00) x (0,00)) N1 E%((0,50) x (0, 00),
(4.3) 0<p <1, Ce€{l,...,m+n},
(4.4) Pier — Pir  a.e. and in L} ((0,00) x (—00,0)), 1 <p < o0, i€ {1,..,m},
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(4.5) Pjern — Pj, a.e. and in Lj ((0,00) x (0,00)), 1 <p <oo,je{m+1,..,m+n}.
Moreover, we have that
m—+n
(4.6) Z 10t )l L1 (—o0,0) T Z 125t ) L1 (0,00)
j=m+1
m+n
<ZHPZOHL1 —00,0) + Z HPJOHLl 0,00) ?
j=m+1
m-+n
(4.7) ZHPz HL2 —00,0) T Z lpi(t, ||L200<>)
J=m+1
m-+n
<ZHP:0HL2 —0,0) + Z ||p]0||L2 0,00)
j=m+1
m-+n
+ 2 (Z [1Bell oo ((0,1ym+n) + Z 1 fill 10,1 )
m m+n
(48) D TV(filpit. )+ Y TV(fi(ps(t,))
i=1 j=m+1
m+n
= Z 1005 (s Mat(—oo0y + D 19005 M pr(0.00)
Jj=m+1
m—+n
!/ /
< (m+n)C+ Z (K HL°°(0,1) TV (pio) + Z HfjHLoo(ml) TV (pj0)-
=1 j=m+1

Thanks to the genuine nonlinearity of fi, ..., f;4n, we can use the Tartar compensated compactness
method [I§] to obtain strong convergence of a subsequence of viscosity approximations. The notation
M can stand for (0,00) or (—o0,0).

Theorem 4.1 (Tartar). Let {v,},~0 be a family of functions defined on (0,00) X R such that
||Uu||Loo((o,T)ng) < Mr, T, v>0,

and the family
{8t77(vzl) + 82:QE(U1/)}1/>0

is compact in H; '((0,00) x R), for every conver n € C*(R), where q) = fyy'. Then there ezist a
sequence {Vp tnen C (0,00), v, = 0, and a map v € L>®((0,T) x R), T > 0, such that

vy, — v a.e. and in L}

((0,00) x R), 1 < p < 0.
The following compact embedding of Murat [17] is useful.

Theorem 4.2 (Murat). Let Q be a bounded open subset of RN, N > 2. Suppose the sequence
{Ln},en of distributions is bounded in W—1°°(Q). Suppose also that

En = El,n + £2,n7

where { L1}, oy lies in a compact subset of H 1(Q) and {L2,,}
Then {L,},,cx lies in a compact subset of H, ().

neN lies in a bounded subset of Lloc(Q)

Proof of Lemmal[{.1 Let us fixi € {1,...,m} and prove the lemma for the incoming edges, as the proof
for the outgoing ones is analogous.
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Let 7 : R — R be any convex C? entropy function, and let ¢; : R — R be the corresponding entropy
flux defined by ¢, = 7' f/. By multiplying i—th equation in (1.5) by 7'(pi.) and using the chain rule,
we get
(4.9) 0m(pie) + 02ai(pie) = €0zn(pic) =" (pie) (Dupic)” -

Ll,e L?QFYE

We claim that
Li.—0in H((0,T) x (—00,0)), T >0, as € — 0,
{Ls:}¢ is uniformly bounded in L'((0,T) x (—00,0)), T > 0.
Indeed, and imply

1edan(pi.e)ll 20,7y x (—o0,0)) < VE NIl Loo0.0) 1VEP2Pie || 2 (0 00) ¢ (000

(4.10)

m+n

< Ve[|l peony anzgony ooyt 2 loicoll 2000

j=m+1

m+n
+4/2 <Z 1Bell oo (0,1ym+my + Z 1 fill L1 01)> — 0,

m-+n

pomyeiseny = 1 ey Z”PZEOHB ot 2 lieollizon

HET]”(pi7a) (c%;pi,a)Q’

m+n
+2 <Z HﬁEHLoo( 0,1)m+n) +ZHfZHL1 0,1 ) )

Due to (2.1, (4.10) follows. Therefore, Theorems E 2| and [4 - 4.1| give the existence of a subsequence
{pi e, tren and a limit function p; satisfying (4.1)) such that as k — oo

Pie, — Pi in Lj, ((0,00) X (_OO7O)> for any p € [1700)7

loc

4.11
(4.11) Pie, — pi a.e. in (0,00) x (—o0,0),

that guarantees (4.3)) and (|4.4]).
Finally, thanks to Lemmas [3.2) ﬂ, and [3 - 3.4| we have ., and . ]

Proof of Theorem[I.1. The first part of the statement related to the convergence of vanishing viscosity
approximations has been proved in Lemma

Let us fix i € {1,...,m} and prove (1.9) for the incoming edges, the case of the outgoing ones is
analogous.

Thanks to and ([4.4)), for all ¢ € C°°((0,00) x (—o0,0)) with compact support, we have

/ / piOrp dadt = hm/ / Pi e, Orp drdt = — hm/ / Orpi e, p dadt

m+n

<11l Lo ((0,00) x (—00,0)) (m+”C+ZHfiHLoo(o,1) TV (pio) + Y HfjHLoo(o,nTV(pij) 7
=1 j=m+1

therefore

(4.12) Opi € M((0,00) x (—00,0)),

where M ((0,00) x (—00,0)) is the set of all Radon measures on (0,00) x (—00,0). Moreover, from the
equations in and we have also

(4.13) O fi(pi) € M((0,00) x (=00,0)).
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Clearly (4.12) and (4.13)) give (1.9) and so the trace at the junction f(p;(¢,0—)) exists for a.e. t > 0.
We prove now that the identity

m n+m
eq:RH| (4.14) S ipit,0-) = > Filps(t,04))
i=1 j=m+1

holds for a.e. t > 0; consequently the functions p1, ..., pm+n provide a solution to , , and
in the sense of Definition

Let ¢ € C'([0,00)), ¢(0) = 0 with compact support. Consider the sequence {r, },en o3 C C*([0,00))
of cut-off functions satisfying

1
(4.15) 0<r,(zx) <1, r,(0) =1, supp (r,) C [0, y] ,

for every x > 0 and v > 1. Moreover, for every v > 1, we define the sequence {Fl,},,eN\{o} C
C?((—00,0]) by writing 7, (z) = 7,(—x) for every = < 0.
From ({1.5) we have that

m (e’ 0
0=%" /0 / (Opics + Oufi(pier) — e12upies) @()i(x)dadt
i=1 -

m+n 00 OO
+ ) (01pjer + 0ufi(pjer) — ErDrepicy) (t)ry(z)dadt
o Jo

j=m+1

m o) 0
- /0 / (e OF @) + (1) R(0)7L(@) = £x0upic (07 (2) dad

m+n 0o o
_ Z/o /O (Pjen® Oru(@) + [i(pjen) )7, () — ekOupje, ()T, (2)) dadt

j=m+1

3 /0 T Filpien (.0)) — exBpies (£,0)) (t)dt
=1

m4n

=S /O (5 (Ppen (6,0)) — £xDapye (1, 0)) p()dt

j=m+1

m 00 0
- /0 / (e OF @) + (1) R(0)7L(@) = £x0upic (07 (x)) dad

m4n

=S /O h /0 T (030 Orol@) + Fi(pe ) (O (1) — exDapyey (D) () derd

j=m+1

As k — oo, due to (3.3]), (4.4), and (4.5,
m oo 0
0==>" /0 / (pid’ () (@) + fi(pi)p(t)F, (x)) dadt
i=1 —00

m+n

_ Z /Ooo /OOO (PjsO’(t)Ty(x) + fj(Pj)ﬁp(t)Tf,(x)) drdt.

j=m+1
Finally, sending v — oo,

m+n

0==3 [ st0 ettt S [T st 0rne0an

j=m+1
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that gives (4.14)). O
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