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HOLOMORPHIC APPROXIMATION AND MIXED BOUNDARY
VALUE PROBLEMS FOR 0

CHRISTINE LAURENT-THIEBAUT AND MEI-CHI SHAW

ABSTRACT. In this paper, we study holomorphic approximation using boundary value
problems for & on an annulus in the Hilbert space setting. The associated boundary
conditions for O are the mixed boundary problems on an annulus. We characterize
pseudoconvexity and Runge type property of the domain by the vanishing of related L2
cohomology groups.

Holomorphic approximation theory plays an important role in function theory in one
and several complex variables. In one complex variable, the classical Runge approximation
theorem is related to solving the 9 equation with compact support (see e.g. Theorem 1.3.1
in Hérmander’s book [9]). In several complex variables, it is shown in [16] that holomorphic
approximation can also be formulated in terms of Dolbeault cohomology groups. We refer
the reader to the recent paper [5] for a comprehensive and up-to-date account of this rich
subject.

The purpose of this paper is to associate holomorphic approximation to a mixed bound-
ary value problem for 0 on an annulus in the L? setting. Let Q; and Qs be two rel-
atively compact domains in a complex hermitian manifold X of complex dimension n
such that €y CC €. Consider the annulus Q = 4 \ﬁg between 7 and €. Let
0 : Liq(Q) — Lg?q +1(Q) denote the maximal closure of 9 in the weak sense (as defined

by Hérmander in [9]). By this we mean that f € Dom(d) if and only if f € L2 (Q) and
af € L,Z,,q+1(9) in the weak sense. It is obvious that C;%(Q) C Dom(d). If the boundary
of 1 is Lipschitz, the space C;<(€2) is dense in the graph norm of J by the Friedrichs
lemma (see [9] or Lemma 4.3.2 in [2]).

Let O, : L7 (Q) — L2 1 () be the (strong) minimal closure of the differential operator
0 in the sense that f € Dom(d,.) if and only if f € L;Q(Q) and there exists a sequence
of forms f, € Dpq(Q) such that f, — f strongly in L2 () and 8f, — df strongly in
Lﬁ,q+1(9)~ The two operators @ and . are naturally dual to each other (see [3]). The

O-Neumann problem on a domain arises naturally and is of fundamental importance in
several complex variables (see [9, 10], [6] or [2]).

The 0-Neumann problem on an annulus between two pseudoconvex domains in C” has
been studied earlier (see [19], [20], [11] and [3]). Recently, Li and Shaw [17] introduced

the following mixed boundary problem for d on the annulus Q. It was then extended
by Chakrabarti and Harrington in [4] where, in particular, they weaken the regularity
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2 CHRISTINE LAURENT-THIEBAUT AND MEI-CHI SHAW

condition on the inner boundary of the annulus from the earlier work in [19] and [17].
In the L? setting, the Omix operator on the annulus is the closed realization of @ which
satisfies the O-Neumann boundary condition on the outer boundary b€); and the d-Cauchy
condition on the inner boundary bs. For 0 < p,q < n and u € Lqu(Q), u € Dom(Opmix)
if and only if there exists v € L;q +1(2) and a sequence (uy)yen C L2 (Q) which vanish
near 9 such that v, — win L2 (€2) and du, — o in L12)7q+1(Q). If w € Dom(Opmix),
then we define dpixu = v. It is obvious that Opiy is a densely defined closed operator from
one Hilbert space to another and

e C Omix C 0.

Let D be a domain in X and O(D) denote the space of holomorphic functions in D and
W1(D) be the Sobolev 1-space on D. The following theorem is proved in Theorems 2.2
and 2.4 in [17].

Theorem 0.1. Assume X is Stein and both Qq and Qs are pseudoconvex with C1' bound-
ary then, for any 2 < ¢ < n and ¢ = 0, Hg’q_ (Q) = 0. When q = 1, there exists a

continuous bijection

(0.1) O(Q2) N W (Q2)/O() N L* () = Hy" ().

Moreover, Hg’l‘ (€2) is infinite dimensional (see [17]). In fact, it is even non-Hausdorff

(see section 5 in [4]). The non-Hausdorff property of the quotient group is equivalent to
that the space O(£1) N L?(£21) is not a closed subspace in O(Q2) N W1(Q) under the
W1(Q) norm (see Proposition 4.5 in [23]).

Instead of considering the non-Hausdorff cohomology group Hg’l' (Q), we consider the

associated Hausdorff cohomology group "(Hﬁﬂ (D)/HP(X)) defined by
?(Hyp (D)/HPO(X)) = Hiph (D)/HPO(X),

where HPO(X) is the closure of the space HP?(X) under the W!(D)-norm. It follows
from Proposition 1 in [1], that there exists a continuous surjective map

(0.2) O(2) N W (Q2)/O() N L2(Q) = “Hy' ().

From (0.2), if the space O(€2;)NL?(y) is dense in O(Q2)NW () for the W topology
on Q9 then "Hg ! () = 0. Thus the associated Hausdorff cohomology group 7Hz 0.1 ()

mix

is directly related to holomorphic approximation. This simple observation motlvates the
present paper. However, the L? condition on the holomorphic functions near the boundary
of €1 is of no interest in holomorphic approximation. We avoid the growth condition and
reformulate another 0 problem with mixed boundary condition which is more suitable for
holomorphic approximation.

We consider the more general situation: let D be a relatively compact domain in a
complex hermitian manifold X. For 0 < p,q < n, we define a new operator Jyiix on
(L2 )"9(X \ D), whose domain is the set of all u € (L2 )”(X) such that u is vanishing

loc loc
)i ’q+1(X ), where Ou is taken in the sense of currents. Then we set

on D and du € (L3,
Omixf = O0f in the sense of currents. Compared to the Opix operator, we do not assume
any growth condition at infinity of X.
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The plan of the paper is as follows: In the first section, we formulate a new mixed
boundary condition of @, denoted by Oyiix, which is associated naturally with holomorphic
approximation. We prove a theorem (see Theorem 1.2) analogous to Theorem 0.1.

In the second section, we introduce the transposed operator ‘Oniix to Owmix defined on
(Lfoc)n_p’n_q_l(X \ D), whose domain is the u € L,Ql_pm_q_l(X \ D) and u is vanishing
outside a compact subset of X such that du € L%,p’n,q(X \ D), where du is taken in the
sense of currents. We prove the following characterization of approximation of d-closed
forms using a version of Serre duality.

Theorem 0.2. Let X be a Stein manifold of complexr dimension n > 2, D CC X a
relatively compact pseudoconver domain in X with Lipschitz boundary. Let q be a fized
integer such that 0 < g < n — 1. Then, for any 0 < p < n, the following assertions are
equivalent.

(1) The space of W} d-closed (p,q)-forms on X is dense in the space of W1 0-closed
(p, q)-forms on D for the W' topology on D;
(2) The natural map H%};’Z_Q(X) — H P X)) is injective;
n—p,n—q—1 D) —
(3) H5 71 (X \ D) = 0.
Finally, we obtain the following characterization of a pseudoconvex domain satisfying
some Runge type property (see Corollary 2.5).

Theorem 0.3. Let X be a Stein manifold of compler dimension n > 2 and D CC X a
relatively compact domain in X with C' boundary such that X \ D is connected. Then
the following assertions are equivalent:

(1) the domain D is pseudoconvex and the space O(X) is dense in the space O(D) N
WY(D) for the W topology on D;
(2) H%”wal(X) =0, for 2 <r <n-—1, and the natural map H%’;L/VA(X) — H'"(X)
is injective;
3) Hz! (X\D)=0, foralll<g<n-—1.
Mix
From (1) and (3) in Theorem 0.3, we see that the vanishing of the cohomology groups
H%’q (X \ D) for all 1 < ¢ < n — 1 characterizes pseudoconvexity and a Runge type
Mix

property of D. This is in contrast to earlier results using cohomology groups on X \ D to
characterize holomorphic convexity (see Trapani [22]). It is proved in [22] that the vanish-
ing of the Dolbeault cohomology groups H™4(X \ D) for 1 < ¢ < n — 2 and the Hausdorff
property for ¢ = n — 1 characterizes the holomorphic convexity of D. More recently, it is
proved in Fu-Laurent-Shaw [7] that the vanishing of the L? Dolbeault cohomology groups
HZ’Qq(X \ D) for 1 < ¢ < n — 2 and the Hausdorff property for ¢ = n — 1 characterizes
pseudoconvexity of D (see [7]). Thus different cohomology groups characterize different
holomorphic properties of the domain D. Our results show that Oyjix and its transpose
{Onix are naturally associated with holomorphic approximation.

1. W-MERGELYAN DOMAINS AND L2 THEORY FOR O WITH MIXED BOUNDARY
CONDITIONS

Let X be a complex hermitian manifold of complex dimension n, where n > 2.
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Definition 1.1. A relatively compact domain D with Lipschitz boundary in a complex
manifold X is called W'-Mergelyan in X if and only if O(X) of holomorphic fuctions in
X is dense in the space Oyy1(D) of W' holomorphic functions in D for the W' topology
on D.

We would like to characterize domains which are W!-Mergelyan in X by means of some
adapted mixed boundary value problem for the -operator. Let LIZO (X)) be the space of Ll20 .
functions in X endowed with the Fréchet topology of L? convergence on compact subsets,
and L2(X) the space of L? functions with compact support in X with the inductive limit
topology. These two spaces are dual of each other (see [18] or [14]). We use (L2)P4(X)
to denote the space of (p,q)-forms with L2(X) coefficients. For 0 < p,q < n, we define
the densely defined operator dx from (L2?)P4(X) into (L?)P4T1(X), whose domain is the
space of all f € (L?)P4(X) with df € (L?)P4T1(X), such that for any f € Dom(dk),
Ok f = Of in the sense of currents. We denote by 0. the densely defined transposed
operator of df, then 9y, maps (L3 )""P"~971(X) into (L3,.)" 7"~ 9(X) and the domain
of O is the space of all f € (L2 )" P"~971(X) such that df € (L7 ,)" P"9(X).

Let D be a relatively compact domain with Lipschitz boundary in a complex manifold
X. We are interested in the study in the L? setting of some operators Oyix on X \ D
such that Ox C Owmix C Ojoe, where Ox and 0j,. are the previously defined operators. The
domain of Oy is defined as follows:

For 0 < p,q <nandu € (L2 )"*(X\D), u € Dom(dwiyx) if and only if u € (L2 )"*(X),

. . . a 2
u is vanishing on D and Ou € (Lj,,

Then we set Omixf = Of in the sense of currents. The transposed operator ‘Onix is
then an operator whose domain is given by the set of all u € (L2 )" " ’n_q_l(X \ D),
u € L%_p’n_q_l(X \ D), du € L%_p’n_q(X \ D), where Ju is taken in the sense of currents,
and wu is vanishing outside a compact subset of X.

For any 0 < p < n, we get two new differential complexes ((L2 )"*(X \ D), Omix) and
(L7

2 )"P*(X\D),! Ouix), which are dual complexes since the boundary of D is Lipschitz
(see [15]). We denote by Hg’q (X \ D) and H%’q (X \ D), 0 < ¢q < n, the cohomol-
M Mix

ogy groups of the complexes (L2 (X \ D), Omix) and (L2, (X \ D),! dix) respectively.
We endow the cohomology groups with quotient topology. Then it follows from Serre

duality [18] that Hg’q (X \ D) is Hausdorff if and only if H%_p’n_q+1(X \ D) is Haus-
Mix 7 Mix__
dorff. Moreover, if H?! (X \ D) is Hausdorff, then H72' (X \ D) is the dual space of
Mix Mix

"Hg_p’”_q(X \ D) the Hausdorff group associated to Hg_p’n_q(X \ D).
Mix Mix

)" ’qH(X ), where Ou is taken in the sense of currents.

Theorem 1.2. Let X be a Stein manifold of complex dimension n > 2 with a hermitian
metric and D a relatively compact pseudoconvex domain with CH' boundary in X. Then,
for any 0 < p < n, we have

(1) Hgl’j (X\D)=0,if2<qg<norq=0.

ix

(2) There ezists a linear continuous bijection

(1.1) l : HYY(D)/HP(X) — Hg; (X \ D).

Proof. The proof is similar to the proof of Theorems 2.2 and 2.4 in [17]. If ¢ = 0, Hg’o (X\
. Mix
D) is the space of holomorphic (p, 0)-forms in X, which vanish identically on D. Since X
is Stein, hence connected, by analytic continuation we get Hgo (X\ D) =0.

M

ix
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We now assume that 2 < ¢ < n. Let f € ker(duix) N"Dom(yriy)- Then f € (LE.)"(X),
f=0in D and 8f = 0 in X. Since X is Stein, HP4(X) = 0 and by the Dolbeault
isomorphism and the interior regularity of the 9, we get H}3' (X) = 0. More precisely

loc

there exists v € (I/Vﬁ)c)p’q*l(X) such that Ov = f. Moreover we have v = 0 on D.

Since ¢ > 1 and D is a relatively compact pseudoconvex domain with C'! boundary,
it follows from [8] or Theorem 2.2 in [4] (see also [12] for smooth boundary) that there
exists w € Wp17q,2(D) such that dw = v in D. Let w be a W}, extension of w to X. We

set u = v — dw. Then u is in (Lfoc)p’qfl(X), u vanishes on D and satisfies Ju = f. This
proves (1).

We now consider the case when ¢ = 1. For any f € Hﬁ’,ol (D), we extend f as a WL
(p,0)-form f = E(f) on X, where E is a continuous extension operator from W;O(D) into

(I/Vlic)p’o(X). This is possible since the boundary of D is C*'. Then 0f € (Lfoc)p’l(X)

and 0f =0 on D. Thus dyix(9f) = 01in X \ D. We define a map
(1.2) l: HYY(D) - HP' (X \D)

Mix

by I(f) = [0f]. B
First, we show that [ is well-defined. If f; is another I/VlloC extension of f to X, then

f —9fi =9(f - f).
Since fv: ]?1 = fon D, f— ]?1 vanishes on D and 5?—5}‘1 = EMiX(f_ ]?1)’ that is
0f]=10f] in HZ! (X\D).

Thus the map ! is well-defined and it is continuous if H>' (X \ D) is endowed with the

0] ix
quotient topology. "

We will show that the kernel of the map [ is HP?(X). Let f € H"j[’,OI(D) such that
I(f) = [0]. First we extend f as a W} (p,0)-form on X. Thus we have that Df is a Dyix-
closed form and, since I(f) = [0], it is Omix-exact. Therefore there exists g € (L2,.)" ’O(X )
such that ¢ = 0 on D and Oyjixg = 0f. Let F = f — g. Then F is holomorphic in X and
F = fon D. Thus I(f) = 0 implies that f can be extended as a holomorphic (p,0)-form
in X.

Next we prove that [ is surjective. Let f € (Lfoc)p’l(X) Nker(Oyix), then f = 0in D and
0f =0in X. Since X is a Stein manifold, using Dolbeault isomorphism and the interior
regularity of the d operator, there exists a (p,0)-form u € (W},)P°(X) such that du = f
in X. Moreover uj,, is a W holomorphic (p,0)-form in D. Hence I(u,,) = [0u] = [f].

Thus the map defined by (1.2) induces a map

70 5 71 )
[+ Hy(D)/HP(X) — HE (X \D)
which is one-to-one continuous and onto, if we endow the quotient space H II/)I’/Ol (D)/HP(X)

with the quotient topology.
O

Using the same arguments as in [17], one can show that H>' (X \ D) is infinite dimen-
Mix
sional. In fact, one has the following results using arguments in [4].
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Corollary 1.3. The space Hg’l (X \ D) is non-Hausdorff.
M

Proof. We first show that Hﬁ’/ol (D)/HP?(X) is non-Hausdorff. The non-Hausdorff prop-
erty of the quotient space Hﬁ’ﬁ (D)/HP?(X) is equivalent to that the space HP?(X) is not
a closed subspace in Hﬁ’,ol (D) (see Proposition 4.5 in [23]). The proof of this is exactly the
same as in [4] and we repeat the arguments for the benefit of the reader.

Let R : HPO(X) — H‘I,’[’,Ol(D) be the restriction map. From the Montel theorem, R is
a compact operator. Suppose R(HPY(X)) is a closed subspace in Hﬁ’,ol(D). It follows
from the open mapping theorem, the unit ball in R(HP°(X)) is relatively compact and
hence R(HPY(X)) is finite dimensional. This is a contradiction since X is Stein. Thus
R(HP?(X)) is not closed and H‘I,’[’,q (D)/HP9(X) is non-Hausdorff.

If Hg’l (X \ D) is Hausdorff, then from (1.1) and the open mapping theorem, the space
M

ix

H>' (X \ D) is topologically isomorphic to H‘Z/’I’/Ol(D)/Hp’O(X), which is non-Hausdorff.

OMix

This is a contradiction. We conclude that H>' (X \ D) is also non-Hausdorff. The

) OMix
corollary is proved.

O
Definition 1.4. We define the associated Hausdorff quotient

(1.3) 7(HEH (D)/HPO(X)) = Hi5 (D) /HPO(X)
where HP-0(X) is the closure of the space H?9(X) under the W*(D)-norm.

Corollary 1.5. Assume X is a Stein manifold of complex dimension n > 2 and D a
relatively compact pseudoconvexr domain with CY' boundary in X.
Suppose that D is W'-Mergelyan. Then Ht%’”_l(X \ D) =0.
Mix
Proof. From (2) in Theorem 1.2 and (1.3), there exists a map
o7 . pgp0 .0 X)) orp,l D)

I+ Hy(D)/HPO(X) — HgMix(X \ D).
which is continuous and onto (see Proposition 1 in [1]). Therefore, if HP.0(X) = Hﬁ’,q (D),
then “H2' (X \ D) = 0.

oM

Thus if D is W!-Mergelyan in X, UHg’l (X \ D) = 0. It follows from Serre duality and
Mix

from Theorem 1.2 that H™" ! (X \ D) is Hausdorff, since H>® (X \ D) = 0. Using again
Omix ~ OMix
Serre duality, we get H{x" (X \ D) = 0. O
"OMix

2. THE W' ¢-MERGELYAN DENSITY PROPERTY

Let X be a complex hermitian manifold of complex dimension n, where n > 1. In this
section we extend the approximation results to arbitrary (p, ¢)-forms.

Definition 2.1. A relatively compact domain D with Lipschitz boundary in X is W'
(p, q)-Mergelyan, for 0 < p < n and 0 < g < n — 1, if and only if the space Zﬁ’/‘jl (X) of
I/VlloC O-closed (p, q)-forms in X is dense in the space Zﬁ’,ql (D) of W' O-closed (p, q)-forms

in D for the W' topology on D.
For p = ¢ = 0, we will simply say that the domain is W'-Mergelyan in X.
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If D CC X is a relatively compact domain with Lipschitz boundary in X, we denote by

H%SW_I (X) the Dolbeault cohomology groups of W~! currents with prescribed support in

D and by H%S (X'\ D) the Dolbeault cohomology groups of L? forms in X \ D vanishing
Mix

outside a compact subset of X. We have that W#(D) is a reflexive Banach space, i.e.

(W5 (X)) = W*(D).

Theorem 2.2. Let X be a non compact complex manifold of complex dimension n > 1,
D cC X a relatively compact domain with Lipschitz boundary in X and p and q be
fized integers such that 0 < p < n and 0 < q < n —1. Assume that H; """ 4(X) and

H%fvl;f:q(X) are Hausdorff. Then D is a W' (p,q)-Mergelyan domain in X if and only

if the natural map H%;f;fl_q(X) — H P"YX) is injective.

Proof. Assume D is W' (p, q)-Mergelyan in X and let T € W,;lpm,q(X) with support
contained in D such that 0T = 0. We assume that the cohomological class [T'] of T' vanishes
in He P"79(X), which means that there exists § € W, (X)) with compact support
in X such that 7= 9S. Since H%T;;’fl_q(X) is Hausdorff, then [T] = 0 in H%}@’fl_q(X)
if and only if, for any form ¢ € Z¥ (D), we have < T, >= 0. But, as D is W' (p,¢)-
Mergelyan in X, there exists a sequence (p)ren of WL d-closed (p, q)-forms in X which

converge to ¢ in W(D). So
<T,p>= lim <T,p, >= lim <95, ¢, >==+ lim < S,0¢; >=0.
k—o00 k—o00 k—oco

Conversely, by the Hahn-Banach theorem, it is sufficient to prove that, for any form g €
ZiA (D) and any (n—p,n—q)-current T in Wn__lpyn_q(X) with compact support in D such
that < T, f >= 0 for any form f € ZII:I’/?1 (X), we have < T, g >= 0. Since H, """ 4(X) is
Hausdorff, the hypothesis on T impliesoghat there exists a W~ (n — p,n — ¢ — 1)-current
S with compact support in X such that T" = 0S. The injectivity of the natural map

Hy 2M7(X) — He™P"9(X) implies that there exists a W=t (n—p,n—q— 1)-current

U with compact support in D such that 7 = OU. Hence since the boundary of D is
Lipschitz, for any g € Z;7 (D), we get

<T,g>=<0U,g>=+<U0dg>=0.
Ol

Proposition 2.3. Let X be a non compact complex manifold of complex dimensionn > 2,
D CcC X a relatively compact domain in X with Lipschitz boundary and p and q fized
integers such that 0 < p <n and 0 < g < n — 2. Assume that Hgfp’nqul(X) =0. Then

H%fp’nqul(X \ D) = 0 if and only if the natural map H%f‘;’f;q(X) — H7P"I(X) is
Mix )

mjective.

Proof. We first consider the necessary condition. Let T € W;_lpm_q(X ) be a d-closed
current with support contained in D such that the cohomological class [T] of T vanishes
in H. P""9(X). By the interior regularity property of the d-operator and the Dolbeault

isomorphism, there exists g € L%_pm_q_l(X ) and compactly supported such that 7' = dg.

Since the support of 7" is contained in D, we have dg = 0 on X \ D. Therefore the vanishing

of the group H%_p’"_q_l(X\E) implies that there exists u € L3, »(X\ D) vanishing
Mix ’
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outside a compact subset of X and such that Ou = g on X \ D. Since the boundary of D
is Lipschitz there exists @ a L? extension of u to X, we set S = g — du, then S € W~1(X)
satisfies T = 05 and supp S C D.

Conversely, let g be a 0-closed (n—p, n—q—1)-form in Li_pm_q_l(X\E) which vanishes
outside a compact subset of X and § an L? extension of g to X, then § has compact support
in X and T = 07 is a current in W;_lpm_q(X ) with support in D. By the injectivity of
the natural map H%’_;/’fl_q(X) — H. P"79(X), there exists S € Wn_—lp,n—q—l(X) with
support contained in D and such that S = T. We set U = g — S. Then U is a W—!

O-closed (n — p,n — q — 1)-current with compact support in X such that U|X\5 =g in

X\D. Since HIP"971(X) = 0, by the interior regularity property of the O-operator and
the Dolbeault isomorphism, we have U = Jw for some w € L%—p,n—q—?(X ) with compact

support in X. Finally we get g = U‘X\B = g(w‘x\ﬁ). O

Corollary 2.4. Let X be a Stein hermitian manifold of complexr dimension n > 2 and
D cC X a relatively compact pseudoconvexr domain with C*' boundary in X. Then the
following assertions are equivalent:

i) the domain D is W'-Mergelyan in X,

ii) the natural map H%’?/V_l(X) — H""(X) is injective,

i) H%v;;l(x \ D) =0.

Proof. Since X is Stein, we have H"™" '(X) = 0 and H""(X) is Hausdorff. The domain
D being relatively compact, pseudoconvex with C! boundary in X, we have H I(/)Vll (D) =0.
Then Serre duality implies that H%’,?/V—l (X) is Hausdorff. The corollary follows then from
Theorem 2.2 and Proposition 2.3. O

Finally using the characterization of pseudoconvexity by means of W' cohomology and
Serre duality, we can prove the following corollary.

Corollary 2.5. Let X be a Stein hermitian manifold of complexr dimension n > 2 and
D CC X a relatively compact domain in X with C1* boundary such that X\ D is connected.
Then the following assertions are equivalent:

(i) the domain D is pseudoconvex and W'-Mergelyan in X ;

(11) H%’;/V%(X) =0, for 2 <r <n—1, and the natural map H%’;/A(X) — H"(X)
18 injective;

(i13) H%’zr (X\D)=0, forall1 <qg<n-—1.
Proof. Consider the equivalence between (i) and (ii). We first notice that a domain D
with C1! boundary is pseudoconvex if and only if H&’,q1 (D)=0foralll1 <g<n-—1. This
follows from [8] or Theorem 2.2 in [4] for the necessary condition and Theorem 5.1 in [7]
for the sufficient condition.

Recall that applying Serre duality, we get that H%’?/;Srl(X ) is Hausdorff if and only if

H&,ﬁ(D) is Hausdorff for each 0 < r < n and, when both are Hausdorff, H%’;/V_l(X ) is

the dual space of H&’,’}_T(D).
Let us prove that (i) implies (ii). From the previous remarks we get that if D is

pseudoconvex then Hgl’ﬁ (D) =0 for all 1 < ¢ <n — 1 and therefore H%’;/Vfl (X) =0 for
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all2 <7 <n-1and HZ (X) is Hausdorff. If moreover D is also Wl-Mergelyan in

X, then the natural map HZ' ~ (X) — Hc"(X) is injective by Corollary 2.4.

Conversely we first prove that the injectivity of the natural map HZ" (X) — He™"(X)

implies that HZ" (X) is Hausdorff. Let T be a WL (n,n)-current with support in

D such that < T, >= 0 for any W' holomorphic function ¢ on D. In particular
< T, >= 0 for any holomorphic function  on X. Since X is Stein, He' (X)) is Hausdorff
and therefore T' = 95 for some W1 (n,n — 1)-current S with compact support in X, i.e.

[T] =0 in HS"(X). By the injectivity of the map H57 ,(X) — He™"(X), we get that

T = 90U for some W1 (n,n — 1)-current U with support in D, which ends the proof.

Now assume (ii) is satisfied. Then D satisfies H%Qy—l (X)=0forall2<r <n-—1and

H%’:,V,l (X) is Hausdorff. Applying Serre duality we get H&’/ql( D)=0foralll1<q<n-—2

and HSI}TI_I(D) is Hausdorff but, as X is Stein and X \ D is connected, HI(/)I’/?_I(D) =0
(see section 3 in [15]). Therefore D is pseudoconvex by the characterization given at the
begining of the proof. It remains to use Corollary 2.4 to get that D is W!-Mergelyan in
X.

We next prove the equivalence between (ii) and (iii).

Above we proved in particular that if X is Stein and X'\ D is connected, then H%’%Fl (X) =

0forall2<r <n-—1and H-" _(X) is Hausdorff if and only if H&}ql (D) = 0 for all

D,w-1
1 < ¢ <n—1. Recall also that the injectivity of the natural map H%’?/Vil (X) — HI"(X)
implies that H%’?}V_I(X ) is Hausdorff. Therefore assertion (ii) implies HS"/ql (D) = 0 for

all 1 < ¢ < n—1, which is equivalent to H}3'(X \ D) = 0 for all 1 < ¢ < n —2 and
HZ’QN_I(X \ D) is Hausdorff by Theorem 4.8 in [7].
Since X is Stein, by Proposition 2.3, the injectivity of the natural map H%’;V_I(X ) —

H»™(X) implies H%nil(X \ D) = 0. Therefore to get that (ii) implies (iii), it remains to
Mix - 7
prove that for each 1 < ¢ < n —2, H3'(X \ D) = 0 implies H2’ (X \ D) = 0. To get
Mix__ 2
this it is sufficient to prove that the natural map from H2! (X \ D) into H}3'(X \ D)
Mix

is injective. Let f € L2 (X \ D) be a d-closed form which vanishes outside a compact
subset K of X. Assume [f] =0 in H3"(X \ D), then there exists g € L2 ,_ (X \ D) such

n,g—1

that f = g on X \ D. Consider a function y with compact support in X such that y = 1
on a neighborhood of DU K. We set ¢ = xg. Then 03 = Ox A g + x99 = Ox A g + f and
the form dx A g can be extended by 0 to an L? d-closed (n, ¢)-form with compact support
in X. Since X is Stein, there is an h € (L} ,)™9 !(X) with compact support such that
Oh = Ox A g on X and it follows that 9 = Oh + f on X \ D. Then u = g — h vanishes
outside a compact subset of X and du = f, which ends the proof of the injectivity.

Now assume (iii) holds, i.e. H2? (X \ D) =0, forall 1 < ¢ <n—1. We first prove

thix . .
that, for each 1 < ¢ < n — 2, Ht%’q (X \ D) = 0 implies H3'(X \ D) = 0 and that
Mix
H%;‘ﬁ‘: (X \ D) = 0, implies H}3"'(X \ D) is Hausdorff.

Since X is a Stein manifold, there exists a relatively compact strictly pseudoconvex
domain U in X with C? boundary such that D cC U. As already noticed previously, the
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properties of U imply that H3'(X \U) =0 for all 1 < ¢ <n —2 and HZ’Qn*l(X \ D) is
Hausdorft. -
Let 1 < g <n-—2and f € L?%q(X \ D) a O-closed form, then there exists g €

L%,q—l(X \ U) such that f = dg on X \ U. Let V CC X be a neighborhood of U and x

a smooth functjon equal to 1 on X \7V and with support contained in X \ U. Therefore
the form f — d(xg) = (1 — x)f — Ox A g vanishes outside the compact subset V and

belongs to the domain of Oy So if H%’; (X \ D) =0, then f — 9(xg) = du for some
u € ng,q—l(X \ D) and f = d(xg + u), which means H;3'(X \ D) = 0.

Let f € L2, (X \ D) a O-closed form such that [y f A ¢ = 0 for any d-closed L?

n,n—1
(0,1)-form ¢ on X which vanishes on the closure of D and outside a compact subset of
X and in particular for any d-closed L? (0,1)-form ¢ on X which vanishes on the closure

of U and outside a compact subset of X. Since HZ’Qn_l(X \ U) is Hausdorff, there exists

g€ L%,qfl(X \ U) such that f = dg on X \ U. Then we can repeat the end of the proof
of the previous assertion.
Therefore (iii) implies H&’,ql (D) =0 for all 1 < g <n—1 (see Theorem 4.8 in [7]) and

we get H%’:}Vil(X) =0 for all 2 < r < n — 1 by Serre duality. Finally using Proposition

2.3, we obtain that the natural map H%’?/V_I(X) — H"(X) is injective, which ends the

proof.
O

From Corollary 2.5, the vanishing of the cohomology groups H'»? (X \ D) characterizes

tOMix

pseudoconvexity and W'-Mergelyan property of D.
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