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Thermal flows in fractured porous media

Thermal flows in fractured porous media
[sabelle Gruais and Dan Polisevski

Abstract. We consider the thermal flow problem occuring in a fractured porous medium. The
incompressible filtration flow in the porous matrix and the viscous flow in the fractures obey the
Boussinesq approximation of the Darcy-Forchheimer law and respectively, the Stokes system. They
are coupled by the Saffman’s variant of the Beavers-Joseph condition. Existence and uniqueness
properties are presented. In the e-periodic framework, the two-scale homogenized system which
governs the asymptotic behaviour (when e — 0) is found.

Mathematics Subject Classification (2010). 35B27; 76M50; 76Rxx; 74F10; 74Q05.
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1. Introduction

Among the issues raised by the heat and mass transfer in fractured porous media, the requirement
for further construction and characterization of macroscopic models is of special interest. It is a
difficult task because the two components have highly constrasting behaviours. The models of flows
through fractured porous media (see [5], [6], [12], [27] and [29]) are usually obtained by asymptotic
methods, from the alteration of a homogeneous porous medium by a distribution of microscopic
fractures/fissures. In this context, the periodic homogenization, based on the assumption of the e-
periodicity of the structure properties, is an important modelling tool for a fractured porous media
process. Although it looks like an idealistic assumption, it usually authorizes a rigorous approach,
yielding many of the properties which must be taken into account at macroscopic level.

We consider that the heat and mass transfer takes place in a periodically structured domain
consisting of two interwoven regions, separated by an interface. It was not until the non-connectedness
assumption could be dropped out that the homogenization of phenomena in fractured media could be
studied rigorously (see [2], [25] and [26]). As the process at the microscopic scale takes place under
the assumption of e-periodicity, the study of its asymptotic behaviour (when € — 0) is amenable to
the procedures of the homogenization theory. We improve the properties of the e-periodic biphasic
structure introduced in [26], by attaching the so-called e-domes. They are placed in the last entire
e-cells contained in the domain, near its boundary, and they complete the e-periodic interface such
that it can be as smooth as it is needed, all the properties of [26] remaining valid.

The first region, the only one reaching the boundary of the domain, represents a connected porous
matrix, where, disregarding its pore scale, we consider the movement of an incompressible average
filtration fluid governed by the Boussinesq approximation of the Darcy-Forchheimer system. The linear
Darcy’s law relating the flow and the pressure gradient in the porous surrounding matrix relies on the
assumption of laminar flow (see [31]). Unfortunately, this assumption does not hold when high imposed
pressure gradients and resistance from fracture walls lead to reduced flow rates compared to the linear
Darcy relation. The standard extended model involves a Forchheimer correction term (see [13]) which
introduces a non-linear coupling between pressure gradient and flow rates. This Forchheimer term was
proved to be valid at higher Reynolds number by Muskat (see [23]).

The second region, representing the fractures which are not necessarily connected, is saturated
by an incompressible viscous fluid governed by the Boussinesq approximation of the Stokes system.

These two flows are coupled on the interface by the Saffman’s variant [28] of the Beavers-Joseph
condition [7], [19] which was confirmed by [18] as the limit of a homogenization process. Besides the
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continuity of the normal component of the velocity, it imposes the proportionality of the tangential
velocity with the tangential component of the viscous stress on the fluid-side of the interface.

The tensors of thermal diffusion of the two phases are e-periodic and not necessarily equal. On
the interface, the heat flux is continuous and proportional with the temperature jump. This first-
order jump condition presents an heat transfer coefficient which is also assumed e-periodic. Finally, a
temperature distribution is imposed on the boundary of the domain.

We prove the existence and uniqueness properties of the velocity, pressure and temperature
distribution, solutions of the corresponding thermal flow boundary problem. An L*-estimate of the
temperature, uniform with respect to ¢, is also presented.

As the Forchheimer effect vanishes with the small period of the distribution shrinking to zero,
we study the asymptotic behaviour of the flow when the Rayleigh number is of unity order, the
permeability of the porous blocks of unity order and the Beavers-Joseph transfer coefficient of e-order,
balancing the measure of the interface. Using the techniques of the two-scale convergence theory (see
[4], [9] and [24]), we find the two-scale system verified by the limits of the e-solutions and the local
problems which allow us to define the effective coefficients of the leading homogenized system.

The paper is organized as follows.

In Section 2 we present our fractured porous medium, the e-periodic structure provided with the
useful e-domes. The direct form of the thermal flow problem is introduced.

In Section 3 we prove the existence and uniqueness properties. The weak solutions of our nonlinear
problem are found by means of the Browder-Minty and Schauder fixed-point theorems. The primary
estimates are also obtained.

Section 4 is devoted to the homogenization in the case when the Forchheimer effect is vanishing.
We present the a priori estimates which serve as departure point for adapting the compacity results
of the two-scale convergence theory (see [4], [22] and [24]). Using the techniques of the two-scale con-
vergence theory (see [4], [9] and [24]), we obtain the so-called two-scale homogenized problem and the
solutions of the local problems which allow us to define the effective coefficients of the homogenized
system and eliminate some of the oscillating unknowns. In the case of non-oscillating permeability
tensor, we present an interesting macroscopic problem, governing all the leading non-oscillating un-
knowns.

At the end, there is added an Appendix A, where we prove a usefull inequality that was already
used in some particular cases (see [14] and [30]).

2. The fractured structure and the governing system

Let © be an open connected bounded set in RY, N € {2,3}, a manifold of class C* composed of a
finite number of connected components, locally located on one side of the boundary 02 with v its
outward normal.

We describe now the geometric structure of our fractured porous medium, similar to that intro-
duced in [17].

Let E be the rhombic polyhedron obtained by affixing square pyramids of 1/2 height on each
face of the cube Y =] — 1/2,1/2["V, that is

E = int(Conv(Y U {%e;, i =1,2,...,N})), (2.1)

where e; are the unit vectors of the canonical basis in RY.
For D CC E, an open set of class C?, we assume that Y; :=Y N D has the property

Y;neF ccxt, Vie{l,2,..,N}, (2.2)

where X% = {y € Y : y; = £1/2}.
For every i € {1,2,..., N} we define the corresponding two domes of Y} by

Df =Y +e)ND and D; =(Y —e;)ND. (2.3)
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Denoting Y :=Y \Yf, we assume that the reunion in RY of all the Y, parts, denoted by RY,
has a C? boundary; R}V is similarly defined. The characteristic functions of Y, and Yy are denoted by
Xs and xy, respectively; we also assume m := |Yy| €]0, 1[.

Without loss of the generality, we set the origin of the coordinate system in such a way that
there exists r > 0 with the property B(0,7) C RY.

For any ¢ €]0, 1] we denote

Z.={keZV: ck+eY CQ}, (2.4)
I.={k€Z.: ektee,+eY CQ, Viec{l,2,..,N}},
Qst = Uker, (ek + €Yf).
For any k € Z. \ I, denoting by

T ={ie{,2,.,N}, (ck+eD;)nQ5 £0}, (2.7)

we define the e-domes which have to be attached to QEf in order to regularize the interface between
the free fluid saturating the fractures and the filtration fluid saturating the porous matrix, by

Depy = (Ujeg+ (ek + eD))U (Ujey-, (ek +eD7)). (2.8)

We consider that the free fluid takes place in
Qef = int((Uer, (ek + €7 1)) U (Urezz, Der)). (2.9)
Consequently, the porous matrix and the interface between the two components are defined by:
Qs = Q\ Qcy, (2.10)
I'. =005 NN = 00y (2.11)
We assume that €., is connected and that for every € > 0, there exist k. € N, k. > 1, such that
0. = e, 0%, (212)

where every Q’Eff is a connected subdomain of ).y with dist(Qéf, Qif) > 0 if ¢ # j. The characteristic
functions of Q. and Q. are denoted by x.s and x.r, respectively.

Denoting I'* = aQ’;f, it follows that

I, =Uk T (2.13)

Denoting by I' = 0Y; N 0Ys; C 0D, by n the normal on 9D (inward to D) and by n°® the normal
on I'c (outward to €Qs), we have

n®(x) = n(x/e), for any x € (¢k + eI') with k € I, (2.14)

where the Y-periodic prolongation of n|r is still denoted by n.

The class of the connections between QEf and the corresponding e-domes is similar to that
between Y; and its domes, that is the class of D. This is an important advantage of the structures
with e-domes: the class of I'; is given by D and by the reunion of all the Y, parts in R, which can
be assumed as smooth as it is needed. There is also an important feature of our periodic structure,
provided with e-domes. As the (gk + €Y )-cells containing e-domes are of at most (4 — 2) types and
the distance between I'; and 0f) is greater than €/2, they do not affect the results obtained for the
classical e-periodic structures. The present structure preserves many specific properties (see [8], [12],
116, [17], [26]).

Now we can present the thermal flow problem which corresponds to our framework. If (u®®, p=*, =)
and (uf, pe/, 0°F) stand for the velocities, pressures and temperatures associated to the corresponding
phase of our structure, then they verify the following system:

divu®* =0 in Q. divef =0 in Qey, wonf=uf-n® on I, (2.15)

Vp® 4+ (1+ d5|lfs|i;2)AEu5S +a.0%g =0, |[u*|se= (fﬁtﬁsujs)l/2 in Q., (2.16)

15 Vi
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~divE® + a.07g; =0 in Q. Vi€{l,2,--- N}, (2.17)
; 1 (o) ou’
S = —pT 5+ e (u),  e(u) = - | S J in 0 2.18
J o+ eig(u),  eii(ut) A + o m - def, ( )
Poons + 350 + eB.(u — (W nFnS) =0 on T.,  Vie{l,2,---,N}, (2.19)
usI VoS — div(BEI VO ) = Q) in O, (2.20)
utVOT — div(BVO™) = Q° in Q. (2.21)
001 o0

ef _ s s __ f
Y Ber n$ = BS; o, ns, 6°°=0 on I. (2.22)
u®-v=0 on 0, v the outward normal, (2.23)
0° =7 on 09, (2.24)

where 7 € H'(Q) N L>(Q) has the property that 3r9 > 0 for which
|7| < 70 on O in the sense of H(£2) (see [20]). (2.25)

The symmetric permeability tensor A5 € L>(Q)NV*N | the Beavers-Joseph coefficient 3. € C*(Q)
and the symmetric conductivities B*/, B** € L (Q)N*N are given with the property that there exist
by and by > 0, by < b, independent of ¢, such that for any € > 0 we have

|A€‘LOO(Q) < bg, |B€S|Loo(ﬂ) < bz, |Bgf‘Loo(Q) < bg, a.e. in Q, (2.26)

Be > b1, ALGE > b1, BiiGi& > bi&iki, ijf&ﬁj > b1 &&, VEERN, ae inQ. (2.27)

The rest of the data are the Forchheimer coefficient d. > 0, the Rayleigh number a. > 0, the
exterior forces g € L?(Q)N, the heat sources Qf,Q* € L?(Q) and the Forchheimer exponent r € R
with the property:

r>2 if N=2 and 3<r<6 if N =3. (2.28)

3. Existence and estimates of the weak solutions

We present in this section the existence and uniqueness properties of the weak solutions of the con-
vection problem (2.15) — (2.24), together with an L>-estimate of the temperature.
Let us introduce the following spaces:

H={veH(iv,Q), v€L"(Q), v,=0 on 00}, (3.1)
V={veH, divv=0 in Q}, (3.2)
H.={veH, vlo,eH ()"}, (3.3)
Vec={veH, divve=0 in Q}, (3.4)

(3.5)

L3(Q) = {p e L3(®), /p:O},
Q

where v,, stands for the normal trace on 9f2.
For any v € H. we denote the normal trace on I'. in H(div,Q) by v, and the trace on T'; in
H'(Q:f) by vepv. As T is of class C?, let us remark that

Upe = (Yepv)nt € HY?(T,). (3.6)
Denoting
Ve = YU — (Ve )n° € Hl/Q(FE)N, (3.7)
we have also
(Yefv)? = (V) + (v4e)? ae.on .. (3.8)

We see now that H and H., endowed with the norms

[v|g = |v]Lr Q) + [diveo]r2(q), (3.9)
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Wl = |0, + 1divolrea.,) + le() 2.,y + & |vee]r., (3.10)
are Banach spaces. Moreover, by rescaling the corresponding inequalities in Y, we obtain

|’U|L2(st) < C(E‘V’U|L2(st) + 51/2"Y€f’U|L2(F€)), (3.11)
Y2 vpe|p2(r.y < C(Iv|L2(a..) + eldivol L2 ga..)), (3.12)

and consequently
|U|L2(Q5f) < C(|U|L2(QES) + E‘diVU|L2(QES) + 6|6(’U)|L2(ng) + 51/2|Ut5|L2(1"E)). (3.13)

A useful property of the present structure is the existence of a bounded extension operator similar
to that introduced in [1], [3], [8] and [10] in the case of isolated fractures.

Theorem 3.1. There exists an extension operator P. : H'(Q.y) — H'(Q) such that
Pou=u in Qg (3.14)
|e(P8u)|L2(Q) < C|€(u)|L2(Q€f), Yu € Hl(QEf) (315)

where C' is independent of €.
A straightforward consequence, via the corresponding Korn inequality, is

Lemma 3.2. There exists some constant C' > 0, independent of €, such that
|U|H1(st) < C|U|H5, Yu € H.. (316)
Denoting T¢ = 6° — 7 in (2.15)—(2.24), we are led to the following variational problem:
To find (u®,T¢) € V. x H}(Q) which verifies

/Q (1+d5|uE|TAZz)A5uEU+/ eij(ug)eij(v)—i—fsﬂg/ ufsv—i—aE/(TE—i—T)gv:Q Yo e Vg, (3.17)

Qs T. Q
/BEVTEVS—i—/uaSVTE:/QS—/uaSVT—/BEVTVS, VS € Hg(Q), (3.18)
Q Q Q Q Q
where we denoted
e | B¥® in Qg @ in Qg,
B _{ Bsf in st and Q—{ Qf in Qef« (3.19)

Theorem 3.3. There exists a solution of the problem (3.17)-(3.18). Any solution (u®,T¢) of (3.17)-
(3.18) has the property that T¢ € L>=(Q) and that for some ¢ > 0, independent of €, we have

VT L2(0) +|T° + Tre(o) < ¢ (3.20)
|20 + [0 o,y + € |ufe L2,y < coe (3.21)
0| Lr(0.n) < caZ/Td T (3.22)

Proof. By splitting the system according to the two distinct types of nonlinearities involved, we expect
to complete the proof by the Schauder fixed-point theorem.
For w € V., we define T}, € H}(2) to be the unique solution of the problem:

/ BVT,VS + / wSVT, = / QS — / wSVT — / B°VTVS, VS € Hy () (3.23)
Q Q Q Q Q
First, let us examine the continuity of the convective term.

/Q wSVT,| < \w|L7~(Q) ‘Tw|L27/(r—2)(SZ) |S‘H6(Q). (3.24)

As r > N, that is 2r/(r — 2) < 2N/(N — 2), and using the corresponding Sobolev inequality, we get
|Tw|L27‘/(r—2)(Q) < C|Tw|Hé(Q)~ (325)
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Also, asr € Rand r < 6 if N = 3, we have

lwlLr@. ;) < clwlmi.,), (3.26)
and together with (3.25), we finally obtain
/QUJSVTw < |wlu | Twlmp )11 (0)- (3.27)

Then, the existence and uniqueness results follow straightly from the Lax-Milgram Theorem.
Moreover, acting like in Theorem 3.9 (see [11] and [17]), we prove that T3, € L°°(£2) and there exists
¢ > 0 (independent of €) such that (3.18) is satisfied. Setting S = T, in (3.23), we obtain

IVTwlr20) < c(|Qlr2() + IVTIL2) + (1Q|L2(0) + T0)|w|L2(0))s (3.28)
where ¢ > 0 is independent of .
Also, we define F(w) € V. as the unique solution of the problem:

/st(l + d|F(w) TAZQ)AEF(’LU)U + /st eij (F(w))e;;(v) + efe /FE F(w)y v =
= —q, / (Ty +7)gv, Yo eV (3.29)
Q

The existence and the uniqueness can be proved by the Browder-Minty Theorem (see [32]) applied to
the strictly monotone function (see Corollary A.3 in the Appendices) G : V; — V. defined by

(Geu,v)v, v :/ (1—|—d8|u|;2)A€uv+/ eij(u)ei;(v) —|—6[3€/ Ut v, (3.30)
st st e
which is also bounded and hemicontinuous. As r > 2 and as for any u € H, we have
(Gew,w)v, vz = ce(lulfr(q.,) + |e(u)|%2(§2€f) + Juee \iz(ri)% (3.31)

for some ¢, > 0 independent of u, the coerciveness of G, follows.
Next, we estimate the range of F(w) with respect to w € V. Setting v = F(w) in (3.29) and calling
(3.18) we get for some ¢ > 0 independent of €

de|F(w) 5.y + [F(W)[72(0 ) + e(F(w)[Z2q. ) + el F(w)i|f2r.) <

< cae (10 + Q|2 (0)) | F(w)| 2 (0)- (3.32)
Using (3.13) we finally obtain:
|F(w)|r2(a.,) + le(F(w))|r2(a. ) + 2 F(w)e. | r2r.) < cae(ro + Ql12()), (3.33)
|F(w)|Lr (.. < e/ (10 + |QL2(e)) > "d- VT, (3.34)
that is, there exists ¢y > 0 independent of € such that
F(w)la, < erlae +a2/7d-17), (3.35)
Thus we have defined a mapping w € M, — F(w) € M., where
M.={veV., g <crla.+a?md-tm)}. (3.36)

We check now that F' is compact. Let (wg)gen be bounded in V; then, using (3.28) and (3.13), we see
that (VT,, )ken is bounded in L2(Q). As H}(2) is compactly included in L?(2), we find that there
exists a subsequence (Ty,,)w en Which is a Cauchy sequence in L?(£2). Using the strict monotony of
G., it follows from (3.29) that (F(wy))rren is a Cauchy sequence in V.

We see that the Schauder fixed-point theorem can be applied. Thus we obtain an element u € V. such
that u = F(u) and obviously (u,T,) € Ve x H}(f2) is a solution of the problem (3.17)-3.18).

The rest of the proof is straightforward. [ |

Remark 3.4. Problem (3.17)—(3.18) has a unique solution only if we assume the Rayleigh number
ae > 0 to be small enough.

We proceed by recovering the pressure which was hidden by the (3.17)—(3.18) formulation. Let
us introduce the spaces

V(Qur) = {v € D(Qp)Y, divo =0in Qp,}, h=sorf, (3.37)
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’ ]_ 1
Lo ={q € L§(Q), dlo., e W' ()}, S+ - =1, (3.38)
Remark 3.5. W' (Q.,) € L2(ks).
Theorem 3.6. Let (u®,T°) € V. x H}(Q)) be a solution of (3.17)-(3.18). Then there exists p° € L.
such that

/Q (1+d€\u€\TA§2)A5u€v+/Q eij(ue)eij(v)—i—sﬁg/ uisv—l—ag/(T‘E—&—T)gv:
es ef

I. Q

= / p°dive, Vv € H.. (3.39)
Q
Moreover, there exists ¢ > 0 independent of € such that
P°liz) < (@702 4o+ apl) and VPl < o (ac+ a2/ al) (3.40)

Proof. For some w € V({.5), we set in (3.17)
v = { 0 in Qo (3.41)

w in Qg
Applying the corresponding version of the De Rham theorem we find that Jp=5 € W1’ (Qes), unique
up to an additive constant, such that
—Vp™ = (14 de|u®[22) A0 + e (T° +7)g in L™ (). (3.42)
The corresponding Green formula follows:

/ (1 +ds|u5|;2)A5u€v+as/ (T 4+ 7)gv :/

es es Qes

Next, let w € V() and set in (3.17)

0 in Qg
v{ w i O (3.44)

p“divv+/ v, Vv € H,. (3.43)

Using again De Rham theorem, we find that 3p*/ € L?(Q. 1), unique up to additive constants corre-
sponding to each connected component of (). ¢, and such that
opf e (u®
- ; =0 (T 1 1)g — 22 H™Y(Qy). (3.45)
Z;

aifj
Defining 3¢ € L*(Q.¢)N by

Ejl = _psf(sij + €5 (’U,E) (346)
we see that div(2°) = a.(T° + 7)g; € L*(Q.f) and the Green formula follows:

/ eij(u®)ei;(v) +a5/ (T* +1)gv :/ pe/ dive + <EZ@,1}Z~>H71/27H1/2(FE), Vv € H.. (3.47)
Qaf Qif QEf

From (3.43) and (3.47) we deduce that

(S5k,vi) g2 /2 +/ P Une + 555/ ugzv =0, Yo eV (3.48)
I

€

We shall prove now that for a certain choice of the free constants, (3.48) holds for any v € H..
As QF is of class C?, we can introduce X5.,. € H-'/2(T'.) by

<Ei£n£’u>H—l/2,Hl/2(FE) = (Effg,unf}H_1/2,H1/2(FE), Yu € H1/2(FE). (3.49)

Also, for k € {1,2,--- ,k.}, we define QF : HY?(T'*) — H'Y?(T.) as the natural extension with zero:
k _ w(x), HS FISC

Qewlz) = { 0, well, itk (3.50)

First, let w € HY?(T.)N; we set in (3.48) v € V. with the properties
v=0 in Qs and v=w—wpn® on TI.. (3.51)
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Thus we obtain

(Sneswi) g1, /20,y = (Sqene s Wne ) g-1/2, m1/2(r,) +55€/ ugew =0, Vwe V..
T

€

(3.52)

Next, let w € HY?(T*) with / w = 0; obviously, there exists v € V. such that v = wn® on I'* and

re
v=01in Q\ QF. By setting such a v in (3.48) we get
<ij§ns,w>H71/27H1/2(F§) + /Fk pES’LU = 0.

€

where X2k . € H=1/2(T'%) is defined by
<Ei’§n5 5 U>H*1/2,H1/2(F’;) = <E7815n5 5 QI;U>H71/27H1/2(1—~5), Yv € H1/2(1—‘]€€)
Classic manipulations of (3.53) yield

1
Zilinz +p€s = |Fk‘ <<Zfﬁn57Q§1>H1/2,H1/2(FE) +/Fk pss> in H_l/Q(FI;).
€ €

Choosing the free constants of p°/ and p** such that
<Efzfn€aQ§1>H*1/2,H1/2(F5) + /Fk pES = Oa vk € {1, 27 e »ks}a

€

/ psf+/ P =0
Qe Q

€s

we find that
ka
k
<ZfﬁnfywnE>H—1/2,H1/2(FE) = Z@fﬁnszQs (wn€|F§)>H—1/2,H1/2(FE) =
k=1
k?E ka
= Z<Ef¢]§n67wn5|F’g>H*1/2,H1/2(F’g) =- Z<P€S7wne|r';>H71/2,H1/2(r§) =
k=1 k=1

ke
_ —Z/ka“<wns|pg) - —/F PP, Vw € H.
k=1 €

=

and hence (3.48) holds for any v € H..
Also, by adding (3.43) and (3.47), it follows that p® € L*, defined by
pE — pEf in Q&‘f7
p™* in Qe
satisfies (3.39).
Finally, as p* € L, there exists v € H. such that
dive® =p° in Q

v lm. < Clp°[r2(0),

(3.53)

(3.54)

(3.55)

(3.56)

(3.57)

(3.58)

(3.59)

(3.60)
(3.61)

with C' > 0 independent of . The estimate (3.40) is obtained by using (3.18)—(3.22) and (3.61) in a

straightforward manner.

4. Homogenizing the case of negligeable Forchheimer effect

In this section we shall study the asymptotic behaviour (when e — 0) of (uf,T¢,T¢) € V. x L. x H}(Q)

verifying (3.18) and (3.39), as the Forchheimer efect is vanishing, that is,
d. — 0.

(4.1)
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In the framework of the homogenization procedure, we assume that there exist A €L°(Q, L, (Y))VN

B € Coo(Y), B and B® € LR, (V)N such that per
00 (2). 1= (02), 70~ (2) w00~ 87 2) <0, 02

B>b1, A&E >b1&&, BIGE > 0166, and BYGE > b6, VEE RN ae in QY. (4.3)
Also, there exists a > 0 such that
o -« when & —0. (4.4)
Under these conditions, the estimates (3.20)—(3.22), (3.40) and the relation (3.42) yield

uf| L (q.,) < Cd7YT,

VT L2(0) + |T¢| L= () < C,

(4.5)
[u®| L2 (@) + VU2 (., + eluie| L2, < O, (4.6)
(4.7)

1Pl 12oy + 190 (0 < (4.8)
for some C > 0 independent of €.

From (4.5) we obtain immediately

/ do|uf|""2A%ufv — 0, Vv € H., (4.9)
that is, the Forchheimer term has no macroscopic influence in this case.

For any h € {s, f} and for any function ¢ defined on  x Y, let us introduce the following
notations.

Hpyer(div,Y) = {p € Hype(div,RY), ¢ is Y-periodic}, (4.10)
Voer(div,Y) = {¢ € Hper(div,Y), divyp =0in Y }, (4.11)
. 1
Sph = SD‘QXY}” @h = 7 Qp(ay)d?% h € {Svf}v (412)
Yal Jy,,
= / (-, y)dy, thatis @ = (1—m)@*+mp’. (4.13)
Y
Hloo (Vi) = {¢ € H. (R})) ¢ is Y-periodic}, (4.14)
Hyo(Yi) = {0 € Hyo (Ya), ¢ =0}, (4.15)
Also, for any sequence (¢°)., bounded in LP(Q2 x Y), 1 < p < oo, we denote
° e
when ¢° is two-scale convergent to ¢ € LP(Q x Y') in the sense of [22] and as usual
Hy(div, Q) = {v € H(div,Q), v, =0 on 0Q}, (4.16)
Vo(div, Q) = {v € Hy(div,Q), divoe =0 in Q}. (4.17)
From (4.6), it follows that Ju € L2(2 x Y)" such that, on some subsequence
ut B (4.18)
ut — / y)dy € Vo(div,Q) weakly in  L*(Q)V (4.19)

£

0
Also, we see that (xesu®)e, (Xefu®)e and <nga1;

i

> are bounded in (L2(Q))Y, Vi € {1,2,--- , N}.

This situation was already studied in [15] and we recall the results proved there.
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Theorem 4.1. There exist u € L*(, Vyer(div,Y)) and w € L*(Q, (H.(Ys)/R)N) such that the fol-
lowing convergences hold on some subsequence:

u® = u, (4.20)
Xef Vs 2 xp(Vul +Vyw;), Vie{l,2,--- N} (4.21)
Moreover, we have
uw =al e H} (Q) (4.22)
@ € Vp(div, Q) (4.23)
divyw +dive’ =0 in Q x Y;. (4.24)

Concerning the temperature behaviour, from (4.7), and using the compacity result of [4], we get

Theorem 4.2. There exist T € H}(Q) and R € L*(Q, H!,.(Y)/R) such that

per
AN (4.25)
ore o (0T  OR .
— = | =+ = 1,2,--- N} 4.26
T2 () vieqz ) (4.26)
Moreover, T € L () and we have
T¢ =T weakly in Hi(Q) and weakly star in  L>(S2). (4.27)

Theorem 4.3. There exists p € L3(Q x Y) with p* = p* € wtr’ (Q), such that on some subsequence
we have
2. (4.28)

Proof. Calling (4.8), the compacity result of [4] implies the existence of some p € LZ(Q x Y') such that
(4.28) holds on some subsequence.
By rescaling the corresponding Rellich-Kondrachov inequality in Yy, we have

lalzr (0., < Celalwir.,) Vae Wy (D). (4.29)

Thus, taking (3.42) into account, we obtain

(VD™ @)y iy = aVP=| <ldler .0 VPl a.,) < Celdlwir.,),  (4:30)
) 0 ( 65) Q 0 ( )
that is,
|Vpss|W71,w (st) S CE. (431)
Then, using the extension operator of Lipton-Avellaneda ([21]), Qcs € L£(L?(Qes), L2(£2)) defined by
w(x) in st;
QesT = 1 (4.32)

m(y)dy in Qgy,
Z':|Y—S| ek+eYs =

Theorem 3.2 of [26] implies that there exists ¢° € L?*(Q) such that

Qesp™* — ¢° in L3(Q) (4.33)
XesP™ 2 xs(y)g*(2) in L2(QxY). (4.34)
Passing the equality
XesQesD™ = Xesp®  In LP(Q), (4.35)
at the two-scale limit, we obtain
Xs()q’ () = xs(y)p(z,y) for a.a. (z,y) € A xY, (4.36)

that is, p* = p* € L*(Q).
Moreover, (3.20)—(3.21) of [26] reads:
Qesp™° — p° in L"(Q)/R, (4.37)
V(Qesp™) = Vp* in W HT(Q). (4.38)
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Noticing that

IV (Qesp™) L () T IVPT L () < C, (4.39)

we infer that (4.38) implies
V(Qesp™®) — Vp* in L7 (Q), (4.40)
that is, p* = p* € WL (Q). [ |

Now, we can present the so-called two-scale homogenized problem, verified by the limits given
by Theorems 4.1-4.3. We find this problem to be well-posed at least for « sufficiently small. Hence,
the asymptotic behaviour of u®, T° and p° is completely described by the solutions of this problem,
via (4.20)—(4.21), (4.25)—(4.27) and (4.28).

Denoting
HOQxY)={uec L*(QxY), divyu=0in QxY, v/ =@/ € H}(Q)V, @ € Hy(div,Q)}, (4.41)
VQxY)={ue HQxY), divi =0in Q}, (4.42)

we see that
X=H@QxY)x L*QH. (Y)N) (4.43)

P
is a Hilbert space endowed with the scalar product

((u, 0), (. 9))x = / e / divii divg + / (el e () (o) e (v). (44

We also have to introduce the following spaces
M={qeLj(QxY), ¢ =¢ eH(Q)},
Xo={(u,w) € X, divi=0 in Q, divyw+divu/ =0 in Q x Y;}.
Theorem 4.4. (u,w) € Xo, (T, R) € H () x H:,.(Y)/R and p € M, the limits of the convergences

per

(4.20)-(4.21), (4.25)-(4.27) and (4.28), verify the following system:

/ B(V(T+T)+VyR)(V<I>+Vy\II)+/ﬁ@V(T+7):/Q@, V(®, V) € Hy () x H)o (V) /R, (4.45)
QxY Q Q

/ Aug + / (e(u) + ey () (e(@) + &) + [ B! —uln)p +a / (T +7)g¢ =
QxYs QxYy

QxI Q

= / p°divp +/ (pf —p®)(dive +divyy), V(p,v) € X. (4.46)
Q QxY;

Proof. First, for some ® € D(Q2) and ¥ € D(Q,C,(Y)), we set S = & + ¥ in (3.18), where
Ve (z) = U(z,z/e) for a.a. x € Q. Using (4.20)—(4.21) and (4.25)—(4.27) we easily obtain (4.45), even
the convergence of the convective term, as

/ utOVTE = — / Tu*V® and wu® — @ weakly in L*(). (4.47)
Q Q

Next, let ¢ € D(Q,C2, (Y)Y and ¢ € D(Q, C%,.(Y5))Y such that (p,%) € X. Let ¢ a prolongation of

per per

¥ to D(Q, I:Ipcr(div, Y’)), which can be done, for instance, by considering a certain Neumann problem
in Y;. Denoting, as usual, ¢°(z) = ¢ (x, g) and ¢°(z) = ¥ (m, g), we can set v(x) = ¢ (z) + ep° (z)

in (3.39). Passing to the limit with ¢ — 0 and using the two-scale convergences of Theorems 4.1-4.3,
we obtain:

/ pEdiv(p® + ) = / P (diva)F + (divy )" + e(divatp)?) +
Q Qey

—I—/p5 ((div,p)s + (divylﬁ)E + a(divxw)s) — / p! (divye + div, ) +/s p° (dilep + divy1ﬁ> )

Qes QxYy XY
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As p € M, we have also

/ pidivy e = */ Pthp = f/ p°divyy
QxYs QxT QxYy

and the convergence of the right-hand side term of (3.39) is proved. All the other convergences are
straightforward, except that on © x I';, which is similar to that in [17]. [ |

The system (4.45)—(4.46) will provide all the local solutions of our problem, allowing us to
successively eliminate some of the rapidly oscillating unknowns from the governing system.
First, denoting

Vi = {p € (Hpee(Yy)/R)Y, divyp =0}, (4.48)
Ky ={p € (Hye,(Yy)/R)", divyp = ~1}, (4.49)
for any k,h € {1,2,--- ,N} we define RF € H}_ (Y)/R, (W"", ¢"") € V; x L§(Yy) and W € Ky as
the unique solutions of the following three problems:
| BV ROV =0, Vo€ HL ()R, (4.50)
Y
B* in Y,
whereB:{ B/ i Y;,
Sy, QGikdin + ey.ig(WH)) ey,ij () = [y, a*divyyy, Vi € (Hpe(Ye)/R)Y,
(4.51)
Jy, adiv, (W) =0, Vg € L3(Y)),
| amew =0 viev, (45
¥

The existence and uniqueness results for (4.50) and (4.51) are obtained by the Lax-Milgram The-
orem. Regarding (4.52), we notice that W is the projection of 0 on the closed convex K; # () in
(Hper (Yy) /R)Y.

Setting ® = 0 in (4.45) and ¢ = 0 in (4.46), we find that R, w and p have closed expressions
with respect to u/, T and p°:

R(z.y) = R ()5 (0), (4.53)
w(z,y) = W (y)ei;(u)(z) + W(y)div(e!)(z), (4.54)
o (z,y) = p*(z) + qij(y)eij(uf)(x), for a.a. (z,y) € QA xY. (4.55)

Using (4.53)—(4.55), we elimitate R, w and p/ by an appropriate choice of test functions, respectively

;0P
\Ij: 7
R8

Lg

in (4.45) and ¢ =W4e;;(p) in (4.46).
Thus we find the system which determines the leading limits of our homogenisation process.

Theorem 4.5. Ifu € V(QxY), T € HY(Q) and p € M are the limits given by Theorems 4.1, 4.2 and
4.3, then they verify the following system:

/ BHV(T+T)V<I>+/ﬂ(I)V(TJrT):/QcI), YO € HL (D), (4.56)
QxY Q Q

[ awe vl [ etuhente) +msll [ ufel +a [ (@ +796 -

QXY Q Q Q

- / pPdiveg, Ve e H(QxY), (4.57)
Q

where the so-called effective coefficients which appear in (4.56 )—(4.57) are given by

ORF OR"
Bg = /YBkh (5z‘k + ay) (5]' + 8y> ) (4.58)
i j
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1 -
,ugkh = W ((5Zk§mh + ey’gm(th)) (6gi5mj + ey’gm(W”)) + ey(W) ey(W)(Sikéjh) s (4.59)
Yy

H_ 1 () ())do
8= 51 A6y = )i, (1.60)

Remark 4.6. The tensors B and pf are positive-definite and have the usual symmetry properties
Bg = Bﬁ and ugkh = p,gnj = ,uﬁkh; BH is also symmetric and has the property:

5 /Q pipj = /M B(ve — (vp))® >0, Vo e Hy(N. (4.61)

Remark 4.7. In the case when A is independent of y, that is A € L>(Q2)V >N we can go further. The
system (4.56)—(4.57) yields:

1 ap*
uf = ul — / Uk(y) ) (Agju! +a(T+7m)g+ ) in L2QxY,),  (4.62)
Yl Jy J Dk
where U* € Hy(div,Y;) is the unique solution of
/ AUrO = / O, VO € Hy(div,Ys). (4.63)
Y, Y,

Noticing that (\?ll fYS Uik (y)) are the elements of a symmetric and positive-definite matrix, we define
its inverse by Af. Thus, redenoting § = T + 7, we find that
(@, uf, p*,0) € Hy(div, Q) x HL(Q) x WL (Q)/R x H'(Q) is weak solution of the system
(1 —m)divi® + mdivu =0 in Q (
Vo' + ATa® 4+ abg = (AT — A)u! in Q, (4.65
Vp* —div(pfe(u!)) + abg = —pu/ in Q, (
—div(BAVO) +aVo = (1 -m)Q* +mQ’ in Q. (
=1 on ONQ. (4.68

This is a model of two coupled thermal flows, neither of them being incompressible. The terms of the
right-hand sides of (4.65) and (4.66) come from the Beavers-Joseph and the incompressible transfer
conditions on the vanished interface.

Appendices

A. A result of strict monotonicity
We present here the inequality claimed in the proof of Theorem 3.3.
Theorem A.1. Let (-, )y be an inner product on a vector space V over R and let |- |y be the associated
norm. Then, for every p > 2, it holds:
lu 4B < (12ulfu + 205 20,0+ v)y, Vu,v € V. (A1)
Proof. The cases when p =2 or u = 0 or v = 0 are obvious. Then, let p > 2, u # 0, v # 0; denoting
luly =a >0, |[v]y =b> 0 and |u+ v|y =t and defining f : [0,4+00) — R by:
ft) =12 — 273 (aP~2 4 b= 2)¢2 — 2P 3(aP~2 — b 2)(a® — b?) (A.2)
we see that (A.1) is equivalent to:
f(t) <0, Vte[la—bl,a+b]. (A.3)
As f is decreasing on [0, ] and increasing on [t, +oo[ where

pP—2 4 pp—2 p%z
to=2 <a ; ) ) (A4)
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the proof is completed by the following two inequalities:
f(0) = —=2P73(a?"% = b"7%)(a® — %) <0 (A.5)

flat+b)=2r (a;—b) <((a;b))1)—1_“”_1‘;b‘7_1> <0 (A.6)

which holds for any a,b > 0 as p > 2.
When A = I, the following results have been already proved in R?(see [14]) and in R (see [30]).

Corollary A.2. Let A be a positive-definite matriz on RN, N > 1, and p > 2. Denoting by (z,y)a =
(yTAz)Y2, Yo,y € RN, and by | - |4 the associated norm, we have

o =yl <2772z — )" (|2l * Az — |yl " Ay),  Vo,y € RV, (A7)
Corollary A.3. Let A € L>(Q) be symmetric with the property that 3o > 0 such that
Aij(z)&& > alé]?, VEERYN, forae xzeQ. (A.8)
with Q a bounded domain in RY, N > 1. Then, there exists m > 0 such that for any p > 2 it holds:

/(|u|ﬁ_2Au — o5 Av,u — v)dx > m/ |lu — v|Pdx (A.9)
Q Q

where (-,-) denotes the Euclidean inner product on RY.
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