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Abstract

We consider a complete probability space (€2, F,P), which is endowed with two fil-

trations, G and F, assumed to satisfy the usual conditions and such that F C G. On this
probability space we consider a real valued special G-semimartingale X. The results
can be generalized to the case of R™ valued special semimartingales, in a straightfor-
ward manner. We fix a truncation function with respect to which the semimartingale

characteristics are computed.

The purpose of this work is to study the following two problems:

A. If X is F-adapted, compute the F-semimartingale characteristics of X in terms of

the G-semimartingale characteristics of X.
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B. If X is not F-adapted, given that the F-optional projection of X is a special
semimartingale, compute the F-semimartingale characteristics of F-optional pro-
jection of X in terms of the G-canonical decomposition and G-semimartingale
characteristics of X.

An important motivation behind the study originated in this paper is coming from
the theory of stochastic structures that has been under works in recent years. One
of the problems arising in this theory can be summarized as follows: Suppose that
S = (S',...,8") is a multivariate semimartingale. Suppose that (B?, C?, %) are the
semimartingale characteristics of the semimartingale S’ in the natural filtration of S.
The problem is to find the semimartingale characteristics of S? in the filtration of a sub-
group of coordinates S, ... S% iy, ... ip € {1,...,n}, of S, in terms of (B?,C*,v?).

Keywords: Special semimartingale, filtration shrinkage, optional projection, semi-
martingale characteristics

Mathematics Subjects Classification (2010): 60G99,60H99

1 Introduction

This paper is meant to initiate a systematic study of the change of properties of semimartin-
gales under shrinkage of filtrations and, when appropriate, under respective projections. The
paper does not aim at a complete and comprehensive study of the topic. Rather, we analyze
in some special settings a selection of relevant research problems. Our study contributes, we
believe, to understanding and solution of these problems.

We consider a complete probability space (€2, F,P), which is endowed with two filtrations,
G and FF, assumed to satisfy the usual conditions and such that F C G. On this probability
space we consider a real valued special G-semimartingale X. The results can be generalized
to the case of R" valued special semimartingales, in a straightforward manner. We fix a
truncation function with respect to which the semimartingale characteristics are computed.

The purpose of this work is to study the following two problems:

A. If X is F-adapted, compute the F-semimartingale characteristics of X in terms of the
G-semimartingale characteristics of X.

B. If X is not F-adapted, given that the F-optional projection of X is a special semi-
martingale, compute the F-semimartingale characteristics of F-optional projection of

X in terms of the G-canonical decomposition and G-semimartingale characteristics of
X.

So, in a sense, we study problems, which are complementary to problems that arise when
one studies what happens to a semimartingale under enlargement of filtration. The litera-
ture regarding enlargement of filtrations is quite abundant (see, e.g., the recent monograph
[AJ17] and the references therein). On the contrary, the literature regarding the shrinkage
of filtration and its effect on the properties of a semimartingale is essentially non-existent.
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Two notable exceptions are Section I1§6 in [LS89] and Section IX.2 in [Jac79|, that fea-
ture partial versions of some of our results. Related study is also done in [BY78| where,
however, a different, from our special semimartingales, class of processes was investigated
(called semimartingales there); interestingly enough, our formula can be obtained
from Proposition 4 in [BY78|. Special cases of our Lemma are present in the literature
in the context of the filtering theory. So, to the great extent our work provides an original
contribution to the systematic study of the change of properties of semimartingales under
shrinkage of filtrations.

Also, contrary to the theory of the enlargement of the filtrations, where only initial
and progressive enlargements are studied, here we do not make any specific restrictions
regarding relation between the filtrations G and FF, except for the inclusion condition F C G,
and, additionally the immersion condition in Section [4]

An important motivation behind the study originated in this paper is coming from the
theory of stochastic structures that has been under works in recent years (cf. [BJNng]).
One of the problems arising in this theory can be summarized as follows: Suppose that
S = (S',...,S9™) is a multivariate semimartingale. Suppose that (B?, C? 1) are the semi-
martingale characteristics of the semimatingale S* in the natural filtration of S. The problem
is to find the semimartingale characteristics of S* in the filtration of a sub-group of coordi-
nates S, ..., S% iy,... 15, € {1,...,n}, of S, in terms of (B’ C*,1').

The paper is organized as follows. In Section [2] we formulate the mathematical set-up
for our study and we recall some useful concepts and results. In Section [3| we study problem
A. In Section {4 we study problem B. In Section [5| we provide several examples illustrating
and complementing our theoretical developments. The complexity of the examples varies.
But all of them are meant to illustrate our theoretical developments, even though results
presented in some of the examples might possibly be obtained directly.

Finally, in Section [6] we formulate some non-trivial open problems, solution of which will
require more in-depth understanding of subject matters discussed in this paper.

2 Preliminaries

We assume that the semimartingale X has jumps with absolute value bounded from above
by some constant a > 0. Without loss of generality we take a = 1.
The (special) G-semimartingale X admits the unique canonical decomposition of the
form
X, = Xo+ MF + BY, t>0,

where M® is a G-local martingale such that M = 0, and B® is a G-predictable process
with finite variation and B§ = 0. Under our set-up, the process X can be written as

X, = Xo+ X% + // (ds,dx) — v°(ds,dx)) + BY, t>0,

where X%C is the continuous G-martingale part, x is the jump measure of X as defined in
Proposition 11.1.16 in [JS03|, and € is the G-compensator of y. The above representation
is the consequence of the Corollary II 2.38 in [JS03].
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In what follows, we will use the standard truncation function x(x) = 1 ;<1, and all the
semimartingale characteristics will be considered with respect to this function.

For X as above, i.e., with jumps bounded by 1, the G-semimartingale characteristics are
(B¢, CC, %), where C® is the G-predictable bracket of X*€ (cf. [JS03] Proposition 11.2.29).

In view of Proposition I1.2.9 in [JSO03|, there exists a G-predictable, locally integrable
increasing process, say A®, such that

B® =15.4% 0% =A% W8(dt,dr) = KT (dr)dAY,
where

i. b% is an R-valued and G-predictable process,

ii. c®is an R,-valued and G-predictable process,
iii. K°(w,dx) is a transition kernel from (Q x Ry, Pg) to (R, B(R)), satisfying condition
analogous to condition I1.2.11 in [JSO3|, and where Pg is the G-predictable o -field on

Q xRy,

and where - denotes the stochastic or Stieltjes integral, wherever appropriate.
We will assume that

t
Af’:/ aldu, (2.1)
0

where a” is a G-progressively measurable process. This assumption will be satisfied in
examples studied in Section
In what follows we use the following notions and notation:

G

1. For a given process Z, we denote by *¥Z the optional projection of Z on F defined in
the sense of He et al. [HWY92], i.e., the unique F-optional, finite valued process such
that for every F-stopping time 7 we have

E(ZT:H-T<<>0|-;CT) - O7FZTI]-T<OO'

Note that by Theorem 5.1 in [HWY92] this optional projection exists if Z is a measur-
able process such that Z, 1., is o-integrable with respect to JF, for every F-stopping
time 7. That is, there exists a sequence of sets (A,)>2, such that A, € F., 4, 1T Q
and E(Z, 1,c0014,) <ooforn=1,2,....

2. For a given process Z, we denote by »¥Z the predictable projection of Z on I defined
in the sense of He et al. [HWYO92], i.e., the unique F-predictable, finite valued process
such that for every F-stopping time 7 we have

]E(ZT]]-T<OO|-FT—) = p’]FZTI]'T<OO‘

Note that by Theorem 5.2 in [HWY92] this predictable projection exists if Z is a
measurable process such that 7,1, is o-integrable with respect to F,_ for every

predictable F-stopping time 7. That is, there exists a sequence of sets (A,)>2, such
that A, € F._, A, T Qand E(Z, 1, 14,) <ocforn=1,2....
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3. We will also need a notion of F-optional and F-predictable projections for any function
W:Q— R, which is measurable with respect to F, where

Q:=QxR, xR, F:=FRBR,)®B(R).

The F-optional projection of such a function W is defined as the function W on
Q) x Ry x R, which is such that for all z € R the process "W (-, ) is the optional
projection on I of the process W (-, z). Similarly, the F-predictable projection of such
a function W is defined as the function »*W on Q x R, x R, which is such that for all
x € R the process PP (-, ) is the predictable projection on F of the process W (-, z).

4. We denote by Or (resp. Pr), the F-optional (resp. the F-predictable) sigma-field on
Q) x R, generated by F-adapted cadlag (resp. continuous) processes. Analogously we
introduce the sigma fields Op and Pr on () defined by

Op = Op @ B(R), P :=Pr @ B(R).

5. A random measure 7 on B(R,) ® B(R) is F-optional (resp. F-predictable) if for any
(’)F—measurable (resp. P]F measurable) positive real function W, the real valued process

V(w,t) := / W(w, s, z)m(w;ds, dx)
[0,t] xR

is F-optional (resp. F-predictable); equivalently if for any positive real, measurable
function W on €

E( e W(s,x)ﬁ(ds,dx)) :E<A+XRq’FW(S,x)W(dS,dx)),

where ¢ = o (resp. q = p).

6. We say that a random measure 7 on B(R;)®B(R) is F-optionally (resp. F-predictably),
o-integrable if the measure M, on F defined by

M(B) = E(/MR 1w, (e, dt, d:@), BeF (2.2)

restricted to 6]1: (resp. to 7511?) is a o-finite measure. In other words 7 is FF- optlonally,

resp. [F-predictable, o-integrable if there exist a sequence of sets Ak € (’)]F7 resp.
Ay € Pr , such that A, 1T Q and M, (Ak) < oo for each k.

7. For a random measure 7 on B(R,) ® B(R) we denote by 7°F the F-dual optional
projection of m on F, i.e., the unique F-optional measure on B(R,) ® B(R) such that
it is F-optionally o-integrable and for every positive Op-measurable function W on €2,
we have

]E< W (t,z)m(dt, d:c)) - E( W (t, )7 (dt, d:c)).

R+><R
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The F-dual predictable projection of m on F, denoted by 7PF, is defined analogously,
as the unique F-predictable measure on B(R,) ® B(R) such that it is F-predictably
o-integrable and for every positive Pp-measurable function W on €2, we have

E( W (t, )7 (dt, dx)) - E( W (t, 2)mP* (dt, d@).

R+ xR

We note that existence and uniqueness of 7% (resp. 7PF(dt,dr)) holds under as-
sumption that 7 is F-optionally (resp. F-predictably), o-integrable (see e.g. [HWY92
Theorem 11.8]).

8. For any process A and any (stopping) time T', we denote by AT the process A stopped
at T

In the rest of the paper we shall study the F-characteristics of X in the case when X is
F-adapted, and the F-characteristics of the optional projection of X on FF in the case when
X is not F-adapted, assuming that such optional projection exists.

3 Study of Problem A: The Case of X adapted to [F

In this section, we consider the case where X is F-adapted. Then, according to [Str77] X is
a special F-semimartingale and it can be decomposed as

t
X, =Xo+ M +BFf = Xo+ X" + / / x(pu(ds, dx) — V" (ds, dz)) + By .
0 E

As before, we have that in view of Proposition 11.2.9 in [JS03|, there exists an F-
predictable, locally integrable increasing process, say A¥, such that

B =b" A", CF =AY, VF(dt,de) = K[ (dr)dA;.

We make the following assumptions:
Al. For every t > 0 we have

u

t
E/ 1bEal|du < oo,
0

where o€ is defined in 2.1
A2. The process b%a® admits an F-optional projection.
A3. The process M is a true G-martingale.

Remark 3.1. In view of assumption A3 process M® is a true F-martingale as well. If the
process M® were a G-local-martingale but not a true G-martingale, then it might not nec-
essarily be an F-local-martingale.

We will need the following two technical results.
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Lemma 3.2. Suppose that A is an F-adapted process with prelocally integrable variation,
H is a process admitting an F-optional projection, and such that H - A has an integrable
variation. Then

M ="F(H-A) — (°*H)-A
15 a uniformly integrable F-martingale.

Proof. Applying [HWY92, Corollary 5.31.(2)| to the process H - A, we conclude that the
process
M =F(H-A) — (H-A)*F

is a uniformly integrable martingale. Now, by [HWY92, Theorem 5.25 | and the remark
following this theorem, we have

(H . A)o,]F — (o,IFH) . A,
which finishes the proof. m
Lemma 3.3. Let A1 and A2 be satisfied. Then, ®*B® and IN oF(pCa®)du exist and the
process MP given as

t
MtB _ o,]FB;G _ / O’F(bGaG)udu, t>0, (3.1)
0

is an F-martingale. In particular, if F is immersed in G then MP is a null process.
Proof. Since, by assumption A1, the process B® = fot H,ds, where H, = a®b®, is prelocally
integrable and, by assumption A2, H has an optional projection, we may apply [HWY92,
Theorem 5.25] and conclude that **B® and [, *F(b%a®),du exist.
Now, fix T" > 0 and let
Ly = aibilyery, t>0.

Then, invoking A1, A2 and applying Lemma 3.2 with A; = ¢ we conclude that >F(L-A) and
oF[,. A exist and the process

Nt = O’F(L'A)t — (O’FL'A)t, t> O, (32)

is a uniformly integrable F-martingale. Now note that L-A = (L-A)T = (H-A)T so, by
[HWY92, Theorem 5.7|, we have for ¢ € [0, T

KL -A), = “N(H-A)"), = “F(H-A),. (3.3)
Using the definition of L and applying again [HWY92, Theorem 5.7| we have
o,IFL — O’F(Ll[O,TQ — 1[07T}O’FL — 1[07T}0’F(LT) — 1[07T]O,F(HT) — 1[07T]O,FH7

which implies that
FL-A=(lon™"H)-A=(""H-A)". (3.4)



May 11, 2019 Shrinkage of Filtration 8 of 2§

Using (3.3) and (3.4) we see that the martingale N defined by (3.2)) can be written on [0, T
as

t
No= S A) — (CHA) =B — [ 70Fa)du. te.T)
0

Since T' was arbitrary, this proves that the process given by (3.1]) is an F-martingale.
Finally, we will now prove that if F is immersed in G, then the martingale M? is a null
process. Indeed, for any ¢t > 0, we have

t t
"B =E (/ by a Gdu|E> = / (b ag | F) du
0 0
t t
:/ (bga|F.) du —/ *E(b%a%),du,
0 0
where the third equality is a consequence of immersion of F in G .

The proof of the lemma is complete. O]

Remark 3.4. Special versions of the above lemma are known in the filtering theory. See for
example Lemma 8.4 in [LS01], or the proof of Theorem 8.11 in [RW00).

The next theorem is the main result in this section.

Theorem 3.5. Assume A1-A3. Then, the F-characteristic triple of X s given as
BF :/ FCa®)ds, CF =CC, Ji(dt,dx) = (Kf’(das)a;c’dt)p’]F
0

Proof. Given our assumptions Al and A2 we see from Lemma that > B® exists. In view
of A3 process M® is a martingale and thus the optional projection > M® exists as well (see
[HWY92, Remark 5.3 and Theorem 5.8]). From this and from the linearity of the optional
projection we thus conclude that the optional projection ¥ X exists, and is given as

O,IF'X — XO + O,IFMG + O,FBG' (35)

Since X is F-adapted we have
oFX = X. (3.6)

Combining (3.5)) and (3.6)) we obtain
X =Xo+ “"M® + " B°.
Thus, since the process °F BE — [ *F(b¢a®), du is an F-martingale (by Lemma again),
and since, in view of A3, the process ®*M® is an F-martingale, we see that

t
Xy = Xo+ M/ + / “F(05a®)ds,
0

where M} = °FME + °FBE — [7 oF(54%),du. Thus, by uniqueness of the decomposition
of the special F-semimartingale X, we conclude that

t
Bf:/ oF(h%a%) ds.
0
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The second formula, C* = C®, follows from [Jac79, Remark 9.20, p.288].

It remains to derive a formula for v¥. Towards this end, we recall that v® = ;»® is a

Pg-predictably o-integrable random measure (i.e., using the notation (2.2)), M, is o-finite
on Pg, ) such that
Mye|p, = M|z, -

Thus since 7315‘ - 75@, we have
Ml,@\ﬁw = M#‘ﬁp' (3.7)

Since M, is o-finite on Pr (see the proof of Theorem 11.15 [HWY92], with P there replaced

by 75]14-), the above implies that M ¢ is also o-finite on 75]F. So v/© is F-predictably o-integrable.
Thus it has the F-dual predictable projection (v®)P¥ which is characterized by

M|z, = My, (3.8)

This and (3.7) implies that
M(VG)p’F|'§F = Mﬂ|'§3'

So, by the uniqueness of dual predictable projections we have (v®)PF = vF. The proof is

complete. [

Remark 3.6. Let us note that we also have
(P = ()T

Indeed, by analogous reasoning as in the proof of [HWY92, Theorem 11.8] we can prove that
the random measure ¢ admits an F-dual optional projection if and only if it is F-optionally
o-integrable. Now, recall that M,c is o-finite on Pr. This and the fact that Pr C Or
implies that M,c is also o-finite on O, so v® is F-optionally o-integrable. Thus there exists
(v®)°F — the F-dual optional projection of ¥, i.e., the unique F-optional measure which is
F-optionally o-integrable such that

M,,(G,‘@F = M(VG)O,F’@F.

Hence we have
MVG’ﬁF = M(VG)O,]F’ﬁ]F . (39)

Since M,c is o-finite on ﬁp, 0 i8 M ey or. Therefore, invoking again [HWY92, Theorem
11.8|, we conclude that there exists the F-predictable projection of (v®)°F ie. ((v©)oF)PF
for which we have

M((VG)O,F)p,]F’zﬁF — M(VG)O*]F’ﬁ]F'

From the latter equality and from (3.7) and (3.9) we deduce that
]\4—((I,I}v)o,ll")p,]F|73]F == M/J'|73]F'

By uniqueness of the F-dual predictable projection of p we finally obtain /¥ = ppf =

(). 0
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The case of immersion between F and G.

We briefly discuss here the case when F is immersed in G, i.e., any F-local martingale is a
G-local martingale. In this case we may relax our assumptions regarding the semimartingale
X.

In particular, we assume that X is a G-semimartingale with G-characteristic triple
(B®,C% v®), but we do not assume that its jumps are bounded by 1, neither that X is
a special G-semimartingale. As before, X being F-adapted, it is an F-semimartingale and
we denote its F-characteristic triple as (B, C¥, %),

We will show that (BY, C* ") = (B¢, C¢,1°). Towards this end, let us consider the
process X defined by

Xi=X,—Xo— > AX,Ljax, 1.

O<u<t

Clearly, the process X has bounded jumps and is both G-adapted and F-adapted. Thus,
it is a special semimartingale in both filtrations, and hence it has the canonical decomposi-

tions y
X = M¥ + BF = M© + B®.

Since, by immersion, M¥ is a G martingale and, obviously, B" is G-predictable, one has
that M® = M¥ and B® = BF (by uniqueness of canonical G-decomposition of X).

The fact that CF = CC follows, again, from [Jac79, Remark 9.20, p.288)].

Finally, we verify that ® = vF. Note that, for any positive real measurable function ¢, the
process g* 1 — g* " is an F-local martingale and hence, by immersion, a G-local martingale.
This implies, by uniqueness of the compensator and by the fact that ¥ is G-predictable,
that vF = 1C.

In conclusion,

(B¥,C7,0F) = (B®,C°,0°),

4 Study of Problem B: The Case of X not adapted to F

In this section we will work under the following additional standing assumptions:

B1. There exists a square integrable F-martingale Z such that the predictable representa-
tion property holds for (I, Z): any square integrable F-martingale M admits a representation
M, = My + fot Y, dZ,, t > 0, with an F-predictable process .

B2. The F-martingale Z is a G-martingale.

B3. Gy is trivial (so Fy is also trivial).

Note that, under B1 and B2, the immersion property holds between F and G. Here we
consider the case where X is a G-special semimartingale, but it is not necessarily adapted to
F. We will additionally assume that ¥ X exists and that it is an F-special semimartingale.

Remark 4.1. Tt is well known that the F-optional projection of X exists and is an F-special
semimartingale under the strong condition that EX; < oo for all ¢ > 0, where X; =
sup,<; | Xs| see, e.g., [AWY92, Theorem 8.6].
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We have the following canonical decompositions of X and **X:

X, =Xo+ X% + // ©(ds,dr) — v%(ds,dx)) + BY = Xo + MF + BY, (4.1)

“FX, = Xo+ (OFX)P" + // F(ds,dz) — V" (ds, dx)) + Bf = Xo + MF + BF.  (4.2)

The following theorem presents computation of the first two F-characteristics of >FX.
The computation of the third F-characteristic of ¥ X will be discussed later in a special
setting of Proposition [4.3] as well as in some of the examples in Section [5] on the case by
case basis.

Theorem 4.2. Let X be a special G-semimartingale with G-characteristic triple (B¢, C®, v®).
Assume that:

1. The optional projection of X on F exists and has jumps bounded by 1.
2. A1, A2 and B1 to B3 are satisfied.
3. M€ is a square integrable martingale.

Then the first two F-characteristics ®* X are

B = / OF (484C)  ds, (4.3)
0

CF = / | h2d{Z¢),, (4.4)

where JOME. G
ht _ E < < ) G>t
d(Z);

»7:t> d[Z] @ dP a.e. (4.5)

Proof. In view of Assumption 3 above, we know that the process M® admits a Kunita-
Watanabe decomposition of the form

t
ME = ME +/ H,dZ, + M, (4.6)
0

where M~ is a square integrable G-martingale orthogonal to Z satisfying Mg = 0, and H
is a G-predictable process such that fo HdZ, is a square integrable G-martingale (see e.g.
[SchO1]). In particular, since Z is assumed to be square integrable, we have

d(M®, Z); < d(Z)7,

Note that in Assumption A3 we postulated that M® is a martingale, but not necessarily a square
integrable martingale.
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and, in particular,
d(M®, Z)7
d(Z)F

We will show that E(M;|F;) = 0 for every ¢ > 0. Fix ¢t > 0, note that the equality
E(M|F;) = 01is equivalent to E(Mn) = 0 for any F;-measurable bounded random variable
n. Let ny = E(n|F;), for any s € R,.

The fact that M+ is orthogonal to the martingale (s, s > 0), due to Bl and B2, implies
that E(M;n;) = MgE(ny) = 0. Thus, since n; = n, we obtain E(M;'n) = 0.

By linearity of F-optional projections, we may write

H, = (4.7)

t t
OF X, = Xo+oFME 49FBE — X, 4oF)E 4oF e _ / OF(184C) \du+ / OF (188) du. (4.8)
0 0

The process MP = *FBE — [ oF(18¢%),du is an F-martingale (see Lemma . Invoking
assumption B2, which, in fact, postulates the immersion between F and G, and recalling
Lemma (3.3 again we see that this process is null. Hence, by uniqueness of canonical decom-
position of **X | we have

M} = >FME. (4.9)

Thus,
t t
FXy = Xo+ ™M) + / “F(b%a%)ds = Xo + My + / “F(b%a%)ds.
0 0
The above and the assumption that **X has jumps bounded by 1 imply that the first
characteristic of ®¥ X, that is BY, is given by (4.3).
Now, since M is square integrable then, invoking the Jensen inequality, we conclude that

MF = oFMGC is square integrable. Next, invoking the predictable representation property we
see that there exists an F-predictable process h such that Efot h%d[Z]s < oo and

t
Mf:/ hedZ,. (4.10)
0

The continuous martingale part of FX is thus given as fg hsdZ$, where Z¢ is continuous
part of F-martingale Z, so that

t
Cf = / h2d(Z°),.

0

We will now compute h. Towards this end, we fix ¢ > 0 and we observe using (4.9) that for
any bounded F;-measurable random variable v we have

E(yME) = E(MY). (4.11)

By using integration by parts formula we may write the left-hand side of (4.11) as

t t
E(ny)zE( /D N5 dME + /0 ME kdZ, + [7, MG]t>, (4.12)



May 11, 2019 Shrinkage of Filtration 13 of 2§

where (7;)scp0 is a bounded martingale defined (and represented) by
3= BGIF) =E() + [ hidZi, selod] (413)
0

Now, let us note that from the above representation of 7 as stochastic integral with respect
to Z and from (4.6)) we may write

v, M®], = / t kod[Z, M®], = / t ks (Hsd[z]s +d|Z, Mi]s).

Using this we obtain from (4.12])

t t t t
E(WM;G):E( /O As_dME + /0 ME k,dZ, + /O k Hd[Z), + /0 k;sd[Z,Mﬂs). (4.14)

Now we prove that the stochastic integrals [j 5,—dMy, [ M kdZ, and [ k.d[Z, M*], in
(4.14) are G-martingales on [0,¢]. The first stochastic integral, i.e., [;7,—dMZ, is a G-
martingale since (J5_)scp is a bounded predictable process. Next, we prove that the local

martingale

/M;Gksts, u € [0,1], (4.15)
0

is a G-martingale. Using [CEI5, Lemma 16.2.5], [CEL5, Theorem 16.2.6] and the Emery
inequality for BMO (JCEL5, Theorem A.8.15.]) applied to local martingales (with p = 1)
we obtain

E(MS-(k-2)); < CE(ME); ||(k-2) ] sar0-

From the Doob maximal inequality, we obtain that E(M®)f < co. Next, since 7 is bounded,
using [CELS, Remark A.8.3.] we see that ||(k-Z)| smo < co. Therefore the local martingale
given by (4.15) is a martingale. Finally, we consider

/u kod[Z, M*),,  we[0,t]. (4.16)

Using Kunita-Watanabe’s inequality and the Cauchy-Schwartz’s inequality we obtain that
t t 1/2 12
E(k-[Z, M*]); < ]E/ \ky||d[Z, M| < (E/ kfd[Z]s> (E[M*],) "™ < 4oo.
0 0

So the process given by (4.16)) is a martingale. Consequently, since the processes fo Fs_dME,
Jo ME kydZ, and [ k,d[Z, M*], in ([£.14) are G-martingales on [0,¢], the left hand side of

(4.11) takes the form
t
E(yME) :E( / ksHsd[Z]S>. (4.17)
0

Now we deal with the right-hand side of (4.11]). Invoking (4.9) and (4.13)), and using inte-
gration by parts formula, we may write the right-hand side of (4.11)) as

t t
E(yMF) = E(y*FME) = IE( / A d"ME + / FME kdZ, + W,OJFMG]t). (4.18)
0 0
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Next, let us note that from (4.9), (4.13)) and (4.10) we get
t t
Fof) = [ kdzor), = [ k2],

0 0
Using this and (4.18)) we obtain

t t t
E(yMF) = E( / FydMF + / MF kodZ, + / k:shsd[Z]8>. (4.19)
0 0 0
Applying reasoning analogous to the one that led to (4.17)), and invoking (4.19) we conclude
that
t
E(yMF) = E< / kshsd[Z]s>. (4.20)
0

Putting together (4.11)), (4.17) and (4.20), we see that (4.11]) is equivalent to

E < /0 t Hsksd[Z]s) _E < /0 t hsksd[Z]s) (4.21)

for any k, such that fot ksdZ is bounded.

We will now show that extends to any k& bounded, a result that we will need in
what follows. Towards this end let us take an arbitrary predictable and bounded k and
define a square integrable random variable v by

t
W= / kodZ,.
0

The random variable ¢ is a (point-wise) limit of the sequence v, := ¥ A n of bounded
random variables and hence Ei,, — E¢ = 0. Moreover, for each n we have the predictable
representation 1, = E(v,) + f(f k'dZ, and thus

B [0 —wraz).) = [ waz.— [ hiz.) =B, - o B
< 2B((yn = $)%) + 2(E(n))" —2.0.

n—o0

Using this and the Kunita-Watanabe inequality we obtain

e ([ 1m0 -raz).) < (e[ |Hs|2dms))é (( [ e -nraz.)) =0
and
e ( [ inoz-riaz).) < (e ( [ raz.) )(E ([ b= wfaz.) )é@o.

Using these two facts and (4.21]) for k™, we can pass to the limit in (4.21)) and obtain that
(4.21)) holds for any bounded k. Thus, using [HWY92, Theorem 5.16], we have

e ([ @iz - hokdz).) <o
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for any bounded k. Hence taking

ks = L{®(H,|F,)~hs)>0} and ks = Ly(E(H,|Fo)-hs)<0}
we obtain
hs = E(Hg|Fs) d[Z] @ dP a.e. on [0,t] x €. (4.22)
This, together with formula (5.10)) gives (4.5)). O

Theorem 4.2 did not impose any special structural assumptions on the G-special semi-
martingale X. Below, we shall provide a result, which deals with a special case of the
problem studied in this section.

Proposition 4.3. Assume that conditions B1-B3 hold. Additionally, assume that the process
7 satisfies

where k 1s F-predictable and k # 0 outside an evanescent set. Let X be a square integrable
G-martingale with Galtchouk-Kunita- Watanabe decomposition of the form

t
Xt:/ HudZ, + Oy, t>0, (4.24)
0

where O 1s a G-martingale orthogonal to Z and H is integrable with respect to Z and such
that its predictable projection PYH exists. Then

do’]FXt = htdZt, t 2 O, (425)

with h = PYH outside an evanescent set, so that hy(w) = E(Hy|Fi_)(w) for (w,t) outside an
evanescent set. In particular the F-characteristics of *X are

B =0, (4.26)
CF = / B2d(Z°).. (4.27)
0
and
VE(A, dt) — / Loy ()" (da dt), A € B(R), (4.98)
R
where v%¥ is the F-compensator of the jump measure of Z.

Proof. The canonical decomposition of the F-semimartingale >F X is (cf. (4.2))
“FX, = Xo+ (FX)PT + / / "(ds,dz) — v"(ds,dx)) + B = Xo + M; + B}.

Now, in view of (4.3) we see that BF is a null process. Consequently, >X is a square
integrable F-martingale. Thus, invoking assumption B1 we conclude that

do'X, = hdZ,, t>0,
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for an F-predictable process h. The process h is such that for any bounded F-predictable
process ¢ and any t > 0, one has

E(/Ot hodZ, /Ot(bstS) :E<</OtHSdZS+Ot> /Otd)stZ),
E[/O'hsdzs,/o'gbsdzs]t:E[/O'HSdZﬁM_,/Obsdzs]t

Hence, since in view of B2 process Z is both an F-semimartingale and a G-semimartingale,
by [HWY92, Theorem 9.15 part 3)| and the fact that M is orthogonal to Z we obtain that,
for any bounded F-predictable process ¢ and any t > 0,

B [ howdiz)) =e( [ Hoalz

which, by using (4.23), may be written as

or, equivalently,

(| ha.(aY, + rads)) — 5 / Haou(dYe + rds)).

This and the fact that Y is both an F and a G-martingale imply, with help of a localizing
sequence of stopping times if needed, that

E[/t hsqbsnsds} _ E[/t qubsnsds]
0 0

Theorem 5.16. part 2) in [HWY92] applied for S = 0 and T = ¢, combined with [HWY92,
Theorem 5.5] yield

E[/OtHsfbs/ist} ZE[/ Y(H,pskis) ds = /aﬁs/fs " H,ds ZE[/Otfbs/ishst].

Since ¢ is arbitrary we obtain from the above that, outside an evanescent set,
litht = K¢ p’FHt

and thus, by the fact that x does not vanish, we have h = PFH outside an evanescent set.
The above proves (4.27). Formulae and follow immediately from (4.25)).

To finish the proof we need to justify (4.28). This formula is a consequence of the fact
that A*FX, = hyAZ,, which entails that the jump measure of F X is the image of the jump
measure of Z under the mapping (t,x) — (t,2h¢L{n,20}), and thus the F-compensator of
°F X is the image of the F-compensator of Z.

The proof is complete. O



May 11, 2019 Shrinkage of Filtration 17 of 2§

5 Examples

Examples below illustrate the results in the case when X is F-adapted. In what
follows the natural filtration of a process Y is denoted by FY .

Example 5.1. Consider two one-point cadlag processes Y'! and Y2 on a probability space
(Q,F,P), and let Y = (Y',Y?). That is, Y ( = 1,2) starts from 0 at time ¢ = 0 and jumps
to 1 at some random time. Thus, Y can be identified with a pair of positive random variables
Ty and T5 given by T; := inf{t > 0: Y} =1}, 4 = 1,2. In other words, Y’ = Li7,<yy, t = 1, 2.
We assume that, under P, the probability distribution of (77,75) admits a density function
f(u,v) which is continuous in both variables.

Now, let X =Y! F=F* and G = FY. Clearly, X is a special G-semimartingale and a
special F-semimartingale on (2, F,P).

The G-characteristics of X are (B®,0,1%), where

t
BY = / reds, vC(ds,dx) = 0,(dx)ksds,
0

d1 is the Dirac measure at 1, and « is given by (this result follows, for example, by application
of [LB95, Theorem 4.1.11])

o [ f(s,0) dv 1 n f(5,T3) 1
T fuyv) dude {s<TinT} [ f(u, Ty) du {Ta<ssti)y

Thus, according to Theorem the F-characteristics of X are (BY,0,0F), where

s> 0.

t
R L CY
0

Now, we will provide explicit formulae for B¥ and v*; for the latter, we only need to compute
v¥(dt,{1}). It can be easily shown that these computations boil down to computing the F-
optional projection of the process k. Indeed, for an arbitrary F-predictable, bounded function
W on Q2 x R we have

E( o W(s,x)uG(ds,dx)) :IE( s W(s,l)nﬂs) :E(/R p’F(W(-,l)/@.)Sds)

_ ]E(/R+ P ()W (s, 1)ds ) = E(/R +

where P (k) denotes the F-predictable projection of k. Next, we note that the measure p
defined as

PE ()W (s, 2)8, (dac)ds) ,

+ xR

p(dt, dz) := P (k)01 (dx)dt
is F-predictable, and thus, due to uniqueness of the dual predictable projections, we have
p = (V©)PF and so vF = 0;(dz)P¥(k). Finally, we note that, in view of the continuity
assumptions on f and that fact that x admits two jumps only, we have

E( /R XRP’F(K)SW(s,x)él(dx)ds) - /R () 1V (5, )5 (da)ds ).

+><R
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where °F(k) denotes the F-optional projection of k. Using the key lemma (see e.g. [AJIT,
Lemma 2.9]) we obtain

oF f f(s,v)dv £(5,T»)
’ s 1 s = 1 s .Fs
) <f f f u,v ) du dv (s<TunTa} + fs flu, Ty) du {To<s<Ti}
- fo 1{T1>s}-
f fo U 'U dUdU
Consequently,

t fo (s,v)dv
f fo (u,v) dudv

Bf 1 {Ty >s}d8

and vF((0,t],{1}) is given as

t fo f(s,v)dv

vI((0,¢],{1}) = o [ Fu,v) dudv

{T1>s}d8.

We note that the last result agrees with the classical computation of intensity of 77 in its

own filtration, which is given as A\! = 1fF1 with F1(s) = P(Ty < s) and f1(s) = %. O

Example 5.2. Let X be a real-valued process on (2, F,P) satisfying

2
dX, = mdt + Y _oldW] +dM,, t>0,

Jj=1

where W75 are independent standard Brownian motions (SBMs), and M, = [, [, #(u(ds, dx)—
v(ds,dx)) is a pure jump martingale, with absolutely continuous compensating part say
v(dz,dt) = n(t,dz)dt. We assume that M is independent of WW7s. The coefficients m and
0/ >0, j =1,2 are adapted to G := FW'W2M and bounded.
Let F = FX. Since M and o!- W! + 0% - W? are true G-martingales, then X is a special
semimartingale in G and thus in F.

The G-characteristics of X are

t t
By = / myds, Cf = / ((05)? + (93)%)ds,  v&(dw,dt) = n(t, dx)dt.
0 0

Now, in view of Theorem [3.5| we conclude that the F-characteristics of X are

¢ t
Bi&F = / OvF(m)st, CF = / ((U;)Z + (0'3)2>d87 V]F(dl‘, dt) — (77(757 dI)dt)p’F =
0 0

Example 5.3. In this example we consider time homogeneous Poisson process with values in
R2. There is a one-to-one correspondence between any time homogeneous Poisson process
with values in R? say N = (N', N?), and a homogeneous Poisson measure, say g, on
E :={0,1}*\ {(0,0)} ] See for instance discussion in [BIVV0S].

2We refer to [JS03| for the definition of the Poisson measure.
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Let G = FV, and let v denote the G-dual predictable projection of y. The measure v
is a measure on a finite set, so it is uniquely determined by its values on the atoms in F.
Therefore the Poisson process N = (N!, N?) is uniquely determined by

l/(dt, {1, 0}) = Alodt, V(dt, {O, 1}) = /\Oldt, l/(dt7 {1, 1}) = Alldt (51)

for some positive constants g, A1 and A;;. Clearly, the Poisson process N = (N!, N?) is
a G-special semimartingale, and the G-characteristic triple of N is (B,0,v), where

=l

Let X = N!'. Then, X is a G-special semimartingale, and the G-characteristic triple of
X is (B®,0,v%), where

VO (dt, {1}) = v(dt, {(1,0)}) + v(dt, {(1,1)}) = Ayodt + A\pdt,  %(dt, {0}) =0,

and BéG = ()\10 + )\go)t.
Now, let us set F = FX. To find the F-characteristics of X we use Theorem . Since
the G-characteristics of X are deterministic we have

*F(bZa7) =T (Ao + Aoo) = Ao + Aoo-
Analogously
(KF(dx)aldt)P™ = (Ao + A1)o1 (do)dt)PT = (Ao + A11)61 (d)dt.
Thus the F-characteristics of X are the same as its G-characteristics, that is

(B¥,0,/5) = (B%,0,0°).

Example 5.4. Let Y = (Y1, Y?)T be given as the strong solution of the SDE
dY (t) = m(Y (t))dt + 2(Y (t)dW (t), Y(0)=(1,1)7, (5.2)

where W = (W, W) " is a two dimensional SBM process on (£, F,P), and where

)
') = (sl homaly )T, S = () T )

are bounded. Next, let us set G =FY, X = Y"! and F = FX. Hence

dX(t) = my(X(t),Y2(t))dt + o11(X(t), Y2(2)dW (1) + 012(X (t), Y2(t))dW?(t)  (5.3)
Suppose that function X satisfies the following condition

U%l(:yl’ yQ) + 0%2(y17y2) = O'%(yl), (y17y2> € R27
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for some function o7 > 0, and suppose that function m; satisfies
mi(yhy?) = my')  (v'hy?) e R
Then takes form
dX(t) = (X (t))dt + o1(X(t))dZ(t), X(0) =1,

R ORED) Loya(X (1), Y2(t))
20= [ Py Ao+ [

is a G-adapted process, which is a continuous G-local martingale. Since (Z%(t) — t);>0 is a
local martingale we obtain by Lévy’s characterization theorem that Z is a standard Brownian
motion in the filtration G. Thus using continuity of paths of X we conclude that X has the
G-characteristic triple given as (B¢, C€,0), where

where

¢ ¢
BF :/ (X)) du, CF :/ o} (Xu)du, t>0.
0 0

We will now apply Theorem so to compute the F-characteristics of X. Since X is
F-adapted the F-characteristics of X are

t t t
B = [ medu= [ ), €F=cf = [ ot
0 0 0
Finally by continuity of paths
Vi (dt, dr) = (v&(dt,dz))P* = (0)PF = 0.

So we conclude that (B¢, C€,0) = (BY,CF,0). O

The remaining examples refer to the case when X is not F-adapted. As discussed in
Section [4] the Theorem addresses computation of the first two F-characteristics of the
optional projection of X on the filtration F. As of now, we do not have a generic formula
that would allow for the computation of the third characteristic, that is the computation
of V. This, in general, needs to be done on the case by case basis. Nevertheless, in the
special set-up that fits Proposition the complete story about the F—characteristics of
the optional projection of X on the filtration F can be told.

Example 5.5. Let (€2, F,P) be the underlying probability space and let G be the filtra-
tion generated by a Brownian motion B and a time inhomogeneous Poisson process N
with deterministic compensator v(t) = fot A(s)ds, t € Ry, so that (v())ier, is the unique
continuous deterministic function such that (M;)icr, = (N¢ — v(t))icr, is an (FN, P)-
martingale. We assume that B and N are independent under P, hence M is also a (G, P)-
martingale. Let ¢ : R, — R and « : R, —]0, 00[ be two deterministic functions, with
f(f o?(s)ds < oo, t > 0. Let i(t) = Ly—o}, and set

a?(t)/¢*(t) if ¢(t) #0,
)\(t)_{ 0 if 6(t) = 0. teR,.
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We assume that A is such that lim; ., v(t) = 0o and v(t) < oo, t > 0.
By Proposition 4 in [E89)] the process V' given by

dV, = i(t)dB, + @(dm —A\@)dt), t>0, V=0, (5.4)

at)

is the unique strong solution of the following structure equation

d[V), = dt + X v, 130, V=0, (5.5)

a(t)

By Proposition 3 ii) in [E89] the process V' has the predictable representation property in
F. Taking Z; = fga(s)d‘/s, t >0, as in [JP02] we see that Z satisfies

dZ; = i(t)a(t)dB; + ¢(t) (AN, — A(t)dt), t>0, Zy = 0. (5.6)
and
d[Z); = &> (t)dt + ¢(t)dZ(t), t>0, Zy =0, (5.7)

The process Z is obviously a square integrable (G, P)-martingale. We shall denote by F the
natural filtration of Z, which is the same as the natural filtration of V' and satisfies F C G
so that Z is a square integrable (F, P)-martingale. Clearly, Z has predictable representation
property in [F since @ > 0 and V' has predictable representation property in F.

Clearly, conditions B1-B3 are satisfied here. Moreover, the process Z satisfies condition
(4.23) with dY; = ¢(t)dZ; and r(t) = a?(t).

Let now X be a square integrable G-martingale. Since G is the filtration generated by
B and N, the martingale X can be represented in the form

t t
X, = X, + / ~vdB, + / A dM,
0 0

for some G-predictable processes v and A. Thus as a G semimartingale, X has characteristics

(0,CC, %) where
C’G:/%th,
0

V(A dr) = ( /R Loy (2)os, (o)) A1)t A€ B(E),

On the other hand X can be written in the form of the Galtchouk-Kunita-Watanabe de-
composition with respect to Z as

and

t
X, = X, +/ H,dZ, + O, t>0, (5.8)
0

where O is a G-martingale orthogonal to Z and H is a G—predictable process.
Thus, for ¢ > 0 we have

O; = /0 (vs — Hyi(s)a(s))dBs +/0 (As — Hyo(s))dM,. (5.9)
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The orthogonality of O and Z implies that (Z,0), = 0 for any ¢ > 0. This together with
(5.9) imply that for any ¢t > s > 0, the process H satisfies

/ ((% — Hyi(t)a(t))i(t)alt) + (A — thﬁ(t))(b(t)k(t))dt = 0.
Thus, for any ¢t > 0 we have

p, = 200l + AOM) _ % i) B g e dP ae. (5.10)

2(t)a2(t) + 2 (M)AE)  alt) (1)
Now, according to Proposition we have

d>"X, = hdZ,, t>0, (5.11)

with hy = P¥H, for t > 0 outside of an evanescent set, so that hy = E(H;|F,_) for t > 0
outside of an evanescent set. In particular, in view of Proposition again, this implies
that the F-characteristics of “FX are

B" =0, (5.12)

CF = / R222(s)a?(s)ds = / (E(7s|F,))2i(s)ds, (5.13)

0 0
and, for any A € B(R),

7(A, dt) L (o) (o) ey (d) ) A1)t
R

B2 s ) ) 1 = i) Ao

= (/ ]lA\{O}([E)(SE(AH]:F)(dI))/\(f)dt
R
Example 5.6. Consider a Poisson process N with intensity A and an independent standard

Brownian motion W. Take X = N, G = FXVFW. Clearly, X is a special G-semimartingale,
and we have

-(f
(/REA\{O} (Hi|Fi-)z)0g )(d;t))(l—i(t)),\(t)dt
-(f

: L {0} ( i(t))

X, =MF +BE, t>0,

where
ME =X, — X, Bf=MX, t>0.

The G-characteristic triple of X is (B, 0, %), where
BY =Xt,  V%(dt,dz) = Ny (dx)dt, t>0.

In particular, b® = X and a® = 1 for t > 0.

Take F = FY. We will use Theorem [4.2] taking Z = W to compute the first two F-
characteristics of *X. Then, we see that M+ = M® (cf. (1.6)), and thus, in view of (L.5),
we conclude that h = 0. Consequently, using Theorem [4.2] we obtain

Bl =X, C/=0, t>0.
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In order to compute the third F-characteristic of *X we note that
X, =E(X,) =M, t>0, (5.14)

and so, ¥ = 0. Observe that formula (5.14) also renders the first two F-characteristics of
oFX: Bf =X, CF =0, t>0,which (of course) agrees with the formulae we derived using
Theorem [4.2] O

We will now present an example where X is continuous special G—semimartingale, and
oF X is a purely discontinuous special F-semimartingale.

Example 5.7. Consider a standard Brownian motion W. Let X = W and take G = F¥X.
The G-characteristics triple of W is (0, C%,0), where C® = t. In particular, we have b® = 0
and a® = 1. Next, define the filtration F as

Fi=F te€nn+1),n=012...
The optional projection of X on F exists and is given as
FX, =X, t€nn+1), n=012...

In order to compute the F-characteristics of “FX we first observe that the canonical semi-
martingale representation of ®¥ X, with respect to the standard truncation function, is given
as

FX =azxp=(2l<t) * v+ (@Lg<1) * (0 —v) + (2Lj=1) * 4, (5.15)
where
p(dt, dz) = S x,—x, ) (dt, dx),
n>1
and
w,dt,dx) > da.
n>1

From ((5.15)) we obtain

t
:/ / zv(dt,dz) = 0.
0 J|z|<1

Thus, the F-characteristics triple of ¥ X is (B¥,0, "), where
V=

]

Example 5.8. Let us consider the case where I is a Brownian filtration, G its progressive
enlargement with a strictly positive random time 7. Taking X; = ll{;<4, t > 0 we have (cf.
[AJ1T]),

G = FvF¥,

where FVFX is the smallest right-continuous filtration which contains F and FX. Now, we
define the Azéma supermartingale A by

Ay =P(r > t|F), t>0,
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and we write its Doob-Meyer decomposition as
At:mt—bt, t20,

where m is an F-martingale, and b is an F-predictable, increasing process which is the [F-
dual predictable projection of X. We assume that 7 satisfies the following Jacod’s absolute
continuity assumption

P(r > s|F) = / ai(u)du, s,t>0, (5.16)

where, for any u > 0, the process a.(u) is a positive continuous F-martingale and the map
(w,t,u) = ay(w;u) is Pr-measurable. Using the fact that [ oy (u)du = P(r > 0) = 1 and
a.(u) is a martingale, it is shown in Proposition 4.1 in [EKJJ10] that

dbt = O (t)dt

mt:E(/Oooau(u)duU:t) =1+/0 au(u)du—/otat(u)du. (5.17)

Note that in the above set-up, the process A is continuous.
The process X is a special G-semimartingale and we know (cf. Corollary 5.27 in [AJ17])
that its canonical decomposition is given as

and
t

X =M®+ B°,

and its G-characteristics are (B®,0,1%), where

t tq1
B;G:/ (1—Xs)@:/ U= Xdadls) ;o y 5
0 0

As As
and Ly .
Ve(dt, dz) = 51(dx)( —XiJault) )
Ay
In particular, note that here we have bF = M and a’ = 1.

Now, using Lemma and observing that O]FX =1 — A we can easily compute the first
F-characteristic of O]FX )

Bf = /Ot orF (%)ds = /Ot os(s)ds.

Next, recalling that A is a continuous process we conclude that v* = 0. Moreover, we see
that C¥ = (m). This completes the computation of the F-characteristics of *¥X which are
(B, (m),0). O

The next example is, in a sense, opposite to Example [5.7; here, X is a purely discontin-
uous special G-semimartingale, and ®*X is a continuous special F-semimartingale.
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Example 5.9. Let F be a Brownian filtration and G its progressive enlargement with a
strictly positive random time 7 € F,, satisfying Jacod’s absolute continuity assumption
(5.16) with some density ay(u), t,u > 0. Such a random time can be defined as 7 :=

fo (t)dBy), where 1 is a differentiable, positive and strictly increasing function, and B

is a real valued standard F-Brownian motion (see [EKJIZI4]). Let X be the compensated

martingale
tAT
Xt = ]]_{Tgt} - / as—<8)d8, t Z 0.
0 As

We see that its G-characteristic triple is (0,0, %) where, as in the previous example,

L peryou(t)

Vo (dt, dx) = 6,(dx) 1,

dt.

The F-optional projection of )/(\' say v, is a continuous martingale, which is not constant.
Indeed, note that if v were constant then v, = v9g = 0. Givgn that, one h/&}s Xoo =
1—fTa* lds € Foo and ve = Xoo. But since vy, = 0, then X.o = 0, and X being a
martmgale would be null, which it is not This is a contradiction, showing that v is not
constant. Consequently, its IF characteristic triple is (0, C*,0), with C¥ # 0.

6 Conclusion and open problems for future research

As stated in the Introduction this paper is meant to initiate a systematic study of the change
of properties of semimartingales under shrinkage of filtrations and, when appropriate, under
respective projections. The paper does not aim at a complete and comprehensive study of the
topic. Rather, we analyze in some special settings a selection of relevant research problems.
Our study contributes, we believe, to understanding and solution of these problems.

Given its pioneering nature the study originated here leads to numerous open problems
and calls for extensions in numerous directions. Below, we indicate some such open problems
and suggestions for continuation of the research presented in this paper.

The results presented in this paper use several non-trivial assumptions. A natural direc-
tion for continuation of the present work will be to try to eliminate some of these assump-
tions.

Recall the decomposition (4.8)

t t
°FX, = Xo+ "MF + B = X+ "MF + *TBf — / “(6%a®)udu + / “(b°a"),du.
0 0

As it was shown in the proof of Theorem [1.2] if the immersion hypothesis B2 is postulated,
then the martingale MP = °*BF — fo oE(b%a®),du is null. Therefore it does not intervene
in the representation of the —Characterlstlcs of ®*X. If however the martingale M? is not
null, then the computation of the F-characteristics of “*X in terms of the G-characteristics
of X is much more challenging, and perhaps may not be doable.

The immersion hypothesis B2 postulated Theorem is also heavily exploited in compu-
tation of the second F-characteristic of X, that is in computation of C¥. In fact, computation
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of C¥ in terms of G-canonical decomposition appears to be much more difficult, or even im-
possible, without the hypothesis B2, as the following reasoning shows: Assume that F is a
Brownian filtration generated by W, so that W enjoys the predictable representation prop-
erty in F. Also, take G to be the progressive enlargement of F by a random time 7| Assume
that there exists ji, a G-predictable integrable process such that W® defined for any ¢ € R,

as
t

We = Wt+/ psds
0

is a G-martingale (hence, a G-Brownian motion). Then, any G-martingale X can be written
as

t
Xt:Xo+/ BedWE 4 MY, 130,
0

where v is a G-predictable process and M+ a G-martingale orthogonal to W® (in fact, it is
a purely discontinuous martingale). Moreover, one can show (using the same methodology
as in [GIWT9]) that ¥ X, which is an F-martingale, has the form

t
oF x, = oF X, + / YedWs, t>0,
0

where ~y satisfies v, = E(; + 1, X;|F;). So here we have that

t
cF = / (E(s + 12 X[ F))2ds.
0

¢
C';G’—/ Yids.
0

Clearly, C® alone does not suffice to compute C¥, unless = 0 — i.e., F is immersed in G.
In fact, it is not clear at all, how to compute the C¥ characteristic of X in terms of the
canonical decomposition and G characteristics of X.

The discussion above points to an important open problem: extend, if possible, the
results of Theorem to the case when the immersion hypothesis B2 is abandoned, and
extend the result of [GIW19] to the case of general continuous semi-martingales.

Another challenging problem for future research is weakening of the predictable repre-
sentation property condition B1, and replacing it with the postulate of the weak predictable
representation property condition for Z, that is with the postulate that every local F—
martingale Y admits the representation

YVi=Yo+o Zi+&xpf, t2>0,

where 1 is an F-predictable process, £ is a Pr-measurable function, Z¢ is the continuous
martingale part of Z, and i¥ is the F—compensated measure of jumps of Z.

Finally, one would like to explicitly compute h showing in in terms of ¢® and b°.
A possible starting point for this may be the following “master equation”

t t
CP = / H2d(Z) s + (M), = / calds
0 0

3See e.g. Chapter 5 in [AJ17] for the concept of the progressive enlargement of filtrations.
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From this equation on would try to compute H in terms of ¢® and a® and then use (4.5
to compute h. In special cases, such as the one presented in Example [5.5] the quasi-explicit
computation of h can be done. But, in general, this remains a challenging open problem.
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