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CAUCHY AND UNIFORM TEMPORAL FUNCTIONS OF
GLOBALLY HYPERBOLIC CONE FIELDS.

PATRICK BERNARD AND STEFAN SUHR

ABSTRACT. We study a class of time functions called uniform temporal func-
tions in the general context of globally hyperbolic closed cone fields. We prove
some existence results for uniform temporal functions, and establish the den-
sity of uniform temporal functions in Cauchy causal functions.

1. INTRODUCTION

Let us first recall some definitions from [6], see also [11]. We say that C C F
is a convexr cone in the vector space F if it is a (possibly empty) convex set C
contained in an open half space which is positively homogeneous: tx € C'if t > 0
and x € C. A cone field on a smooth manifold M is a subset C C T'M such that
C(x) :=CNT,M is a convex cone for each x € M. We say that C is a closed cone
field if it is a cone field such that CUTYM is closed in T M, where T°M is the zero
section of the tangent bundle. Our definitions imply that cone fields are disjoint
from TOM. We say that & is an open cone field if it is a cone field open in TM. The
main example of closed cone fields we have in mind is the set of future pointing non
spacelike vectors associated to a continuous time oriented Lorentzian metric. Our
setting is more general, but our main results are new even in this important case.
The main example of open cone field is the set of future pointing timelike vectors
associated to a continuous time oriented Lorentzian metric.

The domain of C is the set of points  such that C(x) is not empty. It is a closed
subset of M. The points where C(x) is empty are called degenerate points.

For a closed cone field C, the curve v : I — M is said to be C-causal (or just
causal) if it is locally Lipschitz and if the inclusion §(¢) € C((¢)) holds for almost
all t € I. Tt is convenient to declare that the trivial curve v : {0} — z is causal if
and only if = belongs to the domain of C. The causal future J;" () of z is the set of
points y € M such that there exists a causal curve v : [0,7] — M, T > 0 satisfying
7(0) = z and (T) = y. The strictly causal future J; ¥ () of z is the set of points
y € M such that there exists a non trivial causal curve v : [0,7] — M,T > 0
satisfying v(0) = z and v(T') = y. We thus have J; (z) = J; " (z) U {a} if 2 € D,
and J; 1 (z) C JT () are empty otherwise. The causal past J; (z) is the set of
points 2’ € M such that z € J:"(2/). More generally, for each subset A C M, we
denote by JF(A) := UyeaJ (z) the causal future and past of A. We have the
inclusion J.' (y) € T (z) if y € T (2).

The closed cone field C is said to be locally solvable if, for each point = in the
domain of C, there exists a nonconstant causal curve ~ :] — 1,1[— M satisfying
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~v(0) = x (if this property is satisfied for the point x, we say that C is solvable at
x). A closed cone field is always locally solvable in the interior of its domain. In
particular, closed cone fields without degenerate points are locally solvable. We will
say that the closed cone field C has smooth domain if its domain D is a submanifold
with boundary. This case includes the setting of [1]. Note that the hypothesis of
timelike boundary in [1] implies local solvability.

We say that the closed cone field C is causal if x ¢ T+ (z) for each x € M. We
say that C is hyperbolic if it is causal and if moreover J(K)N 7~ (K') is compact
for each compact sets K, K’ ¢ M. We say that C is globally hyperbolic if it is
hyperbolic and locally solvable (this definition is more general than the one in [6]
as it allows the possibility of degenerate points).

In the case where C contains a non-degenerate open cone field (for example in
the case of a continuous time oriented Lorentzian metric), the above definition is
equivalent to the usual (since [5]) condition that C is causal and that the diamonds
JT(x) N T~ (2') are all compact, as was proved in [6].

A continuous function 7 : M — R is said causal if 7 o is non decreasing for
each causal curve 7; a time function if 7 o 7y is increasing for each causal curve ~;
temporal if it is smooth and if dr, - v > 0 for each (z,v) € C.

A smooth function is causal if and only dr, - v > 0 for each (z,v) € C. A
temporal function is a time function, and a time function is causal. Being causal,
a time function, or temporal depends only on the values of 7 in a neighborhood of
the domain.

A causal curve v: I — M is said complete if I is an open interval and neither
limyqsup 7 Y(¢) nor limyins 7 y(¢) exist. A causal curve y: I — M, where I is a (not
necessarily open) time interval, is said inextensible if it cannot be extended to a
larger time interval. Each causal curve can be extended to an inextensible causal
curve. Complete causal curves are inextensible, but the converse is true only in the
locally solvable case. More precisely :

Lemma 1.1. The closed cone field C is locally solvable if and only if all inextensible
causal curves are complete.

Proof. 1f C is locally solvable, then a causal curve v :Ja, bj— M which has a limit
at b (resp. a) can be extended to a causal curve defined on Ja, b+ 1[ (resp. Ja—1,b]).
Conversely, assume that each inextensible causal curve is complete. Then for each
x in the domain of C, the trivial causal curve {0} — z can be extended to a
complete curve defined on some open interval ]a, b[. By reparametrization, we can
assume that a = —1,b = 1. 1

The causal function 7 is said Cauchy if o~y : I — R is onto for each inextensible
causal curve v : I — M. The existence of a Cauchy causal function implies that
inextensible causal curves are complete, hence that C is locally solvable.

It is known in the classical setting that a spacetime is globally hyperbolic if
and only if it admits a Cauchy temporal function, as was proved in [3], see also
[9, 10, 12, 11]. In order to study this question in the present setting, it is useful
to consider the notion of uniform temporal functions, which was introduced in [6]
where they are called steep temporal functions:

Definition 1.2. Given a Riemannian metric g, the temporal function T is said

g-uniform (or uniform with respect to g) if dry - v = |v|9 == \/gz(v,v) for each
(x,v) €C.
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The function T is said completely uniform if it is uniform with respect to some
complete metric.

The motivation for this definition comes from :

Lemma 1.3. If C is a locally solvable cone field, and T a completely uniform tem-
poral function for C, then T is a Cauchy temporal function for C.

Proof. Since inextensible curves have infinite length with respect to a complete
metric and |7 o y(t) — 7 0 y(s)| is bounded from the below by the length of |(s 4,
the claim is immediate. O

We give an example in Section 4 showing that the converse of this lemma does
not hold: not all Cauchy temporal functions are completely uniform.

We proved in [6] that a hyperbolic cone field admits uniform temporal func-
tions with respect to any metric, hence completely uniform temporal functions. As
a consequence, globally hyperbolic cone fields admit Cauchy temporal functions.
Conversely, the existence of a Cauchy causal function implies global hyperbolicity,
this follows from Proposition 2.2 below.

Even more, the existence of a completely uniform temporal function implies that
the hyperbolic cone field C admits a hyperbolic enlargement (a hyperbolic closed
cone field C’ which contains C in its interior). Indeed, if g is a complete metric
and 7 is g-uniform, then 7 has no critical point on the domain D of C. Then the
function 7 is g/4-uniform (hence completely uniform) for the enlargement

C' = {(2,0) s dry -0 > [0]2/2,0 # O},

This extends [2] and [9, Theorem 1.2]. The cone field C’ constructed above is not
necessarily locally solvable, but it can be made so by the following lemma provided
that C is locally solvable. This proves that each globally hyperbolic cone field has
a globally hyperbolic enlargement.

Lemma 1.4. FEach locally solvable closed cone field C admits a locally solvable
enlargement. More precisely, if C1 is an enlargement of C, then there exists a closed
neighborhood I of D such that C' := Cy|p is locally solvable.

In the case where C has a smooth boundary, the closed neighborhood F can be
assumed to have smooth boundary too.

Proof. We endow M with a complete Riemannian metric g. We define F' as the
union of the images of all C;-causal curves of lengh less than one and with endpoints
in D. It is easy to see that F' contains D in its interior. It follows from the limit
curve lemma, see [6, Section 2.3] that F is closed. Let us prove that Cy)F is locally
solvable. By the definition of F, each point z € F' is of the form z = ~(t) for a
Ci-causal curve 7y : [—1,1] — M having its endpoints in D. If t €] — 1, 1], then the
curve v solves Cy|r at points z. If t € {—1,1}, then z € D, and then C is solvable
at z, hence so is Cy|p.

We make a different construction in the case with smooth boundary. There exist
smooth non singular vector fields X* which are defined in a neighborhood of D,
are contained in Cy, and points strictly to the interior (resp. the exterior) of D at
points of the boundary. Then, there exists a neighborhood F' of D with smooth
boundary such that X still points inside and X~ outside. This implies that Cyr
is locally solvable. 1
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It is not hard to prove (but not very useful) that each temporal function (not
necessarily Cauchy) is uniform with respect to some (not necessarily complete)
Riemannian metric. As we just saw, in order to be completely uniform a temporal
function has to be Cauchy. We will however see in Section 4 that a Cauchy temporal
function is not necessarily completely uniform.

Our goal in the present paper is to clarify the differences between the notions
of completely uniform temporal functions and of Cauchy temporal functions. In
order to do so, we will prove some existence results of completely uniform temporal
functions which mimic corresponding results for Cauchy temporal functions. We
will deduce that each Cauchy temporal function can be uniformly approximated by
completely uniform temporal functions.

The subset H C M is said to be acausal if HNJ T (z) is empty for each z € H;
spacelike if there exists an open neighborhood M of the domain D such that H N M
is a smooth hypersurface of M, and if T, H is disjoint from C(x) for each = € H;
spatial if it is spacelike, intersects each inextensible causal curve at one and only
one point, and if moreover H ND = H N D.

Each level set of a Cauchy temporal function is spatial. Our first results is a
converse which extends [4, Theorem 1.2] to the more general setting of closed cone
fields and to uniform temporal functions (instead of Cauchy temporal functions) :

Theorem 1. Let H be a spatial subset and g a Riemannian metric. Then there
ezists a g-uniform temporal function which is null on H.

A proof is given in Section 3, it is different from the one in [4]. Note that Theorem
1 corresponds to case (B) of [4, Theorem 1.2]. The other cases, when H may be
not spacelike or not acausal, are also extended in the present paper, see Corollary
2.5 below. Theorem 1 implies the stability of spatial subsets:

Corollary 1.5. If H is a spatial subset for the cone field C, then there exists a
globally hyperbolic enlargement C' of C such that H is spatial for C'.

The stability of spatial subsets implies the stability of Cauchy temporal functions:

Corollary 1.6. If 7 is a Cauchy temporal function for C, then there exists a globally
hyperbolic enlargement C' of C such that T is a Cauchy temporal function for C'.

In the Lorenzian case, this result is [I, Theorem 4.2]. This paper considers
the case with boundary, which is also included in our setting. In the setting of
non-degenerate closed cone fields, it was obtained in [11, Theorem 2.46].

Proof. The levels N; := {7 =i} are spatial. For each i € Z, we consider a globally
hyperbolic enlargement C; of C such that N; is spatial for C;, and 7 is temporal (but
not necessarily Cauchy). We then consider the closed cone field C" which is equal
to C; N Ciyq on 77 1(Ji,i + 1[) for each i, and to C; on N;. It is not hard to verify
that C’ is a globally hyperbolic cone field, and that all the levels N; are spatial for
C’, so that 7 is a Cauchy temporal function. O

We also have a product structure if the domain is smooth (the result does not
hold in general for globally hyperbolic cone fields with degenerate points):

Corollary 1.7. Let C be a globally hyperbolic cone field with smooth boundary, let
V' be a neighborhood of D, and let T be a completely uniform temporal function of
C. There exists a neighborhood U C V of D, and a smooth map w: U — N =
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{z € U:7(x) =0} such that (m,7) : U — N x R is a diffeomophism which sends
D to (NN D) x R.

The proof will be given in section 7.

It is not much harder to find a Cauchy temporal function with two given level
sets than with one given level set (see Proposition 3.4 below) but the following
statement is more delicate, and is the main result of the present paper:

Theorem 2. Let C be a globally hyperbolic cone field with smooth boundary. Let
Hy, Hy be two spatial subsets such that Hy N T~ (Hy) = (. Then there exists a
completely uniform temporal function 7: M — R such that 7 =i on H; fori=0,1
(hence DN 7~1(i) =DN H;).

The proof in the case where D = M is given in Section 5, the full result is
deduced in Section 7. We do not know if the assumption that the domain has
smooth boundary is necessary. We deduce in Section 6:

Theorem 3. Let C be a globally hyperbolic cone field with smooth boundary, let T
be a Cauchy causal function, and let € > 0 be given. Then there exists a completely
uniform temporal function v such that sup |v — 7| < e.

We will however see in Section 4 an example of a Cauchy temporal function
which is not completely uniform.

2. CAUCHY SUBSETS OF LOCALLY SOLVABLE CLOSED FIELDS
We consider in this section a locally solvable closed cone field C.

Definition 2.1. We say that H C M is a Cauchy subset if there exists a neigh-
borhood M of the domain D and two open sets U of M such that U, U~ and
MnNH form a partiction of M and such that, for each inextensible causal curve
v : R — M, there exist two finite times a < b such that (] — c0,a[) C U™,
v(Jb,,00]) C Ut and ~([a,b]) C H.

This slightly complicated definition is designed to be as coherent as possible with
the terminology used in the classical setting of Lorentzian manifolds.

Proposition 2.2. If the closed cone field C is locally solvable and admits a Cauchy
subset, then it is globally hyperbolic.

Proof. 1t follows immediately from the definition that inextensible causal curves
start in U~ and end in U™, hence they cannot be periodic: the cone field is causal.

We now prove the compactness of J (K1) N J~ (K2) when K; and K, are
compact. If z,, is a sequence in JT (K1) N J~(K3) , then for each n there exists
an inextensible causal curve v, : R — M, parametrized by arclength, and either
times s, > 0, L, > t, > 0, such that 7,(0) € K1, vn(tn) = Tn, Yn(sn) € H,
Yn(Ly) € Ko, or times s, < 0, —L,, < t, <0, such that 7,,(0) € Ka, v.(tn) = xn,
Yn(sn) € H, yo(—Ly) € K;.

By an extraction, we can suppose that only one of the two situations occurs, we
will treat the first case, the second being similar.

The curves 7, converge, uniformly on compact sets, to an inextensible causal
curve v : R — M (see [6, Proposition 2.14]). Since H is Cauchy, there exists ¢
such that v(0) € U™, hence 7, (0) € UT for large n, hence s, < 6. The sequence
Sy, is thus bounded.
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If L,, < sy, for infinitely many values of n, then up to extraction, x,, = v, (t,) —
~(t) € A.

Otherwise, we can assume that L, > s, for each n. Then, we can prove as
above, by considering a limit of the curves v, (t — L,,), that L, — s,, is bounded and
the conclusion follows. O

Another lemma will be useful :

Lemma 2.3. Let C be a globally hyperbolic cone field, and F C M be a closed past
subset, i.e. J(F) C F. Then there exists a smooth causal function v which is null
on F, positive and temporal outside of F, and such that v o v(R) D]0, 00| for each
inextensible causal curve which is not contained in F. If H is acausal, then v is a
smooth time function.

Proof. Let U be the complement of F. It is easy to see that (U,C|y) is globally
hyperbolic, hence admits a smooth Cauchy temporal function 7 : U — R. Let
e R — [0, 00) be a smooth function such that nx(t) = 0 for ¢t < —k, n;,(¢) > 0
for t > —k, and ng(t) = t for ¢ > 1. Each of the functions 7y o 7 extends by 0 to
a smooth function vy on M. If {a}ren is a sequence of positive numbers which
decreases sufficiently fast, (see [3, Lemma 3.2] for the existence of such a sequence)
then 7 := > apny is a smooth diffeomorphism from R to |0, 00 and v := > agvy, is
a smooth function on M, which is null on F', and which is positive and temporal
on its complement. Finally, if v is an inextensible causal curve for C which is not
contained in F', then either v(R) is contained in U, and then ~ is an inextensible
causal curve of (U, C|y), hence 7oy (R) =] — 00, 0o[ and 7o+ (R) =]0, ool; or 7y enters
F and then v o y(R) = [0, o0]. O

Proposition 2.4. Let H C M be a Cauchy subset, U an open neighborhood of H,
and g a Riemannian metric. Then there exists a smooth causal Cauchy function
v: M — R satisfying vlg = 0 and v=(0) = H in a neighborhood of D , which is
temporal outside of H and g-uniform outside of U. In the case where H is moreover
acausal, v is a smooth Cauchy time function.

Remark 2.5. For U = M the proposition extends [1, Theorem 5.15].

Proof of Proposition 2.4. We denote by J* := (H N M) UU*, where M and U=+
are chosen according to Definition 2.1.

For each compact set K C J*t, the set 7 (K)NJ" = J(K)NJ"(H) is
compact. We can therefore build a sequence of compact sets K,, C J* such that
JT =U,K,, T (K,)NJT C K,, and such that K,_ is contained in the interior
K, of K, in J* for each n > 1.

Using Lemma 2.3 in M with F = J~, we find a smooth causal function v :
M — [0, 0o[ which is null on J~, positive and temporal on the complement of F,
and which moreover has the property that vy o v takes all values in [0, c0) when ~
is an inextensible causal curve.

For each n > 1, we set F,, = K,, UJ~. By Lemma 2.3, there exists a smooth
causal function v, on M which is null on F, and which is positive and temporal
outside of this set.

Since the set K5 \ U is compact and disjoint from J—, there exists a positive
constant ag such that agvg is uniform on Ko \ U. Then for each n > 1, since the
set Frq2 \ (U U IO(HH) is compact and disjoint from Fj,, there exists a positive
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number a,, such that a,v, is uniform on F, 1o\ (IO(nH UU). The locally finite sum
vt o= Zn%) anvy is a smooth causal function which is null on J—, temporal outside
of this set, and uniform on JT \ U. Moreover, v o~ takes all positive values if ~y
is an inextensible causal curve.

In a similar way we prove the existence of a smooth causal function v~ on
M which is null on J*, negative and temporal outside of this set, uniform on
J~(H)\ U, and such that v~ o~ takes all negative values for each inextensible
causal curve . The function ¥ := v + v~ is a smooth causal Cauchy function on
M such that {# =0} = H.

In order to obtain the desired function v on the whole manifold M, we just
consider a function A which is equal to 1 in a neighborhood of D and null outside
of M, and take v = ho. O

3. ONE SPATIAL HYPERSURFACE

We prove Theorem 1 and then give a proposition on the extension of acausal
compact sets to spatial hypersurfaces.

Proof of Theorem 1. We first prove the existence of a smooth causal function u
which is null on H and g-uniform in a neighborhood U of H, see Proposition 3.1
below.

Since H is a Cauchy subset (see Corollary 3.2 below), we can apply Proposition
2.4, and get the existence of a smooth causal function v which is null on H and
uniform outside of U. We deduce that 7 := u + v is a uniform temporal function
null on H. (I

The first step is a variant of [6, Proposition 5.1].

Proposition 3.1. Let H C M be a spatial subset, g be a Riemannian metric, and
V' be a neighborhood of H. Given « €]0,1[, there exists a smooth causal function
u: M — [—1,1] with the following properties:
e uy=0.
e The function u is g-uniform on w1 (]—a, af) and temporal on u=*(]—1,1]).
e The function u is equal to +1 in a neighborhood of JT(H)\'V and to —1
in a neighborhood of J~(H)\ V.

Proof. We consider a spatial hypersurface (of M) H C H which is smooth and
contains HQD, and we work first in a tubular neighborhood M ~ HxR C V C M,
such that (H x [—1,1]) N D is closed in M.

There exists a smooth positive function y — d(y) on H such that
Cly,0) C{(vy, vz) s vz = 38(y)[lvyll, v= = 30(y) || (vy, v2)l[}

for each y € H. Here we have used the notation ||v,|| := [|(vy, 0)|l(y,2), where the
norms are measured with respect to the metric g on M. Then, there exists a smooth
positive function € : H —]0, 1] such that

Cly, 2) C{(vy, v2) s vz = 20(y) vyl v= = 20(y) || (vy, va) [}

provided |z| < e(y). We also assume that e < 4.
Let f : H — R be a smooth positive function such that ||df, ||+ f(y) < €(y) for
all y € H, (see for example [6, Lemma 5.4] for the existence of such a function).
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We set
Wy, z) = ¢(=/ (),

where ¢ : R — [—1,1] is a smooth nondecreasing function which has positive
derivative on ] — 1,1[ and is equal to 1 on [1,00) and to —1 on (—oo, —1]. We
moreover assume that ¢(t) =t on [—a, .

On the open set Q :={(y,2) : |2| < f(y)} = a4~ — 1,1]), we have

¢'(z/f(y)) ¢'(2/f(y)

ity (v 02) = a7 (v = gyl v) 2 =50 v

for (vy,v;) € C(y, z) since |(z/f(y))dfy - vy| < 0(y)||vyl| < v./2. This implies that
4 is temporal on Q . Outside of this open set, @ is locally constant, hence it is a
causal function.

Finally, on @~ 1(] — «, o), we have ¢'(z/f(y)) = 1 hence

X 1 5(y)
di z) Uy, Uz > =7 Uz > 7 Uy, Uz z 2 Uy, Uz z

for each (vy,v.) € C(y,z). In other words, the causal function @ is uniform on
o Y] — a,a). X

Let us now extend the function 4 from M to M. The domain D of C is the union
of the closed sets J*(H), and the intersection of these sets is H ND. Let F* be
the disjoint closed sets J*(H) \M Let W¥ be open sets containing F'*, which are
disjoint from each other, and also disjoint from (H x [~1,1])ND C M and from the
closure H of H (this is possible since HND = HND). We consider a partition of the
unity (a, b, ¢, d) associated to the finite open covering M = MUWTUW~U(M\D)
and set u:=at+b—c. (]

This proposition has the following corollary :
Corollary 3.2. FEach spatial subset is a Cauchy subset.

Proof. We consider the function u obtained in the Proposition 3.1. There exists a
neighborhood M of D such that M Nu~" (0) = MNH. Indeed, let z,, be a sequence
of points converging to « € D and such that u(x,) = 0. Since u(z) = 0 and = € D,
we have © € H. In the neighborhood of z, the function u is non-degenerate, hence,
locally, u=%(0) = H. This implies that z,, € H for large n, proving the claim.

We define Ut := {z € M : u(z) >0}, U~ := {x € M : u(z) < 0}. They satisfy
all the requirements of the definition of a Cauchy subset. O

Theorem 1 is proved. Let us also mention :

Lemma 3.3. Let 7 be a Cauchy temporal function, and let a € R. Let g be a
Riemannian metric. Then there exists a Cauchy temporal function 71 such that
nn=7on{r>a+1/3}U{r =a}U{r < a—1/3}, and which is g-uniform on
' (Ja —1/10,a + 1/10]).

Proof. We first apply Proposition 3.1 in the hyperbolic strip 7= (Ja — 1/3,a+1/3|)
to the spatial set H and the metric 16g. We get a smooth causal function v : M —
[—1,1] which is 16g-uniform on u~!(Ja — 3/4,a + 3/4[), which is equal to 0 on H,
and which is equal to 1 on {7 > a+ 1/3} and to —1 on {r < a — 1/3}.

Second, we consider a smooth increasing diffeomorphism 7 : R — R such that
n(a) =a,nt)=t—1/4onfa+1/3,00) and n(t) =t +1/4 on (—o0,a — 1/3].
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Finally we set 71 = u/4+no7. This function is equal to a on {7 = a}, it is equal
toron {r >a+1/3YU{r < a—1/3} it is g-uniform on 7; *(Ja —1/10,a+1/10]) C
uY(Ja — 3/4,a + 3/4[) because u/4 is. O

It is not much more difficult to find a Cauchy temporal function with prescribed
values on two spatial hypersurfaces than on one spatial hypersurface. More pre-
cisely:

Proposition 3.4. Let Hy, Hy be two spatial subsets such that Hy N J~ (Hp) =0,
and let g be a complete Riemannian metric on M. Then there exists a Cauchy
temporal function T such that T =1 on H; for i = 0,1, and which is g-uniform in

{7 2 9/10} and in {r < 1/10}.

In view of this result, the remaining difficulty in the proof of Theorem 2 is to
interpolate between Hy and H; in a uniform way. This will be done in Section 5.

Proof. The open set M \ J~ (Hy) is globally hyperbolic and contains H;. As a
consequence, there exists a 4g-uniform temporal function 71 : M \ J~ (Hp) — R
which is equal to 1 on Hy. In view of (the proof of) Lemma 2.3, there exists a
smooth function n : R —]0,00) with positive derivative such that n(t) = ¢ for
t > 1/2 and such that no 7 extends (with the value 0) to a smooth function on M,
that will be denoted by 7.

By a similar method in the globally hyperbolic manifold {73 < 3/4}, there exists
a smooth function 75 : M — (—o0, 1] which is equal to 1 on {7 > 3/4}, temporal
in {m < 3/4}, null on Hy, and 4g-uniform in {7, < 1/2}.

The function 7 := (71 + 72)/2 is temporal, it is g-uniform in {7 > 9/10} C {7, >
4/5} because 71/2 is g-uniform on this set, and it is g-uniform on {7 < 1/10} C
{m2 < 1/5} because 7/2 is g-uniform on this set. O

We finish this section with an extension result which is a generalization of [/,
Theorem 1.1].

Proposition 3.5. Let C be a globally hyperbolic cone field without degenerate points,
and let ¥ be a spacelike hypersurface. Then each compact subset K C X is contained
in a spatial hypersurface H.

Moreover, if N~ ,N*t are two spatial sets such that ¥ C JT(N")NJ (NT),
the spatial hypersurface H containing K can be chosen inside J*(N~)NJ (NT)
and equal to N~ at infinity.

Proof. We prove the second part of the Proposition, the first part easily follows
from it.

By Corollary 1.5, there exist globally hyperbolic enlargements C* of C such that
N#* is a Cauchy hypersurface for C*.

We associate to K the transverse open cone field £, which is defined by:

Ex(z) =T, M if z ¢ K and

Ex (x) is the component of Tx M \ T,,X which contains C(z) if x € K.

By definition, this open cone field contains C, hence there exists an enlargement
C' of C which is contained in £k (by [6, Lemma 2.8]). The intersection C; :=
CtNC~NC' is a globally hyperbolic closed cone field, N* are spatial hypersurfaces
of C1, and ¥ is spacelike for C; at each point of K.

Note that the set of points of ¥ at which X is spacelike is relatively open in %
and contains K. We can thus assume (by possibly reducing it), that ¥ is a spacelike
hypersurface for C;.
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We consider a Cauchy temporal function 7 for C; such that 7 = 0 on N~ and
7=1o0n NT, according to Proposition 3.4.

We can finally assume, by possibly reducing C;, that K is acausal for Cy, and
even that there exists a compact subset Z C ¥, which contains K in its relative
interior, and which is acausal for C;.

To prove this last claim, we consider a decreasing sequence Z,, of compact subsets
of 3 each of which is contained in the relative interior of the previous one, and such
that K = NZ,. We also consider a decreasing sequence C, of enlargements of
C, each of which is an enlargement of the next one, and such that C = NC,, (the
existence of such a sequence of enlargements is proved in [0, Lemma 2.9]). We
assume by contradiction that for each n there exists a C,-causal curve v, : I, —
M, I,, C [0,1] starting and ending in Z,, and parametrized by 7, i.e. such that
T on(t) = t. Then at the limit (along a subsequence), we obtain a C-causal curve
v : I — M starting and ending in K. The acausality of K implies that this curve
is reduced to a point kK € K. A local study at x leads to a contradiction.

The cone field C; contains a non-degenerate open cone, hence a smooth vector
field X. Each inextensible orbit of X intersects N~ exactly once. This defines a
smooth map 7 : M — N~ which, to each point x, associates the intersection of
its orbit with N—. The map

M >z (w(x),7(x)) € N~ xR

is a smooth diffeomorphism. In other words, we can assume that M = N~ x R,
N~ = N- x {0}, Nt = N- x {1}, that C;(x) contains the vector (0,1) at each
point, that the vertical coordinate 7 is a Cauchy temporal function for C;, and that
T(X) €[0,1].

The set I':= J; (Z)U{r < 0} is a past set for C1, i.e. F'= T, (F), and it is equal
to {7 < 0} at infinity (meaning, outside of a compact set of M). Its complement is
therefore a trapping domain for C in the terminology of [6]. Since Z is acausal, it is
contained in the boundary of F. In the identification M = N~ xR, the boundary of
F is the graph of a compactly supported Lipschitz function f : N~ — [0, 1], which
is smooth in a neighborhood of 7(K). We can then regularize f to a compactly
supported smooth function f : N~ — [0, 1] which is equal to f near m(K), and
the graph H of which is spacelike for C;. We can use for example [6, Proposition
4.5] or a more standard smoothing procedure. The graph H is the desired spatial
hypersurface. O

4. A CAUCHY TEMPORAL FUNCTION WHICH IS NOT COMPLETELY UNIFORM
Let us consider the plane R? endowed with the constant cone field
Clx) = {(ve,vy) s vy = [val},

i.e. the Minkowsky plane. In this plane, we consider the strip U = Rx]|—1,1[. The
restriction of C to U is globally hyperbolic.

Let ¢ :] —1,1[— R be a smooth increasing function onto R. Then the function
@ oy is a Cauchy time function on U.

An easy computation shows that the function 7(z,y) := y/(1+2?) is a temporal
function on U. Indeed
2|z| 1

<

0,7| < <
27| (1+22)2 1+ 22

= 0yT.
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The function h(x,y) = 7(x,y) + ¢(y) is thus a Cauchy temporal function.
Proposition 4.1. If ¢'(0) = 0, then h is not completely uniform.

Proof. We prove that, if ¢ is a metric such that A is g-uniform, then ¢ is not
complete.

We consider the constant C-causal vector fields V™ = (1,1) and V— = (—1,1).
For the metric g, we have

_ _ 2
V@0 + IV o) < dhipoy - (VT +V7) =20,h(x,0) = T2
The g-length ¢ of the axis y = 0 thus satisfies
1 Vi@ + 1V @
E:/—|V+—V_|(zo)d:v</ Vo + VI ’O)dxg/ dr < oo.
R 2 ’ R 2 1 + x2
This implies that the metric g on U is not complete. 0

5. Two CAUCHY HYPERSURFACES

We consider in this section a non degenerate (D = M) globally hyperbolic cone
field C and prove Theorem 2 under this assumption, i.e. we prove:

Proposition 5.1. Let C be a globally hyperbolic non degenerate cone field with
smooth boundary. Let Ho, Hy be two spatial subsets such that Hy N J~ (Hgy) = 0.
Then there exists a completely uniform temporal function 7: M — R such that
T =1 on H; fori=0,1 (hence DN77L(i) = DN H;).

It is convenient in this section to fix once and for all a complete Riemannian
metric g on M (but we shall be led to consider also other metrics). In view of
Proposition 3.4, Proposition 5.1 follows from:

Proposition 5.2. Let 7 be a smooth Cauchy temporal function, and g be a complete
Riemannian metric on M. We assume that there exists a < b in |0,1[ such that
7 is g-uniform on 771(]0,alU]b, 1[). Then there exists a smooth Cauchy temporal
function 8 and a complete Riemannian metric h on M such that:
The function 6 is h-uniform on 7=1(]0,1[) and equal to T outside this strip.
The metric h is equal to g outside of the strip 7=1(]0,1]), and it satisfies

dn(t71(0),771(1)) > 1/3.

Proof. We assume without loss of generality that a < 1/10, b > 9/10. We introduce
intermediate values a1 €0, a and by €]b, 1].

We will construct a spatial hypersurface G which oscillates between the hyper-
surfaces {7 = a1} and {7 = b1 }:

Lemma 5.3. There exists a spatial hypersurface G C 77 ([a1,b1]) such that :
The intersection T+ (G) N{T < by} is the disjoint union of a countable family
of bounded sets F,,,n > 0 such that dy(F,, Fy,) > 1 if n# m.
The intersection J~—(G) N{7T > a1} is the disjoint union of a countable family
of bounded sets P,,n > 0 such that dg(Py, Py) = 1 if n # m.

Assuming the lemma for the moment, we finish the proof of Proposition 5.2.
We consider a smooth modification o7 of 7, where n : R — R is an increasing
diffeomorphism satisfying n(t) = t—1/3 for t > 9/10 and n(t) = t+1/3 for t < 1/10.
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We apply Proposition 3.1 to the hypersurface G in the globally hyperbolic open
set 771(]0, 1[) and obtain a smooth causal function u : M —s [—1/6,1/6] which is
equal to 1/6 in {7 > 1}, to —1/6 in {7 < 0}, and which is g-uniform on v ~(] —
1/7,1/7]). We set

V = 7 ((—00,a1 () U (] — 1/10,1/10) U7 (Jbr, 00)),

the temporal function 7 o 7 4+ u is g-uniform in a neighborhood of V', hence there
exists a smooth function A : M —]0, 1], which is equal to one on V, and such that
n o7 4+ u is Ag-uniform for C. We don’t know, though, whether the metric \g is
complete. To solve this problem, we define

O:=noT+2u , h:=Ag+du® du.

The function 6 is the sum of the function n o 7 4+ u, which is Ag-uniform, and wu,
which is du ® du-uniform. It is therefore h-uniform. It is moreover equal to 7
outside of the strip 771(]0, 1]).

We now prove that the metric h is complete. This implies that 6 is completely
uniform for C. We denote by A the complement of V, and set AT := AN JT(G)
and A~ = ANJ (G). We first observe that dj,({u > 1/10}, {u < —1/10}) > 1/5.
Indeed, the h-length L of a curve « is bounded below by |u(y(1)) — u(y(0))| and
uja+ = 1/10, upa- < —1/10. This remark also proves that dj, ({7 = 0}, {7 = 1}) >
1/3.

The closed set AT is the disjoint union of the bounded sets A := AT N F,, and
the closed set A~ is the disjoint union of the bounded sets A, := A~ N P,. Since
AT Cc {7 >1/10} and A~ C {7 < —1/10}, we have dp(AT, A7) > 1/5.

Let v be a curve connecting A" and Uy, A . If v enters A™, then L (y) =
dn({u > 1/10},{u < —1/10}) > 1/5. If v does not enter A~, then Ly,(y) >
Lyg(yNV) = Ly(yNV) = dg(A), UpzmAfl) =1, since A =1 on V. In both cases,
Ly(y) > 1/5, hence (using similar arguments for A, ) dp(A}, UnznAl) > 1/5
and dp(A,,,UmznAd;,) = 1/5. In view of these inequalities, a curve ~ of finite
h-length L visits only finitely many of the sets Azi. If K is the union of these
finitely many visited sets, then K is compact, and v is contained in the compact
set {x : dy(K,x) < L} (recall that g is a complete metric). O

PRrROOF OF LEMMA 5.3: The proof consists of repeated applications of Proposi-
tion 3.5. We denote by NT the hypersurface {7 = by}, and by N~ the hypersurface
{7 = a;}. Further we denote by S the open strip 77! (Ja,b;[) and by S its closure
77 ([a1,b1]). We set B(F,r) :={y:d(y,F) <r}.

By Proposition 3.5, applied to —C, there exists a spatial hypersurface G§ C S
which contains a point zg € N~ and is equal to N at infinity. We set Fy :=
TGN S.

Then, by Proposition 3.5, there exists a spatial hypersurface G, C S which
contains G§ N J*(B(Fy,1)) and is equal to N~ at infinity. Note then that

T (Gy)NSNB(Fy, 1) = Fy.
Indeed, we have J~(G§) N B(Fp,1) € J—(Gy) hence J—(Gf) € T~ (Gy) U
B¢(Fp,1). Taking the complements in S, we get the inclusion J*+(Gy) NS N
B(Fy,1) C Fy. The opposite inclusion is obvious. We set Py :=J (G, )N S.
We construct inductively sequences G- of spatial hypersurfaces, and increasing

sequences F,, P, of bounded subsets of S such that: (1) Gif is equal to N* at
infinity for each n; (2) F, = SNTTT(G), Pn=5SNT (G,); (3) G, contains
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G, NI~ (B(F,UPy, 1)UB(z0,2n)); (4) G, contains G}, ;NI T (B(Frq1UPy, 1)U
B(zg,2n +2)).

We denote P11 := Ppi1 \ Pn and Fry1 := Fpy1 \ Fa.

Note that at each step we have G,',, C JT(G,)NJ (G)) and G, C
T (Gr) NTHG).

Denoting B,, := B(]-" U Pn, 1) U B(zo,2n) and BS its complement, (3) implies
that that J*(G,) N B, C J(G;,). This implies that J(G,,) C T (G}, ) U
B¢ . Taking the complements and intersecting with S yields

J (G )NB,NSCT (G,)NS="P,

hence P41 N B,, = Py, and in particular d(P,4+1,P,) = 1, hence d(P,, P,,) > 1

for n # m. Similarly, we have F, 41 N (B(]:n UPpn-1,1) U B(xg,2n + 2)) = F,.

Finally, we observe that G:{H = G, = G on B(xg,2n). As a consequence, the
sequence G, is stabilizing on any bounded set, and has a limit G, which is a spatial
hypersurface, such that 77+ (G)NS = UF,, and J~~(G)NS = UP,. To prove that
G is Cauchy, observe that the intersection v NS of an inextensible causal curve
with the strip S is bounded, hence the sequence G, N~ stabilizes and is equal to
a single point. O

6. DENSITY OF COMPLETELY UNIFORM TEMPORAL FUNCTIONS IN CAUCHY
TEMPORAL FUNCTIONS

We prove Theorem 3. We do not assume explicitly that D has smooth boundary,
but we assume that the conclusion of Theorem 2 holds for C. We fix a complete
metric g.

Since Cauchy temporal functions are dense in Cauchy causal functions, see [7,
Corollary 9], we can assume without loss of generality that 7 is a Cauchy temporal
function.

Notice that au is a uniform temporal function if u is and if @ > 0. In view of this
remark, it is enough to prove the result with € = 1, which will simplify notations.

We will show the existence of a completely uniform function v such that v =1 ([k, k+
1]) = 77 1([k, k + 1]) for each k € Z, this implies that sup [v — 7| < 1.

By repeated applications of Lemma 3.3, we can replace the Cauchy temporal
function 7 by a Cauchy temporal function 7 such that 7! ([k, k+1]) = 7= *([k, k+1])
for each k € Z and which moreover is g-uniform on 77 1(B), with B := {t € R :
d(t,7) < 1/10}.

By repeated use of Proposition 5.2, we inductively construct a sequence v,
n > 0, of smooth temporal functions and a sequence h,,, n > 0 of complete metrics
with the following properties: (a) hg = g, vg = 7. (b) For each n > 1, h,, = hy—1
and v, = v,_1 outside of 771(] —n,1 — n[Un — 1,n]). (c) v, is h,-uniform on
v, ([=n,n] U B). (d) v, ([k,k +1]) = 77k, k + 1]) for each n and k. (e)
dp, (174(k), 77 (k + 1)) > 1/3 for each k in {-n,1 —n,...,n—2,n—1}.

Since the sequences v,, and h,, stabilize on any compact set they converge re-
spectively to a smooth temporal function v and a Riemannian metric kA such that
v is h-uniform. We just have to verify that h is a complete metric. Let v be a
curve of finite h-length. Since dp,(771(k), 77 (k + 1)) > 1/3 for each k, the curve
~ crosses only a finite number of integral level sets of 7. As a consequence, it is
contained in 771 ([~ N, N]) for some large N. Then, the hy-length of 7 is equal to
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its h-length, hence it is finite. Since hy is complete, we deduce that ~ is relatively
compact in M.

7. CLOSED CONE FIELDS WITH SMOOTH BOUNDARY

The main goal of the present section is to finish the proof of Theorem 2 by
reducing the case with smooth boundary to the non-degenerate case.

Let us first give an example illustrating the kind of difficulties which can occur for
general globally hyperbolic cone fields. We consider the standard Minkowski cone
field C,, on the plane, and the closed set D formed by the union of the three half lines
starting at 0 and directed by the vector (1,1), (—1,1) and (0, —1). The restriction
C to D of C,, is easily seen to be globally hyperbolic, the second coordinate being a
Cauchy temporal function y. However, it does not admit a product structure, and
not all level sets of yp have the same topology (some have two points, some only
one).

Lemma 7.1. Let C be a locally solvable closed cone field with smooth boundary.
Then at each boundary point x of the domain, there exists a vector v € C(x) which
is tangent to the boundary and non-zero.

Proof. Let f be a smooth function at 2 such that, locally, D = {f < 0}, and let
7 be a local time function with 7(z) = 0. Let v :] — €,¢[— M, e > 0 be a causal
curve such that v(0) = z, parametrized by 7 (meaning that ¢t = 70 v(t)). The local
solvability of C at = implies the existence of such a curve. We define the Clarke
differential 9y(0) of v at 0 as the smallest closed convex set containing the limits
~'(ty,) for all sequences t,, — 0 of differentiability points of v. The function f o~y
has a maximum at ¢ = 0, and this implies that df;(9v(0)) contains 0, hence that
07(0) contains a vector v tangent to the boundary. Since 7o v(t) = ¢, we have
dry - v = 1, hence v # 0. Since -y is causal, its Clarke differential is contained in
C(x), see |6, Section 2.2]. O

The following result allows to deduce the study of globally hyperbolic cone fields
with smooth boundary from the study of non-degenerate globally hyperbolic cone
fields.

Lemma 7.2. Let C be a globally hyperbolic closed cone field with smooth domain
D. Let C' be an enlargement of C. Then there exists a smooth vector field X
contained in C' (defined in a neighborhood of D) and a closed neighborhood with
smooth boundary F of D (contained in the domain of X ) such that X is tangent to
the boundaries of D and F.

If C' is hyperbolic, then the cone field C1, defined to be equal to C' on D and to
the half line directed by X on F \ D, is globally hyperbolic.

The restriction of C1 to the interior U of F is globally hyperbolic in U.

Proof. Let B be the boundary of the domain D. By assumption it is a closed
submanifold of M. The enlargement C’' contains two smooth vector fields X+
defined in a neighborhood of D and pointing respectively strictly to the interior
and strictly to the exterior of D. Then, there exists a tubular neighborhood W =
Bx] —1,1] of B, which is contained in the common domain of X*, such that the
leaves B x {t} are transverse to X+ and X ~, and such that B x [—t, ] is closed in M
for each ¢t € [0, 1]. There exists a smooth positive function f : W — [0, 1] such that
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the vector field X := fX~+(1— f) X is tangent to the leaves of W, it is obviously
contained in C’'. We take F':= DU (B x [0,1/2]), so that U =D U (B x [0,1/2]).
Since the closed cone field C; is contained in the hyperbolic cone field C’, it is
hyperbolic. Moreover, it is locally solvable, hence globally hyperbolic.
Finally, if K and K’ are compact subsets of U, then jctw(K) N jc_llU(K’) =

JCJE (K) N Je (K') is a compact subset of U, which implies the hyperbolicity of
Ciu- O

Proof of Corollary 1.7. We consider a globally hyperbolic enlargement C’ of C such
that 7 is a Cauchy temporal function for C’, and apply Lemma 7.2. Each integral
curve of X on U intersects N = {z € U : 7(x) = 0} exactly once, and this defines
the map 7. (I

Proof of Theorem 2. We consider a globally hyperbolic enlargement C’ of C such
that Ho and H; are spatial for C’. We then apply Lemma 7.2. Since C|ys is globally
hyperbolic and non-degenerate on U, we can apply Proposition 5.2 to this cone
field. We obtain a temporal function 6 : U — R which is uniform with respect to
a complete metric h on U. We now take a complete metric g on M which is equal
to h near D, and a smooth function 7 on M which is equal to 6 near D. 0
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