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Abstract. We study a class of time functions called uniform temporal functions in the general
context of globally hyperbolic closed cone fields. We prove some existence results for uniform temporal
functions, and prove the density of uniform temporal functions in Cauchy causal functions.

Résumé. Nous étudions une classe de fonctions temps, appelées fonctions temporales uniformes,
adans le contexte général d’'un champ de cone fermé globalement hyperbolique. Nous prouvons des
résultats d’existence pour ces fonctions temporales uniformes, et nous prouvons la densité des fonctions
temporales uniformes dans les fonctions causales de Cauchy.
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1 Introduction

Let us first recall some definitions from [4], see also [9]. We say that C' C F is a convex cone in
the vector space F if it is a non empty convex set C' contained in an open half space which is
positively homogeneous: tx € C'if t > 0 and x € C (this definition is slightly more restrictive
than in [4], here we do not admit singular or degenerate points). A cone field is a subset C C T M
such that C(z) := CNT,M is a convex cone for each z € M. We say that C is a closed cone field
if it is a cone field such that C UT°M is closed in TM, where T°M is the zero section of the
tangent bundle. Our definitions imply that cone fields are disjoint from T9M. We say that £ is
an open cone field if it is a cone field open in T'M. The main example of closed cone fields we have
in mind is the set of future pointing non spacelike vectors associated to an oriented Lorentzian
metric. Our setting is more general, but our main results are new even in this important case.
The main example of open cone field is the set of future pointing timelike vectors associated to
an oriented Lorentzian metric.

For a closed cone field C, the curve v : I — M is said to be C-causal (or just causal) if
it is locally Lipschitz and if the inclusion (t) € C((t)) U {0} holds for almost all ¢ € I. The
strictly causal future jc++(:17) of x is the set of points y € M such that there exists a nonconstant
causal curve v : [0,7] — M satisfying v(0) =  and v(T') = y. The causal future J;" (z) of x
is the set J; () = J " () U {z}. The causal past J; (z) is the set of points 2’ € M such that
x € J (/). More generally, for each subset A C M, we denote by J5"(A) := UzeaJ5 () the
causal future and past of A. We have the inclusion J (y) C J; (z) if y € T (2).

We say that the closed cone field C is acausal if x ¢ J T (x) for each x € M. We say that
C is globally hyperbolic if it is acausal and if moreover J*(K) N J~(K’) is compact for each
compact sets K, K' C M.

In the case where C contains an open cone field (for example in the case of an oriented
Lorentzian metric), the above definition is equivalent to the usual condition that C is acausal
and that the diamonds J*(z) N J ™ (2') are all compact, as was proved in [4].

A function 7: M — R is said :

e causal if 7 o 7 is non decreasing for each causal curve =;
e a time function if 7o« is increasing for each causal curve ~;
e temporal if it is smooth and if dr, - v > 0 for each (z,v) € C.

A smooth function is causal if and only dr, - v > 0 for each (x,v) € C. A temporal function
is a time function, and a time function is causal.

A causal curve v: Ja,b[— M is said inestensible if neither limyy, y(t) nor limg, y(t) exist.
Each causal curve can be extended to an inextensible causal curve, see |41, Corollary 2.15].

The causal function 7 is said Cauchy if 7o v :]Ja, b[— R is onto for each inextensible causal
curve v :|a,b[— M.

It is known that a spacetime is globally hyperbolic if and only if it admits a Cauchy temporal
function, see [7, &, 10]. This was extended in [1] to the present setting, see also [9].

Actually we introduced in [4] the more precise notion of uniform temporal functions (there
called steep temporal functions):

Definition 1.1. Given a metric g, the temporal function T is said g-uniform (or uniform with
respect to g) if dr, -v = |v|% for each (x,v) € C.

The function T is said completely uniform if it is uniform with respect to some complete
metric.

It is easy to check that a completely uniform temporal function is Cauchy.



We proved in [4] that a globally hyperbolic cone fields admits uniform time functions with
respect to any metric, hence completely uniform temporal functions. Conversely, the existence of
a completely uniform time function implies global hyperbolicity. The existence of a completely
uniform temporal function immediately implies that the globally hyperbolic cone field C admits
a globally hyperbolic enlargement (a globally hyperbolic closed cone field ¢’ which contains C in
its interior). Indeed, if g is a complete metric and 7 is g-uniform, then 7 is g/4-uniform for the
enlargement C' := {(z,v) : d7, - v > |v|2/2,v # 0}. This extends |2| and |7, Theorem 1.2].

Not all Cauchy temporal functions are g-uniform. Moreover, as will be exemplified in Section
3, not all Cauchy temporal functions are completely uniform.

Our goal in the present paper is to clarify the differences between the notions of completely
uniform temporal functions and of Cauchy temporal functions. In order to do so, we will prove
some existence results of completely uniform temporal functions which mimic corresponding
results for Cauchy temporal functions. We will deduce that each Cauchy temporal function can
be uniformly approximated by completely uniform temporal functions.

The subset H C M is said to be :

e acausal if each causal curve intersects H at most once;
e Cauchy if each inextensible causal curve intersects H exactly once;

e a spacelike hypersurface if it is a hypersurface and if T, H is disjoint from C(z) for each

x € M,
e a smooth Cauchy hypersurface if it is smooth, Cauchy, and spacelike.

Since each causal curve can be extended to an inextensible causal curve, a Cauchy hypersurface
is acausal.

We state our main results in the convenient setting of closed cone fields, but they are also
new in the more classical setting of genuine Lorentz metrics.

Each level set of a Cauchy temporal function is a smooth Cauchy hypersurface. Our first
results is a converse which extends |3, Theorem 1.2] to the more general case of closed cone fields
and to uniform temporal functions (instead of Cauchy temporal functions) :

Theorem 1. Let H be a smooth spacelike Cauchy hypersurface, and g a Riemannian metric.
Then there exists a g-uniform temporal function which is null on H.

A proof is given in Section 2, it is different from the one in [3]. It is not much harder to
find a Cauchy temporal function with two given level sets, but the following statement is more
delicate:

Theorem 2. Let Hy, Hy be disjoint smooth spacelike Cauchy hypersurfaces with Hy C J+(Hy).
Then there exists a completely uniform temporal function 7: M — R with {Tr = i} = H; for
1=0,1.

The proof will be given in section 4. We deduce in Section 5:

Theorem 3. Let 7 be a Cauchy causal function, and let € > 0 be given. Then there exists a
completely uniform temporal function v such that sup |[v — 7] < e.

We will however see in Section 3 an example of a Cauchy temporal function which is not
completely uniform. These results for example imply the following version of |1, Theorem 4.2]:

Corollary 1.2. If 7 is a Cauchy temporal function for C, then there exists an enlargement C’
such that T is a Cauchy temporal function for C’.



PROOF. We consider a completely uniform temporal function v such that 7 — v is bounded. As
explained above, there exists an enlargement C; of C such that v is a uniform temporal function
for C1. There exists also an enlargement Cy such that 7 is temporal for C5. The intersection
C' := C1 NCy is an enlargement of C. For C’, the function 7 is temporal and the function v is
completely uniform, hence Cauchy. Since v — 7 is bounded, the function 7 is also Cauchy. 0

2  One Cauchy hypersurface

We prove Theorem 1 and then give a proposition on the extension of acausal compact sets to
smooth Cauchy hypersurfaces.

PROOF OF THEOREM 1. We first prove the existence of a smooth causal function w which is
null on H and g-uniform in a neighborhood U of H, see Proposition 2.1 below.

Then, we prove the existence of a smooth causal function v which is null on H and uniform
outside of U, see Proposition 2.3 below. We deduce that 7 := u + v is a uniform temporal
function null on H. 0

The first step is a variant of |4, Proposition 5.1].

Proposition 2.1. Let H C M be a smooth spacelike Cauchy hypersurface, g be a Riemannian
metric, and V' be a neighborhood of H. Given « €]0,1], there exists a causal function u: M —
[—1, 1] with the following properties:

e H=u"%0).
e The function u is g-uniform on u= (] — o, af) and temporal on u=(] — 1, 1)
e The function u is equal to +1 on JT(H) =V and to =1 on J~(H) — V.

PROOF. We can work in a tubular neighborhood of H and therefore assume that M = H x R
(the function built locally can be extended globally by the constant values +1). There exists a
smooth positive function y +— §(y) on H such that

C(y,0) C {(vy,vz) 1 vz = 30(y)|lvy ||, vz = 36(y) | (vy, v2)ll}

for each y € H. Here we have used the notation [lv,|| := [|(vy,0)| ,,~), Where the norms are
measured with respect to the metric g on M. Then, there exists a smooth positive function
€: H —]0,1[ such that

Cly, 2) C{(vy,vz) 1 vz = 26(y)[vyll, vz = 20(y)|I(vy, v2) I}

provided |z| < e(y). We also assume that e < 6.
Let f: H — R be a smooth positive function such that ||df,|| + f(y) < e(y) for all y € H,
(see for example [1, Lemma 5.1] for the existence of such a function). We set

u(y,z) = ¢(2/f(y)),

where ¢ : R — [—1,1] is a smooth nondecreasing function which has positive derivative on
| = 1,1[ and is equal to 1 on [1,00) and to —1 on (—oo, —1]. We moreover assume that ¢(t) =t
on [—a,al.

On the open set {(y, 2) : |2] < f(y)} = v (] — 1,1[), we have

ooy = TEIW (2 gy 5 YENTWD),
B (00r0e) = =50y (e = gyl ) > =g




for (vy,v.) € C(y, 2) since [(z/f(y))dfy - vy| < d(y)||vy|l < v./2. This implies that u is temporal
on this open set. Outside of this open set, u is locally constant, hence it is a causal function.
Finally, on u~!(] — a, a[), we have ¢/(z/f(y)) = 1 hence

dugy,z) - (vy,v2) 2 (1/2f ())vz = (6()/f (W) (vy, v2)ll(g,2) 2 I(vy, va)lly,2)

for each (vy,v,) € C(y, 2). In other words, the causal function f is uniform on u=!(] — a, af).

We need a Lemma before the second step.

Lemma 2.2. Let C be a globally hyperbolic cone field, and F C M be a closed past subset, i.e.
F = J~(F). The complement U of F is then globally hyperbolic. If T : U — R is a Cauchy
temporal function, then there exists a smooth causal function v : M — [0,00) which is null on
F, temporal on U, and equal to 7 on {T = 1}. The function v is of the form not on U.

PROOF. The global hyperbolicity of (U,C|y) follows easily from the definition. Let n;: R —
[0,00) be a smooth function such that ng(t) = 0 for t < —k, n;,(t) > 0 for t > —k, and n(t) =t
for t > 1. Each of the functions 7, o 7 extends by 0 to a smooth function on M. If {ax}ren
is an appropriate sequence of positive numbers (see [0, Lemma 3.2| for the existence of such a
sequence) then v := Y ag 1, o 7 is a smooth function on M, which is null on F', and which is
positive and temporal on its complement. 0

Proposition 2.3. Let H C M be a Cauchy hypersurface, U an open neighborhood of H, and g
a Riemannian metric. Then there exists a smooth function v: M — R satisfying {v =0} = H,
which is temporal outside of H and g-uniform outside of U.

PROOF. For each compact set K C J+(H), the set J(K) N J1(H) is compact. We can
therefore build a sequence of compact sets K, C J(H) such that J*(H) = U, K, T (K,) N
JT(H) = K,, and K,_; is contained in the interior K, of K,, in JT(H) for each n > 1. We
take Ky = ().

For each n > 0, we set F,, = K, UJ (H). By Lemma 2.2, there exists a smooth causal
function 7,, which is null on £, and which is positive and temporal outside of this set.

Since the set Ko — U is compact and disjoint from 7~ (H), there exists a positive constant
ap such that ap7g is uniform on Ky — U. Then for each n > 1, since the set K42 — (U U Io(n+1)
is compact and disjoint from J~(H) U K,,, there exists a positive number a,, such that a,7, is
uniform on K419 — (f(n+1 UU). The locally finite sum 71 := zn>0 anTn 1s a smooth function
which is null on J~(H), temporal outside of this set, and uniform on J+(H) — U.

We prove similarly the existence of a time function 7= which is null on J*(H), negative
and temporal outside of this set, and uniform on J~(H) — U. The function v := 77 + 77 is as
claimed. 0

Theorem 1 is proved. We immediately deduce:

Corollary 2.4. If H is a smooth Cauchy hypersurface for the cone field C, then there exists a
globally hyperbolic enlargement C' of C such that H is a smooth Cauchy hypersurface for C'.

Let us also mention, for later use:

Lemma 2.5. Let 7 be a Cauchy temporal function, and let a € R. Let g be a Riemannian metric.
Then there exists a Cauchy temporal function 7y such that 1 = 7 on {7 > a+1/3}U{r = a}U{7 <
a —1/3}, and which is g-uniform on 7 *(Ja — 1/10,a + 1/10]).



PROOF. We first apply Lemma 2.1 in the hyperbolic strip 7=!(Ja — 1/3,a + 1/3[) to the hy-
persurface {r = a} and the metric 16g. We get causal function v : M — [—1,1] which is
16g-uniform on u~!(Ja — 3/4,a + 3/4[), which is equal to 0 on {7 = a}, and which is equal to 1
on {r >a+1/3} and to —1 on {r < a—1/3}.

Second, we consider a smooth increasing diffeomorphism 7 : R — R such that n(a) = a,
n(t)=t—1/4on a+1/3,00) and n(t) =t +1/4 on (—oo0,a — 1/3].

Finally we set 71 = u/4 + no 7. This function is equal to a on {7 = a}, it is g-uniform on

7 (Ja —1/10,a +1/10]) € w='(Ja — 3/4,a + 3/4]) because u/4 is. 0

It is not much more difficult to find a Cauchy temporal function with prescribed values on
two smooth Cauchy hypersurfaces than on one Cauchy hypersurface. More precisely:

Proposition 2.6. Let Hy, Hy be disjoint smooth spacelike Cauchy hypersurfaces with Hy C
J1(Hy), and let g be a complete Riemannian metric on M. Then there exists a Cauchy temporal
function T such that {T =i} = H; for i = 0,1, and which is g-uniform in {7 > 9/10} and in
{r < 1/10}.

In view of this result, the remaining difficulty in the proof of Theorem 2 is to interpolate

between Hy and Hi in a uniform way. This will be done in Section 4.
PROOF. The open future J T (Hp) is globally hyperbolic and contains H;. As a consequence,
there exists a 4g-uniform temporal function 7 : J T+ (Hy) — R which is equal to 1 on Hy. In
view of of Lemma 2.2, there exists a smooth function 7 : R —]0, 0c0) with positive derivative
such that n(t) = ¢ for t > 1/2 and such that n o 71 extends (with the value 0) to a smooth
function on M, that will be denoted by 7.

By a similar method in the globally hyperbolic manifold {73 < 3/4}, there exists a smooth
function 75 : M — (—o0, 1] which is equal to 1 on {7 > 3/4}, temporal in {m; < 3/4}, null on
Hy, and 4g-uniform in {ry < 1/2}.

The function 7 := (71 +72)/2 is temporal, it is g-uniform in {7 > 9/10} C {m; > 4/5} because
71/2 is g-uniform on this set, and it is g-uniform on {7 < 1/10} C {7 < 1/5} because 72/2 is
g-uniform in this set. 0

We finish this section with an extension result which is a generalization of |3, Theorem 1.1].

Proposition 2.7. Let 3 be a smooth spacelike hypersurface for the globally hyperbolic cone field
C and K be a compact and acausal subset of 3. Then the set K is contained in a smooth Cauchy
hypersurface G.

Moreover, if N~, Nt are two smooth Cauchy hypersurfaces such that> C JH(N7)NJT~(N1),
then the smooth Cauchy hypersurface H containing K can be chosen such that H C JT(N~)N
J~(NT) and such that H is equal to N~ at infinity.

PROOF. We prove the second part of the Proposition, the first part easily follows from it.

By Corollary 2.4, there exist globally hyperbolic enlargements C* of C such that N* is a
Cauchy hypersurface for C*.

We associate to K the transverse open cone field £k, which is defined by:

Ex(z) =T, M if x ¢ K and

Ek (x) is the component of the set of vectors transverse to 7,3 which contains C(z) if x € K.

By definition, this open cone field contains C, hence there exists an enlargement C’ of C
which is contained in £k (by [4, Lemma 2.8]). The intersection C; := C*T NC~ NC’ is a globally
hyperbolic closed cone field, N* are smooth Cauchy hypersurfaces of C;, and ¥ is spacelike for
Cy at each point of K.



Note that the set of points of ¥ at which X is spacelike is relatively open in ¥ (hence a
hypersurface of M) and contains K. We can thus assume (by possibly reducing it), that ¥ is
spacelike for C;.

We can finally assume, by possibly reducing C;, that K is acausal for Cy, and even that there
exists a compact subset Z C 3, which contains K in its relative interior, and which is acausal
for Cy.

To prove this last claim, we consider a decreasing sequence Z,, of compact subsets of X each
of which is contained in the relative interior of the previous one, and such that K = NZ,. We
also consider a decreasing sequence C,, of enlargements of C, each of which is an enlargement of
the next one, and such that C = NC, (the existence of such a sequence of enlargements is proved
in [4, Lemma 2.9]). We assume by contradiction that for each n there exists a C,-causal curve
Yo+ In — M, I, C [0,1] starting and ending in Z,, and parametrized by 7, i.e. such that
T op(t) = t. Then at the limit (along a subsequence), we obtain a C-causal curve v : [ — M
starting and ending in K. The acausality of K implies that this curve is reduced to a point
Kk € K. A local study at k leads to a contradiction.

We consider a Cauchy temporal function 7 for C; such that N~ = 77(0) and N* = 771(1),
according to Proposition 2.6. The cone field C; contains an open cone, hence a smooth vector
field X. Each inextensible orbit of X intersects N~ exactly once. This defines a smooth map
m: M — N~ which, to each point x, associates the intersection of its orbit with N~. The map

M > z+— (m(x),7(x)) € N~ xR

is a smooth diffeomorphism. In other words, we can assume that M = N~ xR, N~ = N~ x {0},
N+t = N~ x {1}, that Cy(z) contains the vector (0,1) at each point, that the vertical coordinate
7 is a Cauchy temporal function for C;, and that 7(X) € [0, 1].

The set I := J (Z)U{7 < 0} is a past set for C1, i.e. F'=J; (F), and it is equal to {7 < 0}
at infinity (meaning, outside of a compact set of M). Its complement is therefore a trapping
domain for C in the terminology of [1]. Since Z is acausal, it is contained in the boundary of F'.
In the identification M = N~ x R, the boundary of F' is the graph of a compactly supported
Lipschitz function f: N~ — [0,1], which is smooth in a neighborhood of 7(K). We can then
regularize f to a compactly supported smooth function f : N~ — [0, 1] which is equal to f
near w(K), and the graph H of which is spacelike for C;. We can use for example [, Proposition
4.5] or a more standard smoothing procedure.

The graph H is the desired smooth Cauchy hypersurface. 0

3 A Cauchy temporal function which is not completely uniform
Let us consider the plane R? endowed with the constant cone field
C(z) = {(va, vy) 1 vy = |vgl},

i.e. the Minkowsky plane. In this plane, we consider the strip U = Rx] — 1,1[. The restriction
of C to U is globally hyperbolic.

let ¢ :] — 1,1[— R be a smooth increasing function onto R. Then the function ¢ oy is a
Cauchy time function on U.

An easy computation shows that the function 7(z,y) := y/(1 + 2?) is a temporal function on
U. Indeed

2|z| 1
<

(1422)2 " 1+22

The function h(x,y) = 7(x,y) + ¢(y) is thus a Cauchy temporal function.

|0, 7| < = OyT.



Proposition 3.1. If ¢/'(0) = 0, then h is not completely uniform.

PROOF. We prove that, if g is a metric such that h is g-uniform, then ¢ is not complete.
We consider the constant vector-fields V* = (1,1) and V~ = (—1,1), they belong to the
cone field. For the metric g, we have

_ _ 2
IV 20) + 1V @0) < dhizo) - (VT +V7T) =20,h(z,0) = el
The g-length ¢ of the axis y = 0 thus satisfies
L. V(@0 + 1V |0
= — — < ’ ’ < .
/ /RZW \% |(x,0)dx\/R 5 dx\/1+$2d:n<oo
This implies that the metric g on U is not complete. 0

4 Two Cauchy Hypersurfaces

We prove Theorem 2. It is convenient in this section to fix once and for all a complete Riemannian
metric g on M (but we shall be led to consider also other metrics). In view of Proposition 2.6,
Theorem 2 follows from:

Proposition 4.1. Let 7 be a smooth Cauchy temporal function, and g be a complete Rieman-
nian metric on M. We assume that there exists a < b in ]0,1[ such that T is g-uniform on
77170, a[N]b, 1[). Then there exists a smooth Cauchy temporal function @ and a complete Rie-
mannian metric h on M such that:

The function 0 is h-uniform on 771(]0,1[) and equal to T outside this strip.

The metric h is equal to g outside of the strip 7=(]0,1]), and it satisfies

dp,(771(0), 77 1(1)) > 1/3.

PrOOF. We introduce intermediate values a; €]0,a[ and by €]b, 1[, and we assume without loss
of generality that a < 1/10, b > 9/10.

We consider a smooth Cauchy hypersurface G which oscillates between the hypersurfaces
{r=a1} and {7 =01 }:

Lemma 4.2. There exists a smooth Cauchy hypersurface G C 771([a1,b1]) such that :

The intersection J+(G) N {1 < b1} is the disjoint union of a countable family of bounded
sets Fy,n > 0 such that dy(Fy, F) > 1 if n # m.

The intersection J~~(G) N {1 > a1} is the disjoint union of a countable family of bounded
sets Pp,n > 0 such that dy(Py, Pp) > 1 if n# m.

Assuming for the moment this Lemma, we finish the proof of Proposition 4.1.

We consider a smooth modification n o 7 of 7, where 1 : R — R is an increasing diffeomor-
phism satisfying n(t) =t — 1/3 for t > 9/10 and n(t) =t + 1/3 for t < 1/10.

We apply Proposition 2.1 to the hypersurface G in the globally hyperbolic open set 771(]0, 1])
and get a smooth causal function v on M which is equal to 1/6 in {7 > 1}, to —1/6 in {7 < 0},
and which is g-uniform on u=1(] — 1/7,1/7[). We set

V= (oo, ar) Uut (]~ 1/10,1/10) U~ (b ).

the temporal function o7+ u is g-uniform in a neighborhood of V', hence there exists a smooth
function A : M —]0, 1], which is equal to one on V', and such that n o7 + u is Ag-uniform on
V. The problem is that Ag is not necessarily complete. To solve it, we define

O:=nor+2u , h:=M\g+du® du.



The function 6 is the sum of the function 1o 74w, which is Ag-uniform, and u, which is du ® du-
uniform. It is therefore h-uniform. It is moreover equal to T outside of the strip 7=1(]0, 1]).
We now prove that the metric h is complete, this implies that 6 is completely uniform. We

denote by A the complement of V, and set A" := ANJH(G) and A~ := ANJ~(G). The closed
set AT is the disjoint union of the compact sets A := AT N F},, and the closed set A~ is the
disjoint union of the compact sets A, := A~ N P,. We have

dp(AT, A7) > 1/5.

Indeed, the h-length L of a curve 7 satisfies L > fol |duyy - Y(@)|dt = |u(y(1) — u(y(0))| and
ujg+ = 1/10, uj 4~ < —1/10. This remark also proves that dj,({r =0}, {T =1}) > 1/3.
Since A =1 on V, Lemma 4.2 implies, for each n, that

dn(AF  Umzn AL) = dg(A) Upen AL) 21 dp(Ay, , Upnzn Ay = dg(Ay UnznAy,) = 1

In view of these inequalities, a curve  of finite h-length L visits only finitely many of the sets
Afc. If K is the union of these finitely many visited sets, then K is compact, and + is contained
in the compact set {z : dy(K,x) < L} (note that g is a complete metric). 0

PROOF OF LEMMA 4.2: The proof consists of repeated applications of Proposition 2.7. We
denote by N the hypersurface {7 = b}, and by N~ the hypersurface {7 = a;}. We denote by
S the open strip 77 !(Jai, b1[) and by S its closure 77 !([a1,b1]). We denote by B(F,r) the set

{y:d(y, F) <r}.

By Proposition 2.7, applied to —C, there exists a smooth Cauchy hypersurface Gar C S which
contains a point zg € N~ and is equal to N at infinity. We set Fy := J+(Gg) N S.

Then, by Proposition 2.7, there exists a smooth Cauchy hypersurface G, C S which contains
Gy N JT(B(Fy,1)) and is equal to N~ at infinity. Note then that

JT(Gy)N SN B(Fy, 1) = F.

Indeed, we have J~(Gg) N B(Fy,1) C J(Gy) hence J(G§) € T (Gy ) U B¢(Fy, 1). Taking
the complements in S, we get the inclusion J 1 (Gy )NSNB(Fy,1) C Fy. The opposite inclusion
is obvious. We set Py :=J " (G,)NS.

We construct inductively sequences G of smooth Cauchy hypersurfaces, and increasing
sequences JF,,, P, of bounded subsets of S such that :

1. G is equal to N* at infinity for each n;

2. Fo =SNIJ(G), P.=SNT (G,);

3. G, contains G, N T~ (B(F, UPy,1) U B(zo,2n));

4. G, . contains G, N T T(B(Fpq1 UPn,1) U B(zo,2n + 2)).

We denote P11 := Ppi1 — Pn and Fiyq = Fpy1 — Fa.

Note at each step that G}, € TT(G,,) N T (G}}) and G, ., € T (G 1) NTH(G).

Denoting B,, := B(F, U Py, 1) U B(zg,2n) and B its complement, point 3 implies that
that J*(G,) N B, € J*(G},;). This implies that J(G;) ¢ J* (G, ) U BS. Taking the
complements and intersecting with S yields 7~ (G ;) N B, NS C J~(G;) NS = P, hence

Pn-‘,—l N Bn = Fn;
and in particular d(P,+1,Py) = 1, hence d(P,, Py,) = 1 for n # m. Similarly,

Fr1 N (B(Fp UPno1,1) UB(x0,2n + 2)) = F.
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Finally, we observe that GL_I = G,, = G/ on B(z0,2n). As a consequence, the sequence G
is stabilizing on any bounded set, and has a limit GG, which is a smooth Cauchy hypersurface,
such that 7T+ (G)NS = UF,, and 7~ (G)NS = UP,. To prove that G is Cauchy, observe that
the intersection v N .S of an inextensible causal curve v with the strip S is bounded, hence the
sequence G, N~ stabilizes and is equal to a single point. 0

5 Density of completely uniform temporal functions in Cauchy
temporal functions

We prove Theorem 3. We fix a complete metric g.

Since Cauchy temporal functions are dense in Cauchy causal functions, see [5, Corollary 9],
we can assume without loss of generality that 7 is a Cauchy temporal function.

Notice that au is a uniform temporal function if w is and if @ > 0. In view of this remark, it
is enough to prove the result with e = 1, which will simplify notations.

We will show the existence of a completely uniform function v such that v=1([k,k + 1]) =
77 Y[k, k + 1]) for each k € Z, this implies that sup |v — 7| < 1.

By repeated applications of Lemma 2.5, we can replace the Cauchy temporal function 7 by a
Cauchy temporal function 7 such that 77 1([k, k +1]) = 77 ([k, k + 1]) for each k € Z and which
moreover is g-uniform on 7~!(B), with

B:={teR:d(t,Z) < 1/10}.

By repeated use of Proposition 4.1, we inductively construct a sequence vy, n > 0, of smooth
temporal functions and a sequence h,, n > 0 of complete metrics with the following properties:

® hp=g,v0="T

e For each n > 1, hy, = h,,_1 and u,, = u,_1 outside of 771(] = n,1 —n[Uln — 1,n]).

Uy, is hp-uniform on u; ! ([—n,n] U B).
o u ' ([k,k+1]) = 77 ([k, k + 1]) for each n and k.
o dy (774k), 71 (k+1)) > 1/3 for each k in {-n,1—n,...,n—2,n—1}.

Since the sequences u, and h, stabilize on any compact set they converge respectively
to a smooth temporal function v and a Riemannian metric h such that w is h-uniform. We
just have to verify that h is a complete metric. Let v be a curve of finite h-length. Since
dp (771 (k), 771 (k + 1)) > 1/3 for each k, the curve ~ crosses only a finite number of integral
level sets of 7. As a consequence, it is contained in 77! ([—~N, N]) for some large N. Then, the
hn-length of v is equal its h-length, hence it is finite. Since Ay is complete, we deduce that - is
relatively compact in M. 0
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