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Geometry of universal embedding
spaces for almost complex manifolds

Gabriella Clemente

Abstract

We study the geometry of universal embedding spaces for com-
pact almost complex manifolds of a given dimension. These spaces
are complex algebraic analogues of twistor spaces that were intro-
duced by J-P. Demailly and H. Gaussier. Their original goal was the
study of a conjecture made by F. Bogomolov, asserting the “trans-
verse embeddability” of arbitrary compact complex manifolds into
foliated algebraic varieties. In this work, we introduce a more general
category of universal embedding spaces, and elucidate the geometric
structure of the integrability locus characterizing integrable almost
complex structures. Our approach can potentially be used to inves-
tigate the existence (or non-existence) of topological obstructions to
integrability, and to tackle Yau’s Challenge.
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Introduction

J-P. Demailly and H. Gaussier proved that every compact almost complex
manifold (X,]x) of dimension n admits an embedding F : X < Z that is
transverse to an algebraic distribution D C T, (cf. Theorem 1.2 [5]), and
that if Jx is integrable, Im(éIXF ) is contained in a subvariety Z of the Grass-
mannian bundle Gr®(D,n) — Z that is the isotropic locus of the torsion
tensor 6 : DxD — T,/D, 6(C,n) = [C,] mod D (cf. Theorem 1.6 [5]). J-P.
Demailly proposed using this result to study

Yau’s Challenge: Determine whether there exists a compact almost
complex manifold of dimension at least 3 that cannot be given a complex
structure [8].

The proposed strategy is most promising when the homotopy classes
of almost complex structures are well understood. This is the case for the
(oriented) sphere S® since any almost complex structure on S® is homo-
topic to the well-known octonion almost complex structure.

Let ] be a hypothetical integrable almost complex structure on X that
is homotopic to Jx. A (smooth) homotopy J; such that Jy = Jx and J; =]
produces an isotopy of transverse to D embeddings F; : (X, ];) < Z, giving
rise, in turn, to a homotopy Im(a_]tFt(x)) :[0,1] x X — GrC(D,n), where
Im(a_IOPO(x)) c Gr%(D,n) and Im(a_hPl(x)) C Z. The original proposal was
to study the topology of T relative to Gr®(D, n) independently in hopes of
detecting an obstruction to the existence of the homotopy Im(éItFt(x)) [4].
It is unclear if such an obstruction exists at all. But if it did, then in the
special case of a homotopically unique J, the conclusion would be that X
cannot be a complex manifold.

A refinement of the initial proposal can be obtained by replacing Gr®(D, n)
with a Zariski open subset Gr®(D,n) C Gr&(D,n) and T with its intersec-
tion Z° with Gr°(D, n). This is explained in section 2.2. Then, it is possible
to reformulate the strategy in terms of the topology and geometry of the
quotient Gr°(D,n)/Z°, and to interpret said reformulation as a lineariza-



tion of the problem of deciding when an almost complex structure is inte-
grable. This is mentioned in the concluding remarks, and will be the topic
of future work.

The main goal of this article is to study the geometry of spaces involved
in the aforementioned improvements of the initial strategy. Additionally,
we provide a generalization of the embedding theory that was incepted by
J-P. Demailly and H. Gaussier in [5].

Acknowledgment I thank Jean-Pierre Demailly, my PhD supervisor,
for his guidance, patience and generosity. I thank the European Research
Council for financial support in the form of a PhD grant from the project
“Algebraic and Kahler geometry” (ALKAGE, no. 670846). The PhD project
emerged at the CIME School on Non-Kéahler geometry [4].

1 Universal embedding spaces associated to
even-dimensional complex manifolds

A complex directed manifold is a pair (X, D) of complex manifold X and dis-
tribution D C Ty, i.e. D is a holomorphic sub-bundle of the tangent bundle
of X. Complex directed manifolds form a category whose morphisms are
holomorphic maps W : X — X’ with W,(D) c D’ [3]. A morphism is étale if
it is a local isomorphism. For example, an étale morphism of real analytic
manifolds is a real analytic map that is locally a diffeomorphism and an
étale morphism of complex manifolds is a holomorphic map that is locally
a biholomorphism. If (X,]) and (X’,]’) are almost complex manifolds, a
map f : X — X' is pseudo-holomorphic provided that it satisfies the corre-
sponding Cauchy-Riemann equation with d; j f := S(df +] odf o). If WR
is a real analytic manifold and dimg(W®) = m, by the complexification of
WX we mean the unique (germ of the) complex manifold W that results
from selecting an atlas on WX and complexifying each of its real analytic
transition functions near the real points. The complexification W is such
that dim¢(Y) = m, and it possesses a natural anti-holomorphic involution
whose set of fixed points is W,

Let k > n > 1 and Y be a complex manifold of complex dimension
2k. For every y € Y, consider the complex projective manifold of flags of
signature (k—n,k) in Ty ,



F(k—n,k)(TY,y) :{(S,: E,)
dim¢(S’) = k—-n and dimg(X’) = k}
and the product manifold

§" c ¥’ C Ty, is a sequence of linear subspaces,

P(zk—n,k)(TY;y) — {(S’;S”, E/,E”)

(8",27),(8”,2") € Fg—pi)(Ty )}-

Let
Q,={(S",8", %", 2") € Fi_i(Tv,p)

Y@’ =Ty,

Define
Z,(Y) = ]_[ Q-
yeY
This is a complex manifold of complex dimension
Ny g := 2k + 2(k* + n(k — n)),
and it bears a resemblance to twistor bundles and Grassmannians [5]. Let

ny : Z,(Y) — Y be the projection map defined for any y € Y and g, € Q,
by 7ty (v, 4y) = .
Define A,, i to be the sub-bundle of 7}, (Ty) such that for any w = (y,5’,S”,X/,X") €
Z,(Y), we have A, ,, = S’®X”. Now define a distribution D, C Tz (y) by
Dn,k = drqfl(An,k)-
In the case Y = C?¥, if we let

Q:={(8,8",x,x" e F?

Geon i (CHIZ @ = €,

then we simply get that Z,,(C%¥) = C?* x Q. Therefore, the above construc-
tion recovers the one made by J-P. Demailly and H. Gaussier, who intro-
duced the complex directed manifolds (Z,,, D, x), where Z,, ; is the com-
plex, quasi-projective manifold of all 5-tuples

{(Z, S’,S”, E',Z”) | = C2k, (S’,S”,Z’,Z”) c Q}
and D, is the co-rank # sub-bundle of Tz ,, whose fiber at any w € Z, x is
Dyiw ={(Cu' 0" v 0" €Ty, W[t eS @)

(cf. Theorem 1.2 [5]). For n fixed, the above defined complex directed
manifold (Z,(Y),D, ) will be called here the universal embedding space
associated with Y, as we will soon see its universal property.
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Remark 1. Z,(Y) M yisa (holomorphic) fiber bundle with typical fiber Q,
and if Y = C?X, the bundle is trivial. The universal embedding space Z,(Y) is
locally diffeomorphic to Z,,(C%*).

Proof. Given a holomorphic atlas (U,,,) for Y and p € U,, the isomor-
phism Ty, ~ C?k induces a biholomorphism Qp =4, Q and so (Ug, Idy, x
dq) is a local trivialization.

Now observe that Z,(U,) = n}l(Ua) ~ U, xQ =~ C*xQ = 2z,C%*),
where Z,(U,) = ]_[peU,X Qp, where the first identification comes from the
local trivialization and the second one, from the map 1, : U, — C**. O

1.1 Universal embedding property

Next we construct embeddings of compact almost complex manifolds.
Our approach is based on that used in the proof of Theorem 1.2 of [5].
Throughout, (X,Jx) is a compact almost complex manifold of dimension
n>1.

Proposition 1. Assume that there is a C*® real embedding of X into a real
analytic 2k-dimensional manifold YR. Assume further that Ny,yr admits a
complex structure Jy. Then, there is a totally real embedding F : X — Z,(Y)
that is transverse to D, ;. and that induces the almost complex structure Jx.

Proof. Define J := Jx @ J, which is a complex structure on Tyr|y ~ Tx &
Ny,yr. Consider the Jy-complexification of J, J¢ = ]% @]ﬁ : Tylx — Tylx,
and the sub-bundle S := {O}@N;%YIR of Ty|x. For any x € X and (0,7,) € Sy =
{0} GBN;‘(:/YIR’X, JE(x)(0,17,) = (0,75 (17)) € Sy, implying that S, is JC(x)-stable
so that TC(X)lsx € End(S,). Let ¥/, be the +i eigenspace for [¢(x) and X/
be the —i eigenspace for J¢(x). Then, the +i, respectively —i, eigenspaces
for fC(x)|5x are S, := S, NX, and S; := S, N X7. More explicitly, these
eigenspaces are X, = T;:Q @Eig(]ﬁ(x),i), YU = T)%i EBEig(]f](x),—i), S, =
{0} ® Eig(J5(x),i), and S} = {0} ® Eig(J55(x),~i). Note that S, c ¥/, S} C
X0, X @Y, = Tylx, and Sy = S, @ S/, where dim¢(X}) = dimg(X)) =
3dime(Tylxy) = k and dime(S}) = dimg(Sy) = 3dime(Ny yr ) = 5(2k -
2n) = k — n. Therefore, if f : X — YR is the given C* real embedding,
for any x € X—-in reality, x belongs to f(X)-we have that (S;,S/,X,, YY) €
Q,={(8,58",%2,%") e F(zk_n’k)(TY,x) |¥'®X” = Ty}, and in this way, get an
embedding F : X < Z,(Y), where F(x) = (f(x),S;, Sy, X0 %)
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Leto:Y — Y, y — 7, be an anti-holomorphic involution that realizes
YR as its fixed point set. For (S/,S”,¥",2") e Qy, put S’ := daly(S’) C TY@
Y = doly(X’) C Ty 5, and define S” and X" similarly. Then, o gives rise to
the anti-holomorphic involution ¢ : Z,(Y) — Z,(Y),

(,5,8",%, ")+ (9,57,5, 2", %).
The real points Z,,(Y)R of Z,(Y) are the fixed points of &, so
Z, (V)R ={(y,5,8",3,2") e Z,(Y) |y e YR, §" =5, 3" =3/}.

The anti-holomorphic character of ¢ implies that do is type-reversing and
point-wise conjugate linear, so X} = TO 1GBElg( J&(x),—i) = £ and similarly,
S; = S/. Therefore, F(X) C Z,(Y)R.

Since dimg(dF|(Tx x)) + dimg(D,, k,F(x)) = 2Ny, = dimgr(Tz, (v),r(x)), the
embedding F is transverse to D, i p(y) if dF|(Tx ) and anp( ) 1ntersect
trivially. But the latter follows from d 7ty |p(x)(dF|x(Tx x)NDy k,F(x) = 4 f|x(Tx )
S;EBZ;C’: {0} Hence TZ (Y) dF'x(TXx)@anF( )

Let ]z (v) be the given complex structure on Z,,(Y). The quotient Tz (v)/D,,
is a holomorphic vector bundle on Z,(Y). Since D,,x C Tz, (y) is a holo-
morphic distribution, Jz v)(Dyx) = Dyx- So Jz,(v) descends to a complex
structure on Tz (y)/D, . The transversality of F implies that at any x €

X, there is a real isomorphism p : Trx)rx) = Tz,(v),F(x)/DunkFx) Then,
Zn(Y)an,k -1 . Zn(Y)an,k
]F(X) (x) :=p~ o] z,(v)(x)op defines an almost complex structure ]F(X)

on F(X), and then since F is an embedding, the pullback section Jr :=

F*(J P(@E?)’Dn'k) is an almost complex structure on X. Note that
Tz, (v),Fx)/ Pk Fx) = X5/ Sxr

and so Tz, (v),F(x)/Dnk F(x) is isomorphic to the holomorphic tangent space
T§ 2, Wthh is TXx endowed with the complex structure ]%( ). Run the

above construction, with TX now playing the role of Tz (v r(x)/Duk F(x)
to find that Jr = Jy. O

Lemma 1. Let M be a real analytic manifold of dimension k > n,let f : X <> M
be a C* real embedding, and i : M — M x M be the diagonal embedding
in(x) = (x,x). Embed X into MxM via ipof. Then, the normal bundle Nx/pnr«m
has a natural complex structure Jy.



Proof. Since Ty; ~ Ny nmixp, We obtain the following real analytic splittings

Nx/mxm = Nx/m ® Nyymsvlx = Nxyv @ Tivlx = Nxyv @ Nxyv @ Tx.

Let Jn, ,eny, D€ the tautological complex structure that is given by

INgmeNg (G 1) = (=1,0). Put [y = Ny, eNy @ (<Jx), which defines a
complex structure on Nx/pr«nm- 0]

If we take YR = M x M as in the lemma, we then have that
1,0 . C 0,1
Y = Ty, ® {(u,—iu)|ue NX/M’X}EB Ty

7 0,1 . 1,0
Ye=Ty ®{(uiu)|ue Ng/M,X}GB Ty o
S;={0}@{(u,~iu)|u e Ny, J@® Ty, and

7 . 1,0
Sy =10y @ {(u,iu) | u e Ng,, @ Ty

Here we can see why it is nicer to take —Jx in the definition of ]y, as oth-
erwise ¥ and ¥} would have repeated direct sum factors of T)%’S and T)?’i.

Corollary 1. If n > 1 and k > 2n, any compact almost complex n-dimensional
manifold (X,]x) admits a universal embedding F : (X,]x) < (Z,(Y), D)
where dimp(YR) = 2k.

Proof. Take any real analytic manifold M of dimension k and put YR =
M x M. Let ¢ : X?" < R*" be a Whitney embedding and ¢ : R*" — B be a
diffeomorphism of IR*" with some open ball Bc YR, Then, potp: X « YR
is a real analytic embedding. The proposition builds F : X < (Z,(Y),D,,x)
out of the embedding ¢ o 1. O

We call an embedding F as in Corollary 1 a universal embedding and
denote it by F : (X,]x) <= (Z,(Y), Dy, k).

Remark 2. Consider the 6-dimensional sphere S® equipped with the octo-
nion almost complex structure Jo. Proposition 1 manufactures a universal em-
bedding F : (S%,]p) < (Z5(C?), D3 4) from the inclusion mapping i : S¢ —
Im(0O) C R8, where Im(O) ~ R” are the imaginary octonions.



1.2 Functorial property with respect to étale morphisms

For each n € IN, let C-Man, be the category of complex manifolds of di-
mension n whose morphisms are étale morphisms. For each k >n > 1, we

have functors Z,, : (E—Man]%'; - C—Mangf’k ,givenby Z,(Y) = Z,(Y), and for
any étale morphism f: Y - Y’, Z,(f): Z,(Y) = Z,(Y’) is the map that is
defined at each w = (y,S’,S”, X, X") € Z,(Y) by

Zu(F)w) = (f @), dfly(S ) dfI(S" ) dfI,(X),dfIL,(2)),

where dfl,(S’) :=Im(df(y)ls’), d f|,(S”) := Im(d f (y)|s~), and so forth. Through-
out, we will write Z,(f) instead of Z,,(f).

For a fixed n, the universal embedding space associated with Y is a com-
plex directed manifold (Z,(Y),D, k) such that every compact almost com-
plex n-dimensional manifold (X,Jx) admits a totally real, transverse to
D, «, Jx-inducing embedding F : X — Z,(Y), and it satisfies the follow-
ing universal property. For any n-dimensional compact almost complex
manifold (X’,]x’), any C*® real embeddings g: X — YR and g X Y’]R,
any pseudo-holomorphic étale map ¢y : (X,Jx) — (X’,Jx’), and any étale
morphism ¥y : Y® — Y’R that fit into a commutative diagram

(X,Jx) —— YR

I Iz

(X/;]X’) L} Y/]R,

there is a corresponding functorially defined morphism Z, (¢y) : (Z,(Y),D, &) —
(Zn(Y’),D;’k) of complex directed manifolds making the diagram

(X', Jx) <= Z,(Y),

commute. By the Nash-Tognoli Theorem, we may assume that X and X’
are smooth real algebraic varieties and that g: X < YR and ¢’: X’ < Y'R
are algebraic. Then, our construction gives that F and F’ are real algebraic
as well.



2 The geometry of Z,(Y) and related bundles

2.1 Coordinates on Z,(Y)

Let Uy, ~y C?* be any holomorphic coordinate chart that is centered at a
given point y € Y. Let p € U,. We write ¢(p) = (xy,...,xz;) for the holomor-

phic coordinates of the point p. Let S, = Spanc(%| )] i1 Sp = Spang(F% 9 )]2511+k+1'
¥, = Spanc(aixj| )] 1 Xy = Spang(z;- 9 )ngz‘kﬂ, and put f,:=(S,,5,, %, E")

From this point on, we will omit reference to the point p in the vector 8
and denote it simply by 7 . We develop a coordinate chart U, x A( fy

C2k x CNnk=2k — CNuk that is centered at w, := (v, f,). To that end, let Es; =

Spang(Z- J )] ; and Egy = Spang(Z%- J )7+]i‘+1 In addition to X, @ %) = Ty ),
there are dlrect sum decomp051t10ns S/ p®Eg; = Z;, and S}’,’ O Egy = Z;,’. De-

fine

A(fy): {s §",5/,5")€ Qp | p €U, S NEs; = (0},S” N Esy = {0},
¥ A3 ={0,3"NY) = {0}}.

For any (S/,5”,%,2") € A(fy), S’, §”, ¥ and ¥” correspond uniquely
to maps fs: € Hom(S}’,,ESé ), fs» € Hom(S,, Espf;),fzf € Hom(Z,, E") and fy» €
Hom(}l;,', Z;,), respectively, in the sense that S" = I'(fs/), S” =I(fs»), X' =
[(fyr), and X" = I'(fy~), where I'(g) denotes the graph of the function g;
e.g. I(fs) = {x + fs:/(x)Ix € S;}. Suppose that

) & 0 )
fS/(—ax]) Zzl]a forn+1 S]Sk,
p) n+k p)
” = Z: forn+k+1<7<2k,
fS (ax]) i:;& 1] axl ]
P) X9
fz’(—é?x') = Z Zij o= o for1 <j<k, and
T i=k+1 !



k
a .
f; "(a—xj) = ;Zija—xi,for k+1<j<2k
Then,
/ J - d \k ” wh d \2k
' =Spane( 5, + 2 S =Pl 2 w5 )
1= 1=k+

/ P 2k 9 K . 0 K 0 \2k
Y = Spanc(% + Z Zija_xi)jzl and X" = Spanc(a_xj + Zzija_xi)]':k-H'

J i=k+1 i=1

This defines a coordinate map q : A(f,) — C2(K>+n(k=n)) — CNnx=2k

q(s,’S”I E,I E”) = Z = ( ZS’ ZZ” );

ZE/ ZS//
where
Zs :( Onn | 2 ) :
0(k—n)xk 1<i<nn+1<j<k
e L) ,
0(k—n)xk k+1<i<n+k,n+k+1<j<2k
Zo= ()
X 1 Jk+1<i<2k,1<j<k’
and

= Zii
Zx ( ’] )1sisk,k+1sj32k’

and note that q(f,) = 0.
Coordinates centered at wy are then given by the map ¢ := ¢ xq: U, x

Alfy) = €V, ¢(y,57,8”,2,2") = (¥(9),9(S", 5", X)) = ((y),Z), and
note that ¢(w,) = 0.

10



2.2 Sub-bundles of the Grassmannian bundle

The torsion operator is the section
0 € H(2,(Y), O(A*(D;, ) ® Tz, (v)/Dyk))

where
G(W) : Dn,k,w X Dn,k,w - TZH(Y),w/Dn,k,wJ

O(w)(C,n) =[C,n] mod D, ,,. At the central point, we have the coordinate
form

Lemma 2.

=2 2: z:dx Adzj;®

j=n+1i=1

Proof. Let Z :={1,...,n}x{n+1,....k}Ulk+1,....n+k}x{n+k+1,...,2k}U
k+1,...,2k} x{1,...,k} U{1,...,k} x{k+1,..., 2k} and define

(@) =L+ 1), (LK) (1), (1K), (k+ L+ k4 1), (K + 1, 2K),
Lkt k+1),..., (n+k2k),(k+1,1)...,(k+1,k),...,(2k 1),
(2K, (L +1),,(1,2K), ., (k4 1), (K, 2K)).

Here we work with the less compact, but equivalent coordinates ¢(p,S’,S”, X", ") =
(x, (Zij)(i,j)E(I))' Letw= (p,S’, S”, E/, E”) € U}) X A(fy) so that

((aixz)zzi'(%) (ij)e (I))

is a basis of the tangent space Tz, (v, Then,

Y 7’ Vi 7’ a
Dn,k,wﬁ{(c,u,u v, )ETZ ), |C€S )N —Spanc(

.....

anw {(Cru u” v U)ETZ wlCES@E”}
Let a: U, x A(fy) = My, ,—n)(C) be the function a(w) = (xzz;;), where

11



0 otherwise.

1 if(i,j)eZ
XI:{ if (i,])

Then, since xy7 =0on {n+1,...,k} x{n+1,...,k},

o\ 9
Sexr” —Spanc(a_ Zaij(w)a_xi)]':m-l 2k

.....

Therefore,

0
o s 2]
mkw, = OPalc X1 )1=n+1,...2k

NURTIC SUPIRPY
nkaw = dPalg aX] - e ax,- j=n+1,..,2k palic aZZ']' (1,7)e(T)

.....

and SO TZH(Y),Wy/D”:k;Wy >~ Span(]:(—)l . .
= n

.....

Note that a(w,) = 0. At wy,

£2
ax]'

=

9 d 91 <(day Oa;
) iz Lz | =

i= =1 1=

i gl

because the function a is independent of x; for all 7, and

3 v 2 9 £ 2 9
e(wy)(a_xj " i:Z“"f x;’ Iz ) - ;9(“’?)(“” ox.’ Iz )
k
da;; o
_ . j
_;'( azml c?xl
B - 3611']' 0
B aZml‘;’_xz

)

d

9x;



Then since, 1 <i<n,n+1<j<2k, and (m,]) € Z, the index domains
(i.e. the domains of i, j,/ and m) overlap exactly at {1,...,n}x{n+1,...,2k}N
Z=A1,...,n}x{n+1,...,2k}. Therefore,

Z ZG ( i zjaa 88 )dx Adz,+

jl=n+1m= i=1
2k n a a k P
. d
]1;1;(2 851]1 ox; )dx A dzy+
Z Z(i aa,] )dzml/\dx
]ln+1m zlaz’”la
=-2 Z Z 9aij dx /\dzml®aa
]l n+1li,m=
-2 Z de ANdz;i;®
j=n+1i=

U
J 9
Remark 3. For any X = Zl ne1 Xigg + Y i) Xij 72 az Y = Zl p Yige +
X (ij)e(T) Yijyz.j €Dy jw,
n 2k 9
O(w,))(X,Y)==2) ) (X;¥ij=¥;X;))5—.
i=1 j=n+1 t

Recall the projection mapping ny : Z,(Y) = Y, ny(y,q,) =y. If ¥ =
C?*, we simply denote this map by 7. Consider the Grassmannian bun-
dle GrC(Dn,k,n) on Z,(Y), whose fiber at w € Z,(Y) is the Grassmannian
GrC(Dn,k’w, n). For any w € Z,(Y), define

Grd = 1{S € Gr®(D,, k1) | drry(w)ls is injective)
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and
Inkw {S EGI‘ ( nkw’”) | G(W)leS = 0}-

Let Gr be the sub-bundle of the Grassmannian bundle with fiber Gr° w
at w, and define I, ; similarly. Now let I0 be the sub-bundle whose flber

overwis I, :=Gr) NI, When Y C?k, we denote these bundles
by Gr° k,In o and I

The refinement of the strategy that was mentioned in the introduction
is now obtained by replacing the Grassmannian bundle and the isotropic
locus 7, ; with the Zariski open Gr} |, C Gr®(D,, 1, n) and with 7, respec-
tively. Indeed, such a replacement makes sense because if F : (X,]x) <>
Z,(C?*)R is a universal embedding, since 8_]XF|X is injective (Lemma 2.2
[7]), the composition d7t|py) o éIxPlx must also be injective. So Im(é_?]XF) C
Gr° K and therefore if [y is integrable, Im(a_]X ) C IO So we are now in-
terested in the topology of 77, relative to Gr; Note that if we start with
a universal embedding F : (X Ix) = Z,(Y), we can state the strategy in
terms of Gr) ; and I} ;. In that case, the homotopy of interest would be a

map Im(a_]tFt(x)) :[0,1] x X — Gr . At the moment, we do not know if
there are any advantages to working with this version of the strategy.

2.3 A functorial group action

This is a brief overview of basic facts that we will use in future work on
understanding the geometry of Z,(Y) and related bundles via group ac-
tions.

Let (e )2k be the standard basis of C2%, S(’) = Spang(e );‘ 1a1 S0 = Spang( e;)

EO = Spang( ]);‘ » and X7 = Spang( ]) Put fy := (50,80, X0,X4) €

(k nk)((E2k) and wq := (0, fy).

j=k+1°

Lemma 3. The group GL(C) acts transitively on Q and the stabilizer A of f,
is the subgroup of GL,i(C) of all matrices of the form

( Bixk | Okxk )
Oka B]’(xk ’

kak — ( Bn><n ‘ 0n><(k—n) )E GLk((]:)
B (k-n)xk

where

14
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and
B’ 0 _
B;(Xk — ( nxn B’ ‘ n><(k 1‘1) ) I= GLk((E)
(k—n)xk

As a result, Q =~ GL,;(C)/A.

Proof. For any subspace S = Span([:(sj);:1 of C?, define GS := SpanC(st)]r.zl,
for any G € GL,;(C). The action of GLy;(C) on Q, given by (G,(S’,S”, X, X"))
G(S,8”7,%,X"), where G(S,S”,%Y,X") = (GS’,GS”,GY’, GY"), is transitive.
To compute the stabilizer of fy, let B = (Bij) i € GL,,(C) and note that

) 1<i,j
Bfo = fo iff
foreachn+1sjsk,B,-j:Oforall1§i§nandk+1§i§2k,

foreachn+k+1§j§2k,Bi]-:Oforallk+l§i§n+k,
foreach 1 <j<kB;;=0forall k+1<i<2k,

and

for each k+1 S]'S2k,Bij =0foralll <i<k.
Therefore, (Bij)lgign,n+1§j§k = O”X(k_”)' (Bij)k+1Si§n+k,n+k+1§jS2k - Onx(k—n)l
= Ogxk, and (Bij) = Okxk SO that Bis as claimed.

O

B;;)
( " k+1<i<2k,1<j<k 1<i<kk+1<j<2k

The group AuthOl(Y) of biholomorphisms of Y acts functorially on
Z,(Y):
Authol(yv)x 2z, (v) = Z,(Y),
(f, (5,8, 2.2") - Z,(f)v,5,5", X, E"),
where recall Z,(f)(y,S",S”, X, 2X") = (f (), df|y(S’,S”,E',Z”)). Of course it

can happen that AuthOI(Y) = {Idy}. Although this action is generally non-
transitive, there are exceptions, for example when Y = C?*, Consider the

subgroup Aff(C?¥) of AuthOI(C2k). For any f = Bz + ¢ € Aff(C?K), note that
Z,(f),5,5",%,3") = (By+c,df,(S",8", X, £")) = (By+¢,B(S',S”, X', "))

Lemma 4. The functorial action ofAﬁ‘((Ezk) on Z,(C?%) is transitive, the sta-
bilizer of wy is £ := {f = Bz| B€ A}, and Z,(C*) ~ AC*)/L.

15



Proof. Let (y,5°,5”,%',%") € Z,(C*) = C* x Q. We saw that GL,(C) acts
transitively on Q. So there is a By € GL,;(C) such that (S,S”,%",£”) = By fo.
Put ¢y = p so that Z,(Byz+ cg)(wg) = (v,5",S”, X", X”). O

A more specific statement of Lemma 4 appeared on page 3 of [7].

3 Affine bundle structure

At the beginning of Section 1, we introduced the sub-bundle A, C 7w}, (Ty),
where for any w = (y,5,5”,X,Y") € Z,(Y), Ay = S’ ®X”, and recall
that D, ; = dn}l(An,k). Let 77,4 : GrC(An,k,n) — Z,(Y) be the Grassman-
nian bundle. Let y, ; — GrC(An,k,n) be the tautological bundle with fiber
VnkL = L over any point L € GrC(An,k,n), viewed as a vector subspace of
the corresponding fiber of A, — Z,(Y). Since both y,, x and 77} (T2, (v)/v)
are vector bundles on GrC(An’k, n), we can form the vector bundle

h:Hom (Y1, 70, (T2, (v)v)) = Gr®(A, 1, n). The typical fiber of this bundle
is Hom(C", (]:N'hk_Zk), coming from the fact that for any (v, S,,) € GrC(An’k, n),

h ' (w,Sy,) = Hom(yy k.5, 70 (T2, (v)v)s
dim¢(Sy) =n, and dimg(Tz, (v)/v,w) = Nk — 2k.

Remark 4. Let V be a complex vector space and W C 'V be a subspace. Let p :
V — V/W be the linear projection map, v — v mod W. Define Gr°(V,r) :=
(U € Gr®(V,r) | ply is injective). Choose a subspace T that is complementary
toW,ie. V=T&W. Then,

Gro(V,r)={U e GrY(V,r) | p(U) € Gr*(V/W, 1))
({UeGr®(V,r)|UnW ={0}}
={[(f)| f € Hom(S, W) for some S € Gr®(T,r)}.

Since T ~ V/W, GrY(T,r) and Gr®(V/W, r) are indistinguishable as com-
plex manifolds. Denote by 1 — Gro(V/W,r) the usual tautological bundle.
Then, the above gives a biholomorphism (and even a biregular algebraic map)
from Gr°(V,r) to the total space of the vector bundle Hom(n, W) — GrC(V/W, r),
and here W is to be understood as the trivial vector bundle Gr®(V/W,r)x W —
GrY(V/W,r). Notice, however, that this identification depends on the choice of
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v

T

Figure 1: A point I'(f) in Gr°(V,r), where S C T is a moving r-dimensional
subspace, namely a point of the Grassmannian Gr(T,r) ~ Gr&(V/W,r).

complementary subspace T, and that the “zero section” of the vector bundle
moves with the choice of T when it is mapped into Gr°(V,r).

Given any vector bundle homomorphisms F € Hom(y,, x, 7}, (T2, (v)/v)),
if Id,, , is the identity morphism, we can produce another vector bun-
dle morphism Id,,  &F : y,x = Vux ® 7, (T2, (v)y) C 70, (D), and the
graph of F is then I'(F) := Im(Id,, , & F). This can be regarded as a sub-

bundle I'(F) C yx @ 10, 1 (T2, (v)v) = GrC(An,k, n) and the fiber over (w, V)
is the usual graph of the linear map F(w,V) in Hom(V, Tz (y)y,w) i-e.
[(F)w,vy=Im(Idy + F(w,V)) =T(F(w, V)). Let

© : Hom(y 1, 0, 1 (T2, (vyv)) = Ay @70 (T2, (v)/ Do)

be the bundle morphism ©(F) = O|p(r)xr(r). On fibers, this becomes a map

©(w, V) : Hom(yy kv, Tz, (vyv.w) = A2V iy ® Tz, (v) 0/ Do

where @(w, V)(f) = 9(w)|r(f)xr(f).
Letp: Grz’k — GrC(An,k, n) be the map with definition p(w, V) = (w,dn(w)(V,))
forany w e Z,(Y) and V,, € Gr?

nkw*

Lemma5. Ifwe Z,(Y)and V € GrC(An,k,w, n), then

17



1. ©(w, V) is linear, and

2. I°

nk,w

Proof. To prove 1.,let C,n € V. Remark 3 implies that 6(w)(C,7) = 6(w)(f(C), f (1)) =
0. From the bilinearity and anti-symmetry of O(w), it then follows that

O(w)(C + f(C), 1+ f(n)) = Ow)(C, £ (1)) = O(w)(1, f(C)). Apply this identity
to f + g to find that

O(w)(C+(f+8)(C), n+(f+8)(n)) = O(w)(C+f(T), n+f (1)) +0(w)(C+g(C), 1+8(n)).

Clearly, for any A € C, O(w)(C+Af (C), 1+ Af (1)) = AO(w)(C+ f(C), 1+ f ().
The above also shows that © is a true vector bundle homomorphism.

The second claim will follow at once from the description of the fiber
p~}(w, V) that we provide in the proof of the theorem below. O

Np~Hw, V) =ker(®(w,V)).

Theorem. The spaces Gr, , and I} . have the structure of holomorphic affine
linear bundles over the Grassmannian bundle GrC(An,k, n).

Proof. Let (U,) be a local trivialization of the holomorphic fiber bundle

Z,(Y) ™, ¥ so that Z,(U,) = n}l(Ua) ~ U,xQ (cf. Remark 1). The relative
tangent bundle sequence need not be globally split. However, it is locally
split with respect to a trivialization, meaning that, in particular, the short
exact sequence

0— Tz, vyylz,w,) = Tz,v)lz,u,) = 7y (Ty)lz,w,) — 0

is split and induces the split sequence

(*) 0= Tz (vyvlz,w,) = Duklz,w,) = Auklz,w,) — 0.

Not all splittings of (*) necessarily come from a trivialization of Z,(Y) L

Y.

Define G, := GrC(An,k, n)lz ) Letwy € Z2,(Uy)and S, € GrC(An,k,wa, n).
The direct sum of vector spaces Vn,lea,Swa &1, Tz, (vyvlz, (U, w,) is de-
fined thanks to the splitting of (+), and here y, (|, is the restriction of the
tautological bundle to G,. Notice that
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p_l(waiswa) = {Vwa € Gr, | dTCY(wa)(Vwa) = Swa}

n,k,wg
={Vy, € GrC(Vn,k|Ga,Swa O T, Tz, (vyylz, (Ua)we ) 1) |
Vwa n n;,k(TZn(Y)/Y|Zn(Ua)fwa) = {0}}
={['(f) | f e Hom(yyilG,s, 0k (Tz,(vyylz,Um)we )}

Remark 4 is intended to provide some geometric intuition of the above
identifications.
Consider the map

t: Hom(y,, 1, 70, (T2, (v)v)) XGréa Gr, , — Gr, ,,

n,krn)
where the domain is the fiber product, and where the map t is defined on
the fiber over (w,, S, ) by

Hom(yyklG,,s,. » Tn (T2, vy y12,(Us)we) % 0 (Wa Sw,) = 0 (wa, Sy,),

(f,T(g) = T(f +g).
Now, if ['(f'),T(f”) e p‘l(wa,Swa), L(f”)y=T(f+f")iff f = f”—f’, which is
to say that the action of Hom(yn,k|(;wswd, 0, ((Tz,vyylz,u,),w,) on 0~ H(we, Sw,)
is free and transitive. The map t thus realizes the fiber p_l(wa,Swa) as an
affine linear space modelled on the vector space

Hom(yklG,,s,, Tk (Tz, vy |z, w,)w,)-

There are a few subtleties. Since p‘l(wa,Swa) is not genuinely a vector
space, an isomorphism with Hom(Vn,lea,Swa'n;,k(TZn(Y)/len(Ua),wa)) can-
not be defined. The biholomorphisms between fibers of the bundles p :
Grz’k - GrC(An,k,n) and h : Hom(yn,k,n;’k(TZn(y)/y)) — GrC(An’k,n) are
not canonical. They depend on the local holomorphic splitting of the
relative tangent bundle sequence. That Y is a generic complex even di-
mensional manifold is the underlying reason for there being no natural
splitting of the sequence, which in turn implies the non-naturality of the
biholomorphisms.

Note that the sets G,, which are preimages of the open subsets Z,(U,) C
Z,(Y) under the continuous bundle projection 7, ;, form an open cover of
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the total space Gr(A, s, n). Let T := {T(f) | f € Hom(C",CN»+~2K)}, which
is an affine linear space modelled after Hom(C", CNnx~2k), For all (w, S,,) €
G,, we have a biholomorphism p_1 (w,Sy) =T, inducing a biholomorphism
p71(G,) = G, xT. So the G, are a trivialization of p : Grz’k — GrC(An,k,n)
as a holomorphic fiber bundle with typical fiber I, and so p : Gr} | —
Gr®(A,,;, 1) is a holomorphic affine linear bundle modelled on

h: Hom (1, 70, (T2, (v)v)) = Gr&(Ay, k).

Part 2 of Lemma 5 follows from the biholomorphism p_l(wa,Swa) ~
Hom(yn,lewag,n;’k(TZn(Y)/Ylgn(Ua),wa)). So the fiber over (w,,S,,) of the
sub-bundle pllﬁ,k : I;k - GrC(An,k, n) is an affine linear space modelled on
the vector subspace ker(®(w,, S, )) of Hom(yn,k,swd, 70, (T2, (vyv,w,))- The
bundle Iz,k is thus an affine bundle modelled on the (sub-)vector bundle
hlere : ker® — GrC(An,k,n), where ker® := {F € Hom(y,,x, 70, 1 (TZ,(v)v)) |
O(F) =0} O

An immediate consequence of the theorem is that the total spaces Grj, ,
and I° nk are of the same homotopy type. In particular, 7;(Gr} ,I7 ) = 0,
for all i > 0. However, ordinary relative homotopy groups mlght not be
capturing crucial information needed to study topological obstructions to
integrability. Perhaps, a better perspective is furnished by fibered homo-
topy groups [2]. In order to implement this viewpoint, it would be helpful
to have a more complete understanding of the algebraic geometry of the
fibers of Gr) ; and I} |, and of the topological constraints affecting the map

Im(a_]F) : X — I} . This will be the subject of future research.

3.1 The quotient bundle Gr) /I |

Our next goal is to understand the quotient Gr? k/IO . which is the vector
bundle Hom(y, x, 70, (Tz,(v)v))/ ker©. We begm with a characterization
of its isomorphism type.

Proposition 2. There is an isomorphism of vector bundles on GrC(An,k, n),

Hom (Y, 705 (T2, v)v)) ker © = Hom(A>y,, i, 70 (T2, (/D k)-
Proof. The isomorphism

Tz, (Y)Y w, = Hom(S,,X,/S))@Hom(S,,2}/S]) @ Hom(X), ) @ Hom(X,, X)),
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depends on choices of direct sum decompositions £, = Q, @S, and X =
Q) @S If we set

Ay, = Hom(S,,%)/S])@Hom(X), X)) ® Hom(X},S)),

we get an isomorphism Tgn(y)/ylwy ~ Awy GBHom(An’k,wy,Z;/S;). So for any
Ve GrC(Anlk,wy, n),

Hom(V, Tz, (v)/y,v,) = Hom(V,Hom(A 1 .., X,/S,) @ Hom(V,Ay,).

Now we show that the linear in Hom(V, TZK(Y)/Y,%) function ©(wy, V) van-
ishes on Hom(V,Awy). This implies that

ker (©(wy, V) = ker (©(wy, V)lHom(v. Hom Mty ¥} s;))) @Hom(V, A,,)

so that
Hom(V, Tz, (v)/v,w, )/ ker (©(wy, V) =
Hom(V,Hom(A,, k., X,/S,))/ ker (@(wy, V)lHom(V,Hom(An,k,wy,E;/S;)) )

Observe that for any f € Hom(V,Awy ), there exist unique g € Hom(V, Hom(S}’,’, }Z;’/ S}’)’)),
¢’ € Hom(V,Hom(X}, X)) and ¢” € Hom(V,Hom(X},S))) such that f =

is a basis of V, then in terms of the basis (%)(Z e
ij ,

n
m=1

g+g'+g” If (X™)

of Tz, (v)/v,w,

FIXT) = g(X™) +g'(X™) +g"(X™)
d d
= Z g(Xm)ingr g’(Xm)ijg
ij if

k+1<i<k+nn+k+1<j<2k k+1<i<2k,1<j<k

d

+ V4 Xm"—,
) XM

n+1<i<kk+1<j<2k

for any 1 < m < n. In particular, we see that f(X");; =0 forall 1 <i<n
and n+ 1 < j < 2k, from which it follows that

n 2k o
O(wy)(X* + f(X), X" + f(X?)) = —2Z Z (X;lf(Xb)ij —Xff(Xa)ij)g =0.

i=1 j=n+1
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Next we make use of the isomorphism W : Hom(V, Hom(An,k,wy, Z;/S}’))) —
Hom(V ®An,k,waE;/S;))’ f +— W(f) where for anya e V and b € An,k,wy;
W(f(a)(b)) = f(a®Db), to re-express the quotient vector space of interest. If
C,n €V, then

n 2k p)
Ow,)(C+f(Qn+fN)=-2) ) (Cf i =nif Q)5
i=1 j=n+1 !

==2(f(n)C~-f(C)n)
—2f(n®C-C®n).

Let ] =(a®b-b®a|abe V)ycCV®V be the ideal such that S?(V) =
V®V/]. It is clear that ©(w,, V)(f) = 0 iff O(w,)(C + f(C),n + f (1)) = 0 for
all ¢,n € Viff f|; = 0. Observe that we have a vector space isomorphism

{f eHom(V®V,%;/S))| fl; = 0} =~ Hom(S*(V), %,/S,).

Chose a direct sum decomposition V @R ~ An,k,wy so that

Hom(V®A,, kw,,2,/Sy) ~Hom(V®V,X,/S )@ Hom(V®R,X,/S,).
Since ©(wy, V) is independent of Hom(V ®R, }Z}’)/S;)),
ker (@(wy, V)|Hom(V,Hom(A,Lk,wy,E;/S;))) ~ Hom(S%(V), E;/S;)@Hom(V@)R, Z;/S;).

Finally, note that the decomposition V® V = S?(V)@® A?(V), implies that
Hom(V®V,,/S;))®@Hom(V ®R,Y,/S;)/Hom(S*(V),%,/S))®@Hom(V &
R,¥;/S,) ~ Hom(A*(V),%,/S;), where Tz,(v)w,/Dujkw, = Ey/Sy. .

The isomorphism also follows after noticing that ©®(w, V) is surjective.
However, inasmuch as we can only see a less elegant proof of this fact, we
do not include it here.
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3.2 Concluding remarks

Let (X, ]x) be an n-dimensional compact almost complex manifold and F :
(X,Jx) <= Z,(Y) be a universal embedding. Consider the map F:(X,Jx)—
Grz’k, F(x)= Im(dy, F(x)) (cf. section 2.2), and the following diagram

(po F)*(Azy;’k ® TC;’k(TZn(Y)/Dn,k)) — A%, @10, (T2, v)/Dini)

| F GI T

(X;]X)

(An,kr ”)r

where © is defined as O(T'(F)) = Olr(r)xr(r), and note that based on the dis-

cussion preceding Lemma 5, we have that Grz’k ={I'(F) | F e Hom(y,,t, TC;’k(Tzn(y)/y))}.
Indeed, by Proposition 2, (poﬁ)*(Azy/;]k@)n;’k(Tgn(y)/Dn’k)) ~ (poF)*(Gr;k/Iz,k).

Now we can see that the Nijenhuis tensor Nj, of Jx is essentially the pull-

back of the bundle morphism © by the lift F of F to Grj, ,, i.e.

Proposition 3. N;, =40 o F.

Proof. This is a direct application of Proposition 5.1 [5], since for any x €
X,

(46 o F)(x) = 46 (Im (9, F(x)) = 40(F (¥))ltm,3), FopxIm d,, £y = Nix (%)
0

Our next goal will be to relate characteristic classes of the vector bun-
dle (poF)*(Gr} /I ) on X to the integrability of Jx. This goal is motivated
by a reformulation of the strategy to study Yau’s challenge—something that
we will investigate in a future article.

Appendix

Here we explain why the above approach, using ordinary Chern classes,
is unlikely to work for Yau’s Challenge in the case of S®. As mentioned
in Remark 2, the real 6-dimensional sphere can be embedded into the
octonions. More precisely, O is generated by the unit elements (e )] —o’

where ¢y = 1, and e; is purely imaginary for all other j. The imaginary part
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of O is Im(O) = Span]R(ej);:l. For any u,v € O, the octonion inner product
of u and v is given by (u,v) := Re(uv) = u - v, where the right hand side is
the Euclidean inner product of u and v, regarded as elements of IR8. So, S°
can be conceived of as the set of all unit length imaginary octonions, S® =
{u € Im(O) | (u,u) = 1}. For any x € O such that x?> = —1, the alternativity
of O ensures that the endomorphism Jp(x) : O — O, Jo(x)(C) = Cx, turns
O into a complex vector space. In this way, S® C O inherits an almost
complex structure Jo, precisely that which at u € S% is given by Jo(u). The
non-integrability of this structure is due to the non-associativity of the
octonions. Indeed, for any C,# € Tp|ss ,,, the Nijenhuis tensor is

Njo (1)(C,17) = [, 1] + U (1)), Jo () ()] + Jo(u)([C, Jo () ()] + Uo(w)(C), 1)
= (COqu) = (Cun) = (n(Cuw) = (nC)u) 6]

and moreover, ] is homotopically unique [1].
Recall the complex, quasi-projective manifold Z3(C?) = C® x Q of com-
plex dimension N3 4 = 46, where Q = {(5,5”,¥",1”) € F(1’4)((E8)><F(1’4)((E8) |
Y @Y = C8), and where F(1,4)(C8) is the complex projective manifold of
flags of signature (1,4). For convenience, we denote the relative tangent
bundle Tz, (cs)/cs by Tp so that Tz, ¢s) = 7*(Tgs) ® T, and the affine bun-
dle projection p: Gr3, — GrC(A3,4, 3) by dm.
Now, let | be a hypothetical integrable almost complex structure on
S6, and J, : [0,1] x S® — End(Tss) be a homotopy from J, = Jp to J; = J.
For each t € [0,1], we get a universal embedding F; : (S%,],) < Z3(C?) in
the following way: if ]f: € End(T(Dlgé) is the complexification of J;, ¥;(u) =
Big(J;(u), i), T} (u) = Big(J;"(u1),~i), S,,(t) = Big(J{"(w)ls,, i), and S}/ (t) = Eig(J{ (u)ls,, ~i),
where S, = {O}EBNSCé/@Iu, then
Fy(u) = (u, S, (£), S;/(£), Xt (u), Xf (u)).

So, J; defines the isotopy F; of universal embeddings, which in turn gives
rise to a homotopy of uniquely defined for J; lifts F, : [0,1]x(S®,];) — Gr3 4

where Fy(u) = Im(éth(u)). Let G, = dm o F,. It turns out that
Proposition 4. All of the Chern classes of G{(Gr3 ,/13 ;) vanish.
Let us first observe that there is a vector bundle isomorphism

Lemma 6. G}(Gr$ ,/Z5 ;) ~ A’Ti ® Tge.
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Proof. From Proposition 2, Gr3 /73, ~ A2y§’4 ® 13 4(Tz,(c8)/D3,4)- By the

transversality of the universal embedding F, : (S%,],) < Z5(C?), F,,(Tss) ~

TZ3(C8)/D3,4' Then, since Ft = 7'(3’4 (@) Gt: G;(n§,4(T23(C8)/D3,4)) ad Tsé.
LetueS® Ce Tss ,,, and note that

91 Fu(u)(C) = 3(dF(u)(0) + T zyen (Filu)) 0 dF,(u) o o))
= S(AF )0 + idE ) )(C),

where ]z, (cs) is the given complex structure on Z3(C8), which we may
assume acts by multiplication by i on fibers. The push-forward of F; at
u € S%is an R-linear map

dF,(u) =Idrs, @yt Toou — Tes,u® Toy(s;(0),5(0)5) (), ()

where Idr is the C8-component, and ¢/, is the Q-component of the

push-forward of F, at u. Now, since the push-forward of 7 : Z5(C8) — C8
is essentially the identity map, meaning that at any w € Z3(C8), dn(w) =
I3 ® 03,33, we obtain that

A (F, ()3, E(0)0)) = 5 (A ())(C +04,(0)) + A, ()i, (0)(C) + 66, U, 1))
= 2T+ ()

Therefore, Gy (1) = {$(C +iJ,(u)(C) | T € Tse,} = Tgs', Giyaa = Tgi' =~

Tss, and so Gjy} , = ﬁ, where Tgs is the conjugate bundle to Tgs, i.e. Tge
endowed with the complex structure —Jp. And then,

GH(Gr3 4/I5,) =~ NGy 4® G:(n§,4(TZ3(C3)/D3,4))
~ A’Tge ® Ts.
O

The proof of Proposition 4 is straightforward once we review some
basic facts about Chern classes of complex vector bundles. Let E — X
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be a rank m complex vector bundle with Chern roots «a; := c¢{(L;), for
1 <i<m and V — X be a rank n complex vector bundle with Chern
roots [3]- = cl(L;.), for 1 < j < n. For any set of indeterminates xy,...,x,,
let og(xy,...,x,) be the k-th elementary symmetric polynomial in the x;.
The Chern roots of E ® V are a; + ff;, where 1 <i <mand 1 <j < n. By
definition, the k-th Chern class of EQ V is

c(E®@V)=o0r(ay +B1,...,an, +ay)

= ) ) @),

1<iy << <m 1<y << <n
and we can write
(0[1'1 +/3]'1)...(0£ik +/3]'k) = 0[1'1 ...a,-k -I-/3]'1 ﬁ]k -I—p]1 ..... i

[1yeeer 1k .
for some pji ..... i € Z[ail,...,a,-k,/i’jl,...,/i’jk]. Then, since

ooy +Pr..,apm+ay) = Z Z @ ...oap + Z Z Bj, ---

1<) << <n 1<i) << <m 1<i) < <ip<m 1<) <-<jg<n

i1
Z Z Pjy it

1<ij < <ip<m 1<y << <n

=) ) @@ ) ) BB

1<j<n 1<ij<-<ix<m 1<i<m1<j1<<jx<n

i1 ,eerik
) ) m
1<iy<<ig<m 1<jy <<jp<n

=nog(ay,..., )+ mog(Br,...,pn) + P,

where P =Y i c.ciyem Li<ji<cjy<n Py s € ZIC1(E), o k1 (E) 1 (V) ca (V)]
it follows that
ck(E®Q V) =nci(E)+mci(V)+P. (1)
Moreover, if m = 3,
c3(A’E) = —c3(E) + ¢1 (E)co(E). (2)
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This is because ¢ (E) = a1 + ay + a3, co(E) = ayar + ayaz + aras, c3(E) =
a3, and the Chern roots of A’E are a; + ay, @ + a3, a, + a3, implying
that

C3(AZE) = 03(0(1 +a)ar+a3,a)+ (X3)
= (a1 + ay)(ay +as)(az + asz)

2 2 2 2
= (mazay + ayajas) +(aja + ajasz) + () + arasan) + (ag a3 + aras)

=2c3(E)+ (alzaz + alza3 +a,a1a9 + arazan + a1a§ + azag)
= 2c3(E) + (c1(E)ca(E) = 3c3(E))
= —c3(E) + ¢ (E)cy(E).

Proof of Proposition 4. Since H**(S%;Z) = 0 for all k # 3, the only not auto-
matically trivial Chern classes of G;(Gr3 4/Z3 ) are the 3rd Chern classes.
However, from Lemma 6 alongside with equations (1) and (2), we con-

clude that ¢3(G}(Gr$ /73 ,)) = ~3¢3(Tje )+3¢5(Tss) = 0. O
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