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Abstract

We provide constructive versions of Hilbert’s syzygy theorem for
Z and Z/NZ following Schreyer’s method. Moreover, we extend these
results to arbitrary coherent strict Bézout rings with a divisibility test
for the case of finitely generated modules whose module of leading
terms is finitely generated.
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Introduction

This paper is written in the framework of Bishop style constructive mathem-
atics (see [2, 3, 11, 12]). It can be seen as a sequel to the papers [10, 16].
The main goal is to obtain constructive versions of Hilbert’s syzygy theorem
for Bézout domains of Krull dimension < 1 with a divisibility test and for
coherent zero-dimensional Bézout rings with a divisibility test (e.g. for Z and
Z/NZ, see [11, 13, 18, 19]) following Schreyer’s method. These two cases are
instances of Grobner rings. Moreover, we extend these results to arbitrary
coherent strict Bézout rings with a divisibility test for the case of finitely
generated modules whose module of leading terms is finitely generated.

1 Grobner bases for modules over a discrete
ring

General context. In this article, R is a commutative ring with unit,
X1,..., X, are n indeterminates (n > 1), R[X] = R[Xy,...,X,], H,, ~
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A™(R[X]) is a free R[X]-module with basis (eq,...,e,) (m > 1), and > is
a monomial order on H,, (see Definition 1.3).

We start with recalling the following constructive definitions.
Definition 1.1.
e R is discrete if it is equipped with a zero test: equality is decidable.

e« R is zero-dimensional and we write dimR < 0 if

VacRIkLeNIzeR a(ax—1)=0.

¢ R has Krull dimension < 1 and we write dimR < 1 if

Va,b € R Ik, € N3z,y € R b(a*(ax — 1)+ by) = 0.

o Let U be an R-module. The syzygy module of a p-tuple (v1,...,v,) €
UP is

Syz(vi,...,vp) == {(b1,...,bp) €ER" ;byv1 + -+ + bpv, =0}.
The syzygy module of a single element v is the annihilator Ann(v) of v.

¢ An R-module U is coherent if the syzygy module of every p-tuple of
elements of U is finitely generated,! i.e. if there is an algorithm providing a
finite system of generators for the syzygies, and an algorithm that represents
each syzygy as a linear combination of the generators. R is coherent if it is
coherent as an R-module. It is well known that a module is coherent iff on
the one hand any intersection of two finitely generated submodules is finitely
generated, and on the other hand the annihilator of every element is a finitely
generated ideal.

e R is local if, for every element z € R, either = or 1 + x is invertible.

e R is equipped with a divisibility test if, given a,b € R, one can answer
the question a €7 (b) and, in the case of a positive answer, one can explicitly
provide ¢ € R such that a = be.

e R is strongly discrete if it is equipped with a membership test for
finitely generated ideals, i.e. if, given a,b1,...,b, € R, one can answer the
question a €? (b1,...,by) and, in the case of a positive answer, one can
explicitly provide ci,...,¢c, € R such that a = c1b1 + - - - + ¢cpbp.

n contradistinction to Bourbaki and to the Stacks project, we do not require U to be
finitely generated.



e R is a valuation ring?® if every two elements are comparable w.r.t. di-
vision, i.e. if, given a,b € R, either a |b or b|a. A valuation ring is a local
ring; it is coherent iff the annihilator of any element is principal. A valuation
domain is coherent. A valuation ring is strongly discrete iff it is equipped
with a divisibility test.

e R is a Bézout ring if every finitely generated ideal is principal, i.e. of
the form (a) = Ra with a € R. A Bézout ring is strongly discrete iff it
is equipped with a divisibility test; it is coherent iff the annihilator of any
element is principal. To be a valuation ring is to be a Bézout local ring
(see [11, Lemma IV-7.1]).

o A Bézout ring R is strict if for all b1, b € R we can find d, b, b, ¢1,¢c2 €
R such that by = db}, by = db}, and c1b] + coby = 1. Valuation rings and
Bézout domains are strict Bézout rings; a quotient or a localisation of a strict
Bézout ring is again a strict Bézout ring (see [11, Exercise IV-7 pp. 220-221,
solution pp. 227-228]). A zero-dimensional Bézout ring is strict (because it
is a “Smith ring”, see [7, Exercice XVI-9 p. 355, solution p. 526] and [11,
Exercise IV-8 pp. 221-222, solution p. 228]).

Remark 1.2. In some cases, e.g. euclidean domains or polynomial rings over
a discrete field, a strongly discrete ring is equipped with a division algorithm
which, for arbitrary a € R and (b1,...,b,) € RP, provides an expression
a=ciby + -+ c,by + e with quotients ci, ..., c, and a remainder e, where
e=0iff a € (b1,...,bp,). When a strongly discrete ring is not equipped
with a division algorithm, we shall consider that the division is trivial if
a ¢ (bi,...,bp): the quotients vanish and e = a. In the case of Bézout rings,
dividing a by (b1, ...,b,) amounts to dividing a by the ged d of (by,...,by),
since @ = ¢/d + e can be read as a = (c'c1)by + -+ + ('¢p)bp + €, where
d261b1+"-+cpbp.

Definition 1.3 (Monomial orders on finite-rank free R[X]-modules, see [1,

5]).

(1) A monomial in H,, is a vector of type X%ey (1 < ¢ < m), where
X% =X X% is a monomial in R[X]; the index ¢ is the position of the
monomial. The set of monomials in H,, is denoted by M, with Ml = M,
(the set of monomials in R[X]). E.g., X;X3es is a monomial in H,,, but

2X1e3, (X1 + X3)ez and Xjep + X3es are not.

2Here we follow Kaplansky’s definition: R may have nonzero zerodivisors. In [19] it is
required that a valuation ring be strongly discrete. We prefer to add this hypothesis when
the argument requires it, so as to discriminate the algorithms that rely on the divisibility
test from those that do not.



If M = X% and N = XPe;, we say that M divides N if ¢ = k and X°
divides Kﬁ. E.g., Xje; divides X7 Xse1, but does not divide X; Xoes. Note
that in the case that M divides N, there exists a monomial X” in R[X] such
that N = X7 M: in this case we define N/M = X7; e.g., (X1X2e1)/(X1e1) =
Xo.

A term in H,, is a vector of type cM, where ¢ € R\ {0} and M € M*. We

say that a term c¢M divides a term ¢/ M, with ¢,¢’ € R\{0} and M, M’ € M,
if ¢ divides ¢/ and M divides M’.

. . . m
m
(2) A monomial order on H,, is a relation > on M such that

(i) > is a total order on M7,
(ii) X*M > M for all M € M and X* € M, \ {1},
(iii) M >N = X“M > XN for all M\,N € M" and X* € M,,.

Note that, when specialised to the case m = 1, this definition coincides with
the definition of a monomial order on R[X].

When R is discrete, any nonzero vector h € H,, can be written as a sum
of terms
h=cMy+ci 1My + -+ c1 My,

with ¢, € R\ {0}, M, € M and M; > M;_1 > --- > M;. We define the

n
leading coefficient, leading monomial, and leading term of h as in the ring

case: LC(h) = ¢, LM(h) = My, LT(h) = ¢:M;. Letting My = X%e, with
X e M and 1 < £ < m, we say that « is the multidegree of h and write
mdeg(h) = «, and that the index ¢ is the leading position of h and write
LPos(h) = ¢.

We stipulate that LT(0) = 0 and mdeg(0) = —oo, but we do not define
LPos(0).

(3) A monomial order on R[X] gives rise to the following canonical
monomial order on H,,: for monomials M = X%, and N = Xﬁek e M,
let us define that

either X* > X7#

M >N if
or both X* = X? and ¢ < k.

This monomial order is called term over position (TOP) because it gives more
importance to the monomial order on R[X] than to the vector position. E.g.,
when X5 > X1, we have

Xoer > Xoeo > Xie1 > Xies.
)



Definition 1.4 (Grobner bases and Schreyer’s monomial order). Let R be
a discrete ring. Consider G = (¢1,...,9p), g; € Hy, \ {0}, and the finitely
generated submodule U = (g1, ..., gp) = R[X]g1 +--- + R[X]g, of H,,.

(1) The module of leading terms of U is LT(U) = (LT(u) ; u € U ).
(

2) G is a Grébner basis for U if LT(U) = (LT(G)) =
(LT(g1), - .-, LT(gp))-
(3) Let (e1,...,€p) be the canonical basis of R[X]P. Schreyer’s monomial

order induced by > and (g1, ..., gp) on R[X]? is the order denoted by >, 4,
or again by >, defined as follows:

either LM(X%gs) > LM(X"gy)

X% > X%, if
or both LM(X%g;) = LM(X?g;) and ¢ < k.
Schreyer’s monomial order is defined on R[X]? in the same way as when R
is a discrete field (see [8, p. 66]).

2 The algorithms

The context

Let us now present the algorithms to be discussed in this article in a form
that adapts as well to the case where R is a coherent valuation ring with a
divisibility test as to the case where R is a coherent strict Bézout ring with a
divisibility test (note that the former case is the local case of the latter). This
is achieved by appeals to “find ... such that ...” commands that will adapt
to the corresponding framework. Le., the following context is needed for the
algorithms, except that coherence and strictness is not used in the division
algorithm and that the divisibility test is not used for the computation of
S-polynomials.

Context 2.1. The algorithms take place in a coherent strict Bézout ring R
with a divisibility test. In the local case, R is a coherent valuation ring with
a divisibility test.

The division algorithm

This algorithm takes place in Context 2.1 for R; note however that coherence
and strictness are not used here. Like the classical division algorithm for
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F[X]™ with F a discrete field (see [19, Algorithm 211]), this algorithm has
the following goal.

Input h e Hy,, hy,...,hy, € Hy \ {0}
Output ¢1,...,q, € R[X] and r € H,, such that
h=qihi+--+qhy +r,
LM(h) > LM(g;) LM(h;) whenever ¢; # 0,
T ¢ (LT(hy),...,LT(hp)) for each term T of r.

Definition and notation 2.2. The vector r is called a remainder of h on

division by H = (ha,...,h,) and is denoted by r = n.
This notation would gain in precision if it included the dependence of the
remainder on the algorithm mentioned in Remark 1.2.

Division algorithm 2.3.

local variables j:{l,...,p}, D :subsetof {1,...,p},
¢,cj,d,e: R, B :Hpy;
G<+<0; ... 5 <0, r<0; M+h;
while ' #0 do
D« {33 LM(hy) [ LMW }
find d,c; (j € D) such that
d = ged(LC(hy))jep = X jep ¢ LC(R;) ;
find c,e such that
LC(W) =cd+e (with e =0 iff d divides LC(h'), see Remark 1.2);
for 7 in D do
4j g5 + cc; (LM(W)/ LM(R;))

od;

r+r+eLM(R);

W B = ces (LM(R)/ LM(hy))hy — e LM(R)
od

By convention, if D is empty, then d = 0. At each step of the algorithm, the
equality h = ¢1h1 + - -+ + gphp + B’ + r holds while mdeg(h’) decreases.

Note that in the case of a valuation ring, the ged d is an LC(hj,) dividing
all the LC(h;), and the Bézout identity may be given by setting ¢, = 1 and
¢;j = 0 for j # jo: see Algorithm 3.1.

The S-polynomial algorithm

This algorithm takes also place in Context 2.1 for R. Note however that the
divisibility test is not used here; only the zero test is used. This algorithm

7



is a key tool for constructing a Grobner basis and has been introduced by
Buchberger [4] for the case where the base ring is a discrete field. It has the
following goal.

Input f,g € H,, \ {0}.

Output the S-polynomial given by bX” and aX® as S(f,9) = bXPf—aXg:
if f =g, then bX? = b is a generator of Ann(LC(f)) and aX“ = 0;
otherwise, if LM(f) = X"e; and LM(g) = X"e;, then S(f,g) =
bX=m7T f — a X7 g with bLC(f) = aLC(g), ged(a, b) = 1;
otherwise, S(f,g) = 0.

Here a® = (max(a1,0),. .., max(an,0)) is the positive part of « € Z".

S-polynomial algorithm 2.4.

1 local variables a,b: R, p,v:N";
2 if f=g then

3 find b such that Ann(LC(f)) = (b);
o S(LS) < bf

5 else

¢ if LPos(f)# LPos(g) then

7 S(f,9) <0

8 else

0 w < mdeg(f); v+ mdeg(g);

10 find a,b such that

11 ged(a,b) =1,

12 aged(LC(f), LC(g)) = LC(f),

13 bged(LC(f), LC(g)) = LC(g);

W S(fg) X f o ax
15 fi

16 fi

Note the following important properties of S(f, g):

o If LM(f) = X"e; and LM(g) = X"e;, then either S(f,g) = 0 or
LM(S(/, 9)) < X*0e;; if LPos(f) # LPos(g), then S(f,g) = 0

o S(X°f,X°g) = X°S(f.g) for all § € N".

S(f, f) is called the auto-S-polynomial of f. It is designed to produce
cancellation of the leading term of f by multiplying f with a generator of the
annihilator of LC(f). If the leading coefficient of f is regular, then S(f, f) =0
as in the discrete field case. In case R is a domain, this algorithm is not

8



supposed to compute auto-S-polynomials and we can remove lines 2-5 and 16:
if nevertheless executed with f = g, it yields S(f, f) = 0.

The S-polynomial S(f, g) is designed to produce cancellation of the lead-
ing terms of f and g. It is worth pointing out that S(f,g) is not uniquely
determined (up to a unit) when R has nonzero zerodivisors. Also S(g, f) is
generally not equal (up to a unit) to S(f,g) (in the discrete field case, this
ambiguity is taken care of by making the S-polynomial monic). These issues
are repaired through the consideration of the auto-S-polynomials S(f, f) and
S(g,9)-

Note that in the case of a valuation ring, the computation of the coeffi-
cients a, b is particularly easy: see Algorithm 3.2.

Buchberger’s algorithm

This algorithm takes place in Context 2.1 for R. Here coherence, strict-
ness, and the divisibility test are used. Concerning the termination of the
algorithm, see Section 4.

This algorithm has the following goal.

Input g¢1,...,9, € Hy, \ {0}.
Output a Grobner basis (g1,...,8p,---,9¢) for (gi,...,9p)-

Buchberger’s algorithm 2.5.

local variables S:H,,, i,j,u:N;
t<p;
repeat
u<+t;
for i from 1 to u do
for j from i to u do

S<—S(gi,gj)(gl7m7g“) by Algorithms 2.4 and 2.3;

if S#0 then
t+—t+1;
gr < S
fi
od
od
until t=u

This algorithm is almost the same algorithm as in the case where the
base ring is a discrete field. The modifications are in the definition of S-
polynomials, in the consideration of the auto-S-polynomials, and in the divi-
sion of terms (see Item (1) of Definition 1.3). In line 7, the algorithm may be

9



Output a generating system (S; j)1<i<j<p LPos(T;)=LPos(1;) for Syz(T1, ...

1

sped up by computing the remainder w.r.t. (gi,...,g:) instead of (g1,...,9u)
only.

Remark 2.6. If the algorithm terminates, then we can transform the obtained
Grobner basis into a Grébner basis (gi,...,g;) such that no term of an
element g’ lies in (LT(g;) ; k # j ) by replacing each element of the Grébner
basis with a remainder of it on division by the other nonzero elements and
by repeating this process until it stabilises. Such a Groébner basis is called a
pseudo-reduced Grobner basis.

The syzygy algorithm for terms

This algorithm takes also place in Context 2.1 for R. Note however that
the divisibility test is not used here; only the zero test is used. It has the
following goal.

Input terms T4,...,T, € Hy,.
JTp).

In this algorithm, (e1,...,€p) is the canonical basis of R[X]P.

Syzygy algorithm for terms 2.7.

local variables 4,5:{1,...,p}, J:subsetof {1,...,p},
a,b:R, a,pf:N";
for i from 1 to p do
J « {j>1i;LPos(T;) = LPos(T;) };
for j in J do
compute bX” aX® such that S(Ti,Tj):bXBTi—aXaTj
by Algorithm 2.4;
Si’j %b&ﬁq—aiae]‘
od
od

Schreyer’s syzygy algorithm

This algorithm takes also place in Context 2.1 for R. It has the following
goal.

Input a Grobner basis (g1,. .., gp) for a submodule of H,,.
Output a Grobner basis (i j)1<i<j<p,LPos(g;)=LPos(g;) fOT Syz(g1,- - -, gp)
w.r.t. Schreyer’s monomial order induced by > and (g1, ..., gp)-
In this algorithm, (ey,...,€,) is the canonical basis of R[X]P.

10
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Schreyer’s syzygy algorithm 2.8.

local variables ,5:{1,...,p}, J:subsetof {1,...,p},
a,b:R, a,f:N", q: R[X];
for i from 1 to p do
J «{j = i;LPos(g;) = LPos(g;) }:
for j in J do

compute bX” aX® such that S(gi,95) = bXPg; — aXg,
by Algorithm 2.4;
compute ¢i,...,q, such that
S(9i,95) =qig1 +---+qpgp by Algorithm 2.3 (note that
LM(S(g:,9;)) = LM(qe) LM(g¢) whenever g # 0) ;
wi; — bXPe; —aX % — qrer — - — qpep
od
od
The polynomials ¢, ..., g, of lines 810 may have been computed while
constructing the Grébner basis.
Remark 2.9. For an arbitrary system of generators (hq,. .., h,) for a submod-

ule U of H,,, the syzygy module of (hi,...,h,) is easily obtained from the
syzygy module of a Grobner basis for U (see [19, Theorem 296)).

3 The algorithms in the case of a valuation
ring

This is the case of a local Bézout ring. We consider a coherent valuation
ring R with a divisibility test. In this case, we get simplified versions of the
algorithms given in Section 2. We recover the algorithms given in [16, 19],
but for modules instead of ideals. In particular, we generalise Buchberger’s
algorithm to convenient valuation rings and modules. Note that the algorithm
given in [16] contains a bug which is corrected in the corrigendum [17] to the
papers [10, 16].

Division algorithm 3.1 (sece [19, Definition 226]). Let R be a valuation
ring with a divisibility test. In the Division algorithm 2.3, instead of defining
the set D and finding the ged d, one may look out for the first LT(h;) such
that LT(h;) divides LT(h'); in case of success, the algorithm proceeds with
this index 4, and the Bézout identity of line 7 is not needed.

local variables i:{1,...,p}, ¢:R, k' :H, , notdiv: boolean;
G10; ... ; g0, r<0; B < h;

11
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while A’ #0 do
1+ 1;
notdiv «+ true;
while i <p and notdiv do
if LT(h;)|LT(R) then
find ¢ such that ¢LC(h;) =LC(R);
i < qi + c(LM(R')/ LM(hs)) ;
B« b —c(LM(R')/ LM(h;))h; ;
notdiv < false
else
14—1+1
fi
od;
if notdiv then
r < r+ LT(h');
'« h —LT(K)
fi
od

S-polynomial algorithm 3.2 (see [19, Definition 229]). Let R be a coherent
valuation ring. We define the S-polynomial of two nonzero vectors in H,,
by the S-polynomial algorithm 2.4. In this algorithm, the finding of a,b in
lines 10-13 will take the following simple form, typical for valuation rings:

find a,b such that
aLC(g) =bLC(f) witha=1lorb=1

This does not rely on the divisibility test: the explicit disjunction “a divides
b or b divides a” is sufficient. When we have a divisibility test, the following
expression arises for S(f,g) with f # g, LPos(f) = LPos(g), mdeg(f) = u,
mdeg(g) = v:

(f.9) = X@Tf—aX " g it LC(g) | LC(F), where LC(f) = aLC(g)
’ bﬁ(”_“ﬁf - X(“_”)+g otherwise, where bLC(f) = LC(g).

Note also that the annihilator Ann(LC(f)) appearing in the computation of
the auto-S-polynomial is principal because R is a coherent valuation ring:
there is a b such that Ann(LC(f)) = bR (b being defined up to a unit, see [11,
Exercise IX-7]).

generalisa-

Ezample 3.3 (S-polynomials over R [Y]/{Y™), r > 2, a
= Fyly] (where

= FQ /
tion of [19, Example 231]). The ring R = Fo[Y]/(Y")

12



y = Y) is a zero-dimensional coherent valuation ring with nonzero zerodi-
visors (Ann(y*) = (y"~*)). Each nonzero element a of this ring may be
written in a unique way as y*(1+ yb) with k =0,...,7 — 1 and 1 + yb a unit.
Let f # g € R[X]\{0} and p = mdeg(f), v = mdeg(g). If LC(g) = y"(1+yb)
and LC(f) = y*(1 + yc), then

XU f (14 ye) (14 yb) Lyt R X B g it k<4
(1+ yb)(1+ ye) Lyp X o x0T i ks 0

)X = (L gyt X g itk <
up to:unit (]_ + yb)ykfei(yiu)*—f — (]_ —+ yC)X(Miu)ﬁ—g ifk>/¢.

S(f,9) = {

For the computation of the auto-S-polynomial S(f, f), two cases may arise:
o If LC(f) is a unit, then S(f, f) = 0.
o If LC(f) is ¥* (k > 0) up to a unit, then S(f, f) =y"*f.

E.g., with » = 2, using the lexicographic order for which X > X; and
considering the polynomials f = yXs + X; and g = y X1 + y, we have:

S(f,9) = X1f — Xog = X7 +yXa, S(f.f)=yf =yX1, S(g.9) =yg=0.

4 Termination of Buchberger’s algorithm for a
Bézout ring

The following lemma provides a necessary and sufficient condition for a term
to belong to a module generated by terms over a coherent strict Bézout ring
with a divisibility test.

Lemma 4.1 (Term modules, see [19, Lemma 227]). Let R be a coherent strict
Bézout ring with a divisibility test. Let U be a submodule of H,, generated
by a finite collection of terms anX%e;, with a € A. A term bXPe, lies in U
iff there is a nonempty subset A" of A such that X%e; divides XPe, for
every a € A’ (ie. iq =1 and X* | X?) and ged,e 4 (an) divides b. In the
local case, there hence is an ao, with o € A’ that divides b.

Proof. The condition is clearly sufficient. For the necessity, write
bXPe, = Zae 5 Cata X X e,

with A C A, cq € R\ {0}, and X" € M,,. Then b= ., Cala, where A’
is the set of those a such that v, + « = 8 and i, = r. For each o € A’, X*
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divides X”. Since the ged of the aq’s with o € A’ divides every aq, it also
divides b. O

The following lemma is a key result for the characterisation of Grébner
bases by means of S-polynomials: see [6, Chapter 2, §6, Lemma 5] and, for
valuation rings, [19, Lemma 233, adding the hypothesis of coherence].

Lemma 4.2. Let R be a coherent strict Bézout ring and fi1,..., f, € Hp, \
{0} with the same leading monomial M. Let c1,...,¢cp € R. If c1f1 +
-+ 4 cpfp vanishes or has leading monomial < M, then cifi + -+ + cpfp
is a linear combination with coefficients in R of the S-polynomials S(f;, f;)
with 1 <i < j < p.

Proof. Let us write, for j # i, LC(f;) = dija;; with d;; =
ged(LC(f), LC(f;)), so that ged(ai,j, a;:) = 1 and S(fi, f;) = ai;fi — ajif;-
For each permutation ii,...,%, of 1,...,p, we shall transform the sum

Qiy iy Qi i, (C1f1 + -+ ¢p fp) Dy replacing successively

a/il,ith by S(fi17fi2)+ai2,’i1fi27

@iy vy fip_1  bY S(fi, 15 fi,) + @iy fiy

At the end, the sum will be a linear combination of S(f;,, fi,), S(fis, fis), - -+,
S(fi,_1+ fi,), and f;,; let z be the coefficient of f; in this combination. The
sum as well as each of the S-polynomials vanish or have leading monomial
< M, so that the hypothesis yields z LC(f;,) = 0; therefore zf;, is a multiple
of S(fip, fz‘p)~

It remains to obtain a Bézout identity w.r.t. the products a;, 4, * - ai,_; iy,
because it yields an expression of ¢;f1 + -+ + ¢, fp as a linear combination
of the required form. For this, it is enough to develop the product of the
(;) Bézout identities w.r.t. a;; and a;j;, 1 < ¢ < j < p: this yields a sum
of products of (;) terms, each of which is either a; ; or a;;, 1 <i < j < p,

so that it is indexed by the tournaments on the vertices 1,...,p; every such
product contains a product of the above form a;, 5, - - “a;,_, i, because every
tournament contains a hamiltonian path (see [14]). O

Remark 4.3. The above proof results from an analysis of the following proof
in the case where R is local and m = 1, which entails in fact the general

case. Since R is a valuation ring, we may consider a permutation iy, ...,1%,
of 1,...,p such that LC(f;,) | LC(fi,_,) | --- | LC(fi,). Thus S(fi,, fi,) =
fil _aig,’ilfi27 ceey S(fip_la fip) = fip—l _a/ip,ip—lfip for some Qg yigs - vv sy Qi yigy 1 -

Then, by replacing successively fi, by S(fi,, firs1) + @iy in fins,, the linear
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combination ¢ fi + -+ 4 ¢pfp may be rewritten as a linear combination of
S(fir» fiz)s ---» S(fi,_1s fi,), and fi , with the coefficient of f; turning out
to lie in Ann(LC(f;,)).

Lemma 4.2 enables us to generalise some classical results on the existence
and characterisation of Grobner bases to the case of coherent strict Bézout
rings with a divisibility test. See [19, Theorem 234] for the case of valuation
rings and ideals.

Theorem 4.4 (Buchberger’s criterion for Grobner bases). Let R be a coher-
ent strict Bézout ring with a diwvisibility test and U = (g1,...,gp) @ nonzero
submodule of H,,. Then G = (g1,-..,9p) is a Grobner basis for U iff the
remainder of S(gi,g;) on division by G vanishes for all pairs i < j.

Theorem 4.4 entails that Buchberger’s algorithm 2.5 constructs a Grébner
basis for finitely generated ideals of coherent valuation rings with a divisib-
ility test when such a basis exists (compare [19, Algorithm 235]). The two
following theorems provide a general explanation for the termination of Buch-
berger’s algorithm and are therefore pivotal.

Theorem 4.5 (Termination of Buchberger’s algorithm, case m = 1). Let
R be a coherent valuation ring with a divisibility test, I a nonzero finitely
generated ideal of R[X], and > a monomial order on R[X]. If LT(I) is
finitely generated, then Buchberger’s algorithm 2.5 computes a finite Grobner
basis for I.

Proof. Let fi,..., fp € RIX]\ {0} be generators of I. Let LT(I) = (LT(g1),
..., LT(g,)) with g; € T\ {0}. Let 1 < k <. As gi € I, there exist E C
{1,...,p} and h; € R[X]\ {0}, i € E, such that

gk = ZieE hifi (4.1)

with mdeg(gr) < sup;cp(mdeg(M;N;)) =: v (we call it the multidegree of
the expression (4.1) for g w.r.t. the generating set {fi,..., fp} of I), where
M; = LM(h;) and N; = LM(f;). Let ' = {i € E; mdeg(M;N;) =~}.

Case 1: mdeg(gx) = v, say mdeg(gr) = mdeg(M;,N;,) for some ig € F.
As the leading coefficients of the h;f;’s with i € F are comparable w.r.t.
division, we can suppose that all of them are divisible by the leading coefficient
of hi, fi,- It follows that LT (gx) € (LT(fi,)) € (LT(f1),...,LT(fp)).

Case 2: mdeg(gr) < y. We have
9k = ZieF hifi + ZieF hi fi
=D g it o (B = LT fi4 0 LT (R fi
15



Letting ¢; = LC(h;), we get
mdeg (ZZEF ciMifi) <7
By virtue of Lemma 4.2, there exists a finite family (a; ;) of elements of R

such that
Z'LEF CiM’if’L' = ZiSjEF ai,jS(Mif’i7 M]f])

But for i < j € F, letting N;; = lem(N;, N;) and writing S(f;, f;) =
’fz—l—b ’fjforsomea beR, WehaweS(Mf“Mf])_aMNMfz
b X” -M; f; = 35— S(fi, f;). It follows that

Z’LEF CiMifi = ZiSjEF a/i,jmids(.fi, f])7

where the m; ;’s are monomials. Thus we obtain another expression for gy,

gk =D hafit Do (= LT fi+ D0 aigmiS(fi. ),

and the multidegree of this expression, now w.r.t. the generating set of I
obtained by adding the elements S(f;, f;), ¢ < j € F, to the fi,..., fp, is <.
Reiterating this, we end up with a situation like that of Case 1 for all the gx’s
because the set of monomials is well-ordered. So we reach the termination
condition in Algorithm 2.5 after a finite number of steps. O

Theorem 4.6 (Termination of Buchberger’s algorithm). Let R be a coher-
ent strict Bézout ring with a divisibility test and U a nonzero finitely gen-
erated submodule of H,,. If LT(U) is finitely generated, then Buchberger’s
algorithm 2.5 computes a Grobner basis for U.

Proof. Tt suffices to prove the result when R is local and m = 1, in which case
this is Theorem 4.5. Let us explain in a few words how to pass from the local
to the global case (compare [19, Section 3.3.11] and [9]). Suppose that we
are computing S(f, g) and that the leading coeflicients a and b of f and g are
uncomparable under division. A key fact is that if we write a = ged(a, b) o,
b = ged(a,b) b with ged(a’,b') = 1, then a divides b in R[], b divides a in
R[], and the two multiplicative subsets ' and ™ are comaximal because
1€ (a’,1). Then R splits into R[+] and R[], and we can continue as if R
were a valuation ring. If mdeg(f) = p and mdeg(g) = v, then S(f, g) is being
computed as follows:

o in the ring R[], S(f,9) = XM f - ¢ X" — g
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o in the ring R[1], S(f,9) = LX0-m"f - x0T g = Gy,

But, letting S := b’X(”*“)Jrf - a’X(“’”)+g, we have
S = b’Sl = a'SQ.

As S is equal to S7 up to a unit in R[%], and to Ss in R[%], it can replace

both of them, and thus there was no need to open the two branches R[%]

and R[]. O

When is a valuation ring a Grobner ring?

We recall here some results given in [19] on the interplay between the concepts
of Grobner ring, Krull dimension, and archimedeanity; here are the relevant
definitions.

Definition 4.7.

o The (Jacobson) radical Rad(R) of an arbitrary ring R is the ideal
{aeR;1+aR CR*}, where R* is the unit group of R.

o The residual field of a local ring R is the quotient R/ Rad(R). The
local ring R is residually discrete if its residual field is discrete: this means
that z € R* is decidable. A nontrivial local ring R is residually discrete iff
it is the disjoint union of R* and Rad(R).

e A residually discrete valuation ring R is archimedean if

Va,b € Rad(R)\ {0} 3k € N a|b".

e A strongly discrete ring R is a Grobner ring if for every n € N and every
finitely generated ideal I of R[X] endowed with the lexicographic monomial
order, the module LT([I) is finitely generated as well.

One sees easily that a Grobner ring is coherent ([19, Proposition 224]).
Moreover if R is Grébner, then so is R[Y].

For a coherent valuation ring with a divisibility test, it is proved in [19]
that archimedeanity is equivalent to being a Grobner ring (at least when
we assume that there is no nonzero zerodivisor or there exists a nonzero
zerodivisor, see [19, Theorem 272]). For a valuation domain with a divisibility
test, it is proved that the condition is equivalent to having Krull dimension < 1
([19, Theorem 256]). This implies that a strongly discrete Priifer domain is
Grobner iff it has Krull dimension < 1 ([18, Corollary 6]). This applies to
Bézout domains with a divisibility test. When a coherent valuation ring with
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a divisibility test has a nonzero zerodivisor, it is proved that archimedeanity
is equivalent to being zero-dimensional ([19, Proposition 265]).

Let us now, for the comfort of the reader, provide simple arguments for
some of these results. Recall that a ring R has Krull dimension < 1 if, given
a,be R,

Tk, L € N 3z,y € R b(a"(ax — 1) +by) =0; (4.2)

when b is regular and @ € Rad(R), we get that a* = zb for some k and
some z. This shows that a valuation domain of Krull dimension < 1 is
archimedean. Conversely, an equality a* = zb is a particularly simple case
of (4.2) (take z = 0). Also, when a is invertible, one has axz —1 = 0 for
some z, which is also a form of (4.2). So, if in a local ring the disjunction “z is
invertible or € Rad(R)” is explicit (i.e. if the residual field is discrete), then
archimedeanity implies Krull dimension < 1. Summing up, an archimedean
valuation ring with a divisibility test has Krull dimension < 1, and a valuation
domain with Krull dimension < 1 is archimedean: so a valuation domain is
archimedean iff it has Krull dimension < 1.

Recall now that for a local ring, being zero-dimensional means that every
element is invertible or nilpotent. Let us consider a valuation ring with a
divisibility test containing a nonzero zerodivisor x. We have zy = 0 with
y #0. If z = yz, then y?z = 0, so that 22 = 0. If y = 22, then y? = 0. So we
have a nonzero nilpotent element u. In this case archimedeanity is equivalent
to being zero-dimensional. Indeed, assume first archimedeanity. For an a €
Rad(R), we have u | a*, so a®* = 0. Then assume zero-dimensionality. For
any a,b € Rad(R), we have a k such that a* =0, so b | a*.

So, for a coherent valuation ring with a divisibility test, if 0 is the unique
zerodivisor, archimedeanity is equivalent to having dimension < 1, and if
R has a nonzero zerodivisor, archimedeanity is equivalent to being zero-
dimensional.

Now assume that R is a coherent valuation ring with a divisibility test.
We first compute (c : d) when ¢,d # 0. We note that (¢ : d) = (u) for some
u (since it is finitely generated). If ¢ | d, then (¢ : d) = (1). If d| ¢, then we
have a y with ¢ = dy. So y € (u), say y = tu. Since u € (c: d), we have a z
with du = ¢z = dyz = dutz. So du(l —tz) = 0. If 1 — ¢z is invertible, then
du = 0, so that ¢ = dy = dut = 0, which is impossible. So tz is invertible and
(u) = (y): more precisely u = yt’ with ¢’ invertible.

Now let a,b € Rad(R) \ {0}. We show that (b : a®) is finitely generated
iff b | a* for some k. If a* = bx then (b : a*) = (1), so (b : a*>) = (1). If
(b : a®) is finitely generated, then we have a k such that (b: a*) = (b: a**1).
If b | a® or b|ak*!, then we are done. The other case (a* | b and a**!|b) is
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impossible, for if we have z,y such that b = a¥z = a*T'y = a¥(ay), then

() = (b:a") = (b:a") = (2) = (ay),

so that y = way and (1 — ua)y = 0 for some u; since a € Rad(R), 1 — ua is
invertible, so that y = 0, which implies b = 0, a contradiction.

We have shown that R is archimedean iff (b : a*) is finitely generated for
all a,b € Rad(R) \ {0}.

We note also that for an arbitrary commutative ring R, one has

Va,b e R {1+0bY,a) NR = (b:a™).

So a coherent valuation ring R with a divisibility test is archimedean iff the
ideal (1 +bY,a) N R is finitely generated for all a,b € R. This condition
is fulfilled as soon as R is 1-Grobner (i.e. satisfies the definition of Grobner
rings with n = 1).

For other details on this topic see [19, Exercise 372 p. 207, solution p. 221,
Exercise 387 p. 218, solution p. 251].

5 The syzygy theorem and Schreyer’s al-
gorithm for a valuation ring

In the book Grébner bases in commutative algebra, Fne and Herzog propose
the following exercise.

Problem ([8, Problem 4.11, p. 81]). Let > be a monomial order on the free
S-module ' = P’ Se; [where § = K[X] with K a discrete field], let U C F
be a submodule of F', and suppose that LT(U) = @;’Ll Ije;. Show that U is
a free S-module iff I; is a principal ideal for j =1,...,m.

It is obvious that this condition is sufficient. Unfortunately, it is not ne-
cessary as shows the following example, so that the statement of [8, Problem
4.11] is not correct.

Ezample 5.1. Let > be a TOP monomial order on K[X,Y]? for which ¥ >
X, K being a field, let e; = (1,0) and ez = (0,1), and consider the free
submodule U of K[X,Y]? generated by u; = (Y, X) and ug = (X,0). Then
LT(u1) = Yey, LT(u2) = Xey, S(ur,us) = Xuy — Yus = X?ey = ug, and
S(u1,uz) = S(uz,uz) = 0. It follows that (u1,us,us) is a Grobner basis for
U, and LT(U) = (Y, X)e; @ (X?)ea. One can see that (Y, X) is not principal
and LT(U) is not free, while U is free.

So we content ourselves with the following observation.
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Remark 5.2. Let > be a monomial order on the free S-module F = @, Se;;,
where S = R[X] and R is a valuation domain. Let U be a submodule of
F and suppose that LT(U) = @j 1 Ije;, where I; is a principal ideal for
j=1,...,m. Then LT(U) and U are free S- modules (Of course, this is not
true anymore if R is a valuation ring with nonzero zerodivisors. Consider e.g.
the ideal U = (8X +2) in (Z/16Z)[X]: we have LT(U) = (2) (so that it is
principal), but U is not free since 8U = (0).)

We shall need the following proposition, which generalises [19, Theorem
291] to the case of modules.

Proposition 5.3 (Generating set for the syzygy module of a list of terms for a
coherent valuation ring). Let R be a coherent valuation ring, H,, a free R[X]-
module with basis (e1,...,em), and terms T, ..., T, in Hy,. Considering the
canonical basis (€1,...,¢p) of R[X]P, the syzygy module Syz(Th,...,Tp) is
generated by the

Si,j € RIX]” with 1 <i < j <p and LPos(T;) = LPos(T}),
as computed by the Syzygy algorithm for terms 2.7.

Note that in the Syzygy algorithm for terms 2.7, the a, b will be found as
in the S-polynomial algorithm 3.2, so that we get

be; if i = j, where (b) = Ann(LC(T3)),
Sij =14 X ¢, —aX; ifi<jand LC(T}) = aLC( ), else (5.1)
bXPe; — X%; ifi < j and bLC(T;) = LC(Ty).

Here 8 = (mdeg(7}) — mdeg(7;))* and o = (mdeg(7;) — mdeg(7}))".

Now we shall follow closely Schreyer’s ingenious proof [15] of Hilbert’s
syzygy theorem via Grébner bases, but with a valuation ring instead of a
field. Schreyer’s proof is very well explained in [8, §§ 4.4.1-4.4.3].

Theorem 5.4 (Schreyer’s algorithm for a coherent valuation ring with a divis-
ibility test). Let R be a coherent valuation ring with a divisibility test. Let U
be a submodule of H,,, with Grébner basis (g1, .., 9p). Then the relations u; ;
computed by Schreyer’s syzygy algorithm 2.8 form a Grobner basis for the
syzygy module Syz(g1, ..., gp) w.r.t. Schreyer’s monomial order induced by >
and (g1,...,9p). Moreover, for 1 < i < j <p such that LPos(g;) = LPos(g;),

be; if i =j, with (b) = Ann(LC(g;)),
LT(u;;) = XPe; if i < j and LC(g;) | LC(gi), else (5.2)
bX¢; if i < j and bLC(g:) = LC(gy),
with = (mdeg(g;) — mdeg(g:))*.
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Proof (a slight modification of the proof of [8, Theorem 4.16]). Let us use
the notation of Schreyer’s syzygy algorithm 2.8. Let 1 < i =j < p. As
LM(ge) LM(gs) < LM(S(gi,9:)) < LM(g;) whenever ¢ # 0, we infer that
LT(ui,i) = bEi with <b> = Ann(LC(gi)).

Let 1 < i < j < p such that LPos(g;) = LPos(g;). Suppose that
LC(g:) = aLC(g;) for an a: as LM(X"g;) = LM(aX%g;) and i < j,
LT(XPe; — aX%;) = XP¢; w.r.t. Schreyer’s monomial order induced by >,
and because LM(g7) LM(g) < LM(S(g,g;)) < LM(X?g;) whenever g, # 0,
we infer that LT (u; ;) = X?¢;; otherwise, with b such that b LC(g;) = LC(g;),
we obtain similarly LT (u; ;) = bXPe;.

Let Equation (5.1) hold with T; = LT(ge): then LT (u; ;) = LT(S; ;) holds
forall 1 <i<j<p.

Let us show now that the relations u; ; form a Grébner basis for the syzygy
module Syz(g1,...,gp). For this, let v =>"Y_ vee; € Syz(gi,...,gp) and let
us show that there exist 1 < i < j < p with LPos(g;) = LPos(g,) such that
LT (u;,;) divides LT (v). Let us write LM (v¢er) = Neeg and LC(veer) = ¢ for
1 < ¢ < p. Then LM(v) = Nse; for some 1 < i < p. Now let v/ = > res celNeey,
where S is the set of those ¢ for which Ny LM(g,) = N; LM(g;). By definition
of Schreyer’s monomial order, we have ¢ > i for all £ € §. Substituting each
€¢ in v’ by T}, the sum becomes zero. Therefore v’ is a relation of the terms
Ty with £ € S. By virtue of Proposition 5.3, v’ is an R[X]-linear combination
of the S¢; with £ < j in S§. Taking into consideration Equation (5.1), we
infer, by virtue of Lemma 4.1, that LT(v’) is a multiple of LT(S; ;) for some
j € 8. The desired result follows since LT(v) = LT (v'). O

As a consequence of Theorem 5.4, we obtain the following constructive
versions of Hilbert’s syzygy theorem for a valuation domain.

Theorem 5.5 (Syzygy theorem for a valuation domain with a divisibility
test). Let M = H,,/U be a finitely presented R[X]-module, where R is a
valuation domain with a divisibility test. Assume that, w.r.t. some monomial
order, LT(U) is finitely generated. Then M admits a free R[X]-resolution

O—=F —F 41— —=FN—=F—=M-=0
of length p <n+ 1.

Proof. Tt suffices to prove that U has a free R[X]-resolution of length p < n.
Let (g1, - - -, gp) be a Grobner basis for U w.r.t. the considered monomial order.
We can reorder the g;’s so that whenever LM(g;) and LM(g,) involve the same
basis element for some i < j, say LM(g;) = N;e, and LM(g;) = Nje, then
degy, (N;) > degy, (N;). It follows that the indeterminate X,, cannot appear
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in the leading terms of the u; ;’s in (5.2). Thus, after at most n computations
of the iterated syzygies, we reach a situation where none of the indeterminates
X, ..., X7 appears in the leading terms of the computed Grébner basis for
the iterated syzygy module. This implies that the iterated syzygy module is
free (as noted in Remark 5.2). O

Corollary 5.6 (Syzygy theorem for a valuation domain of Krull dimen-
sion < 1 with a divisibility test). Let M = H,,/U be a finitely presented
R[X]-module, where R is a valuation domain of Krull dimension <1 with a
divisibility test. Then M admits a finite free R[X]-resolution

O0—=F —F 41— —=FN—=F—=M-=0
of length p < n+ 1.

Example 5.7. Let g1 = Y* =Y, go = 2Y, g3 = X3 —1 € Zoz[X,Y], and let us
use the lexicographic order >; for which Y >; X. We have

S(91,92) = 291 — Y92 = =2Y = —gs,

S(g1.93) = X’q1 = Yigs =Y* =YX’ = g1 — Ygs,

S(g2,93) = X%g2 —2Y g3 = 2Y = ga.
Thus (g1, g2, g93) is a (pseudo-reduced) Grobner basis for I = (g1, g2, ¢93) and
LT(I) = (Y*,2Y, X3). By Theorem 5.4, u1 3 = (X® —1,0,-Y*+Y), uj 2 =
(2,-Y3 +1,0), ug3 = (0,X% —1,-2Y) form a (pseudo-reduced) Grébner

basis for the syzygy module Syz(g1, g2, ¢gs) w.r.t. Schreyer’s monomial order
>5 induced by >; and (g1, g2, ¢g3). In particular,

LT(Syz(g1,92,93)) = (LT (u1,3), LT (u1,2), LT (u2,3))
= <X3€1, 261, X3€2> = <2,X3>61 D <X3>62,

where (€1, €2, €3) stands for the canonical basis of Zaz[X, Y]3. We have

S(’U,Lg,ul’g) = QU1’3 — XBULQ = (—2, Y3X3 — XB, —2Y4 -+ 2Y)
=—ui2+ (Y3 — 1)’(1,2,3,
S(u1,3,u2,3) = S(u1,2,u2,3) = 0.
We recover that (uq3,us2,us,3) is a Grobner basis for Syz(gi,g2,93). By
Theorem 5.4, the element 1y 3,12 = (2,—X3 + 1, =Y + 1) forms a (pseudo-
reduced) Grobner basis for the syzygy module Syz(uis,ui2,ug3) w.r.t.

Schreyer’s monomial order >3 induced by >5 and (u1 3,12, u2,3). In particu-
lar, LT (Syz(u1 3, u1,2,u2,3)) = (LT(u1,3.1,2)) = (2)€], where (€], €}, €5) stands
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for the canonical basis of Zoz[X,Y]?. By Remark 5.2, Syz(ui3,us2,u23)
is free. We conclude that I admits the following length-2 free Zoz[X,Y]-

resolution:
u1,3 g1
uz,3 3 93

0 — Zoz[ X, Y] 2222 Zog [X, Y —222 Zog [X, VPP 25 T — 0.

It follows that Zoz[X,Y]/I admits the following length-3 free Zoz[X,Y]-
resolution:

0— Zgz[X, Y] — Zgz[X, YP — Zgz[X, YP — Zgz[X, Y] l)ZQz[X, Y]/I — 0.
Another consequence of Theorem 5.4 is the following result.

Theorem 5.8 (Syzygy theorem for a coherent valuation ring with nonzero
zerodivisors and a divisibility test). Let M = H,,/U be a finitely presented
R[X]-module, where R is a coherent valuation ring with a divisibility test
and nonzero zerodivisors. Assume that, w.r.t. some monomial order, LT(U)
is finitely generated. Then M admits a resolution by finite free R[X]-modules

©p+3 Opt2 Opt1 g Yp—1
...P_>FpP_>Fpp_>Fp_P>Fp71 L)ﬂ)Flﬂ)FoﬂM_)()

such that for some p <n+1,

o LT(Ker(pp)) = @;’Z’l(bj)ej with bi,...,by, € R and (e1,...,€m,) a
basis for F,

o LT(Ker(ppior—1)) = @;nz”l Ann(bj)e; for k> 1,
o LT (Ker(ppiox)) = @;n:pl Ann(Ann(b)))e; for k> 1,

and at each step where indeterminates remain present, the considered
monomial order is Schreyer’s monomial order (as in the proof of The-
orem 5.5).

Proof. The part
Fy 25 Fp1 25 25 P 2 By 25 M — 0

of the free R[X]-resolution with p < n + 1 and LT (Ker(pp)) = @;n:”l (bj)e;
follows from the proof of Theorem 5.5. W.lo.g., the b;’s are # 0. Let us
denote by (g1,...,9m,) a Grébner basis for Ker(y,) such that LT(g;) = bje;
for 1 < j < my. So S(gi,9;) = 0 for ¢ < j. Thus the fact that
LT(Ker(gp1)) = @) Ann(b, e, LT(Ker(p,42)) = @ Ann(Ann(b,)e;,
etc. follows immediately from Theorem 5.4. Finally, let us recall the equality
Ann(Ann(Ann(7))) = Ann(]) for an ideal I. O
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Let us point out that this shows that the free resolution is in general not
a finite one.

Corollary 5.9 (Syzygy theorem for a zero-dimensional coherent valuation
ring with a divisibility test). Let M = H,,/U be a finitely presented R[X]-
module, where R is a zero-dimensional coherent valuation ring® with a divisib-
ility test. Then M admits a free R[X]-resolution as described in Theorem 5.8.

Example 5.10. Let g1 = Y* —Y, go = 2Y, g3 = X° — 1 € (Z/4Z)[X,Y], and
let us use the lexicographic order >; for which Y >; X. We have

S(g1,91) =091 =0, S(g1,92) =291 — Y92 = =2Y = —gs,

S(92,92) =292 =0, S(g2,93) = X’92 —2Y g3 = 2Y = g3,

S(g3,93) =0gs =0, S(g1,93) = X°q1 —Y'gs=Y* -V X® =g — Ygs.
Thus (g1, g2, g3) is a (pseudo-reduced) Grobuer basis for I = (g1, g2, ¢93) and
LT(I) = (Y*,2Y, X3). By Theorem 5.4, u1 3= (X>—1,0,-Y*+Y), u o =
(2,-Y3 + 1,0), uz3 = (0,X% — 1,-2Y), ugo = (0,2,0) form a (pseudo-

reduced) Grobner basis for the syzygy module Syz(g1, g2, g3) w.r.t. Schreyer’s
monomial order >9 induced by >; and (g1, g2, g3). In particular,

LT(SyZ(gl, gz, gg)) = <LT(’U,173), NN ,LT(U2’2)>
= <X3€1,2€1,X3€2, 262> = <2,X3>€1 (&) <2,X3>€2,

where (€1, €2, €3) stands for the canonical basis of (Z/4Z)[X,Y]?. We have

S(urs,u1,3) = Ours =0, S(u1,2,u2,3) = S(uy,2,u2,2) =0,
S(ui 3, u12) = 2u1 3 — X3u; o S(uz,3,u2,3) = Oug 3 = 0,
=(-2,Y°X° - X% —2Y* +2Y) S(uz,3,u22) = 2u23 — X us o
= —uro+ (Y = Dugs, = (0,-2,0Y)
S(uy3,u23) = S(uy3,u22) =0, = (0,-2,0)
S(u1,2,u1,2) = 2u1.2 = (0, —2Y3 42, 0) = —ug 2,
= (=Y 4+ 1)ug.s, S(uz,2,uz,2) = 2ug2 = 0.

We recover that (u1,3,u1,2, u2,3, u2,2) is a Grobner basis for Syz(g1, g2, 93). By
Theorem 5.4, ujg12 = (2,—X3+1,-Y3 +1,0), us 212 = (0,2,0,Y3 — 1),
uz 322 = (0,0,2,—X3 + 1), ug 222 = (0,0,0,2) form a (pseudo-reduced)

14945

3Note that a zero-dimensional ring without nonzero zerodivisors is a discrete field.
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Grobner basis for the syzygy module Syz(u 3, u1,2,u2,3, U2 2) w.r.t. Schreyer’s
monomial order >3 induced by >2 and (u13, u1,2, 2,3, u2,2). In particular,

LT(Syz(u1,3,u1,2, 42,3, u2,2)) = (LT (u1,3;1,2), - .-, LT (u2,2;2,2))
(02 = ()@ ()b @ (2)6h & (2)¢),

where (€},...,€}) stands for the canonical basis of (Z/4Z)[X,Y]*. By
Theorem 5.4, we find four vectors w1 3;1,2),(1,3;1,2)5 - - » %(2,2;2,2),(2,2:2,2) €
(Z/AZ)[X,Y]* forming a (pseudo-reduced) Grébner basis for the syzygy mod-
ule Syz(u1 3:1,2, .- .,U2,2:22) W.r.t. Schreyer’s monomial order >4 induced by
>3 and (u1,3;1,2, .-, U2,2:22). In particular,

LT(SYZ(U1,3;1,27 e 7U2,2;2,2)) = <LT(U(1,3;1,2),(1,3;1,2))7 s 7LT(U(2,2;2,2),(2,2;2,2))>
= (2)€) @ (2)e; D (2)e5 @ (2)ey,

etc. We conclude that I admits the free (Z/47Z)[X,Y]-resolution
IS (Z/AD) XY S (Z/AT) XY S (Z/AZ) XY 2S5 T — 0

such that LT (Ker(p;)) = (2)€] @ (2)e, @ (2)el ® (2)€) for i > 1.

6 The syzygy theorem and Schreyer’s al-
gorithm for a Bézout ring

As explained in the proof of Theorem 4.6, one can avoid branching when
computing a dynamical Grobuner basis (see [10, 16, 19]) for a Bézout domain
of Krull dimension < 1 (e.g. Z and the ring of all algebraic integers—note that
the last one is not a PID) or a zero-dimensional coherent Bézout ring. Note
that this is not possible for Priifer domains of Krull dimension < 1 which are
not Bézout domains (e.g. Z[/—5], see [10, Section 4]).

Let us now generalise the results of Section 5 to the case of coherent strict
Bézout rings.

Theorem 6.1 (Schreyer’s algorithm for Bézout rings). We consider a co-
herent strict Bézout ring R with a divisibility test. Let U be a submodule
of H,, with Grébner basis (g1,...,9p). Then the relations u,;; computed
by Algorithm 2.8 form a Grébner basis for the syzygy module Syz(g1, ..., gp)
w.r.t. Schreyer’s monomial order induced by > and (g1,...,9p)-

Proof. This follows directly from the local case given by Theorem 5.4: see
the proof of Theorem 4.6 for an explanation. O
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Theorem 6.2 (Syzygy theorem for a Bézout domain with a divisibility test).
Let M = H,,/U be a finitely presented R[X]-module, where R is a Bézout
domain with a divisibility test. Assume that, w.r.t. some monomial order,
LT(U) is finitely generated. Then M admits a finite free R[X]-resolution

O0—=F —F 41— —=FN—=F—=M-=0
of length p < n+ 1.
Proof. This follows directly from the local case. O

Corollary 6.3 (Syzygy theorem for a one-dimensional Bézout domain with
a divisibility test). Let M = H,,/U be a finitely presented R[X]-module,
where R is a Bézout domain of Krull dimension < 1 with a divisibility test.
Then M admits a finite free R[X]-resolution

0O—=F —F 41— —=FN—=F—=M-=0
of length p < n+ 1.
Let us now treat the case of zero-dimensional coherent Bézout rings.

Theorem 6.4 (Syzygy theorem for a zero-dimensional Bézout ring with a
divisibility test). Let M = H,,,/U be a finitely presented R[X]-module, where
R is a coherent zero-dimensional Bézout ring with o divisibility test. Then M
admits a free R[X]-resolution

® @3 @3 ® Yp—
PP dar gy R Sas gy A ARSI N I TN [

such that for some p <n+1,

o LT (Ker(pp)) = @;n:"l<bj>ej with by,... by, € R and (e1,...,€n,) a
basis for Fp,

o LT (Ker(gpior 1) = @7 Aun(by)e; for k> 1,
o LT (Ker(ppiokr)) = @;nz”l Ann(Ann(b;))e; for k> 1,

and at each step where indeterminates remain present, the considered
monomial order is Schreyer’s monomial order.

Proof. This follows directly from the local case. O
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The case of the integers

The following theorems are particular cases of Theorem 6.1 and Corollary 6.3
for R = Z.

Theorem 6.5 (Schreyer’s algorithm for R = Z). Let U be a submodule
of Hy, with Grébner basis (g1,...,9p). Then the relations u;; computed
by Algorithm 2.8 form a Grébner basis for the syzygy module Syz(g1, ..., gp)
w.r.t. Schreyer’s monomial order induced by > and (g1,-..,9p). Moreover,
for 1 < i< j <p such that LPos(g;) = LPos(g;), we have

_ LC(g;) mdeg(g;)—mdeg(gi))" _
LT (u; ;) = WMX( &(95) 8(9:))" ¢,

Theorem 6.6 (Syzygy theorem for R = Z). Let M be a finitely generated

Z[X]-module. Then M admits a finite free Z[X]-resolution
O—=F—-FE1—= - —=F—=F—>M=0

of length p <n + 1.

Example 6.7. Let g1 = Y2 — X +3, g0 = 4X? — 4,93 = 6X +6 € Z[X,Y],
and let us use the lexicographic order > for which Y >; X. We have:
S(g1,92) = 4X%g1 — Y?ga = 4g1 + (=X + 3)g2,
S(91,93) = 6Xg1 — Y?g3 = —6g1 + (=X + 3)g3,
S(g2,93) = 392 — 2X g3 = —2gs.
Thus (g1, 92,93) is a Grobner basis for I = (g1,92,93) and LT(I) =
(Y2,4X2 6X). By Theorem 6.5, u1 2 = (4X? —4,-Y?2 + X —3,0), uy 3 =
(6X +6,0,—Y2+ X —3), ug 3 = (0,3, —2X +2) form a Grobner basis for the
syzygy module Syz(g1,¢g2,93) w.r.t. Schreyer’s monomial order > induced
by >1 and (g1, 92, 93). In particular,

LT(Syz(g1, 92, 93)) = (LT(u1,2), LT (u1,3), LT (ug 3)) = (4X?€1,6X €1, 3€2)

= (4X2%,6X)e1 @ (3)e2 = 2(2X2,3X)e1 @ (3)ea = 2(X?%,3X)e; @ (3)ea,

where (€1, €2, €3) stands for the canonical basis of Z[X,Y]?. Thus
U/LQ =Xui3— U2 = (2X2 +6X +4, Y2 - X+ 3, -Y2X 4+ X% - 3X),U1’3, U2,3
form a reduced Grobner basis for Syz(g1, g2, g3). We have:

S(UILQ,’U,Lg) ’U,/LQ — X’U,l,g = 2’11,173 + (Y2 - X+ 3)’(1,2,3,

=3
= S(u1,3,u2,3) = 0.
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We recover that (u} 5,u13,u23) is a Grobner basis for Syz(gi,g2,93). By
Theorem 6.5, u1 21,3 = (3,—X —2,—Y? + X — 3) forms a (pseudo-reduced)
Grobner basis for the syzygy module Syz(u’m,ul,g,uzg) w.r.t. Schreyer’s
monomial order >3 induced by > and (u’172,u1,3,u2,3). In particular,
LT(Syz(uy o, u1,3,u2,3)) = (LT (u1,2,1,3)) = (3)€y where (€7, €5, ¢3) stands for
the canonical basis of Z[X,Y]?. Tt follows that Syz(u} 5, u1,3,uz,3) is free. We
conclude that I admits the following length-2 free Z[X, Y]-resolution:

/
Uy,2
u1,3 Z;
u2,3 gs
—_—

ZIX, Y] —= T —0.

u1,2;1,3

0 — Z[X,Y] 223 7X, Y3

The case of Z/NZ

The elements of Z/NZ are simply written as integers (their representatives

in [0, N —1]). When talking about the ged of two nonzero elements in Z/NZ

we mean the ged of their representatives in [1, N — 1]. For a nonzero element
N

a in Z/NZ, letting b = ged(NV, a), the class of 7 in Z/NZ will be denoted

by ann(a); it generates Ann(a).

e The Division algorithm 2.3 attains its goal: the gcd and the Bézout
identity to be found in line 7 will be computed by finding d, b,b; (i € D) in
Z such that d = ged(N,gcd{ LC(h;) ;i € D}) = bN + 3, b; LC(h;); the
euclidean division in line 7 will be performed in Z;

e The S-polynomial algorithm 2.4 attains its goal: note that in this case,

the generator of the annihilator of LC(f) to be found on line 3 may be taken
to be ann(LC(f)), so that the auto-S-polynomial of f is

S(f, f) = ann(LC(f)) f;

e Buchberger’s algorithm 2.5 attains its goal.

The following theorems are particular cases of Theorems 6.1 and 6.4 for
R =7Z/NZ.
Theorem 6.8 (Schreyer’s algorithm for R = Z/NZ). Let U be a submodule

of H,, with Grobner basis (g1,...,9p). Then the relations wu;; computed
by Algorithm 2.8 form a Grobner basis for the syzygy module Syz(g1, ..., gp)

w.r.t. Schreyer’s monomial order induced by > and (g1,...,gp). Moreover,
for all 1 < i < j < p such that LPos(g;) = LPos(g;), we have
N L LIS CANE ifi=J,
(uij) = LC(g;) X (mdeg(g;)—mdeg(:) . otheruise.

ged(LC(g:),LC(g;)) =
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Theorem 6.9 (Syzygy theorem for R = Z/NZ). Let M be a finitely presen-
ted (Z/NZ)[X]-module. Then M admits a free (Z/NZ)[X]-resolution

@, @, @ @, Pp—
P A gy R Sar gy LTS SRR S L LN I TSN g
such that for some p <n+1,

mp myp N

LT (Ker(p,) = Bbi)es. LT Ker(ep1) = B sy
j=1 j=1 "
LT (Ker(pp12)) = @Dbi)es, LT (Kex(epin) = B gz ele

where (€1, ...,€m,) is a basis for I}, by, ..., by, € Z/NZ, and the considered
monomial order is Schreyer’s monomial order.

Example 6.10. Let g = Y +1, g0 = X2+ X246, g3 = 3X%, g4 = 9 in
(Z/12Z)[X,Y], and let us use the lexicographic order >; for which ¥ >; X.
We have

S(g1,91) =0g1 =0, S(92,93) = 392 — X g3 = g3 + 24,
S(91,92) = X°g1 = Yga = (—=X? — 6)g1 + g2,5(92, 94) = 992 — X°g3 = (X* + 6)ga,
S(g1,93) = 3X%g1 — Ygs = g3, S(93,93) = 493 = 0,

S(91,94) =991 — Y g4 = ga, S(gs,94) = 393 — X°g4 = 0,

S(92,92) = 0g2 = 0, S(94,94) = 494 = 0.

Thus (91, g2, 93, 94) is a (pseudo-reduced) Grobner basis for I = (g1, g2, g3, 94)
and LT(I) = (Y, X3,3X2,9). By Theorem 6.8, uj o = (X>+ X2 +6,-Y — 1,
0, O); Ui,z = (3X27 0, Y- 1, O)’ Ui,4 = (9; 0,0, Y- 1); U2,3 = (07 3, X - 1,
—2), U4 = (0, 97 —X3, —X2 — 6), usz,3z = (0, 074, O), usz4 = (0, O7 3, —XQ),
ua,4 = (0,0,0,4) form a Grébner basis for the syzygy module Syz(g1, g2, g3, 94)
w.r.t. Schreyer’s monomial order >, induced by >; and (¢1,92,93,94). In
particular,

LT(SyZ(glv 92, 93, 94)) - <LT(U1,2)7 cee 7LT(U4,4)>
= (X3,3X2,9)61 @ (3,9)€2 @ (4, 3)es @ (4)ey
= <X3, 3>€1 D <3>62 D <1>63 D <4>€4,

where (e1, €2, €3,€4) stands for the canonical basis of (Z/12Z)[X,Y]*. Thus
urg, )y = —urg = (3,0,0,Y +1), ugs, us3 = uzs —us s = (0,0,1, X?),
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ug.4 form a reduced Grobner basis for Syz(g1, g2, g3, g4). We have

S(ui,2,uf 4) = Bure — X3uj
=(X?+2)u) 4+ BY +3)uzs+ (BYX +3Y +3X + 3)uj 5
+(2Y X3 +2YX? +2X? +2X% + Y + Dug g,
S(uf,g, vy g) = 4uy gy = (Y + Dua,
S(ug,3,u23) = 4uz 3 = (8X 4 8)us 3 + (X3 4+ X%+ 1)ug g,

S(U4’4, ’U,4’4) = 3U4’4 =0.

By Theorem 6.8, the elements uj214 = (3,—X3 — X2 — 2,-3Y -3,
“3YX — 3Y — 3X — 3,-2YX? _ 2YX? — YV — 2X3 — 2X% — 1),
U1,4,1,4 = (0;470a07 -Y - 1)7 U23,2,3 = (Oa074a —8X — 8; _X3 - X2 - 1)7
U444 = (0,0,0,0,3) form a (pseudo-reduced) Grobner basis for the
syzygy module Syz(uyg,u} ,u23,u33,u44) W.r.t. Schreyer’s monomial
order >3 induced by > and (uLg,u'1,4,u273,u’373,u41,4). In particular,
LT(Sya(us 2, th 4y a5, th gy us,1) = (3)6h ® (el @ (d)ely @ (3)eh, where
(€],...,€:) stands for the canonical basis of (Z/127Z)[X,Y]5.
We conclude that I admits the free R[X, Y]-resolution (R = Z/127Z)

PLRIX, VT B RIX, VT B RX,YP? BB RX Y ST -0

with LT (Ker(p2;)) = (4)e! @ (3)el @ (3)ef @ (4)e) and LT(Ker(pzit1)) =
(3)el @ (4)ey ® (4)e & (3 ) for i > 1, where (61,.. ,€4) stands for the
canonical basis of R[X, Y]
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