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Abstract

Distinguishing long memory behaviour from nonstationarity can be very difficult
as in both cases the sample autocovariance function decays very slowly. Awvailable
stationarity tests either do not include long memory or fare poorly in terms of empiri-
cal size, especially near the boundary between long memory and nonstationarity. We
propose a testing procedure based on evaluating periodograms at different epochs.
Limiting distributions established here are easily tractable as sum of weighted inde-
pendent y? random variables. Moreover, numerical studies are provided to show that

the proposed approach seems to outperform existing methods.
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1 Introduction

Let us consider a stationary process (X;) with a spectral density of some semi-parametric

form:

FO) = AT (N) (1)

with —1/2 < d < 1/2 and f* is an even, positive, continuous function on [—m,x|. Here-
after, we will refer to processes satisfying condition (1) as satisfying the null hypothesis
of stationarity Hy. It is common to denote this class of processes I(d), —1/2 < d < 1/2.
It is worth noticing that spectral densities of the form (1) encompasse a large variety of
stationary processes such as the very popular fractionally autoregressive integrated moving

average processes FARIMA (p, d, q)
®(B)(1 - B)*X, = O(B)e,

where ¢, is a white noise with variance o2, B is the lag operator BX; = X,_;, and where
¢B)=1—¢B—---—¢,B?, O(B) =1+ 6,B+---+ 0,B are the autoregressive and

moving average polynomials. The FARIMA spectral density is then given by

o2 [10(™)]? A2y 2 0_2 2 O(e?)
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We say that the process (X;) is of short memory if d = 0 (i.e. the spectral density f = f* in

(A/2)

(1) is continuous and positive over [—m, 7]), and we say that the process is of long memory
if 0 < d < 1/2 (i.e. the spectral density is unbounded at zero). The case —1/2 < d < 0
corresponds to the so-called persistent memory, where f(0) = 0. In time-domain terms,
short memory means that the covariance function is summable (i.e. covariance function
v(h) = Cov(X;, X;4n) goes to zero fast as the lag h increases) and long memory means

that the covariance function is not summable (i.e. the covariance function goes to zero



slowly as the lag increases). Literature is full of real world examples of both types of
processes. Over the past decade, several monographs have been written on statistical and
probabilistic aspects of long memory processes. The reader is referred to the recent book
by Beran et al. (2013) as well as the book of Giraitis et al. (2012) and references therein.
Under mild conditions, the switch between time-domain and frequency-domain is easily

made via the two representations

(e 9]

F) =5 3 M) = o

=—00

1O+ 2 cosn() |, N <
h=1
and reciprocally

~v(h) = /7r M FN)dN = /7r cos(Ah) f(A)dA, h=0,4+1,£2,....

—Tr —T

From an applied point of view, long memory behaviour seems to be often confused with
a lack of stationarity, as time series exhibiting such a behaviour tend to have a sample
autocorrelation function with large spikes at several lags which is well known to be the sig-
nature of non-stationarity for many practitioners. There are many stationarity tests such
as Phillips and Perron (1988) tests and the frequency test of Bailey and Giraitis (2016),
which can be seen as extensions of the augmented Dickey-Fuller tests since their station-
arity asumption includes larger class than i.i.d. case. For instance the former allows for
mixing and the latter includes short memory linear processes. However, the first statistical
test for stationarity under a large umbrella of dependence, i.e. short and long memory
dependence versus non stationarity is the so-called V/S test introduced by Giraitis, Leipus
and Philippe (2006).

We develop a statistical test that uses an estimate of the memory parameter d. Contrary to
V/S test, this one detects the stationarity for all d in (-1/2,1/2) unlike V /S which requires

d to be in a compact [a,b] C (—1/2,1/2). This drawback in V/S results in it having high
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empirical sizes starting from d = .4. The proposed test does not suffer form this issue and
keeps empirical sizes close to the nominal levels even for d close to 1/2.

The simple idea of using an estimate d of d with its confidence interval to test the stationar-
ity poses some fundamental problems even if we rewrite the null and alternative hypotheses
with semi-parametric forms: X; € I(d), —1/2 < d < 1/2 versus it exists integer p > 1
such (1 — B)?X,; € I(d) for certain —1/2 < d < 1/2. In this context, the most common d
estimators are local Whittle or fully extended local Whittle estimator as defined in Abadir
et al. (2007) or Giraitis et al. (2012). Their asymptotic normality requires an assumption
on its bandwidth parameter m,, that depends in particular on the second order expansion
(determined by a coefficient 8 € (0, 2]) of the spectral density near zero. An optimal choice
of the bandwidth, needed to ensure a well-sized test, requires additional assumptions on
the null hypothesis stronger than (1), such as knowing /. For instance taking 5 = 2 we
obtain a class of linear models containing FARIMA models. Note that our approach only
requires the use of a consistent estimator of d. Moreover, in the simulations section, we will
also see that the sole use of d will not suffice to detect slight structural breaks (see Figure
5). An additional difficulty of writing a stationarity test as one side test Hy: d < 1/2 is
to obtain a testing procedure with asymptotic level a(= .05 for example). Assuming that

asymptotic normality conditions of local Whittle estimator d are satisfied,

2/ (d — d) — N(0,1)

(see Giraitis et al. (2012) for details). Hence under Hy we have

. 1.65
sup lim P, (d>1 24 ):O.
d<1/2 " k / 2y/my,



A solution to obtain a test of asymptotic level a = .05 consists in considering a sub

hypothesis d < 1/2 — e (e > 0). In this case we have

- 1.65
sup lim P, (d>1 2—€+ ):.05.
d<1/2—e 0 I / 2./ my,

However, this test excludes the main important part of the stationarity domain 1/2 — e <

d < 1/2 where non stationarity is most suspected in practice.

From a sample Xi,..., X, of the process (X;), we are interested in building a testing
procedure to discriminate between dependence and non-stationarity.

The proposed statistic is built from periodograms taken at different epochs. More precisely,

the procedure is as follows: we split our initial sample X1, ..., X, into m blocks (or epochs),
each of size £, and we construct the periodogram I,,; on the ith block X _1)et1,. .., X
Let
: L,(\))
Qn,m(sv d) = (m™ m = ) (2)
( ) jzl % Zi:l InzO‘;)
with
n 2 he 2
1 it I A/> 1 X it\ (3
In A)=— X.e ) n I ' )
() 2mn Z € nl 2l t€ )
t=1 t=(h—1)f+1
where \j = 27j/n, and N} = 27mj/(, j =1,... s, for fixed s, are the Fourier frequencies.

The statistic Q,m(s,d) can be viewed as sum of self normalized periodograms I,,()\;),
j =1,...,s. A particular case of the statistic defined in (2) was studied in Gromykov
et al. (2018), where the statistic @), (s,0) was considered to test short memory versus
long memory, and we established its asymptotic distribution (i.e. under short memory).
It is worth noticing that establishing limiting distributions under long memory necessi-

d

tates modifying the short memory statistic, including a normalizing coefficient m =24, as it

appears in (2), as well as two sets of Fourier frequencies \; and N;. Of course, this will



result in different limiting distributions due to the long memory that will strongly affect
the asymptotic behaviour of the periodogram.

We assume that m = m(n), and £ = ¢(n) — oo as n — oo. It is important to
emphasize the fact that m and ¢ increase with n and are not constant, and that m =
n/¢. We are simply using notation m and ¢ rather than m(n) and ¢(n) only for the sake
of simplicity. The rest of the paper is organized as follows. Section 2 contains main
limiting theorems related to the statistic @, (s, d), including its behaviour under a wide
range of nonstationary alternatives. In Section 3 we present our test statistic to detect
nonstationarity using asymptotic properties obtained in Section 2. Section 4 contains
some Monte Carlo study to illustrate the performance of our proposed method. The paper

ends with an appendix containing all the proofs.

2 Main results

Let (X¢):>0 be a linear process of the form
Xt = Zajet_j, (4)
§=0

where a; are the Fourier coefficients of an L*-Hermitian function and ag = 1, and where (¢;)
are i.i.d. random variables with zero mean and finite fourth moment. Denote 0% = E(¢?)
and 7 = E(e}).

For —1/2 < d < 1/2, we define the following memory condition for stationary processes.
Condition H, The process X; is a linear as defined in (4), and its spectral density (which

exists) fy is of the form (1). In addition, for d = 0, we assume that

o0

> lasl < o0, ()

j=0



and when —1/2 < d < 0, we will also assume that
a; = c(d) 771+ 0(7Y), j>1, forsomec(d)#0  and Z aj=0. (6)
=0

Condition (5), imposed when d = 0, implies that

> ()] < oo

h=—00

Note that when 0 < d < 1/2, condition (1) on the spectral density implies that
v(h) ~ C(d)h*1, as h — oo, for some constant C(d) > 0, (7)

where a,, ~ b, means that a,/b, — 1 as n — oo. (see Proposition 3.1.1. (a) of Giraitis
et al. (2012)). Also when —1/2 < d < 0, condition (6) implies that (7) also still holds.(See
Proposition 3.2.1. (iii) of Giraitis et al. (2012)). In what follows, we will focus on the
statistic Qp (s, d) defined in (2). In the next theorem we give the asymptotic distribution
of Qnm(s,d) under the null hypothesis "the process is stationary”. As for its behaviour
under the alternative of "the process has a stochastic or deterministic trend”, it is given
in the Theorem 2. We first introduce a covariance matrix that will appear in the limiting
distribution of @, (s, d) in (11). The block diagonal form of the matrix is due to the
dependence, inherited from the long memory, among normalized real parts and imaginary
parts of the discrete Fourier transforms (DFT). Note that DFT’s real and imaginary parts
will be asymptotically independent even if they are taken at different Fourier frequencies.

Let ¥(d) be a (2s) x (2s) covariance matrix of the form

»O(d) 0
3(d) = (8)
0 X®(a)



where XM (d) and X (d) are defined by

Ljx(d) + Lj-1(d)
Lj j(d) Ly 1 (d)

1
1
EE;E (d) = 2

for j,k=1,...,s, and where for all integers j, k # 0

_ LR sin’(h/2)
Ljk(d) = T /Oo 27k — X\)(27j — X)

—2d

A (10)

27

The next theorem gives the central result that is used to build the critical regions of the

statistical test proposed in Section 3.

Theorem 1. Let X, be a stationary process satisfying Hq for certain d € (—=1/2,1/2), and
let s > 1 be fired. Assume that there exist 6,0 > 0 such that £ = O(n*~%) and m = O(n'~?%)

(with n = m{ by construction). Then the statistic Q. m(s,d) defined in (2) satisfies

2s
Quan(s,d) = Q(s,d) =Y Gi(d)Qs, (11)
i=1
where Q1 . .., Qas are i.i.d. X3 random variables and (i (d), . .. (os(d) are the eigenvalues of

¥(d) defined in (8) and (9). In (11), L, represents the convergence in distribution.

Remark 1. The limiting distribution form (11) is an elaborated form of the limiting form
(17) (see in the proof below). Actually (11) can be seen as a sum of independent non-
identically Gamma random wvariables and therefore its quantiles can easily be computed
with high precision (see for instance Hu et al. (2020)). Evaluating the limit in (17) requires

Monte Carlo simulations which may yield unstable quantiles.
Proof. The proof is relegated to Section 5.1 of the appendix. ]

The following propositions provide some insight on the limiting distribution obtained in

Theorem 1. Namely we show that this distribution can be continuously extended to the case
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d = 1/2. Moreover, we show that the quantiles (of fixed order) of the limiting distribution
are continuous with respect to the memory parameter d. These two propositions will be

useful in the next section when it comes to implementing the stationarity test.

Proposition 1. The limiting distribution Q(s,d) converges in distribution, as d — 1/2,

to a non degenerated random variable
(s,1/2) : Zg 1/2)Q

where Q1, . .., Qs are i.i.d. X3 random variables and (1(1/2),...(s5(1/2) are the eigenval-

ues of the covariance matriz $(1/2) = dhrl%Z(d) where 3(d) is defined in (8) and (9).
—

Proposition 2. Let q,(s,d) be Q(s,d)’s quantile of order 1 — « where 0 < a < 1. For

fized «, the mapping (—1/2,1/2] = R, d — q4(s,d) is continuous.

The next theorem gives the asymptotic behaviour of the statistic Q. (s, d) for a wide
variety of non stationary processes, such as random walk (with dependent increments) as
well stationary noise with additive deterministic signals. This will ensure the consistency

of the testing procedure described in the next section.

Theorem 2. Let Y; be a stationary process satisfying Hq for certain d € (—1/2,1/2), and

consider the following two classes of non stationary processes Xy
e Stochastic trend (unit root) : Xy = X1 + Y,

e Deterministic trend (structural breaks): X; = g,(t)+Y; where g, (t) = nPg(t/n), with

B >0, and where g is a piece-wise continuous® satisfying

1
/ g(x)e™ dx # 0, for some j € {1,2,...,s}. (12)
0

the interval [0,1] can be divided into a finite number of sub-intervals such that the function is continuous
on each open sub-interval, with finite limit at each endpoint.




Then, for all 6 < 1/2
Qum(s,6) - 00, (13)

where -2 denotes the convergence in probability.
Proof. The proof is relegated to Section 5.4 of the appendix. ]

Remark 2. We note in passing that condition (12) is satisfied by most of nonconstant
functions. For example, nonnegative step functions (allowing change in the mean), poly-

nomials, etc.

3 Testing procedures.

We want to check the stationarity of a process. More precisely we define the following
hypotheses: the null hypothesis Hy : "the process X; is stationary” in the sense that there
exists —1/2 < d < 1/2 such that X, satisfies the condition H4. As such the process X;
satisfies Theorem 1 conditions. The alternative H; considered here is "the process X; has
a stochastic or deterministic trend” as defined in Theorem 2.
Hereafter, and for simplicity, we will refer to Hy and H; as respectively stationarity and
nonstationarity hypotheses.
We now describe different decision rules derived from the statistic @y, m (s, d).

A decision rule can be derived from the statistic Q,, (s, d) after estimating d. Let d
be a consistent estimator of d, for a process X; satisfying H, assumption. We restrict d to
(—1/2,1/2] by forcing it to be equal to 1/2 if d exceeds 1/2. If d — d = op(1/Inm) then

the convergence results established in Theorems 1 and 2 are still valid for the Q. (s, d)

since

Quum(s,d) = e 2d=Dlamgy (s d).
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To carry out such test, for fixed o € (0,1) we consider the rejection region

A A

R, ={(X1,....X,) €R",  Qun(s,d) > qu(s,d)} (14)
where ¢4 (s, d) is the quantile of order (1 — ) of Q(s,d). Note that the rejection region R,

is still defined even if d = 1/2 since Q(s,1/2) is non degenerated (see Proposition 1). This

test has asymptotic level o thanks to Proposition 2 and is also clearly consistent.

Remark 3. The fact that our limiting distribution can be extended to d = 1/2 gives
our test a considerable advantage over V/S. Indeed, as the limiting distribution of V/S
is degenerated at d = 1/2, d had to be restricted to a compact [—a,a] C (=1/2,1/2) in
V/S and its implementation. This leads to a blind spot (a,1/2] in the stationarity null
hypothesis. This explains V/S’s high empirical sizes observed when d is close to 1/2 (see

simulation results in Giraitis et al. (2006)).

4 Numerical Studies

4.1 Simulated models

We investigate two kinds of null hypothesis:

e Long memory processes (d # 0).
We simulate FARIMA(0,d,0) processes X; = (1 — B)~%; where d € (—1/2,1/2) and

(€;); are standard Gaussian innovations.

e Short memory processes (d = 0).
We simulate AR(1) processes: X; = aX;_ 1+ ¢ where a € (—1,1) and ¢, are standard

Gaussian innovations.
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Two alternatives are simulated as follows: starting from a FARIMA(0,d,0) processes Y;

with d € (—1/2,1/2), we take

e unit-root process X; = >.._, V.
Note that, as an integrated process, X; can be written as a FARIMA(0,d + 1,0) with

d € (—1/2,1/2) which is not stationary (See Taqqu (2003) for a precise definition)

e Structural breaks (a change point in the mean in the middle n/2): X; = i + Y,

where
0 ift<n/2
Mt = (15)
A ift>n/2.
Qum(s,d) V/S
m = nl/? m = nl/3
d|s=1 s=3 s=5|s=1 s=3 s=5
411 0.06 0.03 0.03| 007 0.09 0.1010.10
491 0.09 0.06 0.05| 009 0.10 0.1110.19

Table 1: Empirical size of tests based on Q,, (s, d) and V/S for FARIMA(0, d, 0) processes
when d is close to 1/2, n=500 with 5000 replications. The nominal level is o = 5%.

4.2 FEmpirical size and power evaluation

Fundamentally, the statistic Q) m (s, ci) depends on the choice of the bandwidth parameter
m and the number of Fourier frequencies s. Our strategy is to calibrate m, s in order to
ensure an empirical size that remains reasonably close to the nominal level a(= 5%) set in
advance, in particular when d is very close to 1/2. In doing so, and contrary to V/S test
which is known to suffer from high empirical size, we are trying to drastically reduce the
probability of rejecting the stationarity of processes with strong long memory processes.

Table 1 provides empirical size of our test for different values of s and m taking d close to

the stationarity boundary 1/2. We also compare them with V/S test. The results show
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that m = /n performs better than m = n'/? in recognizing the stationarity of strong
long memory processes. Moreover, the statistic seems to be little sensitive to the choice of
s. Finally, our procedure outperforms V/S in recognizing the stationarity of strong long
memory processes. This also confirms that V/S does suffer from very large empirical sizes
in the neighbourhood of d = 1/2. In the subsequent numerical studies, we will focus on
the bandwidth choice m = y/n, where n is taking a moderate value of 500.

Figure 1 shows the empirical size as function of d of the tests Q,, /(s cz) and V/S test.
The figure also shows that the empirical size performance observed near non stationarity
of @, /m(s, af) extends to all possible stationarity values of d.

In Figure 2 we consider stationary AR(1) process with coefficient a ranging from .8 to .99.
For this model with short memory, it is legitimate to include Ducky-Fuller test. The com-
parison shows that, with s = 1, the performance of our statistics is comparable to that of
V/S for stationary AR(1) processes near unit root (a close to 1). We notice that, near unit
root, the choice of the number of frequencies s is important and the test performs better
for s = 1. For this value, the results are similar to those of V/S. Of course Dickey Fuller’s
test is better than both V/S and our statistics for testing stationary AR processes against
unit root. However our null hypothesis Hj is much wider, as it contains long memory
which cannot be seen as stationary by all sorts of Dickey Fuller’s test. Note that, when
we stay away from unit root, the stationarity is accepted, with probability one by all the
above tests.

Figures 3 and 4 illustrate the power function of @Q,, / (s, cZ) under the alternatives: stochas-
tic and deterministic trends respectively, and confirm the consistency of our test. The test
V/S is artificially more powerful than ours in detecting slightly non stationary processes
(d near 1/2 from the right). Indeed, as shown in Figure 1, this is due to its high empirical
size (about 20% instead of the nominal level of 5%). Despite such high empirical level,

with the right choice of s, our test becomes rapidly more powerful than V/S as d increases.
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When it comes to choosing an s (the number of lower frequencies to be used), there does
not seem to be a need for a trade-off between a good empirical size and a good power. In
fact, as seen before, the empirical size is not affected by the choice of s among the tested
values and the empirical power increases with s. The choice s = 5 seems to be satisfactory
for both size and power.

From Figure 4, we notice a sharp difference in terms of empirical power behaviour between
the stochastic trend and structural breaks. Unlike the stochastic trend, the power curves
decrease with s. In this case, we recommend the use of s = 1, as it detects small structural
breaks as represented in Figure 5. Moreover, this choice guarantees comparable power as
V/S. In the structural breaks case, the non-increasing behaviour of the power function (in d)
is consistent with previous findings in time-domain context (see for instance Giraitis et al.,
2006). This is due to the fact that the marginal variance Var(Y;) = ¢*T'(1 — 2d) /T%(1 — d)
increases with d, so that any small to moderate jump would be more difficult to detect for

d close 1/2, as the stationary noise Y; will dominate.

4.3 Conclusion

We provided a periodogram based statistic to test stationarity versus non stationarity. The
alternatives being non stationary FARIMA(p, d,q) with 1/2 < d < 3/2 or deterministic
trend plus a stationary FARIMA(p, d, q) with —1/2 < d < 1/2. The limiting distribution
of Qnm(s,d) extends to d = 1/2 without being degenerated. This, in part, renders the
proposed test well empirically sized (i.e. with an empirical level close to the nominal one «)
near non stationarity boundary d = 1/2. Consequently, empirical size-wise, the proposed

method outperforms V/S in testing long memory versus stochastic or deterministic trends.
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Figure 1: Empirical levels evaluated on FARIMA(0,d,0) process as function of the memory
parameter d € (—1/2,1/2). We compare the tests based on the statistics V/S (solid line)
and Qn7\/ﬁ(87d\) (dashed red lines) with n = 500, s = 1,3,5 and with 5000 replications.
The nominal level is o = 5%.

rejection proba

Figure 2: Empirical levels evaluated on AR(1) process z; = ax;_1 + ¢ as function of its
coefficient a. We compare the tests based on the statistics V/S (solid line) and @, (s, d)
(dashed red line) and Dickey-Fuller (dashed green line) with n = 500, s =1, 3,5 and with
5000 replications. The nominal level is o = 5%.
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Figure 3: Empirical power as function of d, the parameter of nonstationary fractional
processes with d € (1/2,3/2). We compare the tests based on statistics V/S (solid line)

and Qn\/ﬁ(87d) (dashed red lines) with n = 500, s = 1,3,5 and with 5000 replications.
The nominal level is « = 5%.
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Figure 4: Empirical power as function of d, the memory parameter, for the change point
model with A = 1 defined in (15). We compare the tests based on statistics V/S (solid

line) and @, /x(s, cZ) (dashed red lines) with n = 500, s = 1, 3,5 and with 5000 replications.
The nominal level is o = 5%.
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Figure 5: Left: Boxplots of d for different values of d, calculated on FARIMA model with
change point A = 1, with sample size 500 and 5000 replications. Right: Two change point

trajectories with d = 4-.4. The sample size is 500. The green line is the level p; defined in
(15) with A = 1.
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5 Appendix

In what follows and for simplicity, ¢ designates a generic positive constant that may be

different from one expression to another.

5.1 Proof of Theorem 1

From (2) we get

Qun(s.d) = Z( ;) (??}u;)

J

o LW
2 TS L on BT

We know from Hurvich and Beltrao (1993)? and Terrin and Hurvich (1994) that

L(\) LW\ o , , 2 2
(f()\l) 7 f(/\s)) PLi(d)(Z2(1) + Z2(1)), - -, Ly(d)(Z2(s) + Z2(s))],

where Z(s,d) = (Z1(1),...,Z1(s), Za(1),. .., Zs(s)) is a zero-mean Gaussian random vector
with covariance matrix 3(d) defined in (8) and (9), and L;(d) = 2L; ;(d), defined in (10).
Actually, the covariances between Z;(j) and Z;(k),i =1,2 and j,k = 1,..., s given in the
references above can easily be worked out to obtain a simplified form under the covariance
matrix X(d) expressed only in terms of our coefficients L;;(d) and L; _x(d).

Using Slutsky Lemma, it will then be enough to show that, for each fixed j, as n — oo

(and therefore as ¢,m — 00),

~ Z Ly(d), (16)

2We note in passing that two errors have slipped into the proof of Theorem 5 of Hurvich and Beltrao
(1993) on page 471 of the article leading to a coefficient of (—1)7+#*1 in their formulae (7) and (8) while
there should be no such a coefficient.
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to obtain

Qum(s,d) B Z2(1) + Z2(1) + - + Z2(s) + Z2(s). (17)

The limiting distribution above is that of the squared norm of Z(s,d) whose covariance

matrix can be decomposed as

where A(d) is the diagonal matrix of ¥(d)’s eigenvalues (denoted (;(d), i = 1,...,2s) and

Q(d) is an orthogonal matrix. Therefore, we can write

ZY(1) + Z3(1) + -+ Z1(s) + Z3(s) = | Z(s, d)IIQ—IIQ() (s, d)]

2 JA@)VPW? = Z@ (18)

where 2 means equality in distribution and W is a (2s x 1) standard Gaussian vector.
To complete the proof of the Theorem, we now establish (16). Using the the fact that
Li(N;)/f(N)), i = 1,...,m are identically distributed, and then Hurvich and Beltrao

(1993), we have for fixed j,

(25500 (5) ~ in

Since f(A}) ~ cf??, it will then be enough to show that

1 m
674(1 Var (E Z [n,z()\;)> —0
i=1
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Let us first consider the case 0 < d < 1/2. Similar computations as in Gromykov et al.

(2018) show that the LHS of the expression above can be asymptotically bounded by

. > % > Tou(h,p,q), (19)

where
Tou(h,p,q) = T3 (h,p,q) + T, (h,p, q) + TL) (b, p, q),
with
T30 (h,p,q) = 7(tu — h)y(fu — h+q — p),
Te(,i)(h,p, q) = v(lu — h+ q)y(lu — h — p),
and

Tg(z)(h,p, q) =(n— 3)04 Z A Qitp Qi h-LuQit-h4-Lutq-
i=0

Let us handle Tz(’lu)(h, p,q) first: with k = ¢ — p and making u starts from 3,

1 m /L J4 l—p
|22, > u—hp(tu—h—p+q)
u=3 p=1 g=1 h=1—{+q
1 m -1 ({—k l—p
=—mr | D D (0w~ hyy(bu — h+ k)
u=3 k=—(+1 p=1 h=1—4+k+p
=1 -k

IA
3
~

=
=9
]~
=
~~
<
|
=
=
~
<
|
>

_|_

=

meé -1
1
=3 S Rl hL (20)
s=20 k=—0+1
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When d = 0 then vy(h) is summable and hence (20) is O(1/m). When 0 < d < 1/2 then
y(h) = O(h?*~1) and hence (20) is bounded by

1 m 1 2 m
c— </ (x + y)zd_ldy) 2 dr < Ec/ 2?1 dy = O (m*') — 0.

m Jo 1 2

Te(i)(h,p, q) treats the same way. For the last term Tz(’i)(h,p, q), we have

¢ oo i+ (ut1)e
S T0hpa)| = n—-3)o' S aan|| > aa,
h=—t =0 s=i+(u—1)¢

< | =3)lo* (D)) |astaql
s={

IN

s=/ s=0
where o(1) is uniform in u, ¢ and p. Therefore
A ‘ o(0) o(0)
LS S S S T ) — (z mpn) %O _ 2020 0, 051 o
p=1

u=1 p=1 ¢=1 h=—/¢

Let us consider the case —1/2 < d < 0. Noticing that quantity in (20) is bounded by

. <Z |v(h)|> = 0(1/m) =0
h={

since under condition Hg, we have |y(h)| ~ C(d)h~1%2% as h — oo and therefore, the result
obtained above for Te(i)(h,p, q) in case 0 < d < 1/2 still holds when —1/2 < d < 0. Same

thing remains true for Tﬁ) (h,p,q). Concerning Té(i) (h,p,q), using (21) and the summability

21

(21)

~ 12 /o 1/2
(n = 3)o |7 (p)] (Z ai) (Z a?) = [v(p)[lo(1)] =0, as £ — oo,



of y(p) as well as the expression of a; given in H4, we obtain that

mo¢ 0 ¢ o >
IS SIS S T )l < e Yl Y o
s={ q=1

u=1 p=1 g=1 h=—¢

o0
< el Z g2 — p=172d 5 () ag  — 0.
s={

The proof of Theorem 1 is now complete.

5.2 Proof of Proposition 1

The first step consists in establishing the following properties for the entries of 3(d) (which

are proven in the appendix)

1. For all fixed j,k = 1,...,s, L;x(d) (defined in (10)) are well defined for d = 1/2.
Actually all the singularities of the integrands in the previous formula are removable
and the integrands are asymptotically equivalent to K(d)A\=272¢ for some positive
constant K (d) (finite for all d < 1/2). Hence the integrals are finite when d = 1/2

(and even for all d > —1/2).

2. As functions of d, L, x(d) are continuous at d = 1/2. Indeed,

Lix(d) = K(d) / " RO d)dx

o0

where
sin?(\/2)
2wk — N)(2mj — N)

h(X,d) = A7
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is clearly continuous at d = 1/2 and

h(X,1/2), if |\ <1,
h(A d) <

sin(\/2) .
@rk—N((27j—N)’ if [A] > 1.

That is h(A, d) is uniformly bounded (in d) by an integrable function and hence
Lj,k(d) — L]’k(1/2)

Then these two points imply that 3(1/2) is well defined and a covariance matrix. Moreover
¥(d) converges to 3(1/2) when d — 1/2. For —1/2 < d < 1/2, define Z(s,d) to be a zero-
mean Gaussian vector with covariance matrix 3(d). Then the convergence of the covariance
matrices ensures that Z(s, d) 2 Z(s,1/2) as d — 1/2 and hence Q(s,d) 2 Q(s,1/2).

Writing Z(s,1/2) = (Z1(1), Z2(1), ..., Z1(s), Z2(s))’, we have Var(Z,(j)) + Var(Z(j)) = 1,
and therefore Z(s,1/2) has at least s non-degenerated components. This ensures that the
covariance matrix 3(1/2) has at least s positive eigenvalues. This guarantees that Q(s, 1/2)

is a nondegerated random variable.

5.3 Proof of Proposition 2

Let s be fixed and let d,, be an arbitrary sequence in (—1/2,1/2] converging to d €
(—1/2,1/2]. Using the representation (18) and the continuity of the eigenvalues ¢;(d), then
Q(s,d,) converges in distribution to Q(s,d) (the proof is identical to that of Proposition

1). Since Q(s,d) has a continuous distribution function Fj 4, by Polya’s theorem,

||Fs,dn - Fs,d” — 0.
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Moreover, the inversibility of Fj 4 implies that (with F' = F, 4 and F,, = Fs 4,)
F(F ) =|F(F, () = F, (F,(a) + F, (F,(a))| < |F. = Fll+a = a
which means that F;'(a) — F~1(«a) since F~! is continuous. This completes the proof.

5.4 Proof of Theorem 2

As 6§ < 1/2 appears only in the normalization m 2% of the statistic Q,..(s,d), it is enough
to prove the convergence (13) for § = 1/2, i.e. Qnm(s,1/2) L .

For a stochastic or deterministic trend, we want to show that

s

1 I, )‘j P

j=1 m =1 "Ny

It will be enough to show that for fixed j,

-1 In(/\j) P
(m ) %2211 In,i()\;') — 00. (22)

First, consider the deterministic trend case: X; = g,(t) + Y;. For fixed j = 1,...,s, and
omitting the coefficient 27 in the denominator, we have from (3), with I,y denoting the

periodogram built from Y7,..., Y,

LOY) = Ly () + 0D, () + 205112 Re (D, (9)DaY))  (23)

where

1 < (1t omml
D, _ v el?ﬂ't]/’n_,
(9) = 7%= 29 (n) -
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and
n

1 oy
D, (Y) = Yy,
&) \/27mtz; '

Since Y satisfies Theorem 1’s assumptions, we have as n — 00,

E(Lny (X)) ~ Li(d) f(A;) ~ Lj(d)n*®.

Under assumption (12), we get by Riemann sum approximation of an integral,

| Da(g)[* ~ ¢ > 0.

Finally, for the cross-term, we have

E|Dy(9) Du(Y)| = |Dn(9)| E[ Dy (V)] < |Di(g)| EV? (L v (X)) < en. (24)
Therefore
Q;(Bﬁ) 5 (25)

We now study the behaviour of the term

14

%ZMA’ %Zz%g D Vit gn®)e™

i=1 i=1 t=(i—1)¢+1

Following the same decomposition as in (23), we will have a full stochastic term, a trend
and a cross term to examine.
Denote I, ; y the periodogram built from the ith epoch of the stationary process Y;. Using

(16), we then obtain

1 & .
~ 2 Liiy(N;) = Op(*%).
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For the trend part, we have

(t+ (u — 1)0)e™

1y-lly

mu:lgtzl
l ¢ m

_ t+ (u—1)¢ s+(u—=1)0\ 1Y\ i_on

.y 1n2ﬁzz<z ( ))g< (n )>E>€(t X,

t=1 s=1 u=1

~ Z Z Ul ( ) g(>+2) dx} RGNV

t=1 s=1
2
~1._28 ! t i\,
={"n — 4 x ) e
0 n

(In the integrals above we extended g beyond (0,1) with value 0). If ¢ is continuous over

dx. (26)

[0,1] then it is uniformly continuous and hence

t

g (5 +:c) = g(z) +enlt,2)

where €,(t,2) — 0 uniformly in ¢ = 1,...,¢ and x, and hence, since

the last expression in (26) is bounded by n?o().

If g is piece-wise continuous on [0,1] then there exists M sub-intervals (Ay, By), j =
1,..., M, such that ¢ is continuous on such intervals with finite limits at A, and Bj.
The previous result (when g is continuous) remains true for each interval [Ay, Bx| Hence

we find that (26) is still bounded by Mn*?o(¢) = n?%0().
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For the cross-terms and similarly to (24), we easily obtain that

gn t+ u_l lt)\/

it
E Yt+u 126

gn (t+ (u — 1)0) €

2150y
~Lpnyty

u=1 t=1

S )

101
~ 02 / ' lg(a)d [L;(@)F ()]

ﬁgl/Q—f—d‘

)

/

<]

1t)\'

(Luny (X)) 2

=Ccn

Hence in total, the denominator is of order £n2? op(1). Therefore, using (25), for each

fixed frequency \;, the ratio statistic

(0) ) L 1
w2 Ini(N))  mn? Lop(1)  op(1)

which finally implies that Q,, (s, 1/2) goes to infinity as n — oo.

We now consider a stochastic trend X; = X, 1 + Y, where Y, has density of the form
(1). Let A; be a fixed Fourier frequency . We begin with the numerator in (22). With
Si =Y+ ---+Y,, we write X; = Xy + S; and using the well known summation by parts

formula

ZUtvt UV, — ZutV}, where U, = uy + - +ug, Vi=v1+ -+ v,
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and the fact that, j =1,2,...,s,

n

Z p2miti/n _ 0,

t=1
we obtain
P B N |
"(j>_%;(0+t)e %;te
1| 1— e
= 5 Zy(l_—ex)‘
2+2d 2+2d n 2
~ (QZJF 2 n1/2+dz (1=e™) Y| = (277:)2’:(]')2 <n1/12+d t_zlsm(t)\j)yt) -

According to formula (5) in Theorem 4 of Hurvich and Beltrao (1993), the last term can

be evaluated as follows:

1 .
Var (W Z Sln(t)\j)Y}>
t=1

— 27'('7]:2(;‘]') Var ( T O Zsm (tA;) ) [(2m)1-24j =24 ()]

(Lj;(d) — Lj—;(d))

DN | —

where L; 1 ;(d) is defined in (10).

Straightforward computations show that L;;(d) — L;_;(d) > 0 and therefore I,,()\;) is at

2+2d

least of order n**t**. Now let us handle the denominator in (22). Similarly to the numerator,

we can easily write, from the summation by parts formula,

2 m

— %Z QLM S — W&u()‘;‘)|2 (ll - ei/\9|_2> ’

1 & L I .
E Z |[n,u(>\;)‘ = E Z 2_’/T£ Z StJr(uil)Z €1t>\]
u=1 u=1 t=1

where

SEu - ZY;H—(u—l)b and qu Z}/H‘(u 1)¢€ )\j'
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Using the stationarity of Sg,, u=1,...,m and the fact that E(S7,) ~ ¢f***! (see Propo-
sition 3.3.1 of Giraitis et al. (2012)) and that E <‘Wgu(>\;)‘2> ~ cf**?4 (see Theorem 1 of
Hurvich and Beltrao (1993)),

2 m
_ E }Inu /\’ g SZu + |W£u X>| )0(52) — 0(62)@ OP(EM'H) — Op(f2d+2).
u=1

27m n

Finally, combining the results on the numerator and denominator, we obtain that asymp-

totically
AN I,(\)) n2t2d-1 mi+2d .
n _ _ - o
<£> % P I u(N)) Op(2124-1) — Op(1) 00, as n — 0o
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