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optimal control problems with state constraints

Hélene Frankowska! Haisen Zhang' and Xu Zhang?

Abstract
The main purpose of this work is to establish some first and second order necessary optimality
conditions for local minimizers of stochastic optimal control problems with state constraints. The control
may affect both the drift and the diffusion terms of the systems and the control regions are allowed
to be nonconvex. A stochastic inward pointing condition is proposed to ensure the normality of the
corresponding necessary conditions.
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1. Introduction

Let d,m,n,k € N and R®*™ be the space of all n x m-real matrices. For any A € R™*™, denote by AT
and |A| = \/tr(AAT) respectively the transpose and norm of A. Also, denote by (-,-) and | - | respectively
the usual inner product and norm in R™ or R™, which can be identified from the context, and by B(X) the
Borel o-field of a metric space X.

Let T > 0 and (2, F,F, P) be a complete filtered probability space with the filtration F = {F; }o<i<7r (sat-
isfying the usual conditions), on which a d-dimensional standard Wiener process W (-) = (W*(-), -+, W4(-)) !
is defined such that F is the natural filtration generated by W(-) (augmented by all the P-null sets). We
consider the following controlled stochastic differential equation

{ da(:é?)f) — bt 2(t), w(t))dt + o(t, 2 (1), u(t))dW (1), t € [0,T], "
z = Zo,

with the Mayer-type cost functional

J(@(-),u(-)) = E ¢(x(T)), (1.2)
the initial-final states constraints
z9 € Ko, E ' (2(T)) <0, £=1,....,k (1.3)
and the state constraint
E g(z(t)) <0, forallte][0,T]. (1.4)
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Here u(-) € U is a control, U is the set of B([0,7T]) ® F-measurable and F-adapted stochastic processes with
values in a closed nonempty subset U of R™ such that [ull, := [E fOT |u(t)|2dt]% < 00, x(-) solves (1.1),
b:[0,T]xR*xR™xQ - R", ¢ = (¢),...,09) : [0, T|xR" xR x Q — R™4 ¢ R"xQ - R, o’ : R" — R,
¢=1,...,kand g : R" — R are given functions (satisfying suitable conditions to be given later), and, K is
a nonempty subset of R™. As usual, when the context is clear, we omit writing w (€ Q) explicitly.

A state-control pair (z(-), u(-)) is called admissible if u(-) € U and z(-), the solution of (1.1) corresponding
to u, satisfies (1.3) and (1.4). In this case, we call u(-) an admissible control. Denote by &4 the set of all
admissible pairs. In this paper, we shall consider the following optimal control problem:

inf J(x(-),u(-)). (1.5)

(z(-),u(-))EPaa
Similarly to its counterpart in deterministic optimal control problems, we define

Definition 1.1. An admissible pair (z,1) € L2(Q;C([0,T];R"™)) x U is called a local minimizer for the
problem (1.5) if there exists a 6 > 0 such that J((x(-),u(-))) > J(@(),a(")) for any (z(-),u(:)) € Paa
satisfying |2(0) — z(0)] < § and |Ju — G|z < 4.

One of the main motivations to study the optimal control problem (1.5) with state constraint (1.4) comes
from its financial applications. Let us consider an investment and consumption model as follows: Suppose

there are m + 1 assets whose price processes S;(-), ¢ = 0,1, ..., m are described by the following differential
equations:
dSo(t) = rSo(t)dt, t€][0,T], (1.6)
SO (0) = S0, ’
and, fori =1,2,...,m,
dSi(t) = biSi(t)dt + Z O'USi(t)dW] (t), t e [O,T], (1 7)
Jj=1 .

Si (0) = S,

where r € [0,00), s0,584,b;,09 € R, i =1,2,...,m, j = 1,...,d. Denote by x(t) the total wealth of an
investor at time ¢ and by u;(t) the market value of his or her wealth in the i-th asset at time ¢, i = 1,...,m.
Then, x satisfies the following controlled stochastic differential equation:

s
NE

dz(t) = [rz(t) + c(t) +
z(0) = zo,

(bz — r)ui (t)} dt + & ]ﬁ:l O'ijui (t)dW] (t); le [01 T]a (18)

i=1

where zq is the initial wealth and ¢(+) is a suitably chosen scalar stochastic processes. In order to prohibit

bankrupt the investor needs to choose the portfolio u(-) = (u1(-),- - ,um(~))T such that the corresponding
state x satisfies
z(t,w) >0, ae. (t,w)e[0,T] x Q. (1.9)

Many scholars have studied this type of portfolio selection problem, see [3, 8, 11] and the references cited
therein. Generally, the portfolio that only prohibits bankrupt is not well adapted to an individual investor
with initial wealth z¢ > 0, who wishes to keep the expected return to be not lower than a proper proportion
of the initial wealth for all time t, i.e., for some 6 > 0,

E z(t) > 0z, for all t € [0,T]. (1.10)

Obviously, (1.10) is a special case of (1.4). Note that, under this condition, the investor still has to face the
danger of the bankruptcy with some probability.

The optimal control problems with state constraints have been studied extensively in the deterministic
setting, see [7, 12, 14, 18, 22, 25] and the references therein. However, compared with their deterministic
counterpart, the literature for the state constrained stochastic optimal control problems is not rich. The
existing results on necessary optimality conditions for stochastic optimal control problems under state con-
straints only focus on some special cases, as for instance when the diffusion terms are invertible with respect
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to the control variable and the state constraint is represented by (1.9). When the diffusion terms are in-
vertible with respect to the control variable, the controlled stochastic differential equation can be rewritten
as a backward stochastic differential equation without control, and, by the comparison theorem (see [10], p.
22), under some further assumptions, the state constraint (1.9) is equivalent to the sample point pointwise
end-point constraint

z(T) >0, as.

Then, the state constrained optimal control problem can be reformulated as a stochastic optimization problem
using backward stochastic differential equations. For more details, we refer the reader to [3, 19]. Unfortu-
nately, this approach fails whenever the state constraint (1.4) is present.

The main purpose of this paper is to provide some first and second order necessary conditions for the
local minimizers of problem (1.5). The techniques of variational analysis are used to handle the nonconvexity
of the control regions. Using the separation theorem, we first establish a weak maximum principle for local
minimizers. Then, we derive some second order necessary conditions for critical elements of local minimizers.
Also, a sufficient condition, namely a stochastic inward pointing condition, is proposed to guarantee the
normality of the weak maximum principle.

Some key ideas of this paper are taken from [7, 15] and they can be used to deal with much more general
classes of state constrained stochastic optimal control problems. For instance, the state constraints may be
defined by finitely many inequalities and (or) the function g may depend on the time variable ¢. Further,
one may consider some other control problems, for example, the mean field type stochastic control problems,
the forward-backward stochastic control problems, or, the same control system but with the pointwise state
constraint (for some nonempty subset K of R")

z(t,w) €K, ae. (t,w)€[0,T] x Q. (1.11)

Nevertheless, in this paper, we do not intend to pursue the full generality. Instead, we shall discuss such
problem in a relatively simple setting making the main idea much clearer and direct. Other cases will be
discussed elsewhere.

The rest of this paper is organized as follows. In Section 2, we collect some notations and introduce some
preliminary results that will be used later. In Section 3, we derive the first order necessary condition for
stochastic optimal controls, and, in Section 4, we establish the second order necessary conditions. Finally,
in Section 5, we present a stochastic inward pointing condition to guarantee the normality of the first order
necessary condition.

2. Preliminaries

In this section, we introduce some notations and results which will be used in the sequel.

Let f:[0,7] x R* x R™ x Q — R’ (¢ € N) be a given function. For a.e. (t,w) € [0,T] x , we denote
by fu(t,z,u,w) and f,(t,x,u,w) respectively the first order partial derivatives of f with respect to x and u
at (t,z,u,w), by f(zu)2(t,z,u,w) the Hessian of f with respect to (z,u) at (¢, z,u,w), and by fu.(t, 2, u,w),
Sou(t, x,u,w) and fuq (¢, ©, u,w) the second order partial derivatives of f with respect to x and w at (¢, x, u,w)
respectively.

For any «, 8 € [1,4+00) and t € [0,T], we denote by Lg_-t (©2; R™) the space of R™-valued, F; measurable
random variables ¢ such that E |£|® < +o0; by LP([0,T] x ©;R"™) the space of R"-valued, B([0,T]) ® F-
measurable processes ¥ such that [|9|g := [E fOT [9(t,w)|?dt] 5 < +o00; by Lg(Q;LO‘(O, T;R™)) the space of R"-

L1
valued, B([0, T]) ® F-measurable, F-adapted processes ¥ such that ||J||o,5 := [E (fOT [9(t,w)|*dt) |7 < +oo;

by LH’? (€ C([0, T]; R™)) the space of R™-valued, B(]0, T]) ® F-measurable and F-adapted continuous processes
¥ such that [|0]e,:=[E (SUPte[o,T] |1‘}(t,w)|5)]% < 400, by Cp([0,T]; L?(£;R™)) the space of R"-valued,
B([0, T]) ® F-measurable and F-adapted processes 9 such that the map ¢ — (¢, -) is continuous in LEET (Q;R™)
and [|9]| 5,00 = SUP;c(o, 7] (E [9(t,w)|?) g < 400, by Lg(Q; D(]0,T);R™)) the space of R"-valued, B([0, T])®F-
measurable and F-adapted processes 9 whose paths are right-continuous with left limits and |9/« g < 400,
by L]g (€; BV ([0, T];R™)) the space of processes ¢ € L{;(Q; D([0,T];R™)) whose sample paths have bounded
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variation such that [|J| gv,s := (E |19(t,w)|%v[07T]) 7 < +o00, by Lg(Q; BV,([0,T];R™)) the space of processes
9 e LE(Q; BV (]0,T];R™)) with 9¥(0) = 0, and, by Lg°([0,T] x ; R™) the space of R"-valued, B([0,T]) ® F-
measurable, F-adapted processes 9 such that ||| :=ess sup; .o, mxalV(t;w)| < +00. When every sample
path of a process ¢ has left limits, we denote by J_ its left continuous modification.

Let us recall that on a given filtered probability space, any F-progressively measurable process is B([0; T7)
®JF-measurable and F-adapted, and every B([0; T]) ® F-measurable, F-adapted process has an F-progressively
measurable modification (see [27, Proposition 2.8, p. 17]).

Next, we recall some concepts and results from the set-valued analysis. We refer the reader to [1] for
more details.

In the sequel, we assume that X is a Banach space with a norm || - ||x and the dual X*. For any subset
K C X, denote by 0K, intK, cIK and coK its boundary, interior, closure and convex hull, respectively. K
is called a cone if ax € K for any @ > 0 and z € K. For a cone K, the convex closed cone K~ := {£ €
X* | &(z) <0, Va e K} is called the dual cone (or negative polar cone) of K. Define the distance between
a point x € X and K by dist (z, K) := ;g}f{ lly — x| x-

Definition 2.1. For x € K, the Clarke tangent cone Cx (x) to K at x is defined by

dist K
Ck(x):= {UEX lim dist (y + v, K) :O},

e—0T" 9
yeK, y—w

the adjacent cone T%(z) to K at x is defined by

dist K
T (2) == {v ex | im dst@tenK) :0}.

e—0t e

It is well known that Cr (z) is a closed convex cone in X and Cr (z) C T%(x). By the definition of 7% (z),
v € T%(x) if and only if for any & > 0 there exists a v. € X such that v. — v (in X) ase — 0% and z+ev. € K.
Equivalently, v € T% (z) if and only if for any e > 0 there exists an n(e) € X with ||n(¢)|x = o(e) (¢ — 07)
such that z+ev+n(e) € K. When K is convex, for any z € K, T%(r) = Cx(x) = cl{a(y—x) |a >0, y € K}.

Example 2.1. Let o* : R" = R, £ = 1,..., k be continuously differentiable with globally Lipschitz derivatives.
Consider the set Kt defined by

Kr:={6€ L7 (BRM|E () <0, £=1,... .k} (2.1)

Let £ € Kp and define (&) :== { € {1,... .k} |E ¢*(&) = 0}. If I(£) =0, then Tk (&) = L%, (;R™).
If I(§) # 0 and there exists a set A € Fp with P(A) > 0 such that

Z(w) = {2z € R™ | (pL(&Ww)),2) <0, VLETI(&)} #0, as. in A, (2.2)

then, int(Tf (£)) # 0 and

T?(T(f) = {U € L%T(Q;R") ’E<@i(£)vv> <0,vVZie I(é)}

Proof. Let v € T]‘}T (£). Then, from the definition of the adjacent cone, for any ¢ > 0, there exists a
ve € L% (Q;R™) such that v. converges to v in L% (€ R™) as e — 07 and £ +ev. € Kp. Therefore, for any
e I(5),

0>E o (€ +ev.) =E 0" (€) + eE (5 (€),v:) + o(e) = eE (¢4 (€),v=) + o(e)
Dividing by ¢ the both sides of the above inequality and letting € — 07, we obtain that
E (iz(¢),v) < 0.

On the other hand, by the condition (2.2) and by similar arguments to those in [16, Proof of Lemma 3.3],
there exists a v € L% _(€;R™) such that

E(¢4(€),0) <0, YLeI(). (2.3)
4



From the definition of the adjacent cone, it is easy to verify that o € int(Th_(€)). Let v € L% (9;R™) be

such that, for any ¢ € I(£), E (¢%(£),v) < 0. Then E (¢4 (£),v*) < 0 for all £ € I(£), where A € (0,1) and
v* := (1 — A\)v + M. It implies that there exists a p > 0 such that for all sufficiently small £ > 0,

E o' (€ +evt) = E o' (€) +eE (¢ (€),v*) +o(e) < —ep+o(e) <0, VeI
and
E /(¢ +ev*) = E ¢ (€) + E (95(€),v*) + 0(e) < —p + eE (¢ (€),0*) +0(e) <0, VL ¢ I(€).
This proves that v* € Tf, () for any A € (0,1). Since Tk (£) is closed, letting A — 0, we have v €
T3, (6) O

Observe that the proof in the above example can be used to show that, under the condition (2.2),
Ci (&) = Tk, (€) when Ky is represented by (2.1).

Definition 2.2. For any x € K and v € T%(z), the second order adjacent subset to K at (z,v) is defined
by
lim

e—0t £

dist (z +ev+e?h, K) 0}

Tf((Z)(z,v) = {h eX 5

Thus h € Tf{(z) (x,v) if and only if for any € > 0 there exists an h. € X such that h. — h (in X) as
e — 0" and z +ev+€2h, € K.

Remark 2.1. It is not difficult to check that v € Tf((Q)(x,()) if and only if v € TY%(x). Moreover, it

follows from [12, Lemma 2.4] that, if Tf{(z)(x,v) # 0, then Cx(x) + Tz@)(w,v) = Tf((z)(at,v). In particular,
Ci(2) + T (2) = T (x).

The dual cone of the Clarke tangent cone Cr (z), denoted by N (x), is called the Clarke normal cone to
K at z,ie.,

Nﬁ@yz{gex*

When K is convex, N¢(x) is the normal cone Ny (z) := {5 e X"
analysis.

The following three elementary lemmas will be useful in the sequel.
Lemma 2.1. (16, Lemma 2.4]) Let K1, ..., K} be convex cones in X such that ﬂle intK; # 0. Then for
any convex cone Ko such that Ko (ﬂle intK;) # 0, we have (ﬂf:o K;) = Zf:o K.

Lemma 2.2. (16, Lemma 2.5]) Let H be a Hilbert space (with an inner product (-,-)y ), and K be a
nonempty closed polyhedra in H, i.e., for some {a1,--- ,ax} C H\ {0} and {b1,--- ,bp} CR,

&v) <0, Voe CK(x)}.

Ely—x) <0, Vye K} of the convex

K:={exeH| (asz)y+b <0, Vi=1,--- k}.
If 0 # & € H satisfies sup,c (&, @)y < 400, then, this supremum is attained at some T € OK and
£ € X icr(z) Ryai, where
1(@) == {i e {1,--- ,k} | {ai @)y +b; =0}

Lemma 2.3 ([6]). Let X be a Banach space and My, My, ..., My be nonempty convexr subsets of X such
that M; is open for alli € {1,--- ,k}. Then

Moliﬂ...ka:(Z) (24)
if and only if there are x{,x7, ..., x}, € X™, not vanishing simultaneously, such that
xy+ i+ +xp =0, infal(My)+infa](My)+ ...+ infa) (My) > 0, (2.5)

where inf 27 (M;) := inf{z}(z) | x € M;} for j € {0,1,---  k}.
Furthermore, if (2.5) holds true and for some i € {0,...,k}, there is a nonempty cone C; C X and
x; € X such that x; + C; C M;, then —x7 € C; .



A very short proof of the above lemma can be found in [13].

Remark 2.2. Lemma 2.3 implies that: if (2.5) holds true for a nontrivial family z§, z3,..., x5 € X*, k > 2,
and Mo N Mo N ...N My # 0, then x5 # 0.

Let (Z2,%) be a measurable space, Y be a complete separable metric space and F : Z~» Y be a set-valued
map. The inverse F~! of F is the set-valued map from Y to = defined by

F ' y):={¢e€=|yeF(©}, Vyev.

Recall that F' is called measurable if F~1(A) :={{ € 2| F({)N A # 0} € ¥ for any A € B(Y). We shall
need the following known result.

Lemma 2.4. ([1, Theorem 8.2.11]) Let (2,9, ) be a complete o-finite measure space, Y be a complete
separable metric space, F' be a measurable set-valued map from = to Y with nonempty closed images, and, f
be a Carathéodory function from = x Y to R. Then, the set-valued map

M) :={y e FO|f(&y) = lnf f§, )}, VEEE

is a measurable set-valued map (from E to Y ).
Combining [1, Theorem 8.5.1] with [16, Lemma 2.6], we have:

Lemma 2.5. Suppose (2,9, ) is a complete finite measure space, X is a separable Banach space, p > 1
and K is a closed nonempty subset in X. Define

={p() e LPE Y, 1, X) | p(§) € K, p-ae £ €E}.

Then for any o(-) € K, the set-valued maps Cx(p(+)): & ~ Cr(p(§)) and Tf((go(-)): &~ T]‘}(ap(f)) are
measurable, and
{v(-) € LP(E, %, 11; X) | v(§) € Ck(0(€)), pa.e. £ €E}

c{v() e LP(E,9, 115 X) | v(&) € Th(0(§)), p-a.e. £ €E} (2.6)
C TR (p()-

As in [20], we call a measurable set-valued map ¢ : (2, F) ~ R™ a set-valued random variable. We call
amap I' : [0,T] x Q ~ R™ a measurable set-valued stochastic process if T" is B([0, T]) ® F-measurable, and,
we say that I" is F-adapted if I'(t) is Fy-measurable for any ¢ € [0,T]. Define

o ={AeB(0,T)®@F | A e F, Vte[0,T}, (2.7)

where 4; := {w € Q| (t,w) € A} is the section of A. Obviously, & is a o-subalgebra of B([0,T]) ® F. As
pointed in [20, p. 96], the following result holds.

Lemma 2.6. A set-valued stochastic process T : [0,T] x Q ~ R™ is B([0,T]) ® F-measurable and F-adapted
if and only if T is o/ -measurable.

The following result will play a key role in the sequel.

Lemma 2.7. Let p, ¢ € (1,00) and % + % = 1. Then, for any bounded linear functional A on the Banach
space LE(S; C([0,T); R™)), there exists a process i € LE(S; BVy ([0, T); R™)) such that

T
Az() = E/O (@(t),dy(t)), V()€ Ly(;C([0, T;R™)), (2.8)

and
Al 22 0,7y < ¥l La(0:Bv (0,17:R)) - (2.9)



Proof. Clearly LE(€2; C([0,T];R™)) is a linear subspace of LL(%; D([0, T]; R™)). For Ae Ly(; C([0, T];R™))*,
by the Hahn-Banach theorem, one can find an extension A € LE(; D([0,T];R™))* such that
Al L2 ;D (0, 11:Rm )+ = 1Al L2 (Qs0(10,77:R))* (2.10)

and

A(@() = A(),  Va() € Lp(Q C([0, T;R™). (2.11)

From the proof of [9, Theorem 65, p. 254], we deduce that, there exist two processes 1™ (-) and = (-) with
bounded variation such that ¢+ (-) is optional and purely discontinuous, 1)~ (+) is predictable with 1)~ (0) = 0,

2
/ dj (1) + / A+ (1))
(0,7 [0,T)

)

E < 0

and, for any z(-) € LE(Q; D([0,T]; R™)),

() =E

[, @y [ i),
(0,7] [0,T)
Define ¢* := ¢~ + 9. By (2.11), we have

A() =E / (@), dv* (), V() € LU@; O(0, T} R™)).

Letting 9 = ¢* — ¢*(0), we obtain (2.8). (2.9) follows from (2.8). O
Let p = ¢ = 2. Obviously, for any ¢ € L4(%; BV, ([0, T]; R™)),
T
z() = EA (x(t),dp(t)), Y a() € Ly C(0, T R™))

defines a bounded linear functional on L2(Q2; C([0,7];R™)). Due to this and in order to simplify the notation,
in this paper we identify the process 9 € LF(Q, BVO([O T);R™)) with the above bounded linear functional,
and for a convex cone K C L(€;C([0,T];R™)), we say ¢ € K~ if

E/O (@(t), d(t) <0, Va()eK.

By It6’s formula for discontinuous semimartingales (see [24, Theorem 33]), we have the following result.

Lemma 2.8. Lety € LZ(Q; BV ([0, T];R™)) and z(- (0)+ f, n( dt+Z 1 Jo 97 (t)dWI (t) with z(0) € R™,
n, ¥ € LA(Q; L2(0,T;R")), j =1,...,d. Then,

E (2(T),$(T)) =E {2(0),(0)) +E / (2(), dip(1)) + E / (W(), (b)) d.

Proof. Since ¢ € L2(Q; BV ([0, T};R™)), we have (¢_(-),97(-)) € L*(0,T;R) a.s., for any j =1,...,d. Let

Ap(w) == {te OT’Z/ ﬂf(sw)>|2ds>n}.

Define

() = { inf A, (w), if A,(w) i 8, weq

T, if A, (w)

)

and
. d .
2() = 2(0) + / n(t)dt+; / 9 ()X 0 (AW ().
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By [24, Theorem 33], we have
{2n (1), (T)) = (2(0),9:(0))

T T d T ) )
- / (on(t), di()) + / <¢_<t>,n<t>>dt+; / (- (1), 9 (1)) X(o.my (AW (1), a.s.

Obviously, by the property of the Lebesgue integral, fOT (W_(t),n(t)) dt = fOT (¥(t),n(t)) dt, a.s. In addition,
since Z?Zl E fOT | (¥ (), 99 (t)) X[0,7,] (t)|*dt < n, by the property of Itd’s integral we have

SR / (6 (), (8)) xoum) ()W (2) = 0.
j=1 70

Therefore,
E (0(T), 9(T)) - (2(0),(0)) = E / (2n(t), dib(2)) + E / (W (), (1)) db. (2.12)

Obviously, by Lebesgue’s dominated convergence theorem,
T
]E/ 197 (£)X (0,7, (t) = ¥ (1) Pdt =0, n— o0, j=1,...,d,
0

which implies that Esup,c(o 7y |2 (t) = 2(t)]* = 0 as n — oo. Then, the desired conclusion follows by passing
to the limit on both sides of (2.12). O

We end this section by the following simple result (which is certainly known but we could not find an
exact reference).

Lemma 2.9. LJ(Q;C([0,T};R™)) C Cg([0, T]; LP (4 R™)) for any B € [1,00).

Proof. Although the proof of this lemma is obvious, for the sake of completeness, we give below the details.
Let z € LI/;(Q; C([0, T]; R™)). We only need to prove that ¢ — z(¢) is a continuous function from [0, T] to the
Banach space L?_-T (;R™).

Let ¢t € [0,7] and ¢, € [0,T], ¢, — t as n — oo. Since z € L]’g(Q'C([O,T];R")), 2(tn,w) — z(t,w) a.s.
as n — 0o. On the other hand, E |z(t,,w)|® < E Supyepo, 1 |2 (t, w) # < +o00. By Lebesgue’s dominated
convergence theorem, E |z(t,,w) — z(t,w)|”? — 0 as n — co. O

3. First order necessary conditions

In this section, we study the first order necessary optimality conditions for the optimal control problem (1.5).
We need the following assumptions:

(A1) The control region U is nonempty and closed in R™.
(A2) The functions b, o, ¢, g and ©°, £ =1,...,k satisfy the following:
(i) For any (z,u) € R® x R™, b(-,z,u,-) : [0,T] x Q@ = R" and (-, x,u,-) : [0,T] x Q& — R"
= 1,...,d) are B([0,T]) ® F-measurable and F-adapted. For a.e. (t,w) € [0,T] x €, the
@ :
functions b(t,-,-,w) : R* x R™ — R"™ and o’ (t,-,-,w) : R® x R™ — R" are differentiable and
(gc,u) = (biﬂ(t7x7uaw)u bu(ta x,u7w)),
(z,u) = (0%t 2, u,w), 00 (t, 2, u,w)), j=1,...,d
are uniformly continuous in r € R™ and u € R™. There exists a constant L > 0 and a nonnegative
n € LZ(Q; L?(0,T;R)) such that for a.e. (t,w) € [0,T] x Q and for any x € R™ and u € R™,
[b(t,0,u,w)| + |07 (t,0,u,w)| < L(n(t,w) + |ul),
\bm(t,:c,u,w)| + \bu(t,x,u,wﬂ S L’
ol (t, 2, u,w)| + |od(t, x,u,w)| < L, j=1,...,d;
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(ii) For any x € R™, the random variable ¢(x,-) is Fr-measurable, ¢(-,w) : R™ — R is differentiable
a.s., and there exists a nonnegative Ny € L%_—T(Q;R) such that for any r, T € R",

6(z,w)| < L(nr(w)® + [21%),  1¢:(0,w)| < Lir(w), a.s.,
|¢$(z7w) - ¢x(i'7w)| < L|JU — 1~3|, a.s.

(iii) g and ©°, £ =1,...,k are differentiable functions from R™ to R, and, for any z, € R™,

l9(@)] + X5, 1 (2)] < LA+ [2]?),
19:(0)] + 30—, 1£4(0)] < I,
192 (2) — g0 ()] + Xh_, ¥4 (2) — @4 (@)| < Lla — 7.

Moreover we assume that, g(xg) < 0 for every xog € K.

When the conditions (i) and (ii) in (A2) are satisfied, the state « (of (1.1)) is uniquely defined by any
given initial datum z¢ € R™ and control u € U, and the cost functional (1.2) is well-defined for u(-) € Y. In
what follows, C represents a generic positive constant (depending only on T, n(-), nr(-) and L), which may
differ from one place to another.

Let (Z,u) be a local minimizer and %y := Z(0). For f = b, o, denote

falt] = fo (@, 2(t),u(t),  fult] = fult, 2(t),u(t)).
Let ® be a set-valued stochastic process satisfying

® is B(]0,T]) ® F-measurable and F-adapted,;
for a.e. (t,w) €[0,7T] x Q, P(t,w) is a nonempty closed convex cone in R™; (3.1)
(t,w) C TH(u(t,w)), ae. (t,w) € [0,T] x Q.

Define
To(u) = {v() € LE(Q L*(0, T;R™)) | v(t,w) € ®(t,w), ae. (t,w) € [0,T] x Q}

Since 0 € (%), To(u) is nonempty. Clearly it is a closed convex cone in L2(€2;L?(0,T;R™)). By Lemma
2.5, we may chose ®(t,w) = Cy(u(t,w)). However, in general, there may exist a ®(¢,w) as above such that
Cu(u(t,w)) € @(t,w) C T (a(t,w)).

Let v € To(u) and vy € Tf (To). We consider the following first order linearized stochastic control
system:

dy1(t) = (ba[tly1 (t) + by [t]u(t))dt + i(o;’[t]yl(t) + ai[tlu(t))dW(t), ¢ e [0,T],

Y1 (O) = 1.

(3.2)

It is easy to see that, under the assumption (i) in (A2), for any v € T5(t) and vy € T (Zo), (3.2) admits a
unique solution y; (-) € LZ(Q; C([0, T]; R™)).

By Lemma 2.5, To (@) C T} (). For any € > 0, choose v§ € R™ and v. € L(Q; L?(0,T; R™)) such that
x5 =g + ev§ € Ko, u® := i+ ev. €U and v5 — vp in R, v, — v in L2(Q; L2(0,T;R™)) as € — 0. Let
x¢ be the solution of (1.1) corresponding to the control u® and the initial datum «§, and put

0xc(t,w)

0zt =a® — I, ri(t,w) = — 11 (t,w).

The following results for the d-dimensional Wiener process can be proved in the same way as [15, Lemma
3.2] for the one-dimensional Wiener process.
Lemma 3.1. Let (i) and (ii) in (A2) hold. Then, for any 8 > 2,
a)  tllse,s < Clvoll + lvll2,8), 102 [lo0,8 = O(e);
9



b)  |Ir§llcc,s — 0, ase — 0.

Let Tk, (Zo) be a nonempty closed convex cone contained in Tf (Zo). Denote
O ={y1(-) € L(; C([0, T}; R™)) | y1 solves (3.2) withv € To () and vy € T, (Zo) }, (3.3)

Ig == {t € [0, T] | Eg(z(t)) = 0}, (3.4)
and
I$ = {t e {1,... .k} | Ep"(z(T)) = 0}.

Consider the sets
QW = L2() € LE(Q; C([0, T R™) | E(g.(Z(t)), 2(t)) < 0, Yt € IJ}, (3.5)

and
EW = {2() e LE( C([0, T;R™)) | E(@4(2(T)), 2(T)) < 0, V L € IS }. (3.6)

When I = 0 (resp. Z¢ = ) we set Q1) = L2(Q; C([0, T];R™)) (resp. €N = LZ(Q; C([0,T);R™))).
Also, we define
LY = {z(-) e LF(Q;C([0,T|;R™)) | E (¢4 (2(T)), 2(T)) < 0}. (3.7)
Since To () and T, (Zo) are nonempty convex cones, G(!) is a nonempty convex cone in L2(%; C([0, T);
R™)).
Notice that £1) and £(1) are, possibly empty, open convex cones in LZ(Q; C([0,T];R™)). In Example 2.1
we have found that when the condition (2.2) (with £ replaced by Z(T)) holds true, there exists a zp € L% ()

such that E (4 (2(T)), 2r) < 0 for every ¢ € I¢. _
By the It6 representation theorem (see [21, Theorem 4.3.3, p.51]), there exist ¥/ € L2(Q; L*(0,T;R™)),
7 =1,...,d such that

d T
z2r =FE zp + Z/ () dWI(t), a.s.
— Jo
Then, 2(-) :=E 27 + Z 1 Jo 9 (t)dW (t) belongs to £, Similarly, when ¢, (Z(T)) # 0 on a set A € Fr
with P(A) > 0, L) # (. Furthermore, when Q") and £() are nonempty sets,
Cloo2(QW) = {2(-) € La(% C([0, T, R™) | E (g2 (2(t)), 2(t)) <0, Vit € I},

and
cloo2(EW) = {2(-) € LE(Q; C([0, T;R™) | E{p4(2(T)),2(T)) <0, VL € I¢}.

Lemma 3.2. QW) is an open convex cone in L]%(Q;C([O,T];R")).

Proof. Tt is sufficient to prove that Q) is open when it is nonempty.

Let z € Q. Since 7 € L2(Q;C([0,T];R™)), by Lemma 2.9, I{ is a compact subset of [0,T]. Hence,
there exists a constant p > 0 such that E (g, (Z(t)), 2(t)) < —p for every ¢ € I§ and for some § > 0 and for
any 7 € Lg(Q; C([0, T]; R™)) with [[n][cc,2 < 0,

E (g:(Z(t)),2(t) + n(t)) < —=, Vtelf.

N

This proves that z € intQ®, O

We associate with the first order variational equation (3.2), the following first order adjoint equation

dPi(t) = = |b.lt]T (P O+ () + ila; 17 Q)] dt+ ilcz{ (B)awi(¢), t <0, 7],
Pi(T) = =Xoa(#(T)) = 3 Al (3(T)) —w(T),

€Ty

(3.8)
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where Ao € {0,1}, ¥ € L2(9; BVo([0,T];R™)) and A >0 for any £ € Z{ ({ Ao, {\¢}} and ¢ will be specified
later). Since LZ(Q; BVo([0,T];R™)) C LZ(Q; L*(0,T;R™)), under the assumption (A2), the equation (3.8)
admits a unique strong solution (P (-), Q1(-)) € LA(;C([0, T]; R™)) x LA(; L2(0, T; R™*4)).

Define the Hamiltonian

d
%(thauvpa q,r,w) = <p +r, b(t,.’[, u,w» + Z <qja O—j(tal'vuaw)> ) (39)

j=1
where (¢, z,u,p,q,7,w) € [0,T] x R" x R™ x R” x R"*% x R™ x ), and denote
H[t) = A(t,2(t), ult), Pi(t), Qi(t),9(t), t€[0,T],
I t), Hault], Hasxlt], Hu|t] and J4,,[t] are defined in a similar way.
Let ~ be the map from L(€%; C([0,T];R™)) to L% (€;R™) given by

v(z) =a(T), Ve LiQ;C([0,T;R™)). (3.10)
By Lemma 2.9, v is a well-defined bounded linear operator. By Lemma 2.7, denote by

7' L, (B R™) = Li(Q BVo ([0, T]; R™)) (3.11)

the adjoint operator of ~.
We next state the first order necessary optimality condition in the integral form.

Theorem 3.1. Let (A1)-(A2) hold and (Z,a) be a local minimizer for the problem (1.5). IfE |g.(Z(t))] # 0
for any t € I§, then there exist \g € {0,1}, N\¢>0 for any L€L{ and ¢ € (Q(l))i with (0) = 0 satisfying

Ao + Z A+ [YllBv,2 #0

ey

such that the corresponding solution (Py, Q1) to the first order adjoint equation (3.8) verifies
T
(P1(0),v0) + ]E/ (At v(t)dt <0, Y € Tk, (To), Yv(:) € To(a). (3.12)
0

In addition, the above holds true with Ao = 1 if QM N GMH N M £ .

Letting ®(t,w) = Cy(a(t,w)), a.e. (t,w) € [0,T] x Q and Tk,(ZTo) = Ck,(To) and using the same
arguments as those in [15, proof of Theorem 3.2], as a direct consequence of Theorem 3.1, we obtain the
following pointwise first order necessary condition (Hence we omit its proof).

Theorem 3.2. Let (A1)-(A2) hold. If (Z,a) is a local minimizer for the problem (1.5) such that E|g,(Z(t))]
#0 for any t € I§, then for (P1,Q1) as in Theorem 3.1,

Pi(0) € NS (%o) and H,[t] € NG (4(t)), a.e. t€0,T], a.s. (3.13)

Proof. (of Theorem 3.1). We shall derive the desired result by considering several cases.

(i) If I§ = (), then E g(Z(t)) < 0 for every t € [0,T] and Q) = L2(9; C([0, T]; R™)).

Let vy € Tk, (Zo) and v € Tp(u). Consider u(e) € R™ with |u(e)| = o(e) and n(e) € L2(Q; L?(0,T;R™))
with ||n(g)||2 = o(e) such that zf§ := T + evg + p(e) € Ko and u := @+ ev + n(e) € U. Let 2° be the
solution to the control system (1.1) with the initial datum x§ and control u® and let y; be the solution to
the first order linearized control system (3.2) with control v and initial datum vy. By Lemma 3.1, for any
fixed ¢ € [0,T], one can find p(¢) > 0 and «(t) > 0 such that for any e € [0, a(t)],

E g(z°(t)) = E g(z(t)) + €E (g:(2(t), 1 (?)) + o(e)
p(t)
5

IN

—p(t) + Ce(lro] + [|vfl2) +ofe) < -
11



Then, by the continuity of ¢ and Lemma 2.9, there exists a d(¢) > 0 such that

E g(zf(s)) < —%, Vse(t—o(t),t+0(t)).
In the above we have set z°(s) = zp when s € (—46(0),0] and z°(s) = z(T) when s € [T,T 4 6(T)). Since
[0,T7] is compact, there exist pg > 0 and g9 > 0 (both independent from t), such that for any ¢ € [0, &g],
E g(x(t)) < —po for every t € [0,T]. This proves that any (z°(-),u®(:)) obtained by a sufficiently small
perturbation of u(-) and Zo satisfies the state constraint (1.4). Setting ¢» = 0 and using [16, proof of
Theorem 3.4] we deduce that, there exist Ao € {0,1}, Ay > 0 for £ € ¥, Ao + dezg A¢ # 0 such that, for

the adjoint process (P;, Q1) defined by (3.8) (with ¢ = 0),
T
(P1(0), 1) —HE/ (AN, v())dt <0, Yy € T, (To), Yu() € To(a)
0
and that \g = 1 if G NEM £ .

(ii) I§ # 0, then —g,(2(-)) € Q) and therefore, Q™) # (.
We first prove that

GV N W e N =g, (3.14)
Indeed, otherwise, there would exist a g, € ¢ N oM N egW guch that
E (¢ (2(T)), 5:(T)) < 0. (3.15)

Let 7y € Tk,(ZTo) and () € To(a(-)) be respectively the initial datum and control corresponding to ;.
Consider p(e) € R™ with |u(e)] = o(e) and n(e) € L(; L3(0,T;R™)) with ||n(¢)]l2 = o(e) such that
x§ = To + ety + pu(e) € Ko and u® := 4+ v +n(e) € U. Let 2° be the solution to the control system (1.1)
with the initial datum g and control u®.

Since 71 € Q), there exists a pg > 0 such that E (g,(2(t)),71(t)) < —po for every t € IJ. Then,
by Lemma 2.9 and the compactness of I§, there exists a § > 0 (independent of ¢ € IJ) such that,
E (92(Z(s)),91(s)) < —%& for every s € (t — 9,6t + ) N[0,T], t € Ij. Using Lemma 3.1 again, we can
find an ¢ > 0 such that, for any € € [0, g¢],

E g(z°(s)) E g(z(s)) + e E {92((s)), 1(s)) + o(¢)

eE (g:(2(s)), 41(s)) + o(e)
—%«), Vse(t—6,t+0)n|0,T], telf. (3.16)

IN

N

In addition, because I§ := [0,T] \ Uyerg(t — d,¢ + J) is a compact set, there exist p1 > 0 and &1 > 0 such
that, for any € € [0, &1],

Eg(2°(t)) = Eg(z(t)) +eE (g.(z(1)),51(2)) + o(e)
o(e)

< —p1+€E (g2 (2(2)), 71(1)) + o(e
< —% <0, Vtel;. (3.17)
By (3.16) and (3.17), ¢ satisfies the state constraint (1.4) when e < min{eq, e1}.

Moreover, since 7;,(T) € £V, E (@(z(T)),51(T)) < 0 for avery ¢ € Z§. Similarly to the arguments in
the proof of [16, Theorem 3.4], for every sufficient small e, 2° satisfies the end point constraint (1.3). This
proves that, when ¢ is small enough, (2°,u®) € Z,4. By (3.15), there exists a ps > 0 such that for sufficiently
small e,

E ¢(2(T)) = E ¢(z(T)) + ek (¢x(z(T)), 2 (T)) + o(e)
< E ¢(&(T)) —ep2 +o(e) <E ¢(x(T)),

in contradiction with the local optimality of (Z, ). This completes the proof of (3.14).
Now we consider three different subcases.
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Case a: QW NGM = (. Since QM is a nonempty open convex set and G(1) is nonempty and convex,
by Lemma 2.7 and the separation theorem there exists a nonzero ¢ € LZ(Q; BV ([0, T]; R™)) with ¢(0) =
such that

T T
sup E / (2(t), dp(t)) < inf E / (w(t), (1))

zeQ® yeg™

Because O and ¢ are cones,

T T
0= sup B[ G0.dvw) = int 5 [ w.dew).

€0 yeg®

Therefore, 1) € (QM) ™ and —¢ € (GM)) ™. By Lemma 2.8, for any y; € GV,

T T
0>-E / (1 (1), (1)) = —E (91 (T), (1)) +E / ((0), baltlyn (8) + bullo(®) At (3.18)

On the other hand, by the duality between (3.2) and (3.8) we have
E (P(T),y1(T)) = (P1(0),v0)

E/OT (<P1<t>7bx[t]y1< )+ (P, = (bl (Pu) + (1), 1)
i( H.31(t)) + Z <Q{<t>,oimy1<t>> + Z <Q{<t>, olltlot)) ) dt

=1 j=1

T d , ,
E / ((PL(®), bultlo(®)) = (baltTe6(8), 91 (1)) + g CHORANRONS (3.19)

Set \g =0, Ay =0, £ € Z¥ and Pi(T) = —(T). Then, Ao + >, M+ ||[¥]|Bv,2 # 0 and (3.12) follows from
LeTy
(3.18) and (3.19).

Case b: QW NGW £ P and QW NGMH NneM =g,
If €0 =, then from the proof of case (ii) in [16,

exists a Ay > 0 such that > Ay >0and > A\l (T
ey LeTE
we have Ao + > ¢+ [|¢]|Bv,2 # 0 and the condition (3.12) holds trivially with (P, Q1) =0
LeLy

If €M % 0, then v(QW NGW) N &M = 0, where 7 is the bounded linear operator defined by (3.10) and

Theorem 3.4], we know that, for each ¢ € Z§ there
T)) = 0. Then, taking Ay =0, v» =0 and P,(T) =0,

eM = {Ce L% (% R™) | E{(Q4(2(T)),¢) <0, VL eI} (3.20)
By the separation theorem, there exists a nonzero £ € L% (€;R™) such that

sup E (& )< inf E(B).
aey(QHNGM) pees’)

Since both v(Q™M N GM) and 5;1) are cones, 0 = SuUp,c.(omng)E (& a)= infﬁegél) E (£, 8) . Therefore,

e [’y(Q(l) N g<1>)]’ and —€ € ( (1)) . By Lemma 2.1, for each ¢ € Z§ there exists a A, > 0 such that
> Ae>0and =€ =Y, 70 A (2(T)). In addition,
tez¥ 0

0>E(,~(2) VzeWngW, (3.21)

implying that Q(l g(l . By Lemma 2.1 there exists a 1 € Q(l) with 1(0) = 0 such that
plymg A Y
S (g<1>) Then, by Lemma 2.8, for any y; € g<1

T
0 > E{6yu(T) -E / (2 (8), oo (2))
13



T
= E<§7y1(T)>—E<¢(T),y1(T)>+E/O (W (1), ba[tlyr (£) + but]o(t)) di. (3.22)

Let A\g = 0. Since { #0, Ao+ > A+ [[¢[|Bv,2 # 0. Setting
ey

== Al (@(T)) = (T), (3.23)

ey
by (3.22), (3.23) and (3.19) we obtain (3.12).

Case ¢: Q1 NGM NEW £ . Tt implies that (QM NGM) NEW # 0, (EL is defined by (3.20)). By
(3.14), 0 < E (¢, (z(T)), 2(T)) for every z € Q) NG N M), This yields

0 < E(6,(3(1)),), ¥¢er(QVngW)ned.

Consequently, —¢,(Z(T)) € [y (@MW NngM)n 5(1)]*.
By Lemma 2.1, [y (Q(l) ngW)née 1)] = v (Q(l) ngt )] + (8;1))_. Then, for each ¢ € Z§ there exists

a A¢ > 0 such that £ := Y A\l (@(T)) € (1) and
LETY

~0:(2(T)) = Y Aegl(@(T)) € [v(QW nGW)] ™.

LeLy

Therefore,

77 (= 0ula() X0 AT € (@ 1G) = (@) + ()

LeLy
Let ¢ € (QW) ™ with 1(0) = 0 be such that

( ¢o(Z(T)) = Y Mgl (&(T ) ve (GW)”

ey

and set A\g = 1,
PUT) = —6(@(T)) — 3 A (5(T)) — (T). (3.24)

eLy

Then, Ao+ > Ae+ [[¥|lBv.e # 0 and, by Lemma 2.8 once more, for any y; € g
LeZy

0 > —E(g(@(D),n(T) - Y /\e]E<<ﬂﬁ(f(T))ay1(T)>—E/0 (Y1 (), do (1))

€Ty
= (D)) (D) — 3 ME (L @T)). 01 (T)) — E(W(T), 52 (T))
eIy
T
+E / (), ba [ty (£) + bultlu(t)) dt. (3.25)

Combining (3.24) and (3.25) with (3.19), we obtain (3.12). This completes the proof of Theorem 3.1. [
To end this section, we give below a simple example.

Example 3.1. Let T =2, m=n=2,d=1, Ky = {0}(C R?) and

0 1 0 1 0
=(60) e=(s) o=(
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Consider the control system

dz(t) = Bu(t)dt + (Cx(t) + Du(t))dW (t), t € [0,2], (3.26)
z(0)=0 ’
with the control set
U := {(ul,UQ)T € R? ‘ 0<u'<2 0<u?<2- 4—(u1—2)2},
the cost functional
1
E ¢(2(2)) = ;E |21(2) = 1 — (W(2) = W(1))*]* - 2E z'(2)
and the state constraint
E g(z(t)) =E z'(t) —2<0, Vte][0,2].
Let u(-) = (u'(-),u?(-)) be defined by
_q [0, (t,w)e]0,1)xQ; 9 |2, (t,w)€]0,1)xQ;
i (t,w) _{ o (tw)eLx - TED=0 00 Gy enadxal
Then, the solution z(-) = (z1(-),2%(-)) of (3.26) corresponding to () is
P1(t) = 2t, te0,1), a.s.; 2(t) = 0, t€]0,1), a.s.;
TWEI3 W) —W(Q)2, te1,2], as; T\ T 2W@) —2W(1), te[L,2], as.
Clearly, (Z,u) is an optimal pair, I§ = [1,2], and,
oW = {y € LA C(0, TER") | Ey'(t) <0, Vte[1,2]}.
It is easy to check that
{(0,—)T [a>0}, (t,w)€[0,1)xQ;
Ty (a(t,w)) = Cu(a(t,w)) =
{(=0,0)T | >0}, (t,w)e[1,2] x .
Then, we can choose ®(t,w) = Ty (u(t,w)) for any (t,w) € [0,2] x Q.
Letting
[ 0,-1)T, (t,w)€[0,1)xQ;
weo)={ 0o (o€ e xa
and y1(-) = (Y1 (), ¥2(-)) " be the solution to
{ dy: (t) = Bu(t)dt + (Cyi(t) + Do(t))dW(t), t € [0,2], (3.27)
yl(o) - 07 ’
we have y; € GV N QW . Set
(0,007, (t,w)€[0,1) x Q;
s ={ Lo (o) elalxn
Ao =1 and let (P1, Q1) be the solution to the backward stochastic differential equation
dPi(t) = —CTQ1(t)dt + Q1(t)dW (t), t € [0,2], (3.28)
P1(2>:(1a0)—r .

Then ¢ € (QW) ™, Ao+ [¥llpv2 # 0, (P1,Q1) = ((1,0)7,0),
T .
Py(t,w) + 9(t,w) ={ gggT g:; E [?;])ig

and,
<<%0u[t]ﬂv> = <BT(P1(t) +¢(t)),v> <0, Vwve CU(ﬁ(t)%Vt € [OaT]a a.s.

Therefore, the first order necessary condition (3.13) holds.
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4. Second order necessary condition

In this section, we investigate the second order necessary condition for (Z, @) to be a local minimizer for the
problem (1.5). Throughout this section, we assume that u € L#(Q; L*(0,7;R™)) and write

Vi=UNLy(Q; L*(0, T;R™)).
In addition to (A1l)—(A2), we assume that
(A3) b, 07 (j=1,...,d), , g and p* (£ =1,..., k) satisfy the following conditions:
(i) For a.e. (t,w) € [0,T] x Q, b(t,,-,w) : R* x R™ — R" and o’(t,-,-,w) : R® x R™ — R"
(G =1,...,d) are twice differentiable and

(w,u) = bg 2 (t, 2, u,w), (,u) — U{x,u)z (t,z,u,w), 7=1,...,d

are uniformly continuous in x € R™ and u € R™, and,

d
|b(z,u)2 (t, 2, u, w)| + Z |ng7u)2(t,a:,u,w)| <L, YV (z,u) e R" x R™, as,;
j=1

(ii) ¢(-,w) : R™ — R is twice differentiable a.s., and for any x, & € R™,
Gz (T, W)| S L, [$oo(@,w) — ¢uo(T,w)| < Llz = Z[, as.

(iii) g, ¢%, £ =1,...,k are twice differentiable functions, and for any x, & € R™,

k
|z ()] +£¥1 |l ()] < L,

h k
|9za (T) = Gz (T)] + 421 |0l (2) — 0l (B)] < Llz — 7|, as.

For f=0b,07 (j=1,...,d), write

fralt] = faa (6, 2(2), (1), foult] = foul(t, (1), 0(t)),  fuult] = fuu(t, Z(t), u(t)).

For any vy € T, (Zo), v € TH(u), wo € le((f)(fo,z/o) and h € Tllj(Q) (@,v) (Here and henceforth, for the

definitions of T3(u) and Tg(z)(ﬂ, v), V is viewed as a subset of L(€2; L*(0,T; R™))), similarly to [18, 15], we
introduce the following second-order variational equation:

dya(t) = (bz [t]yQ (t) + by [t]h(t) + %yl (t)Tbmmyl (t) + v(t)Tbmu [t]yl (t)

+50(t) Tbuutlo(t))dt +§:1 (4 [t]y2(t) + ol [tR() +5y1.(t) T ol [t]yn (¢)

+o(t) "ol [ty (t) + 5u() T ol [te(t)dWi (1),  telo,T],
y2(0) = mo,

where y; is the solution of the linearized equation (3.2).

By the definition of the second order adjacent vector, for any € > 0, there exist wf € R" and h, €
L(€; L0, T;R™)) such that zf := Zo + e + e%w§ € Ko, u® := i+ ev +e?h. € V, w§ — wy in R” and h,
converges to h in L#(Q; L*(0,T; R™)) as ¢ — 07. Denote by x° the solution of (1.1) corresponding to the
initial datum 2§ and the control u®. Put

52 (t,w) — eyy (t,w) — e2ya(t,w)

0x® = — I, r5(t,w) = g .

The next result for d-dimensional Wiener process follows by the same arguments as those used to prove [15,
Lemma 4.1].
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Lemma 4.1. Let (A2) (i) and (A3) (i) hold. Then, for any v,h,h. € LE(Q;L*(0,T; R™)) and vy, w0,
wg € R™ as above, we have
ly2llsc,2 < Clo| + [[v][3 + [I72]]2)-

Furthermore,
75002 =0, &— 0. (4.2)

Define the critical set

T(i‘,ﬂ)::{(yl,v,vo)eLﬁ(Q;C([O,T];R"))fo}(ﬂ)XT%O(iO) y1 solves (3.2),
Y1 € cloo 2(QM) N eloo (€M) and E (¢ (Z(T)), y1(T)) :o}. (4.3)

For any (y1,v,v9) € YT(Z,a), let W(Zo, 1) and M(u, v) be convex subsets of T b(2 )(xm vp) and Tb(2)( ,0),
respectively. Denote

G (y;,v) == {ygeL?F(Q;C([O,T];R”)) Y2 solves (4.1) for some wy € W(Zg, 1) and hEM(ﬂm)}. (4.4)

Remark 4.1. Let v € Te(ﬂ). When U is defined by finitely many equalities and inequalities constraints,

under some constraint qualification and smoothness assumptions, the second order adjacent set T(l}(z) (a(t,w),
v(t,w)) is a nonempty closed conver subset of R™ for a.e. (t,w) € [0,T] x Q (see [15, Example 2.1]).
Moreover, if there exist a nonnegative n(-) € Ly (Q; L*(0, T;R)) and an g9 > 0 such that

dist(u(t,w) + ev(t,w),U) < e?n(t,w), a.e. (t,w) € [0,T] x Q, Ye € [0,e0], (4.5)

then, similarly to the proof of [15, Theorem 4.1], we deduce that every h(-) € L#(Q; L*(0,T;R™)) satisfying
h(t,w) € Ty, b2 )( (t,w),v(t,w)) for a.e. (t,w) € [0,T] x Q belongs to Tgm)(ﬂ,v). In this case, we can choose
M(a,v) to be the set

{h(-) e LA(Q; L4(0, T;R™)) \ ht,w) € T (@(t, w), v(t,w)), a.e. (t,w) € [0,T] x Q}

For a sufficient condition for (/.5) we refer the reader to [16, Example 4.1].

Define
I} = {t € If | E(g.(2(t)),51(t)) = 0}, (4.6)
I{ = {L € I | E (@5 (2(T)), y:(T)) = 0}, (4.7)
79(2) == {t € [0,T] | 3 {s:};2, C [0, 7] such that zll)rgo si=t,E g(z(s;)) <0,
E (g2(Z(si)),y1(s:)) >0, Vi=1,2,... }, (4.8)
and
. |E (9.(2(5)),91(s)) | ]
lim sup - , teTI(z),
et) =0 waithe  HEIEE)] (49)
E(g=(z(s)),y1(s))>0
0, otherwise.
Consider the set
0@ (yy) = {z € L2(9;C([0, T);R™)) | For all ¢ € I{,
E (g2 (2(1)), () + B (902 (20 ()10 (1)) + e(t) < 0} (4.10)
and
ED(y) = {z € L2(;C((0, T];R™)) | For all £ € TF,
E (@ (z(T)), Z(T)>+§]E (@ (2(T))y1 (T), 12(T)) <O } (4.11)
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Remark 4.2. From (4.9), it is easy to see that e(-) is an upper semicontinuous function on I{. Therefore,
Q@) (yy) is a conver open set (possibly empty). When y1 € QW) i.e., E(g.(%(t)), y1(t)) <0 for any t € I§,
Q@ (yy) = LA(Q;C([0,T);R™)), since for such yi, I{ = 0. In addition, if there exists a § > 0 such that

E (g.(Z(s)),y1(s)) <0, Vse(t—0,t+9), telf,

then, e(t) = 0 for any t € I. In this case, Q) (y1) enjoys a much simpler expression:

0O (y) = {= € L3 C([0, T RY) | For allt € I, B (gu(#(1)), 2(0) + 3E {ga (B(1))ua (), (1)) < 0}.

However, since the function e(-) depends on the process y1, in general, e(-) # 0. For more details about this
issue in the deterministic cases we refer the reader to [23] and references cited therein.

Let (P1,Q1), ¢ and g, £ € I be defined as in the proof of Theorem 3.1 in the case when GVNQMNEM) £
0 (See (3.3), (3.5) and (3.6) for the definitions of G, Q1) and €M), respectively). In particular, P;(T) is
given by (3.24). Corresponding to such fixed (P, Q1), ¥ and A\, for all £ € Z§, we introduce the following
adjoint equation to (4.1):

ARy(0) = ~ (BT Palt) + Pa(0bel]) + 32wl a0l + 32 oAl @30
+iQ§(t)0[]+%z[]) i QL(t)dWi(t), te0,T], (4.12)
PAT) = ~0re(a(T) = 5 Al (a(D))

where J# is given by (3.9). Clearly, under the assumptions (A2)—(A3), the equation (4.12) admits a unique
strong solution (P (-), Q2(+)) € L2(Q; C([0,T7]; S™)) x (LE(Q; L*(0,T; S”)))d, where 8" := {A € R™*"| AT =
A}

To simplify the notation, we define

S(t,l’, U, Y1,21,7,Y2, Z27w) = ji’fw(t,x,u, Y1, ZlaT7w) + bu(ta $>U7W)Ty2
d

d
+ Z Uﬂ(t’ T, U, w)ng + Z 0%@7 €T, U, W)T920i<t7 T, u,w),
, o
where (¢, ,u,y1, 21,7, Y2, 22,w) € [0,T] x R® x R™ x R™ x R"*4 x R™ x S" x (S™)4 x (). Write
S[t} :S(taf(t)vﬂ(t)aPl(t)aQl(t)7¢(t)vp2(t)7Q2(t))v te [OvT]v (413)

where (P1(+),Q1(+)) and (Pa(+), Q2(+)) solve the systems (3.8) with A\g = 1 and (4.12), respectively.
We have the following result.

Theorem 4.1. Let (Z,a) be a local minimizer for the problem (1.5) with the initial datum T and the control
a € V. Suppose (A1)-(A3) and that G N QW NEW £ (. Let \g =1, (P1,Q1), ¥ and My, £ € I be as in
the conclusions of Theorem 3.1 for the case that GV N QM N EW £ .

If (y1,v,0) € Y(Z,a) and G2 (y1,v) N QP (y1) NEP (y1) # 0, then for any given yo € G (y1,v)N
loo2(Q@ (1)) N cloo2(EP (y1)) with the corresponding wo € W(Zo,vo) and h(-) € M(u,v), the following
second order necessary condition holds:

(PL(0), o) + 5 (Pa(0)vt o) + 3 B (g (D)), 2(1)) + 5B (el (BTN (T), 5 (T)) )

LeLf
T d
+E [ (A1) + 5 hultott). o) + 5 3 (Pood fute). odlfo(e)
(ST (1), (1)) )t + E / (a(t), i (1)) <0, (4.14)

where (Pa, Q2) is defined by (4.12).
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Remark 4.3. (i) In Theorem 4.1 we assumed that the set G N QW N EW is nonempty and have taken
Xo =1 and any (P1,Q1), ¥ and \g, £ € I§ as in the conclusion of Theorem 5.1. That is our second order
condition is valid for any normal multiplier appearing in the first order conditions. In Theorem 4.2 below this
assumption is skipped, but, in contrast, it states that a similar second order necessary optimality condition
holds true for some (P1,Q1) as in Theorem 3.2. That is, removing the requirement GO N ngl £ ¢,
yields a weaker conclusion.

(ii) Also, in Theorem j.1 we assumed that G (y1,v) N Q@) (y1) N E@(yy) # 0. This holds true under
some appropriate conditions. For instance, let us assume that for Ti,(To) = Ck,(ZTo) and To(u) = Cy(u)
it holds that GV N QW N EW £ () (a sufficient condition for it will be provided in Section 5), and pick
any 71 € GO N QW NEWD . Then, for every (yi,v,19) € Y(Z,4) such that the function e(-) defined by
(4.9) is bounded on I, T;}(f) (Zo,0) # 0 and T\g@) (@,v) # 0, we can find W(Zo,vo) and M(u,v) so that
G@ (y1,v) N QP (y1) NEP (y1) # 0.

Indeed, since T;}(Oz)(fo,yo) and Ts(z) (@,v) are nonempty, they contain some nonempty convex subsets

W(Zg, 1) C Tf((f)(a’:o,uo) and M(u,v) C Ts(z)(ﬂ,v). Fiz such subsets and define nonempty convex sets
W(Zo,10) = Cr, (Zo)+W(Zo, 10), M(i,v) := Cy(a)+M(a,v). From Remark 2.1, it follows that W(Zo, vo) C
Tf((f)(afo, vo) and M(a,v) C T€(2)(ﬂ,v). Moreover, for every wo € W(Zo, vo), h € M(a,v) for any 0 > 0 we
have oy + wo € W(Zo,vp) and 0o + h € M(a,v).
Fizing 0 > 0 and letting yo be the solution of (4.1) corresponding to obg + wo and v + h, we have
Y2 = oY1 + 22. By Lemma /.1,
1220122 < Clwol* + [|v]| + [IR]I3)-

Since 1 € GH N QW NEW | and I§ and I are compact sets, for all sufficiently large o,

E (9 (2()), y2(8)) + %]E (9o (2())y2 (1), y2 (1)) + e(t)

= 0E(9:(2(t),51(1)) + E (92(2(1)), 22(1)) + %E (922(2(8)y1 (1), y1(2)) + e(t)
< 0, Vtelf,

and for every £ € I7, and all o sufficiently large

E <¢i(f(T)), yz(T)>+%]E <<me(f(T>)y1 (T),y1(T))

= 0B (e (z(1)),51(T)) +E (@, ((T)), 22(T)) + %E (5 (@(T))y1(T),51(T)) < 0.

Therefore, when o is large enough, y2 € G (y1,v) N Q3 (y1) N E@ (y1).

Proof. (of Theorem 4.1).

Observe that if IY = (), then Q@) (y;) = LZ(Q;C([0,T];R™)) and therefore, G2 (y;,v) N Q@) (y;) N
E@(y1) = GA(y1,v) N E@(y1). In this case, the same arguments as given below do apply by simply
skipping the constraint (1.4) in the problem (1.5) and putting ¢ = 0.

For this reason we provide the proof only when I{ # 0.

We proceed in two steps.

Step 1: y» € G (y1,v)NQP (y1)NEP (y1), i.e., when g, is a solution of the equation (4.1) corresponding
to some (wo, h) € W(Zo, ) X M(,v) such that

E (9. (2(t)),y2(t)) + %E (Goz(Z()y1 (1), y1 (1)) +e(t) <0, VtelIf.
and 1
E <90§:(56(T))7y2(T)>+§]E (% (@(T)yn(T), 11 (T)) <0, VeIf,

where I{ and Z{ are defined respectively by (4.6) and (4.7).
Let u(e) € R™ with |u(e)] = o(?) and n(e) € Li(Q; L*(0,T;R™)) with ||n(e)|la = o(?) be such that
x§ = To + evg + €2wo + p(e) € Ko and u® := @ + ev + 2h + n(e) € V. Denote by ¢ the solution to (1.1)
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corresponding to z§ and u°. By the assumptions (A2)—(A3) and Lemma 4.1, for any ¢t € [0, 7] we have the
following expansion

Eg(z°(t)) = E (())+5E<gz(9’c(t)),y1(t)>+€2E<gm(ﬂ?(t))7yz(t)>

+5E (G2 (T()y1 (1), 91(1)) + 0(?). (4.15)

Similarly to the proof of [18, Proposition 4.5], we first check that (z°,u®) € P,q when ¢ is sufficiently
small.
Our first goal is to show that there exist a §g > 0 and an €y > 0 such that

E g(2°(s)) <0, Vse€(t—20dp,t+0d)N[0,T], Vtelf, Veel0e. (4.16)

Fix an arbitrary £ € I{. We claim that there exist §(f) > 0 and «(f) > 0 such that

E g(2°(s)) <0, Vse(t—6(),t+)N[0,T], Ve e 0,af). (4.17)
. . . 1 ~ 1 .01
Indeed, otherwise, for any ¢ € N, there would exist ¢; € [0, ;], s; € (t— - Jt+ ;) [0, 7] such that
E g(z(s;)) > 0. (4.18)

Assume for a moment that there exists a subsequence {s;, }°2, of {s;}72, with corresponding subsequence
{ei, }p2 of {g;}:2, satisfying

E g(Z(si,.)) <0 and E(g,(Z(s;,)),y1(s:.)) >0, VK =1,2,.... (4.19)
Then, by (4.15),
E g(a=(s;,)) = e (E (92(2(s4,))s y2(s3,)) + E<gm( (i ))y1(si), y1(si )
B ge(@(si)) va(si)) | oled)
Eg(s)) | 2 )
+E g(i(siﬁ))(l 4 Gl <929]“E( g(i’z)f’i/)l(s“»)z. (4.20)

Since ¢ € I{ and ys € o® (y1), there exists py > 0 such that

E <gz(j(£))7 y2(£)> + %E <gww(i‘(£))y1 (5)7 Y1 (£)> + e(f) < —po-

Therefore, when & is large enough,

E<gm(£(siﬁ)>7y2(8in)> + E(Qmm( (szﬁ))yl(sin%yl(sim» +

This, together with (4.20), implies that, when « is large enough, E g(a%(s;_)) < 0 contradicting to (4.18).

Now, assume that there is no any subsequence of {s;}7°; such that (4.19) hold. Then, E g(Z(s;)) =0
or E(g.(Z(s:)),y1(si)) < 0 for all sufficiently large i. Then, if s; ¢ I, we have E g(Z(s;)) < 0 and hence
E (g2(2(s:)), y1(si)) < 0. On the other hand, if s; € I, then E g(z(s;)) = 0 and, since y; € clo2(QW),
E (92(2(si)),y1(si)) < 0. In both cases,

E g(z(s:)) + & (9:(%(s:)), y1(s0)) < 0. (4.21)

Noting that e(t) > 0 for all ¢ € [0,T7], and I{ is compact, there exists p2 > 0 such that

E (92(2(1)),y2(t)) + %E@m(f(t))yl(t),yl(t» < —py, Vtell
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Since s; — t and £ € I, when i is large enough,

E (g2 (3(50)), 12 (s0)) + 3B 022 (5001 (52). 11 (59) < 22,

Then, by (4.15) and (4.21), for any sufficiently large 4,

2
E g(a%(s;)) < €E <9m(f(8i)),y2(8¢)>+%E (9w (@(50))y1(50), y1 (1)) + o7

which also contradicts (4.18). This proves (4.17).

Since I{ is compact, there exist finitely many ¢; € I{,i=1,2,..., N (N € N) such that I{ C UZV:

d(ti),ti + (t;)). Choosing &1 := min{«a(¢;), i = 1,2,..., N}, we have

N
E g(2°(s)) <0, Vse|Jt:—6(t) ti+08(t:)N[0,T], Ve €[0,]
i=1

1(ti -

(4.22)

Let I{ := I3\ UzN:l(ti — 0(t;),t; + 6(t;)). By the compactness of I¢, there exist a > 0 and a p3 > 0

(independent of ¢) such that
E (g.(Z(s)),y1(5)) < —p3, Vs€(t—0,t4+0)N[0,T), t € I.
Then, by (4.15), there exists an €2 such that
E g(z°(s)) <0, Vse(t—06,t4+0)N[0,T], telf, Veecl0,e.

Let g = min{ey,e2}. Clearly,

(t: = o(t:), ti+ () | J (| (t =6, +9)).

i=1 tely

C =

I§ c (

Choosing a sufficiently small dg > 0 such that

I c U(t—5o7t+5o) c ( (ti—é(ti),tﬁé(ti)))U( U(t—é,t—i—é)),

telg =1 tely

C=

from the above discussion (especially, (4.22) and (4.24)), we obtain that
E g(2°(s)) <0, Vse€(t—20dp,t+0d)N[0,T], Vtelf, Veel0e].

This proves (4.16).
Next, define

I = 0,77]\ [ U (t—éo,t+5o)]

telf

It is clear that I is also a compact set and consequently, there exists a py > 0 such that
E g(2(t)) < —ps, Vtel..
By (4.15), we have, for sufficiently small € > 0,

E g(2°(s)) <0, Vsel..

(4.23)

(4.24)

(4.25)

(4.26)

Combining (4.16) with (4.26), we conclude that, when ¢ is small enough, z° satisfies the constraint (1.4).
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In addition, using a similar method as above at time 7', we have, when ¢ is small enough, x° satisfies the
constraint (1.3) (see also [16, Theorem 4.2] for a detailed discussion). This proves that (%, u®) € Puq.

By the optimality of (Z,4) and the equality E (¢, (Z(T)),y1(T)) = 0, we have
E ¢(25(T)) — E ¢(2(T))
= ZE(0u(a(T), 3 (1)) + B (00 (o(1)), 12(T))

o(e?)

%1{«: (Goa (@(D)1(T),92(D)) + =
E (62 (2(T)), y2(T)) + 5E (s @)1 (T), 1 (1)), (s & — 0%).

0 <

2
By (3.24), we have
$2(2(T)) = —P(T) = > el (2(T)) — o(T).
Lexy
By Itd’s formula,
E (P(T),y2(T))
T L1
= ), @o) + E/ P1 5 <P1(t),yl(t)Tbm[t]yl(t»
0

+(PL(t), 0(t) Tboultlyr () + 5 (PL(t), v(8) Tbualtlo(t)) — ($(2), ba[t]y2(t)

s CHORAUIONE % S (@O O okl (®))

j=1 J=1
iy (@000 oL () + 3 i< O olulle(t)) )dt,
j=1 Jj=1

and

E (¢(T), y2(T))

(6(0),Bulioa ) + {0) BulR(D) + 5 (0(0) 32() bl (1)

I
=

0
T

(900,00 T baultln () + 5 (0,00 b o))t + B [ (a(0), a0

0
Combining (4.28) with (4.29) and (4.30) we obtain that

E (¢2(2(T)), 42(T)) = E <—P1(T) =D Al (@(T) — ¢(T),yz(T)>

LeLy

= (P00~ 3 E MG (E(T)), 1a(T)) — E / (yalt), dis(2))

LeLy

+ <P1(t) + w(tM(t)szu[ ]y1(t > + 3 <P1 ¢( ) ( )Tbuu[t]v(t»
d

£3°{Ql0), oAhm) + 3 (@) 1O oL ltn®)

(4.27)

(4.28)

(4.29)

(4.30)



= {P1(0), w0) — Z E (Aol (2(T)), y2(T))

€Ly

T T
E / (alt), dib(8)) — E / (A [t], h(1)) dt

17
—3E / (aaltlyn (1), 1 (1)) + 2 (Aot (1), 0() + (H[tlo(t), 0(2)) ) . (4.31)
0
In addition, by the choice of P»(T"), we have
LeLy
Also, by Itd’s formula,
E (P (T)y:(T), y1(T)) (4.33)

T d
= (Pa(Owo ) +E [ (2P (0 ultlole) + 23 (Palt)o it (0. 1o (1)

d d
+ 2 (POadlo(t). o [fe(0) +2 3 (@0 (0. 0Ll0(t)) — (Haaltlyn (132 (1) ) .

Substituting (4.31), (4.32) and (4.33) into (4.27), we obtain (4.14).

Step 2: Let y2 € 6@ (y1,v) N eloo 2(QP (1)) N el 2(£P) (y1)) with the corresponding wy € W(Zo, 1)
and h(-) € M(@,v). Since we assume that G (y1,v) N QP (y1) N E@(y1) # 0, we may choose a Jy €
G (y1,0) N Q@ (1) NED (y1) and let wo(€ W(Zo, 1) and h(-) (€ M(a,v)) be its initial datum and control
in the equation (4.1). For any 6 € (0, 1), define y§ = (1—60)ys+6072. Since W(Zo, 1) and M (@, v) are convex
set, 39 is the solution to the equation (4.1) with initial datum w@§ := (1 — 0)wo + 0y € W(Zo, 1) and
control h?(-) := (1 — )h(-) + 0h(-) € M(@,v). Then, y§ — ya in LE(; C([0,T];R™)) as § — 0. Moreover,
since g2 € QP (y1) N E@ (y1) we have y§ € Q@) (y1) N EP (y1). From Step 1, we deduce that

(P1(0), o> + % (P2(0)wo, vo)

+ 30 B Qugh (BT, 4(T) + 5B (el (1) (7),30(T)) )

LeLy

1

T d '
+E/O ((ﬁ[t],h‘)(t)>+§<%u[ﬂ Y+ s> (P o(t), ol [tlo(t))

Jj=1

N =

T
+ (S (.0(0) )t + B [ (580),dw(0) <0

Letting # — 0, we obtain (4.14).
This completes the proof of Theorem 4.1. O

The above theorem excludes the case of abnormal multipliers. Our next aim is to state second order
conditions that may be abnormal but allow to dispense some assumptions.

Theorem 4.2. Let (Z,a) be a local minimizer for the problem (1.5) with the initial datum Zo and the
control w € V. Assume (A1)-(A3) and that E |g,(Z(t))| # 0 for any t € I§. Let (y1,v,10) € YT (T, u)
and suppose that e(-) (defined by (4.9)) is bounded on I{. Consider convex sets W(Zg,vp) C Tf((oz) (Zo, 0)
and M(u,v) C Ty, ") (@,v). Then there exist Ay € {0,1}, A\¢ > 0 for all ¢ € I} and ¢ € (QW) " such
that the solution (Pl,Ql) to (3.8) with I§ replaced by I7 satisfies the first order condition (3.13), and for

any yo € GP (y1,v) with the corresponding wy € W(Zo,vo) and h(-) € M(@,v) the following second order
necessary condition holds true:

1

T
(PLO). ) + 5 (PaO) ) + B | (I (0) + 5 (Aanltlo®),0(8) + (STt (6),0(0)
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1
2

J

where (P, Q2) solves (4.12) with

Py(T) = =Aotaa(#(T)) = Y M@l ((T)). (4.35)
eIy

(P, olo(®) )t + sup B [ a(®).du() <0, (434)
= ) Jo

1 acQ®@ (y,

Proof. If W(Zo,v0) or M(u,v) is empty, then it is enough to apply Theorem 3.2. Assume next that these
two sets are nonempty. We replace them by larger convex sets as follows W(Zg, 1) := Ck, (To) + W(Zo, 1),

M(i,v) = T (i) + M(u,v), where
To(a) == {u € La(Q; LY 0, T;R™)) | u(t,w) € Cy(a(t,w)) a.e. in [0,T] x Q}.

By [16, Lemma 2.7], To(@) C Cy(@). Thus, by Remark 2.1, M(@,v) C Ts(z) (@,v). For simplicity, we
keep the same notations W(Zg, 1) and M(@,v) for these larger sets.

If I{ = 0, then Q3 (y1) = LE(; C([0,T];R™)) and G (y1,v)N QP (1) NEP (y1) = G (y1,v)NEP (y1).
Then [16, Theorem 4.2] implies the result with ¢» = 0.

Assume next that I{ # 0. Since E |g,(Z(¢))| # 0 for any t € I§ and e(-) is bounded on I{, we have
—92(2(-)) € QW and —0g.(7(-)) € Q®)(y;) when o (> 0) is large enough. Hence Q) # () and Q) (y;) # 0.

Let yo € G (y1,v) and (P, Q1) be a solution of (3.8). Then using (4.29) and (4.30), in the same way
as in (4.31), we deduce that

E (P (T) +9(T),y2(T))

T T
— (Pi(0).0) +E / (a(t), (1)) + E / (A1), h(t)) dt

%E / (Ao t11(2), 91(8)) + 2 (Aot (2), 0(0) + (A [t]o(t), 0(2)) ) . (4.36)

Set g := ¢ and define for £ € {0} UZY the open convex sets
My = {2() €L OO TIR") | B (D), D)+ 5 (hal@(T)n (D)o () < 0.

If M; = () for some 7 € {0} UZY, then ¢ (Z(T)) = 0 a.s. and E <¢£E(E(T))y1(T),y1(T)> > 0. Setting
V() =0, A\;=1and A\ =0 for all £ # ¢ € {0} UZ¥, we get (Pi(t), Q1(t)) =0, Py(T) = —¢L (z(T)) and

2B (PAT)ys (1), (T)) <0, (4.37)

Since (P1(t),Q1(t)) = 0 and 9(t) = 0, we obtain that

T
%E/O (e [ty (t), y1(2)) dt = 0.

This and (4.33) imply (4.34).
Assume next that M, # () for every £ € {0} UZY and observe that ﬂeezf M, = E@(y1). Thus, by Step
1 of the proof of Theorem 4.1,

G (y1,v) N QP (y1) N ﬂ M, = 0.
Le{0}uzy
By Lemma 2.3, there exist «*, 2} € L2(Q; C([0,T];R"™))* for all £ € {0} UZ{ not vanishing simultaneously
such that for p* = —(a* + Zee{o}uzf x}) we have
inf p*(G® (y1,0)) +inf 2" (QP (y1)) + > infaj(M,) > 0. (4.38)
Le{0}uUIy
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If o4 (2(T)) = 0 for some £ € {0} UZY, then M, = L2(Q; C([0,T];R™)) and (4.38) implies that } = 0.
For any ¢ € {0} UZY with % (Z(T)) # 0, consider the closed convex cone

Qui={zr € L3, (UR") | E(wf(a(T)), 2r) <0 }. (4.39)

Then (Q¢)~ = Ry¢(2(T)).

Let 7 be given by (3.10) and v* denote its adjoint (see (3.11)). It is not difficult to realize that v~1(Q,) +
My C M, for every £ € {0}UZY and that v~ (Qy) is a cone. Hence, by (4.38), —z} € (v"1(Qr)) . We already
know that ~ is surjective. Thus, by the well known result of the convex analysis, (7*1 (Qe)) C=9"(Q, ) (see
for instance [2, Corollary 22, p. 144] applied to the closed convex cone @, and the set-valued map v~ whose
graph is a closed subspace of L% (;R™) x LZ(Q; C([0,T]; R™))). Consequently, —z = v*(Aeh (2(T))) for
some A\ > 0. If 2 = 0, set A\, = 0. By normalizing, we may assume that Ao € {0, 1}.

Define 1

Ue = {zrels, (%R | E<¢ﬁ(f(T))’ZT>+§]E (5 @)y (T),31(T)) < 0}.
By the surjectivity of ~,

sup (—a7) (m) = sup E{Apf,(2(T)),7(m)) = sup E(Aepg(2(T)), 2r).

meM, me My zp€ly
On the other hand, by the definition of My, for any ¢ € {0} UZY with % (Z(T)) # 0,
- Ar -
sup B\ (2(T)), 27) = = T E (5 (B(T)n (), 3:1(T)) -
zrely

From (4.38), and setting ¢ = —z*, ¢* = —p*, we deduce that

T
* 1 =
swp )+ sw B[ (a@de) - 5B 3 ek @@)n(D.n(D) 0. (140)

y2€G3 (y1,v) a€Q®@(y1) JO ce{oyuzy

Observe that that Q) + Q@ (y;) € 9@ (y1) and GV 4 GO (y1,v) € G (y1,v). Thus (4.40) implies
that v € (QM)~ and ¢* € (GV)~.

Since ¢* = 2" — 3¢ (oyuze ¥ (Al (2(T))), for every y € G

T
B[ @) - Y Bl n(@) <0
0 Le{o}uzy
Define P, (T) = _ZZG{O}UIf Al (Z(T)) — (T) and consider the solution (P, Q1) of (3.8) with Z¢
replaced by Z7. Applying (3.22) and (3.19) we obtain (3.12). Then (3.13) follows in the same way as before.
Now, for the solution (Ps, Q2) to (4.12) with Py(T) given by (4.35), by (4.40), for every y» € G (y1,v),

T
E / w0, db@®) - S Bt (@(T)), 1(T))

te{o}uzy
1 T
HERON@. @)+ sw [ (a),dv) <o
a€Q@ (y1) J0

From the above inequality, using (4.29), (4.30) and (4.33), we deduce (4.34).

5. A sufficient condition for normality

As in the deterministic optimal control problems with state constraints, we call the first order necessary
condition (3.12 ) normal if the Lagrange multiplier A9 # 0. By Theorem 3.1, this is the case when G N
QM N gD £ (. In this section, we first give a sufficient condition for G N QM) £ () and then use the
obtained results to investigate a sufficient condition guaranteeing that GV N QM N EW £ .

In addition to (A2) (i), we assume that
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(A4) g(-) is continuously differentiable up to the third order, and there exists a nonnegative n € L°([0,T] x
Q;R) such that

|92(2(1))] + [ 920 (Z(1))D[t]] + Z | 920 (2 (1)) 0 [£]]

+%|gmm(f(t))o[t]a[t]T| <n(t), ae. tec0,T], as

(A5) There exist a 6 >0 and a p > 0 such that

sea {2 (@), bull) + 3 (gea (@71 03[0} | < py e (hw) €17 x 9

where, @ is a set-valued map satisfying (3.1), Brm is the unit ball in R™ and
I :={t€[0,T]|E g(z(t)) € [-6,0]}. (5.1)

Theorem 5.1. Assume (A2)(i) and (A4)-(A5), and that g(zo) < 0 and Tk,(To) contains a non-zero
element. Then, QM N GM £ (.

Proof. We follow the proof of [7, Theorem 3.10]. We only need to prove Q) NG # () when I§ # 0 (I is
defined by (3.4)).
By (A5) and Lemma 2.4 (using a completion argument if necessary), there exists a v € Lg°([0,T] x
Q; R™)),
v(t,w) € ®(t,w) N Brm, a.e. (t,w) € [0,T] x Q

such that
(g2(Z(1)) ) + Z {gur (@) [t], i [tJo(1)) < —p, ace. (t,w) € I x Q. (5.2)

In the following we shall construct a continuous stochastic process y € QM N GW.
Step 1: Define
ty =inf {t |t € I§}.
Since I§ is nonempty and compact, t; € I§. Since g(zg) <0, t1 > 0.
We shall consider below two different cases.

(a) I E g(2(t)) € (—6,0) for any ¢ € [0,41), let C; — %, ¢y = 19a(Zo)| +1

as the solution of

and define y on [0,¢1] x Q

ay(0) = (bl (®) + ConOluOlbulilo0) e + €l o)
d
; (2 [tly(t) + Cin()|y(t)]od[tv(t))dW (t) (5:3)
G S ol (o, ¢ < 0.0,
y(O) = o,
where vy € Tk, (Zo), vo # 0. By Itd’s formula,
9:(Z(t)) = gul(zo) + / (9o (T(£))[t] + %gm(aﬁ(t»o[t]a[tF)dt
0
+Z/ o (T [LJdWI (), as.Vtel0,T] (5.4)
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For y(-) and ¢,(Z(-)) as above, using Itd’s formula again, we have
E <gm(‘/f(t1))7 y(t1)>
= <gz(x0)7 V0> + EA <gz(‘i'(t))7 bx[t]y(t> + Cln<t)|y(t)‘bu [t]’U(t» dt

+E /Otl <gx(a:( ), ngbu[t}v(t)>dt

ty

t, d
+JE/ Z<gm(5€(t))0j[t],Oi[t]y(t) + Cun(t)]y(t)]el[tv(t)) dt

+]E/tlz<gm Z(t))o?[t ':f|a [t} (t)>dt

t1

+E /0 {guw (E(DH] (1)) dt + 3B / (o (@)ool T (1)) dt

IN

ty

t; d y 4
‘HE/(; ; <gacg;(-73(t))0j [t}, Cgltf|0'%[t]v(t)> dt

oaten)inl +E [ <gx(f<t>>,cz'”°'bu[t]v<t>>dt

t d A
+E / (g (2(1)). +Z 922 (2(1))0 [t], 03 [1ly (1))
F{gar OB, YO) + 5 (Grae (D)ool <>>)dt
ty d
+E [ Cont0lyt0)|({a@(e): ultlo) + 3 (g @)1 o2l0(0) )t
< |gx<xo>||uo|fpcg|uo|+E/Ol [lg2(2(0) 12 |+Z|gma—: o2 14

Fgan (FU)BL] + 51900 (EE) ol T[] [y(Dldt — pOLE / Cnly(e)lde
<l =E [ nolye <o (5.5)

(b) If there is a t € [0,¢1) such that E g(Z(t)) < —4 then let
to = sup {t €[0,t1)|E g(z(t)) < —5}.

By the continuity of E ¢g(Z(+)), to < t1 and E ¢g(Z(tg)) = —9.
Let vy € Tk, (Zo), vo # 0 and define y on [0, to] x Q by the following stochastic differential equation:

{ y(®) = byt + 32 AAODTI0), 1€ [0.0] .
y(0) = ro.

Letting S(-) be the solution to the matrix-valued stochastic differential equation:
d .
{ d5(0) = bSOt + 32 AASOMI0), 1€ 0.1]

S(0) = 1,
27



by [27, Theorem 6.14, p.47], for a.e. (t,w) € [0,t0] x Q, S(t) is invertible and
y(t) = S(t)vg, a.e. t €]0,0], a.s.

Since vy # 0, we have y(t) # 0 for any ¢ € [0,to]. In particular, y(to) # 0. Denote &, = y(to) and let y be
the solution of the following stochastic differential equation on [tg,t1] x Q:

ay(0) = (bltln(®) + = nOly(0bulElo(0)
L [(Blg.@ta) P)* + 1] (Blé, )*

by [tv(t)dt
. p(ta 2@2
+ 3 (odlty <>+7n<t)|y<t>w[] o()) AW (1) (5
@l E)P) +1](El6, ) & j
p(t1 “to) ];1 oy [tlv(t)dW (L), t € [to, ta],

y(to) = fto'

Similarly to (5.5), we show that

N|=

E (g, (&(t)),y(t1)) < —(E &%)} ~E / “n@ly®)de <.

Step 2: Denote by &, the random variable y(¢1) obtained in Step 1. Obviously, &, # 0. Define
ty = max{t € (t1,T] | E g(z(s)) € [—6,0], V 5 € [tl,t]}.

In the sequel, we consider two different cases.

(a) If to = T, we define y on [t1,T] x Q by

L+2

dy(t) = (bo[ty(t) + T”( My (t)[bult]v(t))dt
+ 3 (o) + “ 2Ol Ol @) 0, 1€ T, 3)
y(t1) =&, -

Then, by 1t6’s formula, for any ¢ € [t1, T,
E (92(2(t)), y(t))
B (g a(t)),y(t)) +E / CRECIRNENE

+E <gm s, o2 sly(s)

t1 j=1

+]E/t (922 (2(s))b[s]; y(s)) ds + ]E/t (9aoa((5))ols)ols] ", y(s)) ds

S A CACOINATIOIED RNC DL M)
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(5.9)

t
< B [ as)s)lds <o
t1
(b) If to # T, then —§ = E g(Z(t2)) and there exists an s € (t2, T] such that E g(Z(s)) < —d. Let y be
the solution to the equation (5.8) on [t1,ts] x 2, and denote &, = y(t2). By (5.9), &, #0
If Eg(Z(t)) < 0 for any t € [ta, T], then on [t2,T] x  we simply let y(-) be the solution to (3.2) with
initial condition y(t2) = &, and control v = 0 (on [ta, T] x ). Otherwise, there exists an s € (t2,7] such

that E ¢g(z(s)) = 0. Define

t3 = min {t € [ta, T) | E g(z(t) = 0}, t4 = max {t € [ta, ts] | E g(i(s)) < —5}.

By the definition of ¢, t3 and t4 we have to < ¢4 < t3. Similarly to Step 1, we construct y on [ta,t3] x
such that E (g,(Z(t3)),y(t3)) < 0 as follows:
On [t1, 2] x Q, let y be the solution to the equation (5.8) (with y(t2) = &;,) and define y on [to, t4] X
by the following stochastic differential equation:
d
) = b0t + 3 oIV 0, 1€ [ 1), .10
y(tQ) = §t27

and denote &, = y(t4). By (5.9) (with ¢ replaced by t3), &, # 0, &, # 0. Then, define y on [t4,t3] X Q by

the following stochastic differential equation:

Ay(®) = (bltln(®) + = n Ol Olbulelo(0) it

[(Elge (@(ta)P)* + 1] (Bl ]?)?
+ PO bu[t]v(t)dt
: (5.11)

i( 1tu(e) + Z 20w lod () dw (1)
@@ + 1] E ) &, j
P(t3 —t4) 321 oultlo(t)dW? (1), ¢ € [ta, ta],
y(t‘l) = €t4'

Then, E (g, (Z(t3)), y(t3)) < 0 and we return to the beginning of the Step 2
Since [0, T is a finite interval and E g(Z(-)) is continuous, repeating the above arguments a finite number
O

of times we construct y € oW NngW.
In the following we give an example in which the assumptions (A4)—(Ab) are satisfied

Example 5.1. Letn =1, m =2, U be a subset in R? defined by

1
U .= {(Ul,“Q)T € R? u%—ku% > —,u; +us < 1,up > 0,us ZO},

B=(3,1)eR? Di=(0,0/)eR?, j=1,...,d, 0 € R, z9 € R and xg > 0. Consider the control system

dx(t) = x(t) Bu(t)dt + de x(t)DIiu(t)dWi(t), tel0,T),
x(0) = xo, =
and the state constraint
E z(t) > 0x9, a.e. t €[0,T).
Let U = {(ul,uz)T c R? | up +ug = 1Lug >0, ug > O}(C U). Define
€1[0,T] x Q}.

U:= {uel|u(t,w) e U, ae. (t,w)
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Clearly, for this problem,
g(x) =0x9—x, z€eR, (5.12)

and for any control 4 € U with the corresponding state T,

92(2(t)) = =1, gua(2(t)) = gawa(£(t)) = 0.

Letting n = 1, we find that (A4) holds true.
It is easy to check that, for any 4 € U,

{a(-1,00T +B(—%. )" |a>0, >0}, a(t,w)=(1,0)T;

V2’ V2
Th(at,w)) =< {0 vH)T e R? | v + 02 =0}, a(t,w) = (3,57, (5.13)
{hv?)T e R? | v! +0? <0}, otherwise.

By (5.13), T5(a(+)) is B([0,T]) ® F-measurable and F-adapted, and for a.e.(t,w) € [0,T] x Q, Th(a(t,w)) is
a nonempty closed conver cone.
For any t € [0,T], we have

t 1 d , d t 4 ,
gﬁ(t):moexp[/o (Ba(s)—§Z\D3a(s)\2)ds+Z/o Dia(s)dWi(s)] >0, as.

Let I5 be defined by (5.1) (with T replaced by & and g defined by (5.12 )). Assume that there exists a
constant C' such that
() >C >0, ae (t,w)el0,T]xN. (5.14)

(Clearly, the condition (5.14) is trivially satisfied whenever 4o = 0. On the other hand, by means of
the martingale property, it is easy to see that this condition is equivalent to the essential boundedness

(with respect to the probability measure P) of Z‘j:l fOT Diu(s)dW3(s). Note that, for any & € LE (4 R)
with mean 0, by Martingale Representation Theorem, there exists a U € L%(Q;LQ(O,T;RQ)) so that & =
ijl fOT Dit(s)dW3(s). If, further, this @ belongs to U, then (5.14) is satisfied with the corresponding @
replaced by u.) If

I(2):={te€[0,T] | E &(t) =0z} =0
(e.g., C > Oxg), there is no need to verify the condition (A5). If I(Z)
choosing v = (—%, %)T, we have

# 0, letting ®(-) = T4 (a(-)) and

i.e., (A5) holds true for p = %

Note that the inward pointing condition (A5) is only a sufficient condition but not a necessary condition
for G N QM £ (). We give next an example in which the condition (A5) does not hold but G N QM) £ ().

Example 5.2. Let T =3, m =n =3 and Ky = {0}(C R3). Define

01 0
A=|o0 o0 1|, B=
000

o oo
o oo
= o O

Let us consider the following control system

{ i(t) = Az(t) + Bu(t), t € [0,3], (5.15)

xz(0) =0
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with the control set U = R3, the cost functional

E (e(3)) = 3Ela'(3) - 2P
and the state constraint
g(z(t)) =2%(t) =1 <0, VYtelo,T].
Let u(-) = (u*(-),u?(-),u(-)) " be defined by

Clearly, (z,
Let ®(t)

w) is a global minimizer and I = [2,3].
= R3. For the above (T, ) the condition (A5) becomes:

min (g, (Z(t)), by[tlv) < —p, Vit e I,
vE Bps

where 15 := {t € [0,T]] g(z(t)) € 5 01} (for some p >0 and § > 0).

Obviously, g, (Z(t)) = (0,1,0 ) bult] = B, and {9,(Z(t)), by[t]v) =0 for any v € Bgs, i.e
(A5) does not hold in this case.

Next we show that GV N QW £ (. Clearly, the corresponding first order linearized equation is:

{ zgg)) zz(é)l’y(t) + Bu(t), t €0, 3], (5.16)

., the condition

where v(-) € L*(0,T; R?).

2
Let y(0) = 0, v(t) = (0,0, —1)". Then, we have y*(t) = f% and
2
<gr(j(t))>y(t)>:7§ <0, Vite (073}7

implying that GM N QM) £ .

We propose next a sufficient condition for ¢V noMnegl) # (.

For any (t,w) € [0,7T] x ©, let ® be a set-valued map satisfying (3.1) and denote

d
05 (1) i= {v € @(t.w)| (90 (2(1)). bultlo) + > (900 @(0)o 1) oLt < —p},

and

d
@f(t,w) = {ve@(t,w)| <goz( +Z ot (z I[t], Ji[t]v> <—p, EEISD}.
j=1
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Let I be defined by (5.1) and

@S(t,W) N B]Rm, if (t,UJ) € Ig X Q,
O(t, w) = { ? ’ (5.17)

®(t,w) N Bgm,  otherwise.

By the definition of ® and the assumption (A5), O(t,w) # 0 for a.e. (t,w) € [0,T] x Q.
We assume that

(A6) Functions ¢*(:) : R® = R, £ € I are continuously differentiable up to the third order, and, for some
€>0,n¢e L([0,T] x ;R™) as in (A4),

d
0L (@(t)]| + L (@B + ) |eh (1)o7 [t]]
j=1
+%|¢£mm(i(t))a[t]o[t]T| <n(t), ae. te[T—¢eT), as., VLI

(A7) There exists an € > 0 such that, for a.e. (t,w) € [T —¢,T] x Q,
O(t,w) ﬂ q)g(t,w) #£ ().

Theorem 5.2. In Theorem 5.1, assume that also (A6)—-(A7) hold true. Then, QM NGM NEW £ (.

Proof. We only need to consider the case ZJ # 0.
By the proof of Theorem 5.1, for any 7 € [0,7T), there exists a solution y to (3.2) on [0, 7] x € satisfying

y(r) #0, E (g.(z(s)),y(s)) <0, Vsel0,7]NI. (5.18)
Let 0 € L ([T —e,T] x ;R™) be such that
i(t,w) € Ot,w) [ 2F (tw), V(tw)e[T—eT]x
By the assumption (A7), such ¥ exists.

Now, we shall prove the conclusion by considering two different cases.

case a: E ¢g(Z(T)) < 0. Then for sufficiently small ¢ € [0,¢], Eg(Z(s)) < 0 for all s € [T —¢,T], i.e.
IIN[T —¢eT)=0.

Let y be the stochastic process satisfying (5.18) with 7 replaced by T'— ¢ and let § = y on [0, T —¢] x Q.
Define &r_. = y(T — €), ap—. = Zeezg’ (E |¢4(z(T —€))*)® + 1, and, on [T —&,T] x Q, consider the
following stochastic differential equation

[SE

dt) = (o) + 5 OO 0) e+ “TE(EpifTsl )

+ 52 (a2llate) + S 2a0la) ) ) 510

bu[t]5(t)dt

) f al[tJo(t)dWi(t), t € [T —e,TY,

:lj(T - 5) = €T—E-
Similarly to (5.5), we show that
E (5 (2(T)),9(T)) <0, VLeIf.

case b: E g(Z(T)) = 0. Then, there exists an € > 0 such that (T'—¢,T] C I{ (Recall that I{ is defined
by (5.1)). Without loss of generality, we assume that ¢ <'e.
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Thus E g(z(t)) € [-0,0] for any ¢t € [T —¢,T)).
If I§ N [T —e,T) =0, then, let y be the stochastic process satisfying (5.18) with 7 = T — . Then,
y(T —€) # 0. Denote {r_. = y(T — €). Define

ar—e =1+ (Elg:@T - )P)* + 3 (B [eh@ (T —)P)? (5.20)
ey

and, on [T —&,T] x Q, let § be the solution to (5.19) with ar_. defined by (5.20). By It&’s formula, as
before, we show that

E (9.(2(T)),9(T)) < E<9I(E(T_5))a§Tfe>_aT*E(EKTfe‘Q)%_]E/ n(s)[y(s)|ds

—€

< 0, (5.21)

and for all £ € I,

[N

T
E (05 (2(1)),5(T)) < E(po(2(T —€)), €r—e) — ar—c (Elér—|*)* - E/ n(s)|g(s)lds <0

T—e

which implies that § € G N QMW N g,
If I{N[T —¢e,T) # 0. Define

tpi=min{t € [T &, T)|E g(z(t) =0}, ap =1+ 3 (B [gh(@(tr)P)".
LeZy

Let y be the stochastic process satisfying (5.18) with 7 = tp. Then, y(tr) # 0 and E (9. (Z(tr)), y(tr)) <O.
Denote &, = y(tr), and, on [tr, T] x , let § be the solution to the following equation:

) = (1150 + Lp”zfti W) el s
* 5, (ol + =250 el )0 52
Ot (E‘gtp‘z)i FETAPS j
ngl al [t]o(t)dW7 (¢), t € [tr, T],
g(tF) =&t
By Itd’s formula, for any ¢ € [tp, T
B (e 600, 310) < B (an(atar)). &) — 22 DEEL g [ gtas <o
and
B (eL(T). (1)) < E(h(atr).61,) — oup (Bl ) =B [ n(a)lato)lds <o, veey,

implying that 7 € G N QM N g,
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