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Abstract

Regularity properties are investigated for the value function of the Bolza optimal
control problem with affine dynamic and end-point constraints. In the absence of
singular geodesics, we prove the local semiconcavity of the sub-Riemannian distance
from a compact set I' C R™. Such a regularity result was obtained by the second au-
thor and L. Rifford in [Semiconcavity results for optimal control problems admitting
no singular minimizing controls, Annales de I’IHP Analyse non linéaire 25(4): 2008]
when [' is a singleton. Furthermore, we derive sensitivity relations for time optimal
control problems with general target sets I', that is, without imposing any geometric
assumptions on I'.

1. Introduction

Regularity properties of the value function of optimal control problems with finite
horizon, in the absence of state constraints, have been widely investigated. For the
Mayer and Bolza problems it can be shown that the value function is continuous,
Lipschitz continuous, or semiconcave in line with the problem data (see [3, 4, 5, 6,
7, 14]). Even for optimal exit time problems, regularity results are available under
suitable controllability assumptions (see [10, 12, 13, 14]). More precisely, let I be a
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compact subset of R” and consider the following time minimization problem

minimize Op(z(-), u(-))

over all trajectory-control pairs (z,u)(+) satisfying
2'(s) = f(z(s),u(s)) forae. s=0, z(0)=mx
u e L*(R*;R™),

where f : R" x R™ — R" is a given function, zo € R™, and Op(z(-),u(:)) :=
inf {s > 0|z, .(s) € '} is the so-called transfer time (to I') along the trajectory
x(+) starting from xy and associated with the control u(-). For any z, € R™ and
any control u(-) we denote by x,, ,(-) the solution of the Cauchy problem z'(s) =
f(z(s),u(s)) for a.e. s > 0, x(0) = xy. By convention Or(x, (), u(-)) = +oo if
Tzou(s) ¢ I for all s > 0. The set I' is called the target set and the value function
m(20) = inf {Or(@pyu(-),u(-)) | u € L*(RT;R™)} is the minimum time function. Tt is
well known (see [14, Chapter 8]) that 7 is locally Lipschitz continuous on the set
o = {xg € R"|Ju € LART;R™), Or(xpyu(-),u(-)) < oo} provided that T' satisfies
Petrov’s condition: there exists » > 0 such that for any y € 0I' and any proximal
unit vector v to I" at y we can find v € R™ satisfying ( f(y,u),v) < —r. In addition,
if the target set fulfils the uniform inner ball property, then r(+) is locally semicon-
cave on & \I" and it is locally Lipschitz continuous on «7\I" if and only if T" satisfies
Petrov’s condition.

Recovering the local semiconcavity property for the minimum time function,
associated with the above problem, when the target set does not satisfy the uni-
form inner ball property, becomes quite challenging. Indeed, let us suppose that
flz,u) =37 u; f;(z) and u(-) takes values in the m-dimensional closed unit ball,
with fi, ..., fr, smooth (C* or C¥) vector fields on R™ and 1 < m < n. Then Petrov’s
condition may be not satisfied and, if I is a singleton, the uniform ball property fails.
Nevertheless, the minimum time to reach a point is equal to the sub-Riemannian
distance dgg from such a point associated with the distribution A = span{fi, ..., fm}
on the manifold M = R™ (see [2, 20, 22]). Regularity properties of dgr were obtained
for subanalytic structures (see [1, 25], and Section 4). In particular, if the Lie algebra
generated by A is regular everywhere, i.e., it satisfies Hormander’s condition (see [19]
and Section 4), then for any z, there exists a dense subset S,, of R™ such that for
all y € S,, the function dgg(zo,-) is Lipschitz continuous on a suitable open neigh-
borhood of y (see [24, Chapter 2]). One can show (see [11]), assuming furthermore
that any geodesics associated with A connecting = to z¢ # = is not singular (see
Section 2 for the definition), that the function dsgr(xo,-) is locally semiconcave on
R™\ {z0}. So, under such assumptions, it follows that for any compact set A C R"
and any y € R™\ A the function dgg(y, -) is C(y)-semiconcave on A. Such a property
does not suffice to guarantee the local semiconcavity of dggr(I',-) = infyer dsr(y, -)
on R™\I", because the semiconcavity constant C'(y) might blow up with y € T'. Nev-
ertheless, in this paper we analyze the local semiconcavity property of the function
inf,er dsr(y, -) obtaining uniform bounds on the semiconcavity constant C'(y) as y lies
in a compact set (see Section 4). More precisely, we will show that for any compact
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set I' C R™\A there exists a nonnegative constant C' = C(A,I') such that dgg(zo,-)
is C-semiconcave on A for every zy € T

In order to obtain the semiconcavity results we assume that there are no singular
geodesics and we study the dependence of the semiconcavity constant with respect to
the initial point, showing that it is bounded from the above when x lies in a compact
set. As it was the case in [11], a key point of the reasoning is to show the local invert-
ibility of the end-point map (xg,u) + 2z, 4(T), where T > 0, and to prove the C'*
regularity of its inverse function (Proposition 4.5). Then, we use a compactness result
ensuring that all optimal controls are uniformly Lipschitz continuous and uniformly
bounded. The final step consists in combining the local semiconcavity property of
the cost functional with the C''! regularity of the inverse of end-point map.

After establishing semiconcavity, we address sensitivity relations and transversal-
ity conditions for the minimum time function associated with an affine control system
as above. Such relations are given in the form of the following inclusions

{—p(t) € 0P (zpa(t)  Vte|0,mr(z0))

p(TF(xO)) € Lim Supt—)Tr(xo)— Ngniu—\t(xxo,ﬂ(t)))

where 2o € R™\T', @(+) is an optimal control for 7 at xg, I'y = {y € R"| m(y) < t},
and p(-) solves the adjoint equation —p'(t) = duf(z4.a(t), u(t)) p(t) for ae. t €
[0, 70 (z0)]. Sensitivity relations for the minimum time function to reach a set with
the inner ball property were already investigated (see [4, 9, 18]). We recover, for time
optimal control problems, sensitivity relations for the co-state in terms of proximal
normal cones (see [26, 9] and Section 2). This is done under the assumption that there
are no singular geodesics associated with A and the target set is merely compact.
The analysis, that applies to any compact target, is based on the dynamic program-
ming principle and further properties of viscosity solutions of the eikonal equation
|F(2)*Vr(z)|—1 =0 for z € T, where F(x) is the matrix which has fi(z), ..., fi(2)
as column vectors.

The outline of the paper is as follows. Section 2 recalls some basic notations and
results from nonsmooth analysis and control theory. In Section 3, we state our main
results. We give their proof in Section 4. Finally, in Section 5, we derive sensitivity
relations for the minimum time function.

2. Preliminaries

Let (X, |-|y) be a normed space. We denote by Bx(z,) the open ball centered
at z with radius > 0 in X (we write B,(z) in place of Bgn(z,r) when no confusion
arises) and we set S' = dBx(0,1). For a subset C' C X we write int C, C, and C°
for the interior, the closure, and the complement of C| respectively. We denote by
|-| and (-,-) the Euclidean norm and the scalar product in R", respectively. Let
A C X be a nonempty subset. The distance from x to A is defined by d(z, A) =
inf {|z —y|y |y € A}. A function ¢ : A C X — R is said to be C'-semiconcave (with
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linear modulus) on A, with C' > 0, if it is continuous and
o(x+h)+ @z —h) —2p(x) <C|A> Vo, he X, [xr—hx+h] C A

We say that ¢ is locally semiconcave on A if for any compact subset K C A there
exists C'x > 0 such that ¢ is Ck-semiconcave on K. If A is open, we say that
peCh orpe C’llo’i if o is continuously differentiable with Lipschitz continuous or
locally Lipschitz continuous differential on A, respectively. It is well known that any
RS C’llo’i is locally semiconcave. We say that ¢ : X — X has a sub-linear growth if
there exists M > 0 such that |¢(x)| < M(1+ |z|y) for all z € X.

For p € N* we denote by LP(0,T;R") the set of all Lebesgue measurable functions
g:[0,7] — R" such that ||g|[%, == [ |g(s)| ds < oo, by C(0,T;R") the space of all
R"™-valued continuous functions on [0, 7], and by C?(0, T;R™) the space of R™-valued
functions on [0, T], p-times continuously differentiable.

Let D C R™ be nonempty and {As},., be a family of nonempty subsets of
R™. The upper limit (in the Kuratowski-Painlevé sense) of Ay, at hy € D, written
Lim supy, , 5, An, is the set of all vectors v € R such that liminf,_, 5, da, (v) = 0.
If D = N*, then Limsup,_,, S(i) := Limsupy—oG(y) where A = {1/i},\+ and
G(1/i) = S(i). !

Let E be a closed subset of R* and z € E. We denote by E~ the negative polar

of the set E, i.e. the set {y € R"|(y,z) <0 Vz € E}. The prozimal normal cone
to E at x is the set defined by

Ng(z)={peR"|3o=0(z,p) 20: (py—x) <oly—a|* Vy € E}.

Furthermore, p € N (z) if and only if there exists A > 0 such that B,,/(z+rp) C E°
for all 0 < r < A (see [26]).
The contingent cone to E at x is the set defined by

TE(ZL') :{UERn|3tz—>0+, Jv; — v, r+Lv; € E\V/Z}

It is known that NE () C Tg(£)™ for all £ € OF.
Let ¢ be a real valued function on E. The superdifferential D" p(z) of p at x € E
ply) — o(x) — Tp,y —% <o
y—x
Moreover, if ¢ is locally semiconcave, then for all x € int E holds the following
property (see [14, Theorem 3.3.6])

co D p(x) = D op(x), (1)

is defined as the set of all p € R” satisfying lim supy=

where D*¢(x) := {¢ € R"|3Jz; — z, Vo(z;) — £} and “co” stands for the convex
hull. The prozimal and horizontal proximal supergradient of ¢ at x are the sets
defined, respectively, by

0"p(x) = {§ € R™[(=€,1) € Nygpo (@, 0(2)) }

0P p(x) = {€ € R"[(—€,0) € Ny (2, 0(2))} .

where hypo ¢ denotes the hypograph of the function . For further properties of
superdifferentials and proximal cones we refer to [16, 26].
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3. Main Result

Let 1 < m < n be two natural numbers. Consider the optimal control problem

minimize /0 L(ay u(s), u(s)) ds @)

over all controls u € L*(0,¢;R™) such that the solution z,, () of the affine control
system

{x’(s) =37 ui(s) fi(x(s)) for ae. s € 0,1 (3)

x(0) = g

satisfies the end-point constraint

Taou(l) = Y, (4)

where (¢,y) € [0,00) x R" and f; : R* — R", L : R" x R™ — R are given functions.
We say that a control v € L?(0, ¢ R™) steers xg to y in time t if x4, ,(t) = y. The
infimum of the cost functional in (2) over all controls steering xy to y in time ¢
is denoted by V,,(t,y) (if there are no controls steering xy to y in time ¢, we set
Vi (t,y) = +00). The function V,, : [0,00) x R" — R U {£o00} is called the value
function of the problem (2)-(4) with starting point xy. A control v € L*(0,t; R™) is
said to be an optimal control or a mzmmzzer (for the problem (2)-(4)) at (xo,t,y)
if 2400(t) = y and Viy(t,y) = [y L(24y0(s),v(s)) ds. We denote by Uy (s,y) the
(possibly empty) set of all optimal controls steering Zp to ¥ in time s.
Let us denote by (H) the following assumptions:

(H) (i) fi,..., fm are C? vector fields on R™ with sub-linear growth and Lipschitz
continuous differential;

(i) L € C? and V2L(z,u) > 0 for all (z,u) € R™ x R™;

(ili) G is a given nonempty compact subset of R" and the following set is
nonemepty

D = {(t,z) € 0,00) x R"|V,,(t, ) < +o0 Vg € G};

(iv) there exists a nonempty open subset ¢ C [0, 00) x R™ such that Qg C Zg;

(v) there exist ¢ > 0 and a function ¢ : [0,00) — R such that

liminf ¢(r)/r* >0 & L(z,u) = é(|u) —c V(z,u) € R" x R™,

T—00

and for any r > 0

aup J Vel 0l N G
p{ () |z € B.(0), GR}< )
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Remark 3.1. Assume (H) and that |L(z,u)| < ¢(z)(1+|ul*), where ¢(-) is a locally
bounded function on R™. Then (¢,z) € % if for any zo € G there exists a square
integrable control u : [0,¢] — R™ steering xy to z in time ¢.

Let T > 0 and # C L*(0,T;R™) be such that all solutions of (3), with u € ¥/,
are well defined on [0,7]. The end-point map associated to the system (3) at time
T, written Er, is the function given by

Er(zo,u) = Ty u(T) YV (zg,u) € R" x #'.

It can be proved that, if the vector fields f1, ..., f,, are smooth, then % can be chosen
to be open (see [2, 22]).

Definition 3.2. A controlu € L*(0,t; R™) is said to be singular at z if dE;(xo, ) (0, -)
is not a surjective map on L?(0,¢; R™).

Definition 3.3. If (H)(iii)-(iv) hold true, we say that the problem (2)-(4) does not
admit singular minimizers (on G) if any u € U,, (t,y) is not singular whenever (¢,y) €

Qg,y ¢ G, and x4 € G.
We state next the main result.

Theorem 3.4. Assume (H) and suppose that the problem (2)-(4) does not admit
singular minimizers.

Then, for any compact subset I' C Qg, there exists a constant C = C (G,T") > 0
such that the value function Vi, (-,-) is C-semiconcave on I" for all zo € G.

Now, let us denote by (H)’ the following assumptions on fi, ..., fi:

(H)Y (1) fi,..., fm are smooth vector fields (C* or C*) satisfying Hérmander’s con-
dition, i.e., .
span {Xz(x)}Dl =R" VzeR"
whete X}(z) = {fi(2), o fu(@)}, X (@) = Xi(x) U {[f.)(2)| f €
XYz),9 € X¥(x)} for all i € Nt ([, -] denotes the Lie bracket);

(i) fi,..., fm have sub-linear growth, Lipschitz continuous differential, and
fi(z), ..., fm(z) are linearly independent for all x € R™.

If (H)'-(i) holds true, by the Chow-Rashevsky theorem (see [15, 23]), for any o,y €
R™ there exists an absolutely continuous arc x : [0, 1] — R", with square integrable
derivative, such that z(0) = o, (1) =y, and

2'(t) € span{ f1(x(t)), ..., fm(z(t))} for ae. t €[0,1]. (5)

An absolutely continuous arc on [0, 1] satisfying (5), with square integrable derivative,
is said to be an horizontal arc.

Let us denote by . (zo, ) the set of all horizontal arcs 8 such that 5(0) = x
and (1) = x. Then, if (H)’ holds true, there exists a bijection between . (xg, z) and

6
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L*(0,1;R™) such that for any 8 € .#(z9, ) there exists a unique ug € L*(0,1;R™)
satisfying 8'(s) = Y-, (ug(s))ifi(B(s)) for a.e. s € [0,1]. We can associate to any
horizontal arc [0,1] 5 ¢t +— S(t) its length given by () = fol lug(t)| dt, and the sub-
Riemannian distance between xy and x, written dgg(zo, x), isinf {{(B) | 5 € L (xo, z)}.
The following result is very useful (see [2]):

Proposition 3.5. Assume (H)'-(i). For any x¢, x € R"

dsn(zo,2)? = e(zo,z) = inf {/01 us(t)|? dt | B € y(xo,x)} |

The function e(-,-) is said to be the sub-Riemannian energy, and an horizontal
arc minimizing e(xg, z) is said to be a geodesic steering xq to x. A geodesic [ is called
a singular geodesic (or singular) if the associated control ug is singular.

Consider the following minimization problem

¢
Euo(t,x) := inf {/ lu(s)|* ds|u e L2(0,t;R™), 4. (t) = x} ,
0

where (t,z) € [0,00) x R™ and xy € R™. Then, by Proposition 3.5, it follows that
dsr(zo,x) = /& (1, ) for all x € R, and, assuming that any geodesic connecting
x to xo # x is not singular, by [11, Theorem 5] the function dgg(xo,-) is locally
semiconcave on R™\ {z}. We would like to underline that the infimum of a family of
semiconcave functions is not in general a semiconcave function. When each member
of the family is semiconcave with same constant then the infimum is semiconcave too.

Lemma 3.6 ([14]). Let {u|u € Z} be a family of C-semiconcave functions on I' C
R™ and put w(zx) = inf,cpu(x). If w(z) # —oco for all x € T then w(-) is C-
semiconcave on I

For any compact set I' C R", the sub-Riemannian distance between I' and x is

dSR(F,QT) = inf dSR(xO>$)'
zo€l
Definition 3.7. We say that there are no singular geodesics for I' (associated to the
distribution spanned by fi, ..., fi) if any geodesics connecting x to y is not singular
whenever x € I' and y € I'“.

Finally, in light of Proposition 3.5, Lemma 3.6, and Theorem 3.4, we get the
following result:

Corollary 3.8. Assume (H). Let I' C R™ be a compact set and suppose that there
are no singular geodesics for I'.
Then dsg(T, ) is locally semiconcave on I'°.



V. Basco, P. Cannarsa, and H. Frankowska Semiconcavity Sub-Riemannian

4. Proof of the Main Result

We provide here the proof of our main result deferring technical details to the
appendix. For any k£ > 0, T > 0, g € R", and I C [0,00) x R", we introduce the
following notation

= | Usnls.),

(s,y)el
LI ={u:[0,T] = R™| |lul|, <k and u is k-Lipschitz continuous} .
We equip the set .£! with the uniform norm.
Lemma 4.1. Assume (H) and let T > 0. Then, for any k' > 0 there exists K > 0
such that for any z € G the map
t
0,7] % ZT 5 (t,u) > / L(aa(s), u(s)) ds (6)
0

18 K-Lipschitz continuous and K -semiconcave.

Proof. By Remark 6.1 from the Appendix, there exists r = r(k’,G) > 0 such that
220l <7 forall z€ G andallue &l Consider a > 0, M > 0, depending on &’
and G, such that for all z,y € B,.(0) and all u,w € By/(0)

L(z,u) = Ly, w)| S alz —yl+lu—w)) &  |L{z,u)| <M,  (7)
and for all x,n with [x + 7,2 —n] C Bs,(0) and every u € By(0)
L(z +n,u) + L(z = 1,u) = 2L(z,u) < a|n|”. (8)

Fix z € G. Denote for simplicity the map in (6) by Cy(u). Then, from Lemma
6.2 and (7), there exists 0 = o(k’,G) > 1 such that for any 0 < s <t < 7, and any
u,w € LY

Ci(u) / L2 (6), w(€))] de
+ / L (20 (€), u(€)) — L(a=,(6), w(€))] de
<Mt —s|+a / ([an€) — Tan(©)] + Jul€) — w(©)]) de

< (W + aoT) (t = 5] + Ju = wll,.).

Now, let ¢, h,u, and v be such that [t — h,t + h] C [0,T] and u —v,u+v € L. We
have
CHh(u + U) + Ct,h(u — U) — 2Ct(U)
= Ci(u+v) + Ci(u —v) — 2C(u) (9)
+ Cipn(u+v) + Crop(u —v) — C(u 4+ v) — Ci(u — v).

8
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Then,
Ct(u + 'U) + Ct(u — 'U) — 2Ct(U)

= [ (nsa(9)006) +006) + L)) = 0(5) 280020 (5)u(5)) s

= [ i) 1)+ E020005) = o)) — 2L, (5) s
[ s ($),005) 4 006)) = Ll (). uls)) s

[ U a(s)09) = 0(6) = L)) s
/

(L(@ariols), u(8)) = L(220u(s) — Toro(s), u(s)) ds.
(10)

From (8) and Lemma 6.2, there exists a constant oy = oo(k’, G) > 0 such that

/0 (L(2zuro(8),u(s)) + L2272 u(S) — Tz uro(8), u(s)) — 2L(z.u(s), u(s))) ds < o9 H/U”io

According to Remark 6.4 below, there exists o1 = o1(k’, G) > 0 such that |z, ,4,(s)+
Tano(8)— 22..4(5)| < o1 ||v]]3 for all s € [0,T]. Hence, by (7),

A<u%w4@w@»—L@%A$—xww@LM$»m
a/o %2 g0 (8) + Tonn(8) — 22.4(5)| ds

<oz lollZ

where 09 = 03(k’,G) > 0. For the second and third term in (10) we have, using
the regularity of the Lagrangian in the second variable, Lemma 6.2, and the Cauchy-
Schwarz inequality, that

[ (.06 +006)) = a5 u(s)) ds
b [ (o)) = 0(6) = L)) s
//’VL@MW>@U+M»<w@@
—[1A<m¢uwﬂ@waQ+u@»M@W%w
<03 [ (arals) = rauals)] 1)) (5] s

< oullollZ
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where o; = 0;(k’,G) > 0 for i = 3,4. The above relations and (10) imply that
Cy(u +v) + Cy(u — v) — 2C,(u) < o5 ||| (11)

for a suitable o5 = o5(k', G) > 0.
On the other hand,

Cian(u+v)+ Crp(u—v) = Ci(u+v) — Cy(u — )

t+h
- / (L@arn(8), u(S) + 0(8)) — L{Earalt), u(s) + v(s))) ds
tt-i—h
T / (L@ olt), u(s) + 0(5)) — L(amso(t), uls) — v(s))) ds
T / (L (s olt), u(S) — () — L(sns(t) uls) — v(s))) ds
[ M) = o@D ds = [ L (o) us) = vl) ds.

and, on account of (7) and the Lipschitz regularity of trajectories, the first three
terms are bounded by 3C (h|jv|| . + k%), while, since u — v € Z},, there exists a
constant M = M (k',G) > 0 satisfying

t+h t
/t L(2,u—v(t),u(s) —v(s))ds — /th L(2,u—v(5),u(s) —v(s))ds

Then
Ciin(u+v)+ Cip(u —v) — Ce(u+v) — Cy(u —v) < 2(3C + M) (||v||iO + 1) .
This and (9) and (11) complete the proof. O

Remark 4.2. Arguing in a similar way as in the first part of the proof of Lemma
4.1 and using Lemma 6.2, we have that, for any 7" > 0, the map

t
R* x C(0,T:R™) x R" 5 (£, u, 2) — / L(aa(s), u(s)) ds
0

1S continuous.

Lemma 4.3. Assume (H) and suppose that the problem (2)-(4) does not admit sin-
gular minimizers.
Then the function (zo,t,x) = V,,(t,2) is continuous on G x Zg.

10
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Proof. Let (To,t,Z) € G X 9g and consider a sequence (z;,t;, ;) — (ZTo,t,Z) in
G X Yg such that
lim V., (t;, x;) =1 € RU {£oo}.

1—00

By [21, Theorem 8, Chap 4)), for every 7 > 1 there exists a square integrable control
w;(+) such that V. (t;, z;) fo /(s)) ds, where z'(-) denotes the trajectory
Ty, u; () such that ., ., (t;) = ;. Wlthout loss of generality we can suppose that for
all large 7 the controls {u;}, are defined on [0, ¢ + 1] putting u; = 0 on [t;, ¢ + 1].

We first show that Vg, (¢,7) > [. Notice that Vz,(¢,Z) # +o00. Let v(:) be an
optimal control steering Ty to Z in time ¢. From [11, Lemma 3], v(+) is continuous.
Moreover, according to Lemma 6.6 below, there exists {v; }?:1 C C(0,¢; R™) such that
the map ¢ : R" — R, defined by ¢(5) = Z?Zl B;dE¢(Zo,v)(0,v;), is an isomorphism.
Then, from Lemma 6.2 and Corollary 6.5, we conclude that the map & : R” x RT x R™
defined by

g(ya S, /8) = <ya S, Es(y7 v+ Z ijj>>

j=1
is C'!' in a neighborhood of (Zy, t,0) and det d& (Zo, t,0) # 0. So, applying the Inverse
Function Theorem, the map & is open in a neighborhood of (¢,Zy,0). It means
that any point (z;,t;,x;), sufficiently close to (Zo,t,Z), admits a control w’ = v +
i1 Bjvj close to v in C(0, 4+ 1;R™) such that @, ,i(t;) = ;. By Remark 4.2, we
have that limz [3 L(2, 0 (8), w(s)) ds = [ L(2gy.0(s),v(s)) ds. So, since V., (t;, ;) <
I3 L(24, 0 (5), w'(s)) ds for all 4, passing to the limit we deduce that I < Vg, (7, 7).
Consequently [ < 4o00.

We next prove that Vg, (t,Z) < . By assumptions on ¢(-), there exists o, C' > 0
such that ar? < ¢(r) for all » > C. So

Julle = [ (o) ds+ [ (o) ds
[0,41]N{s:|us (s)|=>C} [0,t+1]N{s:|u;(s)|<C}

<o [ o(luils)]) ds + CX(T +1)
[0,t+1]N{s:|ui(s)|=C}
t+1 ) B
< a_1/ L(x(s), ui(s)) ds + (c + C?)(F + 1),
0

Since [ < +o00, {||ui|/;.}; is bounded. By further extraction of a subsequence and
from Gronwall’s lemma and the Ascoli-Arzela theorem, keeping the same notation,
we have that u; — @ in L?(0,f + 1;R™) and z'(-) converges uniformly on [0, + 1]
to an absolutely continuous trajectory y(-) := zz,a(-). Now, since |y(t;) — | <
ly(t;) — x'(t;)| +|2"(¢t;) — Z|, we conclude that lim; |y(t;) — | = 0. So y(f) = Z. Then,
from the convexity of L with respect to the Second Variable (see [21 proof of Theorem
8 Chap. 3]), we deduce that lim; fot L(z'(s), u; fo (s))ds. Hence
Vi (6,7) < L.

[

11
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From the proof of [11, Lemma 3], Remark 4.2, and Lemma 4.3, we get the following
compactness result.

Lemma 4.4. Assume (H) and suppose that the problem (2)-(4) does not admit sin-
gular minimizers.

Then, for any nonempty compact subset T' C Qg, we have Uy, (s,y) # O for all
(s,y) € I and zy € G, and there exists k = k(G,I") > 0 such that

Uz~ cg

oG
We give next an inverse mapping result for the end-point map.

Proposition 4.5. Assume (H) and suppose that the problem (2)-(4) does not admit
singular minimizers. Let I' C Qg be a nonempty compact subset and define

T=sup{t>0|3dzeR", (t,z) eI},

A={(t,z,u) €[0,00) x G x L*(0,T;R™)|Jz € R", u € U,(t,z), (t,z) € '}.
If for some k > 0

Uz~ cg’ (12)

r0€G

then there exist k' > k, r > 0, and ¢ > 0 such that for any (t,z,u) € A we can find a

map
Fi.w: Bo(t) x Bo(2) x Bu(z.,(1)) = Z7,

satisfying for all (t,z,u) € A:

(i) Fy.. € CY;

(i) B, Fia(s, 2, 8)) = B for all (5, 2, B) € By(t) x By(2) % By(-u(t));
(111) dFi .. is (-Lipschitz.

Proof. Let (to, 20, u0) € A. We know that dE}, (20, ug)(0, -) is surjective on L*(0, T; R™).
Let ¥ C C'(0,T;R™) be a countable subset such that span¥ = L?*(0,T;R™). By
Lemma 6.6, there exist n linearly independent vectors {v?,...,v2} C ¥ such that the
map Ay : R" — R, defined by Ag(a) = Y0, a;dEy (20, u0)(0,0)), is an isomor-
phism. Define for any (t, z,u) € (0, 00) x R” x L*(0, T; R™) the map ¢, , : R* — R"
by .. (a) =301 aidEy(z,u)(0,v7). By Lemma 6.2 and Corollary 6.5, there exist
00 > 0, gy > 0 such that for any (t,z,u) € Jo := By, (to) X By,(20) X Brz(ug, 00)
the map &2, , : (0,00) x R" x R” — (0,00) x R" x R, defined by &, (s, y,a) =

t,z,u

(s,y, Es(y,u+ >, a;y)), satisfies for all (¢,z,u) € Ty

| det (A&7 (¢, 2,0)) | = |det @ | > po.

12
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Now, from (12) and the Ascoli-Arzela theorem, the set (J, ., %™ (T') is compact.
Then there exists N € NT such that, for all 7 =1,...,N, we can find p; >0, u; >0,
(t;,zj,u;) € A, and linearly independent {v{,...,vJ} C ¥, such that

AC U ng(tj) X ng(zj> X BL2<uj7 Qj) = U :73

Defining for any (¢, z,u) € J; the maps &/., : (0,00) x R" x R" — (0,00) x R" x R"
and Qpi,z,u R —» R” by é?tj,z,u(sayaa) - (S7yv ES(yau + Z;il aiv?)) and (pg,z,u(a) =
S o dEy(z,u)(0,v]), we deduce that for all (¢, z,u) € Jjand j=1,...,N

| det (A&7, ,(t,2,0)) | = |det @] . | = pj > min{pa, .., pn} > 0. (13)

Applying the Inverse Mapping Theorem to the map éatjzu and using a compact-
ness argument, we conclude that for each j there exists r; > 0 such that the set
V;(t, z,u) = (t—rj,t4+r;)x By, (2) X B, (Ey(2,u)) is isomorph to (c%{z’u)_l (V;(t, z,u))
for any (¢,z,u) € J;. Put r = min {r,...,rn} and define for any (¢, z,u) € J;,

Froalt 2, 8) =u+> ot 2, B)0] V(.2 B) € Vit z,u),

i=1
where (ﬁtjzu)fl (', 2, p)=(t',2,a(t',2, B)). Notice that, since the coefficients «; are
bounded by a suitable constant M > 0 and v/ € C*(0, T; R™), there exists a constant

k' > k such that F, .., take values in 2. Hence, (i) and (ii) follow. Moreover, from
(13) and the Ch! regularity of the end-point map, there exists a constant ¢ > 0,

loc

depending only on k and G, such that dF} ., is ¢-Lipschitz for all (¢,z,u) € A. So,
we get (i17). O

Proof of Theorem 3.J. Define § = dist(0€2g,I") and let » > 0 be as in Proposition
4.5 (we can pick r such that r < 4). It is sufficient to prove the semiconcavity of V,,,
uniformly in zo, on the set ([t —r,t+7r] X T(:L‘)) NI whenever (t,x) € I'. So, fix
xog € G and let u € U,,(t,x) and h, n € R™ be such that [t —h,t+h| X [z —n,z+n] C
<[t —rt+r] X T(:U)) NI'. Hence, denoting for simplicity F; ,, ., by F and using the
same notation as in the proof of Lemma 4.1, from Lemma 4.4 and Proposition 4.5
we conclude that

on(t?x) = Ct(F(tﬂx()?x))»

13
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and for all (¢',2') € ([t —r,t+7r] X Br(x)) Nnr
Vo (', 2") < Cy(F(t, 20, 2")).

So, by Lemma 4.1 and Proposition 4.5, there exist ¢ = C'(G,T') > 0 and C' =
C (G,T") > 0 such that for all zy € G

Vialt + ot 1) + Vit — byt — 1) — 2V (1,2)

< Coan(F(t+ hyxo,x +n)) + Coon(F(t — hyxo, x — 1)) — 2C(F(t, x0, x))

= Cin(F(t+h,xo, 24+ 1)) + Cop(F(t — h,z0,2 — 1))
F(t+h,xo,x+n)+ F(t —h,xo,x — 7

-26, ”)

2

2(@( (t + h, xo,x+n)-2FF(t—h 0, T — )> Ct(F(t,a:O,x))>

S C|F(t+ h,xg, 2 +1) — F(t — h,z0,2 — )|
+ C|F(t+ h,xo,x +n)+ F(t — h,zo,x —n) — 2F (¢, 20, 7)|
< CC*(h+n)*+0C (h* +n?).

Since all constants involved in the previous inequality depend only on G and T,
the conclusion follows. O]

5. Sensitivity Relations

We investigate next sensitivity relations for the minimum time function. Let
I' C R™ be a compact subset.

Remark 5.1. It is known (see [20, Proposition 3.1]) that the sub-Riemannian dis-
tance between two points y and x is equal to the minimum time 7y, (x) to reach y
from z, associated to the control system

y'(s) =D ui(s) fi(y(s)) forae. s=0
y(0) =z (14)
U € B,

where %, denotes the set of all Lebesgue measurable controls u : [0, 00) — R™ such
that u(s) € By(0) for a.e. s > 0. So, the minimum time function 7r(-) to reach I" for
the control system (14) satisfies 7 (2) = infyer 74y (2) = infyer dsr(y, ) = dsr(I', v)
for all z € R™. A control u € %, is said to be optimal (for the minimum time
function ) at z if 70(2) = Op(z.u(-), u(")).

Subsequently, to shorten notation, we write f(z,u) in place of ", u; fi(x). Next
we recall a result from [8, Theorem 3.1], stated under more general assumptions for
the vector fields fi, ..., fin:

14
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Lemma 5.2 ([8]). Assume (H)-(i). Let A C R™ be a closed set, u be an optimal
control at xo € A for the minimum time function Ta(-), and put 79 = Ta(xo).

Then for any & € Tac(xyyu(m0))” the solution q : [0,7) — R"™ of the adjoint
system

{—q’(t) = d, f(Zaalt), @(8)7q(t) for ae. t € [0, 7] (15)

q(1a(0)) = =€

satisfies the minimum principle

(q(t), f(xaoa(t), u(t))) = min_(q(t), f(2ea(t),w)) Ve 0,7].

u€B1(0)

We denote by H the Hamiltonian function on R™ x R" defined by

H(x,p) = max (p, f(z,u)).
u€B;1(0)

Proposition 5.3. Assume (H)-(i). Let A C R™ be a closed set and fix xo € A°. Let
u be an optimal control at xy for the minimum time function and let & € N%(j),
where T = x4, 4(Ta(0)).

The following statements hold true:

(i) if H(Z,€) £ 0, then
—p(t) € O Ta(Tga(t)) Vi€ [0, 7a(x0)),
where p(-) solves (15) with final condition p(r4(xo)) = €/H(Z, €);
(i) if H(z,€) = 0, then
—p(t) € 0P r(2aya(t)) Vit € [0,7a(z0)),
where p(-) solves (15) with final condition p(t4(xo)) = €.

Proof. Denote for simplicity by 7(-) the minimum time function 74(-). Let ¢(-) be the
solution of (15) with final condition —q(7(x)) = & € N2(z), and put o := H(Z,€)
and p(-) := —q(-). We only show the conclusions (i) and (ii) at ¢t = 0, i.e.,

(p(0), @) € Nigpor (w0, 7(x0)). (16)

First of all we claim that o > 0. Indeed, since p(7(zo)) € N4(T), there exists
o > 0 such that (&,5 —Z) < o |§ — z|* for all § € A°. So, for every 0 < t < 7(z)

<5’ xwoﬂ(t) - wﬂfoyﬂ<7($0))> <o ’$$0,ﬂ<t) - 1’1071;(7'(1'0))‘2 )
and, dividing the previous inequality by t — 7(xq), it follows
1 t

(§——— f(@20.a(s), u(s)) ds)
t— Tg_xo) 7(x0) . (17)
20— |Tag,a(t) — Tug,a(T(20))] f(@z0a(s), uls)) ds| .
t T(':C(]) 7(z0)

15
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Now,
LT e a(s).als)) ds
t— 7’(%0) (o) TOURTT
1 ; i )
R /T(xo) (f(zaa(s),u(s)) = f(Tuyal(T(x0)),u(s))) ds (18)
L faalr(eo)). a(s) ds.

t— T(JI(]) 7(z0)

By Lemma 6.2, there exists a constant C' > 0 such that

\; [ agals)1(6)) = Flaayalrtoo), u(s)) ds| < Cle = (o] (19

t— T(l’o) 7(z0)

Furthermore, since f(z, B1(0)) is compact and convex for all z € R",

1 t -

— f(@aoa(T(20)), U(8)) ds € f(T2,a(T(20)), B1(0)),
t—7(20) Jr(zo)

and there exist t; — 7(x¢)— and u* € B;(0) satisfying

1 ti

— f(@ao,a(7(20)), uls)) ds = f(22oa(T(x0)), u"). (20)
li T(.CL’(]) 7(z0)

So, using (18), (19), and (20), passing to the limit in (17) when ¢t = ¢; and t; — 7(x¢)~
we get that
<€> f(zxo,ﬂ(T(zo)), U*)> 2 0.

Hence, the claim holds true. o
To prove (16), we have to show that there exists ¢ > 0 such that for all y € A

and 5 < 7(y)
(p(0).y — x0) + (B = 7(x0)) < & |y — zo|* + |5 — 7(x0)[*) - (21)

On account of [17, Proposition 1.5], we prove (21) for all y € A¢ and 8 < 7(y) with
|7(y) — 7(z0)| < 1. Fix such y and $3, and let £(-) be the solution of the Cauchy
problem

{g’(t) = f(&(t),u(t)) forae t>0 (22)

£(0) = .
Case 1: 7(y) < 7(x0). o
Put y1 = &(7(y)) € A¢ and 21 = x,,4(7(y)) € A¢. By Gronwall’s lemma there
exists K > 0 such that for any s € [0, 7(z0)]
[€(5) = Zao,u(s)] < 5[y — wo| < T |y — ). (23)

16
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Furthermore,

Dy(p(s),£(5) = @ap.a

(P'(5),6(5) = 2aga(s)) + (p(5), F(§(s), u(5)) = [ (Tap.u(s), uls)))
—d _

(—daof(a,a(s), u(s))"p(s),€(s) — 2apals))
+ (p(s), f(&(s),u(s)) = f(2ao,u(s), Uls)))
= (p(s), f(&(s), u(s)) = fl@aouls), uls)) = daf(agals), ul(s))(E(s) = Zaea(s)))
= <p($),/0 (1= )3 (t(5) + (1 — t)2pga(s), w($))(E(5) — 20,a(5))* ),
and
(Pr(), 1 — ) / D, ~ rga(s)) ds.
Applying (23) we deduce that there exists o7 > 0 (not depending on y) satisfying
(p(0),y — o) < (p(T(y)),y1 — 1) + o1y — o] (24)
Since p(-) is Lipschitz continuous, there exists o5 > 0 such that
(p(m(¥), 3 — 21) = (p(T(20)), 41 — 21) + {p(T(y)) — P(7(20)), 91 — 71)
<A(p(7(20)), 1 — 71) + o2 [T(y) — T(0)| |91 — 21| (25)
< {(p(r(@o)).yr = w1) + 3 (1) = mlao) * + [y — ).

and

(p(7(20)), 1 — 21)

= (P(7(20)), Tao,a(T(20)) = T20,a(T(y))) + (P(7(20)), E(T(y)) — T20.a(T(20)))
(o)
= / (p(7(20)), f(@a,a(s),u(s))) ds + (p(7(20)), £(T(y)) — Tup,a(7(20)))

I

:/( ((p(7(w0)), f(Xro.a(s), uls)) = f(@ao,a(T(20)), u(7(20))))) ds

+a(r(zo) = 7(y) + (p(7(20)), 1 — T).
Since p(7 (1)) € N4(7), we have

(p(r(20)),91 —7) <o lyr — 2|

27
<o (Ir(@o) = 7)) + Iy — 2I%) | 27
and there exists o3 > 0 such that for all s € [0, 7(x0)]
(p(T(0)); f(T20,a(8), 0(8)) = f(T20,a(T(20)), u(T(20))))
= (p(7(20)), f(Tzp,a(s), U(s)) = f(Tzpa(T(20)), uls))) (25)
+(p(T(20)), [ (Xa0,a(T(20)), u(5)) — f(T20,a(T(20)), u(7(20))))
(

x
< o3 |7m(x0) — s/

17
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So, using (26) and inequalities (27) and (28), it follows that

(p(r(20)), 31 — 1) < @ (7(wo) — 7(y)) + max (0, 03) (|7(x0) = 7(y)[* + g2 — 2[*)

(29)
On account of (23), by (29) there exists o4 > 0 satisfying
(p(r(20)), p1 — 21) < @ ((w0) = 7(y)) + 04 (ly — zol* + |7 (z0) = 7(y)[*) -
Finally, from (23), (24), and (25), we deduce (21) (we assumed 8 < 7(y)).
Case 2: 7(y) > 7(xo).
We claim that
(p(T(iL'())), Oé) S NI’II:})/pOT(j7 0) (30)

The inclusion (30) means that there exists o5 > 0 satisfying for all § € A¢ and
B<7(9)

(p(r(w0)), 5 — ) + B < o5 (15— 7+ 7). (31)

If 5 < 0, then (31) follows from the condition p(7(zo)) € NZ(z). On the other hand,
suppose that 0 < 3 < 7() < 1 and let z(-) be the solution of the problem
f(z(t),u(r(xg))) forae t=0

7.

HH
N N
RO

—~
O
I

Define ; = z(3) and observe that §; € A°. So, letting K > 0 to be the Lipschitz con-
stant of f with respect to the space variable on the compact set {y € R™ [ 7(y) < 1},
we deduce that for all 0 <t < 3

|4w—m<1]ﬂ4$mv@QMds
<AU@@wﬁmm—ﬂ@W@mN%+W@wW%ml
<KAV®—ﬂ@+W@ﬂWmml

t
<& [ 12() 3l ds 4 B a )]
0
From Gronwall’s lemma, it follows that for all 0 < ¢ < B <1

|2(t) — 9 < B | (g, u(r(20)))]

/
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where K = K + 1. Now

(p(7(20)), 5 = 7) = (p(7(20)),§ — 1) + (P(7(20)), 41 — T), (33)

and, combining the inclusion p(7(zo)) € N4(T) with (32), it follows that

(p(r(x0)), 51 — Z) < o |h — 7|
<20 (|gn — 91> + 15 — 7%
< 20K (27— 2P + 281 @ (@) + 15— 7)Y
<oy (B +l5-1F).
for a suitable constant 5 > 0. On the other hand,

(p(r(zo)). 5~ 1)

B
== [ o)) Sa(o), atr ) ds

B
:_A(Mﬂ%»ﬂawﬂmmﬂs (35)

19
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for a suitable constant 65 > 0. Now, from (35) and (36) it follows that

(p(r(0)), 5 — 1) + 0B < b5 (B + 15 — 7). (37)
Hence (31) follows from (33), (34), and (37). o
Now, consider the solution &(-) of (22) and put § = &(7(z9)) € Ac. In a similar
fashion as in the previous step, there exists og > 0 such that
(p(0),y — o) < (p(7(w0)), 7 — Z) + 06 |y — ol (38)

From the dynamic programming principle it follows that if § < 7(y) then f—7(z9) <
7(y) — 7(x0) < 7(y), so by (31) we have

(p(7(w0)), 5 — &) + (B —7(x0)) < 05 (| — 2" + 18 = 7(x0) ") ,
and, using (23), we deduce that there exists o7 > 0 not depending on y such that

(p(1(20)),§ = T) + a (B —7(w0)) < o7 (ly — ol +[8—7(x0)[) . (39)

So, combining (38) and (39), we deduce (21).

Finally, from the dynamic programming principle and with the same technique as
those used for the case t = 0, we show that the conclusion holds on the whole time
interval [0, 7(xo)). O

Proposition 5.4. Let u be a C'-semiconcave function on an open set & C R™, with
C > 0. Suppose that, for some \ € R,

(i) Uy:={zel0lu(x) <A} #0
(75) OU\N O C O and U, N O is compact (40)
(it7) Ja > 0 such that DV u(z) N Bo(0)° #0 Vo e O, (41)
then there exists v > 0 such that for all x € OU,\ N O we can find 0, € S* satisfying
B,(z +rd,) C Uy

Proof. We claim the following: if z € U\ N &, p € D u(z), and R’ > 0 are such
that

Brp(x)c 0 & p#0, (42)
then for 0 := —p/|p| we have B, (x +1'0) C Uy, where ' = min{R'/2, |p| /2C}.
Indeed, for such 7', by (42), we have [z,z — r’% +7'v] C O for all v € St and,

p
applying [14, Proposition 3.3.1], we get
2
p / ' P 2 p
u(z —r'— +r'v) <u(z) + (p,r'v—1r'=) +Cr'jv — —
p| | Ip|

<A+ (p,v) =o' [p| + 207" ( <T;7’U>>
=3+ (o= 1oh (1- 207)

<A
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So, the claim holds true for v = —p/ [p|.

Now, denote R, = sup {7" > 0| B,(z) C 6"} forallz € 0UNO. If R, = +0o0o for

some x € OU\ N O, then & = R"™. Otherwise, we claim that there exists R > 0 such
that R, > R for all x € OU, N 0. Indeed, otherwise there exists a sequence {z;}, C

OU,N O such that Bg, y-(z;)N0° # ( for alli > 1 and R,, — 0 for any ¢ > 0. Using

(40), by further subsequence extraction, we can suppose that z; — = € U, N & (then
T € 0), and since d(x;, 0°) < R,, +¢, passing to the limit we obtain d(Z, 0¢) < e. By
arbitrariness of ¢ it follows that d(z, ¢°) = 0 and so € 0°. Hence T € 6NO° = 00,
in contradiction with (40). So, the claim holds true. We can conclude that for some
R > 0, Bg(z) C O for all x € OUy N €. From the first claim, we deduce that
for any x € U, N 0 and any p, € DVu(x) N B,(0)¢, 0, = —p./ |p.| satisfies
B, (x 4+ ry0,) C Uy, where r, = min{R,/2, |p,| /2C}. Finally, using (41), we have
r, = min{R/2,a/2C'}, and the conclusion follows with r = min {R/2,a/2C}. O

We state next the main result of this section.

Theorem 5.5. Assume (H)'. Let T' C R™ be a compact set and suppose that there
are no singular geodesics for I'. Let xq € I'° and u be an optimal control for the
minimum time function at xo. Denote I'y = {y € R" | (y) < t}.

Then the solution of the adjoint equation

—p'(t) = dp f(2p,a(t), u(t)) p(t) for ae. t € [0, m(x)]
satisfy the sensitivity relation
—p(t) € O 1 (w4ya(t)) YVt € [0,70(20)), (43)
and the transversality condition

p(r(w0)) € Limsup N (z404(t)). (44)

t— 1 (zo0)— ¢
Proof. First of all we notice that by Corollary 3.8 and Remark 5.1 the minimum time
function 7t is locally semiconcave on I'®. Let {\;}; C (0,00) with \; — 0+ and write

for simplicity I'; in place of I'y,. It is easy to see that the level sets I'; are compact.
Hence, for all 7 > 1 there exist open sets A;, B;, D C R™ such that D is bounded and

rcBcintl; & T;,CA CD. (45)

Putting 0; = A;\B;, it follows from (45) that OI'; N O; is bounded and OI'; =
{y e R"|m(y) =N} C O;. So, oI, N O; C O;. Consider now the eikonal equa-
tion |F(y)*Vr(y)| —1 =0 on I'°, where F(y) is the matrix whose columns are the
vectors f1(y), ..., fm(y). Since 71 is a viscosity solution of such an equation, we have
that |F(y)*p| —1 =0 for all y € I'“ and all p € D*7(y) (see [11, Section 5.3]). So,
putting M > max {||F(y)|| |y € D}, from (1) we deduce that for all i > 1 and all
y € O, there exists p; € D7 (y) such that |p;| > M~1. Hence, applying Proposition
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5.4, for all i > 1 there exists r; > 0 such that for any y € 0I'; we can find a unit
vector 0;(y) satisfying

B, (y +riti(y)) C T (46)

We note that (46) implies that the set NL(y) contains a nonnull vector for all
y € JI';. Furthermore, since 7r is locally Lipschitz continuous on ', applying [14,
Theorem 8.2.3], we have for all ¢ > 1 and all y € JI'; that H(y,&) # 0 for any
§ € NE(y) NS'. We next construct a solution p(-), solving the adjoint equation,
associated to the sequence {\;}; as follows. For all i > 1 pick & € NL(y;) NS
where y; = 4,.a(Tor,(20)). We denote by p;(-) the solution of (15) on [0, 7sr,(z0)],
with final condition & H (y;,&;)™!, and we extend such functions as solutions of the
adjoint equation in (15) to the whole interval [0, 7(z0)] (we continue to denote by
pi(+) such extended functions). Notice that, since 7or,(-) = 7(-) — A\; on I’ for all
i =1, 0%7or,(y) = 0P 1r(y) for all y € T¢. From Proposition 5.3 it follows that

—pi(t) € P71 (20y.a(t)) vt € [0, Tor, (z0)]- (47)

Letting L = max {||d.f(24,.a(t), u(t))|| |t € [0, 70 (x0)]}, by Gronwall’s lemma we get
Ipi(t)] < e p;(0)| and |p/(t)| < L|pi(t)| for all ¢t € [0, 7r(xg)]. Since OF7r(xg) is
bounded, the sequence {|p;(0)|}, is bounded. So, applying the Ascoli-Arzela and
the Dunford-Pettis theorems, taking a subsequence and keeping the same notations,
there exists an absolutely continuous function p(-) on [0, 7 ()] such that p; — p
uniformly on [0, 70(zo)] and p, — p’ in L*(0,7(xo)). Such p(-) satisfies the adjoint
equation on [0, 7 (zo)].

Now, using the closedness of 877 (y) for any y € ', we get (43) by passing to
the limit in (47), and from the definition of upper limit we get (44). O

6. Appendix

Below we assume that T > 0.

Remark 6.1. If (H)-(i) holds true and B C R", # C L?*(0,T;R™) are bounded
subsets then, by Gronwall’s lemma, it follows that there exists r = r (#', B) > 0 such
that

|Tzpull, <7 Yue W, Vay € B. (48)

If # C Br<(0,R) for R > 0, then all trajectories x,,(-) with (z¢,u) € B x #  are
uniformly Lipschitz continuous on [0, 7.

Lemma 6.2. Assume (H)-(i). Let B C R" and # C L*(0,T;R™) be bounded
subsets.
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Then there exists C = C(#,B) > 0 such that for all t € [0,T], z,y € B, and
v,we W

220 (1) — 2y ()] < C([lv —wll2 + [z —yl). (49)

In particular, if # C Br(0, R), then there exists C = C(R, B) > 0 such that for all
t,s €10, T], z,y € B, andv,w € ¥

@20 () = 2y (5)] < C (Il = wl| 2 + |2 =yl + |t = s]).
Proof. Let B C R™ and # C L*(0,T;R™) be bounded subsets. We have

[220(8) = 2y ()]

m

:/ vl s) filxa (s dS—/sz ) fi(zyw(s))ds+2z—y
< / sz ) Fi((s)) ds — / sz (i@yuuls)) = iloa(s))) ds

(/ (wile) —wil )] ilwzpls))] ds + / wi(s)] 1filezy s >>—fi<xz,v<s>>|ds)

(50)

From (48) it follows that z,,(-) takes values in a compact set of R™ for all v € #
and z € B. Then there exists M = M (#', B) > 0 such that # C B2(0, M) and for
all z,y € Byv,w e #,s€0,T],and i = 1,...,m holds

[filzw() S M & [filw20(5) = filzyw(s))] < M |220(s) —2y(s)] . (51)

Now, from the Cauchy-Schwarz inequality and since Y .-, |v;] < y/m |v], we have

Z / 0s(s) — wi(s)] [filaan(s))] ds

M}Z/hh s)|ds

<MVEAIM$—w®N@
< MVmT v —w]
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and

> [ 1 ) = (oD ds

M [ aa(s) = 0] ds

_M/ (Zm )mw §) — 22(s)| ds.

On account of the above inequalities, (50) becomes

2.0 (1) = 2y ()] < MVmMT v —wl| 2 + ]2 =y
+ M/ (Z e ) 20 (5) — 2y (s)] ds.

Hence, applying Gronwall’s lemma, for some C'= C (#', B) > 0 we get (49).
Finally, if # C Br~(0, R), the last conclusion follows from (49) and Remark
6.1. ]

Proposition 6.3. Assume (H)-(i). Then Er € CLN(R™ x L2(0,T;R™)).

loc

Proof. Let (y,u) € R"x L?(0, T;R™) and consider a bounded neighbourhood of (y, u)
in R™ x L*(0,T;R™) of the form Bjs(y) x Bra(u,d), with § > 0. Set for simplicity
Ax(-) = Tyinuso(r) and () = zyu(-). So

x;+h,u+v (t) - I;,u(t)

1(ui(t) +wit) fi(Ax(t)) - ;Uz(t)fi(x(t)) (52)

v (t) fi(Ax(t +Zuz (fi(Az(t)) — fi(z(t))) -

|
.MS

(2

I

=1

Observe that
fi(Az(t)) — fi(z(t))
=df;(z(t))(Az(t) — z(t)) + /0 (1 —5)d%fi(1 — s)x(t) + sAz(t))(Ax(t) — z(t))* ds.
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Hence we can rewrite (52) as
‘r;/Jrh,quv (t) - xy,u<t)

. Z vi(t) fi(Ax(t))

+ 2 udfz(B) (Ax() - (1) (53)

+ Zuz / (1 —8)d*f;((1 — 8)x(t) + sAz(t))(Ax(t) — x(t))* ds.

Since Y7 03(t) fi(Aw(t)) = S0 w0 fila(D)+ X0, t) (fi(D(t)) — fila(D))). let-

§(t) = Ax(t) — =(t)
A(t) = 2% w(t)d fi(x(t))
B(t) = (fr(z(@)]-|fm(2(t))),

the equation (53) becomes
¢ = A¢+ Bv+ R, (54)

where

sz ) (fi(Az(t)) — filz(t)))

m

+ Zuz / (1 —8)d*f;((1 — 8)x(t) + sAz(t))(Az(t) — x(t))* ds.

=1

We remark that Ax and = depend on starting points y + h, y and on controls u+ v, u
respectively, while the matrices A and B depend only on y and .
By Lemma 6.2, there exists C'= C (§) > 0 such that for all ¢ € [0, 7]
[Ax(t) —z(t)] < C(Ih] + [[v]l ) V(h,v) € Bs(y) x Bra(u,9). (55)

Observe that there exists M > 0 such that, by (55) and (51),

R() <Y [ui®)] |fi(Aa() = fila()] + MC (] + o]l 2)* D lua(t)
1=1 . . i=1 (56)
S MO (A + (o]l 22) Z [0s(8)] + MC (k] + [[vll 2)* Z i ()
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Solving the system (54) with initial condition £(0) = h we have that

E(t) = X(t)h +/0 X)X (s)™'B(s)v(s) ds

+ /0 X(t)X(s) ' R(s)ds

where X () is the fundamental solution, i.e.,

(57)

X'(t)=At)X(t) for ae. t€[0,T]
X(0)=1.

Furthermore, letting C} = max {|| X (T)X (s)7!]| | s € [0,T]} and Cy = max {MC, MC},
we have that

“1R(s)ds
< / |X(@)X (5)7 | | R(s)] ds

T
< C’l/ |R(s)| ds
0

<06 <<rhr+uvnm>z | ttona+ n+ el S [ ruz-<t>|dt>

< LR+ vl =)

where L > 0 is a suitable constant depending only on §. Finally, from (57) it follows
that

'Ax(T) o) (x(om+ / XX () Bls)o(s)ds )| < L0+ ol

and since

(h,v) — X(T)h +/0 X(T)X(s) ' B(s)v(s)ds

is linear and continuous on R"™ x L2(0, T;R™), we get

dEr(y,u)(h,v) h+/ X(T “'B(s)v(s)ds. (58)

Now, from (58) and regularity of f;’s it follows that there exists C' = C (§) > 0
such that
[ dET(y1, u1) (9, @) — dE7T(ya, u2)(9, 0)]
< C(lyr = ol + [lua = wall ) (9] + N1l 2)
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and so

|AB7 (y1, u1) — dE7(ya, u2) || < C (Jy1 — ol + [ur — usl;2) - (59)
]

Remark 6.4. From the last part of the proof of Proposition 6.3 we deduce that
for any 7 > 0, r > 0, and R > 0 we can find C = C(1,r,R) > 0 satisfying
[dEs(y1,w1) — dE(ya, u2)|| < C (|1 — yol + lur — uzllp2) for all s € [0,7], ui,uz €
BL2 (Oa R), and Y1,Y2 € B(07T) Therefore |$z,u+v(8)+xz,u—v<8)_ 2xz,u(s)| < C ||v||i2
for all s € [0, 7], u,v € Br2(0, R), and z € B(0,r).

Corollary 6.5. Assume (H)-(i). Then the map
[0, 7] x R" x L*(0,7;R™) 3 (s,y,u) — dEy(y, u)
1S continuous.

Proof. Notice that, from continuous dependence on parameters of solutions to ODE’s
and from the expression of the differential in (58), for any 7 > 0 and every bounded
subset A C R"x L%(0, 7; R™), the maps {s — dE,(y,u) | s € [0, 7]} are equicontinuous
for (y,u) € A and the constant C that appears in (59) may be taken the same for
0<T <7, (y1,u1), (y2,u2) € A. ]

The following result is well known.

Lemma 6.6. Let X be a separable normed space and ® : X — R" be a linear,
continuous, and surjective operator. Consider {x;}, dense in X.

Then there exist linearly independent vectors xy, ..., x, such that ® : W — R" is
an isomorphism, where W = span {x, ..., T, }.

Proof. Let {x;}, be dense in X. Then there exists a countable increasing family of
finite dimensional subspaces W), = span {xi}le such that UpW, = X. So, ®(W}) is
a finite dimensional subspace and ®(W}) is increasing. Hence there exists ko such
that ®(Wy,) = R™. So we can choose n linearly independent vectors z, ..., z,, in Wy,

such that ® is onto and injective on W = span {x1, ..., z,, }. O
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