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STOCHASTIC OPTIMAL CONTROL PROBLEMS WITH CONTROL
AND INITTIAL-FINAL STATES CONSTRAINTS

HELENE FRANKOWSKA*, HAISEN ZHANG!, AND XU ZHANGH

Abstract. In this paper, the first and second order necessary optimality conditions are estab-
lished for stochastic optimal control problems with control and initial-final states constraints. The
control regions are allowed to be nonconvex, the diffusion terms contain the control variable and the
final state constraints are defined by finitely many inequality constraints. In the difference with the
existing literatures, the second order variations of the control set are used to derive the second order
necessary conditions. This leads to stronger results under less restrictive, than usual, assumptions.

Key words. Stochastic optimal control, normal first order necessary optimality conditions,
second order necessary conditions, second order tangents.

AMS subject classifications. Primary 93E20; Secondary 49J53, 60H07, 60H10.

1. Introduction. Let d,m,n,k € N, T > 0 and (Q, F,F, P) be a complete
filtered probability space with the filtration F = {F;}o<i<r (satisfying the usual
conditions), on which a d-dimensional standard Wiener process W (-) is defined such
that F is the natural filtration generated by W (-) (augmented by all the P-null sets).
Denote by (-,-) and | - | respectively the inner product and norm in R™ or R™, which
can be identified from the context, and by B(X) the Borel o-field of a metric space
X.

Let us consider the following controlled stochastic differential equation

dz(t) = b(t, z(t),u(t))dt + o(t, z(t),uw(t))dW(t), te€0,T],
(L.1) { £(0) = o,

with the Mayer-type cost functional

(1.2) J(@(),u() = E (a(T))

and end points constraints

(1.3) r0 € Ko, Eg'(x(T))<0,Vi=1,--- k.

Here u(-) € U is the control variable, U is the set of B([0,T]) ® F-measurable and
F-adapted stochastic processes u(-) with values in a given closed nonempty subset U

of R™ such that EfoT lu(t, )|?dt < oo, x(-) solves (1.1), b: [0, T] x R* x R™ x ) — R",
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o= (ol 01 : [0, T]xR"xR™xQ — R" 4 ¢:R*"xQ — R, and g' : R" xQ — R,
i1 =1,--- , k are given functions (satisfying suitable conditions to be stated later), and
Kj is a nonempty closed set in R™. As usual, when the context is clear, we omit
explicit writing of the variable w (€ ).

A state-control pair (z(-),u(-)) is called admissible if u(-) € U and x(-) is the
corresponding solution of (1.1) satisfying the end points constraints (1.3). In this
case, we call u(-) an admissible control. Denote by Z,4 the set of all admissible pairs.
The optimal control problem considered in this paper is to find a (Z(-),a(-)) € Pag

such that

(1.4 JEOLa0) = nf (). u().

Any (z(-),u(-)) € Paq satistying (1.4) is called an optimal pair, Z(-) is called an
optimal state and u(-) is called an optimal control. It is well known that the Bolza
type optimal control problems (involving also an integral cost) can be reduced to the
Mayer problem by adding an extra variable. For this reason we investigate here the
Mayer problem and state the corresponding results for the Bolza problem as well.
Stochastic optimal control problems with end points constraints have many appli-
cations. Here we give a simple example from mathematical finance. Let us consider a
mean-variance portfolio selection problem as follows: Suppose there are m + 1 assets

whose price processes S;(+), i = 0,1,...,m are described by the differential equations:
(1 5) dSo(t) = T’So(t)dt, te [O,T],
’ SO(O) = S0,

and, fori =1,...,m,

dS;(t) = b;S;(t)dt + de a8 (t)dWI(t), te€0,T],

(1.6) j=1
S;(0) = si,

where r € [0,00), s0,8i,b05,09 € R, i = 1,....,m, 5 = 1,...,d, and (W(t),---,

W(t))T = W(t). Denote by z(t) the total wealth of an investor at time ¢ and denote

by wu;(t) the market value of its i-th asset at time ¢, 4 = 1,...,m. Then, x(-) satisfies

the following controlled stochastic differential equation:

dz(t) = [ra(t) + »:il(bi —r)u;(t)]dt + i Xd: ot (t)dWi(t), tel0,T),

(1.7) i=1j=1

x(0) = xo,

where xq is the initial wealth.

We call u(-) = (u1(-),...,un(-))" a portfolio of the investor. Let U = R™. The
objective of the investor is to maximize the mean terminal wealth, E 2(T"), and at the
same time to minimize the variance Var z(T) = E z(T)? — (E z(T))? of the terminal
wealth. This can be formulated as the following multi-objective optimization problem:

Minimize (Jy(u(+)), J2(u(-))) := (=E «(T), Var (1)),

u(-) €U,

subject to { ((-),u(-)) satisfies the equation (1.7).
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Following Markowitz’s portfolio management theory, we call a portfolio w*(-) an
efficient portfolio if there exists no portfolio u(-) such that

Ji(u(-) < Ji(u (),  Ja2(u() < Jo(u”(+)

and at least one of the two inequalities is strict. In this case, (—J1(u*(+)), J2(u*(+))) is
called an efficient point and the set of all efficient points is called the efficient frontier.

Obviously, every rational investor will choose a portfolio belonging to the efficient
frontier. However, different investors may select different portfolios on the efficient
frontier, depending on their individual risk preferences. If an investor wishes to find
a minimal risk portfolio with the mean terminal wealth no less than a given constant
«, the corresponding optimal portfolio can be find by solving the following optimal
control problem:

Minimize Var z(T)

subject to
u(-) €U,
(1.8) E 2(T) > «,
(z(+),u()) satisfies the equation (1.7).

Though Var z(T') is not the cost functional treated in this paper, it can be shown,
similarly to [23, Theorem 8.2, p. 338], that there exists a constant A such that any
solution of the problem (1.8) is also a solution to the optimal control problem

Minimize E a:(T)2 — AE z(T)

subject to (1.8). Clearly, this new problem is a special case of the optimal control
problem (1.4).

Stochastic optimal control problems with end points constraints have been studied
from the very beginning of the foundation of the stochastic control theory, see [11, 14]
and the references cited therein. However, the early works on this subject considered
only the cases when the controls are absent from the diffusion terms of the control
systems. A stochastic maximum principle (which is a first order necessary condition
for optimal controls) when both the drift and the diffusion are control-dependent and
the control region may be nonconvex was proven in [18], by introducing two adjoint
processes and with the arguments being based on the Ekeland variational principle.
Similarly to its counterpart in the deterministic optimal control, in addition to the
first order necessary condition, some second order necessary conditions should be es-
tablished to distinguish better the optimal controls from other admissible controls.
The integral type second order necessary conditions for optimal controls in the pres-
ence of state constraints have been extensively studied in the deterministic control
problems, see the monograph [16] and the references cited therein for the problems
with end points constrains and [12, 15, 17, 20] and so on for more general pointwise
state constraints. However, to the best of our knowledge, there are only two pa-
pers considering the second order necessary conditions for stochastic optimal control
problems with final state constraints. In [4], the authors discussed the stochastic op-
timal controls with mixed final state constraints but without the control constraints.
While, in [3], the author considered the stochastic optimal controls with linear in-
equality control constraints and mixed final state constraints but with the diffusion
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terms independent from the controls. Moreover, both [3] and [4] require the convexity
of the control regions.

The main purpose of this work is to establish some first and second order necessary
optimality conditions for the problem (1.4) with the control-dependent diffusion term
and in the absence of convexity of U. Some techniques from the classical variational
analysis are introduced to treat the nonconvex control constraints. The main novelties
of this paper are twofold. Firstly, the second order tangent vectors to the control set
are used to formulate the second order necessary conditions. Conditions of this type
are more efficient than those without the second order tangent vectors even when
the control regions are convex, see examples in [10]. Secondly, instead of using the
mathematical programming theory in infinite dimensional vector spaces (as done in
[3, 4]), we derive the desired results from the separation theorem, which makes the
proofs much simpler and direct.

The rest of the paper is organized as follows. In Section 2, we collect some
notations and introduce some preliminary results that will be used later. In Section
3, we derive the first order necessary conditions for stochastic optimal controls, and
finally in Section 4 we establish the second order necessary conditions.

2. Preliminaries. Denote by R, the set of all nonnegative numbers and by
R™ ™ the space of all n x m-real matrices. For any A € R"*™, denote by AT its
transpose and by |A| = \/tr(AAT) the norm of A. We use the notation 8" := {4 €
]R"X”| AT = A}

Let ¢ : [0,7] x R* x R™ x Q — R’ (for some ¢ € N) be a given function.
For a.e. (t,w) € [0,T] x Q, we denote by ¢.(t,z,u,w) and ¢, (t,x,u,w) respec-
tively the first order partial derivatives of ¢ with respect to x and u at (¢, z,u,w),
by V(z,u)2(t, T, u,w) the Hessian of ¢ with respect to (z,u) at (t,7,u,w), and by
Gax(t, T, U, W), Qau(t, x, u,w) and @y, (¢, , u, w) respectively the second order partial
derivatives of ¢ with respect to = and u at (¢, z,u,w).

For any «, 8 € [1,400) and t € [0,T], we denote by L/;t (©; R™) the space of R™-
valued, F;-measurable random variables ¢ such that E |£|? < +o0; by Lg (Q; L*(0,T;
R™)) the space of R™-valued, B([0,T]) ® F-measurable, F-adapted processes ¢ such
that [¢lla,s = [E (fOT |g0(t,w)|adt)g]% < 400. When a =  we simply denote by
[ ]la the norm of ¢ € LE(€; L*(0, T; R™)). Also, we denote by L2 (Q; C([0, T]; R™))
the space of R™-valued, B([0,T]) ® F-measurable and F-adapted continuous processes

1
¢ such that [|¢||o,5 := [E (SUPte[o,T] lo(t,w)|?)] 7 < 400 and by Lg([0,T] x Q;R™)
the space of R™-valued, B([0,7]) ® F-measurable, F-adapted processes ¢ such that
l[#lloo == ess sup( wyepo,rxale(tw)| < +oo.

Let us recall that on a given filtered probability space, any F-progressively mea-
surable process is B([0; T]) ® F-measurable and F-adapted, and every B([0;T]) ® F-
measurable and F-adapted process has an F-progressively measurable modification
(see [23, Proposition 2.8, p. 17]).

Next, we recall some concepts and results from the set-valued analysis. We refer
the reader to [2] for more details.

Let X be a Banach space with a norm || - ||x and the dual X*. Denote by
Bx the closed unit ball in X. For any subset K C X, denote by 0K, intK, clK
and coK its boundary, interior, closure and convex hull, respectively. K is called a
cone if ax € K for any @ > 0 and = € K. For a cone K, the convex closed cone
K- :={¢e X*|¢{(x) <0, Vz e K} is called the dual cone (or negative polar cone) of
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K. Define the distance between a point z € X and K by dist (z, K) := in}f( ly— | x-
ye

DEFINITION 2.1. Let K C X. For x € K, the Clarke tangent cone Cx(x) to K
at = is defined by

dist K
Cr(x):= {’UEX lim M:O},

e—0t £
yeK, y—x

the adjacent cone T%(z) to K at x is defined by

lim dist (v 4 ev, K) :0}.

e—0t £

T (2) == {v €X

It is well known that Cr (z) is a closed convex cone in X and Cr(z) C T%(x). When
K is convex, Cx (z) = T (x) = cl{a(y —x) ‘ a>0,ye€ K}

DEFINITION 2.2. Let K C X. For any v € K and v € T%(x), the second order
adjacent subset to K at (x,v) is defined by

: 2
lim dist (x +ev+¢e*h, K) :0}.

0+ g?

T (2,v) == {h € X

By [9, Lemma 2.4], if Tf{@)(x, v) # @, then
Ck(z)+ Tf(@) (z,v) = Tf(@)(a?, v).

The dual cone of the Clarke tangent cone Cr (), denoted by N (z), is called the
Clarke normal cone to K at x, i.e.,

N&(z) := {f e X*

() <0, Voe CK(1‘>}.

When K is convex, N%(z) reduces to the normal cone Ng () of the convex analysis,
defined by N (z) := {5 ex*|ey—n)<o,vye K}.

DEFINITION 2.3. Let X, Y be Banach spaces, F' : X — Y be a given map and
x € X. The first order contingent variation of F at x is defined by

F(z+eBx)— F(ac)) _ 0}.

FO(z) = Y
(x) {v € 5

lim inf dist (v,

e—0t

When F is Fréchet differentiable at z, F(!)(x) = cl(F,(z)(Bx)).
The following two elementary lemmas will be useful in the sequel.

LEMMA 2.4. Let Ky,---,K, (for some ¢ € N) be convex cones in X and
Ni_,intK; # 0. Then for any convex cone K such that Ko (ﬂg:l intKi) # 0,
we have (N]_g K;) =21 K; .

Proof. By the induction argument, it is sufficient to prove this lemma for ¢ = 1.
To show that (Ko N K1)~ = Kj + Ky, let £ € KognNintK; and € > 0 be such
that Z 4+ eBx C intK;. Then, eBx C Ko — K7 and by [1, page 72], it follows that
(CZKO N ClK1)7 = (ClKo)i + (ClKl)i = KO_ + Kl_

Obviously (clKoNclKy)~ C (KoN K1)~ . It remains to show that (Ko N Ky)~ C
(ddKoNeclKq)~. Let £ € (KoN K1)~ and = € clKy N K. Since int clK; = intK,
and T + eBx C intK;, we deduce that Az + (1 — ANz + A\eBx C intK; for any
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A € (0,1). Noting that AT + (1 — Nz € clKjy, there exists a yx € Ky such that
yx €EAZ + (1 — Nz + AeBx C K;. Then yy, € KoN K; and

lyr — z||x < Ae+A|Z —z||x — 0, as A — 0.

Consequently, &(x) = limy_,o+ £(yx) < 0. Since x € clKy N ¢l K, is arbitrary, we get
£ € (clKyNelk,). O

LEMMA 2.5. Let X be a Hilbert space (with an inner product (-,-)y ), K be a
nonempty closed polyhedra in X, i.e., for some k € N, {a1,--- ,ap} C X \ {0} and
{by, - by} C R,

K={oreX|(a,z)y+b;<0,Vi=1--k}.
If & € H\{0} satisfies sup,e g (&, @)y < +00, then this supremum is attained at some

T € 0K, and £ € Ziel(i) Ry a;, where

I(@):={ie{l,---,k}| (@i, &)y + b; =0}.

Proof. Define X; = Span{a; | i =1,--- ,k}. Then, X = X; ® Xi-, where Xi" is
the orthogonal complement of X;. Let

Q::{xéXﬂ <ai,x>X+bi§O, Vi=1,~-~,k},

It is clear that K = Q + Xi- and K # () if and only if Q # 0.

We claim that & € X whenever sup, ¢ (£, %) y < 400. Indeed, consider & € X;
and & € Xi- such that &€ = & + &. Let 1 € Q. Then z* := 21 + A\ € K for any
A > 0. Consequently,

<€7x>\>x = <§7x1>X + /\”52“%( S SIGJ‘E <§>m>X < +o00.
Since A > 0 is arbitrary, the above inequality yields & = 0. Therefore,

sup <§a‘r>X = sup <£7x>X :
zeK zEQ

By [19, Corollary 3.53], there exists an & € Q@ C K such that sup,cq (§,7)x = (£, 7) -

Clearly, z € 0K and (§,z — Z) y < 0 for all z € K. By the definition of the normal
cone, § € Nk (Z). It remains to prove that Nx(Z) = > ;c;z) R+a;. Since for any
i€ I(z) and z € K, (a;,x)y +b; <0 and (a;, Z) y +b; =0, we have

(a;,0 —2)y <0, VYzeK,Viel(z).

This implies that 3,7z Rya; C Nk (2). If there exists a ¢ € Nk (2)\ Xoe7(z) Rtai,
then, by the separation theorem, we can find 0 # y € X such that

sup (&Y x <(Gyx -
€€ ici(m) Rai

Since 37z
0 and (a;,y)y < 0 for any ¢ € I(Z). Then,  := T+ Ay € K for all A > 0. Hence,
(¢, 2—Z)y = A, y)x > 0, contradicting to ¢ € Ng(Z). Therefore, Ng(z) =
Ziel(i) R, a;. This completes the proof of Lemma 2.5. O

) R, a; is a closed convex cone, we deduce that SWDees, o) Rias &y =
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Let (2,9) be a measurable space, Y be a complete separable metric space and
F :Z ~ Y be a set-valued map. For any & € 2, F(£) is called the value or image of
F at £. The domain of F' is defined by Dom (F) :={¢£ € E | F(€) # 0}. The graph of
F is the subset of the product space = x Y defined by

Graph(F) :={({,y) €ExY |y € F(&)}.

The inverse F~! of F is the set-valued map from Y to = defined by

Fliy)={¢cE|yeF©}

Moreover, F is called measurable if F~1(A) :={( € 2| F(§)N A # 0} € 4 for any
nonempty A € B(Y). We shall need the following known result.

LEMMA 2.6. ([2, Theorem 8.1.4]) Let (2,9, 1) be a complete o-finite measure
space, and F be a set-valued map from = to'Y with nonempty closed images. Then F
is measurable if and only if Graph(F) € 4 @ B(Y).

The following result is in the same spirit as that in [2, Theorem 8.5.1], for which
we shall provide a short proof for readers’ convenience.

LEMMA 2.7. Suppose (2,9, ) is a complete finite measure space, X is a separable
Banach space, p > 1 and K is a closed nonempty subset in X. Define

={o() e L’(E,9,1;X) | (&) € K, p-a.e. { € E}.

Then for any ¢(-) € K, the set-valued map Cx (¢(+)): € ~ Cx(p(§)) is 4-measurable,
and

T :={v() € L’(E.9, 11 X) | v(§) € Ck(9(€)), p-a.e. £ € E} C Crle(")).

Proof. Define ¢ : K x X - RU {400} as

dist(y + ev, K)

Y(x,v) := limsup .

e—=07T
yeK,y—x
Then for any z € K, Cx(x) = {v € X | ¥(z,v) = 0} and by [5, Proposition 2.1.1], 9
is upper semicontinuous. Since ¢(-) is measurable,

Graph(Cx (¢())) = {(&v) € Ex X | ¥(p(€),v) =0} € ¥ @ B(X).

Then, by Lemma 2.6, the set-valued map & ~» Cx(¢(§)) is measurable.

To prove that 7 C Cx(¢(+)), it suffices to show that, for every v(-) € T, for
any sequences {e,} C Ry and {¢,(-)} C K with &, — 0" and ¢,(-) = ¢(-) in
LP(E, 9, u; X) as n — oo, there exists a sequence {v,(-)} C LP(E,¥, 1; X ) such that
vp(-) = v() in LP(E, 9, u; X) as n — oo and ¢, () + e,v, () € K for each n € N.

Fix v, e, o as above and set

I X K —on(§)
an(§) = dzst(v({), T)
By [2, Theorem 8.2.11], a,(+) is measurable. Since ¢, (-) = ¢(+) in LP(E, 9, u; X),
¢n(-) converge to ¢(-) in measure. Therefore, for any subsequence {¢n;(-)}32; of
{en()}nZ: there exists a sub-subsequence {¢n; (-)}72, such that oy, (§) — ¢(€)
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p-a.e. as k — oo. By the definition of the Clarke tangent cone, an; (§) — 0, p-
a.e. as k — oo. Noting that a,,(§) < ||v(€)|x, p-a.e., by the Lebesgue dominated
convergence theorem, «,(-) converge to 0 in LP(Z,¥, u; X). By [2, Corollary 8.2.13
and Theorem 8.2.9], there exists a ¢, () € K such that for any € € E,

) Pen (&) —¢n(§)

En Hx

vt < an(€) + 2.

Define v, () = M. Then, v, () converge to v(-) in LP(Z,%,u; X) as
n — oo, and @, () = ©n () + €nvn(-) € K for any n € N. This completes the proof. 0
As in [13], we call a measurable set-valued map ¢ : (Q,F) ~ R™ a set-valued
random variable, and, we call a map I" : [0,7] x © ~» R™ a measurable set-valued
stochastic process if I' is B([0, T]) ® F-measurable. We say that I' is F-adapted if T'(¢)

is Fi-measurable for any ¢t € [0,T]. Define
(2.1) o ={AeB(0,T)®F | Ay € F, Vt€[0,T]},

where A; :={w € Q| ({,w) € A} is the section of A. Obviously, &/ is a o-subalgebra
of B([0,T]) ® F. As pointed in [13, p. 96], the following result holds.

LEMMA 2.8. A set-valued stochastic process T : [0, T] x  ~» R™ 4s B([0,T]) ® F-
measurable and F-adapted if and only if I is o -measurable.

3. First order necessary condition. In this section, we study the first order
necessary optimality conditions for the optimal control problem (1.4). Firstly, we
introduce the notion of local minimizer for (1.4).

DEFINITION 3.1. An admissible pair (Z,u) € L2(Q; C([0,T];R™)) x U is called a
local minimizer for the problem (1.4) if there exists a 6 > 0 such that J(z(-),u(-)) >
J(Z(),a(-)) for any (z(-),u(-)) € Paa satisfying |To — x| < 6 and ||lu — |2 < 6,
where To and xg are the initial conditions of T(-) and x(-), respectively.

We need the following assumptions:

(A1) The control region U is nonempty and closed.
(A2) The functions b, 07 (j=1,---.,d), ¢ and g* (i =1,--- , k) satisfy the follow-
ing:
(i) For any (z,u) € R*xR™, b(-,z,u,-): [0,T]xQ — R" and o9 (-, x,u,-) :
0,T] x Q@ — R™ (j =1,---,d) are B([0,T]) @ F-measurable and F-
adapted. For a.e. (t,w) € [0,T] x 2, the functions b(t,-,-,w) : R™ x
R™ — R” and o7 (t,-,-,w): R™ x R™ — R" are differentiable and

(z,u) = (be(t, x,u,w), by (t, z,u,w)),

(ZZ?,U) = (Gi(t,x,u,w),ai(t,x,u,w)), .] = 17' o 7d

are uniformly continuous in x € R™ and u € R™. There exist a con-
stant L > 0 and a nonnegative n € L2(; L*(0,T;R)) such that for a.e.
(t,w) €10,T] x Q, any (x,u) ER* X R™ and j =1,--- ,d,

1b(t,0,u,w)| + 07 (£, 0, u,w)| < L(n(t,w) + [ul),
by (t, 2, u,w)| + |bu(t, 2, u,w)| < L,
|U%(t,x,u,w)| + |Ji(t7x,u,w)\ < L;
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(ii) For any x € R™, the random variable ¢(x,-) is Fr-measurable. ¢(-,w) :
R™ — R is differentiable a.s., and there exists a nonnegative np €
Lg_-T (4 R) such that for any x, & € R,

[¢(z,w)| < L(nr(w)? + [2%),  [62(0,w)| < Lnr(w), a.s.,
| (7, w) — ¢2(F,w)| < Lz — &, a.s.

(iii) Fori=1,---,k, and any v € R™, the random variable g'(x,-) is Fr-
measurable, g'(-,w) : R™ — R is differentiable a.s., and for any x, T €
RTL

)

7

lg"(z, w)| < Lnp(w)® + [z[?), 9%(0,w)| < Lyp(w), a.s.,
gt (x,w) — gt

' (Z,w)| < Llz — 2|, a.s.

When the conditions (i) and (ii) in (A2) are satisfied, the state x(-) (of (1.1)) is
uniquely defined by any given initial datum 2y € R™ and control u(-) € U, and the
cost functional (1.2) is well-defined. In what follows, C represents a generic positive
constant (depending only on T', n(-), nr(-) and L), which may be different from one
place to another.

Let (Z,u) be a local minimizer for the problem (1.4) with %y being the initial
datum of Z. For ¢ = b,07, j =1,---,d, denote

Pz [t] = Pz (t7 j:(t)v ﬂ(t)), Pu [t] = Wu(t j(t)’ ﬂ(t))

Let v € Tk (%o), v € Tj; (1) and consider the following first order linearized stochastic
control system:

dys(t) = (b [y1 () + bulto(t))dt

(3.1) + ijl (od[tlyr (t) + o [t]u(t))dW(t), t € [0,T],
Y1 (0) = 1.

It is easy to see that, under the assumption (A2), the equation (3.1) admits a unique
solution y1(-) € L2(;C([0, T]; R™)).

Consider v§ € R™ and v, € L2(Q; L?(0,T; R™)) such that Zo+cv§ € Ko, u+ev. €
U, v§ — 1vp in R” and v. — v in LE(; L3(0,T;R™)) as ¢ — 0", For u® := 4 + v,
and xf := Zo + €1, let 2° be the state of (1.1) corresponding to the control u® and
the initial datum zf, and put 62° = 2° — .

The following result, concerning the d-dimensional Wiener process, can be proved
in the same way as that in [10, Lemma 3.2], originally derived for the one-dimensional
Wiener process.

LEMMA 3.2. If (A2) (i) holds, then,

911l5,2 < C(lvol* + [[0ll3),  102°]13% 2 = O(?).
Furthermore,
(3.2) [75]|02 — 0, ase— 07T,

0xc(t,w)

where 7§ (t,w) := —y1(t,w).
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From now on and till the end of this section we restrict our attention to the Clarke
tangent cones Ck,(Zo) C Tk (Zo) and Cy(a) C T} (a).
Define the reachable set of the linearized control system (3.1) as follows:

RW = {y1(T) € L%, (% R™) | y1 solves (3.1) with (v, v) € Cre, (o) x Cu(@)}-
Consider the set
Q=[] <
1€I(z(T))
where
I(z(T)):={ie{l,--- ,k} | E g"(®(T)) = 0}

and

Q== {z € L%, (% R™) | E (g4 ((T)), z) < 0}.
Also, we define

LW = {z € L% (GR") | E(¢y(z(T)),z) < 0}.

When ¢, (z(T)) =0 a.s., LD = (.
Since Cx, (Zo) and Cy(4(-)) are nonempty convex cones, R!) is a nonempty convex
cone in L% (€;R™). Furthermore, Q(;) and L) are open convex cones in L% (;R™).

LEMMA 3.3. If for some A € Fr with P(A) > 0,
(33) Z(w):={zeR"| (gh(z(T,w),w),z) <0, VieI(z(T))} #0, as. in A,

then Qe # 0.
Proof. Define

Z(w), ifwedand Z(w) #0,
MNw) :=
R™, otherwise.

By the assumption (iii) in (A2) and (3.3), Graph(T') is Fr x B(R™)-measurable. Then,
by [21, Theorem 5.8], there exists an Fp-measurable selection v(-) of T'(-). Noting
that y(w) # 0 a.s. in A, we define

W)

——= ifweAand y(w) #0,
2(w) =3 (W)

0, otherwise.

Then, z € Q). O

Remark 3.1. If for any v € R™, the vectors {g,(z,w)}icr(zw) are positively
independent a.s. (where I(z,w) = {i € {1,...,k}|¢'(z,w) = 0}), then the condition
(3.3) holds true with A = Q.

We associate with the first order variational equation (3.1), the following first
order adjoint equation

APy (1) = — (b 10T Pu(t) + 3° o3[ TQI(0))dt + 5o QIO (1), ¢ € [0, 7],
i=1 i=1
Pl (T> = 57

(3.4)
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where £ is a random variable in L% _(€;R™) which will be specified later. Under
the assumption (A2), the backward equatlon (3.4) admits a unique strong solution
(Pi(+),Q1(-)) € LA(Q;C([0,T); R™)) x L2(; L2(0,T; R™*4)).

Define the Hamiltonian

d
(3:5) H(t,x,u,p,q,w) = (p,b(t, 2, u,w)) + Y (¢, 07 (2, u,w)) |
j=1

where (¢, z,u,p,q,w) € [0,T] x R* x R™ x R™ x R"*4 x ), and denote

H[t] :H(tvi'(t)aa(t)vpl(t)le(t))a te [OvT]a

H,[t], Hyz[t], Hewlt] and Hy,[t] are defined in a similar way.
We have the following result.
THEOREM 3.4. Let (A1)-(A2) hold and (Z,u) be a local minimizer for the problem
(1.4).
(i) IfI(z(T)) = 0 orif I(Z(T)) # 0 and Q1) # 0, then there exist Ao € {0,1}, A\; >
0 fori € I(Z(T)), and a solution (P1,Q1) to the first order adjoint equation
(8.4) corresponding to (T,w) such that Ao +E |P1(T)| # 0,

(3.6) H,[t] € NG (u(t)), ae t€[0,T], as

and

(37 Pi0) € NE,(Z0), —Pu(T) =Xoou(@(T) + D Nigh(@(T
1€1(z(T))

(i) If I(z(T)) # 0 but Quy = 0, then, for each i € I(Z(T)), there exists a A; > 0
such that 3, zryy Ai > 0 and 3 57y Mgz (2(T)) = 0. In particular, (5.6)-
(3.7) hold with Ao =0 and (Py,Q1) = 0.

Furthermore, the above holds with \g = 1 if I(x(T)) = 0 or if I(x(T)) # 0 and
Q(l) n R(l) 7é 0.

Proof. (1) If I(z(T)) = 0, then E ¢*(Z(T)) < 0 for every i = 1,--- , k, and it is easy
to verify that any (z(-),u(-)) obtained by a sufficiently small perturbation of Zy and
a(-) is still in Pgq. Recall that the Clarke tangent cone is a subset of the adjacent cone.
Furthermore, results obtained in [10] for the one dimensional Wiener process can be
extended to the d-dimensional Wiener process by similar proofs. Then, setting \g = 1
and Py (T) = —¢,(%(T)), it follows from [10, Theorem 3.1] that P;(0) € N§ (Zo) and

T
(3.8) E/ (Hy[t],v(#))dt <0, VYou(-)eCylu()).
0
By Lemma 2.7, using the same method in [22, Lemma 4.6] we conclude that
(Hy[t],v) <0, VYoveClyu(t)), ae. tel0,T], a.s

i.e., (3.6) holds true.
If I(.f(T)) #+ () and Q(l) #+ (), then

RYNQuynL® =0.
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Indeed, otherwise, there would exist a solution ¢; of (3.1) such that 7, (T") € Q) nL®
Let 7 € Ck,(Zo) and 9(-) € Cy(u(-)) be the initial datum and the control corresponding
to §1. Consider u(e) € R™ with |u(e)| = o(e) and n(e) € Li(; L3(0,T;R™)) with
[In(e)]l2 = o(e) such that z§ := To +ev + u(e) € Ko and u® := t+ev+n(e) € U. Let
x° be the solution to the control system (1.1) with the initial datum z§ and control
u®. By Lemma 3.2, one can find a p < 0 such that for any sufficiently small ¢ > 0,

E g'(2*(T)) ZEQZ(f(T +€]E<9fg 7(T)), 51(T)) + o(e)
" (Z T))+o(e) <ep+o(e) <0, Viel(x(T)),

=¢E (g.
and, for any i ¢ I(z(T)),
9'(z°(T)) =E ¢"(z(T)) + eE (g (2(T)), 5:1(T)) + o()
<p+eE <g$( (1)), 51(T)) +0(e) <0
Moreover,

E ¢(2°(T)) = E ¢(2(T)) + E (92 (2(T)), 51(T)) + o(e)
<E ¢(z(T)) +ep+o(e) <E o(z(T)),

which contradicts to the local optimality of .
Now we consider two different subcases.

Case a: Q) N RM = . Since Q1) is a nonempty open convex set and

R(M is nonempty and convex, by the separation theorem there exists a nonzero
£ € L3 (Q;R") such that

sup E(f,a}f 1nf E (&, 5).

aEQ(1) R

Since Q1) and R™) are cones, 0 = SUDaco,, B (€, @) = infgera E (€, B) . Therefore,

£ e Q(_1) and —€ € (R(l))i. By Lemma 2.4, Q(_l) = Zie](a‘c(T)) (Q%l))_, implying
that, for each ¢ € I(2(T)), there exists a A; > 0 such that £ = >, z(1)) Xigs(Z(T)).
Set Ao = 0 and P, (T) = —¢. Then, Ao + E|P;(T)| # 0, and, since —¢ € (RW) ™~

(3.9) E(P(T),1(T)) <0, ¥y(T) € R,
By the duality between (3.1) and the (3.4),
(310)  E(P(T),y(T))
= (Pi(0). ) +E / (<P1<t>,bm[t1y1<t>> + (P 0).bulfol®)
d
— (bl P B CAUNEHORNON

j=1

0y (@i, o2l (®)) +>_ (L), olltlo(®)) )at

Jj=1 Jj=

—
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From (3.9)—(3.10), it follows that
T
(3.11) (Py(0), o) +E/O (Holtl,v(8)) dt <0, ¥ v € Cicy (20), ¥ 0(-) € Cu(al-)).

Letting v = 0, we have P;(0) € Ngo (Zo). On the other hand, for vy = 0, we get (3.8)
from (3.11). By the same arguments as before, we obtain (3.6).

Case b: Q(;)NRM # (). Since RWNQ1,NLY = ), we have E (¢, (z(T)),x) >0
for all k € Q) N RW. Therefore, —¢,(2(T)) € (Q1y NRW) . Noting that Q(y) is
an open convex cone, by Lemma 2.4, (Q(y) ﬂ’R(l))_ = Ziel(i(ﬂ) (Qél))_ + (R(l))_.
Consequently, there exist £ € (RW)™ C L%, (5 R™) and \; > 0 for each i € I(z(T))
such that —¢;(2(T)) = € + Xoier(z(r)) Ai¥x(2(T)). Set Ag =1 and define

(3.12) P(T)=€&=—¢(2(T)) = Y Nige(@(T)).

ieI(x(T))

Then, Ao + E |P(T)| # 0. Since £ € (RW) ", it follows that E (P (T), y:(T)) < 0 for
every y1(T) € RM) . Then, using arguments similar to the Case a, we obtain the first
order necessary condition (3.6) and the transversality condition P;(0) € Ngo (Zo)-

(ii) I(z(T)) # 0 but Q1) = 0.
We prove the desired results in two different cases.

Case 1: There exists an i € I(Z(T)) such that ¢g¢(Z(T)) = 0 a.s. Set \; = 1 and
A; =0 for any j # ¢. Then

0=Xig,(@(T)+ > Ngi(a(D)).
JEI@(M)\{i}

Case 2: For any i € I(2(T)), g4(2(T)) # 0 (in the space L3 (Q;R™)). Then,
Ql('l) # ), for every i € I(Z(T)). Since Q@ = (), one can find an i € I(Z(T)) and a
subset J C I(Z(T))\{¢} such that Njc; Qzl) is nonempty and

QN ( N Qfl)) =0.

jeJ
By the separation theorem, there exists a nonzero £ € L%T(Q; R™) such that

sup E(§,a) < inf ; E(,08).
QEQEI) Beﬂjejg(l)

Since the involved sets are cones, £ € (Qfl))7 and —¢ € (ijJ Q{l))f. By Lemma

2.4, &€ = X\igt(z(T)) for some \; > 0 and for each j € J, there exists a A; > 0 such
that = = >, N\;jg2(Z(T)). Setting A\;j = 0 for j € I(z(T))\(J U {i}), we arrive at
the desired result. The proof of Theorem 3.4 is complete. O

Remark 3.2. When the diffusion in the control system depends on the control
variable, to establish the stochastic maximum principle using the needle variations,
more smoothness of data has to be assumed and two adjoint processes have to be
introduced, see [18, 23] . When Ky = {xo}, the first order necessary condition (3.6)
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can be deduced from the mazimum principle [23, Theorem 6.1]. The advantage of our
approach is due to the fact that it leads to the first order necessary condition (3.6)
using only the first order adjoint process (Py,Q1), even if the control region is not
convex. In addition, the proof of [23, Theorem 6.1] does not allow to get a geometric
meaning of the finial datum Py(T) of the first order adjoint process, while, from the
proof of Theorem 3.4 we know that, Py(T) is a normal vector at zero to the reachable
set R (of the first order linearized system (3.1)).

To end this section, we give two simple examples to show how to use the first
order necessary condition to distinguish the local minimizer from other admissible

controls.
Ezample 3.1. Let T=1,m=2,n=1,k=1, Ky = (—o0,—1] U [1,+00) and

U= {(ul,u2) S R2 | |’LL1| > ].,|’LL2| > ].}
Consider the control system

(3.13) {ifé;):xiél(t)dtJruz(t)dW(t), t € [0,1],

with the cost functional
E ¢(z(1)) = E |2(1)
and the end points constraints
z0 € Ko, E g(z(1))=E z(1) <0.

Let Tp = 1 and u(t) = (u1(t),u2(t)) = (—1,1). Then, the corresponding solution
of (3.13) is T(t) =1 —t + W (t). In particular, E (1) =E W(1) = 0. In this case,

Ck,o (o) = [0,+00), Cu((=1,1)) = {(v1,v2) € R* |v; < 0,03 > 0}
and
Qu)={2€ L% (%R)|E 2 <0}.

Letting vy = 0, v1(t) <0, a.e. t €[0,1], a.s., v2(t) =0 and y1(-) be the solution
to the first order linearized control system

(3.14) { dyy(t) = vi(t)dt +va ()W (t), t € [0,1],

v (0) = 1.

we have y,(1) € RM N Q).
Define the Hamiltonian for this optimal control problem:

(315) H(t, €, (ula UQ),p, q) ‘= puy +quy, (t, z, (ula UQ),]?, Q) € [07 1] xR x Rz xR xR.
Assume for a moment that (T,u) is a local minimizer. By Theorem 3.4, there exists

A1 > 0 such that the solution (Py, Q1) to the backward stochastic differential equation

dP;(t) = Q. (t)dw (t), te]0,1],
(3.16) { PL(1) = ~0a(2(1)) ~ Mgala(1)) = 2 (1) ~ Xy
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satisfies P1(0) € NI%) (Zo) and
(3.17) Hyu[t] = (Pi(t),Q:1(t) " € N5 (a(t)), a.e. t € [0,1], a.s.

By (3.16), (P1(t),Q1(t)) = (=2W(t) — A1, —2). Then, for any t € [0, 1], choosing
v = (v1,v9) € Cy(a(t)) such that vy < 0 and vo = 0, we have

P(<Hu[t},’0> = —2W(t)’£11 — vy > O) 75 0,

contradicting to (3.17). Therefore, u(t) = (—1,1) is not a local minimizer.
Example 3.2. Consider the optimal control problem from Example 3.1 with U
replaced by

~

U= {(U17UQ) e R? ’ |ug| > 1}.
Let &9 =1 and 4(t) = (—1,0). Then,
Cro(Zo) = [0,400), Cz((—1,0)) = {(v1,v2) € R? | vy <0}

and the corresponding solution of (8.13) is &(t) = 1 — t. Furthermore, (1) = 0 and
therefore, 4(-) is a global minimizer.

Neat, let us verify that u(-) satisfies the conditions (3.6)—(3.7).

Similarly to Example 3.1, choosing vy = 0, v1(t) <0, a.e. t € [0,1], a.s., va(t) =0
and letting y1(-) be the solution to (3.14), we have y1(1) € RW N Q). Let the
Hamiltonian be defined by (3.15), Ao =1, A1 = 0 and (P1,Q1) be the solution to the
backward stochastic differential equation

{ dPi(t) = Q1 (t)dW (t), te]0,1],
Pi(1) = =4 (2(1)) = 0.

Clearly, (P1(t),Q1(t)) = (0,0) and the conditions (3.6)—(3.7) trivially hold.

4. Second order necessary conditions. We investigate next second order
necessary conditions for a local minimizer (Z,a) for the problem (1.4). Throughout
this section, we assume that 4 € L#(Q; L*(0,T;R™)) and define

Vi=UnNLiQ; L*(0,T;R™)).

In addition to the assumptions (A1) and (A2), we suppose that
(A3) The functions b, 0 (j=1,---.,d), ¢ and g* (i =1,--- k) satisfy the follow-
mng:
(i) Fora.e. (t,w)€[0,T]xQ, b(t,-,,w): R"xR™ = R" and o (t,-,-,w) :
R* xR™ - R" (j=1,---,d) are twice differentiable and
(x, ’U,) — b(af,u)2 (ta T, u, w)a (ZL’, ’U,) — O—gx u)? (ta T, u, w)a .7 = 17 () d

are uniformly continuous in x € R™ and v € R™, and,
d .
|b(a:,u)2(ta xz, u,w)| =+ Z |U€z7u)2(t7 xz, U,W)| S Lv V (l‘, U) € Rn X Rma
j=1

(i) ¢(,w): R™ = R is twice differentiable a.s., and for any x, & € R™,

Ga(@,w)| S L, |$ga(®,w) — ¢oa(Z,w)| < Lz — | as.
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(iii) For any i = 1,--- .k, ¢'(,w) : R™ — R are twice differentiable a.s.,
and for any x, £ € R™,
|9ea (@, W) S L, |gra(®,w) = 0T, w)| < Lz — 7] as.
For o =b, 07 (j=1,---,d), write
Paat] = 0ua(t, Z(8), 0(t),  Pault] = Puult, T(t),0(t),  Puult] = Puult, T(t), u(t)).
Let vy € Ty, (Zo), v € Ty(u), W(Zo, ) be a convex subset of T;’((f) (Zo, o) and
M(@,v) be a convex subset of Tb( )( v) (Here, for the definitions of T)(%) and
TV(Z)(U,U)7 V is viewed as a subset of L3 (; L*(0,T;R™))). For any wo € W(Zo, 1)

and h € M(4,v), similarly to [12], we introduce the following second-order variational
equation:

dyz(t) = (ba[tly2(t) + bu[t]A(t )+ 3Y1(8) "o [tly1 (t) + v(8) Tzu[t]yr (t)

(41) +50(0) T bualtu(t))dt +z (2 [y () + 4 R0 + 531 ()T oL [y ()
+o(t)Tod, [ty () + v( )TUJ [tlo(t))dWI(t), t e 0,77,
y2(0) = wo,

where y; is the solution of the linearized system (3.1).

Then there exist w§ € R™ and h. € LE(2; L*(0,T;R™)) such that Zo + evp +
e?ws € Ko, i+ev+e?h. € V, ws — wo in R™ and h. converges to h in Li(; L*(0, T}
R™)) as € — 0. Set u® := @i + ev + €2he, x5 := To + evp + 2§ and denote by x°
the solution of (1.1) corresponding to the initial datum z§ and the control u®. Put
0x° = 2° — Z. The next result for d-dimensional Wiener process follows by the same
arguments as those used to prove [10, Lemma 4.1].

LEMMA 4.1. Let the assumptions (A2) (i) and (A8) (i) hold. Then, for any
v, hyhe € Lg(Q; L0, T;R™)) and vy, wo, w§ € R™ as above, we have

23,2 < Cllwol® + [vol* + [lvll3 + [[2]13)-
Furthermore,
(4.2) [75]loc2 — 0, &— 0T,

0z (t,w) — eyr (t,w) — 2ya(t, w)

where r§(t,w) :=

Denote =
hy O {000,000, 0) € L@ C(0, T R) < Th(0) < T, (20) |
. y1 solves (3.1) and E (g% (z(T)),y:1(T)) <0, Vie I(z }

and define the critical cone by
(44 T@ ) = {(),v()w) € V(@) | E@.@(1),n (1) =0},

For any fixed (y1(-),v(:),v0) € T(Z, @), consider the reachable set of the affine control
system (4.1), defined by

(4.5) R (y,v) := {y2(T) €L, (R ) y2 is the solution of (4.1)
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corresponding to some (g, h) € W(zg, vp) x M(a, v)}
Let

I(&(T),y1(T)) == {i € I(&(T)) | E(g;(z(T)),y:(T)) = 0}
and consider the set
(4.6) Q) (51 (1)) == N Qloy (w1(T)),
i€I(2(T),y1(T))

where

Qo) (11 (1) ={z € L3, () | E (4 (3(T)), 2) + 5B (g () (T), 1 (7)) < 0}.

Furthermore, we introduce the set

LA () = (= € I, (U R") | E{gu(2(T)), 20+ 5E {Gra (F(T))s (T), 1 (T)) < 0}.

Remark 4.1. For any (y1(-),v(:),v0) € Y(&,4), if I(Z(T),y1(T)) # 0 and
{9:(2(T)) € L%, (% R™) |i € I(Z(T),:(T))}

are positively independent, then Qo) (y1(T)) # 0.
Indeed, under the positive independence assumption, it follows that

0 ¢ co{gy(z(T)) € L%, (%R | i € I(z(T), y1(T)) }-
Let I(Z(T),y1(T)) = {i1, ..., iq} for an integer ¢ > 1. Define A : L% (Q;R") — R by

i (= iq (= T .7
Az = (E(g2 (2(T)),2) ... E{gk(z(T)),2)) , Vz€L% (R,
and denote RL = {(z1,...,zq) €R? | z; <0, i = 1,...,q},
1 e iq (= T
b= 5 (B (e (@(T)yi (1), y1(T)) - B (g2 (BT (T), 51(T)) )
Assume otherwise that Q2)(y1(T)) = 0. Then {Az+b|z e L% (GR™)}NRE = 0.
By the separation theorem, there would exist a § = (&1, ...,&,) # 0 such that

sup (a,§&) < inf Az +b,§).
ae]RPi< &) zeL;T<Q;Rn>< &)

Hence § >0, 1 =1,....,q and 0 = supyepae (&) < inf.crz (qmny (A2 +b,&). Then,
- T

0< (Az+b,&) =E <Zlq:1 &gl (i:(T)),z> + (b, &) for all z € L% (G R™), implying
that Y7, &9%(2(T)) = 0 and leading to a contradiction.

For ¢ € L% (€;S™) (which will be specified later), we introduce the following
adjoint equation to (4.1):

dPy(t) = —(ba[t] T Pa(t) + Pa(t)balt] + Xd) ol [t]" Py(t)oilt]
d . d . =
SHTO! I (ol
(4 7) +]; ;c[t] Q2(t) + ng Q2(t) x[t] + wa[t])dt
d .
+ 3 Q4(H)dwi(t), te[0,7],
j=1
Py (T) = ¢.
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Clearly, under the assumptions (A2) (i) and (A3) (i), the equation (4.7) admits a
unique strong solution (Pa(-), Q2(+)) € L&(X2; C([0,T7]; S™)) x (LE(Q; L*(0,T; S”)))d.
To simplify the notation, we define

S(ta T, Uu,Y1,%1,Y2, 2250‘}) = Ha:u(ta x,u,Y1, Zl,W) + bu(t7$aUaW)Ty2
d

d
+ Z Ui(tv T, u, w)TZ% + Z U%(tv T, u, W)TyQUi (t, o, u,w),
Jj=1 Jj=1

where (t, z,u,y1, 21, Y2, 22, w) € [0,T] x R? x R™ x R™ x R"*4 x §" x (S")4 x (2. Write

(48) S[t] - S(t,f(t),ﬂ(t), Pl(t)v Ql(t)a PQ(t)a Q2(t))7 te [OaT]a

where (P;(+), Q1(+)) and (Pa(-), @2(+)) solve the equations (3.4) and (4.7), respectively.
THEOREM 4.2. Let (A1)-(A8) hold and (Z, 4) be a local minimizer for the problem
(1.4) with the initial datum To and the control W € U N Li(Q; LA(0,T;R™)). Then
for any (y1(+),v("),v0) € Y(Z,u) with W(Zo,v0) # 0 and M(Zg,vo) # 0, there exist
Ao € {0,1}, A\i > 0 (for each i € I(Z(T),y1(T))) not vanishing simultaneously, and
adjoint processes (P1,Q1), (P2, Q2) corresponding to (Z,u) and the final datum

(4.9) P(T) =Xt (@(T) — Y Ngh(a(1)),
i€I(Z(T),y1(T))
(4.10) Py(T) = —Aoua(2(T)) — Z Xigy, (2(T))

iel(@(T),y1(T))

such that for any wo € W(Zo,9) and h(-) € M(a,v),
(4.11) (P1(0),w0) + % (P2(0)vo, o) +]E/O ((Hu[t]>h(t)> + 5 (Huu[t]o(t), v(1))

d
5 3 (Pat)od [ut), o4 [fu(6)) + ([ (1), o(0)) ) < 0.

j=

N =
—_

Moreover, the first order adjoint process (P, Q1) with the finial datum defined by (4.9)
also satisfies the first order necessary condition (3.6) and the transversality condition
Pl(()) S Ngo(i‘o).

Furthermore, \g = 1 if I(zZ(T),y1(T)) = 0.

Proof. Fix (y1(-),v(:),v0) € Y(Z,u). We first prove the desired second order
necessary condition (4.11) by considering several cases.

Case 1: 1(z(T),y1(T)) = 0. In this case, E (¢, (Z(T)),y1(T)) = 0 and for any
i € 1(z(T)), E(¢%(z(T)),y1(T)) < 0. Then, for any wo € W(Zo, ), h € M(a,v)
and e > 0, there exist u(e) € R™ with |u(e)| = o(e?) and n(e) € LE(Q; L*(0,T;R™))
with [|n(¢)||a = o(?) such that 2§ = Zo + vy + 2o + u(e) € Ko and u® = @ + ev +
e2h +n(e) € V. Let ¢ be the solution to the control system (1.1) corresponding to
the initial datum x§ and the control u®. Then, by Lemma 4.1, for some p < 0 and all
sufficiently small € > 0 and for any i € I(z(T)) ,

E g'(2*(T)) = E g'(#(T)) + €E (g, (2(T), 51(T)) + €*E (g2 (z(T)), y2(T))

2
= E (g, (F(T)yu (1), 31 (1)) + o(e?)

iF)
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= e(E (g (2(T)), y1(T)) + €E (g% (2(T)), y2(T))
(4.12) +SE gk, (2(T)yn (1), (1) + 0(e)) < 2p <0,
while for any ¢ ¢ I(Z(T)),
Eg¢'(«°(T)) =E 9 (x( eE (g5 (2(T)), 91(T)) + *E (g, ((T)), y2(T))
)

+2E<gm< #(T)y (T) >+o
< p2(E(g(@(T)). (T >>+5E<g$<f< sve(D))

(4.13) +5E (g (ED)a (1), 31(1)) + ofe)) <0,

ie., (2°,u®) € Pyq. Since (T, u) is locally optimal, for all sufficiently small € > 0,

o< E (p(xE(T))e; E ¢(z(T)) _ %E (62(Z(T)), y1.(T)) + E (¢ (2(T)), y2(T))
+%E (boa (@(T)y2(T), 31(T)) + O(j)
(4.14) = E(¢(2(T)),y2(T)) + %E (020 (@(T))y1(T), 51(T)),  (as e — 0F).

On the other hand, for any solutions (P1,Q1) and (P, @Q2) of (3.4) and (4.7)
respectively, by It6’s formula, we have

(4.15) E (Pi(T),y2(T))
T
= (P00 +E [ ((Pi0)bult(n) +

(P, o) b fn () + 5 (P00 bulilo()

+Z<Q{<t>,azmh<t>>+;i@l() 1(8) oL, [fu (1))

Jj=1 j=1
s (@), o) oL (1)) + 5 Z CHORTONMUEONER

EINCAOLATAORATEONED SCACEATNORATHO),
le | Jj=1
+23~ (@O (1), aho(t) ) — (Haaltlyn (6. 2(1) ) .

Letting Pi(T) = —¢.(Z(T)), Po(T) = —¢(T(T)) (e, Ao = 1, A\; = 0 for each
i € I(z(T))) and substituting (4.15)—(4.16) into (4.14), we obtain (4.11).
Case 2: 1(z(T),y1(T)) # 0. Firstly, we claim that

L (y1(T)) N Qay (y1(T)) NRZ (y1,v) = 0.
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Indeed, if the above intersection was nonempty, then there would exist @y € W(Zg, 1/9)
and h € M(a,v) such that the corresponding solution y»(-) of the second order
variational equation (4.1) satisfies

E (g (2(T)), y2(T)) + %]E (9on(@(T))yr(T),11(T)) <0, VielI(x(T),y(T))

and
E (62 (#(1)), 92(1) + 3 (e (F(T))a(T), 1 (1)) < 0.

Let u(e) € R™ with |u(e)| = o(?) and n(e) € La(; LY0,T;R™)) with |[n(e)]ls =
o0(e?) satisfy z§ = T + evg + e2wo + pu(e) € Ko and u® = 4 + ev + e2h + n(e) € V,
and let z° be the solution to the control system (1.1) corresponding to the initial
datum zf and the control u®. Similarly to Case 1, one has for all ¢ > 0 small
enough E ¢'(25(T)) < 0 for every i ¢ I1(Z(T),y:1(T)). Also, by Lemma 4.1, for any
i€ I(Z(T),y1(T)), there exists a p < 0 such that for all sufficiently small ¢,

E g'(2*(T))=E g"(@(T)) + eE (g5, (2(T)), y1(T)) + €*E (g.(2(T)), (1))

g2 ,
+ 5 E (o (B(D))y1 (1), 31 (T)) + 0(e?)

=2 (B (2(1)). (1)) + 3 gl (BT ()11 (1)) + 250
<e?p <0,
This proves that (z°,u°) € Peq. On the other hand,
E (s (1)) =E 6(2(T)) + <E (6 (#(1)), s (T)) + °E {6 (#(T)), 1a(T))
P (00 () (), () + of)

:Ewﬂﬂ%m%EwﬁﬂﬂLm@»

3B {0 (F() (), (T)) + 257)
<E G(#(T)) + % < E (a(T)),

contradicting the local optimality of (Z, %) and proving our claim.
Next, we consider two subcases.

(i): LB (y1(T)) N Q) (1 (1)) # 0.
Since L& (y1(T))NQ2)(y1 (T))NRP (y1,v) = B, by the separation theorem, there
exists a nonzero £ € L3 (Q;R") such that

sup E( a) < inf E (&, 3).
a€LP (y1(T)) N L2y (y1(T)) BERP (y1,v)

By the first conclusion of Lemma 2.5, for some
ap € d (5(2)(y1(T)) N Q(z)(yl(T)))
— (£<2>(y1 (T))) N ( N cl(Qég) (yl(T))))

i€l(2(T),y1(T))
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we have E (£, a0) = suPyers@ (4, (1)) Q2 (31 (T) E( ).
Denote by Io(Z(T'), y1(T)) the set of all indices i € I(Z(T'),y1(T)) such that

E (g} (#(T)). a0) + £ (g}, (5(T))a(T), 12 (T)) = 0.

By the second conclusion of Lemma 2.5, there exist A; > 0 (for each i € Io(Z(T), y1(T)))
and Ao > 0 (Ao = 0 if E (¢ (Z(T)), 20) + 3E (0w (Z(T))y1(T),y1(T)) < 0) such that

E=Xd:(@M)+ D Ngh(@(T)).
i€lo(2(T),y1(T))
Consequently,
E (€, 00) =5 (VB (0a GO (T in (M) + 32 Mgk, () (1), 32 (T))).
i€Io(2(T),y1(T))
Setting
P(T) = —Xo¢a(2(T)) — > g (2(T)),

i€lo(z(T),y1(T))

Py(T) = =Xo¢ae(2(T)) — > NiGee (2(T)),

i€l (Z(T),y1(T))

we find that, for any y2(T) € R (y1,v),
1
§]E (Po(T)y (), y1(T))

- _% ()\OE (Pwa(Z(T))y1 (T), y2 (1)) + > ME <g;I(E(T))y1(T)7y1(T)>>
i€ 1o (#(T) 31 (T))

=E (£, a0) < —E(PL(T), y2(T)) .

This combined with (4.15)—(4.16) implies the second order necessary condition (4.11).

(ii): LP(y1(T)) N Qeay(w1(T)) = 0.
To simplify the notation set ¢°(-) = ¢(-), J = {0} U I(Z(T), y1(T)) and

Qyy (y1(T)) = {2 € L%, (B R™) | E(92(2(T)), 2) + %]Ewm(f(T))yl(T),yl(TD <0}

Clearly, Q0 (y1(T)) = L®) (y1(T)).
If there exists an 7 € J such that Q’@(yl (T)) = 0, then, g*(z(T)) = 0 a.s. and

(4.17) E (950 (2(T))y1(T), y1(T)) = 0.

Let \; =land \j = 0for j € J\{i}. Then0 = )\ig;(n’c(T))—i—ZjeJ\{i} N;jg2(Z(T)). Let
Pi(T) =0, P(T) = —g¢,(2(T)), it is easy to verify that (Py(t),Q1(t)) =0, H[t] =0,
H,.[t] = 0 and, by (4.17), E(Po(T)y1(T),y1(T)) < 0. Then, by Itd’s formula, the
condition (4.11) holds true and it reduces to

d

(Po(0)vo, vo) + E / (D= (Pat)oiltv(t), odftu(t)) + 2 (Sltly (1), v(0)) )dt < 0,

Jj=1
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where, in this case,
d d
S = bult] " P(t) + Y ou[l] T Q) + Y ol[t] T Pa(t)ol[t]-
j=1 j=1

If Oty (y1(T)) # 0 for any i € J, then, one can find an 4o € J and a subset J° C J
with 4o ¢ JO, such that N;¢ yo Q{Q)(yl (T)) is nonempty and

Q(g) y1 ﬂ ( QO Q ) 0.
J

By the separation theorem, there exists a nonzero £ € L%,—T (€; R™) such that

sup E(§, o) < inf E (¢ 5).

aGQEg)(yl(T)) Be N Q(Q)(yl(T))

jeJo

By the first conclusion of Lemma 2.5, for some oy € cl(QE%)(yl(T))) and By €
N (2)(y1(T))) we have
jeJo

(418)  E{{,a0)=  sup  E({a)< inf E (¢, 8) =E (& bo) -

a€Q( (y1(T)) pe N 9y (M)

jeJo

Moreover, by the second conclusion of Lemma 2.5, there exists a A;, > 0 such that

g = Aiog;o (‘i(T))v
(419) 0= B (gl (2(T),0) + 3 (gt (2(T))ya (T), 32 (T))

and, for some j € J°,

(4.20) 0=E(gL(&(T)), Bo) + E<gx;c (@(T)y(T),31(T)) -

Denote by J! the set of all indices j € J° satisfying (4.20). Then, by the second
conclusion in Lemma 2.5 again, for each j € J' | there exists a A; > 0 such that

(4.21) —& ==X (2(T)) = > Ngh(x(T

jeJt

Combining (4.18)—(4.21), we arrive at

0 < i E (935 (2(T))ya (T + > NE (gl @Dy (1), 51 (T)) -
jeJt
Set P1(T) = 0 and Py(T) = —Xio 935, (2(T)) — Z;ﬂ il (2(T)). Then, (Pi(t), Qi(t)) =

0, H[t] = 0, Hy,[t] = 0 and, E(P(T)y1(T),y1(T)) < 0. Proceeding as before, we
obtain the second order necessary condition (4.11).
Finally, we prove that A; for i € I(Z(T),y1(T"))) U {0} can be chosen so that, the

first order adjoint process (P1,Q1) also satisfies the first order necessary condition
(3.6) and the transversality condition P;(0) € Ng, (Zo).



End points constrained stochastic optimal control problems 23

Since the Clarke tangent cone is convex, Cr,(Zo) + W(Zo,v0) (C le((f)(io,yo))
and Cy(u) + M(a,v) (C TEQ) (u,v)) are also convex. The above proof applied to
Cr, (Zo) + W(Zo,10), Cyv(a) + M(a,v) (instead of W(Zg, 1), M(@,v)) implies that
{A\i} can be chosen so that, the second order necessary condition (4.11) holds true
for any wq € Ck,(To) + W(Zo, o) and any h € Cy(a) + M(u,v). Therefore, for all
g € CKO(IE()), wo € VV(.CEQ,I/O)7 v E Cv(ﬁ), h e M(TL,U) and o > 0,

L (Po (00, )

(4.22) (P1(0), 020 + w0) + 5

T 1
+E [ (<Hu[t1, 00(t) + (1)) + 5 {Huult]o(t), v(0))
0

d
+3 2 ARl 2L®) + (0, v0) )at <o,

M\H

where (P, Q1) and (P,, Q) are solutions to the adjoint equations (3.4) and (4.7) with
the final data given by (4.9) and (4.10), respectively. Dividing by ¢ the both sides of
(4.22) and letting o — +o00, we get

(4.23) (P,(0), 0) + E / "L, 0(0) di < 0.

By the arbitrariness of 79 and 9, we deduce from (4.23) that Py(0) € N (Zo) and

E/T (Ho[t], 0(8) dt <0, Vo € Cy(a).

This, combined with Lemma 2.7, yields (3.6). O

Remark 4.2. Similarly to the deterministic framework, the second order necessary
condition is valid only for critical directions. In particular, Y(z,u) (defined by (4.3))
has to be a nonempty set. If Q1) # 0, U = R™ and the linear control system (3.1) (in
which v(-) is regarded as a control variable) is exactly controllable, then Y(z,u) # 0.

Remark 4.3. Since the second order adjacent set of the convex set is convex,
when both Ko and U are convez, for any vy € T, (Zo) and v € T (), we can choose
W(io, o) = Ty (Z0, v0) and M(a,v) = Ty\> (@, v).

When both Ko and U are convex, for any zg € Ko and u € V, g — Tg € Tf(o (Zo),
0¢ Tf((f) (Zo,z0 — To), u—u € TY(u) and 0 € Tg(z) (@, u — @). In particular, choosing
W(Zo, x0—To) = {0}, M(4,u—1u) = {0}, as a consequence of Theorem 4.2, we obtain
immediately the following result.

COROLLARY 4.3. Let (A1)-(A3) hold and (Z,u) be a local minimizer for the
problem (1.4) with the initial datum To and the control u € UNLE(Q; L0, T; R™)). If
the initial state constraint set Ky and the control set U are closed and convex, then, for
anyu €V and xo € Ko with the corresponding y1 satisfying (y1 (), u(:)—a(-), zo—To) €
Y(Z,a) (asin (4.4)), there exist g € {0,1}, A\; > 0 (for each i € I(Z(T),y1(T))) not
vanishing simultaneously, and adjoint processes (P1,Q1) and (Pa, Q2) corresponding
to (Z,u) and the final datum given by (4.9)-(4.10) such that

(Pa0) (w0 = 70). (w0 = 30)) + E [ ((Hafl(u(t) = te)) ) = (0
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d
+Y (Pa(t)od[t](u(t) — a(t)), oh[f)(u(t) — a(t))) + 2 (S[tlyr (¢), u(t) - _(t)>)dt <0.
j=1

In what follows, we refine the second order necessary condition (4.11) by using
first and second order adjacent vectors to U at @(t,w), which is more convenience in
applications than the ones defined in the function space.

Let ve Li(Q; LA(0, T; R™)). If there exist a nonnegative n(-) € Lg(2; L*(0, T; R))
and an g9 > 0 such that

(4.24)  dist(u(t,w) +ev(t,w),U) < e*n(t,w), a.e. (t,w) € [0,T] x Q, Ve € [0, 0],

then, similarly to the proof of [10, Theorem 4.1], we deduce that v € T%(u) and
that every h(-) € Lg(Q; L*(0, T; R™)) satisfying h(t,w) € Tg(z)(ﬂ(t,w),v(t,w)) for a.e.
(t,w) € 10,T] x © belongs to Ts(z) (4, v).

Let U : [0,T] % Q ~ R™ be a B([0, T]) ® F-measurable, F-adapted set-valued map
with nonempty closed convex values satisfying

U(t,w) € TH (a(t, w), v(t,w)), ae. (t,w) € [0,T] x Q.

We underline that for an arbitrary U, in general, such ¥ may not exist, for instance
when the sets Tg@) (a(t,w),v(t,w)) are empty on a subset of [0,T] x £ of positive
measure (When U is equal to the intersection of a finite family of sets desribed by
the equality and inequality constraints, then, under the Mangasarian-Fromowitz type
constraints qualification assumptions, ¥ (¢,w) := T[I}@)(ﬂ(t, w),v(t,w)) is as requested,
see the proof of Corollary 4.5 below). Define

(4.25)

M(@,v) = {h(-) € Lg(Q; L*(0, T;R™)) | h(t,w) € U(t,w), ae. (t,w) € [0,T] x Q}.

Clearly, M (u,v) is a nonempty convex subset of T 3(2)(11,11), providing that ¥ has a
measurable selection belonging to Li(€; L4(0, T; R™)).

Remark 4.4. More generally, when T[l}(z)(ﬂ(t,w),v(t,w)) is a nonempty closed
convex subset of R™ for a.e. (t,w) € [0,T] x Q, we can select ¥(-) = Tg(z)(ﬁ(),v(')).
Indeed, by arguments similar to the proof of [2, Theorem 8.5.1], one can show that
T[l}(Z)(ﬂ(-), v(+)) is &*-measurable, where o/ * is the completion of & (defined in (2.1)).
Then, for any selection h*(-) of T[l}(Q)(a('),U(')) there erists a </ -measurable mod-
ification h(-) of h*(-). Therefore, M(i,v) defined by (4.25) with U(-) replaced by
T[l}@)(ﬂ(-),v(-)) is a convex subset (might be empty) of TSQ) (a,v).

The following result is another immediate consequence of Theorem 4.2.

COROLLARY 4.4. Let (A1)-(A3) hold and (Z,u) be a local minimizer for the
problem (1.4) with the initial datum To and the control i € U N Ly(Q; L*(0, T; R™)).
Then, for any (y1(:),v(:),v0) € Y(Z,u) such that v satisfies the condition (4.24),
the conclusion of Theorem 4.2 is valid for any nonempty convex subset W(Zo, 1)
of Tf((f)(fo,yo) and a nonempty convex subset .//\/lv(ﬂ,v) of T€(2) (a,v) as in (4.25),
provided that there exists ¥ as described above.

We give next a sufficient condition for some v € T},() to satisfy (4.24) when the
control set U is described by finitely many mixed constraints.

Example 4.1. Let p,r € N and

(4.26) U= {ueRm|cp9(u) =0,V0=1,....p, ¥'(u) <0, VL=1,...,7},



End points constrained stochastic optimal control problems 25

where o', ..., oP: R™ = R and ¥, ..., 9" R™ — R are twice continuously differen-
tiable functions. We admit that either equality or inequality constraints may be absent
and then they should be simply skipped in the expressions below.

Set Fy, := (oL (w), ..., @0 w)) " (i.e., Fy, is a px m-matriz whose rows are ©f (w),
0=1,...,p). Let u € U and assume that
(B1) For any w e U,

T

Y ()l + el @)) + D (Ia(w)] + [, (w)]) < L.

0=1 {=1

(B2) There ezists a p > 0 such that for a.e. (t,w) € [0,T] x
pBre C Fy(t,0)Brm.

(B3) For somed >0, e > 0 and for a.e. (t,w) € [0,T] xQ, we can find a Uy, € Brm
satisfying
<ap2(ﬂ(t, w)), @t’w> =0,v0=1,...,p, <wﬁ(ﬁ(t, w)), @t7w> <—e, V€ Is(u(t,w)),
where Is(u(t,w)) := {£ | ¥*(u(t,w)) € [=5,0],£ =1,...,r}.
We claim that any v(-) € L2 ([0,T] x Q;R™) such that
(427) (Pl (at,w)),v(t,w)) =0, a.e (tw) € [0,T] xQ, VO =1,...,p,
(4.28) (¢ (at,w),v(t,w)) <0, ae (t,w) € [0,T] x Q, V€ Is(u(t,w))
satisfies the condition (4.24).
Clearly, (B2) implies that Fy . is surjective and (B3) is a uniform Mangasarian-

Fromowitz condition. We do not request any measurability of the selection v; .
We first deduce from (B1)—(B3) that for some € > 0 and for a.e. (t,w) € [0,T] %€,

3
(4.29) Z’)BRP C FyBan, ¥ u € a(t,w) + £Bgm,

and for any u € @(t,w) + EBgrm one can find a ¥ € Bgm satisfying
(4.30) (), ) =0,¥0=1,....p and (¢’(u),v) < —Z, VL€ Is(a(t,w)).

Indeed, we may assume that p < 1 < L and e < 1. By (B1) and (B2), we can find
0 < € < ep/8L%*(1 + e) independent of (t,w), such that (4.29) holds true for a.e.
(t,w) € [0,T] x Q. Fix a (t,w) € [0,T] x Q such that (4.29) is satisfied. Also, we fix
au € u(t,w) + EBrm. Define a map G : R™ — RP by G(v) = Fyv for any v € R™.
Noting that G()(v) = F, Bgm for any v € R™ (with G()(-) as in Definition 2.3) and
applying [6, Theorem 3.1] to G, we obtain that

4
dist(vt,, G1(0)) < ya(@w) - 0.
Then, there exists a v’ such that G(v') = 0 and

2 2 2L e
|1_}t,w — 1)/| S ;|G(T]t,w) — O‘ = ;|Fu6t7w — a(t,w)@t,w| S 7|U — 'L_L(t,CU)| S E
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Thus |v'| <1+ e and for every ¢ € I5(a(t,w)),

(i), 0") = (P u) = g (@t w)), ')+ (P (at,w)), B )+ (W (A, w)), 0" = T
< Llu—a(t,w)|(l+e) —e+ g < —g.

Hence ¥ := v’ € Bpm satisfies (4.30).
Let v(-) € L ([0,T] x &R™) be as in (4.27)—(4.28). We derive next from
(4.29)-(4.30) that v(-) satisfies the condition (4.24) provided that Is(u(t,w)) # 0.

Let Is(a(t,w)) = {¢1,..., L } (for some k' € N). Observe that for any L e Is(u(t,w)),
[—e/4,e/4] C (W& (u),v) + [0,2L]. Let § := ;0. Then, |3| < ;. By (4.30) we

have, for any 0 =1,...,p,

(4.31) (g0 (u),0) = [—mzk,,wzk,}c<¢§(u),@>+{o,21k/} V(e Is(a(t,w)).

Fix a (t,w) € [0, T] x € such that (4.29) is satisfied, and let &€ > 0 and ¥ be as above.
Define a map G :R™ — RPHF by G(w ) (O (w), ..., ¢P(w), Y (w), ..., 4% (w)) T
and a map G : R™ x RY — RP* by G(w,q) := G(w) + (Ogs,q). Then (4.31) implies
that for all u € @(t,w) + éBgrm and any g € Rﬁ_l,

(4.32) {Ogr} x [—€/16LE ,e/16LK)" ¢ GM (u, q).
Clearly for every o € (0,1] and u, ¢ as above,

(4.33) 0G.y (1) Bgm € GV (u,q).

Hence, taking the convex combination of (4.32) and (4.33), we obtain

e e 7%

e e A1)
serw 3opi) ¢ (wa).

(4.34) géu(u)BRm + {0ps} % [_
Setting o = e/32L%k/, from (4.29) and (4.34) we deduce that
(4.35) ——Bpr X LBRM C coGM(u, q).

Observe that ¢ and &, do not depend on (¢,w).

Let g be such that G(a(t,w),q) = 0. Applying [6, Theorem 3.2] at (u(t,w),q),
we deduce that, there is a constant ¢ > 0 depending only on g, p, L and e but
independent of (¢,w) so that for every (u,q) € (a(t,w),q) + ZBRmxk/ with |G(u, q)| <
% we have

(4.36) dist((u,q), G-1(0)) < 2|G(u, q) - 0].

o

It is sufficient to consider the case |[v]ls > 0. By (B1), for all € > 0, G(a(t,w) +
ev(t,w)) = G(u(t,w)) + Gy (a(t,w))v(t,w) + O(2), where [O(e2)] < Le?||v||%,. Let
(Opr, qz) = —G(u(t,w)) — eGy(u(t,w))v(t,w) € {Ops} x RY. Then |G(u(t,w) +
ev(t,w),¢=)| = |0()].
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Let € > 0 be small enough so that e||v|o (1 + L) < % and Le?||v||2, < €. Then,

5 ~ éc

(@(t,w) +ev(t,w), ¢e) € (@lt,w),q) + 3 Bpaxw and |G(a(t,w) +ev(t,w), ¢ <
and, by (4.36), there exists a (ue,G:) € R™ X R’i such that

o 1 L
G(ue,Ge) =0, |u(t,w) +ev(t,w) —u.| < E\G(ﬂ(t,w) +ev(t,w), ge)| < ;62”11”30

Consequently, in order to prove that v satisfies the condition (4.24) with n(t,w) =
L]jv||%,, we only need to check that u. € U. Since g. € R, we have

(437) (pg(ua) = Ov 0= 17 P and we(u6> < Oa le L;(ﬂ(t,w))
Further, for all ¢ ¢ Is(a(t,w)),

¥ (ue) < U (alt,w)) + [ (ue) — v (alt,w)| < =8 + Llue — a(t,w)|
—0 + Le||v]|oo + L|ue — a(t,w) — ev(t,w)]

L252

IN

A

—0 + Le[jvljoo + o]l

Therefore, u. € U whenever ¢ is so that Le||v||e + #”U”io < 0. This proves
that there exist constants C' > 0 and ¢ > 0 independent of (¢,w) such that for all
e € (0,e9) and for almost all (¢,w) satisfying I5(a(t,w)) # 0,

dist(u(t,w) + ev(t,w),U) < Ce2.

It remains to consider the case I5(u(t,w)) = 0. For this aim it is enough to apply
the same arguments as above omitting functions ¢, £ = 1,...,r. This completes the
proof of our claim.

In what follows, we shall give a consequence of Theorem 4.2 for the case when U
is represented by (4.26). We need the following assumption.
(B4) For any w € U with the active indices I(w) := {£ € {1,--- ,r}|¢*(w) = 0} =
{1,..., 0y} (for some kg € N),
(4.38)
{oX(w), ..., ol (w)} U {5 (w)|j =1,..., ko} are linearly independent.

Furthermore, there exists a constant p > 0 such that for every w € U,

(4.39) PBim(ry) € Lr(w)Bretko,

where 'z, = (oL (w), ..., P (w), v (w),..., ff“’ (w)), and, Brm(T;y) 18
the closed unit ball in the image space of I'z(,)-

COROLLARY 4.5. Let U be given by (4.26), the assumptions (A1)-(A3), (B1)
and (B4) hold and (Z,u) be a local minimizer for the problem (1.4) with the initial
datum To and the controlu € UNL3(; L4(0, T;R™)). Then, for any (y1(-),v(+), o) €
Y(Z,a) such that v € Lg([0,T] x Q;R™) satisfies (4.24) and any nonempty convex
subset W(Zg,v0) of T;}(OZ) (Zo, 10), there exist u°(-) € L2(; L*(0,T;R)), 0 = 1,...,p,
() € LA(L%0,T; Ry)), £ = 1,...,7 and Ao € {0,1}, \; > O for each i €
I(Z(T),y1(T)) not vanishing simultaneously such that for every wo € W(Zo, o),

(4.40) (P1(0), ) + % (Py(0)vo, vo) + E /0 (% (Hyu[t0(t), v())
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d
3 3 (Pa()od [ (r), o [u(1)) + (Sl (0), v(1)
j=1

> A @) (Whala)e(), vn) )dt < 0.

Lel, (a(t))

DN =

5 ) (@ () (t), (1)~
=1

Here, (P1,Q1) and (P2, Q2) are respectively the adjoint processes corresponding to
(z,u) with the final datum (4.9) and (4.10), and

L(u(t)) = {£ € I(a(t)) | {vu(a(t)),v(t)) =0}

Proof. By the linear independence assumption (4.38),

T,Z}(ﬂ( {v ecR™ | <<pu a(t v> 1,....,p,
and (¢*(a(t,w)), ><o, ZGI( tw)}, ae (t,w)e€0,T]xQ.

Furthermore, for any v(t,w) € T§(u(t,w)), we have T[l}@)(ﬂ(t,w),v(t,w))#@, and,
T (a(t,w), v(t,w))

—{nern |t

5 (@8 (@(t,w))v(t,w),v(t,w)=0, § =1,...,p,

and. (94, (a(t,)),h) + 5

¢t w))o(t,w), v(t,w)) <0, Zer(u(t,w))} .
Obviously, Tg(z)(ﬂ(tw),v(t,w)) is nonempty and convex. Let M(i,v) be the set
defined by (4.25) with W(t,w) = T2 (a(t,w), v(t,w)). Under condition (B1) and
(B4), using a similar discussion in the below, we have /\7(11, v) is nonempty. By
Corollary 4.4, there exist A\g € {0,1}, A\; > 0 (for each ¢ € I(Z(T),y1(T))) not
vanishing simultaneously, and adjoint processes (P1, Q1) and (Ps, Q2) corresponding
to (Z,u) and the final datum defined respectively by (4.9) and (4.10) such that, for

every wg € W(Zo,1p) and h € Mv(ﬂ, v),

(441) (PL0).0) + 5 (PaO) ) + B [ ((HL.10) + 5 (Huultott). o(0)
d
%Z (Py(t)ol[tlo(t), ol [tlo(t)) + (S[tyi(t), v(t)) )dt <0
and
(4.42) Py(0) € N, (Zo) and H,[t] € NS (a(t)), ae. t € [0,T], a.s

t] € ZR@Z(ﬂ(t)) + Z R, f (a(t)), ae. t €[0,T], as
0=1

Lel(u(t))
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By the condition (4.39) and using the same arguments as that in [10, Corollary 4.1],
we deduce that, there exist processes pf(-) € L(Q;L?(0,T;R)), § = 1,...,p and
() € LE3(Q; L3(0,T;R,)), £ =1,...,r such that

P
(4.43) H,[t] = ZHG 0 (a(t)) + F)E (at)), ae. t €[0,T), as
0=1 ceI(a(t))
On the other hand, by the definition of Y (Z, ),
E (2 (2(T)),51(T)) =0, E(g,(#(T)),51(T)) <0, VieI(x(T)).
Then,

(PU(T), 0 (T)) = — <)\0¢w(fU(T)) + Z Aig(2(T)), 1 (T)> >0,

i€l(2(T),y1(T))

which, by the Ito formula, implies that

T
<P1(0),u0>+]E/O (H,[t],v(t))dt > 0.

This, together with (4.42) and Lemma 2.7, gives
(4.44) (P1(0),v0) =0, and (H,[t],v(t)) =0, ae.te€][0,T], as
Combining (4.43) with (4.44), we obtain that,
Z FE(t) (Wh(a(t),v(t)) =0, ae. t €[0,T], as
tel(a(t))

Therefore, for any ¢ ¢ I,(u(t)), ¥(t) = 0, a.e. t € [0,T], a.s
For every (t,w) € [0,T] x €, let £1,...,4; be all the elements of I,(a(t,w)) (for
some integer 7 < r). Denote

(1) =2 (b (@t 0))0(t,), 0(8,)) . (@ ((E, )0t ), (t,0))

<wﬁlu(ﬂ(t, w))v(t,w),v(t,w)), ..., (P b (a(t,w))u(t,w), v(t,w))),

(\o}

A= {(t,w) € [0,T] x Q| ((t,w) # 0},
and,
Flu(ﬂ(t,w)) = ((p}t(ﬂ(t,w)), s a@ﬁ(a(tvw))v %‘ (ﬂ(t,w)), ce 7’(/}1[;7— (ﬂ(ﬁ, w)))
It is clear that the set A € o with & defined by (2.1). Define a set-valued map by

p¢(t,w)
i B ea

By the condition (4.39), for any (t,w) € A, ®(t,w) # 0 and the graph of ® is &7 ®
B(R™)-measurable. Therefore, there exists an «7/-measurable map h(-) (making a
completion argument if necessary) such that, h(t,w) € ®(t,w), a.e. (t,w) € A. Set

€t w) h(t,w)
p )

0(t,w) i= {h € Ben | KT a0)) =

if (t,w) € A,

0, otherwise.

h(t,w) ==
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Then h is &/-measurable and, by Lemma 2.8, h is B(]0,T]) ® F-measurable and F-
adapted. Moreover, ((t,w) = h(t, w)TFlv(ﬁ(t,w)), ie.,

(45) {0t 0)), hlt,0) ) = —3 (@(lt,0))o(t,0), v(t,0)), Vi=1,...p,

and

(4.46) <1/)f;(ﬂ(t,w)), B(t,w)>= —% (Yl (@(t,w))v(t,w), v(t,w)), VL € L(u(t,w)).

In addition, by the condition (B1),

)| = ’\(tw|htw
p

t
t, <K pw)|§0||v||zo, ae. (t,) € [0,7] x 9.

Therefore, h(-) € L([0 ,T} x Q;R™) C LA(Q; L*(0, T;R™)). This yields b € M(a, v).
Moreover, by (4. 45) and (4.46),

N | =

—5 2 1) (e (@am)o(t), o) =5 D A1) (Vi @lt)o(t), o).

0=1 Lel, (u(t))

/\
w\»—*

Substituting this equality into (4.41), we obtain (4.40). O

Because the Bolza problem can be reformulated as the Mayer one, the first and
second order necessary conditions obtained in this paper can be extended to the Bolza
problem. Actually, for the Bolza type cost function

(4.47) J(a() / St 2(t), u(t)dt + o((T))),

where the function ¢ : R™ x Q — R satisfies the conditions (A2) (ii) and (A3) (ii),
and f:[0,T] x R" x R™ x 2 — R is a given function satisfying :
(A4) For any (z,u) € R® x R™, f(,z,u,) : [0,T] x Q@ = R is B([0,T]) ® F-
measurable and F-adapted. For a.e. (t,w) € [0,T] x Q, f(t,,-,w): R™x
R™ — R is twice continuously differentiable, and for a.e. (t,w) € [0,T] x Q,
any x, T € R™ and u, u € R™,

|f(t,0,u,w)| < Ln(t,w) + [ul),
|fa:(t7$>uvw)| + |fu(t,x,u,w)| <L,
|f(z,u)2 (taxauvw” < L,
|f(9c,u)2 (taxau7w) - f(ac,u)2 (t,(i, 7-~L’W)| S L(|£B - ‘%| + |u - 71|)
As usual, if we introduce the following extended control system
da(t) = b(t ,x(t),U(t))dH U(t z(t), u(®)dW(t), tel0,T],

(4.48) dy(t) ( (t), u(t))dt, t€l0,T],
(0) y(0) = 0.

Then the cost function (4.47) can be written in the Mayer form:

J(@(),u(-)) = E ¢(x(T),y(T)),

where ¢(z,y) = ¢(z) +y. Under the assumptions (A1)-(A4), the new control system
is well-defined and so does the cost function.
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Let Ky = Ko x {0}. For A € {0,1}, define the generalized Hamiltonian

d
(4.49) H(t,2,u,p,q,w) == (p,b(t, z,u,w)) +Z (¢, 07 (t, 2, u,w)) = Ao f(t, z,u,w),

Jj=1

where (@%U,P,%w) S [07T} x R™ x R™ x R™ x R™"*% % Q.
Let @ € U and (P1, Q1) be the solution to the following adjoint equation:

APy(t) = — ([T P + 35 02T QL) — Nofult])dt + 3 QL (AW 1)
(450) J j=1

where \; > 0,4 =1,...,k (which will be specified later), and denote
HY[t] = H(t,Z(t), a(t), P (), (1)),

HM[t], HXO[t], H)[t] and H9[t] are defined in a similar way.
Similarly, we introduce the following second order adjoint equation

dPs(t) = — (bs[t] T Pa(t) + Pa(t)ba[t] + i) ol [t] T Py(t) ol [t]

3 TR + 3o Qitodld] + B () dr
(4.51) =t i=1
+ gj QL(t)dwi(t), te 0,7,

and set S*0[t] := H[t] + bu[t] T Pa(t) + 35_, od[t]T Q4(1) + 5, oilt] T Pa(t)ol[t].
Let Y(Z,u) be as in (4.3) and define

~

Y@, 1) = {(5(),v0), ) € Y(@,@) | Ef ((Laltl ) +
(Fultl, o) ) dt + B (6(3(T)),52(T)) = 0}

As a consequence of Theorems 3.4 and 4.2, we have the following first and second order
necessary condition for the Bolza optimal control problem, where we used notations
of Theorems 3.4 and 4.2:
COROLLARY 4.6. Let (A1)-(A4) hold and (Z,u) be a locally optimal pair for the
problem (1.4) with the control system (1.1) and the cost function (4.47).
(1) If I(z(T)) = 0 or if I(x(T)) # 0 and Quy # 0, then there exist Ao € {0,1}
and A; > 0 for i € I(Z(T)), and the solution (P1,Q1) to the first order adjoint
equation (4.50) corresponding to (T,u) such that Ao +E |P1(T)| # 0,

(4.52) Pi(0) € Ng, (Zo) and H)°[t] € NG (u(t)), a.e.t€[0,T], as.,

(i) If I(z(T)) # 0 but Quy = 0, then for each i € 1(Z(T)), there exists a X\; > 0
such that 3 ey Ai > 00 Xicrary \igt(Z(T)) = 0 and the same relations
as above hold with A\g = 0 and (P1,Q1) = 0.
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Moreover the above holds true with \g = 1 if I(Z(T)) = 0 or if I(x(T)) # 0 and
Q(l) n R(l) 7é 0.

Furthermore, if & € U N Lg(Q; L4(0, T;R™)), then, for any (y1(-),v(-),10) €
Y(z,1) with W(Zo, o) £ 0, M(t,v) # 0, there exist Ao € {0,1}, X; > 0 (for each
i€ I(z(T),y1(T))) not vanishing simultaneously and adjoint processes (P1,Q1) and
(P2, Q) defined by (4.50)—(4.51) corresponding to (ZT,u) such that (4.52) holds true
and for every wo € W(Zo,vo) and h(-) € M(a,v),

1 T A 1 A
(PL0). ) + 5 (Pa(Owon ) + B [ ((H2 1 0) + 5 CH281A0(0) 0(0)

_|_

DN =
=

<
Il
—_

(Py(t)ad [Ho(t), ol [Ho(t)) + (S [ty (£), v(t)) )dt <o.
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