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Abstract: Considering a class of stochastic differential equations driven
by a locally stable process, we address the joint parametric estimation,
based on high frequency observations of the process on a fixed time inter-
val, of the drift coefficient, the scale coefficient and the jump activity of
the process. This work extends [4] where the jump activity was assumed
to be known and also [3] where the LAN property and the estimation of
the three parameters are performed for a translated stable process. We
propose an estimation method and show that the asymptotic properties of
the estimators depend crucially on the form of the scale coefficient. If the
scale coefficient is multiplicative: a(z, o) = oa(z), the rate of convergence
of our estimators is non diagonal and the asymptotic variance in the joint
estimation of the scale coefficient and the jump activity is the inverse of
the information matrix obtained in [3]. In the non multiplicative case, the
results are better and we obtain a faster diagonal rate of convergence with
a different asymptotic variance. In both cases, the estimation method is
illustrated by numerical simulations showing that our estimators are rather
easy to implement.

MSC 2010 subject classifications: Primary 60G51, 60G52, 60J75, 62F12;
secondary 60HO7, 60F05 .

Keywords and phrases: Lévy process, Stable process, Stochastic Differ-
ential Equation, Parametric inference, Estimating functions.

1. Introduction

In this paper, we consider a class of stochastic differential equations driven by
a symmetric locally a-stable process

t t
X; =29 +/ b(Xs,0)ds —|—/ a(Xs—,0)dL,
0 0

and we study the joint estimation of (6, o, «) based on high-frequency observa-
tions of the process on the time interval [0, T] with T fixed (without restriction
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we will next assume that 7' = 1). In recent years, there has been growing inter-
est in modeling with pure-jump Lévy processes (see for example Jing et al. [10]
and[13]) and estimation of such processes is of particular interest.

A large literature is devoted to parametric estimation of jump-diffusions from
high-frequency observations and we know that, due to the Brownian compo-
nent, the estimation of the drift coefficient is not possible without assuming
that T goes to infinity. For pure-jump processes, assuming that the jump ac-
tivity @ € (0,2), the situation is completely different and we can estimate all
the parameters on a fixed time interval. When X is a Lévy process, the first
results in that direction have been established among others by Ait-Sahalia
and Jacod [1] [2], Kawai and Masuda [11] [12], Masuda [14], Ivanenko, Ku-
lik and Masuda [7] and more recently by Brouste and Masuda [3]. Concern-
ing the parametric estimation of pure-jump driven stochastic equations the
literature is less abundant and only partial results are available. The estima-
tion of (0,0) is performed by Masuda in [15], assuming that « is known and
with the restriction a € [1,2). The estimation method proposed in [15] is
based on an approximation (for small h) of the distribution of the normal-
ized increment h~Y* (X, — X; — hb(Xy,0))/a(X;,0) by the a-stable distri-
bution. However this approximation is not relevant if « < 1. To solve this
problem, Clément and Gloter [4] consider the following modified increment
=Y ( Xy — 65(0)) /a( X, ), where (€8(6))¢>0 solves the ordinary equation

t
€r0) =+ / b(ER(0),0)ds, t> 0.

This permits to estimate (0,0) for any value of @ € (0,2). Turning to the
efficiency of these estimation methods, the LAMN property is established in
Clément and al.[5] for the estimation of (6, o) assuming that the scale coefficient
a is constant and that (L), is a truncated stable process.

In this paper, we perform the joint estimation of the three parameters (¢, o, «)
assuming that « € (0,2), extending the estimating function based method pro-
posed in [4] (we refer to Sgrensen [18] and to the recent survey by Jacod and
Sgrensen [9] for asymptotics in estimating function methods). Observing that
the conditional distribution of h=/*( X, — fff‘ (0))/a(X¢,0) is close to the a-
stable distribution (this is estimated in total variation distance in [4]) the idea
is to approximate the transition density py(z,y) of the process (X;); by

I (e O SO0

a(z, o) a(z,o)

where @, is the density of a symmetric a-stable variable S¢. This approximation
permits to construct a quasi-likelihood function and then a natural choice of es-
timating function is to consider the associated score function. We prove that the
resulting estimators are consistent and asymptotically mixed normal. We stress
on the fact that these asymptotic properties are established without restriction
on the jump activity «. The estimation of 8 achieves the optimal rate and the
information established in [5] for a simplified stochastic equation but the rate of
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convergence and the asymptotic variance-covariance matrix in estimating (o, «)
depend on the function a. To take into account this new phenomena, we distin-
guish between two cases. If the function a separates the parameter ¢ and the
variable z (multiplicative case), a(x,0) = oa(x), then the rate of convergence
is non diagonal. This is not surprising since it is shown respectively in [14] and
[3] that, in the case of a translated a-stable process, the Fisher information
matrix is singular in estimating (o, «) with a diagonal norming rate but that
the LAN property holds with a non singular information matrix using a non
diagonal norming rate. Furthermore in that case our estimator is efficient since
the asymptotic variance in estimating (o, «) is the inverse of the information
matrix obtained in [3]. However, if the scale coefficient a does not separate o
and z (non multiplicative case), the result is new and more surprising. Indeed
our estimator is asymptotically mixed normal with a faster diagonal norming
rate that achieves the optimal rate of convergence in estimating marginally o
and «. The efficiency in that case is still an open problem since the LAMN
property is not yet established for a non constant scale coefficient a.

The paper is organized as follows. Section 2 introduces the notation and
assumptions. In Section 3 we state our main results : estimation method and
asymptotic properties of the estimators. The main limit theorems to prove con-
sistency and asymptotic mixed normality of our estimators are established in
Section 4. Section 5 contains some simulation results that illustrate the asymp-
totic properties of the estimators.

2. Notation and assumptions

We consider the class of stochastic one-dimensional equations :

¢ t
X =xz0+ / b(Xs, 0)ds + / a(Xs—,0)dLs (2.1)
0 0

where (L¥) is a pure-jump locally a-stable process defined on a filtered space
(0, F, (Ft)eep,11, ). To simplify the notation we assume that 6,0 are real pa-
rameters. We observe the discrete time process (X, )o<i<n with t; = i/n, for
i =0,...,n that solves (2.1) for the parameter value 8y = (6o, 09, @g) and our
aim is to estimate the parameter [y.

We make some regularity assumptions on the coefficients a and b that ensure
in particular that (2.1) admits a unique strong solution. We also precise the
behavior of the Lévy measure near zero of the process (Lg)icjo,1]-

H1(Regularity) : (a) Let Vjy, x V,, be a neighborhood of (6, o). We assume
that x — a(x,09) is C? on R, b is C? on R x Vjp, and

sup( sup [0:b(x, 0)| + |0za(x,00)[) < C,
x 96V90

Hp >0 s.t. |6§b(1’790)| + ‘8%&(1(},0’0” < C(l + |x|p)7
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Ve e R,Vo € V,, a(x,0)>0and Ip>0st. sup
o€Vy, a(xv J)

<O+ [2),

(b) Vz € R,  + b(z,0) and o — a(x,0) are C3

dp > 0 s.t. sup max (|0hb(z, )| + 0L a(x,0)]) < C(1 + |z|P),
(8,0)€Vay X Vi 1S3

Ip > 0s.t. sup |0,90b(z,0)| < C(1+ |x|P).
0V,

H2 (Lévy measure) : (a) The Lévy measure of (L) satisfies

gl\z
V(dz) = Z|<a211R\{0}(2)d2,

where a € (0,2) and g : R — R is a continuous symmetric non negative bounded
function with g(0) = 1.
(b) g is differentiable on {0 < |z| < n} for some n > 0 with continuous

derivative such that SUPg<|2|<n % < 0.

This assumption is satisfied by a large class of processes : a-stable process
(g = 1), truncated a-stable process (¢ = 7 a truncation function), tempered
stable process (g(z) = e Ml X > 0).

The rate of convergence and the information in the joint estimation of (8, og, cg)
depend crucially on the function a and we will prove that if a separates the pa-
rameter o (multiplicative case), the rate of convergence is not diagonal.

NDNM (non degeneracy in the non multiplicative case) : s — %(Xs, 00)
is almost surely non constant. Almost surely, 3¢; € (0, 1), such that 9pb(Xy,,00) #
0, where (X¢)e[0,1) solves (2.1) for the parameter value .

NDM (non degeneracy in the multiplicative case) : a(z,0) = oa(x).
Almost surely, 3t; € (0,1), such that dpb(X¢,,60) # 0, where (X¢);e[0,1] solves
(2.1) for the parameter value S.

We observe that in the multiplicative case the assumptions H1 can be written
simply in terms of the function @ as soon as gy > 0.

To estimate the parameter By = (6o, 00, p), we extend the methodology
proposed in [4] based on estimating equations (see also [18]). Introducing the
ordinary differential equation

2(9) = 29 + / b(Er (6),0)ds, ¢ € [0,1], (2.2)

it is proved in [4] that nl/"(Xl/n — 5?%(9)) converges in law to Sy, a stable

—C(a)|ul®

random variable with characteristic function e . The above convergence
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leads to the approximation of py,(z,y, ), the transition density of the Markov
chain (X, )o<i<n solution of (2.1) (with 8 = (0,0,«)), by

nl/a - fna
. (nl/a@ §/<>>>

a(z,0) a(z,o)

where @, is the density of S{'. Consequently, to estimate /3, we consider the
following approximation of the likelihood function

log Ly, (6, 0, @) Zlog( X )cpa(zn(Xil,Xi,Q,J,a))> (2.3)
i—1 1 , 0 n n

where

e U= €00

e (2.4)

Zn(xvya 0’ U7a) = Zn(x7y7 /B) =n

A natural choice of estimating functions is therefore the score function. This
leads to the following functions

Gn(B)=| GL(B) | =-VslogLu(0,0,q), (2.5)

with for £k =1,2,3
K ﬁ) = ng (X%7X%7B>7
i=1

170 208 (0) 0. 00

1 —
(w0, ) =m0 L S e (0., 9)), (26)
Oya(x,0) 02 a
2 _ I
g (I7yaﬁ) - a(;v,a) (1+Zn(x7ya/6) Qoa (Zn('r7y7/6)))’ (27)
3 log 0:Pa
9°(z,y,B) = (L+ zn(z,y,8) " (zn(z,y,5))) (2.8)
30( (6%
— =20 (2 (., 8)).
Note that to compute the above functions, we used
0p&T, (6
Opzn = —nl/“iegl/n( ), Op2n = _% azn, Oan = _lognzn.
a(z,0) a a?

To simplify the notation, we introduce the functions
ha(2) = 050a(2)/Pa(?)
ko(2) =14 zha(z2), 0.ko(2) = ha(2) + 20,h0(2)
fa(2) = Oatpa(2)/ al2).
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Note that we have the relation O,ha = 0, fao.
From Dumouchel [6], we know that

Fa sk (log(|z[))"*>
102052 pa(2)] < CW’

as |z| goes to infinity. This permits to deduce that hy, 0.ha, ko, 0.k are
bounded on R x (0,2) and that for |z| large enough

|[fa(2)] < Cloglz],  [0afa(2)] < C(logl2])™.
We also observe that 0.f, and z — 20,k.(z) are bounded and that z —
200 ha(7) is bounded, for |z| large, by C'log |z|.

Throughout the paper, we denote by C a generic constant whose value may
change from line to line.

3. Joint estimation
3.1. Main results

We estimate 8 by solving the equation G,(8) = 0, where G,, is defined by
(2.5) with ¢!, g2 and g2 given by (2.6), (2.7), (2.8). We prove that the resulting
estimator is consistent and asymptotically mixed normal. However the rate of
convergence and the asymptotic information matrix depend on the function a.
Let us define the matrix rate w,, by

1 1,1 1,2
P nl/ag—1/2 0 v, — (% (%
n — 0 %'Un 3 n — ,02,1 'U2’2 :
n n n

Under the assumption NDNM, we obtain a diagonal rate of convergence as
stated in the following theorem.

Theorem 3.1. We assume that assumptions H1, H2 and NDNM hold and that
v, 18 given by (diagonal rate)

v_(lO )
" Olo;n '

Then there exists an estimator (én, G, Q) solving the equation G, (8) = 0 with
probability tending to 1, that converges in probability to (6g, 00, o). Moreover
we have the stable convergence in law with respect to o(L%°,s < 1)

0., — 6 .
u' | 6 —o0 | = I(Bo) TN,
dn — Qp

where N is a standard Gaussian variable independent of I1(8y) and

! M 2 ag
I(Bo) = | 7o alXs00)? dsEhg, (57) 0 (3.1)
0 Ia(fo)
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with
(6 ) < O1 60?)((Xsc;g§,22ds]Ek2 (Sao) 0412 01 Os El)((Xb‘;-U;)dS]EkQ (S ) )
oa\F0) = 1 9,a(Xs,0 a 0 « ’
alg fO a()(( Uo)O)d Ekz (S D) al‘éEkio(Slo)

Note that the matrix I(Sy) is invertible since from NDNM

1 Ly a(X,, 00)? ( Ly a(Xs,00) ?
7]E]€Z S0 / %d — / id > > 0.
o} 051 )< o a(Xs,00)? ° o a(Xs,00) ’

Turning to the multiplicative case (assumption NDM), we have the following
result.

Theorem 3.2. We assume that H1, H2 and NDM hold. We assume moreover
that

1 logn 1 logn
T L I e
ago g ago Qg
2l 2,1 2,2 —22
vyt =0 vt =T (3.2)

and that 741522 — 522521 > 0. Then there exists an estimator (én,&n,dn)
solving the equation Gy (B) = 0 with probability tending to 1, that converges in
probability to (0o, 00, ag). Moreover we have the stable convergence in law with
respect to o (L0, s < 1)

bn—00 \ . _
ut | Ga—o0 | =2 T(B) VAN,
dn —

where N is a standard Gaussian variable independent of 1(8y) and

1 9y s,00 o
fo a(b)((Xao)g ds Eh2 (Sl ) 0 3.3
I(Bo) = . _ (3.3)
0 " Isa(Bo)T

bl g2
U= ( 721 22 > )
To(Bo) = Ek3,,(S7°) —E(kag fay)(ST°)
el —E(Kao fao) (ST°) Ef3,(S7°) ‘

Remark 3.1. In the particular case of constant coefficients a and b (where
assumption NDM holds), our estimator is efficient. Indeed the rate of conver-
gence and the asymptotic Fisher information I are the one obtained recently
by Brouste and Masuda [3], where the LAN property is established from high
frequency observations, for the translated a-stable process

with

thet-i—US?.
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Remark 3.2. If we have some additional information on the parameter oy,
we can replace the solution to the ordinary equation (2.2) by an approzimation
(see also Proposition 3.1 in [{]). In particular, if ag € (2/3,2), we can check
Jfrom HI that supyey, 167/, (0) =2 —b(x,0) /n| < C(1+]z])/n? and consequently

setting Z(x,y, ) = n'/*(y — x — b(x,0)/n)/a(z, o), we deduce that

sup  |zn(2,y, B) = Zn(z,y, B)| < C(1 + |2]P)en,
BEV™ (Bo)

where n'/?e, goes to zero. This control is sufficient to show that the results
of Theorem 3.1 and Theorem 3.2 hold with the estimating functions G, (B) =
~Vglog L, (B) where Ly, is the quasi-likelihood function obtained by replacing
zn by Z,, in the expression (2.3).

Remark 3.3. The construction of the estimator (ém&n,dn) in Theorem 3.1
and Theorem 3.2 follows the methodology proposed in Sprensen [18] (see also
Sweeting [19]). Since I(Bo) and I(By) are definite positive, we can check that it
is a local mazimum of the quasi-likelihood function L, defined by (2.3), on a set
with probability tending to one.

For the reader convenience we recall the sufficient conditions established
in Sgrensen [18] to prove the existence, consistency and asymptotic normal-
ity of estimating functions based estimators. To this end, we define the matrix

Jn(ﬁlvﬁ?a ﬁ?)) by

n VB91<X1"—1,XL‘,61)T
Tn(Br, B2, Bs) = > | Veg*(Xiza, X1, B2)"
=1 vﬁgg(X'i’laXivl_gZS)T
For n > 0, we also define
Vi (Bo) = {(8, 0, ); [ (un) = (8 = Bo) 1| < m}, (3.4)
where |.|| is a vector or a matrix norm and A7 is the transpose of the matrix

A.

With these notations, Theorem 3.1 and Theorem 3.2 are consequence of the
two following conditions :
C1 : V5 > 0, we have the convergence in probability

sup ||U£Jn(ﬂ17627 ﬁ?))un - W(BO)H — 07
B1,B2,8:€ V™ (Bo)

where W (8y) = I(By) (assumption NDNM) or W(3) = 1(By) (assumption
NDM).

C2: (ul'G,(Bo))n stably converges in law to W (3y)'/2A where A is a standard
Gaussian variable independent of W () and the convergence is stable with
respect to the o-field o(L$0, s < 1).



E.Clément et al./Joint estimation 9

Before starting the proof, we compute explicitly uX G,,(8y) and .J,,. This per-
mits to understand how appear the conditions on the matrix v,, depending on
the assumptions on a. We have

90€1,,,(00) ;
VI ax ey hao (20(B0))
. " 8ya(Xi-1,00) " ] _
Uy, Gr(Bo) = ﬁzz‘ﬂ (U}L’ler 211?53 Voo (25(80)) — V21 fao (22

1\ 1,2 070X i1 00) 22lognyp (i 2,2 i
75 2aim | (v WJF” oz Jrao (21, (Bo)) = v3* fao (27,

where we have used the short notation
with z, defined by (2.4) and

1 X’L 1)/n
gl/n(go) gl/(n )/ ( )7

with £ solving (2.2). Using the relation 0qho = O, fo, We now express each term
of the matrix J,,. We have

n 8251 n(g ) )
Tl =l ) e e Ao (3

i=1
" (9p€] ,,(00))? ;
Y R oy Ochon (4 6)
i=1 o
" Oya(Xiz1,0p)

T2 (Bo) = J3H(Bo) = —nt/™ Z (

~ ﬁ%fw(@o)a Ko (24 (60)

JTIL’S(ﬂo) = Jg’l(ﬁo) =
pl/eo Z 081/ (00) { logna ko (1. (0)) +3zfao(z;(ﬁo))]

P a(X%,O'()) a?

7200 = 3 [0 (%) (6w )

S HE RN BT METES)| BCE)
T = 3 [Ouulh 80) = 2 o) (2 )
logn

#2128k o o)+ S )0, (4 50| 39

0 0
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PG = (B = 3 2

i=1

+Z;(50)8aho<o (Z%(BO))] . (3'9)

1 ) )
(Xt 00) [‘ffzﬂ%)azkao(z;(ﬂo))

a 0

From these computations and using the limit theorems established in Section
4, we can check conditions C1 and C2 and proceed to the proof of Theorem 3.1
and Theorem 3.2. We first remark that in the above expressions we can replace
99&7,,,(0) by Opb(x,6)/n. Indeed from H1 and Gronwall’s Lemma we have

1
sup [9p€7),,(0) — ~0pb(,0) < C(1+ |z]7) /n?, (3.10)
9€V90 n

1
up 105€7/(0) = —5b(w, 0)] < C(1+ ||") /. (3.11)

90

Furthermore, by a standard localization procedure we can assume that a is
bounded. Indeed setting a® (z,0) = a(x,0)Zx(a(z,0)) where I is a smooth
real function, equal to 1 on [—K, K| and vanishing outside [-2K,2K], and
considering the process X¥ solution of (2.1) with coefficients b and @€, then
X = X% on OF = {w € Q;supgeyq |a(Xy- (w),00)] < K} and P(QX) — 1 as
K goes to infinity. Consequently, in the next proof sections, we assume that a
is bounded.

3.2. Proof of Theorem 3.1
3.2.1. Condition C2

We recall that ha,, ko, are bounded and that f,, is asymptotically equiva-
lent to the logarithm. Moreover some straightforward computations permit to
show that Ehq, (S7°) = Ekqa, (ST°) = Efa, (S7°) = 0 and E(hayka,)(S7°) = 0.
Therefore from Corollary 4.1, we deduce the convergence in probability

1 n .
log ny/n ; fao (25, (Bo)) = 0

and from Theorem 4.1 we obtain the stable convergence in law

1 n 906(Xiz1.00) i
7 2i=1 (X eay e (20(B0))

n Bga(Xi-;l,ao) . Ls 1/2
= Y are— ko (21 (B0)) = 1(Bo) /N,

n

I 0 (o (5(50)) = ks S (21(50)))

where I(f) is given by (3.1) and N is a standard Gaussian variable independent
of I(ﬂo) .
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Now with u,, given by

1
R
1
Uy = 0 —i73 0
1
0 0 nl/2logn

and using the approximation (3.10) it yields
| ean  90b(Xiz1.60) .
7 2i=1 aX men) e (20(B0))

T _ n aga(Xni;l,fro) ;
wGn(Bo) = | L5 g (A (o) +op(1)

n

S S (koo (24(80)) — 1o fao (24(50)) )

and the stable convergence in law of ul G,,(8p) is proved.

3.2.2. Condition C1

We have to check the uniform convergence in probability

Sup Huzt]n(ﬁlaﬁ%ﬁ?))un _I(ﬁO)H _>07
B1,B2,8:€ V™ (Bo)

with V" (8y) defined by (3.4) and

Jat(B1) Ja2(B1) Jp%(B1)

T — I (B2) Jn " (B2) I 0 (B2)
Uan(ﬂhﬁ% 63)”71 - ,:3:11/(10 Z2n erﬁan
Jy " (Bs) J3 " (Bs) J " (Bs)

nl/20 logn nlogn n(logn)?

where the coefficients of the matrix J,, are given by (3.6)-(3.9).

After a meticulous study of each term appearing in the matrix u’ J,, (81, B2, £3)un
and using the approximations (3.10) and (3.11), condition C} reduces to prove
the following uniform convergence in probability

1< : ! o
up 5D (Xt 0,0)9a(25(9) — [ F(Xur00.00)d5E g (57°)] = 0
Bevi™ (8o) " =1 0

1 S 7 : o
sup |71/a0 E f(X%,Q,U)ga(zn(B))\ — 0, if Ega,(S7°) =0,
BEV (Bo) T i=1

for functions f depending on a, b and their partial derivatives with respect
to the parameters 6,0 and g, belonging to the set of functions hg, ks, 0.k,
02 fo, Ocha, 20 ke, Oaha, Oa fa, 200ha. These functions satisfy the assumptions
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of Theorem 4.2. Moreover, using the symmetry of ¢, (¢, and f, are even) and
the integration by part formula, we can prove

Eho(S$) = Ekq(SY) = Ed.kq(59) = Edyha(SY) = K. fo(S) = 0
Ed.ha(ST) = —EhS(ST)

ES$0. ko (SS) = —EE2(ST)  (3.12)
Edo fa(ST) = —Ef2(ST)

]Esféaozha(s?) = —ES?JC@(S?)}L@(S?) =-E koefoz)(‘g?)'

The result follows then from Theorem 4.2 (convergence (4.3) and (4.4)).

3.3. Proof of Theorem 3.2

We first observe that from NDM 0,a/a = 1/0.

3.8.1. Condition C2

Since Ehq, (S7°) = Ekqy (S7°) = Efq, (S7°) = 0, we deduce from Theorem 4.1
the stable convergence in law

Oob(X i—1,00) )
n 3

O o (2 (B0)
1 1 O a(Xi—1,00) -
NG ( 0 o ) 2 o (2 (B0)) S T(50) 2N

i=1 ,

—fao (21, (Bo))

where I(f3y) is given by (3.3) and A is a standard Gaussian variable independent
of I(ﬁo) .
Using the approximation (3.10) and the property of v, (3.2), we deduce

B9b(X i_1,00) 4
n | ey e (20(B0))

- 1 1 0 ™ )
t,, Gr(Bo) = n < 0 w7 ) Z kao(zﬁ((ﬁo)

) +0P(1),
=1 ;
= fao (21,(Bo))

and C2 is proved.

3.3.2. Condition C1

We will prove

sup [k T (B1, B2, B3 )un — T(Bo)|| — 0.
B1,B2,82€Vi{™ (Bo)
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We have :

ul T, (B1, B2, Ba)tn =

IL(Br) 7an (T2 (B1), T (B1) ) on

n2/ep—1 (
R G, T ot (G 0 ), )

and using the symmetry of J,,, the proof reduces to the following convergence
in probability

T8 Dpb(X..,0 .
o (2O [ e (g 0, (@)
pevi™ (Bo) " 0 + 70
sup | == (,(B2), Iy (B3))vn| — 0, (3.14)
82,65V, (o)
1 J2’2 J2’3 - _
swp It ( als) el ) - T TaaGurell 0. 315)
B2,85€Vi{" (o) n S e U

From the expression of J,, given in (3.6)-(3.9) and using the approximations
(3.10) and (3.11), convergence (3.13) follows from (4.3) and (4.4) in Theorem
4.2 and (3.14) is a consequence of (4.5) in Theorem 4.2, since the terms of the
matrix v, are bounded by logn. To study the convergence (3.15) we observe

that
1 logn
vz(”" ‘11% )xvn—i—o(l)

0
and consequently we just have to prove
1 J2’2 J2’3 o
sup ||’U;1; ( ( Jg,QEgzg Jg’SEgQ§ ) - Jn(ﬁO)) vn” —0 (316)
B2,5€Vi" (Bo A I PSS e

where

o af ER(S™) —E(kaofaoxs;m))
In(Bo) Tn(—mzcaofao)(sm Ef2 (o0 )™

with
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To simplify the notation we introduce the following normalized sums:
1o :
(k) B i
S (B) =~ 2 Fa(20(8))
/ 1< .
(zk") —— i 7
Sn (5) nlzzlzn<ﬁ)azka(zn(6))
I~ :
SEM(B) = = 2u(B)0aha(#(8))
i=1

©N(g) = L Zn i
Sy (B) = n = Oafalz(B)),
and from (3.7) (3.8), (3.9) we obtain

ooy 1o (=)

150,00 logn o 1 con
1 g~ (logn)? ) 1087 ¢om) gy _ 91987 o) 5y _ g(0f)

A simple computation gives moreover

- Sz ERZ (57 sym
Jn(ﬁo) = log n 2 ao 1 o —2,2 .
eaz Bk, (517) = 55 B (kag fao ) (ST°) 2" (Bo)

with 7% (8y) = WEEEER2 (S70) — 2152 B (kg fao)(S5°) + Ef2,(S5°). Then
using once again that v, is bounded by logn, (3.16) is proved as soon as we

have the following convergence in probability (with ¢ < 4)

sup |(1ogn)q5'7(lk)(ﬁ)| — 0,
BV (Bo)

sup  (logn)?|SSF) (B) + B2, (S7°) — 0,
BeV{™ (Bo)
sup  (logn)?| S (B) + E(kag fay) (S7°)] — 0,
BeV™ (Bo)
sup  (logn)?|SPD(B) + Ef2 (S7°) = 0.
BeVi™ (Bo)

Recalling the equalities (3.12), the above convergence results from (4.5) in The-
orem 4.2.
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4. Limit theorems

We state in this section some limit theorems (Central Limit Theorem and uni-
form Law of Large Numbers) that are crucial to obtain the asymptotic properties
of our estimators. We follow the approach proposed in [4], extending the results
to non bounded functions, with some uniformity with respect to the parameter
.

The next key proposition extends to non bounded functions the control in
total variation distance established in [4] (Theorem 4.1 and Theorem 4.2).

Proposition 4.1. Let f be a real function such that

Ve eR |f(z) < C(1+ (log(1 + |])?),

for some constants C > 0 and g > 0. Then assuming H1 H2 and a bounded, we
have

i
(X1 — €59, (60)

a(xg, o)

|Ef <n1/a° ) —Ef(n/*0L% )| < C(1+ |aol)en,

i)
[Ef(n'/*0 L5 ) —Ef(S70)] < Cey,

where n*/%e,, — 0 as n goes to infinity.

(Xl/n_éwo (00))
_ 1 1/n
Proof. We set z, = n'/® =T /o

flfjz/<k,3- By assumption, ||fk, || < C(log K,)? and from Theorem 4.1 and
Theorem 4.2 in [4] we have

and we consider the truncation fx, =

[Efx, (z0) = Efxc, (0t *° LY, )] < C(1+ |zol)(log K) %2,

|EfKn (nl/O‘OL?;n) - ]EfKn (Slao)l S C(log K’ﬂ)qgna

where &, = 1/n' ¢ if ap < 1 and &, = 1/n/* =% if g > 1. Then, if K,, = n?
for any p > 0, we deduce

Vvn(log K,,)?%&,, — 0.

It remains to bound [Ef(S7°)—Efk, (S7°)|, |[Ef (2n)—Efk, (2n)| and |Ef(n1/a0Lf‘7n)—
EfKn (nl/aOLtlx})n)"
For § < ag, we have

[EF(ST?) = Efie, (ST0) = EBIF (ST 15005k,
C o o C
= fg(l +E(log?(1+ |ST°)IS7I%)) < o
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and we conclude choosing K,, = n'/%. Turning to the second term and proceed-
ing similarly we just have to check that for § < ag

E[n'/*0 (X4, — €59, (60)° < C, (4.1)

since from H1 a is lower bounded. Using Gronwall’s Lemma, we have

sup [n'/*° (X — €°(60))| < Cn'/* sup | [ a(Xu-,00)dL5°),

s<1/n s<1/n JO
and (4.1) holds if En®/® sup .y, | [; a(Xu—,00)dLg0|> < C. This is obtained
by rescaling. Setting L} = nl/"‘OLf/"n for t € [0,1] then (L});cp,1] is a Lévy
process with Lévy measure v™ given by

1
v (dz) = Wg(z/nl/a“)dz.

|z

Considering now (X3"):[0,1) that solves the equation

1 t
X =mzo+ — / b(X7,00)ds + ~Jan / a(X7 ,00)dLY,
0

we can check that the processes (X /p,,n /e wLY )te[o 1 and (X7, LY )ie0,1] have
the same law, and (4.1) reduces to prove

s
Esup| [ a(X" , 00)dL"|° < C (4.2)

s<1 0

We can split (L?) in two parts (small jumps and large jumps) : L = L}"' 4+ L"*

with .
= [ s,
0 J{o<|z|<1}

t
gt = [ arasa,
0 {|z|>1}

where ™ and u™ are respectively the Poisson measure and the compensated
Poisson random measure associated to (L}'). Since 2/§ > 1, we deduce using
successively Holder’s inequality and Burkholder’s inequality

S s

Esup| [ a(X"_,00)dL™)° < (Esup| | a(X"_,0
s<1 0 s<1 0

< O( IE/ / a?(X"_ 00)220" (dz)ds)/? < C,
{o<z[<1}

)LL)

since @ is bounded. Considering now the large jumps part and assuming more-
over that 0 < min(1, ap) we have

Esup| [ a(X]_,00 <IE// |20 ™ (ds, dz) < C,
<1 Jo {l=]>1}



E.Clément et al./Joint estimation 17

since 0 < ap, and i) follows. Observing that (4.1) implies ]E|n1/a“L‘1"7n\5 <C
(taking b = 0 and a = 1), we obtain ii). O

From this proposition, we obtain a Central Limit Theorem for non bounded
functions.

Theorem 4.1. We assume HI H2 and a bounded. Let h; : R - R, i =1,2,3
be C' functions such that

Vi, Ve € R, |hi(z)| + [0zhi(z)| < C(1+ (log(1 + |z))?),

for some constants C' > 0 and ¢ > 0 and let f; : R — R be continuous func-
tions. We assume that Eh;(S7°) = 0 for i = 1,2,3. Then we have the stable
convergence in law with respect to o(L%0, s < 1):

n fl(X%)hl(zn(X'i*1aXiaﬂO))

1 n n ‘
a0 | R (XL X2 B) | £ s,

n

=1\ fa(X o )hs(2n(X iz, X 1, o))

where z, is defined by (2.4), N is a standard Gaussian variable independent of
Y and for1 <i,5 <3

S, = / (Fify) (Xo)ds E(hahy ) (S9).
0

Proof. Using Proposition 4.1 and following the proof of Corollary 3.1 in [4], we
obtain the convergence in probability for j =1,2,3

1 o
WZ.]“](X%) (hj(zn(X%,X%,Bo)) —hj(nl/ OAL1)> — 0,
i=1

where AL; = Li — Li—1. Now we can extend the proof of Theorem 3.2 in [4]
to non bounded functions h; with logarithmic growth and we obtain the stable
convergence in law

L o fi(Xiz1)hy(nt/ 0 AL)
—z 2 | (Xo)ha(n/ ALy | £5 52N
n i=1 fS(XQ)hB,(TLl/aOALZ)

n

O

An immediate consequence of Theorem 4.1 is the following convergence in
probability.

Corollary 4.1. We assume H1 H2 and a bounded. Let h : R — R be a C!
function such that

Ve e R [h(x)] +|0:h(x)] < C(1+ (log(1 + |z[))7),
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for some constants C > 0 and g > 0 and Eh(S7°) = 0. Then we have the
convergence in probability

1
\flogn

with z, defined by (2.4).

Zh (X iz1, X1, 00,90, @0)) = 0,

We finally establish some uniform convergence results that extend Theorem
3.1in [4].

Theorem 4.2. Assume H1 H2 and a bounded. Let f be a continuous function
such that

® Sl)lp (|f($7070)| + |89f(l’,9,0')| + ‘ao'f(z7070)|) < C(l + |x‘p)’
,0)EKo

where Ko is a neighborhood of (0g,00) and let (2,a) — go(2) be a C' function
(with respect to (z,)) such that 0,g. is bounded (uniformly in o on compact
subset of (0,2)) and such that

194(2)] + 10aga(z)] < C(1 + (log(1 +2]))?), p>0.
Then we have the convergence in probability
1< : ! N
sup |* Zf(X%veza)ga@::z(ﬁ)) - / f(XS’ 6)O’UO)dSEgao (Sl 0)' —0,
Bevim (Bo) izt 0

(4.3)

where Vén)(ﬂo) and zi(B) are defined respectively by (3.4) and (3.5).
Moreover if Ega, (S7°) = 0, the following convergences in probability hold

B P Zf (Xiz1,0,0)ga(2,(8))] = 0, (4.4)
BeV,™ (Bo) ”
10 n)4
Sub = Zf X’ 1,0,0)ga(2,(B))] =0, Vg >0. (4.5)

BeV™ (8o )

Before proving this result we remark that for 8 € V,\" (Bo) we have : | —6| <
n/nt/%0=12 g~ g9| < Clog(n)/y/m and |a — ag| < Cnlog(n)/ /.

The proof of Theorem 4.2 relies on Proposition 4.1 and on the following two
Lemmas.

Lemma 4.1 (Lemma 4.2 in [4]). Assuming H1 and H2, there exists p > 0 such
that Ve > 0 and V4§ € (0,1)

Ce)(1+ |zoP) B2 ifag < 1,

neo

1 o
P <|Zn($o7X1/mﬁ0) -n /QOL1?n| > 8) = { 0(5)(1 + “T0|p)n1175, Zf ap > 17

where C(e) is a positive constant.
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Lemma 4.2. Assuming H1 and H2, there exists p,q > 0 such that

Ve >0, Pr,_, ( sup |28 (8) — nt/* AL > €> <ClE) (14 |Xi=1|P)/n,
™ \BeVi{™ (o) !

(4.6)

where C(g) is a positive constant, AL; = L5° —L$°, and 2% (8) is given in (3.5).

n

Proof. We have the decomposition
nt/e a(Xiz1, 00)
nt/eo q(Xi-1,0)
nl/a a(X%, UO)
e a(Xi1,0)
nl/e 1
+n1/a0 a(Xi-1, O’)

2 (B) = n/ AL = (#(Bo) — '/ AL;)

—1nt/*AL;

nt/e (¢ n(00) — &1 /,(0)).

The proof follows then the same lines as the proof of Lemma 5.1 in [4] using

Lemma 4.1, 8 € V,(Bp) and observing that |Tzﬁl/—/; — 1| < Clog(n)/v/n.
O

Proof of Theorem 4.2. We recall the following useful result to prove convergence
in probability of triangular arrays (see [8]).

Let (¢I*) be a triangular array such that ¢ is Fi-measurable then the two
following conditions imply the convergence in probability > &, (! — 0 :

Z |E\f@ ¢'l = 0 in probability,

i=1

ZIE‘].—L L|¢** =0 in probability.
i=1
From this result, the methodology is similar to the proof of Theorem 3.1 in
[4] and we just outline the main steps. The difference with [4] is that « varies
and the function g, is not bounded. Note however that 9,g, is bounded. We
check the following convergences in probability

sup LB S (Xt 0,0) — F(X s, 00, 00))ga (A = 0, (4.7

n

BeV™ (Bo) i=1
lo n)4
sup |2 Zf (X i=1,00,00) (90 (24 (8)) — gag (n'/* AL:))| = 0, (4.8)
ﬁeVé”)(ﬁ)
logn

Zf (Xi=1,00,00)(gao (/*°AL;) = Ega,y (ST°))| = 0, (4.9)

=1
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IR !
D F(X s B0.00) = [ X, B0, 00)ds] = 0. (4.10)
i=1 0

The last convergence is immediate, (4.9) is a consequence of Proposition 4.1.
We check (4.7) observing that

Ez,_, [ sup (log(1+|23;(ﬂ)l))p]SC(1+|X%\”'), (4.11)
" Bevii™ (Bo)

for some p’ > 0. Indeed from (4.1) we have
Ex,_, |28 (Bo)|® < C,

for any § < ag. Furthermore a straightforward computation gives

nt/e G(Xg ) UO)

nt/®0 q(Xi-1,0)

n(B) = 2,(Bo) = ( ~ 1)z, (Bo)

nl/e 1
RN a(Xi-1,0)

'/ (€] 1 (00) = €1/, (6))

and then

sup  [2,(8) — 2,(Bo)| < C(1+ [ X =1 [") (1 + [2},(Bo)|) (log n)* /v/n.
BEV™ (Bo) "

This permits to deduce (4.11) and at last, (4.8) follows from (4.11) and Lemma
4.2. The convergences (4.7)-(4.10) permit to obtain (4.3) and (4.5) in Theorem
4.2.

To prove (4.4), combining (4.11), Lemma 4.1 and Lemma 4.2, we check the
convergences in probability for ag > 1

n
SUp | > F(X i 0,0)L1x,y <y 9 (2 (8)) = G (21 (50))]| = 0,
Bev{™ (Bo) " i=1 n
Sup | > (X s, 0,001y 1<) [ Gao (24 (B0))
BV (Bo) i=1 ’ "

“Biri, gao(Zi;(ﬁo))] | =0,

n

1 ,
sup | > f(Xiz1,0,0) 1 x,_ 1<k} EjF,_s Goo (21, (Bo))] = 0.
BeviM(8) VT iE ’ B B
These convergences are obtained with similar computations than the one used

in the proof of Theorem 3.1 in [4] and we omit the details.
O
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5. Numerical simulations

In this section, we make numerical simulations. Our goal is twofold : we aim
to show that the joint estimation of the three parameters (6, 0, «) is feasible in
practice and illustrate that the asymptotic behavior of the estimator is different
whether the model satisfies the condition NDM or NDNM, which is the main
finding of Section 3.1.

5.1. A multiplicative model

We consider the process (X¢)¢ejo,1) solution of

dX, = 0X,dt + o/1 + X2dS?,

where (S§); is a symmetric a-stable process whose characteristic function is

e~ 14" Assumption NDM holds true and we can apply results of Section 3.1. As

matrix rate, we choose v:! = gg, v1? = -2, v2:t =0, v2? = 1. This choice
10

0 1

random vector with law N (Ogs, K,,) where

is such that (3.2) holds true with T = ) Let us denote by Z a Gaussian

E[h, (S1°)] 0 0
Ko, = 0 E[k3, (57°)] —E[(kay fao) (ST |- (5.1)
0 —E[(Kag fao) (57°)] E[f%,(S7)]

Then, from the stable convergence result of Theorem 3.2, one has the conver-
gence to Z of the vector

2 ~
(o St s ds)!/2n!/20=112(6, — o)

V(2o + R (G — o)
Vit = ao)

Thus, the rate of estimation is n'/®~1/2 for 6, and /n for ay. Moreover, we get
that Y2 (M)—l—%\/ﬁ(dn—ao) 2% ). This implies that " (6, — ) =
0

log(n) oo log(n)

—g—% n(Gy, — ap) + op(1) noeoy —Z—%Zg. Hence, the rate of estimation for o
No
log(n)
ag are proportional and have a correlation tending to —1. Comparing with the

situation of non-multiplicative model, addressed in Theorem 3.1, we see that
both parameters «g and o are estimated with rate slower by a log(n) factor in
the multiplicative case.

For numerical simulations, we choose 6y = 0.5, o9 = 1, ag € {0.7,1.3,1.7}.
We let the number of data n ranges in the set {128,256,512,1024,2048}. We
simulate the process (X;) with an Euler scheme with step (1000n)~!. In Tables

is and asymptotically the estimation errors for the parameters oy and
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1-3, we give an estimation by Monte-Carlo of the mean of the estimators to-
gether with their standard deviations. In Tables 4-6 (where we use the notation
(5.2)), we give an estimation of the standard deviation of the error of estimation
rescaled in a way that it theoretically converges to a Gaussian variable whose
variance can be computed using (5.1). Using numerical integration, we com-
pute the theoretical asymptotic standard deviation for these rescaled errors of
estimation and give it in the last line of each table.

In Tables 4 and 5 , we see that the asymptotic behavior of the estimator is
exactly as expected from the theoretical study : the rate of estimation for 6, oy,
and g are exactly n'/® =12 nl/2/1og(n) and n'/2. Moreover, the asymptotic
variances are close to the theoretical one. From Table 1, we see that for ag = 0.7
the joint estimation of the three parameters works well. Especially, the estimator
of the drift parameter performs extremely well for ag = 0.7 , which is expected,
since the rate of estimation is n'/0-7=1/2 ~ 993 For oy = 1.3, estimation of
oo and oo works well while the estimation of 6y has some biais which reduces
slowly as n increases. For ay = 1.7, estimation of og and «gy works well again.
The estimation of €y has large bias and variance and does not seem to improve
when n increases. Actually, the convergence of the estimator 6,, occurs with
the extremely slow rate n!/17-1/2 ~ 00882 354 it seems almost impossible
in practice to get a sharp estimate of the drift parameter for n < 2048. Table
6 shows that empirical standard deviation of the estimator significantly differs
from the theoretical one for n < 2048 and «ag = 1.7.

In Table 8, we display the empirical correlation between the estimators &,
and &, for different values of ag and n. As expected from the theory, in the
multiplicative case this correlation tends to —1 as n — oo.

In the Monte-Carlo experiments, we used 1000 replications. The minimiza-
tion of the contrast function (2.3) was conducted using quasi-Newton methods
implemented in Python Numpy package. It necessitates to compute numeri-
cally the values of the contrast function and of its derivatives, and thus involves
numerous evaluations of the functions ¢, 0,9, and Jnps. These three func-
tions are computed using their integral representations given in [16] and [17],
that can be numerically intensive. However, numerical evaluation of the quanti-
ties QOQ(Zn(Xizil,XTiL,/B)), 8Zgaa(zn(X%,X%,6)) and 5‘a<pa(zn(X¢%1,X%,ﬂ))
for different values of i = 1,...,n can be computed in parallel, using different
threads for different values of i. In our numerical simulation, we used CUDA
programming language, to implement the computation of the contrast function,
and its derivative, with a multi-threaded code on GPU. Using a Nvidia GTX1080
GPU, the Monte-Carlo experiments presented in Table 1-3 with n = 2048 and
1000 iterations takes around 2 hours each. Hence, searching the values of the
parameter for one observation of length n = 2048 takes a few seconds, showing
that our contrast method is implementable, and fast, in practice.

Theorem 3.2 states existence of some zero of the gradient of the contrast
function, that yields to a consistent estimator. However it does not prevent
existence of other zeros that would not be a convergent estimator. Nevertheless,
in practice the maximization algorithms always find a consistent estimator, and
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TABLE 1
Estimation : Multiplicative case ag = 0.7

n Mean 6, Std 6, Mean 6, Std 65, Mean &, Std an
128 0.498 6.7 %102 1.184 8.18 x 10! 0.709 6.76 % 10~ 2
256 0.500 3.30 % 102 1.157 6.55 % 101 0.702 4.70 % 102
512 0.500 1.65 % 102 1.110 4.75 %1071 0.700 3.19 %102

1024 0.500 7.74 %1073 1.062 3.70 %1071 0.700 2.31 %1072
2048 0.500 4.36 %1073 1.060 2.75% 1071 0.700 1.64 % 102

do not seem to be trapped on local maximum, or non consistent maximum, of
the quasi-likelihood function. Searching directly the zeros of the gradient of the
contrast function provides convergent estimators as well. This suggests that the
zero of the gradient function might be unique for most simulations and reached
at the global maximum of the contrast function. To support this, we draw one
sample path of observations (X;/,)i=o,...n With n = 2048 6y = 0.5, 09 = 1,
ap = 0.7, and explore the shape of the contrast function (2.3). In Figure 1, we
plot the graph of

[-2,2] x [0.1,3.961] — R
(0,0) > log L (6, 0, )

for a € {0.5,0.6,0.7,0.8,0.9}. Figure 1a) plots the cross section for the true value
ap = 0.7, and we see that the maximum in (6,0) is reached in a unique point
close to the true value (6p, 0¢). In Figures 1b)-¢), we see that the maximization
of the contrast function at cross section with values of a far from «aq yields to a
correct estimation of 8, while estimation of ¢ is far from its true value. However,
the values of the maximum in Figures 1b)—e) are lower than the one for a« = 0.7,
showing that when maximizing the contrast function with respect to (0,0, «),
the maximum will be reached for « closed to cg = 0.7. Figure 2 shows the cross
section of the contrast function at § = 6y = 0.5. We see that the maximum
in (o, 0) is reached near the true value («,0p). Eventually, maximizing with
respect to the three parameters, by Python Numpy package, yields to Bn =
(0.495,0.849,0.709) and the quasi-Newton maximization algorithm converges
after 18 steps.

Our last numerical experiment in the multiplicative case is related to Remark
3.2, where we state that for ap > 2/3, one can replace in the contrast function,
the quantity &7, (0) by its one step Euler approximation §f/n(0) ~ x+b(x,0)/n.
We see, by comparison of Table 7 with Table 1, that the quality of estimation is
the same when one uses the approximation of {7 /"(9) as when one uses its true
value.

5.2. A non multiplicative model

We consider (X¢)¢ejo,1) solution of

dXt = OXtdt + eXp(O' SiH(Xt))dSta,
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TABLE 2

Estimation : Multiplicative case ag = 1.3

n Mean 6, Std 0,

Mean 6,

Std 6x,

Mean &, Std ép,

128 0.443 6.85 % 10~ L
256 0.386 6.31 % 107!
512 0.424 5.77 %10t
1024 0.429 5.06 % 10~1
2048 0.457 4.26 %1071

1.048
1.031
1.014
1.014
1.011

3.66 %10 L
3.01% 10!
2.39 %1071
1.78 % 10~ 1
1.38 % 1071

1.316 1.27 %101
1.310 9.35 % 10~2
1.306 6.47 % 102
1.302 4.41 %102
1.300 3.16 % 10~2

TABLE 3

Estimation : Multiplicative case ag = 1.7

n Mean 6, Std 6,

Mean 6,

Std 65,

Mean &, Std an

128 0.428 758 %101
256 0.532 6.23 %10~
512 0.605 5.07 % 10~1
1024 0.680 3.80 % 1071
2048 0.702 3.31%x10"1t

1.024
1.016
1.007
0.996
1.001

225 %101
1.73% 1071
1.14 %101
1.06 « 10~1
8.36 % 102

1.709 1.26 x 10~ L
1.704 9.16 x 102
1.703 6.53 % 102
1.705 4.71 x 102
1.701 3.33 %102

Asymptotic variance :

TABLE 4

Multiplicative case ag = 0.7

—3 56 "3 () N A
n Vo, 20 (0r — 60) m(an —o00) Vn(én —ao)
128 1.15 1.91 0.76
256 1.11 1.89 0.75
512 1.08 1.73 0.72
1024 1.05 1.71 0.74
2048 1.06 1.63 0.74
Theoretical limit 1.10 1.55 0.76
TABLE 5
Asymptotic variance : Multiplicative case ag = 1.3
—3,56 "3 () N A
n V90 n «o (6n, — 60) m(an —o00) Vn(é&n —ao)
128 1.27 0.85 1.44
256 1.35 0.86 1.50
512 1.39 0.87 1.46
1024 1.46 0.82 1.41
2048 1.48 0.81 1.43
Theoretical limit 1.52 0.84 1.42
TABLE 6
Asymptotic variance : Multiplicative case ag = 1.7
—3,56 "3 () N A
n Vo, 20 (0r, — 60) m(an —o00) Vn(é&n —ao)
128 0.66 0.53 1.42
256 0.58 0.50 1.47
512 0.49 0.49 1.48
1024 0.41 0.49 1.51
2048 0.38 0.50 1.50
Theoretical limit 1.50 0.51 1.50

24
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(a) Section of the contrast at a = 0.7
Max is reached at 6 = 0.480 and
o = 0.958 and its value is 16154

2.0
1339
0500
thegs O3 1.0
e :
ta 15549 O

Max is reached at 8 = 0.480 and Max is reached at 8 = 0.480 and
o = 3.961 and its value is 16088 o = 0.256 and its value is 16141

(b) Section of the contrast at & = 0.6 (c) Section of the contrast at o = 0.8

Max is reached at 8 = 0.480 and Max is reached at 0 = 0.480 and
o = 3.961 and its value is 14726 o = 0.1 and its value is 16099

(d) Section of the contrast at & = 0.5 (e) Section of the contrast at o = 0.9

Fig 1: Plot of the cross section at different values of «
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TABLE 7

26

Estimation : Multiplicative case ag = 0.7. Euler approximation for §f/n 9)

n Mean 0, Std 6, Mean 6, Std 6, Mean &, Std an
128 0.501 7.10% 1072 1.235 8.74%10° T 0.707 6.72 % 102
256 0.500 3.11%10"2 1.146 6.46 % 101 0.704 4.74 %1072
512 0.499 1.71 % 102 1.107 4.62 %101 0.700 3.21 %1072
1024 0.501 8.06 x 103 1.035 3.50 % 101 0.702 2.28 x 102
2048 0.500 4.25 %1073 1.031 2.61 %101 0.700 1.59 % 10—2

TABLE 8

Correlation between &y and én (multiplicative model)

n

o 128 256 512 1024 2048
0.7 -0.85 -0.89 -0.93 -0.94 -0.96
1.3 -0.91 -093 -0.95 -0.97 -0.97
1.7 -0.90 -093 -0.94 -0.96 -0.97

Fig 2: Plot of the cross section at § = 6y = 0.5

Max is reached at o = 0.802 and o« = 0.712 and its value is 16157
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where (S§*); is a symmetric a-stable process. The assumption NDNM holds true,
and thus we can apply Theorem 3.1. As a consequence the rate of estimation is
nl/@0=1/2 for @y, \/n for g and \/nlog(n) for ay. Comparing to multiplicative
case, the rate of estimation is log(n) faster for both parameters oy and ag. We
make numerical simulations to see if the rate is indeed faster, in practice, in the
non-multiplicative case than in the multiplicative one. The asymptotic law of
the estimation error is mixed Gaussian by Theorem 3.1, and we define rescaled
errors of estimation that have Gaussian laws. Let us define

1

1 2 -
B 0pb(Xs, 6p)
Vo, = < ; 7a(Xs,ao)2 ds) (5.2)

' Oya(Xs,00)? ' 0,a(Xs,00) 1
Vo= () oo ) Py

1 2
0, (I(X O'())
_ 4 o Sy
Vao —040/0 7Q(X570-0)2 dsVs,.

-1

Then, from the stable convergence result of Theorem 3.1, we have

Vo 2020126, — 6g) "% N0, (Bha, (55°)) ) (5.3)
Vo 26, — a0) =2 N0, (Eka, (S79)) ™) (5.4)
Va2 mlog(n) (G — 00) "= N(0, (Eka, (S5°)) 1) (5.5)

In Tables 9-14, we present results of numerical simulations conducted with the
true values of the parameters 6y = 0.5, 0p = 1 and g € {0.7,1.3,1.7}. We show
a Monte-Carlo evaluation, based on 1000 replications, for the mean and standard
deviation of these estimators. Moreover, we evaluate the standard deviation of
the rescaled errors of these estimators defined as on the left hand-side of (5.3)—
(5.5). We compare these standard deviations with the theoretical limit given
by the standard deviation of the variables appearing on the right hand-side of
(5.3)—(5.5).

From the results in Tables 9-11, we see that the estimation of the three
parameters performs well. Moreover, from Tables 12—-14, we see that the asymp-
totic behavior of the estimator is in practice very close to the description given
by theoretical results (5.3)—(5.5). Especially, we observe numerically that the
rate of estimation of og, ag is different in this non-multiplicative model than
for the multiplicative model of Section 5.1. Another difference is that the es-
timation errors of oy and «qg are no longer asymptotically proportional in the
non-multiplicative case, which is consistent with the numerical evaluation of the
correlation between these two estimators given in Table 15.

References

[1] AIT-SAHALIA, Y. and JAcoD, J. (2007). Volatility estimators for discretely
sampled Lévy processes. Ann. Statist. 35 355-392. MR2332279


http://www.ams.org/mathscinet-getitem?mr=2332279

E.Clément et al./Joint estimation 28

TABLE 9
Estimation : Non multiplicative case ag = 0.7
n Mean 0, Std 6, Mean 6, Std 6 Mean &n Std an
128 0.500 5.85 % 102 1.170 8.55% 107! 0.703 2.58 % 102
256 0.500 2.92 %102 1.056 6.09 % 10~ 1 0.702 1.69 % 10—2

512 0.500 1.13 %102 1.038 4.63% 101 0.701 9.88 % 10™3
1024 0.500 6.50 % 103 1.031 3.69% 107! 0.700 6.55 % 103
2048 0.500 3.86 x 103 1.023 2.51 %1071 0.700 4.60 %1073

TABLE 10
Estimation : Non multiplicative case ag = 1.3

n Mean 6, Std 6, Mean 6, Std 65, Mean &y, Std &g
128 0.458 3.82% 10T 1.046 351 %101 1.308 5.94 % 10~ 2
256 0.448 3.44 %1071 1.019 2.54 %1071 1.302 3.67 %1072
512 0.476 3.54 %10t 1.008 1.81 %101 1.302 2.35% 1072
1024 0.465 2.91 %1071 1.002 1.34 %101 1.301 1.59 % 102
2048 0.496 2.81 %1071 1.003 9.51 % 10~2 1.300 9.82 %1073

TABLE 11
Estimation : Non multiplicative case ag = 1.7

n Mean 0, Std 6, Mean 6, Std 6 Mean & Std an
128 0.410 4.27% 1071 0.996 228 %1071 1.703 7.68 % 102
256 0.426 4.16 %107t 1.011 1.68 % 101 1.704 4.80 %102
512 0.459 4.02% 1071 1.012 1.25 %101 1.704 3.33% 1072
1024 0.538 4.12% 1071 1.004 8.85 % 102 1.701 2.10 % 102
2048 0.544 3.76 %« 101 1.002 6.43 x 102 1.700 1.38 %102

TABLE 12
Asymptotic variance : Non multiplicative case ag = 0.7

T 1 T _I _I
n VOU 2neo 2(0n —00) Vo2 /n(6n —o0) Va2 v/nlog(n)(én — ag)
128 1.23 1.90 1.85
256 1.36 1.93 1.82
512 1.17 2.48 1.87
1024 1.05 3.12 1.84
2048 1.06 2.29 1.86
Theoretical limit 1.05 1.86 1.86

TABLE 13
Asymptotic variance : Non multiplicative case ag = 1.3

T T T
n Ve0 Znao 2(0n —00) Voo?/n(6n —o0) Vao? v/nlog(n)(én — aog)
128 1.31 1.10 1.16
256 1.29 1.09 1.15
512 1.34 1.15 1.15
1024 1.34 1.14 1.17
2048 1.38 1.16 1.18

Theoretical limit 1.52 1.15 1.15




E.Clément et al./Joint estimation 29

TABLE 14
Asymptotic variance : Non multiplicative case ag = 1.7
T 1 T _T _I
n Vag Zneo 2(0n —00) Veu2y/n(6n —o00) Vag2v/nlog(n)(an — ao)
128 1.06 0.81 0.86
256 1.09 0.84 0.87
512 1.18 0.83 0.91
1024 1.35 0.86 0.92
2048 1.31 0.87 0.91
Theoretical limit 1.50 0.91 0.91
TABLE 15

[2]

3]

Correlation between 6y, and &y (non multiplicative model)

o o128 256 512 1024 2048
0.7 0.23 0.12 0.12 0.093 0.13
1.3 0.34 0.41 026 0.33 0.31
1.7 0.36 0.41 045 0.52 0.47

ATT-SAHALIA, Y. and Jacop, J. (2008). Fisher’s information for dis-
cretely sampled Lévy processes. Econometrica 76 727-761. MR2433480
(2010g:60088)

BROUSTE, A. and MAsuDA, H. (2018). Efficient estimation of stable Lévy
process with symmetric jumps. Stat. Inference Stoch. Process. 21 289-307.
MR3824969

CLEMENT, E. and GLOTER, A. (2019). Estimating functions for SDE
driven by stable Lévy processes. to appear in the Annales de I’Institut Henri
Poincaré-Probabilités et Statistiques.

CLEMENT, E., GLOTER, A. and NGUYEN, H. (2019). LAMN property for
the drift and volatility parameters of a sde driven by a stable Lévy process.
ESAIM Probab. Stat. 23 136-175. MR3945580

DuMoucseL, W. H. (1973). On the asymptotic normality of the
maximum-likelihood estimate when sampling from a stable distribution.
Ann. Statist. 1 948-957. MR0339376

IvaNENKO, D., KULIK, A. M. and MaAsupa, H. (2015). Uniform LAN
property of locally stable Lévy process observed at high frequency. ALEA
Lat. Am. J. Probab. Math. Stat. 12 835-862. MR3453298

Jacop, J. and PROTTER, P. (2012). Discretization of processes. Stochastic
Modelling and Applied Probability 67. Springer, Heidelberg. MR2859096
JacoDp, J. and SPRENSEN, M. (2018). A review of asymptotic theory of
estimating functions. Stat. Inference Stoch. Process.

Jing, B.-Y ., Kong, X.-B. and Liu, Z. (2012). Modeling high-frequency fi-
nancial data by pure jump processes. Ann. Statist. 40 759-784. MR2933665
Kawal, R. and Masupa, H. (2011). On the local asymptotic behavior of
the likelihood function for Meixner Lévy processes under high-frequency
sampling. Statist. Probab. Lett. 81 460-469. MR2765166

Kawal, R. and Masupa, H. (2013). Local asymptotic normality for nor-
mal inverse Gaussian Lévy processes with high-frequency sampling. ESAIM


http://www.ams.org/mathscinet-getitem?mr=2433480
http://www.ams.org/mathscinet-getitem?mr=2433480
http://www.ams.org/mathscinet-getitem?mr=3824969
http://www.ams.org/mathscinet-getitem?mr=3945580
http://www.ams.org/mathscinet-getitem?mr=0339376
http://www.ams.org/mathscinet-getitem?mr=3453298
http://www.ams.org/mathscinet-getitem?mr=2859096
http://www.ams.org/mathscinet-getitem?mr=2933665
http://www.ams.org/mathscinet-getitem?mr=2765166

[13]

[14]

[15]

E.Clément et al./Joint estimation 30

Probab. Stat. 17 13-32. MR3002994

Kona, X.-B., Liu, Z. and JiNG, B.-Y. (2015). Testing for pure-jump
processes for high-frequency data. Ann. Statist. 43 847-877. MR3325712
MasupaA, H. (2009). Joint estimation of discretely observed stable Lévy
processes with symmetric Lévy density. J. Japan Statist. Soc. 39 49-75.
MR2571802

Masupa, H. (2019). Non-Gaussian quasi-likelihood estimation of SDE
driven by locally stable Lévy process. Stochastic Process. Appl. 129 1013—
1059. MR3913278

MaTsut, M. and TAKEMURA, A. (2006). Some improvements in numerical
evaluation of symmetric stable density and its derivatives. Comm. Statist.
Theory Methods 35 149-172. MR2274041

NoraN, J. P. (1997). Numerical calculation of stable densities and dis-
tribution functions. Comm. Statist. Stochastic Models 13 759-774. Heavy
tails and highly volatile phenomena. MR 1482292

SORENSEN, M. (1999). On asymptotics of estimating functions. Braz. J.
Probab. Stat. 13 111-136. MR1803041

SWEETING, T. J. (1980). Uniform asymptotic normality of the maximum
likelihood estimator. Ann. Statist. 8 1375-1381. MR594652


http://www.ams.org/mathscinet-getitem?mr=3002994
http://www.ams.org/mathscinet-getitem?mr=3325712
http://www.ams.org/mathscinet-getitem?mr=2571802
http://www.ams.org/mathscinet-getitem?mr=3913278
http://www.ams.org/mathscinet-getitem?mr=2274041
http://www.ams.org/mathscinet-getitem?mr=1482292
http://www.ams.org/mathscinet-getitem?mr=1803041
http://www.ams.org/mathscinet-getitem?mr=594652

	Introduction
	Notation and assumptions
	 Joint estimation
	Main results
	 Proof of Theorem 3.1
	Condition C2
	Condition C1

	Proof of Theorem 3.2
	Condition C2
	Condition C1


	Limit theorems
	Numerical simulations
	A multiplicative model
	A non multiplicative model

	References

