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Propagation in a fractional reaction-diffusion equation in a

periodically hostile environment

Alexis Léculier®, Sepideh Mirrahimifand Jean-Michel Roquejoffre!
May 10, 2019

Abstract

We provide an asymptotic analysis of a fractional Fisher-KPP type equation in periodic non-
connected 1-dimensional media with Dirichlet conditions outside the domain. After demon-
strating the existence and uniqueness of a non-trivial bounded stationary state n, we prove
that the stable state ny invades the unstable state 0 with a speed which is exponential in
time.

Key-Words: Non-local fractional operator, Fisher KPP, asymptotic analysis, exponential speed
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1 Introduction

1.1 Model and question

We focus on the following equation :

on+ (—=A)n=n—n?  for (z,t) € 2kA, (2k + 1) A[x]0, oo,

Ul

kEZ
n =0, for (x,t) € kLeJZ[(2k + 1)A, (2k + 2)A] x [0, o0, (1)
n(z,0) = no(),

with A a constant and (—A)® the fractional Laplacian with « €]0, 1] which is defined as follows :

4°T(3 + @)

w20 (—a)|

|fl§' _ y|1+2a

(—A)*n(x,t) = C, PV/

R

dy where C, =

The main aim of this paper is to describe the propagation front associated to (1). We show that
the stable state invades the unstable state with an exponential speed.

1.2 Motivation

Equation (1) models the growth and the invasion of a species subject to a non-local dispersion in
a periodically hostile environment. The function n stands for the density of the population. The
fractional Laplacian describes the motions of individuals, it takes into account the possibility of
7jump” (move rapidly) of individuals from one point to another, for instance because of human
activities for animals or because of the wind for seeds. The logistic term n — n? represents the
growth rate of the population. The originality of this model is the following, we forbid our species to
invade some periodic patches and thus the reachable areas are disconnected. Here, we assume that
the regions where the species can develop itself are homogeneous. Thanks to the non-local diffusion
(which models the ”jumps”), the species will invade all the ”good” patches and the solution will
converge to a non-null stable stationary state with a speed which growths exponentially fast.

Many works deal with the case of a standard diffusion (v = 1) with homogenous or hetero-
geneous environment (see [13], [18], [1] and [15]). More close to this article, Guo and Hamel in
[17] treat a Fisher-KPP equation with periodically hostile regions and a standard diffusion. The
authors prove that the stable state will invade the unstable state in the connected component
of the initial data. In our work, thanks to the non-local character of the fractional Laplacian,
contrary to what happens in [17], we show that there exists a unique non-trivial positive bounded
stationary state. Moreover this stationary state invades the unstable state 0 everywhere and not
only on the connected component of the initial data.

1.3 Assumptions and results

Concerning the domain
Q:= [ JI2kA, (2k + 1)A]
ke

the constant A is such that for any A > A, the principale eigenvalue A4 of the Dirichlet operator
(—A)*—1Id in |0, A[ is negative (the existence of such Ay is provided by [3]). In other words, there
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exists a map ¢4 positive such that

(=A)* = Id) pa(w) = Aaga(z) for x €]0, A,
da(x) =0 for z €]0, A[", (H1)
¢A >0, Aq < 0.

It is well known that the principal eigenvalue Ay of the Dirichlet operator (—A)* — Id in € is
simple in the algebraic and geometric sense and moreover, the associated principal eigenfunction
has a sign
((=A)* = Id) ¢o(x) = Xodo(z)  for z € Q,
i.e. § po(x) =0 for z € Q°, (2)
¢o > 0.
It is a direct application of the Krein-Rutman Theorem.

The first result of this paper is the following which ensures the existence and the uniqueness of
a positive bounded stationary state of (1):

{(—A)O‘m(fﬁ) =

n.(z)

ny(z) —ny(x)* for x€Q,
0 for = € Q°.

(3)

Theorem 1. Under the assumption (H1), there exists a unique positive and bounded stationary
state ny to (1). Moreover, we have 0 < n, <1 and n, is 2A-periodic.

The existence is due to the negativity of the principal eigenvalue of the Dirichlet operator
(—A)* —Id in |0, A] which allows to construct by an iterative method a stationary state. To prove
the uniqueness, we first prove that thanks to the non-local character of the fractional Laplacian,
all the bounded stationary states behave like

0(x) = dist(x, 0Q)*1q(x). (4)

Hence, thanks to the maximum principle and the fractional Hopf Lemma (stated in [16] for in-
stance), we get the result. We should underline that the uniqueness is clearly due to the non-local
operator (—A)®, and it does not hold in the case of a standard diffusion term (o = 1). A direct
consequence of the existence of a stationary solution of (1) is that \g is strictly negative:

Corollary 1. The principal eigenvalue of the Dirichlet operator (—A)* — Id in € is negative.

To deal with (1), we first have to show that the solution at time ¢t = 1 has algebraic tails in the

interior of : 5(2) o
c X o(x)®
— < t=1< -
11 [a]i+20 = n(, ) < 1+ |z[i2e

()

The proof of (5) is an application of general results about the fractional Dirichlet heat kernel
estimates given for instance in [8] or in [4]. Both of the two cited articles use a probabilistic
approach. We propose in this work a deterministic proof of the lower bound of the fractional
Dirichlet kernel estimates. Our proof is quite simple but the result is not as general than those
presented in [8] and [4] because we work in finite time and with smooth domains. We do not
provide the proof of the upper bound of the fractional Dirichlet kernel estimates since there is no
difficulties to obtain such bound. The result is the following:
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Theorem 2. Let Q be a smooth domain of R? with d > 1. If we define p as the solution of the
following equation

op+ (—=A)p=0 for all (z,t) € Qx]0, +o0],
p(z,t) =0 for all (x,t) € Q° x [0, 400, (6)
p(e,t =0) =no(z) € C°(Q,RT) N CI(R),

then there exists ¢ > 0 and C' > 0 such that for all x € €,

¢ X 0(x)” C
e Splat=1) €
1+ |z 1+ |z

(7)

Once (5) is obtained we can focus on the propagation phenomena. The question of propagation
in a Fisher KPP type equation involving a fractional Laplacian in a constant environment was first
treated by Cabré and Roquejoffre in [7]. They proved that the front position is exponential in
time (see also [9] for instance for some heuristic and numerical works predicting such behavior).
Next, Cabré, Coulon and Roquejoffre proved in [6] the convergence to a stationary state with
an exponential speed in a periodic heterogeneous environment. Thanks to a different approach
introduced by Méléard and Mirrihami in [20], the authors proved the result of an exponential speed
of propagation in a constant environment. More recently, [5], [24] and [19] extended this approach
to derive the speed of propagation for different non-local operators in the case of a homogeneous
enviroment for [5] and a periodic environment for [19] and [24]. The idea introduced in [20] is
to use an asymptotic approach as known as ”approximation of geometric optics”. The main idea
of this approach is to perform a long time-long range rescaling to catch the effective behavior of
solution (see for instance [14] and [12] for the classical Laplacian case). We follow this general
idea. Thus, we expect that in large time the propagation front is located in

B={(z,t) € R x R*|(1 + 2a)log|z| < [Ao|t} .

where ) is defined by (2). We perform the following change of variable
(@,1) = (o] =, 2). (8)

A such scaling does not change the geometry of the set B. Next, we rescale the solution of (1) as
follows :

15(7t

Ja]"e

ne(x,t) = n(lz]* —

-) (9)

x| e

and a new steady state :

N e(x) = no( | |) (10)

For any set U and any positive constant v, we introduce the following new sets :

U, = {x e | dist(z,o) > v}, U_, = {x € R| dist(z,U) < v} and U* = {x € R| |x|%_1at € U} :

For reasons of brevity, we will always denote (U,)° by Us. We also introduce the following set :
B = {(z,t) € R x [0, +oo[ | |z|'T2* < ell=0}

Concerning the initial data, we assume that

no € C2(Q,RY) N CX(R,RY), np 2 0. (H2)
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Theorem 3. Assume (H1) and (H2). Then
(i) n. converges locally uniformly to 0 in B€,
(i1 % converges locally uniformly to 1 in (£2°x]0,4o00[) N B.

A direct consequence of this result is the invasion of the unstable state by the stable state:
Corollary 2. Assume (H1) and (H2). Then for allv >0 :

(i) Ve < 1‘;\;2‘, lim n(z,t) = ny(x) uniformly on x € {|z| < e},
t—+o00

n Aol : — - Ct
(1) VC' > 1255, tl}inoon(:c,t) = 0 uniformly on z € {|z| > “'}.

1.4 Strategy and organization of the paper

One of the main arguments to prove Theorem 3, is that, using the rescaling (8), as € — 0, the term
((=A)*(n)n~") (Jz|= "o, L) vanishes. More precisely, one can provide a sub and a super-solution to
the rescaled equation which are indeed a sub and a super-solution to a perturbation of an ordinary
differential equation derived from (1) by omitting the term (—A)® and multiplying by the principal
eigenfunction associated to the operator (—A)® — Id in Q,. These sub and super-solutions also
have the property that when one applies the operator f + (—=A)*(f)f~! to such functions, the
outcome is very small in the interior of 2, and of order O(g?) as ¢ tends to 0. Moreover, these sub
and super-solutions have algebraic decay at infinity. Obviously, we can not put the sub-solution
below ng. However, using the heat kernel estimates given by Theorem 2, we are able to put the
sub-solution below the solution n for ¢ > 1. Finally, to prove the convergence of n., we use the
method of perturbed test functions from the theory of viscosity solutions and homogenization
(introduced by Evans in [10] and [11]).

We close the introduction by noticing that all the presented results can be extended to the
multi-dimensional case. Let Q be a smooth non-connected periodic domain of R¢

1.e. Q= U Qo + ax, with Qy a smooth bounded domain of R? and a; € R
kezd

We assume that
(Qo +a;) N (o + a;) # 0 if and only if i = 5.

Moreover, if we denote e; the it vector of the canonical basis of R? then Qfye; — Q) = Qe .
The assumption (H1) has to be adapted in the following way: we assume that the principal
eigenvalue XO of the Dirichlet operator (—A)® — Id in € is negative. For the sake of simplicity,
the study is done in one dimension. The only result presented in multi-dimension is the parabolic
estimates of Theorem 2.

In section 2, we demonstrate Theorem 1. Next, section 3 is dedicated to the proof of Theorem
2. Section 4 introduces all the requirements to achieve the proof of Theorem 3. Finally, section 5
is devoted to the proof of Theorem 3. All along the article, the constant denoted by ¢ or C' may
change from one line to another when there is no confusion possible and we drop the constant C,,
and the Cauchy principal value P.V. in front of the fractional Laplacian for better readability.

2 Uniqueness of the stationary state n_

First, we state a proposition which gives the shape of any non-trivial bounded sub and super-
solution to (3) near the boundary. Then, we use this result to prove the uniqueness result. Since
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the proof of the existence is classical we do not provide it. It relies on an increasing sequences
initialized by ¢4 (see [23] for more details).

Proposition 1. (i) If u is a smooth positive bounded function such that:
1. u(z) =0 for all x € QF,
2. (=A)u(x) < u(z) —u(x)? for all z € 9,

then there exists C > 0 such that
u(z) < Co(x)*.

(i1) If v is a smooth positive bounded function such that:
1. v(x) =0 for all x € Q°,

2. (=A)(z) > v(z) —v(x)? for all x € Q,

3. Jx € Q such that v(z) > 0,

then there exists ¢ > 0 such that
cd(x)* < w(x).

Before giving the proof of Proposition 1, we recall a lemma proved in Annex B of [22] which
states a useful barrier function.

Lemma 1 ([22]). There exists C' > 0 and a radial continuous function ¢ € H} (R) satisfying :

(_—A)QE >1 in]—4,4\] — 1,1],

wzg .m]—1,1[, 1)
0<¢ <Clr—1" in]—44\]-1,1],

1<y <C in R\] — 4, 4].

Proof of Proposition 1. Proof of (i). Let u be a continuous positive bounded function such that
u=0in Q° and (—A)*u < f(u) in . To help the reading, we demonstrate the result near the
boundary point 0. The proof works the same for each point of the boundary. We rescale the
function given by Lemma 1:

o(r) == max(1, (?)M , max ) @(%x +1).

Then, according to Lemma 1, we have the following properties for ¢:

( — A
(-A)F>1 in 0,5
_ , A
6=0 in | — T [,

= .34 (12)
0<¢ < Clal” i J0, 51
200

max u < ¢ < C'max(1, <§) ,maxu) in R\[—%,%],

\
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Next, we can deduce that in [0, %]C, u < ¢. We want to prove by contradiction that u < ¢ in
[0, 24]. If we assume that there exists zo € [0, 22] such that (¢ — u)(zo) < 0. Then, there exists
1 €]0, 22[ such that (¢ — u)(z) = miﬂgl@ —u)(z) < 0. Thus,

TE

(—A)* (¢ —u)(z1) <0, and (—A)*(¢ — u)(w1) > 1 — u(xy) +u(x)* >0,

a contradiction.

Proof of (ii). Let v be a continuous positive function bounded such that v = 0 in Q¢ and
(—=A)* > f(v) in Q. An easy but important remark is the following: thanks to the non-local
character of the fractional Laplacian, since there exists x € {2 such that v(z) > 0, we deduce that
v > 0 in the whole domain 2. Otherwise, we could conclude to the following contradiction :

Jz € Q such that v(z) = 0 and (=A)*v(z) —v(z) + v(z)? = —/ %d@/ < 0.
e T —

Next, we define wy, : (z,t) € R x [0, +o00[— w,(z,t) € R as the solution of

atwk + (_A)awk =Wy — M% n ]2kA> 2(k + I)A[X]O’ +OO[>
w;(x,0) =0, in R\|2kA, 2(k + 1)A[x]0, +00] (13)
w,(x,0) = v(x), in |2kA,2(k+ 1)A[.

Thanks to the first remark, and recalling (H1), we deduce thanks to Theorem 5.1 in [3] that
w(., 1) oo Wyt (-). Thus, we conclude thanks to the maximum principle that
—+oo

W, (1) <v(z), Vo €R

with w the solution of

—stat

{(_A)awstat = Wepqr — wgtat’ in ]QkA, 2(]‘7 + 1)A[, (14)

Wy =0 in R\]2kA, 2(k + 1)A].
Note that the above w,,,, does not depend on the choice of k, i.e. w,(+,t) converges as t tends to
+00 to the same w,,,, (up to a translation).
Since, |2k A, 2(k + 1)A[ is bounded, we apply the results of [22] to find that there exists a constant
¢ > 0 such that
c0(2)* Lora2(k+1)4[(7) < Woq(z) < v(2).

The previous analysis holds for every k € Z. We conclude that

co(z)* < wv(x). (15)

O

Proof of Theorem 1. The argument relies on the fact that two steady solutions are comparable
everywhere thanks to Proposition 1. This is in the spirit of [2] in a different context. Let u and
v be two bounded steady solutions to (3). By the maximum principle, we easily have that for all
r € R,

u(z) <1 and v(z) < 1.
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We will assume that

(B)=(2)

Thanks to Proposition 1, we deduce the existence of two constants 0 < ¢ < C such that:
co(2)* <wu(x) < Co(z)* and cd(x)* <wv(x) < Co(x)".
Thus there exists a constant A > 1 such that for all x € R,
u(z) < Mv(x). (17)

We set [y :=inf {\ > 1| Vo € R, u(z) < \v(x)}. The point is to prove by contradiction that [, = 1.
It implies that % is a contact point. It will allow us to conclude thanks to the fractional maximum
principle that u = v.

We assume by contradiction that [y > 1. Next, we define :

oo —
w = inf M > 0. (18)
zeQ (S(I)a
There are two cases to be considered.
Case 1: w > 0.
We show in this case that we can construct /; < 1 such that u(z) < lilpv(z) for all x € R and it will

be the contradiction. If w > 0, then there exists pu €]0, 1] and v > 0 such that for all z € Q\Q,,

(oo — w)(a) _ @

d(z)e -2

Actually, if there does not exist such couples (p, ) then we deduce that for all n € N, there exists
(Zn)nen € 2, such that 6(x,) < % and

(19)

(1= 2)igv — u)(zy) _ w
O(zp) 2
Passing to the liminf we get the following contradiction :
. w
< —.
0<w< 5
The existence of the couple (p,v) implies that
(ulov — u)(x) > 0, Vo € Q\Q,. (20)
Next, we show that
Jp > 0 such that p < (lpv — u)(z) Vx € Q,. (21)

Actually, if a such p does not exist then there exists a sequence (x,)nen € 2 such that §(z,) > v
and (lov — u)(x,) - 0. Then we obtain

(lov —u)(zy) _ (lov — u)(zp)
5(a7n)a = ve njoo 0

which is in contradiction with the fact that w is positive. The existence of a such p implies that

((1 - maf(lov)lov - u) (z) >0, Vo € Q. (22)

Finally, if we define l; = max(u, 1 —
this case can not occur.

mnicor7) then we obtain the desired contradiction. Therefore



Case 2: w = 0.
We consider (x,,),en @ minimizing sequence of w. There are 3 subcases : a subsequence of (z,,)nen
converges to o € €2, a subsequence of (z,).,en converges to z, € 02 and any subsequence of
(n )nen diverges.

Subcase a:  There is x¢ € €, such that % = 0.
Since zy € Q we deduce that (lpv — u)(xy) = 0. Hence, by the maximum principle, u = lpv. We
deduce [yv is a solution of (3) and we conclude that :

lo(v — ) = lo(—=A)*(v) = (=A)*(Iov) = lov — (Igv)*. (23)

This equation leads to [y = 1, a contradiction.

Subcase b:  There is x;, € 0%, such that lim inf L2=9@ —

Ty, ()
z€eQ
Here is a summary of what we know:

(Z) l(ﬂ) —u > 0,
(71) (=A)*(lov —u) > —lo(lpv — u),
(73i) (lov —u)(xp) = 0.

According to the fractional Hopf Lemma [16], the previous assumptions leads to lim inf v—w)@)

T—Tp, 6(w)a
z€e)
0. However, we have assumed that lim inf (log&@(w) = 0, a contradiction.
T—Tp,
e

Subcase c: There exists a minimizing sequence (T, )nen Such that |x,| tends to the infinity.

We first set
_ Tk
T = T — L_Jv

A

where |x] is the entire part of z. Since Ty € [0, A], we deduce that up to a subsequence Ty
converges to To, € [0, A]. Then we define:

ugp(r) = u(xr + ) and vg(z) = v(z + x1).
We also define the following set :
Qoo ={r€R| 2+ T € Q}.
For every compact set K of €, there exists ng € N such that
Vn>ng, Ve € K, v+ x, € Q.
Thus, for all n > ny,
(=) *Up (2) = tp () — up(2)? and (=A)*v,(2) = vo(z) — vo(2)? Vo € K.

According to [21], we deduce that the sequences (uy)nen and (vy)nen converge up to a subsequence
locally uniformly to s, and v in C?() with some 8 > 2. Hence we deduce that

(—A) Ueo () = oo () — Uso(2)? and (—A)*vae(2) = Vo0 (2) — Voo (2)?, V2 € K.

9



Since it is true in every compact subset of {2, it follows that
(—A)*Uso () = Uoo (T) — Uoo(2)? and (—A) Voo () = Voo (7) — Voo (2)?, VT € Qoo

Remark that

e (loves — ) (2)
— >
loVoo — Uoo > 0 and hgn_}(l)lf dist (2, 9000)
IEGQOO
Hence, if T, €]0, A[ then 0 € Q, and we fall in the subcase a).
If Too ¢]0, A[ then 0 € 02 and we fall in the subcase b).
Both cases lead to a contradiction.

Thus, we conclude that [ = 1. O

=0.

Remark. Noticing that for all x € €, we have

(—A)* (4 (. + 24))(z) = /R ”ﬁfﬁ ;jf) (; Z;{g)ﬁ;ﬁ) dy = n (2 +24) — n (v + 24),

we deduce by uniqueness of the solution of (3) that ny is 2A—periodic.

3 The fractional heat kernel and the preparation of the
initial data

We first prove Theorem 2, then we apply it to estimate the position of n at time 1.

Proof of Theorem 2. We recall that for this proof € is a smooth domain of R?. First, let 1, > 0 be
such that for all 2y € 0Q,,, the open ball B(zg,1y) C €. Next, note that thanks to a translation
and possibly a scaling, we can suppose the following hypothesis:

Jp > 0 such that p < no(z) for all x € B(0,2). (24)

Thanks to (24), we can focus our study on x € Q\B(0,2). Thus, it is sufficient to prove that there
exists a constant ¢ > 0 such that
co(x)®

3 < pla,1)

Vo € Q\B(0,2), we have ———————
(lzl +v)

with v = min(3, 15). To achieve the proof, there will be 3 steps.
First, we introduce a suitable decomposition of the fractional Laplacian to prove the existence of
¢; > 0 such that

lefﬁ < Bpl,t) + Lop(a, t) + Apla,£)  for all (2, ) € (Q\B(0,2)) x]0, 1],
p(z,t) =0 for all (z,t) € Q° x [0,1], (25)
p(z,t =0) =ng(z) € C(Q,RT)
where p(z,t) — p(z +y,1) 1
Lp(z,t) = /B o) : s " Ldy and \ = /R — Wdy,

10



In a second step, we will show that

co > 0 such that <plz,t= orall z € {2, ,2).
= 0 h th oa 1) for all Q\B(0,2 26

(|2 +v)

Finally, we prove the same kind of result near the boundary :

5 «
deg > 0 such that % <p(x,t=1) for all z € (2\Q,) \B(0,2). (27)

Before starting the details of the proof, we will need two intermediate lemmas. Let ¢, be the
principal positive eigen function of the following equation:

L%, = p,d, for all x € B(0,v)
¢, =0 for all z € B(0,v)¢,
¢ 20, ||¢VHOO =1

The first lemma is the following.

Lemma 2. Let w be the solution of the following problem:

Ow+ L*w =1 for all (z,t) € B(0,v)x]0, +o00|
w(z,t) =0 for all (x,t) € B(0,v)° x [0, +0o0], (28)
w(z,t=0)=0 forallx € B(0,v).

Then there exists a constant ¢, > 0 such that

¢y X ¢y(x) <w(z,t =1).

1
Proof. We define 7(t) = M_(l — e ") such that

() +pT(t) =1,
7(0) = 0.

Thanks to this choice of 7(t), the application w(x,t) := 7(t) X ¢, () is a sub-solution to (28).
Actually, we have

(&t + La)(w) —-1= T/¢u + Nu7¢u —-1< Tl¢l/ + MVT¢V - ¢u = ¢u(7—/ + T — 1) = 0.

Since w(t = 0) = 0 < w(t = 0), we can conclude thanks to the comparison principle that for all
t >0 and all z € R?, we have

wiat) < wiat) = w(e, 1) = —(1 - e ),(x) = 6,ou(r) < wlz, 1),

v

Next, we establish a barrier function for L® in the spirit of those introduced in [22].
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Lemma 3. There exists a function v such that

;

L <0 in B(0,v)\B(0, g),
Y= in B(0,v)¢,

p<1 in B(0, %),

v fal) < ¥ in B0, 1),

\y is continuous in B(0,v)\B(0, g)

Proof. We just have to consider C' large enough such that the first point and the third of the
lemma holds with the following 1:

0o = (0= 1o+ §1a0(2) ) Lo (o).

Indeed, defining f(z) := (v — |x|*)*, we have for C' large enough and = € B(0,v)\B(0, %)

Lof(x) 1 1 0N >|Laf‘ (B(0,1)) [/4\™

cflx B(0,1)\B(0,% m

L° < S < 2 — ’ — < 0.
%("L’) = C D) /B(O,Z) |£L’ _ y|d+2a ¥y C 2 % 5d+2a X < )

The other conditions follow. O

Step 1. We first split the fractional Laplacian into 2 parts:

o p ,’L’,t — p\x + 7t o a
emp@ﬁz/’ (0:8) P& 4 0:0) g4 pope ) = 1, 4+ Lop( 1)
R4\ B(0,v) |y

For I, we obtain :

p(x,t) —p(z +y,t) plr +y,t)
Iy = / dt2a dy = Ap(z,t) — d+2cx dy
RI\B(0,0) ] RABO) Y

Since |z| > 2, and since p > 0 (according to the comparison principle), we have

: 1 pr +y,t) plr +y,t)

inf  p(z1) / PRl / e WS e W (29)
te((()vl)) B(0,1) |z — x| B(—=,1) Y R4\ B(0,v) |y
zeB(0,1

Let us notice that, inf p(z,t) > 0.
te(0,1)

2€B(0,1)
Indeed, let ¢y be the first positive eigen-function of the Dirichlet fractional Laplacian in B(0, 2)
and Ay the associated eigenvalue

(=A)%ps = Xago for x € B(0,2),
.. ¢a =0 for x € B(0,2)°,
[f2]l0e = 1.

12



Then the function

p(a.t) = p X po(w) x e

is a sub-solution of (6) (where u is defined by (24)). According to the maximum principle, we have

0 < X éI(lOirll)gbg x e~ P2l < p(x,t) for all (z,t) € B(0,1) x [0, 1].

We conclude to the existence of a positive constant ¢; > 0 such that:

C1 p(![’ + Y, t)
< — W
|| F+2e /]Rd\[—u,u] |yl 2o

So we have shown (25). If we define v(z,t) = e x p(z,t), we find the following system:

miﬁ < Oula,t) + Lov(a,t)  for (,t) € (A\B(0,2 — 1)) x]0, 1],
v(z,t) =0 for (z,t) € Q° x [0, 1], (30)

v(z,t =0) =no(z) € C(Q,R").
Step 2. Pick xy € Q,\B(0,2). Then, we have for all (z,t) € (2\B(0,2 — v)) x]0, 1]:

(&1
(|| + v)d+2e

c
Lo (r —29) < L

S T < ow(z,t) + L%(z, t).

That leads to i s
(Jwo] +v) 0) +La((\xo\ +v)

1 v — <9
B(0, )(93 370)_ t( o o

v).

Then, according to the maximum principle and Lemma 2, we have

(T —x) < Mv(m,t =1). (31)
1

If we evaluate (31) at xy, we obtain:

cycre ¢, (0)

— < t=1).
(ool + pytrze = P00t =1

Defining ¢y = ¢,c1e7*¢,(0), we have proved (26).

Step 3 : As in the proof of Proposition 1, we can show by contradiction that there exists a
positive constant ¢y such that for all z € R¢,

cop(x) < ¢ ()

where 1 is defined in Lemma 3. Then we take z; € Q\(2, U B(0,2 —v). Since Q is assumed to be
smooth, there exists xy € 0L, such that x; € B(zg,v), B(xg,v) C Q and v — |x1 — 2| = §(21).
Thanks to (31) and the fourth point of Lemma 3, we deduce

(|x0| ‘l’ V)d+2a

t=1).
c 'U(xb )

cucocd (1) = cycoc(v — |z1 — o)) X Lo (21 — 20) < cudy(@1 — x9) <
We deduce that there exists c3 > 0 such that (27) holds true.

13



Combining (24), (26) and (27) yields the conclusion of the Theorem. O

We apply Theorem 2 to show that starting from n(z,0) € C5°(©2) N C*(R), the solution of (1)
n(-,t = 1) has algebraic tails.

Proposition 2. There exists two constants c,, and cy; depending on ng such that for all x € €,
we have

cmd(x)® cM
——< < ———. 32
11 [ztF2e = n(z,1) < 1+ [ai+2e (32)

Proof. Defining M := max(maxng, 1), the solution n belongs to the set [0, M] (0 is a sub-solution
and M is a super-solution).

We begin with the proof that % <n(z,1).
Let n be the solution of :

om(z,t) + (=A)*n(z,t) = =Mn(x,t) for all (z,t) € Q2x]0, +o0],
n(xz,t) =0 for all (z,t) € Q° x [0, +o0], (33)
n(x,0) = ng(x) for all z € R,

Thanks to the maximum principle, we deduce that for all (z,t) € R x [0, +o0[, we have
n(x,t) < n(z,t).

Moreover, if we define p(x,t) = e'n(x,t), we find that p is solution of (6). According to Theorem
2, we deduce that there exists ¢,, > 0 such that

Cm0(x)*
Wﬁﬂ(x,tzl)gn(aj,tzl), (34)
The proof works the same for the other bound. O

In what follows, we make a translation in time to keep n(z,1) as our initial data. In other
words, we will suppose that there exists ¢,, and cj; such that:

Cm X O i gy < — M (H2))

Vr € R, )
t 14 [z[tr2a = =15 [o[i2e

4 Rescaling and preparation for the proof of Theorem 3

In this section, we introduce all the requirements for the proof of Theorem 3. We begin by perform-
ing the rescaling (8). Next, we obtain a sub-solution and a super-solution for the rescaled problem
with € small enough. Finally, we prove some convergence results on the principal eigenvalue A, of
(—A)* — Id in €, and on n, , the stationary state of (3) in €2, when v is small.

We perform the scaling (8) on equation (1) with the new initial condition satisfying (H2’). The
equation becomes

eome + (—A)on. =n.(1 —n.)  for (z,t) € Q°x]0, +o0],
ne(x,t) =0 for (x,t) € Q° x]0, +00], (1.)
ne(x,0) = ng () € C(Q°,RT).
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1
€

where (—A)%n.(z,t) = (—A)*n <|x|
Set

2. 1),
g(x) =

We first state in the spirit of [6] the behavior of g under the fractional Laplacian.

1
1+ |x‘1+20¢'

Lemma 4. Let vy be a positive constant in |0, « such that 2a—~ < 1. Let x € C*(R) be a periodic
positive function and g(x) := Then there exists a positive constant C, such that we have
for all z € R:

(i) for all a > 0,

1
T+l T2

[(=A)%g(az)| < a**Cg(az),
(1) for all a €]0,1],

R(g(a) (@) < —22

o 200—
| < W = Ca™ "g(alz|),

where K (u,v) = Ja (u@) —uw)@le)=vW) g, s such that

lz—y[t*
(—A)*(ux v) = (=A)*(0) x v+ u x (=A)*(v) — K (u,v).

Since, the same kind of result can be found in the appendix A of [19], we do not provide the
proof of this lemma. Note that here, the lemma is stated with less regularity on y such than in
[19]. Nevertheless, there is no difficulty to adapt the proof.

Notation. As we have introduced (—A)Sn.(z,t) = (—A)n <|x| ,ﬁ), we introduce

- . t
K (u,0)(w,1) = K (u,0) (|2, ).
£
For any application h : R — R, we define

he : R—R

z — h(|z|F'2).

According to (H1), taking v €]0, 2=40], the principale eigenvalue ), of the Dirichlet operator
(—A)* —1Id in £, is negative. We will denote the associated periodic and positive eigenfunction

by ¢,.

Theorem 4. We assume (H1) and (H2’). Let v be a positive constant such that v < %.
Let C,, belongs to ]0, min(5—4 ™ N[y to |max(—2=rl e ) 4 ool and § to

2(max ¢p+1)’ max ¢p+1 min b min by

10, min(y/|\,| — Cpy max ¢, \/CMmS%n ¢—y, — |A_u])[. Then there exists €, > 0 such that for all

€ < g, the following is true.

1. If fI" is defined as

m C’me‘g
fe ) = g e < (Prel®) )

then it is a sub-solution of (1.) in 5 x]0, +00].
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2. If fM is defined as

Cu
X Py )
1+ e%t(|>\7u|+€2)_g|x‘% ¢ 7E(I)

then it is a super-solution of (1.).
3. For all (z,t) € R x [0,+0c, [fM(z,t) < ne(z,t) +¢e and n(x,t) < fM(z,1).

Proof. We begin by proving (1). Let (x,t) be in QFx]0, +oo[. We define:

_s
Ce =

Ve(x,t) = - e‘£(|’\"|‘€2)_é|x\ﬂ’ thus fI"(z,t) = ¥(z,t) X (Pue(x) +€).
We bound 0,1, from above:
|- —t(A]— 1420 &
ga¢<xt):50m—(' Pt o S
tW¥e ) (1 _I_e (‘)\ I &2 |$|1+2a)2
o] —€2) m“za (35)
= ) [ (A] =€
¢E(x7 ) (| | € )1 _‘_e_é(‘)‘ ‘—E _7|x|1+2a

< ez, )[IN] — & = ve(z, 1) (Pue(2) +€)).

The last inequality holds because by denoting by D = —(Pv]—e? |a:| 2 and using the definition

of Cp,, we obtain for all & < min( |’\2”‘, 1)

(] - £2) D M| — €2 = Cou(ye +€)e ¢
v 1+D 14+ D
A
|>‘V|_52_|_2|
- 1+ D
> 0.

|>\u| - 52 - qus(gbu,s + 5) -

Next, we compute (—A)2 f*(x, t)

(—A)2 1@, 1) = (Bue + ) (@) (—2)20x (2, 1) + e, ) (—A)2Bye () — Ko(0, (6, + £)) (2, 1).

Combining (35) and the above equality we find:

S, t) + (D)2 I (x,t) — [ (2, ) (1 — f'(x, 1))
< @) (] = €% = 7@, 1) + (due(x) + ) (—A)2%: (@, 1) + Ve (@, 1) (—A)2 ¢y e (2)
— K., ¢, +€)(@,t) — f(z,t)(1 = f(x,1))
= f (2, ) (\] — €%) + (Due(@) + ) (—A) 20k (2, 1)
+ (N + D (@, )by (@) — f(2,t) — Ko(4, 6y + €) (2, 1)
)
(

) (36)
= 2@ (A = &%) + (due(2) + ) (D)2 (2, 1)

+1)

(z,

+ (A + DU (2,1) (0 (2) + ) (@, 1) — e(Ny + V(e 1) = f2'(2,1) = Ko(4, 6, + ) (x, 1)
=& [ (@, ) + (Ge() + &) (= A)2u(w, 1) — (N + Dbe(,1) = Ke(t, 6y + €) (1),
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Thanks to Lemma 4, we obtain

(— D)2 (2, 8)] = Ot (—A) (gele ")) ()

2aft(Av]—e2)+5] s —[t(Ap]—e2)+6]

S |Cm6_ e(14+2a) € ga (e 1+2a l’)|

We deduce that there exists €5 > 0 such that for all ¢ < e5:
2

(~A)(a,0)] < Svula,). (37)

Since (¢, + €) is periodic, positive and C* according to [22] (Proposition 1.1), we conclude from
Lemma 4 that there exists v €]0, o[ and a constant C' such that

_ a2 +8](2a—7)

K. (0, b+ p) (w, 8)| < Ce™mmm—y(a, 8),

We deduce the existence of 3 > 0 such that for all ¢ < e3, we have

w

~ £
Rew, 60+ 1), 1)] < S0 ). 39
Noticing that A, + 1 > 0, inserting (37) and (38) into (36), we conclude that for all € < ¢, :=

A
2

min(eq, €3, , 1) and (z,t) € Q x [0, +oo[ we have:

0 S (w,t) + (D)2 fI (@, t) — [ (@, 1) + [ (2, 1)

S _52fam(x7 t) + (¢V,e + ,U’)(x>(_A>a¢€(x7 t) - €(>‘V + 1)¢e($a t) - ka(wv (bu + 5)(I7 t)

< L0, ) + Gl t) + S L)
et

S _gfa (I’t)

<0.

Therefore, fI* is a sub-solution of (1.).

The proof of (2) follows the same arguments as the proof of (1).

For the proof of (3), we only have to check that the initial data are ordered in the right way.
According to (H2') and the definition of C,,, we have that

Cm 14 m « m5 @
Vo €, f'(x,0) < (maxquj °) < ¥ J;fi <-© (x1>+2a
1+ x| 1+ |z| = 1+ x| =

+e < n.(x,0) +e.

Furthermore, for all (z,t) € ()¢ x [0, 4+00[, we know that ¢ = f™(z,t) < n.(z,t) +e. Thus we
conclude from the maximum principle that for all (z,t) € R x [0, +00[, we have

Mz, t) < ne(z,t) +e. (39)

The other inequality can be obtained following similar arguments. O
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Before dealing with the proof of Theorem 3, we need intermediate results about A\g and n.
We approach A\g by A\, where ), is the principal eigenvalue of the Dirichlet Laplacian (—A)® — Id
in €,. The second proposition approaches the stationary state n, by the stationary state of
(=A)*ny, 4 =n,4 —ng, in Q, and 0 outside €.

_ A-Aq A-Ag

Ao AAofiy ),) s increasing and continuous.

Proposition 3. The map (v €]

We let the proof of this proposition to the reader since there is no difficulty. The proof relies
on the Rayleigh quotient for the monotony and on the uniqueness of the principal eigenvalue for
the continuity.

Proposition 4. For all v € [0, A — Ay|, there exists a unique steady state n, 4 to the following
equation:

{(—A)anw =y (1=ny,y) forz e, (40)

ny4+(x) =0 for x € Q).

Proof. The proof of the existence and uniqueness follows the proof of Theorem 1 since the hypoth-
esis (H1) is verified. O

Then, we continue by proving that the dependance of n, . on the parameter v is continuous.
As Proposition 4, the proof is classical. Nevertheless, it uses Theorem 1 so we provide it.

Proposition 5. The steady state n, _ converges uniformly to ny as v — 0.

Proof. The convergence outside (2 is trivial since n, = ny = 0.
Let p be a positive constant in |0, %[. We show the convergence inside €2,. We first show that
for all 0 < 11 < 1, we have

Mg < Ty S Ny (41)

Actually, take wy € C§°(Q,, RT) N C.(R,R"). Then we consider the three systems:

(&gwl + (—A)awl = w1(1 - wl) for (LU, t) S Q,,l X]O, +OO[,
wy(z,t) =0 for (z,t) € Q;, x [0, +o0],

\wl(:c, 0) = ’UJ(](SL’),

(&gwg + (—A)Q’UJQ = wg(l - wg) for (LU, t) S Q,,QX]O, —|—OO[,
wy(z,t) =0 for (z,t) € Q;, x [0, +o0],

| w2 (7, 0) = wo(z),

and
w4+ (—A)*w =w(l —w) for (z,t) € Qx]0, +o0,

w(z,t) =0 for (z,t) € Q° x [0, +o0],
w(z,0) = wo(z).

According to the maximum principle, we have that for all (z,¢) € R x [0, +00]

wy(x,t) < wi(z,t) < w(x,t).
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If we take the limit in time in the above inequalities, we find (41). Thus, the map (v — n, 1) is
decreasing. Since n,, . is bounded, we deduce that n, 4 ——2 Mo+ pointwise. Moreover, ng 4 is a
v—

steady solution to the equation (1). By uniqueness of n, (induced by Theorem 1), we deduce that
n(]’_i_ =nNy.

Since the sequence (n, +),>o is decreasing and the limit n, is continuous, we deduce from the Dini
Theorem that the convergence is uniform in [y, A — p]. Moreover, since n,, ; and ny are periodic, it
is enough to prove that the convergence is uniform in the set [, A — ] to conclude to the uniform
convergence in the whole domain €2,. Thus, n, ; converges uniformly to ny in €2,.

We deduce that for all 7 > 0 and for all x> 0, there exists 1y > 0 such that for all v €]0, 1],

Iny(x) —n,4(z)| <7, Vo e, U

It remains to prove the same relation in Q\(2,,. Thanks to Proposition 1, we know that there exists
C > 0 such that for all x € R
ny(z) < Co(x)*.

We deduce that for all 7 > 0, there exists 1o > 0 such that for all p €]0, o[, we have
ny(x) < %,‘v’x € Q such that §(z) < p.

Thanks to (41), we deduce that for all u €]0, po[ and for all v > 0, we have
N4 (x) — 4 ()] < 2n4(z) < 7, Vo € Q\Q,.

We conclude that n, ;. converges uniformly to n, as v — 0.

5 The proof of Theorem 3

We first provide the proof of the convergence of n. to 0 in B¢. Next, we prove of the convergence
of n. to ny . in (¢ x RT) N B. This proof is the difficult part of this section.

Proof of the convergence of n. to 0 in B°. Let K be a compact set of B°. According to Theorem
4, we know that for all (z,t) € K,

Cmax¢_,

—t(IA_yl+e2) =5+ (1+2a) log(|z|) ’
1 + (& e

0 < ne(z,t) < fM(z,t) <

where 0 can be taken as small as we want. For § small enough we have that for all (z,t) € K
26 < (1+2a)log(|z|) — |Aolt-

Thanks to Proposition 3, we deduce the existence of v; > 0 and &; such that for all (x,t) € K we
have for all v < 14 and € < ¢4,

0 < (14 2a) log(|a) — t[Ao| + t(|Ao] = [A=p| = %) =8 = —t(]A_y| + %) — & + (1 + 20) log(|]).

The conclusion follows. O
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Proof of the convergence of n. to ny . in (QF x RY) N B. It is sufficient to prove the uniform con-
vergence in the set (Q;g x B(t, 7’)) N B% with B(t,r) a neighborhood of some positive time ¢ and

for all positive constants 0 arbitrarly small. More precisely, let ¢ be a positive time and 5 be a
positive constant. We define

L

5[5
V(t) = B(t,7") with r' := mi i e I 42
(1) = B(Lr) with r's=min | 5, o\ (12)

as a neighborhood of t. The aim is to show that for all g > 0, there exists £g > 0 (depending on 5
and ) such that we have for all € < g and all (z,t) € (Q;g x B(t, %)) N B*

—1] < p. (43)

The proof is split into two parts :
Part A) For all e > 0 small enough, we have for all (x,t) € (Q‘;g x B(t, %/)) N B>,

ne(x,t)

Ny ()

<1+ p.

Part B) For alle > 0 small enough we have for all (z,t) € (Q;g x B(t, %’)) NB»,

ne(x,t)

Ny ()

l—p<

)

Proof of Part A. We start with the easiest part. A super-solution to (1) is obtained by taking
sup ng as an initial datum. The conclusion follows.

The non trivial part is the lower bound. The main difficulty wich comes from the boundary

ne(x,t
will be encountered in this second part. We will overcome it by studying a modification of ( (’ ;
n+’€ X
. . . n.(x,t) . .
which localizes the minimum of @) The modification is defined as follows:
Ny e x
— 5 o t—t0)2
(ne(z, ) + ) (1 + e o220 | 222 ) 2 .
U_(z,t) = T v (44)
400 otherwise ,

where v will be chosen later. This is very much in the spirit of the comparison techniques for
viscosity solutions.

Proof of Part B. Let ¢ty € V(¢). In order to achieve this part, we split the study into 5 main
steps: _

(i) We show that for v € [0, d], to be specified later, the minimum of W, is atteined at some
point (z.,t.) € (2 x V(t)) N B.
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(ii) We show that for 7 small enough ¢, — o
e—

(iii) We use this minimum to prove the existence of (9, 1, to) such that for all & < (3, 1, t)

ne(xea te)

Ny e (Ie) .

L
1-2 <« 45

(iv) We bring back (45) to (zo,ty) where z, is any point of {2,z N {x eR| |z| < e }

(v) We show the existence of £(4, ) such that we have

/

Ve < a(g, w) and V(x,t) € (Q;g x Bt %)) N 8257 l—pu< ne(x,t)

n-l—,a(x).

Step (i). We focus on the localisation of the minima of W, defined by (44).

We recall that according to Theorem 4, for all 7 €]0, A_QAO[ there exists ey > 0 such that for all

e < g5 we have

[
Cpe =

—g(u%|—52)—g 2| 1420

< n.(x,t) +e. (46)

(97 (2) +¢) x

N

1+e

Remark that the constant § in (46) can be taken as small as we want, thus we will take it such
that

5< 2. (47)

B o)

We want to prove that the minimum of W, is taken in (QF x V/(¢)) N B. More precisely, the
goal now is to prove that in (25 x V/(¢)) N B¢, V. — @ whereas U (z, %) is bounded for all
e—

[Xgltg—28

xeﬂggm{xem |z| < e 1F2a

Before dealing with the details, we provide one last inequality given by (46). For all (x,t) €
(Q5 x V(t)) N B¢ we have :

—|xolto+8 1420 . (t—tg)?
G T e
U (z,t) > (¢5 () + &) X - o =zl TE e =
2 14 6_%7 ‘SL’| 14+2a n,z.,_,a(:l:')
€ £
min Cbi _s —|xgltg+8 1420 . (t—tg)?
> Cpx —2 2y & dth t(‘;‘,sli‘g L (48)
max ny v Lo

l+e = |z|°:

—0—|Xgltg+8+(1+20) log ||+ (t—tg)>
1>

e
> (C x

trg I—e2)+s
l+e = |z
Proof that V. diverges in (QF x V(¢)) N B°. Let (z,t) € (5 x V(¢)) N B°. We have to
consider two cases :
Case 1: —t(|As] - e?) — 6 + (1 + 2a)log|z| < 0.
In this case,

142«
e

Iy |_s2y_8
—E(|>\%| %) 5| 1+2a

x| e <2

1+e
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According to (42), (47) and since (z,t) € B¢, we have

5~ ~
1S §— 0+ |Ao|(t—t0) — [ Nolt+ (1+2a) log | x|+ (t—t0)* = =6 — | Xo|to+ 0+ (1 +2a) log || + (t —t0)>.

Inserting these two above inequalities in (48) gives

—6+8—|Aglto+(1+2a) log ||+ (t—tq)?
€

e C 3
V. (z,t) > C x > —el — +00. (49)
2 2 e—0
Case 2: —t(|\z| —€?) — 5+ (1 + 2a)log|z| > 0.
2
In this case note that
—t(|A 5 |—e2)=6+(1+2a) log || —t(|A 5 [—e?)—6+(1+2a) log |z|
2 2
1+e c < 2e c
Thus we deduce that in (48) we have
6*5*Mo\to+5~+(1+2a) log |z|+(t—tg)*? —Inolto+34(t—t0)2+t(1A 5 |—2)
e 2
\ij(x’t) > C % t(\)\%\752)7(5+(1+2a)10g\z\ = 5 xe c
2e” E

Thanks to Proposition 3 and (42), there exists two positive constants 77 and &; such that for all
v < v and € < g1, we have

CYRSSH

[t(Az| = %) = [Nolto + (t — 1)’ < 5, VE€ V(). (50)
We deduce that .
U (z,t) > Ceze — +00. (51)

e—0

[Agltg—26

Proof that V.(z,{y) is bounded for z € €N {z ER | |z| < e T2 } Take z € 25N

[xoltg—25 .
reR||z| <e a4 it follows that

—[Nolto + (1 + 2a) log(|z|) + 6 < —3.

According the maximum principle, we have for ¢ < 1

ne(x) + ¢ < 2.
We find that .
2(1 e 4
Vo)< 20D o4
min ng 4 min ng 4
Qop Qop

We deduce that for all v < min(AEAO,TJl,S) and all € < min(ey,ep, 1), there exists (z.,t.) €

(2 x V(t)) (B such that ¥ (z.,t.) = ( )IIIlRiIlV( )\Ifg(a:, t). Remark that this minimum is global in
z,t)ERXV (¢

space and local in time.
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Step (ii). We show by contradiction that

dvs > 0, such that Vv < 15 we have t, —0> to.
e—

If it does not hold, there exists a constant 7 > 0 such that |t., —to| > 7 with ¢ k—> 0. According

to Proposition 3, there exists 15 > 0 and 5 > 0 such that for all 7 < 7, and for all ¢ < &9 we have

2
-
ol +22 = sl < T, v e Vo) (52)
We are going to show that V., (z.,,t.,) —> +oo which is a contradiction. Thanks to (46), we
k—+o0
obtain
2
min ¢§ 5 7\A0\t0+6 1+2a (fsk —tg)
Q; 2 e x(l+e == |z, | = e =
U (20, 8,) > Con X ( i |7 )
max ny 4 —?k(|)\~|_ )_EA 1420
’ l+e ko, | ox
min ¢_ —|Aglto+(142a) log |zey |+8—5+(te) —tg)?
Q5 € £k
= Cn % - TE(rgl-eh)- 12
max ngy - a
v,+ 1+e €k Ek|xek| <

Recalling that (z.,,t.,) € B, we deduce that (1 + 2a)log |z, | — |Ao|te, < 0 and then

F—5+|xg(te), —to)+(te), —t0)2
e °k

tep, (INg |—e2)+6
k 5_ k

V., (z,,t;,) > C x

_ 1420
L+e k |ze, | =k
By definition of 7 and thanks to (42), we have
2 % 1 1 2 % 2
T <5(1—Z—Z)+T §5—5+|)\0|(t5k—t0)+(t5k—to) .
We deduce that ,
e
Ve (2o, ) 2 € X 7tsk(\A%‘*5z)+(1+2a) log |zey | =6
1+e “k

Moreover, since (z.,,t.,) € B, we have

~tey (Mgl — )+ (14 20) log e, | — 6 = —t, (Ag] — Mol = £2) — [olte, + (1 + 20) log |z, — &
< lte, (A5 ] = ol = ).

Since t., € V(t) and thanks to (52), we obtain that

,7_2

—te (A | —0) + (14 20) log |ze, | = 0 < [te, (Mg | = [do] — )| < 5

We deduce the following contradiction

7_2
X e%x —3 +00.
k——+oc0

o[ Q

e, (xek ) t€k> >



Step (iii). We go back to (1.). We want to demonstrate that

LB ez te)

8 7 nyo(z.) (53)

In order to achieve it, we first fix v as follows. According to Proposition 3, there exists v3 such
that for all v < v3,

po_ no(z)
0y, 1L <) 4
Vo € 16 = " (2) (54)
For the following, we fix 7 = min(vy, s, 13, S)
Next, we evaluate (1.) at (x.,t.) and we divide by (n.(x.,t.) + ¢) to find :
(ne X ne(ne +&)7") (ze, te) = — € (Ou(ne + ) (ne +e)7") (2, t.) (55)
— ((=A)2((ne + &)(ne + &) = ne(n. +&)7") (2., L.
The term (n. X n.(n. +¢)7') (z.,t.) has two terms that we are going to control separately.
Control of ¢ (0;(n. + ¢)(n. + &)') (x,t.). We prove that
M min n
—%# < edy(ne +€)(n. + ) (ao, t.). (56)

Since (z.,t.) is a local minimum in time of V., we obtain

E@tllla(ata, ta) =0

IXoltg+d 20 (te—t )2
gy (meleste) £ 2)(1 4 e B g ST
n§,+,5(£€€)

= (Oh(ne +€)(ne +)7") (ze, ) = —2(t — to).

Since t. J to (thanks to Step (ii)), we conclude to the existence of €, > 0 such that for all
e—
e < &4, (56) holds true.
Control of (—A)¥(n. +¢)(n. + &)~ ' (z.,t.). We first introduce a new notation :

—(t—tp)? _
e = —(t—tg)? —|xoltg+8

ha(ZE,t) - —Moltg+d | 1424 =€ - X gE(e 1+2a :L')
14 e O
such that : (ne(e.t) + )
n& I, + £ .
faxe
V(e ) =4 holw,t) xnpyow) 7
+00 otherwise.
Then, since V. (x.,t.) = min V. (x,t), we deduce that for all y € QF
(z,t)ERXV ()
v4.e(Y)he(y, te (Y, te
U (5 t) < Uy, t.) > SbeWhelonte) y  nelyt) te (57)
N5+ (Te)he (2, 1) ne(we,t) + ¢
Moreover, for all y € R\,
74e(Y)he(y, te (Y, te
= e @heyite) o melyt) te (59)

n;,+75($5)h5(3:5, ta) o na(xaa ta) +e
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The combination of (57) and (58) gives :
—(=A)¢ (nﬁ,teha) (nﬁ,-i-ﬁha)_l (7e,t) < —(=A)2 ((ne +¢€)(n. + 5)_1) (7, 1) (59)

Conclusion : Back to (1.). Inserting (56) and (59) in (55) and remarking that n. x n.(n. +
e)~t < n., we find that

M min n
Mo el2) = = (= )2 (g2 che) (g che) ™ = me(ne +6)7 + mp ) (e t2) < (o ).
(60)
Next, we show that for € small enough we have
BT < ((=A)2 (nogche) (Mg che) —ne(ne + &) +npy.) (2o, t). (61)

We perform the computation of (—A)® (np 4 -he) (np+che) ™ (22, t2):
(—A)7 (nw,+he) (nﬁ7+,aha)_1 (e, te)
_ (Xolto+9) _ (Xolto+d)

 (— A (15 1.0) (4.0) ™ (52) + (—A)2 (ga<e >) (ga<e >) (rert2)

~ - -1
~ _ UXpltp+9) _ (Xoltg+9)
+ K, <n,77+, ge 142a )) (nﬁ,-i-,egs(e H2e )) (SL’E, te)'
According to Lemma 4, there exists €3 > 0 such that for all ¢ < e3 we have

(_A)? (n177+,€h€) (nﬁd-,aha)_l (Iaa ta)

= (=A)2(n5 ) (n51) ™ (w2) + 0c(1)
7 I?lin ng

> _ ~ _ v

>1 nu,+,e(xs) 64

and ]
(0 min ng
Q

64

1-— < (ne(ne +e)7") (2o, te).

We deduce that (61) holds true.
Inserting (61) in (60), we find that for all ¢ < min(ey, €9, €3, 5, &)

pmin .y
16

Dividing by n .(x.) in the previous inequality, we find thanks to (54) that (53) holds true.

Step (iv). Take zy € Q=N {x | (14 2a)log|z| < |Aolto — 25} Now we want to bring back

(53) at the point (z9,%,). Remark that since 7 < § we have Q= C . We also recall that thanks
to Proposition 3,

n§,+76($8) - S ne(xm te)~

Ve e R, nyy(r) < ny(z). (62)

Then there are two cases :
1) ha(antE) < ha(170at0)a
2) hg(flfe,te) > hg(l'o,to).
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Case 1: h(z.,t.) < h.(xg,to).

Since ¥(z.,t.) = min W_(x,t) and according to (53) and (62) we deduce that
(z,t)ERXV (1)

P ggns(xs,te)
4 8 n—l—,e(xs)
ne(ze,te) + ¢

- n+,E(Ia)

< (na(Imta) +5) % hE(IaatE)

T npge(e) he(xe, te)

< (ne(xo,to) + €) " he(z., t.) < (ne(xo, to) —I—e)'
ny +,€(x0> hs(xm tO) nﬁ,—l—,e(xO)

Case 2 : h.(z.,t.) > ho(xo,to).
Since (o, %) € B,z we have

—[Nolto + (1 + 2a) log(|z|) 4+ 6 < —3.

We deduce the existence of €4 such that for all ¢ < g4, we have

#o 1 1
1—— < S P = ha(l’o,to). (63)
8 1+e -3 14+ o— Laltot) |$0\%
Moreover, thanks to the definition of h., we have
te—tg)2 —INglto+d)
1<e = x (14e 22" = ho(ae,t) 7 (64)
Recalling that W_(z.,t.) = min W.(z,t) and the inequalities (62), (63) and (64), we find that

(z,t)ERXV (t)

1_ H < ( o H)Q < n€(x€7t€>

4~ 8 N n—l—,e(xs)
ne(ze,te) + €
- n—l—,e(xe)
(ne(we, te) + ) he (o, to)
= i) he(ant)

:\116(x67 ) (IOv 0)
) =

t
< (oo, tg) B, ) = LT

nu,+,5($0)
We deduce that for all ¢ < 5(g,u,t0) ‘= min (51-,5,,,5,50,1,47) and all zop € Q. N
ie{1,...,4} m;?" -+ 26
[Aoltg—28
{x €ER| |z| < e 12 } we have
1— H < ng(l'o,t(]) +e _ £ _ ne(l’o,to)
27 npae(@o)  npae(o)  neae(T0)
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Since o € - C QF, we deduce that (54) holds true then we conclude thanks to the previous
inequality that

- < (1- H) < (1— ﬁ) < n<(zo, to) « Ni+e(o) _ ns(%,to).
2 8 nﬁ,—l—,s(xO) n+,e($0) n+,e(x0)
Step (v). We show by contradiction that there exists £(3, ) > 0 such that for all e < (4, y)
and all (x,t) € (Qgg x B(t, %)) A B2 we have

ne(z,t)

1—u< .
h= @)

Assume that such a non null E(S, 1) does not exist. Next, for all ¢ € V(t) we define
ne(z,t)
Nt e (I)

Thanks to Step (iv), we know that for all ¢t € V(¢)

~ Aolt—25
g(0, p,t) :sup{go >0 1—p< for all £ < &y, zeQ‘;gﬂ{xEM || §6A3+t2a26}}.

(6, p,t) > 0.

Since we assume that (8, 1) does not exist, we deduce the existence of (f3)ren € Bl(Z, ), such
that B
g(0, p, tx) — 0.

Up to an extraction, we assume that ¢ T too With o € B(t, ). Since to € V(t), we deduce
—4-00

that ?(g , 5, ts) > 0. We are going to exhibit a contradiction based on this fact.

Since we assume that E(g, i, tr) — 0, we deduce that

3N € N such that Yk > N, 2(8, u, t),) <

)

,E(g, £,ts)[ such that the following holds

ho| oy

(3,5 too)

2

We deduce that for all k& > N, there exists ¢, €]
true :

[Aglt—25 t
Jxge, € AEN {x eR||z| <e Yo } such that ey (B b) <1—p.
2 n5k7+(xk75k)

Moreover, since t; — t., we deduce the existence of Ny € N such that for all £ > Ny we have

[IXgltoo—3

olty —28
Q5N {x eR| |z| < o S } COQzN {x € R| |z| <e 142 } (65)

202
((w,t,¢) = n.(z,t)) is continuous, we deduce that ((z,,¢) + n.(z,t)) is uniformly continuous in

~ (3 L =
Furthermore, the set K := ((Q% X V(z)) N B5> x]€(2’2’t°°),§(5 L, txo)[ is compact. Since the map

S p ~
K. We conclude to the existence of N; > Ny such that for all & > Ny, all € E]abLz’t‘x’),?(‘S Litoo)l

2727
2ol s

too—
and all z € Q=N {x € R||z] < e 1+2a } we have

(66)



% , we deduce thanks to (65) and (66) that for all 6]%, E(g, Lot

By definition of € g
x|ty —28
and all z € Q- R||x| < e 12 5 we have

ne(T,te)  ne(T,te0)  ne(T, k)

Ne (T, too) n-ha(x) B n+,a(I)‘

l-p<(1-5)7°<
Since the previous inequality holds true for ¢ = ¢, and © = w4, for k& > max(N, N;), the
contradiction follows. B N

We conclude that for all 4 > 0, § > 0 and t > 0, there exists (d, ) > 0 and r > 0 such that

for all € < £(3, p) and for all (z,t) € (Q‘;g x B(t, 7“)) N B we have

| < @)
- n_he(flf)

O
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