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Lagrangian discretization
of crowd motion and linear diffusion

Hugo Leclerc* Quentin Mérigot! Filippo Santambrogio*
Federico Stra’

May 15, 2019

Abstract

We study a model of crowd motion following a gradient vector field, with
possibly additional interaction terms such as attraction/repulsion, and we present
a numerical scheme for its solution through a Lagrangian discretization. The
density constraint of the resulting particles is enforced by means of a partial optimal
transport problem at each time step. We prove the convergence of the discrete
measures to a solution of the continuous PDE describing the crowd motion in
dimension one. In a second part, we show how a similar approach can be used
to construct a Lagrangian discretization of a linear advection-diffusion equation,
interpreted as a gradient flow in Wasserstein space. We provide also a numerical
implementation in 2D to demonstrate the feasibility of the computations.

1 Introduction

In this paper we present an approximation scheme to solve evolution PDEs which
have a gradient-flow structure in the space of probability measures P(£2) endowed
with the Wasserstein distance Wy. Here, Q C R? is a given compact domain where
the evolution takes place, and the PDE will naturally be complemented by no-flux
boundary conditions. The approximation that we present is Lagrangian in the sense
that the evolving measure p; will be approximated by an empirical measure of the
form % Zf\il dx,(r) and we will look for the evolution of the points X;. We will use
this approximation to provide an efficient numerical method, based on the most recent
developments in semi-discrete optimal transport [4, 10, 9, 2]. Here, “semi-discrete”
refers to the fact that the discretization of the diffusion effects in the evolution equation
involves computation of the optimal transport plans between an empirical measure and
diffuse measures.

Starting from the pioneering work of Otto and Jordan-Kinderlherer-Otto [14, 7] it
is well-known that some linear and non-linear diffusion can be expressed in terms of a
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gradient flow in the space W5(€2). More precisely, the Fokker-Planck equation
Op — Ap —div(pVV) =0

is the gradient flow of the energy E(p) := [ plogp+ [ Vdp, and the porous-medium
equation

Op — Ap™ — div(pVV) =0

is the gradient flow of the energy E(p) := [ ﬁpm + [ Vdp, Recently, also the limit
case m = oo has been considered, in the framework of crowd motion [12]. In this case,
the functional is E(p) := [Vdp if p satisfies the constraint p < 1, and E(p) = +o0
otherwise; the corresponding PDE is

Op — div(pv) =0
v=-Vp—-VV

One can see the appearance of a pressure p accounting for the constraint p < 1. We
will come back later to the precise meaning and formulations of this last equation.

Approximation by empirical measures Since any probability measure can be
approximated by empirical measures, it is tempting to perform an approximation
scheme just by considering the gradient flow of one of the above energy functionals F on
the set Pn(£2) of uniform measures on N atoms, and then let N — oco. Unfortunately,
the domain of the above functionals is reduced to absolutely continuous measures, and
its intersection with Py (2) is empty. The main idea and novelty of this paper is to
write E(p) = F(p) + | V dp where F' is the entropy or the congestion constraint,

F(p) = /plogp (linear diffusion)

0 ifp<1

] (crowd motion, m=+00),
+o0 if not

or F(p) = {
and to replace F' by its Moreau-Yosida regularization

. 1
Fe(p) = inf F(p) + W3 (1 p).

The energies F are finite and well-defined for arbitrary probability measures u, and
converge to F' as € — 0. More importantly, we will see that it is possible to compute
very efficiently Fy(u) when p € Py (€2). The evolution of the discrete measures is then
dealt with by keeping track of the positions of the particles X = (z1,...,zy) € RN? in
the support of the associated measure px = % Zi]\il dz,. Thanks to the correspondence
between X and px, we can think of F. as an energy on the space of particle positions
too, given by

F.(z1,...,zN) = F. (;f > 5%) (1.1)

1<i<N



The discrete gradient flow then takes the form of a system of ODEs
%azz(t) = Vg, Fey(xi(t),...,an(t)) — %VV(xi(t)), (1.2)
xN(0) = X7, '

for a suitable choice of ey — 0. The particles are only coupled by the forces
—Va, Fey(21,...,2n) due to diffusion or to the congestion constraint. Finally, we
note that the initial condition can be selected by optimal quantization of the initial
density pg € Z(Q),

X¢' € argmin W3 (po, pix), (1.3)
XeRNd

granting, in many situations, an initial error of approximately W3 (po, X(I)v) < (1/N)V/e,

Convergence In the paper we will present the approximation scheme and prove, in
these two cases, the convergence of the curves of empirical measures to the solution of
the corresponding PDE, under the assumption that a certain bound on the approximate
solutions themselves is satisfied. This assumption is unnatural, and it would be desirable
to remove it, or replace it with an assumption on the approximation of the initial data.
Yet, this seems to be a non-trivial problem, which is closely related to the general
question of the convergence of gradient flows once the functionals I'-converge. We refer
to [15, 18] as classical papers on this question, and we observe that a semi-continuity
property on the slopes of the functionals is required, which is in the same spirit of the
bounds we need. These required bounds are stronger in the crowd motion case, as the
equation is non-linear and stronger compactness is needed, while sligthly weaker in the
Fokker-Planck case, which is indeed a linear equation.

We then provide an example where these bounds can be obtained, and it is the
one-dimensional setting. We will see that the required bounds will be easily proven in
1D crowd motion setting, and that a non-trivial 1D lemma on distributions which are
piecewise Gaussians will allow to handle the Fokker-Planck case. However, we insist
that these bounds can be verified numerically in general, which makes the scheme we
propose interesting for the approximation in arbitrary dimension.

Possible generalizations Our scheme can be considered as a variant of previous
schemes involving Voronoi cells (e.g. [3]) but it is, to the best of our knowledge, the first
one to use Laguerre cells (see below in the description), which are objects intrinsically
related to the Wasserstein structure of the equation. The use of Laguerre cells, easy
to handle via modern computational geometry tools, is now state-of-the-art when the
transport cost is quadratic. However, we stress that we only use quadratic transport costs
in the computation of the Moreau-Yosida regularization of the diffusion or congestion
term, which means that we could a priori think of attacking with the same ideas other
PDEs, which have for instance a gradient structure for other distances. We refer for
instance to [1] for PDEs induced by a cost functions of the form ¢(z,y) = |z — y|? or
[13] for the so-called relativistic heat equation.



2 Lagrangian discretization of crowd motion

Formulation of the continuous problem We fix a compact domain Q C R? and
a potential V' € C'(R%) bounded from below, e.g. V > 0. The crowd is described
by a probability measure p in 2. Each agent tries to follow the gradient vector field
—VV while ensuring that the probability density satisfies the density constraint p < 1.
Therefore, we introduce the constraint set

K={pe P,(Q):p<1}. (2.1)

There are a few possible ways to express this idea of constrained motion, which are at
least formally equivalent. The first version is straightforward, but a bit problematic to
formulate rigorously. The mass evolution is expressed by a continuity equation where
the driving vector field is the projection of —VV onto the tangent cone of the set K:

{atp +div(pv) =0, pe€K, (2.2)

v =1,k (-VV),
where
T,K = {v e L2(Q;RY) - div(v) > 0on {p=1}, v-n<0on dQN{p= 1}},

(note that the boundary conditions on v - n are already included in the equation
Op + div(pv) = 0 and imply v - n = 0 on the support of p). Projecting to the tangent
cone amounts to subtracting a vector from the normal cone, dual to the tangent cone,
thereby leading to

{@p +div(pw) =0, peK, 23)

v=—-VV —w, w € NyK,

where
NyK = {Vp tp € HY(QRY), p>0, p(1—p) = 0},
or, more explicitly,
Op + div(pv) = 0, peK,
v=-VV - Vp, (2.4)
p=0, p(1—p)=0,

where p is to be thought of as a pressure field enforcing the density constraint. Finally,
solutions to (2.2) also formally coincide with the gradient flow

{8tp e —9E(p),

p(0) = po. (25)

with respect to the Wasserstein distance Wj of the energy functional E : Z(Q2) —
R U {oo} given by

0 ifpe K

E(p) = /Vdp+F(p), where F(p) =ik (p) = {+OO oot



Discretization As explained in the introduction, our strategy for the numerical
solution of the crowd motion is to employ a Lagrangian discretization in space of (2.5),
meaning that we consider the time evolution of a probability measure which remains
uniform over a set containing N points:

N
@N(Rd) = {]1[25931 Tx; € ]Rd}.

=1

Since the intersection between the constraint set K = {p € P(Q) : p < 1} and
Pn(R?) is empty, we are forced to replace the constraint p € K with a penalization,
therefore considering the regularized energy given by

1 1
Ea(p)z/QVder gdi(p)=AVdp+%gé1§W§(p,a)-

Note that Q%d%{ is the Moreau-Yosida regularization of the convex indicator function
F = ig of the set K.

The evolution of the discrete measures is dealt with by keeping track of the positions
of the particles X = (x1,...,zy) € RV 4 to which corresponds the associated measure
wx = % SN | 6,,. Thanks to the correspondence between X and px, we can think of
E. as an energy on the space of particle positions too, given by

N
1 1
E:(X) = Ee(ux) =~ > V(w) + o-d (ux).
N = 2¢e
The gradient flow then takes the form of a system of ODEs

{]{[XN(t) = —VEN(XN(t)), (2.6)

XN(0) = X7,

where EN = E. ~ for a suitable choice of ey — 0. The initial condition can be selected
by optimal quantization as in (1.3).
Given p € Zn(R?), let 0 € K be the projection of ;1 onto K, i.e. a minimizer of
. 2
min Wy (4, ).

Its existence follows by compactness, while its uniqueness and continuity with respect
to p are guaranteed by Proposition 5.2 in [5]. Let also 7' : @ — R? be the (unique)
optimal transport map from o to p. The cell L; = T~ !(x;) represents the part of the
mass of o which is attached to the particle z;. Denoting by 8;(X) = f; xdo(z) =
Jp,xdo(x)/ [, do(z) the barycenter of the cell L;, Proposition 5.1 gives

Vx, Fe(X1,...,XN) = %(%’ - Bi(X)),

OEN
(9.%

() ==~ IV (@) + 5 (Bi(X) — ),



and therefore (2.6) becomes more explicitly

. 1
{xgv (t) = —VV(N() + o 1B:(XN (1)) — 2N (1)], o

XN0) = Xy

Moreover, Proposition 5.1 shows that id%{ is %—concave, which proves that the vector
field —VE.(X) is well-defined a.e. and provides several useful properties of the flow of
this vector field. In particular, following [17] (slightly adapting the proof of Proposition
2.3), one can prove the existence, for every initial datum, of a solution of X'(¢) €
—90TE.(X(t)) (where 07T is the superdifferential of semi-concave functions). Solutions
of this ODE satisfy a reverse Gronwall inequality which provides |X(t) — Xa(t)| >
e~ X1(0) — X2(0)], opposite to what happens for the gradient flows of semiconvex
functions: this is not useful for uniqueness purposes, but states that solutions cannot
concentrate too much, and in particular we obtain that for a.e. initial datum the flow
avoids for a.e. time the non-differentiability set. In particular, we have existence of
solutions of X'(t) = —VE.(X(t)) (in the a.e. sense) for a.e. initial datum. Therefore
it is always possible to find pn(0) and Xy that satisfy the hypothesis of the following
theorem. However, we insist that the goal of the present paper is to show approximation
results, and the existence proof for the “discrete” problem with a finite number of
particles is not the core of our analysis, which explains why we do not provide more
details about the existence for a.e. intial datum.

Theorem 2.1 (Convergence of the discrete scheme). For every N € N, let ey € (0, 00)
and pn(0) € Py (RY) be such that

1 .
asz(po,,uN(O)) <C, lim ey = 0.

N—oo

Let Xy € CY([0,T],RN9) be a solution of (2.6) or, equivalently, (2.7) and let uy :
[0,T] — Pxn(RY) be the corresponding curve of measures. Assume that

1 T N
7/ Wil on,> dgv |dt < C (2.8)
€N J0 =1

for some constant independent of N. Then, as N — 0o, uny — p in CO([0, T]; Wa(R9)),
where p is a weak solution to (2.4).

Proof. For simplicity of notation, let us write 8 (¢) in place of 3;(X% (¢))). Define the
time dependent vector valued measures

1 1

N N
My(t) = ;jffv(t)]i,%gv(t) =~ ; [Vv(l’fv(t)) + a(ﬁv(t) =B ()] 8n -

Define also the space-time measures uy € #, ([0, T]xQ) and My € . ([0, T]xQ;R%)
given by

T T
,UN:/ 5t®ﬂN(t)dt, MN:/ (5t®MN(t)dt.
0 0



By construction they are such that
Opn (t) + div My (t) =0, (2.9)

because, for any ¢ € C}(R?), one has

d d /1 & 1N
i et = (N 2 olal <t>>> = ¥ L Vel )l
= [ V- aM() = - [ paiv My(0)
This also means that they solve the continuity equation

atuN—l—diVMN:O (2.10)

in distributional sense.
The first step is showing that the measures py admit a limit in some sense. This is
a consequence of the energy estimate

I 0= [ wyura

:/ —VEN (XN (@) - XN (1) dt (2.11)

_ / EN (XN (1)) dt
_ V(XM (0) — BN (D) < BY (0 <.,

AMy () 2
dpn(t)

because then the Benamou-Brenier formula for the W5 distance

2

W ux(t0) o (e) < f [ - toﬁfj&) Ay (1)
( My (t d th) Ity — to
ol dun(t)

shows that the functions [0,T] — (L(2), W2) : t — pn(t) are equi-continuous, since

they are all 1/2-Holder with the same constant. Ascoli-Arzela then ensures that uy — p

in C([0,T], W2(R2)), up to a subsequence. In particular, uy — p in #4([0,T] x Q).
Next, we show that also the family of measures My admits a limit. Indeed,

N
Myl = [ IMy@llevdi= [ Zm lar= 1> [l
i:1
1/2
Z\f(/ A dt>

1/2
( /\x dt>
< /TEN(XN(0)) < VTC,



and by compactness in the space of measures, they admit a weak limit My — M in
A([0,T] x ;RY).

In particular, the weak convergence of py and My is sufficient to pass to the limit
(2.10) and infer that

atp +divM = 0.
To show that M < p, we will use a few properties of the so-called Benamou-Brenier
functional Ba : M([0,T] x ) x M([0,T] x Q,R%) — RU {400}. These properties are
2

found in Proposition 5.18 of [16]: (i) If M < p, Ba(u, M) = [io 11x0 %‘ dp. (ii) The
functional Bs is lower semi-continuous wrt narrow convergence. (iii) Ba(u, M) < +0o0

only if © > 0 and M < u. In our case, using the fact that My < py and previous
computations, we get that

2

My (2) dpun(t)

dpn (1)
is uniformly bounded. Then, by lower semi-continuity, Ba(p, M) is finite. This implies,
by the third property of By that M < p.

Let now on be the projection of uy on K and let Ty : © — R? be the optimal
transport map (Tn)#on = pn. Notice that

1 1

TW22(MN(t)aUN(t)) = 5o min W3 (un(t),0) < By (un(t)) < Eey (un(0))
EN EN O€E

1
S/ Vdun(0) + Y W3 (po, 1 (0))
Q EN

T
Ba(pn, M) :/0

1

< /QVdpo + Lip(V)Wa(po, un(0)) + szg(PoauN(O)) <G,

therefore o (t) converges to the same limit p(¢) as pn(¢). In particular this means that
p(t) € K for all ¢.
For ¢ € C'(R%;RY) we have

/Rd &-dMy = —/Q (VV(TN) + T]V{_:;Id> - ¢(Ty) dow.

By Brenier’s Theorem and the particular structure of the optimal partial transport
problem, we have that
Ty =1d—Viyn
where ¢ : Q — R is a semi-concave function satisfying ¥y < 0 and (1 — on)in = 0;
see [12, Lemma 3.1]. If we introduce the pressure field

pN:—wlzo
EN

we have that
Ty —1Id

EN
We must show that py — p in L3([0,T]; H(2)) to some admissible pressure field.
This follows by weak-compactness from the equi-boundedness

= Vpn, (1—-on)py =0.

T
/ /\VpN\dedt§C<oo
0o Jo



which we are going to prove now. For every t € [0,T], which we omit for brevity of
notation, we have that

W3 (unson) = / ly — i do(y /|y Bi + Bi — x> do(y)
- _ 32 1. o I
_;/Li!y Bil do—(y)+ZN\ﬂz x| +2;/Li<y Bi | Bi — xi) do(y)
N
= W3 (UN, Z(S&) + W3 (MN, Zéﬁi> ’
=1

=1

where in the last step we use that [; (y — ;) do(y) = 0.
The first term can be treated with the bound given by Proposition 4.1. For the
second term, notice that

1 /T, 1 Y

T 1 N 9
:/ ~ 2N+ V(X[ dt
0 i=1

o NiH

(2.12)

r1 Y 2 9
52/ = SO (ENP + WV (X)) dt
o Vi

< 2C + 2Lip(V)?T

1T ,
3/ /|V¢Ny dz dt
3 0 Q

1 T
= ;2/ W5 (i, on) dt < CT +2C + 2 Lip(V)*T.
0

by (2.11). In conclusion,

T
/ /\VpN\Qda;dt
0 Q

The next step is to show that p(1 — p) = 0. The difficulty is that both on and py
are converging weakly, which is not sufficient in order to pass to the limit the nonlinear
relation py(1 —on) = 0.

For 0 <ty < t; < T, let us introduce the average pressure

t1 1 t1
pf\of’tl (x) = ][ pn(t,x)dt = / pn(t, x)dt.
to t1 —to Jio

Define also the measures Ay € .#4(]0,T]) given by

AN = [[Von (0l 22y Ll = </9|va@)|2®:> -7
Their total masses
(0. 7]) / [ 1o doy at

are uniformly bounded, as previously shown; therefore, up to a subsequence, they
converge weakly to a measure \ € .Z4 ([0, T1]).



For every N, we split in two pieces the following identity:

0—£1/pzv d(1 —on(t))dt

/pN d(1 —on(to))dt + /pN (on(to) —on(t))dt
_/ PO A(1 — on(t)) + /pN d(on(to) — on(t)) dt.

L2(©
Since piy™t r@), pot and on(tg) — p(to) as N — oo (this convergence being weak

covergence of measures, but also in L? because of the L> bounds on their densities),
the first integral converges to

tim [ ply" d(1 = on(t) = [ P70 (L= plto))
N—oo JQ Q

At any Lebesgue point ¢y of the map [0, 7] — L?(£2) : t + p(t) we have p'o-tt P p(to),
1—1o

hence

lim [ 9 d(1 = plt0)) = [ plto)d(1 = plto):

ti—to JQ

Employing Lemma 2.2, the second integral can be estimated as

][ / pN<t>d<oN<to>—aN<t>>dt\s]{:uww Dl 20y Walon(to), o (1)) di

ty
< Cw(t; — to)]{ IVon ()]l 20y dt
0

- ) 1/2
< Cuttr — o) (f I9pv Ol )
0

An ([to, t1])

= Cw(t1 — to) t— t()

where w is a continuity modulus for the curve ¢ — ox(t) in the Wasserstein space Wa.
Note that the curve ¢ — gy (t) is uniformly C%'/2 as a consequence of the H! estimate
LN, (fOT|:ch(t)|2 dt) < C, and that the projection operator is continuous (it is also
Holder continous on bounded sets, see Section 5 in [5]).

When N — oo, for almost every ty and ¢; we have

. \/m[to,m) - wato,m)

N—oo t1 —to t1—ty

which tends to a finite constant when t; — tg for a.e. tg. If we also consider the factor
w(t; —to), we see that the second integral goes to 0 for almost every to when taking the
limits N — oo and t; — tg, in this order.

Summing up, we have shown that

[ plt0)d(1 = plto)) = Jim tim [ pu(to)d(1 = on{to) =0

t1—to N—oo JQ

10



for almost every tg € [0, 7], which proves p(1 — p) = 0, by the positivity of p.
We can finally show that M = (—VV — Vp)p. Fix £ € C1([0,T] x ;R?). We know
that

/ ' [ e-any—— [ ' [ (VV(T) + Ton) - 6(Tw) da .

The first term passes to the limit because

/()T/vi-gdm%/oT/vi-gdp.

T 1/2
< </0 /Q|VpN|2d0'th>
T 1/2
: ( | [lea) —5|2dath>
0 Q

T 1/2
< (/0 /Q|VPN|2 dGth> Lip(&)Wa(pn,on) — 0,

For the second term,

|/T/ Von - [E(Tw) — €] doy dt
0 Q

therefore

T T
lim /VpN-f(TN)dO'thZ lim /VpN~deth
0 JQ N—ooJo JO

N—oo

T
= lim / Vpn - Edxdt
0 Q

N—oo

T
:/ /vp-gdxdt
0 Q

T
:/ /Vp'fdpdt. O
0 Q

The following lemma is borrowed from [12, Lemma 3.5] (but was first presented in
other papers, such as [11]).

Lemma 2.2. Let pg, p1 € Z(Q) be probability measures with densities bounded by 1.
Then for all f € HY(Q) we have that

‘/Q fd(p — po)| < ”Vme(Q)WQ(MO,,Ul)-

Remark 2.3. The convergence result can be generalized to handle PDEs involving other
terms such as self-interaction involving a C1'! kernel W:

Op + div(pv) = 0, peK,
v=—-VV -VWsxp—-w, weNK,

which can be regarded as the gradient flow, in (Z2(£2), Wa) of the energy

Jo V(z)dp(x) + [ JoW(z —y)dp(x)dp(y) p € K,

00 otherwise.

E(p) ={

11



In this case, the discretized system becomes

&l (t) = =VV (2} ——ZVW Ti — ;) +f[6@(XN( ) — i (1)),
|1
XN0) = x{. ’

Theorem 2.4 (Convergence of the discrete scheme in 1D). Let Q C R be an interval
(not necessarily bounded). For every N € N, let exy = 1/N and un(0) € Zn(R) be such
that

1 .
—W3(po, un(0)) < C, lim ey = 0.
EN N—oo

Let Xy € CY[0,T],RN) be a solution of (2.6) or, equivalently, (2.7) and let uy :
[0,T] = Zn(R) be the corresponding curve of measures. Then, as N — 0o, uny — p in
C%([0,T); Wa(R)), where p is a weak solution to (2.4).

Proof. This is an immediate consequence of Theorem 2.1 and Proposition 4.1, which
allows to verify the assumption

1

T N
— [ W3 <0N,Zaﬁi> dt < C. O
0

N i=1

3 Lagrangian discretization of linear diffusion

The previously presented Lagrangian scheme can be adapted to solve also the advection-

diffusion equation
{&p + div(pv) =0, (3.1)

v=—-VV —Vlogp.

This equation arises as the gradient flow with respect to W5 of the energy

Jo log pdp p<L LA,

s otherwise,

:/Vdp—i-H(p) where H(p) :{

We adopt the same Lagrangian discretization as before. For the atomic measures uy,
the entropy (the second term in the energy) is identically +oo, therefore we need to
substitute it with a similar functional, in the same manner that we replaced the hard
constraint p € K with a penalization. To this end, we consider its Moreau-Yosida
regularization

H.(p) = H(o).
(p) Ug;?Q)QEWz(p, o)+ H(o)

and the new energy becomes E.(p) = [V dp+H:(p). Letting F.(x1,...,2n) = Ho(pux),
the discrete measure pn(t) represented by the particles X (t) can then evolve according
to the system of ODE as before, namely

{bez(t) =—-VV(x;) — %inFe(X)v (3.2)

XN0) = x{.

12



Theorem 3.1 (Convergence of the discrete scheme). For every N € N, let e € (0, 00)
and pn(0) € Py (R?) be such that

N—oo

1 .
an(po,,uN(O)) <C, lim ey =0.

Let Xy € CY([0,T],RN9) be a solution of (3.2) and let puy : [0,T] — Px(R?) be the

corresponding curve of measures. Assume that

1

T N
— [ w3 <UN, 25@) dt — 0.
0

€N i=1
Then, as N — oo, un — p in C°([0, T]; Wo(R9)), where p is a weak solution to (3.1).

Proof. Define as before the vector measures

ol 1
My =Y ()
i=0
Together with uy, they solve the continuity equation
Owpn (t) + div My (t) = 0.
Moreover,

r

dMy(t)|?
dpn (1)

1 N
_/0 Nz; t)* dt
:/ —VEN (XN (1) - XN () dt
OT 4
:/ ——EN(XN(t)) dt
0 dt
EN(XM(0) - EY(XM(T)) < EN(XM(0)) < C,

so the functions [0,T] — (Z(Q2), Wa) : t — un(t) are equi-continuous, because they are
1/2-Holder with the same constant. Ascoli-Arzela then ensures that puy — u, up to a
subsequence.
The rest of the proof is similar to the previous one with the following modifications.
The measure oy minimizing

) 1
ae%%?ﬂ)/g)logada+2€W§(MN,a)

satisfies

oN = cye YN/EN g

where ¥y is the optimal potential from on to uy and ¢y is a normalization constant.
This optimality condition can be recovered from the first variation of the objective
functional. This means that

Ty —1d Vin Von

= — =Vlogoy = ——.
EN EN ON

13



Passing to the limit En in order to get £ = —VV p — Vp is now easier because

/OT/QVV'fd,uN%/OT/QVV-fdp

as before, while, setting py = logoy (which is the term which plays a similar role to
that of the pressure in the previous section), we have

T T
lim / Vpn - &(Ty)doy dt = lim / Vpn - Edoy dt
0 Q Q

N—o00 N—00 /0
T
= lim/ /VUN‘fdxdt
N—ocoJo JO

T
:/ /Vp-fdxdt,
0 Q

where the first step is justified because

T T
/0 /vaN : ({(TN) — {) dUN dt < Lip(f) /0 /Q‘Vp]v‘ : ’TN — Id’dJN dt

. 17
ZLlp(f)gN/O /Q|VPN|2dUth
. LT,
= Llp(f)a /0 W5 (on, pn)dt — 0.

The last term tends to 0 by writing, again,

1 1
W22(0'N,,U,N) = W22 (O’N7 N E (5&) + W22 <,U,N, N E (5&) .
i=1 =1

The last term tends to 0 by assumption, and the first term is O(ey) because of (2.12). O

Theorem 3.2 (Convergence of the discrete scheme in 1D). Let Q@ C R be a bounded
interval. For every N € N, take a number en = 1/N and un(0) € Zn(R) such that

1

— W3 (po, un(0)) < C, lim ey =0, lim N’y = +oc.
EN N—o0 N—o0

Let Xy € CY([0,T],RN) be a solution of (3.2) and let puy : [0,T] — Pn(R) be the

corresponding curve of measures. Then, as N — oo, uny — p in C°([0,T); Wa(R)),

where p is a weak solution to (3.1).

Proof. This is an immediate consequence of Theorem 3.1 and Proposition 4.2, which
provide

1 TW2 ié dt < 1
0 210N, Bi =N

EN i=1

— 0. O
EN

14



4 Bounds in 1D

In this section we prove that, for both the crowd motion and the linear diffusion
discretizations, in one dimension there are bounds on the quantities which are relevant
for the application of Theorems 2.1 and 3.1. The results come from a static analysis, in
the sense that the evolution equations do not play any role in the estimates.

We begin with the easier case of the crowd motion.

Proposition 4.1. Let Q C R be an interval. Let z1,...,xx € R, let uy be the
corresponding atomic measure, oy its Wa-projection on {p € P(K) : p < 1} and
B1, ..., BN the barycenters of the Laguerre cells' Ly,...,Ly. Then, choosing ¢ = 1/N,

L ié dt < -
2 2\ O =y

Proof. Each Laguerre cell L; is an interval of length 1/N and its barycenter is the
midpoint. Moreover, o has constant density 1 on every cell L;, therefore

W2< jv:é ) fi/\ iy i/ml/@m‘ iy
ON, B - Y — P Yy = Y — P Yy
? i=1 ’ i—1 7 Li i—1 7 Bi—1/(2N)
1/(2N) 1
— N/ 2y = ——,
—1/(2N)y Y= 1an2
which gives the claim. O

We now pass to the case which is relevant for linear diffusion.

Proposition 4.2. Let Q) C R be a bounded interval. Let x1,...,xny € R, let un be the
corresponding atomic measure, and define, for e > 0:

1
on = argmin — W2 (un, p) + H(p).
pe?(Q) 2€

Let By, ..., 8N be the barycenters of the Laguerre cells Ly,..., Ly of on. Then we have
N
13 5, ) < (@) YE
where C(2) only depends on the length |Q| of Q.

Proof. Let {; = |L;| denote the length of the i-th Laguerre cell. We fix a parameter
¢ € (0,1) to be specified later and divide the cells in two groups:

e short cells: S = {i:¢; <(};

e long cells: L = {i: ¢ >{}.

L, = T_l(zi) N spt(on) where T is the optimal transport plan between on and py

15



Notice that |S| < N and |L| < 1/f. Therefore, using Lemma 4.3 to estimate the
contribution of the long cells, we get

(UN’ Zéﬁl) Z/|y Bilene” wN/Edy+Z/!y BiPene ¥N/E dy

1€l
€
752 =
;5, Z 2N N “ Z 20N
< Q| 4 _£ _3VIQ f
-~ N 2IN N
where in the last step we chose £ = \/¢/]Q)]. O

—e7l(y-2)2 d
_ _e y
Lemma 4.3. Let L be a cell of length £, o = N[ e o ay

mass 1/N over L, and f = N [; ydo(y) the barycenter of oL L. Then

Jpe= Wy - p2dy _ e
NJ e waPdy 3N

a Gaussian density with

Proof. By translating, we may assume that L = [0, ¢]. We have to treat separately three
cases: £ <0, z € (0,¢) and x > £. Of course the first and the third are equivalent, so
we will only consider two cases. We start with the first one.

Notice that the barycenter § minimizes the function b — [, e=e W)’ (y — b)2dy,
therefore we can bound our original integral with

Joe=s vy — B)*dy fL e 2dy
fLe*E Hy—x)? dy fLe e~ 1(y—=)? dy

by taking b = 0.
Now consider the two functions
e—sfl(t—z)2 e—e*1t2
T 9) = T
Jre dy Jre dy
They both have integral 1 over the interval L and, if we take 0 < s <t < £, we have
that

ft) =

f(s) - g9(s)

This means that we can apply Lemma 4.4 with ¢(y) = y? and obtain

f(t) _ 676_1(t71)2+N(37x)2 _ 676_1t2+N32+2Nx(tfs) < €7€_lt2+Ns2 _ g(t)

f€ e—€” Ly—z)? y dy /Z ) /Z N OZ —e1y2 dy
dy < d —.
[T dy ; fly)y~dy < ; 9(y)y~dy = Tt dy

This last integral can be estimated as

£6—571y2y2 dy 1 /E( 2 ) ey ( y€> d
— e 7z
[f —e~1y? dy OK —e~1y2 dy 0 €y 2 4

1 I e ly2 :|£ /Z IS e 1y2 1
= —— — d < —.
Joe s dy <[ 2° Y 0+ 0 2° V) =3N
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Noting that the boundary term after the integration by part is negative, putting together
the chain of inequalities, we readily obtain the claim.

Regarding the case x € (0,¢), we proceed in a similar fashion. First of all, we have
that

Jpe Wy = )P dy _ e 0 (y — a)*dy
fLe e t(y—z)? dy - fLe*E_l(y*x)Q dy
because the barycenter minimizes the integral. With the change of variables z =
e~1/2(y — x), these integrals become

B —1/2(p_ _ —1/2(p_ )
[pe s W= (y — )2 dy B S ng Y e~ 2212 4z . ffs,l/gx M e~ 12 dz
—e—1(y—2p)2 - - —
fLe e (y—zx) dy fsgl/f/(zé x) _22 1/2 dz ffsi/f/gi x) 6_22 dz

Letting a = —e~ /22 < 0 and b = 5*1/2(6 —x) > 0, an integration by parts shows that

b 1 b 1 b
/ e 2 dy = + f/ e dy < 7/ e dz,
a 2 Ja 2 Ja

therefore the term in parenthesis is less than 1/2. O

Lemma 4.4. Let I C R be an interval and f,g: 1 — [0,00) two measurable functions

such that
[ f@de = [ gla)dz =
and
%gzgzi forallx <y in I.

Then F(t) > G(t) for allt € I, where F' and G are the cumulative distribution

functions of f and g.
[ e@f@)ds < [ o)) da
1 I

Moreover,
for every weakly increasing function ¢ : I — R.
Proof. Fix t € I and set A = f(t)/g(t). Then for all x <t <y we have

LACON §()

o@) = gy

Integrating the first inequality on I N (—oo,t] we get

F(t) = /1 g @z /I g IV =260

integrating the second we get

1= F(t) = /m(t L J@)drs )\/m(t 9@z =1 = G0,
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Therefore

F(t) 1— F(t)
— >
G(t) — Az 1-G(t)’
which translates into
F(t) G

1-F@) — 1-G(t)
[0, 1], this is equivalent

to F(t) > G(t).
As a consequence we get that G—1(F(t)) >t for all t € I. Finally, if ¢ : I — R is
weakly increasing, then

/]ga(:t) dx</g0 dx—/gp O

5 Numerical scheme

5.1 Computation of the Moreau-Yosida regularization

Let F': P5(2) = RU{+400}, which we assume to be lower-semicontinuous with respect
to the Wasserstein metric Wy. We consider the Moreau-Yosida regularization

1
F.:XeRV ' inf —Wi(o, + F(0), 5.1
e et 2 5 (0, px) + F(o) (5.1)
and we assume that for every X € RV the minimization problem defining F.(X)
admits a unique solution. We let Dy = {(x1,...,7y) € RV? | 2; = x; for some i # j}.
Our first proposition gives an explicit formulation for the gradient of H. given a solution
o of the minimization problem defininig H..

Proposition 5.1. F; is %Ne—semz’concave on RN and continuously differentiable on

RNI\ Dy. Given X = (x1,...,2x5) € RN\ Dy, we let o the unique minimizer in
(5.1), T the unique optimal transport map between o and py, and L; = T~ (x;). Then,
1
Vo Fo(X) = Nxz BiX) here Bi(X N/ zdo(x

Proof. Let X € RN o the unique minimizer in (5.1) and T the unique optimal transport
map between ¢ and px. Given Y € RV¢,

RY) < o Wi(o,0v) + Flo)
By construction, one can decompose o = > ;< 0; Where (0;)1<i<n are non-negative

measures such that spt(o;) € T71({y;}) and 0;(Q) = 1/N. Considering the transport
which maps o; to y; one gets

1
F(Y) < %Z/p« — yiP? doi + F(o)
1
< *Z/!x—xﬁ—xi—yiﬁdffﬂrF(U)
Z z;)|z; — yi>+LZ’xi_yi‘2
2Ne -

18



where we have set 3; = N [z do;. This shows that F; is T]bs—concave, but also that
N%;(ﬂl —21,..., 88 —xn) belongs to the superdifferential of F, at X. If X ¢ Dy, then
0; = 0|p-1(y,) and the point 3;(X) is uniquely defined (we use here the hypothesis on
the uniqueness of the minimal ¢ in (5.1)). Using the stability of optimal transport maps,
we get that X € RVY\ D+ B;(X) is continuous, which shows that F. € C'(RN9\ Dy)
and that Vy, Fo(X) = 1 (z; — 8;(X)). O

The next two propositions explain how to compute the optimal o in the definition of
the Moreau-Yosida regularization in the crowd motion and linear diffusion. Using Kan-
torovich duality, this problem can be reformulated as the computation of a Kantorovich
potential satisfying a finite-dimensional non-linear system, (5.2) or (5.3).

Given z1,...,zy € R? and ¢y € RY we define the Laguerre cell of the point y; as

Li(¢) = {x € RY |V, & — wil* + ¢ < |2 — will* + i}

Proposition 5.2. Consider F' : Z(Q2) — R defined by F(u) = 0 if p € K and
F(u) = +oo otherwise, where K is defined in (2.1). Then for all X € RN\ Dy, there
exists 1 € RN such that

1

Vi, Leb(Li(y) QN B(yi, V=) = + (5.2)

Given such a 1, define o = min(ming||- — z;]|> + 3, 0) and o = 1{,<0}n0-
(a) 0 € Pc(Q) is the Wasserstein projection of px on K,
(b)) <0,p(l-0)=0
(c) (p,) is an admissible pair of Kantorovich potential in the transport from o to ux

Proof. By Kantorovich duality, one can write for any o € P,.(2),

Wi(o, pux) = maX / mlonf:cZH + ¢;do(x Z Kl

1<z<N
= max Z / |z — x]|* + ¢ do(x Z %
VERY 1 <N 1<en NV
thus giving
mlniWQ (0, ux) = min max — Z / |z — x]|* + ¢ do(x Z il
oc€K 2¢ oeK peRN 251<<N 1<<NN
Switching the minimum and the maximum, we get the following dual problem
max min Z / & — 2]|* 4 i do(x Z Yi max F(v),
YERN oceL1(Q),0<0o<1 2 PeRN

1<i<N 1<z<N

where, setting B;(1) = {z € R? | ||z — z]|> + ¢ < 0},

Wi
=52 Z / |SL‘—1‘1H —|—¢zdx—2—€ Z N

1<i<n Y Li($)NQNB; (¢ 1<i<N
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With similar arguments as in [9, Theorem 1.1], one can prove that F is concave, C!,
and that its partial derivatives are Oy, F'(¢)) = Leb(L;(¢)) N QN B;(1)). It is easy to see
that the maximum is attained in the dual problem, thus proving the existence of ) <0
satisfying (5.2).

Define o and ¢ as in the statement, the property ¢(1 — o) is obvious. In addition,

() — i = min(min|lz — i) +45,0) = i < [l — @i,

so that the pair (¢, ) is admissible in the dual Kantorovich problem (and optimal by
construction, since ¢ coincides with the c-transform of ¢ on the support of o). This
shows that

1 1, 1 1
< — = _
5 dK(,uX) <35 W5 (o, 1x) . pdo 8/Q/JduX

fz/ dw—*/t/}dux— ¥).
€ JLi(y)NQNB; (¢

Since the converse inequality holds by weak duality, we get strong duality, and in
particular ¢ is the solution to the primal problem. O

The following proposition, dealing with the linear diffusion case, is obtained in a
very similar manner (one can instance use Proposition 8.6 in [16] to get the optimality
condition for the dual problem). We also refer the reader to Theorems 3.1-3.2 in [2],
where similar results are shown for more general functionals.

Proposition 5.3. Let H : 2(Q) — R be Boltzmann’s functional, and X € RN\ Dy.
Then, there exists 1) € RV such that
1

1 2
vi, / o=l +) gy — L 5.3
L; () N ( )

Given such a 1, define ¢ = ming||- — z;||* + 1 and o = e £ 1q. Then,
(a) 0 € P4c() is the unique minimizer of ming, () 3-W3 (-, px) + H(:).

(b) 5= +1log(c) =0
(c) (¢,%) is an pair of Kantorovich potentials in the transport from o to px.

Remark 5.4. In practice, equations (5.2) and (5.3) are solved using the same damped
Newton algorithm as in [9]. The cells L;(1)) are computed using computational geometry
techniques ensuring a near-linear computational time in 2D. The integrals are computed
exactly in the crowd motion case, and using quadratures ensuring a negligible numerical
error in the linear diffusion case.

Remark 5.5. The computation of the Moreau-Yosida regularization of the congestion
constraint and the entropy is implemented in the open-source library sd-ot, which is
available at https://github.com/sd-ot. The numerical schemes for crowd motion
and linear diffusion are implemented as examples in the Python package.
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Figure 1: From left to right: a) a point cloud z1,...,2y drawn uniformly in [0, %]2 with
N =100 points. b) the support of Wasserstein projection of p = % > ; 0z, on the set of
probability densities bounded by 1, ¢) the Laguerre cells d) the arrows joining colored
points to blue points are proportional to =V, H:(x1,...,zN).

5.2 Numerical experiments (crowd motion)

In this paragraph, we consider Q C R? a compact domain, V :  — R a potential, and
we define as usual the congestion term F : £(Q)) — R by F(u) = 0 if u < Leb and 400
if not. We consider the discretization of the crowd motion model explained above: an
initial point set X° = (29,...,2%) is evolved through the ODE system

{]{,xl(t) = —Va, F.(z1(t),...,zN, (t) — 2 VV (2i(t)),
7;(0) = 29

(2
which we discretize using a simple explicit Euler scheme:

A

N 0, R ) - TV (ah)
Propositions 5.1-5.2 can be used to compute the gradient of the regularized congestion
term F.. Figure 5.2 illustrates this computation by showing a point set X = (x1,...,2n),

the projected measure o € Z,.(Q2), 0 < 1 and the gradient (Vg, Fz(X))1<i<n)-

Radial case As a first test case, we consider a simple problem with radial symmetry,
introduced in [12, Section 5], and whose solution is explicit. The domain is the set
Q= {x € R?| 23 > |z1|,]|z|| £ R}, and the potential is given by V(x) = ||z||. In our
experiment, we assume that R = 2 and a = %, so that p° = alebq is a probability
measure. As shown in [12], the evolution of the crowd is then given by

if 7 € [0,b(t)]
pr(a) =S a(1+ k) ifre[0,b(0)]
0 ifre[R-—t1T),

where b is a solution of
b(0) =0
_ b(t)+t
V(1) = m=atpmTn
Given h > 0, we denote N, = Card(Q2 N hZ?) and we let 29, .. ., x?vh be the an arbitrary

numbering of the points in the intersection 2 N hZ2. In all experiments, we set 7 = %,
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Figure 2: Evolution of particles in the radial case, with h = %. The color of the cell ¢
is related to the position of the point z?, allowing to visualize the movement of particle.

e = hand T = 1. Figure 5.2 displays the evolution of the Laguerre cells at six time
steps. To get error estimates, we measure the Wasserstein distance between:

o o= (x> |lz]))gpr € Z(R), which is the distribution of distances from the origin,
computed from the exact solution py;

o jiF = NLh d1<i<ny, 6||$f|| € Z(R) the distribution of distances from the origin,

computed on the discrete solution ;% = Nih 2 1<i<N, Oz,

The relation between h and €), = max,, . Wa(pgr, ﬂk), as reported in Table 1, suggests

a near-linear convergence rate.

T 1 1 1 1
h % 30 50 106 200

2 3 40 5 100
en | 5.24-10723.06-107% | 2.15-1072 | 1.70- 1072 | 4.96-107> | 2.80- 103

Table 1: Error € between the exact and numeric solution to the crowd motion model
as a function of the space-discretization h.

Bimodal case In this case, is obtained as the union of three squares 2 = Q,UQ, UQ,:
two “rooms” €y and €2, joined by a corridor §2., where

4 7 4 1 2 2
Q =[0,0]?, Q. = [ga, §a] x [0,a], Q.= ]a, ga] X [ga, ga], a= NG
The crowd is initially located in the left room €2y and the potential V is constructed as
the distance function to the two corners {(%a, a), (%a, 0)} of the right room 2,. More
precisely, V is obtained as the solution to the following Eikonal equation, which is

computed using a fast marching method:

Vv =1,
V(ta,a)=V(ta,0) = 0.
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Figure 3: The distribution of the crowd computed at 6 different timesteps, with h = 5.
The color of the Laguerre cells encodes the value of the y coordinate of the corresponding
particle at t = 0.

B -

Figure 4: The distribution of the crowd computed at 6 different timesteps, with h = g&.

Given h > 0, we denote N; = Card(Q2, N hZ?) and we let 20, ... ,l'(])\;h be the list of

points in £y N hZ2, so that the crowd is initially located on the left square ;. Here, we
h

set the final time to 7" = 3, and as before, we have ¢ = h, 7 = 3.

Visualization In Figures 3 and 4, we visualize the distribution of the crowd at the

timesteps t; = 1/75 for 0 <4 <5, for two space discretizations h = 55 and h = &. In
Figure 5, we highlight some features of the Lagrangian trajectory. First, given a particle

2¥, we can compute the minimum time required for the particle to enter the right room:

7= rmin{k € N |zF € Q,}. (5.4)

The exit time 7; is displayed as a function of the particle coordinate x? at time t =0 in
the first row of Figure 5. This figure shows (as one could expect) that the exit time
is not proportional to the distance to the “door” €, N €., as people in front tend to
escape faster than those on side of the door. Finally, the next two rows of show the
trajectory of the particles. The trajectories seem to be regular in time, but also seem to
depend continuously on the initial condition (except near the non-differentiability locus
of the potential V).

Remark 5.6 (On the assumption (2.8)). In the 2D cases treated here, we cannot guarantee
that our numerical solutions converge to a solution of the crowd motion equation since
convergence requires the estimate (2.8). However, it is quite easy to see that this
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Figure 5: The left (resp. right) column corresponds to h = 55 (resp. h = g). The first
row display the timeout function defined in (5.4), which measures the time taken by a
particle to leave the corridor. The second row displays the trajectories of all particles.

The third row shows the trajectories of 20 randomly chosen cluster of particles.

estimate holds if one is able to prove that the diameter of the Laguerre cells is bounded
uniformly by C(1/N)Y¢ — this is what is established in 1D in Section 4. Figure 3 (and
in fact all our simulations) suggest that such an estimate is satisfied in practice.

Remark 5.7 (Lagrangian interpretation). The Eulerian crowd-motion equation (2.4) can
be turned into a Lagrangian equation by introducing the map s; € L?(po, ), which
describes the displacement of the crowd from its position at time ¢ = 0 (more precisely,
s¢(z) is the position at time ¢ which was at x at time 0). Formally, s should satisfy the
following system

§=wvos

so = id

p = S5#p0 (5.5)
v=-Vp—-VV

p<1,p>0,p(1-p)=0,

and we expect that the numerical solution, shown in Figure 5, provides a piecewise-
constant (in space) approximation to s. We note however that the system (5.5) has
not been studied; showing existence of solutions to this system would require to better
understand the regularity of the pressure p appearing in (2.4).

5.3 Numerical experiments (diffusion)

In this paragraph, we consider Q C R? a compact domain, and we let F be Boltzmann’s
functional. We consider the discretization of the heat equationl explained above: an
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Figure 6: Simulation of the heat equation, at several timesteps, for h = %. The color
of the cell L; is proportional to exp(—o=(||8;(X) — zi||> 4 1)) (see (5.3)). For better
visibility, the density is represented on a color scale where the instantaneous maximum
is always labeled with the same color (yellow).

initial point set X% = (29,...,2%) is evolved through the ODE system (3.2) (with
V' =0), which we discretize again using a simple explicit Euler scheme:

A gk

%’ = —v;ciFa(xlfa ce 7‘:U’]€Vh)'

In the numerical example presented in Figures 6,7 and 8, the initial density is uniform
over a disk D, and approximated by the uniform measure over hZ? N D. Despite the lack
of convergence result in 2D, one can observe the consistency between the simulations

with h = 35 and h = g;.

Remark 5.8 (Lagrangian interpretation). The trajectories we construct (displayed in
Figure 8) should not be interpreted as realizations of solutions of the stochastic ODE
associated with the heat equation. As in remark 5.7, we expect (but do not prove) that
our numerical solutions actually approximate the solution to a Lagrangian equation
which can be derived from the heat equation, namely

$=wvos
So—id (56)
p = S4p0

v=—Vlogp

In contrast with Remark 5.7, the existence of solutions to (5.6) has been established
in an article of Evans, Gangbo and Savin [6], assuming that the initial density pg is
bounded from above and below. Their result can also be extended to some non-linear
diffusion equations, under assumptions on the nonlinearity. This Lagrangian point
of view has already been used to construct numerical schemes for nonlinear diffusion
equations, see [8].

Acknowledgements This work has been supported by Agence nationale de la
recherche (ANR-16-CE40-0014 - MAGA - Monge-Ampére et Géométrie Algorithmique).
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Figure 8: Trajectories of particles along the heat flow (see Rem. 5.8). Left: h = g5,

+ A% 4% 4
y'vry

Figure 7: Simulation of the heat equation, at several timesteps, for h = %i()'

1

Right: h = %.
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