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Non-Asymptotic Sequential Tests for Overlapping Hypotheses
Applied to Near Optimal Arm Identification in Bandit Models

Aurélien Garivier' and Emilie Kaufmann?
1 Unité de Mathématiques Pures et Appliquées et Laboratoire de I’Informatique du Parallélisme
Ecole Normale Supérieure de Lyon, Université de Lyon, Lyon, France
2 CNRS & Univ. Lille, Inria SequeL., UMR 9189- CRIStAL, Lille, France

Abstract: In this paper, we study sequential testing problems with overlapping hypotheses. We first focus on the sim-
ple problem of assessing if the mean p of a Gaussian distribution is smaller or larger than a fixed € > 0; if p € (—€,¢€),
both answers are considered to be correct. Then, we consider PAC-best arm identification in a bandit model: given K
probability distributions on R with means p1, ..., ik, we derive the asymptotic complexity of identifying, with risk
at most ¢, an index I € {1,..., K} such that u; > max; y; — . We provide non asymptotic bounds on the error of
a parallel General Likelihood Ratio Test, which can also be used for more general testing problems. We further pro-
pose lower bound on the number of observation needed to identify a correct hypothesis. Those lower bounds rely on
information-theoretic arguments, and specifically on two versions of a change of measure lemma (a high-level form,
and a low-level form) whose relative merits are discussed.

Keywords: Best arm identification; Generalized Likelihood Ratio test; Multi-armed bandits; Sequential testing.
Subject Classifications: 62L.10.

1. INTRODUCTION

In order to extract information on a random source P, the classical statistical framework relies on a fixed
sample X1,...,X,, of a given size n. For example, a classical hypothesis test is a (possibly randomized)
function %,, of the sample. In sequential statistics, on the contrary, the statistician is allowed to adaptively
decide on the sample size. For example, the sequential hypothesis testing of H versus #; consists of a
stopping time 7 with respect to the filtration (F;);, where F; = o(X71, ..., X¢), and a decision rule 2, which
is F--measurable.

Even more power is devoted to the statistician in active festing: the statistician not only chooses when
to stop, but also sequentially influences the observations. For example, in the multi-armed bandit problem,
a set A of unknown random sources is available on demand, and the statistician chooses one of them A; € A
at every time step ¢, from which she gets a new sample. The choice of A; is made based only upon past
observations: A, is F;_1-measurable. The goal of the statistician is typically best-arm identification, that is
to infer which source has the highest expectation using as few samples as possible. Given a risk parameter
d, a strategy (consisting of a sampling, a stopping and a decision rule) is called §-correct if the probability
that the decision a. is not the source with highest expectation is smaller than §. The sample complexity is
the smallest achievable expectation for the stopping time of a J-correct strategy.
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In the case of a finite set of sources in a one-dimensional canonical exponential model, the complexity of
the best-arm identification problem is well understood since (Garivier and Kaufmann, 2016; Russo, 2016).
A non-asymptotic lower bound has been given on the sample complexity: the expectation of the stopping of
any d-correct strategy is always larger than the product of a model-dependent characteristic time, which can
be computed as the solution of a convex optimization problem depending on the sources, and a confidence
term which scales like In(1/4). This lower-bound is tight: a strategy asymptotically matching it when the
risk & goes to 0 has been described.

But the problem of d-correct best-arm identification is not really well-posed: the characteristic time of
a model tends to infinity when one of the sources has an expectation almost as high as the best one, and
d-correct strategies never stop (with high probability) if two sources are simultaneously optimal. In fact, a
much more natural and useful objective is to search for a Probably Approximately Correct (PAC) decision:
given a risk parameter ¢ and a tolerance parameter ¢ > 0, a strategy is called (¢, 0)-PAC if for every bandit
model of the considered class the probability that the chosen source a, has a mean smaller that the highest
one minus € is smaller than ¢. Note that a strategy is d-correct if it is (0, )-PAC: the latter notion is thus a
generalization of the former.

The purpose of this paper is to show to what extend the results on the complexity of J-correct best-
arm identification can be generalized to the PAC setting. An interesting feature of the latter is that several
decisions may simultaneously be admissible if several source means are within € of their maximum. In
other words, this supposes to deal with sequential testing of overlapping hypotheses, a surprisingly little
investigated problem of interest on its own.

The paper is organized as follows: Section 2 is devoted to the general problem of sequential testing of
overlapping hypotheses. A generic sequential test based on generalized likelihood ratios (called the parallel
GLRT) is introduced. Section 3 details the simplest example: testing if the mean of a Gaussian distribution
is smaller than € or larger that —e, for which we propose a d-correct parallel GLRT with optimal sample
complexity. We show in Section 4 that parallel GLRTSs remain J-correct for very general active identifica-
tion problems in multi-armed bandit models. The rest of the paper investigates the sample complexity of an
important active identification problem: PAC best-arm identification. Section 5 provides our main result on
the complexity of PAC best-arm identification. In a nutshell, it appears that a complexity generalizing the
results known for §-correct procedures can be identified, but only asymptotically, under stronger hypothesis,
and using less elegant arguments: high-level information-theoretic reasoning cannot be applied here. In Sec-
tion 6 we then propose an (e, §)-PAC strategy that combines the parallel GLRT with a “tracking” sampling
rule designed for converging to an optimal allocation. This strategy is matching our lower bound for a large
family of regular bandit instances.

2. THE PARALLEL GLRT FOR TESTING OVERLAPPING HYPOTHESES

2.1. From Sequential to Active Testing

In a classical parametric hypothesis testing framework, some data D is collected whose distribution depends
on some parameter 4 € R and is denoted by PP,. Given two hypotheses

Ho:(neRp) and Hi:(ueRy),

where Rg and ‘R are two disjoint subsets of R, the goal is to build a fest ® mapping the data to a decision
in {0,1}, where ®(D) = 1 means that we reject hypothesis H, based on the observed data. Usually, the
data collected consist of a fixed number n of i.i.d. samples from some distribution depending on p, and the
two hypotheses do not play symmetric roles: the risk to reject the null hypothesis Hy when it is true, called
the type I error o := sup g, P,(®(D) = 1) , is controlled, and the decision (D) = 0 is not interpreted as



an acceptation of Hy, but as a absence of rejection. Under a controlled type I error, the procedure aims at
minimizing the type Il error 3 := sup g, P, (®(D) = 0), that is at maximizing power 1 — 3 of the test.

In some cases, however, the hypotheses do play symmetric roles and both type I and type II errors have
the same importance. When this happens, we really want to decide for Hy or H1. This distinction is of
importance in what follows, and both cases will be illustrated in our approach.

We focus in this paper on sequential testing for symmetric hypotheses. In order to emphasize that there is
no preferred (null) hypothesis, the hypotheses are denoted by H; and Hs. Given a data stream X1, Xo, ...
and two hypotheses H1 : (u € R1) and Hsy : (1 € Rao), the goal is to stop the data collection process
after some (random) number 7 of observations, and based on this observation D, = (X1,...,X;) make a
decision i, = ®(D;) € {1,2}, where i, = ¢ means that hypothesis #, is selected. The duration 7 of the test
should be minimal, but needs to be long enough so that it is actually possible to discriminate between the two
hypotheses. This area was pioneered by Wald (1945), who proposes the Sequential Probability Ratio Test
(SPRT) for two simple hypotheses, e.g. in a parametric setting H1 : (u = 1) and Ho : (i = p2). Among
the sequential tests with prescribed type I and type II errors, the SPRT is proved to have the smallest average
duration E,,,[7] for i € {1,2}. Later, particular examples of sequential test of composite hypotheses (in
which R and R4 are not reduced to a singleton) have also been studied, see e.g. (Robbins and Siegmund,
1974; Lai, 1988).

We introduce below in Section 2.2 a broader sequential testing framework, in which we allow for com-
posite hypotheses that are possibly overlapping, allowing for Rq N Ro # @. Moreover, we allow to simul-
taneously test more than two hypotheses. In this setup, the goal is to stop the data collection as quickly as
possible in order to identify one correct hypothesis. We present a generic sequential test for this problem,
which is an extension or the classical Generalized Likelihood Ratio test. Then, we illustrate its efficiency in
the context of active testing, especially for active identification problems in a multi-armed bandit model.

Active testing can be traced back to the early work of Chernoff (1959): at each round, an experiment is
selected and performed in order to gain information about which of a finite set of hypotheses is true. An
active test is thus made of a sampling rule (that indicates which experiment Ay is selected at round t) together
with the stopping rule and recommendation rules (7,%) inherent to sequential testing. In a multi-armed
bandit model, these experiments consists in sampling one of the K available arms (probability distributions)
v1,...,VKk with respective means p1,..., ur. As explained in Section 4 below, we assume here that the
arms belong to a one-parameter exponential family, and as such can be parameterized by their means.

Many works on bandit models in the past decade have focus on the reinforcement learning framework,
where the samples collected are viewed as rewards and the goal is to maximize cumulative rewards (see, e.g.
Robbins (1952); Lai and Robbins (1985); Bubeck and Cesa-Bianchi (2012)). A broader class of objectives
is to learn something about the unknown parameter g = (p1, ..., 1) and several active testing problems
have been studied, including the e-best arm identification problem (Even-Dar et al., 2006) where the goal is
to find any arm whose expectation is within € of the highest mean. We show in Section 4 that the parallel
GLRT test provides a valid stopping rule for very general tests in bandit models. We investigate in Section 6
how it can help reaching the optimal sample complexity for e-best arm identification, when coupled with a
good sampling rule.

2.2. Sequential Test of Overlapping Hypotheses

We formally define our framework in a rather general setting in which one sequentially collects sam-
ples X1, X5,... and the joint distribution of these samples depends on some parameter u € R. Let
Ri1,Ra,...,Rar be M regions that cover the parameter space (i.e. such that Uf\fl R; = R) but that do
not necessarily form a partition of R. We consider the corresponding M hypotheses

’le(ueRl) HZZ(ILLERQ) HM:(MeRM)'



We denote by (F; = 0(X71,..., X)) the filtration generated by the observations. A sequential test of the
hypotheses H1, ..., Has based on the stream of samples (X)qen is a pair (7,4, ) where 7 is a stopping rule
indicating when to stop the test (hence a is a stopping time with respect to (F;);), and i, € {1,..., M} is
a recommendation rule that proposes upon stopping a guess for a correct hypothesis based on the observed
data (hence F.-measurable).

Definition 2.1. Let 6 € (0,1) be a risk parameter. A sequential test (75,1, ) is d-correct if forall 1€ R,
]P’M(Tg < oo,,u¢7€gm) <9.

In words, the probability that the test stops and recommends a wrong hypothesis 7; (such that u ¢ R;)
should be under control. For example, in the presence of two overlapping hypotheses, the test should be such
that P, (i, = 2) <6 for all 4 € R1\R2 and P, (i, = 1) <6 for all 1 € Ro\R1; however, for all u € R n'Ro
the test may decide for either hypothesis (at any time). Among all j-correct sequential tests, the preferred
one is the one that stops after using as few samples as possible: we want 75 to be small in expectation for
every pueR.

2.3. The Parallel Generalized Likelihood Ratio Test

The likelihood of the observations collected up to round ¢ under the distribution parameter A € R is denoted
by £(X71,...,X¢; A). To decide between the M symmetric hypotheses, we run in parallel M sequential tests
of the following two non-overlapping (and asymmetric) hypotheses

Ho: (ueR\R;) against H: (ueR;),

for each ¢ € {1,...,M}. We stop when one of these tests rejects hypothesis Ho. The i-th test causing to
stop means that 1 is believed to belong to R; (this does not exclude that it may also belong to other regions),
in which case we set 2, =17 .

Our test of 7:[0 against 7—21 is a Generalized Likelihood Ratio Test (GLRT). The Generalized Likelihood
Ratio statistic based on ¢ samples is defined as

maX)\ERE(Xlw"vXt;/\) - inf E(thXta:&(t))
maX)\ER\Riﬁ(Xl,...,Xt;/\) AeR\R; E(Xl,...,Xt;)\) ’

where /i(t) is the maximum likelihood estimator (in R). Large values of this GLR statistic tend to reject
Ho. Calibrating the rejection threshold for a GLR based on a fixed sample size is often done by resorting
to asymptotic arguments (like the Wilks phenomenon (Wilks, 1938)) describing the limit distribution of
the GLR under the null hypothesis; this is however not useful for the finite-confidence bandit analysis that
follows. We propose to use a threshold function 3(¢,d) that depends on the current number of samples ¢
and on the risk parameter 6. We provide in the cases considered here a valid choice for the threshold 5(¢, )
in order to ensure d-correctness of the corresponding test.

The parallel GLRT using the threshold function 3(¢,9) is formally defined in the following way. Given
d € (0,1), the stopping rule is

T(;:inf{teN: max inf lng(Xl""vXt;#(t))

t,0 2.1
i=1,...,M AeR\R; (X1, Xo ) > B(t, )} 2.1)

and the decision rule is

ir, €argmax inf In 2.2)

i=1,., M ACR\R; U( Xy, X3 N)



(ties can be resolved arbitrarily). Note that the maximum over i € {1,..., M} in the definition of 75 and i,
can be reduced to the set of hypotheses to which ji(t) belongs.

In the remainder of the paper we propose different choices of the threshold function that guarantee J-
correctness for the corresponding parallel GLRT. We first study a simple example in Section 3: based on
ii.d. Gaussian samples, the goal is to decide whether the mean is “rather positive” or “rather negative”.
We then generalize it in Section 4 where we propose a parallel GLRT which is d-correct for any active
identification problem in a multi-armed bandit model. In Section 5 and 6, we focus on a particular active
identification problem of practical interest: e-best arm identification. In this context, we further show that a
parallel GLRT is a natural candidate to minimize the sample complexity, when coupled with an appropriate
sampling rule.

3. SEQUENTIAL TEST OF OVERLAPPING HYPOTHESES: AN ARCHETYPICAL EX-
AMPLE

We focus here in this section on a stream of independent samples X1, X5, ... of the distribution N ( L, 02),
where the variance o is known. The statistical problem is to determine whether 1 is positive or negative,
but with and indifference region of width 2¢: we consider the two hypotheses

Hi:(uw<e) and Ho: (> —¢).

The hypotheses H1 and Hs are not mutually exclusive. In this particular example, one aims at building a
stopping rule 75 and a recommendation rule i,; such that

Vu<—e Pu(iy;=2)<d and  VYp>e Pu(iy=1)<6, 3.1

but any answer i, is considered correct when ;1 € Ry N Ro = (—€,€).

Such a test can be useful when we simultaneously collect samples from two Gaussian populations with
means p1 and 9 in order to decide which of the two has the largest mean, up to an accuracy of e (that is
whether, (1 > o — € or ug > 1 — €). This corresponds to solving the e-best arm identification problem in a
two-armed Gaussian bandit model (see Section 4) based on uniformly sampling the two arms (which turns
out to be optimal in this very particular case). The reason we start with this simple example is twofolds:
it provides a first concrete example of parallel GLRT that is easy to analyse, and it permit to showcase our
tools to study the optimal sample complexity of a test.

3.1. Properties of the Parallel GLRT Test

The expression of the parallel GLRT is easy to compute in this Gaussian case. Observing that

X1, X ()t = A)?

1 _
P TUX, XN 207

where fis = 2 Y7 | X; denote the empirical mean of the observations, and that R\R1 = [¢, +00) and R\R> =
(—o0, —€], the expressions given in (2.1) and (2.2) particularize to

~ 2
inf{t eN: M > 5(t,5)} , (3.2)
20

ir, = 2 ifandonlyif (fi; >0).

)



Correctness The J-correctness of the parallel GLRT follows from a more general argument developed
in Section 4 for more general active identification problems in bandit models (see Remark 4.1 therein).
Lemma 4.1 indeed permits to propose a threshold for which the above test is d-correct:

B(t,8) = 3In(ln(t) + 1) + T (In(1/5)) (3.3)

where the function 7 is such that 7 (z) ~ x + In(z).

Sample Complexity Under the simple data collection process in this particular case, it is possible to give
an upper bound on the expected number of samples used by the parallel GLRT that employs the threshold
3.3 before stopping and making a decision.

We first give a crude, asymptotic analysis. Fix € R and let «v € [0, €).

M8

E[75] P (t(|fu] + €)* < 20°B(t,0))

~
]
—_

P (|fie = pl > @) + Y P (t(|fue| + €)* < 202 B(t,6), |y — | < )
t=1

M8

~
]
—_

P (|fie = pl > @) + P (¢(|ul - a +€)* <207 B(¢,6), |jie - pl < @) -
t=1

M8

~+
I
—_

The first term is upper bounded by a constant (independent of ¢), while the second is upper bounded by
To(8) = inf {T € N*: ¥t > T, t(|u| — o+ €)* < 20%(t,6) } .

For 3(t,9) as given in (3.3), Lemma A.1 in Appendix A shows that

202 1 1
T =——In ~olln=1] .
") = G a5t 0(“5)

Letting o go to zero, one obtains, for all p € R,

Jim sup E [7'5] < 202
6-0 In(1/6) = (lul+€)?

The following more precise, non-asymptotic statement is proved in Appendix A.

Theorem 3.1. Introducing the notation £(0) = T (In(1/4)) + %, the parallel GLRT with threshold function
B(t,0) given in (3.3) satisfies

Efrs] < 22 e(a)+§1( 20° e(a))+8\Je(5)+ ( 20 e(a))+3251/8
(lul +€)? e\ (Jul+e)? (lul +€)?

To summarize, the parallel GLRT with threshold function (3.3) is d-correct and the expected number of
samples uses satisfies £, [75] < (\u\ +6)2 ln( ) for small values of the risk parameter 9, for every u € R, even

in the indifference zone (—¢,¢). We prove in the next section that this is the smallest possible number of
samples for a d-correct test.



3.2. Asymptotic Optimality of the Parallel GLRT

In order to prove the optimality of the parallel GLRT, we need to provide a lower bound on the sample
complexity of any d-correct algorithm. Let us emphasize that we are not interested in minimax lower
bounds (see e.g. Tsybakov (2008)), but in problem-dependent lower bounds providing, for any (reasonable)
algorithm, the minimal number of samples necessary to take a decision with the right precision and risk
for each possible value of the parameters. Such a result is typically obtained by a change of distribution
argument.

A change of distribution consists in relating the probability of an event C under two different probability
distributions. It is well-known that for any event C' € Fy,

P)\(C) :E)\[]IC] :/]]-C(wla"'7wt)d]P>)\Xl7m’Xn(x17"'7xn)

dIP’Xl""’Xt(ajl, )
= [ 1e(a, ..., 2)—2 AP X ()
[ dP/i(l"“’Xt(ﬂj‘l,...,lL't) H
E(Xl,...,Xt;A) X X
=[1 . AP (gL
f oz xt)é(Xl,...,Xt;u) M (@1, 2t)

= B, [Toexp (- L V)],
where L;(u, A) denotes the log-likelihood ratio of the observations:

E(Xlw" 7Xta:u)
E(le"' 7Xt7A)

Lt(lua )‘) =1In

This elementary change of distribution has been a key ingredient for the derivation of lower bounds in the
bandit literature. The most notable example is the famous regret lower bound by Lai and Robbins in the
seminal paper (Lai and Robbins, 1985), and further examples include notably (Audibert et al., 2010).

But this “low-level” ingredient can also serve as a basis for more elaborate arguments, which lead to
more elegant and stronger results as for example illustrated in (Garivier and Kaufmann, 2016). We propose
in Lemma 3.1 below two forms of change of distribution that are useful: the low-level form (3.4), and the
high-level form (3.5). The high-level form, of information-theoretic flavor, involves the Kullback-Leibler
divergence KL(-,-) from one distribution to another. For any random variable Z defined on a probabilistic
space (Q2, F,P), we denote by PZ the law of Z.

Lemma 3.1. Let yv and X be two parameters.
1. High-level form: for any stopping time T and any event C € F,
E,[Lr(1,A)] = KL (]P’fl""’XT,Pfl""’XT) > KI(P,(C),PA(C)) , (3.4)
where kKl(z,y) = zln(z/y) + (1 —2)In((1 - z)/(1 - y)) is the binary relative entropy.
2. Low-level form: for all x € R, n € N*, for all event C' € F,,

PA(C) 2 e [Pu(C) =Py (Ly(p,A) 2 2) | . (3.5)

Proof. The data-processing inequality states that, if P and () are some probability distributions on the same
measurable space X and if f : X — ) is a measurable function, then KL(P, Q) > KL(P7/,Q/), where P/
(resp QF) denotes the push-forward measure of P (resp. Q) by f. It is a simple consequence of Jensen’s



inequality applied to the function x — zlog(x). The high-level form is a consequence of the data-processing
inequality:

E,[L, (1, \)] = KL (IP’fl""’XT,Pfl""’XT) > KL (PL,Pi¢) = KI(P,(C),PA(C))

see (Garivier et al., 2019) for details. The low-level form is even more elementary:

Py(C) = EH[]IC exp (- Li(p, )\))] > Eu[ILC]l(Lt(%)\)@) exp (- Li(p, /\))]
> e*wPu(Cm(Lt(u,A)m))
> " [IP’“(C’) —Pu(Ln(p, A) > 3:)] .

|

The sample complexity lower bounds provided below illustrate the strengths and weaknesses of each
form, that lead to the two statements in Theorem 3.2 below. This result permits to identify the sample
complexity of the testing problem with overlapping hypotheses studied in this section. Indeed, Theorem 3.2
shows that any d-correct sequential procedure satisfies E,,[75] > ﬁ In (%) for every p, in a regime of
small values of §. In Section 3.1 we exhibited a d-correct parallel GLRT that uses not more than this number
of samples for small values of §. This proves that the sample complexity of the testing problem, that is the
minimal number of samples needed by a §-correct test, is close to ﬁ In (%) for small values of the risk
d, and justifies that the parallel GLRT, which attains this sample complexity, is asymptotically optimal.

It is notable that the lower bound of Theorem 3.2 is non-asymptotic for all x that belong to a single
hypothesis, which is obtained using the high-level form in Lemma 3.1, but only asymptotic when  is in the
intersection (—¢, €), which requires the low-level form, as can be seen in the proof.

Theorem 3.2. Any §-correct sequential test satisfies

20
oVug(-ce), Eulr] >—7Kkl(5,1-0),
|l + €

E 2
e VueR, liminf el 207
5-0 1In(1/9) (1] + )

Proof. We first treat the case u ¢ (—¢,¢). In the particular case considered in this section the samples
Xi,..., Xy are i.i.d. from a Gaussian distribution. Assuming that E,[7] < co and using Wald’s lemma, the
expected log-likelihood ratio takes the simple form

_ 2
B L (1 0)] = B IKL(N (1,0%), N3, 0%) = B, (120

Hence, the high-level change of measure inequality (3.4) translates into the following inequality, which
obviously also holds when E,,[7] = oo:

—)?
EM[T]% > KI(P,(C) ,PA(C)) . (3.6)
For p < —¢, choosing A = e and C' = (i, = 2), which is such that P,,(C) < § and P»(C) > 1 -6, directly
yields
2
(lul +€)
EM[T]T‘Q > kl(é, 1- 5) .



Similarly, for i > ¢, weuse A = —e and C' = (iT(s = 1) so as to obtain the same inequality.
We now turn our attention to the (more interesting) case y € (—¢,€). For every 3 > 0, we prove that

2
lim P, (75 < 25 Tl )52)1 (1/5)) 3.7)
which entails that )
lim inf E [75] 20°(1-5)

30 n(1/8) © (ul+0)?
Letting (3 tend to zero gives the second statement of Theorem 3.2 for 11 € (—¢, €). Note that this statement is
also true for ;1 ¢ (—€,¢€), as a consequence of the non-asymptotic lower bound obtained above and the fact
that k1(6,1 - 0) ~ In(1/0) when ¢ goes to zero.
We now prove (3.7) for a fixed 8 > 0. Introducing

20%(1 -
20, 1
(Jul +€)’

and the event Cj = (75 < ng), we need to prove that P, (C5) — 0 when 6 — 0. To do so, we write

]P)H (05) = ]P)M (05757'5 = 1) +]P)M (057’27'5 = 2) 5

and prove that the two terms in the RHS tend to zero when § goes to zero, using the low-level form of
Lemma 3.1 with two different changes of distribution.

9

lims_o P, (Cs,2rs =1) =0 Choosing \ = e yields that Py (Cs,i-, = 1) <P)\(ir; =1) <. Since 75is a
stopping time, the event Cs n (2., = 1) belongs to F,,,. Hence, by Inequality (3.5), for all z € R,
d2e " [P, (Cs,ir, =1) =Py (Lpy (1 €) 2 )] ,
which can be rewritten as
P, (Cs,irs = 1) <0e” + Py, (Lpy (pt,€) > ) .
The choice = = (1 - 3/2)In(1/9) yields
A 8 Lys(py€) _ 1=B/2 (|ul +€)*
P,(Cs,ir, =1) <62 +P 8 > . 3.8
M( 527'5 ) l/«( n6 1_5 20_2 ( )
By the law of large numbers and the fact that ns; - +oco when § — 0,
2
L > 0(Xq; —e)? 1-p/2(lul+e
ns() 0 [ O] ey s iy (0 1-8j2 (kv
ns 0(Xq;€) 202 1-8 202
and the RHS of Equation (3.8) goes to zero.

limso P, (Cs,2., =2) = 0 Using the exact same reasoning as above, this time with A = —e which is
such that P\ (Cs, i, = 2) <6, yields

A 8 Lns (11,=€) _ 1= B/2 (Ju| + €)°
P, (Cs,ir, =2) <62 +Pu( s > -5 52 ) (3.9)

Writing, thanks to the law of large numbers,
Lns (p1:=€) 529 (u+€)* 1= /2 (jul+)*
ng 202 1-8 202
proves that the RHS in (3.9) goes to zero.

)



4. A -CORRECT PARALLEL GLRT IN A BANDIT MODEL

In this section we formally introduce the multi-armed bandit model, under which we can study a broad
family of active tests of possibly overlapping hypotheses.
In this work, we consider bandit models where all arms belong to a canonical one-parameter exponential
family
F = {V@ of density fo(z) = exp(6x —b(0)) wrt. &; O € @} ,

where ¢ is some reference measure, © € R is an interval of natural parameters and b : © — R is convex and
twice differentiable. For appropriate choices of b and &, the class F can be the set of Bernoulli distributions,
Gaussian distribution with a known variance, Poisson, Exponential distributions, etc. We refer the reader
to (Cappé et al., 2013) for more details about the use of these exponential families for bandit problems.
We just recall that distributions in a one-parameter exponential family can be alternatively parameterized
by their means pu = b(H) Hence, if 7 = b(@) an exponential bandit model can be parameterized by
= (p1,...,pmx) € I, Letting v* be the unique distribution that has mean y € Z, the Kullback-Leibler
divergence between the distribution of mean g and than of mean p' is

(') = KL (07 ) = (57 () = 07 () = b (671 () + b (57 (1)) -

Remarkable special cases are the family of Gaussian distributions with variance o2, with d(u, p') = (p -
1')?/(20?), and the family of Bernoulli distributions associated to the binary relative entropy d(u, p') =
ulnﬁ +(1-p)ln 11:5, )

The accumulation of observations in a bandit model is governed by a sampling rule which specifies,
at each round ¢, the arm A; that is selected; a sample X; from the distribution #4: is subsequently col-
lected. The sampling rule is sequential in that A; is only allowed to depend on the past observations

Ay, X1,..., A1, X471 and possibly on some exogenous (independent) source of randomness.

Fixed sampling rule: A sequential testing problem We consider M regions R1,. .., R covering Z:
R = Uf\fl R; = I (but that do not necessarily form a partition). For any given sampling rule, we are
interested in building a sequential test (75,2, ) that é-correctly tests the M possibly overlapping hypotheses

Hi:(neRy) Ho:(peRa) ... Hu:(meRy) (4.1)

based on the stream of observations Aj, X1, Ag, Xo,.... We denote by N,(t) = 22:1 La,-a) the number
of selections of arm a up to round ¢ and use the notation fi,(t) = ﬁ(t) Yo X1 (As=a) for the empirical
mean of those observations.

Letting f1(t) = (f1(t),...,x(t)) be the vector of empirical means of the arms, for every A =
(A1,...,AK) € R the log-likelihood ratio can be expressed in the following way:

0 K ) . ' '
E(ffjﬁXX“ f))) = 2 Na(®)[ta () (07 (0 (1) =57 (Aa)) = b (07 (a (1)) + 0 (67 (Aa)) |

a=1

In

K
= ;Na(t)d(laa(t)a)‘a) : 4.2)

Hence, the parallel GLRT for testing (4.1) is defined by

K
s = inf{teN :azq}éfmegg\f&j;Nj(t)d(ﬂj(t),Aj)>6(t,5)}, (4.3)

K
argmax  inf N;i(75)d (ui(75), \;) -
a=1,...,M ,\ER\RQJ; 3 (75)d (f15(75), A;)

irs
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In Lemma 4.1 below, we provide a choice of the threshold function §(t,d) for which the parallel GLRT is
d-correct, whatever the sampling rule. The definition of 3 requires to introduce the function

T() = 2 (h‘l(l +x)+ ln(2C(2)))

5 (4.4)

where, for u > 1, h(u) = u — Inw and for any = > 0

e @ () if 2 > h™'(1/1n(3/2)),
(z) = (3/2)(x —Inln(3/2)) otherwise.

The function 7 is easy to compute numerically. Its use for the construction of anytime, self-normalized
confidence intervals is detailed in (Kaufmann and Koolen, 2018), where the following approximations are
derived: 7(z) ~ z +4In(1+z ++/2z) for z > 5 and T () ~ = when z is large. It can be noted that
in the particular case of Gaussian bandits Lemma 4.1 holds for a slightly smaller function 7 that satisfies

T(z) ~x+1n(x).
Lemma 4.1. For any sampling rule, the parallel GLRT test (75, i, ) using the threshold function

B(t,5) = 3K In(1 +Int) + KT(_IH(;{/&))

is 0-correct: forall peR, P, (7'5 <oo, ¢ R ) <é.

irg

Proof. Let p € R. The probability of error P, (7‘5 < oo, ¢ R%) can be upper-bounded by

. ) 0( Xy, X p(t))
P,(3t.3i: p¢ R, inf 1
“( A R e T T XA

> ﬁ(t,é))

0(Xy, .., X (1))

<P, (Elt,EIi tpeR\R;, In >ﬁ(t,5))

K(Xlr"aXt;l'l’)
g()(17"'7ixk;ll(t))
<P,|3t1 t,0)]| .
ook ( " E()(lv"'rXQ;IL) g B( ’ )

Hence, to prove the §-correctness of the parallel GLRT, it is sufficient to control the deviations of the quantity
In W uniformly over time. For this purpose, in the case of an exponential family bandit model,
one can use the deviations bounds recently obtained by Kaufmann and Koolen (2018). More precisely,

thanks to Equation (4.2),
K
Pu (7'6 < oo, ¢ Ri-r(s) < Pu (Elt eN: Z Na(t)d(,&a(t)aﬂa) > 5(t,5))
a=1
K K
<P (Elt eN: ZNa(t)d(,&a(t),,ua)> 32111(1 +In N, (¢)) + KT(%)) ,
a=1 a=1

which is upper bounded by § according to Theorem 14 in (Kaufmann and Koolen, 2018). In the Gaussian
case, Corollary 10 in the same paper justifies the use of a slightly smaller function 7.

|

Remark 4.1. The sequential testing problem studied in Section 3 can be viewed as a one-armed bandit
problem with a Gaussian arm, for which d(z,y) = (z —y)?/(20%). It is easy to check that the expression
in (4.3) coincides with that in (3.2) for the test studied in Section 3. Therefore, Lemma 4.1 can be applied
with K =1 to justify the chosen threshold.

11



Active testing: Optimizing the test duration Lemma 4.1 provides a universal choice of threshold for
which the parallel GLRT is §-correct, whatever the sampling rule. Obviously, however, in order to minimize
the number of samples 75 needed before stopping the test, the sampling rule also plays a crucial role. For
example, if for K = 3 the question is whether po > ug, there is no point in sampling from v.

In an active identification problem, the goal is precisely to optimize the stopping rule and the sam-
pling rule in order to reach the minimal number of samples, while preserving the J-correctness of the de-
cision. The sample complexity of some active identification problems has been exhibited when the differ-
ent regions form a partition (Garivier and Kaufmann, 2016; Kaufmann et al., 2018; Kaufmann and Koolen,
2018; Juneja and Krishnasamy, 2019) but the case of overlapping hypotheses is known to be more complex
(Degenne and Koolen, 2019).

In the rest of the paper, we focus on a particular example of active identification: e-Best Arm Identifica-
tion for which we investigate the optimal sample complexity. As we show below, a lower-bound analysis of
the sample complexity indirectly leads to an efficient sampling rule.

5. SAMPLE COMPLEXITY LOWER BOUNDS FOR ACTIVE TESTING: «-BEST ARM
IDENTIFICATION

e-Best-Arm Identification (BAI) was first introduced by Mannor and Tsitsiklis (2004); Even-Dar et al. (2006)
in the bandit literature. Given a risk parameter § € (0, 1] and an accuracy parameter € > 0, the goal is to find
as quickly as possible an element of the set A.(p) := {a : g > max; p; — €} of e-optimal arms, with prob-
ability at least 1 — ¢, by adaptively sampling the arms. A slightly different formulation with an indifference
zone has been studied in the ranking and selection community (see, e.g., Kim and Nelson (2001)) in which
correctness guarantees are provided only when there is a unique e-best arm (i.e. for g such that | A (p)| = 1).
In contrast, we highlight that in e-BAI, in the presence of multiple e-best arms (i.e., overlapping hypotheses),
our goal is to identify one of those.

A possible motivation to study e-best arm identification stems from its application to A/B/C Testing:
In this context, each arm models some version of a company’s website. For each visitor, the company
adaptively selects one of the versions and checks whether a conversion occurs. The goal is to identify one
version with the highest probability of conversion. In the presence of many near optimal versions, it makes
sense to relax the problem of finding a near-optimal version, as it leads to shorter tests.

e-best arm identification can be regarded as a particular example of active testing of the hypotheses

Hi = (,u1 >max,ui—e) 'HK=(,uK>maX,ui—e)
(3 (3

based on adaptively sampling the marginals of f,, = f,,, ® --- ® f,,,.. A strategy for e-BAI not only consists
in a sequential test for those hypotheses, that is a pair (7,%) of stopping and recommendation rule, but also
on a sampling rule (A;); indicating which arm is selected at round ¢. As explained in Section 4, we consider
the case where the arms belongs to a one-dimension canonical exponential family and their distribution is
therefore parameterized by their means that belong to some interval Z = (u~, ™).

Definition 5.1. A (e, §)-PAC strategy for e-best arm identification is a triple (A, 75,7, ), where A2 is Fy_-
measurable for each ¢ > 1, 7 is a stopping time relative to the filtration ()¢, and i, is a F,-measurable

random variable, such that
Ve IK, ]P)“(Tg < 00, s, ¢AE(M)) <4.

An ¢-PAC strategy is a family of strategies 75 = (A¢, 75, ., ) such that, for all §, 75 is (¢, 5)-PAC.

The goal in e-BAI is to build an (¢, 0)-PAC strategy such that on every bandit instance u, the expected
number of samples needed before stopping IE,,[75], is as close as possible to the sample complexity, which
is the minimal number of samples needed by any (¢, §)-PAC algorithm before stopping. In this section, we
provide lower bounds on the sample complexity of e-Best Arm Identification.

12



5.1. The Characteristic Time of e-Best Arm Identification
All the lower bounds that we propose feature a quantity 7. (p) which we term the characteristic time of .

Definition 5.2. The characteristic time 7. () is defined by:

T ()t = f d(pa, A d( ey, A
c () ;éiaﬁ?&)rgg(kmbl)ria% E[wa (ttas Aa) + wd (i, b)],

where g = {w € [0,1]% : ¥, w; = 1} is the set of probability vectors.

It can be observed that the quantity 7}y (p) coincides with the quantity 7" () introduced by Garivier and Kaufmann
(2016) as the characteristic time for the best arm identification problem.

In order to illustrate the dependency of 7. () on the means u, we first consider the Gaussian case.
Introducing the notation p® for the bandit instance such that z5"° = p; for all ¢ # a and 110 = pq + €, it can
be shown (see Appendix B.1) that

() = min To(u™) = Ty (u), 5.1)

where a* € argmax,u, is an optimal arm. Hence it is sufficient to be able to compute the character-
istic time for € = 0, for which Garivier and Kaufmann (2016) provide an efficient algorithm. Besides,
Garivier and Kaufmann (2016) propose an approximation for 7i; (1) from which it directly follows that

K 2 K 2
20 20
— — <T'(p)<2x _— .
a:%:* (:ua* +e- Na)z ‘ a#qu* (:ua* +e— Ma)z
Finally, there is a simple expression in the two armed-case: 7, () = m. Explicit expressions for

general (non-Gaussian) two-armed bandits can be found in Section 5.4. However, beyond 2 arms there is no
closed-form expression for the characteristic time 7, () and we refer to Section 6 for a discussion on its
efficient computation.

5.2. A First Non-Asymptotic Lower Bound

To illustrate the difficulty of extending the lower bound technique of Garivier and Kaufmann (2016) to e-
BALI we begin with a sub-optimal but simple sample complexity lower bound, obtained using the high-level
change of distribution argument presented in Lemma 3.1.

Theorem 5.1. For any (¢,0)-PAC strategy, one has

Bulrs) 2 720 | oy (5) -2

Proof. Using the §-PAC property and the pigeonhole principle, there exists a € A¢(p) such that

1-46
P, =a)> .
ulins =) 2 )

By definition of 7* (u), for the above choice of a € A (), there exists b # a and X such that A, < A, — €

E,.[Na(75)] Epu[Np(7s)]

d(p, Np) - 5.2
Bl ] Eol7s] (15, Ab) (5.2)

T:(H)il 2 d(/‘a,xa) +

13



Indeed, fixing W, := E,[N,(75)]/E.[7s] and defining

Fa(wyU) =min inf [wad(:uaa /\a) + wbd(:uba /\b)] )
bta Ag<Ap—€

observe that
sup Fy(w, p) > Fo(w,p) .

weZK

Letting b, Ao, A, be the minimizer in the definition of F,, (W, p) yields

max sup Fa(“’,u) 2 wad(/‘ayxa) + wbd(ﬂbaxb) )

aE'Aé weZK

and the left hand side of this inequality is 7. (p).

We now assume E[75] < oo (otherwise any lower bound on the number of samples of that algorithm
obviously holds). Using Wald’s Lemma, the expression of the expected log-likelihood ratio between g and
X is

Eu [LT(;(IJJ,X)] = Eu[Na(Té)]d(Naaxa) + Eu [Nb(T(;)]d(MbaXb) .

Therefore, one can use Inequality (5.2) and the high-level form of Lemma 3.1 to write

T2 B L (1. )] 2 KB (i, = ). Pl = )

1-4 1-4 1

where the last inequality follows from the inequality kl(z,y) > 2 In(1/y) — In(2).

5.3. A Tighter Lower Bound for Converging Strategies

The lower bound obtained in Theorem 5.1 could incorrectly suggest that the sample complexity would be of
order &EEZ g‘ In (%) As we will see, the factor | A.(p)| in the denominator is not correct: this bound is tight
only for values of p with a unique e-best arm. We now provide a tighter lower bound, which comes with two
shortcomings. First, it is asymptotic: it relies on the low-level form of change of distribution presented in

Lemma 3.1. Second, it requires an additional assumption on the sampling rule, that needs to be converging.

Definition 5.3. A sampling rule A9 is said to be converging if it does not depend on § (that is, A} = A;) and
for every p, there exists w(p) € Xk such that, P,,- almost surely,

Na
Va=1,...,K, # — We(p) .

t—o00

Theorem 5.2. For any e-PAC family of converging strategies, one has

hlgllélf In(1/0) >T () .

Proof. To prove Theorem 5.2, it is sufficient to prove that for every 3 > 0,

%P(Té < (1—5)T*(u)ln(§)) - 0. (5.3)

14



Indeed, the conclusion follows by Markov inequality and letting 3 go to zero. We now fix 8 > 0 and
introduce

nsi=| (-1 (5|

Defining C5 = (75 < ng), we establish that lim;_,o P,,(Cs) = 0.
First, using that the strategy is §-correct, one can write

PM(CJ)

Pu (Cs,iny € Ac(p)) + P (Cs,ir; € Ac(p2))

Z ]P’“(Cg,im = a) +9.
acAc(p)

IN

To conclude, it is sufficient to prove that Va € Ac(p), lims_.o P (Cs,ir = a) = 0.

Fix a € A.(p). Just like in the proof of Theorem 5.1, we use that by definition of 7. (), there exists
b # a and an alternative model A in which only arm @ and b are changed and such that A\, < A, — € that
satisfies

T} ()™ 2 Wa(R)d (ptas Aa) + (1) (j1as M) (5:4)
where we recall that the weights vector w () contains the limit fraction of samples allocated to each arm
by the converging sampling rule (A;): for all 4, it holds that P, (limy_. NN;(t)/t = w;(p)) = 1.

As arm a is not e-optimal in the bandit instance A, one has Py (Cs, 1., = a) < P)(ir, = a) < 6. Moreover,
the event C5 n (i, = a) belongs to F,,. Hence, using the low-level Inequality (3.5) in Lemma 3.1, for all
reR,

62 e [Py (Cs,ing =a) = Pp (Lns (11, A) 2 )]

which can be rewritten as
Pu (Cs,irg = a) <0e” + Py (Lns(p, X) > ) .

The choice z = (1 - 3/2)In(1/9) yields

s (s A
P, (Cs,ir, = a) < 63 +pu( S ) | 1- 5/2
n

T () ) 55

Because of the converging assumption, it holds IP;,-a.s. (independently of ¢) that

1-p5/2

Ly, A _ — w7 y—1 |
FURe) s ) G ) + T e) < T2 )™ < 2T )
where the first inequality holds by definition of A, which satisfies (5.4). As ns - oo when & — 0, it follows
that
L A 1 2
60 ng

and lims_.o P, (Cs, i, = a) = 0, which concludes the proof.
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5.4. An improved lower bound for two arms

e-best arm identification in a two-armed bandit model g = (141, j12) coincides with an active testing proce-
dure to select one of the hypotheses

’Hl:(,ul>,u2—e) or 7‘[21(#2>/L1—6)

and an (¢, d)-PAC strategy should satisfy P (¢, = 2) < ¢ for all p such that f1q > i + e and P (i, =1) <9
for all g such that o > py + €. In that case, a first observation is that the complexity term 7. (p¢) can be
made slightly more explicit. The proof of Lemma 5.1 can be found in Appendix B.2.

Lemma 5.1. If 11, > pp — €, define pu” (piq, i) as the unique solution in A € (u=, u* — €) to

d(pta, ) = d(pp, A +€) -

Then
d(ps pg (pns p2)) if 1> pe+e,
Ty (p) " = max[d(pn, p (1, p2)), d(pa, gl (p2, p1))] if 1 — p2 € (—€€)
d(paz, p (2, 1)) if po>py+e.

Note that the quantity p (pta, itp) defined in Lemma 5.1 is indeed well-defined when 1 > pp — €, as
the the mapping g : u — d(uq, 1) — d(up, 1 + €) is decreasing on [up — €, pq ] and satisfies g(up — €) =
d(pia, pp —€) >0and g(pg) = —d(pp, pa + €) < 0.

For two armed bandits, we provide below an asymptotic sample complexity lower bound that relax the
converging assumption required for Theorem 5.2. Theorem 5.3 given below still requires the sampling rule
A? to be independent from  (we write A; instead of A?), but doesn’t need the fraction of selection of each
arm to converge to a certain proportion under that sampling rule. Its proof is given in Appendix C.

Theorem 5.3. Every e-PAC family of anytime strategies (i.e., for which the sampling rule (A) is indepen-
dent from ) satisfies, for all u,

6. AYMPTOTICALLY OPTIMAL STRATEGIES FOR ¢-BEST ARM IDENTIFICATION

The strategy described in this section hinges on the same ideas than the Track-and-Stop strategy proposed
by Garivier and Kaufmann (2016) for the case € = 0. The sampling rule builds on the knowledge of “optimal
weights” under which the arms should be sampled, whereas the stopping is a parallel GLRT test with an ap-
propriate choice of threshold. We prove that the resulting strategy, called e-Track-and-Stop is asymptotically
optimal for some instances of e-best arm identification.

6.1. Optimal Weights and their Computation

From the proof of our lower bounds, it appears that a converging strategy matching the lower bound should
have its empirical proportions of draws converge to a vector that belongs to the set

W* = i inf d(pa, Aa) +wpd(py, Ap)] -
e (1) arferrzlix fﬁifrﬁlf(xa,xbﬁgb-s[w“ (Hay Aa) + wpd(pn, Ap)]

To ease the notation, we assume that 4 is an optimal arm, i.e. g > pp forall b e {1,..., K'}. We define

T (p) ' = i inf d(fta, A A, M)] -
¢ (n) f&irﬁf(xa,xﬁagb-s[wa (Has Aa) + wed(pp, M) ]
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Observe that for a such that there exists b # a with p, = pp — €, then T,“(p) = +o0o. For a such that
e > pp — € for all b # a, we argue below that the argmax in w is unique and define

S04 1= i inf ad(ftas Aa A, M)] - 6.1
w (p) argmax Ilggg(kml)ga%_e[w (Ha, Aa) + wed(pp, Av)] (6.1)

With this notation, for € > 0, one has
Wi (p) = {w:’“(u) for a € argmin T:’i(u)} . (6.2)
€A (p0):pi>max. prj—€

For € > 0, this set if always non-empty as arm 1 satisfy pq > minj.; p; — €. For € = 0, in the presence of a

unique optimal arm, We(p) = {w; 1 w)}, but in the presence of multiple arms with mean p4, the optimal
weights are not well defined. In this degenerate case, we define We(pe) = {| Ao (10)] ™ 1 g () }-

We now fix a € A.(p) such that pi, > maxp., pp — € and explain why w; () is well-defined and how
to compute this probability vector. Introducing the interval

;,,b = [M_ N (,LLb - e)nua A (M+ - 6)] )
it follows from Lemma B.1 stated in Appendix B that

w*(p) = argmax min 125 [Wad(pra, A) + wpd(pup, A + €) ]

wel b*a ab

. Wh
= argmax minwg,gy | —
weX g b+a Wq

where for b # a the application g, (also depending on a, @ and ¢) is defined by

gb(ﬂj) = Al%g [d(lu’[l7 )‘) + :Ed(ﬂbv A+ E)] : (6.3)

In the particular case in which jiq > u*" —€and p, = 1, the interval Z; , is reduced to the point ;" — € and the
mapping g,(x) = d(pa, u* — €) is constant. Besides this degenerate éase, Z; , is a non-degenerate compact
interval, and one can leverage this property to show that the mapping x — gb’(w) is increasing. Moreover, it
satisfies g5(0) = d(ftq, 1o A (0 —€)) and limy 0o gy () = d(pta, (s — €) v ™). Therefore, one can define
the inverse mapping

2p(y) = g5 () for y e [d(pa, pa n (1 =€), d(pta, (o — €) v 117)).

We furthermore define the constant mapping x,(y) = 1 for all y € [d(,ua, ta A (=€), d(pa, (Mmaxpeq pp—
e)vu)).

To state Theorem 6.1 below, which provides a more explicit expression of the weights w; (), we also
introduce the notation \,(z) for the minimizer in (6.3):

96(x) = d(pa, Mo () + zd(pp, Ao () +€)

The proof of Theorem 6.1, given in Appendix D, hinges on the fact that at the optimum all the values of
gy (wp/w,) are identical, which allows to re-parameterize the optimization problem by their common value.

Theorem 6.1. Fix a bandit instance p and a € A.(p) and let
T = [0 10 (1" =€), d(pa, (max = €)) v 7).
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1. For degenerate instances (p,€) such that p, > 1" — € and there exists b # a such that pp = p*,
(W (1))p = L(p=g) -

2. For other instances (., €), let y* be the unique solution on Z, to the equation

d(pa, Mo (26 (y)))  _
ime A, Ap(Tp(y)) +€)

Then the argmax in (6.1) is unique and is defined by

6.4)

. z(y*)
(W )y = G~
‘ Sho1 w(y)

In practice, the optimal weights can be computed by solving (6.4) using binary search. Each compu-
tation of the left-hand side requires to compute \,(x,(y)). For each z, \y() is the minimizer of a twice
differentiable convex function and can be approximated numerically using for example Newton’s method.
In the Gaussian case, we may also use the closed form \(z) = 1a*2Uh=6) " Then the value of the inverse

1+
function x(y) can be obtained by solving g,(z) = y using binary search.

6.2. The e-Tracking rule

The Tracking sampling rule was originally proposed by Garivier and Kaufmann (2016) for best arm identi-
fication (e = 0), for which the set of optimal weights Wy (u) is reduced to a single vector, w* (). Building
on our ability to compute those optimal weights, the Tracking rule is a mechanism that forces the empirical
proportions of arm selections to converge to this oracle allocation, by relying on plug-in estimates w* (fu())
and ensuring enough exploration.

We present below an extension of this rule, called e-Tracking, that can be used in any e-best arm iden-
tification problem. The difference with Tracking is that ties need to be broken when W, (fi(t)) contains
multiple vectors. We do by relying on a fixed ordering of the arms, introducing the notation

w(p) =w"® (@) where a* = min {a e{l,....K}:w(p) € We(u)}.

Atround t + 1, e-Tracking first computes the set U; = {a : N,(t) < \/t — K/2} of arms that are currently
under-sampled. Then it selects

argmin N, (t) ifU; + @ (forced exploration), or otherwise
A aeUy
el € argmax[t x (wh)a(fu(t)) - Na(t)] (tracking the plug-in estimate).
1<a<K

Observe that this sampling rule does not depend on d. Other Tracking rules exist, for example tracking the
cumulative proportions (C-Tracking), which forces N, () to be close to ¥'_; w} (fu4(t)). Their relative
merits is discussed in (Degenne and Koolen, 2019).

Definition 6.1. An instance (p,€) is regular if the set W) () is of cardinality one. For a regular instance,
We () = {we ()}
Using the same arguments as those used by Garivier and Kaufmann (2016) for the Tracking rule, one

can show that for regular instances e-Tracking is a converging strategy (in the sense of Definition 5.3), which
converges to the optimal proportions.

Lemma 6.1. Let (p,€) be a regular instance of almost optimal best arm identification. Then, under the
e-Tracking sampling rule,

P, (Vazl,...,K, tlim NQT(t) = (w:(u))a) =1.
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6.3. The Parallel GLRT Stopping Rule for c-Best Arm Identification

Introducing for all a, b the statistic

Zap(®) = i [Na()d(iia(t), Aa) + No(t)d(jin (), M)

<Ap—€

and A (t) = {a: i (t) > max; [1;(t) — €}, the parallel GLRT stopping rule can be written

T§ = inf{t eN: max minZ¢,(t) > 5(t,5)} (6.5)
agAE(t) b+a ’
and the associated recommendation rule is
ir, € argmax min Z;b(ﬂ;). (6.6)
aEAE(Tg)

In the Gaussian case, a more explicit expression of Z; »(t) can be given for a and b such that /i, (t) >
fin(t) — € (which holds when a € A.(t)):
1 N.ONy(t) . . >
PR (e (t) = ()] +

Beyond the Gaussian case, when i, (%) > fi;(t) — € one can write

Zep(®) = inf  [Na(8)d(fia(t), A) + No(£)d(fn (1), A +€)]
Ae]p~,ut e[
and the solution of this minimization problem has to be numerically approximated.
Lemma 4.1 ensures that the parallel GLRT stopping rule defined in (6.5) based on the threshold

Zz,b(t) =

B(t,8) = 3K In(1 +Int) +KT(%)

yields an (e,0)-PAC strategy when combined with any sampling rule. Using a more refined analysis tai-
lored to particular structure of the parallel GLRT test for e-best arm identification permit to guarantee the
(€,6)-PAC property for a smaller threshold. Note that the threshold 5(t,d) = log (@) proposed by
Garivier and Kaufmann (2016) for ¢ = 0 (and that rely on different deviation inequalities) can also be used
here, but the one given in Lemma 6.2 can be smaller for large values of ¢.

Lemma 6.2. For any sampling rule, the parallel GLRT stopping rule with threshold

5(t,5)=61n(1+lnt)+27'(w) (6.7)
satisfies P (75 < 00,0, ¢ Ae) < 0.
Proof.
Py (pa, <pr—€) < Y, Pu(ar =b,7 < o0)
b¢Ac
<> Py (3t eN: y igf [N (£)d(faa (2), ) + No(£)d(fin (t), )] > ﬁ(tﬁ))
beAc b H1ST
< Y Pu (3t eN: Ny(t)d(jn (1), pa) + No(t)d(jun(t), ) > B(t,6))
b¢Ae
<y s,
ped. -1

where the last inequality relies on Theorem 14 in (Kaufmann and Koolen, 2018).
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6.4. The ec-Track-and-Stop Strategy

We define the e-Track-and-Stop strategy with parameter ¢§ as the following strategy for e-Best Arm Identifi-
cation:

* its sampling rule is the e-Tracking rule

* its stopping rule is the parallel GLRT with threshold 5(¢,d) given in (6.7)

* its recommendation rule is the one associated to the parallel GLRT, that is i,; defined in (6.6).
This strategy, that we denote by e-TaS(d) has the following properties.

Theorem 6.2. Fix § € (0,1]. Then e-TaS() is (€,6)-PAC. Moreover, for every regular instance (p,€), if 75
denotes the stopping rule of e-TaS(J),

. Eu[Té] *

limsup 3 7g) < Te (#)-

This result shows that the family of e-TaS(0) strategies for ¢ in (0, 1), which is a family of converging
strategies by Lemma 6.1, is e-PAC and is matching the lower bound given in Theorem 5.2, for regular
instances.

Beyond regular instances, the picture is intriguingly more complex, and was recently studied in details by
Degenne and Koolen (2019), who consider a general active testing framework with overlapping hypotheses.
They show that e-Tracking can fail to converge to an element in W) (u) and propose a “sticky” variant
fixing this problem. This alternative sampling rule turns out not to be a converging strategy anymore, as
under two different runs it may converge to a different element in YW (). However, the authors manage to
extend the lower bound of Theorem 5.2 to any strategy (using a nice game-theoretic argument). Hence the
quantity 7.* () is indeed the right characteristic number of samples for e-best arm identification.

Sketch of proof To understand why the parallel GLRT attains the lower bound of Theorem 5.2 if coupled
with a good sampling rule, we first rewrite its stopping rule

75 =inf {t e N*: Z(t) > B(t,6)} ,
where we introduce
Z(t) = max min  inf  [Ny(t)d(fia(t),\) + Np(t)d(jip(t), A+ €)]
ac A (t) b*a Ae(p™,pt—e)
Ny(t)

=1 x ( max min  inf NGT(t)d(ﬂa(t),)\) e

acA(t) bra e(u™,p*—e)

d(:&b(t)a A+ 6):|) :

By Lemma 6.1, under a regular instance for which W) () = {w; () } the e-Tracking sampling rule satisfies
that, for every arm a, [i,(t) converges almost surely to y, and the sampling proportion N, (t)/t converges
almost surely to the target (w; (p)),. Using the fact that g — w] () is continuous in any regular instance
u, for large values of ¢ it holds that

Z(t)=tx (Iggé min (ui—r,fhe) [(we (1)) ad(pas A) + (we (1) )pd(pps A+ e)])

=X (T: (/J/))_l .
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Therefore one obtains
Ty inf{t e N*: ¢t >T ()B(t,0)} . (6.8)

If the threshold function were chosen to be 5(¢,0) = In(1/d) one would immediately get the upper bound
T>(p)In(1/9). However, a slightly larger threshold is needed to ensure the (€, §)-PAC property of e-TaS(9).
Still, the threshold defined in (6.7) satisfies 5(¢,d) < 1In(1/§) +In(¢) for large values of ¢ hence Lemma A. 1
can be applied to show that the right hand side of (6.8) can be upper bounded by

T (p)In (%) +2T7(p) In (T:(u)ln (%)) .

This argument can be made rigorous to prove that on every regular instance g,

. 75 *
P, |lim ——<T, =1,
2 (513% n(1/0) = ¢ (“))
in the spirit of the proof of Proposition 13 in (Garivier and Kaufmann, 2016). The proof of Theorem 6.2 is

a bit more complex as it requires to control the expectation E[7s]. It can be obtained by following similar
arguments as the proof of Theorem 14 in (Garivier and Kaufmann, 2016).

7. NUMERICAL EXPERIMENTS

We report results of some experiments comparing e-Track-and-Stop (TaS) to some state-of-the-art algo-

rithms for e-best arm identification for Bernoulli distributed arms. These competitors are KL-LUCB, KL-

Racing (Kaufmann and Kalyanakrishnan, 2013) and UGapE (Gabillon et al., 2012), briefly described below.

For instances having a unique optimal arm, we also include 0-TaS in our study (designed for finding the

unique best arm) in order to assess the gain in sample complexity achieved when studying the e relaxation.
We experiments with two regular instances,

p, = [0.2 04 05 0.55 0.7] €1
py = [0.4 05 0.6 0.7 0.75 0.8] e

0.1
0.15

and one non-regular instance p5 = [0.2 0.3 0.45 0.55 0.6 0.6] €3=0.1.

In the experiments we set & = 0.1 and perform /N = 1000 independent replications in order to estimate the
probability of error P, ( i, ¢ A, (1;)), and the expected number of samples E,, [75] for each algorithm
and problem instance. First, Table 1 permits to check that all algorithms are indeed §-correct: their empirical
probability of error is (much) smaller than the maximal value ¢ = 0.1 which is prescribed.

e-TaS | KL-LUCB | UGapE | KL-Racing | 0-TaS
py, e =01 | 0.015 0.003 0.002 0.003 0.003
o, €2 =0.15 0 0 0 0 0
ps, e3=0.1 | 0.001 0 0 0 -

Table 1. Empirical error probabilities for various algorithms estimated on N = 1000 repetitions.

In those experiments, the stopping rule of Track-and-Stop is the parallel GLRT with threshold 3(¢,0) =
In((1 +1n(¢))/d). This threshold is an approximation of the theoretical threshold given in Lemma 6.2 that
we recommend to use in practice. All the other algorithms rely on confidence bounds, and we implement
them with upper and lower confidence bounds based on the Kullback-Leibler divergence

ug(t) = max{qe[0,1]: No(t)d(fia(t),q) < B(t,0)} and
and (o(t) = min {qe[0,1]: Na(t)d(fa(t),q) < B(t,6)}
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for the same choice of 5(¢,0) = In((1 +In(¢))/0). The stopping rule of KL-LUCB and UGapE consists
in waiting for the lower confidence bound of the candidate best arm to overlap by at most € with the upper-
confidence bound of all other arms. KL-Racing is an algorithm based on eliminations that also exploits
those confidence intervals: arms in a list of candidate arms are selected in a round robin fashion and when
some arm a satisfies £;,(¢) > u,(t) — € for some other arm b, it is removed from the list of candidate arms.
The algorithm stops when all candidate arms are empirically e-optimal. Those confidence-based stopping
or elimination rules seem to be far too conservative compared to the parallel GLRT stopping rule, as the
sample complexity results now reveal.

T*(p)In(1/9) e-TaS KL-LUCB UGapE KL-Racing 0-TaS
iy, €1 =0.1 97 171 (104) | 322 (137) | 324 (143) | 372 (159) 433 (277)
Mo, €2 =0.15 108 162 (83) | 345 (135) | 344 (141) | 402 (146) | 2659 (1863)
M, €3 =0.1 531 501 (261) | 1236 (403) | 1199 (414) | 1348 (436) -

Table 2. Estimated values of E,, [75] based on IV = 1000 repetitions for different instances and algorithms
(standard deviation indicated in parenthesis).

Indeed, it can be seen in Table 2 that e-TaS requires about half the number of samples needed by other
methods before stopping, and is sometimes getting very close to the ideal sample complexity 7* () In(1/6).
In the first instance, in which there is a single e-best arm, one can see that e-TaS slightly improves over 0-TaS
due to the e-relaxation. This improvement is much more flagrant in the second instance, which contains 3
e-best arms.

For the two instances with 3 e-best arms p, and pt3, we now report in Table 3 the optimal weights in
We(pe). There is one such weight for p, and two for g5 in which the fraction allocation to the two best
arms are exchanged. We also report in this table the empirical fraction of selection of each arm by e-TaS.

(H2)a 04 | 05 [ 06 | 07 [ 075 0.8
(w?, (1)), ]0.024 ] 0.036 | 0.060 | 0.136 | 0.275 | 0.469
Ep,[Na(75)/75] ] 0.079 ] 0.077 [ 0.099 | 0.156 | 0.235 | 0.353
(K3)a 02 | 03 [ 045055 06 | 0.6
(ws;’(u3)), | 0.008 | 0.0133 | 0.035 | 0.114 | 0.436 | 0.393
(we"(pg)), ] 0.008 [ 0.0133 | 0.035 ] 0.114 [ 0.393 | 0.436
Ep, [Na(75)/75] | 0.049 | 0.049 [ 0.081 | 0.194 | 0.317 | 0.309

Table 3. Optimal proportions and empirical proportions achieved by e-TaS (e-optimal arms in bold)

For the regular instance 5, according to Lemma 6.1 the empirical proportions converge to the true
proportions. However, as can be seen from Table 3 the convergence is slow and did not yet occur at the
stopping time 75 (all sub-optimal arms are slightly over sampled which may be a consequence of the forced
exploration scheme). For the non-regular instance g5 in which there are two candidate optimal weights, e-
TaS has no convergence guarantee towards one of these weights (and Degenne and Koolen (2019) propose a
fix). Just like for p14, we see that all sub-optimal arms are slightly over-sampled under p5. On average over
many simulations, the strategy spends about the same time on the two optimal arms, which could indicate
that “convergence” occurs towards w::;4 (p3) or w::;5 (p3) half of the time. Even without proper convergence
guarantees, e-TaS performs very well on g5 as can be noted from Table 2.
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8. CONCLUSION

We proposed a non-asymptotic way to analyze parallel Generalized Likelihood Ratio Tests, which can be
used is various adaptive testing settings, from sequential to active testing, even in the presence of overlap-
ping hypotheses. We also presented a way to derive lower bounds providing the exact asymptotic sample
complexity of some testing problems. Remarkably, for problem instances that belong to multiple hypothe-
ses, non-asymptotic lower bounds are still out of reach, maybe because of the use of the low-level change
of low formula. An interesting open question is thus to know whether lower bounds can always be derived
using only the high-level form, in a way that provides non-asymptotic results. So far, we were not able to
achieve this goal, nor to show that it is impossible.

Natural extensions of our approach can be obtained for other sequential and active testing problems. For
example, in bandit models, our approach is likely to apply also for thresholding bandits, or for best-arm
identification with a structure on the set of arms. Moreover, if a regularity constraint like p;.7 — p; < L
could be handled, this would open the way to the study of the sample complexity of optimizing a Lipschitz
continuous function. In that context, one can hope to exhibit a optimal density of sampling (corresponding
to the optimal weights in the finite case), depending on the function only, which an optimal optimization
procedure would need to track. All these developments are left for future investigations.
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A. NON-ASYMPTOTIC SAMPLE COMPLEXITY ANALYSIS FOR A GAUSSIAN TEST

We provide a general sample complexity analysis of the parallel GLRT test using a generic threshold func-
tion 3(¢,9). Introducing the function

£(£.8) = S - /2B(t,9)

we make the following assumptions:

1. 5(t,0) < £(9) + cIn(t) where £(5) > In(1/d). This permits to define Tp(9) to be any constant such
that
Vit >To(5), f(t,6)=0.

2. Forall § € (0,1],Vt > Ty(9),

2 1
\/25(t 5) )_ (IM|U+26) _ @;26%' (A1)

A consequence of Assumption 2 is that ¢ — f(t,d) is non-decreasing, which permits to upper bound the
expectation of T} as follows, introducing (Z;) a sequence of standard normal random variables.

E[T;] < ip(tw < 5(t,5))
Si]?(x/f( ,u+a—Zt +e) V2025(t, 5))
i Vi
< ;]P’(\/Z(M ~|oZi |Vt +€) < \/2025(15,5))
<SP (|Z|> e g \/2ﬁ(t5)
t=1

o0

<[To()+ > P(Z|> f(t,6))dt
t=[To(8)]+1

<T@+ [ PUZI2 f(t0)dr.

Using assumption (A.1) one can write

£(6.0) = F(T0).0) + [ f(s0)ds

/
t 2
2 J1p(5) 02

_ /t lul+e L
To(5) 4o /s

For t € [T((0),2T5(d)], observe that

Iul+€ 1
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while for ¢ > 27(6),

F00)> (- TN > VTG AL

Hence

BT <[]+ [ o+ 7 5506

0

S(To(6)1+2ﬁm5 6((t—if0(5))|"|+6 ! ) /2‘”(5) (Wluhe)

42 \/To(é
<[Ty(5)] + \/To(é f B (u) du+ —22_ (MH)Q Tjé)(lmﬁ)ﬁ(ﬁ)du
\/_ 640> oo _u
<R+ VD) =+ (e goytege € F0

1 6402  _ (ul+o)?
<1+Tp(0) + |,U\|/‘: VTo(d )\/ﬁ+ O, =

(Iul +€)?

If the exploration function /3 satisfies
B(t,0) <£(0) +cln(t)

Lemma A.1l below permits to prove that one can pick

Ty (6 20° 5y de® s
o) = G O Qv e n((|ﬂ|+€)2 ( ))

In that case,

20,2 2

+ S\J 0(5) +2¢In ( Tl 5(5)) + 3251/8]

Theorem 3.1 follows from observing that the threshold (3.3) for which the parallel GLRT is §-correct satis-
fies

E[T5] <

B(t,8) < T (In(1/6)) + 31 ”n(t) ,

and thus Assumption 1 is satisfied with ¢ = 3/e and £(9) = T(ln(l/&)) +3/e. It can be checked by calculus
that Assumption 2 is also satisfied.

Lemma A.l. Fixa>0and~ > 1+ a. Then forallt >0,
t>v+2aln(y) = t>y+aln(t).
Proof. Let f(t) =t—~y-aln(t). Then f'(t) = 1-«/t > 0 fort > a. Hence, for all ¢ > ¢ := y+2aln(y) > a,
f(t) 2 f(to) = +2aln(y) -y - aln(y + 2aln(y))
=aln(y) -aln (1 + 27(1 1n(7))
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