N
N

N

HAL

open science

Topological phase transitions in random Kitaev a-chains
Cecile Monthus

» To cite this version:

Cecile Monthus. Topological phase transitions in random Kitaev a-chains. Journal of Physics A:
Mathematical and Theoretical, 2018, 51 (46), pp.465301. 10.1088/1751-8121/aae5db . hal-02122826

HAL Id: hal-02122826
https://hal.science/hal-02122826

Submitted on 11 Jan 2024

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-02122826
https://hal.archives-ouvertes.fr

arXiv:1807.05758v2 [cond-mat.dis-nn] 17 Oct 2018

Topological phase transitions in random Kitaev a-chains

Cécile Monthus
Institut de Physique Théorique, Université Paris Saclay, CNRS, CEA, 91191 Gif-sur-Ywvette, France

The topological phases of random Kitaev a-chains are labelled by the number of localized edge
Majorana Zero Modes. The critical lines between these phases thus correspond to delocalization
transitions for these localized edge Majorana Zero Modes. For the random Kitaev chain with next-
nearest couplings, where there are three possible topological phases n = 0, 1,2, the two Lyapunov
exponents of Majorana Zero Modes are computed for a specific solvable case of Cauchy disorder, in
order to analyze how the phase diagram evolves as a function of the disorder strength. In particular,
the direct phase transition between the phases n = 0 and n = 2 is possible only in the absence of
disorder, while the presence of disorder always induces an intermediate phase n = 1, as found
previously via numerics for other distributions of disorder.

I. INTRODUCTION

Many one-dimensional quantum models involving N quantum spins S = 1/2 (see the Appendix) or N spinless Dirac
fermions can be reformulated in terms of 2N of Majorana operators «; that are hermitian ’y;f = 7;, square to the

Identity ’yjz = 1 and anti-commute with each other. For models respecting the Time-Reversal-Symmetry T' defined
by its action [T 2]

TiT™' =i
Tyoj1T™" =195
Ty T~ = =7, (1)

it is actually useful to relabel the Majorana operators with the flavors a and b to stress their different behaviors with
respect to T’

Y2i-1 = aj
Y25 =0 (2)

Among the Hamiltonians respecting also the the total parity

P =i y1927374.. Yan—172N (3)

the simplest ones are the free-fermionic Kitaev a-chains [1H5]

Ha = ZZ mem,m+aam+a (4)

where the diagonalization simply corresponds to the pairing of (by,, @m+a), even for random couplings Ky, m+q. Then
the possible edge Majorana zero modes are localized on single sites and are thus obvious. In particular, n = |a| counts
the number of Majorana Zero Modes of type a or b located near the two edges. For instance, a = 0 corresponds to
n = 0 zero modes, @ = 1 corresponds to the single zero mode a; on the left and the single zero mode by on the right,
a = 2 corresponds to two zero modes (a1, az) on the left and two zero modes (by_1,by) on the right, etc.

Many interesting random free Majorana models respecting the (P, T) symmetries, corresponding either to standard
quantum spin models (see the Appendix) or to spinless Dirac fermions superconducting models [Il, 2, [6], can be
rewritten as a linear combinations with a finite number of values of « [3H5]

H = ZHQ = Zzbm <Z Km,m+aam+oc) (5)

The topological phases are characterized by the number of edge localized Majorana Zero Modes, while the phase
transitions between them correspond to delocalization transitions for these edge Majorana Zero Modes. For instance,
the linear combination of the three values o = 0,1, 2

2
H = HO + H1 + H2 = Zzbn (Z Kn,n+aan+a> (6)
n

a=0



has been much considered recently, mostly with homogeneous couplings [3], [4, [7H9] but also with random couplings
[9], in order to analyze the phase diagram of the three possible phases n = 0,1,2 and the phase transitions between
them. The standard method to analyze the phase diagram of the model of Eq |§| [3, [ [7H9], or more generally of
the free-Majorana-models of Eq. [5] is the transfer matrix computation of the Majorana Zero Modes to characterize
their localization properties near the edges [0, T0HI9]. In the random case, the analysis of the Lyapunov exponents of
the product of random transfer matrices [6l 9] [0, T2H16] is thus based on the methods that have been developed in
the field of Anderson localization and other one-dimensional disordered models (see the books [20] 21] and the more
recent Lectures Notes [22] as well as references therein).

The goal of the present paper is to compute the exact phase diagram between the topological phases n = 0, 1,2 for
the Hamiltonian of Eq. [f] for a special case of disorder. The paper is organized as follows. In section [[I} we recall
the general method to compute zero modes in random Kitaev a-chains, and the explicit application for arbitrary
disorder to the three cases (Hy + Hi), (Ho + Hs) and (H; + Hs) containing only two values of o among the three
values of Eq. [f] In section [[TI} we focus on the topological phases of the random Hamiltonian Hy+ H; + H of Eq. [6]
where the localizations properties of the Majorana zero modes can be then obtained via the product of 2 x 2 random
transfer matrix and via the Riccati recurrence method. The explicit solution for a special type of Cauchy disorder
is given in section [[V] in order to analyze the changes of the phase diagram as a function of the disorder strength.
Our conclusions are summarized in[V] Appendix [A] contains a short dictionary between Majorana and quantum spin
chains.

II. REMINDER ON EDGE ZERO MODES IN RANDOM KITAEV «a-CHAINS
A. General method to compute edge Majorana Zero Mode

For the general PT-symmetric quadratic models of Eq. [5, where each Majorana fermion of a given flavor, respectively
a or b, interacts only with Majorana fermions of the other flavor, respectively b or a, the zero modes can be also
separated into the two flavors, and can be constructed from some linear combination of the Majorana fermions of
flavor a only

A= Z Uja; (7)
J
or from some linear combination of the Majorana fermions of flavor b only

B = Z’Ujbj (8)

The linear combination A of Eq. |Z| will be a Majorana fermion if the coefficients u; are real uj = u; and if they
satisfy the normalization condition

Zu? =1 9)

This Majorana fermion A will be a Zero Mode if the commutator with the Hamiltonian vanish

0=[H A =2 u;y bjiaKjan=2% bn (Z Km7m+aum+a> (10)
J o m «@
This condition yields the following recursion for the coefficients u; that should be satisfied for any m
0= Z Km,m+aum+a (11)

i.e. the coefficients u; correspond to a right eigenvector of the coupling matrix K,, 4 associated to the zero
eigenvalue.

Of course, on can apply the same analysis for the Majorana Zero Mode B of flavor b of Eq. |8| and one obtains that
the real normalized coefficients v; correspond to a left eigenvector of the coupling matrix K, m+« associated to the
zero eigenvalue, but this will not be discussed further here in order to avoid repetitions.



B. Example H = Hy + H;

For the case

N N-1
H=Hy+H =iY byKnntn+i»  bnKnni10ni1 (12)
n=1 n=1

corresponding to the random quantum spin Ising chain (see Eqs and in Appendix [A]), the competition is
between the phase n = 0 with no zero mode (when Hy dominates over H;) and the phase n = 1 with one zero mode
of flavor a localized on the left edge and one zero mode of flavor b localized on the right edge (when H; dominates
over Hy). To analyze the phase diagram, one thus needs to study the existence of a zero mode of flavor a localized
on the left edge via the recursion of Eq.

0= Km,mum + Km,erluerl (13)

This simple recursion between two consecutive coefficients

Km
Um+1 = 7K7’Um (14)

m,m—+1

can be trivially solved for any realization of the random couplings

Kmm Kll - Kkk
s =\-—)..| —— = [ L 15
tmt ( Km,m+1) ( K12> tem H ( Ky k+1) (15)

The normalization condition of Eq. []

N N n—1 K}?k
1:Zui:u?ZH< : ) (16)

corresponds to the well-known structure of Kesten random variables [23H27] and has been much discussed in relation
with the surface magnetization in the ground-state of the one-dimensional transverse field Ising chain [28H30].

The Lyapunov exponent of this zero mode is then determined by the disorder-average of the logarithms of the
couplings

N K
ln UN+1 Z _ lnl k,k |
y{Ho+HHL} = NEIEOO 7| ]\7;1 = NLHEOO k=l Rk | NK’“”““ =In|Kg x| —In|Kp 1] (17)

and allows to determine if one can construct a localized zero mode near the left edge satisfying the normalization of
Eq. [I6

One obtains the following topological phase diagram :

The phase n = 1 corresponds to the region of negative Lyapunov exponent y{#o+#1} < 0 where the normalized
zero mode of flavor a is localized near the left edge and typically decays exponentially.

The phase n = 0 corresponds to the region of positive Lyapunov exponent y{#otH1} > (. where there is no
normalizable zero mode of flavor a localized near the left edge.

The phase transition between the two phases n = 0,1 corresponds to the vanishing of the Lyapunov exponent
AHo+HH1} — 0 ie. to the well-known criterion in the language of the Random Transverse Field Ising Chain [311 32].
The corresponding Infinite Disorder character of the transition is reviewed in [33] [34].

C. Example H = Hy + H»

For the case

N N-2
H=Hy+ Hs = ZZ ann,nan +1 Z ann,n+2an+2 (18)

n=1 n=1
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(see Egs and in Appendix [A] for the translation in the spin language), Eq. yields one solvable recursion for
the odd coefficients

K m Kom—1.9m-
- (_ 2N-12N— 1) Usn—1 = 11 H ( 2121) (19)

KZN 1,2N+1 K2m71,2m+1

and one solvable recursion for the even coefficients

K Km m
U2N+2 = <— 2N2N )UZN = U2 H < 2m.2 ) (20)

KZN 2N+2 K2m ,2m+2

The corresponding Lyapunov exponents

{(HotHz} _ In | 423 U2N+1 _ Z In| iz: 1 z:ﬁ | _ 11 Ko~ K | (21)
Tead = lim oy = 2N T g Rk A R k2
and
N Kom 2
n ‘w Z 1 n ‘#| 1
{Ho+Ha2} _ | U2 i m= Kom2miz | _ MK T~k 99
Teven T Node 2N N oo oN 2 0 [ Ky | — In [ Kp ppof (22)

are thus equal to the value

—In |Kk:,k+2| = ’y{HUJrHZ} (23)

1
Vi;;sz} = yiHoHa} = §1H|Kk,k\

The phase n = 2 corresponds to to the region y{#otH2} < (0, where the two zero modes are localized near the left
edge and display the same typical exponential decay.

The phase n = 0 corresponds to to the region y{Ho+H2} 5 0 where there is no localized edge zero mode.

The phase transition between the two phases n = 0,2 corresponds to the simultaneous delocalization transition
A UHo+H2} — () of the two zero modes.

D. Example H = H, + H»

For the case

N-1 N-2
H = Hl + H2 =1 Z ann,n+1an+1 +1 Z ann,n+2an+2 (24)
n=1 n=1
(see Egs and in Appendix |A|for the translation in the spin language), Eq. reads
0= Km,m+1um+1 + Km,m+2um+2 (25)

So there always exists the trivial zero mode a; localized on the single site m = 1, corresponding to the singular
Lyapunov exponent

’7£H0+H2} - —0 (26)

while the possible second zero mode has for coefficients

N
K Kmm
g = (W) unii = [ (H) (27)

Ky N42 oo N Knmeo

and is thus characterized by the Lyapunov exponent

N
UN 42 ln m,m-+1
{Ho+Hz2} lim | ug — lim Zm:l |Km,m+2|
N—+oco N N—+oco N

=In |Ky 1] — In Ky g0 (28)

{H1+Hz}

The phase n = 2 corresponds to v}’ < 0, where the second zero mode is localized near the left edge.

H,+H . .
{ iHH2} 0, where one cannot construct a second normalized zero mode localized

The phase n = 1 corresponds to v}
near the left edge.
The phase transition between the two phases n = 1,2 corresponds to the delocalization transition -y

the second zero mode.

UHi+Ha} _ ) of



E. Discussion

As seen on the three examples above, the linear combination (H,, + Ha,) involving only two values of a can be
studied via the explicit computation of the possible zero modes for arbitrary couplings, so that the location of the
phase transition between the two possible topological phases are exactly known in the presence of arbitrary disorder.

In the following section, we focus on the case H = Hy + H; + H» involving three values of «.

III. STUDY OF THE TOPOLOGICAL PHASES OF RANDOM HAMILTONIAN H = Hyo+ H1 + H»

For the Hamiltonian H = Hy + Hy + H> of Eq. @ (see Eqgs and in Appendix [A] for the translation in the

spin language), the recursion equation [11| for the coefficients of the zero mode
0= Km,mum + Km,m+lum+1 + Km7m+2um+2

corresponds to a linear recurrence involving three consecutive terms

o Km,erl Km,m
Um+2 = — 7 Um+1 — 7= Um
Km,m+2 Km,m+2
A. Product of random 2 x 2 matrices

It is standard to rewrite the recurrence of Eq. [30] as
Um+2 — Tm uerl
Um 41 Um

_Knm+1r  Kmm
T = K771,771+2 K771,7n+2
" 1 0
so that the solution can be obtained from the product of the random transfer matrices

UN+2 U2
=Tyn... T
(“NH) A (Ul)

TN = TN...T1

in terms of the 2 x 2 transfer matrix

Since the product

is a 2 X 2 matrix, the product of its two eigenvalues TiN) can be computed from its determinant as

N N K
TJ(FN)TSN) =det(Tny) = H det(T,,) = H (mm)

Km,m+2

m=1 m=1
As a consequence, the two COrrespOnding LyapunOV eXpOnentS ’yi

— In |T:(|:N)
= N—1>r-rl—loo N

satisfy the simple sum rule [9]

. Inldet(Ty)| . szl In| KKmJiQ
Yety- = lm e = A N = 10 K | =10 [ Komm |

with the following consequences [9] with the ordering v_ < 74 :

(29)

(30)

(31)

(32)

(37)



(i) if In |Kpy | — In [ Ky ma2| < 0, then the smallest Lyapunov exponent has to be negative y_ < 0 so there is at
least one zero mode, and the only possibles phases are n = 1,2 (the phase n = 0 is excluded), while the transition
between the two corresponds to the vanishing of the biggest Lyapunov exponent

’Y—ci_riti(n:LQ) -0 (38)

(i) if In | Ky m| — In | Ky 2| > 0, then the biggest Lyapunov exponent has to be positive y; > 0, so there is at
most one zero mode, and the only possibles phases are n = 0,1 (the phase n = 2 is excluded), while the transition
between the two corresponds to the vanishing of the smallest Lyapunov exponent

,ycriti(n:O,l) -0 (39)

(ili) if In | Ky m| — In | Ky ma2| = 0, then either both Lyapunov exponent vanish v_ = 0 = 4 corresponding to the
simultaneous delocalization transition of the two zero modes (see the example previously discussed at the end of the
subsection [[I C)), or the two Lyapunov exponents are opposite v_ < 0 < 4 = —v_ corresponding to the phase n = 1.

B. Non-linear recurrence for the Riccati ratio

Another standard approach [20H22] involves the introduction of the Riccati ratios

R, = Bmt1 (40)

Um
in order to transform the second-order linear recurrence of Eq. [30]into the first-order non-linear recurrence

Km,m—i—l Km,m 1

R =— — —_— 41
mH Km,m+2 Km,m+2 Rm ( )
In terms of these Riccati ratios, the biggest Lyapunov exponent reads
: Il B Dy 1 B A
(et e L A /, _ 4B Pu(R)In|R| (42)

where P (R) denotes the attractive stationary distribution for the recurrence of Eq.
This formulation in terms of the Riccati ratios is also useful to characterize the finite-size fluctuations via the
Central-Limit-Theorem

UN+1
Uy

In

N
=Y I[Rp| ~ 7:N+VNu (43)
.1 N—+oco

where u is a Gaussian variable of zero mean and of variance given by the variance of (In|R|) computed with the
stationary distribution Py (R). As a consequence, the phase transition corresponds to an Infinite Disorder Fixed
point, where the typical correlation exponent vy, = 1 characterizes the vanishing of v, as a function of the control
parameter, while the average correlation exponent v,, = 2 characterizes the sample-to-sample fluctuations, as in the
much studied Random Transverse Field Ising Chain (see the review [33]). Hence Strong Disorder Renormalization
has been used to analyze the critical points and the Griffiths effects for this type of models in the langage of dirty
superconductors [0].

C. Reminder on the numerical results for the case of random couplings K [9]

In the presence of arbitrary disorder, recurrences like Eq. are not exactly soluble and are usually studied
numerically, for instance the results for the case with random K, and non-random K, p,+1 and K, 42 can be
found in Ref. [9], with the following conclusions for the phase diagram :

(a) The direct phase transition between the phases n = 0 and n = 2 that requires the simultaneous delocalization
of the two zero modes v = 0 = 4 is possible only in the absence of disorder, while the presence of disorder induces
a splitting between the two Lyapunov exponents and thus introduces an intermediate phase n = 1 even for arbitrary



weak disorder. More generally, the Lyapunov spectrum is expected to be non-degenerate in random systems so that
the phase transitions only change the topological index by one [6].

(b) The presence of disorder may favor the existence of Majorana Zero Mode, i.e. in the phase diagram, a point
corresponding to the phase n = 0 for the pure model may belong to the phase n = 1 in the presence of sufficient
disorder, or similarly a point corresponding to the phase n = 1 for the pure model may belong to the phase n =2 in
the presence of sufficient disorder.

(c) As the disorder becomes very strong for the couplings K, ,, one expects transitionn =2 -n=1—-n=20
towards the trivial phase n = 0.

In the following, it is thus interesting to analyze the same questions for the phase diagram corresponding to another
type of disorder, namely in the coupling K, m41.

IV. EXPLICIT SOLUTION FOR H = Hy + H1 + H» WITH CAUCHY DISORDER IN K, m+1

Among the exactly soluble cases of first-order non-linear recurrence for Riccati ratios [20H22], the simplest explicit
case is the Lloyd model [35] B6], as already used in the context of random Majorana models in [I2]. For our present
model, this soluble case for the Riccati recurrence corresponds the case where the couplings K, ,, and K, 42 are
non-random

Km,m = kO
Km,m+2 = kz (44)

while the couplings K, 41 are distributed with the Cauchy distribution Cy, w of average ki and broadness W

1 W
C K = — 45
kl,W( mﬂn"rl) T (Km,m+1 _ k.l)Q + W2 ( )
A. Recurrence for the parameters of the Cauchy distribution
Then the recurrence of Eq. simplifies into
K ko 1
Rpypjq = ——rwmtl 20— (46)

ko ko Ry,

Since the Cauchy distribution is stable with respect to both addition and inversion, the Riccati ratios R,, are then
also distributed with the Cauchy distribution C', with some average x,, and some broadness y,, > 0

m-HYm

1 Ym
. Ry) =— 47
C m,ym( ) T (Rm —ZEm)Q _'_ygn ( )

with the Fourier transform

+oo ) ‘
/ dRm elqu szwm (Rm) — laTm— |q|ym (48)

— 00

The recurrence of Eq. yields the following recurrence for the Cauchy distributions

Konm ko 1
Cﬂcm+1,ym+1(Rm+1) = /de,erlel,W(Km,erl)/dRmsz,ym (Rm)5 (Rm+1 + k;izﬂ + ]?ZR ) (49)

or equivalently in Fourier transform
ezqazm+1—|q|ym4r1 = /dRm+leme+lczm+1,ym+1 (Rerl)
—i7 Km,met1 —iq L 7
— [ B sCr g (Kopamia)e ARy oy (B 5

. ko am akg Ym
q q —_ 4 — | 2=0
_ ikl W T e (50)




The recurrence for the average x,, and the broadness y,, thus reads

kl k() Tm

e
w ko Ym
_ ~o 51
Ymt1 ‘]4}2| kQ J}gn + y?n ( )
and the corresponding attractive fixed point (zs,ys) satisfies
k‘l k‘o Zf
rr =L 20
d ky ko %ty
w ko ys
- 4|0 52
Ys ‘k2| kg JJ? + y? ( )

From the stationary distribution Py (R) = Cy, ,,(R) of the Riccati ratio R, Eq. yields the biggest Lyapunov
exponent

= Ly In(a% +13)
= dRPst(R)In|R|= | dR— ——5—— In|R| = ———= 53
vi= [ AP = [aR M = 2 (5)
while the sum rule of Eq. yields the other Lyapunov exponent
ko
Y- =1In k‘ — 7+ (54)
2
The solution of the fixed-point system of Eq. depends on the sign of the ratio ’,:—2, i.e. whether the two couplings

ko and ko have the same sign or not. These two cases are thus analyzed in the two following subsections respectively.

k
| <0

ko _
B. Lyapunov exponents for the case i =—

When the two couplings ko and ko have opposite signs, Eq[52) can be rewritten as

k1
k
o= ko T 1
1- ko | 23 +y?
W
k
vs o (55)
1- k2 | 234y}
It is then convenient to introduce the polar coordinates
xy =rycosly
yy =rysinby (56)
Since the broadness is positive y; > 0, the angle belongs to 8 € [0, [ and is determined by its tangent
Yy Wko
tanf; = =~ = — 57
=y Tl (57)
while the modulus r¢ satisfies the bound (1 — :—g T%) > 0 and thus the equation
7
k2+W?2
— 2 2 _ [k2] 58
rf \/mf + Yy N (58)
k?z ’I"?




The rewriting as a second order equation

ko
ko

) k3 + W2

-y — =0
TRl

yields that the only positive solution reads

_ VR A W2+ VRS + W2+ dfkoks|
2| ko

Tf

The biggest Lyapunov exponent of Eq [53| becomes

7+1“(”[”3‘+%2‘)ln,dfln<\/if%+V‘/2+\/k%+W2+4|1mk2|>

2 2|k|

while the other Lyapunov exponent v_ < v, can be obtained from the sum of Eq.

2|ko|
_=1In|ko| —In|ks] — v+ =1n
9 L k2| — 74+ <\/k%+w2+\/kf+W2+4|kok2|>

1. Phasen=0

The phase n = 0 corresponds to two positive Lyapunov exponents 0 < v~ (< vT), i.e. to the region

VR W2 [k 4+ W2+ dlkoks| < 21kl

which can be simplified into
\ K2 4+ W2+ |ka| < |kol

2. Phasen =2

The phase n = 2 corresponds to two negative Lyapunov exponents (y~ <)y* < 0, i.e. to the region

VR W2 4[R2+ W2 4 dlkoks] < 20kl

which can be simplified into
k2 + W2+ |ko| < kol

3. Phase n =1

Finally, the phase n = 1 corresponds to the case v~ < 0 < 4T, i.e. to the region

(k2| — [kol)? < Kf + W?

4. Conclusion : Locations of the phase transitions between the three phases in the region % =—

The critical line between the phases n = 0 and n = 1 corresponds to

K3+ W2+ k| = |kol

(60)

(62)

(65)

(66)

(68)
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The critical line between the phases n = 1 and n = 2 corresponds to

VR + W2+ [ko| = [kl (69)

A direct transition between the phases n = 0 and n = 2 requires the condition

VR W2 = [ko| — [ka| = [ka| — kol (70)

which can be fulfilled only for the case |ko| = |k2| and (k1 = 0, W = 0) where the couplings K, 41 all vanish (this
case has been previously discussed in the subsection [I[I C)).

ka

| >0

C. Lyapunov exponents for the case }]z—;’ =+

When the two couplings ko and ko have the same sign, it is convenient to recast the system of Eq[52]

kl ko xXf
xp =—-—— - —
/ ko ko x? + y?
W ko yr
= 4+ 71
s |]€2| kz x}—ky? ( )
into the following single equation for the complex variable zy = x + iy
ko 1
L 72
zf R (72)
where we have introduced the notation
k1 w
w o=k W 73
Rewriting Eq [71] as a second degree equation
23+ wz —i—@:O (74)
f ! ko
one obtains the two solutions
—w* \/Z
AE= (75)
in terms of the discriminant
k
A=w?— 4]70 (76)
2

Since we are interested into the squares of the modulus of the solutions, it is actually convenient to use that their
product reads

k‘2
R (77)
2
while their sum is given by
2 2 ko
W+ |A] WP+ [w? -
N T : (79)
2 2
So 7} = |z¢|? satisfies the second order equation
4 >, K

k3
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of discriminant

2 2
2 2 _ gko |\ _ 1k
D:S2—4k—(2) :(|w\+‘w 4k2) 1658
K2 1
(o o = g afe) (ot + o7 - ] - ags) (80)
B 4
which is positive (as it should to have real roots) as a consequence of the triangular inequality. From the two solutions
S+vD
iy =250 (81)
one obtains that the biggest Lyapunov exponent reads
nera,) o (557) 82
T+ = D) = B (82)
while the smallest reads (Eq.
L
.2
e mez) W (5P)
- = fko| —Inky| = 9y = —5H5 = — = = 5 (83)
In terms of the initial parameters, Eq[78| reads
¢ _ KVt V](k1 + 2vkok2)? + W2[(k1 — 2V/kokz)? + W?2]
B 2k32
k2 4+ W2+ \/(k? — dkoka)? + 2W2(k? + 4kokso) + W4
B 2432 (84)
2
1.  Phasen =2
The phase n = 2 corresponds to two negative Lyapunov exponents (y~ <)y* < 0, i.e. to the region
ko
S<1+ w2 <2 (85)
2
leading finally to the two conditions
Kol < [ka
k3 (ks — ko) + W?(ka + ko)® < (k2 — ko)* (k2 + ko)? (86)
For the non-random case W = 0, these two conditions reduce to
kol < [ka|
|k1‘ < |]€2 + k0| (87)
2. Phasen=1
The phase n = 1 corresponds to the case 7~ < 0 < 4T, i.e. to the region
ko
S>1+ 2 (88)
2
that finally leads to the condition
(ko — ko)? (k2 + ko)? < kT (ks — ko) + W?(ka + ko)? (89)

For the non-random case W = 0, Eq [89] reduces to
|]{72 + k‘ol < ‘k1| (90)



3. Phase n =10

The phase n = 0 corresponds to two positive Lyapunov exponents 0 < v~ (< vT), i.e. to the region

kg
2< S <1+

k3
leading finally to the two conditions

k2| < [kol
E2 (kg — ko)? 4+ W2 (ko + ko)? < (ko — ko)? (ko + ko)?

For the non-random case W = 0, these two conditions reduce to

k| < [kol
|k1‘ < |]€2 + k0|
4. Conclusion : Location of the phase transition between the three phases in the region :—g =+ :—g >0

The critical line between the phases n = 1 and n = 2 corresponds to to the two conditions

|ko| < [k2]
k2 (kg — ko)? 4+ W2(ky + ko)? = (ko — ko)% (ko + ko)?

For the non-random case W = 0, this reduces to

kol < |k2|
k1| = k2 + kol

The critical line between the phases n = 0 and n = 1 corresponds to to the two conditions

|ka| < [kol
k2 (kg — ko)? 4+ W2 (ko + ko)? = (ko — ko)? (ko + ko)?

For the non-random case W = 0, this reduces to

k2| < |Kol
k1| = [ka + kol

A direct transition between the phases n = 0 and n = 2 requires the condition

k.2
S=1+-2=2
+ k%
Since in the present section the two couplings kg and ks have the same sign, one obtains the conditions
ko = ko
W =0
k2 < 2(kg + k3) = 4kg

i.e. it is only possible in the absence of disorder W = 0.

12

(91)

(93)

(94)
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D. Figures of the phase diagram in the plane (Z—g, %) for various disorder strengths %

It is now interesting to draw the phase diagram in the plane of the reduced variables

ko
r =
ko
k1
= = 100
VoS5 (100)
in order to see how it evolves as a function of the reduced disorder strength
w
w=— 101
| o (101)

For the non-random case w = 0, the phase diagram has been already discussed in previous works [3| 4 [7H9] and is
drawn as the first picture on Figure [I] as a comparison with the random cases w > 0.

1. Locations of the phase transitions between the three phases in the region x = :g <0

In the half-plane = < 0, the critical line between the phases n = 0 and n = 1 corresponds to the full hyperbola
branch (Eq [68)
y==+v(x+1)2—w?
r<—1—w (102)

The critical line between the phases n = 1 and n = 2 corresponds to the truncated other branch of the same hyperbola
y==+v(r+1)2—-w?
—-1+w<z<0 (103)

that exists only for sufficiently small reduced disorder w < 1 (see Fig.
In the non-random case w = 0, this hyperbola degenerate into the two straight lines y = £(z + 1) (see Fig : the
direct transition between the phases n = 0 and n = 2 is then reduced to their intersection point (z = —1,y = 0).

2. Location of the phase transitions between the three phases in the region x = :—g >0

In the half-plane = > 0, the critical line between the phases n = 1 and n = 2 corresponds to the truncated branch

w?

1
(1—2)?
0<z<l-w (104)

y==x(1+2z)

that exists only for sufficiently small reduced disorder w < 1 (see Fig . The critical line between the phases n = 0
and n = 1 corresponds to to the full other branch of the same curve

y==+(1+x) l—m
l+w<zx (105)

For the non-random case w = 0, the curve above degenerates into the straight lines y = +(1 + z) and the direct
transition between the phases n = 0 and n = 2 becomes possible along the vertical segment (see Fig

—2<y<+2
z=1 (106)
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w b
=3

[

\

Figure 1: Phase diagram of the three topological phases n = 0, 1,2 in the plane (x = :—g, y = %) for various disorder strengths
\Tv‘;r Note that the direct transition between n = 0 and n = 2 occurs only in the non-random case w = 0 and disappears

for any arbitrary disorder via an intermediate phase n = 1, as shown with the examples w = 0.1, w = 0.5 and w = 0.9. For
sufficiently strong disorder w > 1, the phase n = 2 cannot exist anymore, as shown with the examples w = 1 and w = 2.

w =

V. CONCLUSIONS

In this paper, we have considered the topological phase transitions in random Kitaev a-chains. We have first recalled
how the edge Majorana Zero Modes could be computed for any realization of disorder for Hamiltonians involving only
two values of . We have then focused on the random Hamiltonian (Hy+ Hy 4+ H3) containing three values of «, where
the localization properties of the edge Majorana Zero Modes can be analyzed via the product of 2 x 2 random matrices
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and via the Riccati non-linear recurrence. For the special case of Cauchy disorder in the couplings K, n+1, we have
computed explicitly the two Lyapunov exponents in order to analyze how the phase diagram of the three topological
phases n = 0, 1, 2 evolves as a function of the disorder strength. In particular, we have obtained that the direct phase
transition between the phases n = 0 and n = 2 becomes impossible in the presence of disorder that always induces an
intermediate phase n = 1, as found previously via numerics for other distributions of disorder [9], and in agreement
with the more general expectation that topological phase transitions in random systems only change the topological
index by one as a consequence of the non-degeneracy of the Lyapunov spectrum [6]. We have also obtained that the
phase n = 2 completely disappears for strong enough disorder (w > 1 in Figure [1]).

Appendix A: Dictionary between Majorana fermions and quantum spin chains

For a chain of N quantum spins described by Pauli matrices, the (2N) string operators
j—1
aj; = Y2j—1 = (H UZ) O']x
k=1
j—1
k=1

satisfy the Majorana anticommutation relations

eV + vk = 20 (A2)

The first examples of Kitaev a-chains of Eq. [4| reads in the spin language

Hia—o)y =i bmKmmam = Kmmos, (A3)
m m
H(a:l) = ZZ mem,m-i-lam-‘rl = - Z Km,m+10'7zylo'7z-,l+1 (A4)
m m
and
H(a:?) =1 Z mem,m+2am,+2 = Z Km,7n+20'fno'fn+107zn+2 (A5)
m m
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