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Carleman estimates for time-discrete parabolic
equations and applications to controllability

Franck Boyer Victor Hernandez-Santamaria

May 6, 2019

Abstract

In this paper, we prove a Carleman estimate for a time-discrete parabolic equation in which the large
parameter is connected to the time step of the discretization scheme. This estimate is then used to
obtain a relaxed observability estimate that yields some controllability results for linear and semi-linear
time-discrete parabolic equations. We also discuss the application of this Carleman estimate to the
controllability of coupled systems.

Keywords: Carleman estimates, time-discrete heat equation, observability, null controllability.

1 Introduction

1.1 Null-controllability of the heat equation

Let Q c R% d > 1 be a bounded open set with boundary 8 regular enough. For given time 7' > 0, we
denote @ = Q x (0,7) and ¥ = 992 x (0,T). Let w be a nonempty subset of 2. We consider the linear
heat equation
oy — Ay = 1,0 in @,
y=20 on X, (1.1)
y(z,0) = yo(x) in Q.
In (1.1), y = y(z,t) is the state, v = v(x,t) is the control function acting on the system on the control
domain w, and yo is a given initial data. As usual, 1,, denotes the characteristic function of w.
It is well-known that for any yo € L*(Q2) and v € L?(w x (0,T)), the corresponding solution to (1.1)
is globally defined in [0,T]. More precisely, one has

y € C([0,T); L*()) N L*(0,T; Hy (Q)). (1.2)

One of the key questions in control theory is to determine whether a system enjoys the so-called null
controllability property. System (1.1) is said to be null-controllable at time 7' if, for any yo € L*(Q),
there exists a control v € L*(w x (0, T)) such that the corresponding solution satisfies

y(,T)=0 in Q.

Observe that the regularity (1.2) justifies the definition we have introduced.
It is by now well-known that (1.1) is null-controllable for any 7" > 0 and for any nonempty open set
w C Q. In fact, this problem was addressed independently in the 90’s by Lebeau & Robbiano [15] and by
Fursikov & Imanuvilov [12]. By a duality argument, the null-controllability of (1.1) is equivalent to the
observability of the associated adjoint states. More precisely, for each qr € L*(Q), consider the adjoint
system
—0:q—Aq=0 in Q,
qg=0 on X, (1.3)
q(z,T) = qr(z) in Q.



Then, (1.1) is null-controllable if and only if there exists Cops > 0 such that the following observability
inequality holds

1
2
4Ol 2() < Cons (// |q|2dxdt> | Var e Q). (14)
wx(0,T)

1.2 Time-discrete setting

In this paper, we shall use the notation [a, b] = [a,b] NN, for any real numbers a < b.

We are interested in studying controllability and observability properties for the time-discrete coun-
terparts to (1.1) and (1.3), but also for more general parabolic systems (see Sections 4 and 5). To be
more precise, for any given M € N*,| we set At = T'/M and introduce the following discretization for the
time variable

O=to<ti <...<tm =T, (1.5)

with ¢, = nAt and n € [0, M]. We also introduce ¢ (tng1+1tn)/2, for n € [0, M — 1], see Figure 1.

n+% =
For any time discrete control sequence v = {vn+%}n€ﬂ0, m-1] C L?(Q), consider the sequence y =
{y" }nego,a) C L?(Q) verifying the recursive formula

n+l _  n

% — Ayt =1,0"2, e o, M —1],
Y =0, ne[0,M—1], (1.6)
y° = yo.

where y™ (resp. U"Jr%) denotes an approximation of y (resp. v) at time ¢, (resp. tn+%)4 Observe that

(1.6) is precisely an implicit Euler discretization of the heat equation. Evidently, there exist many other
methods to discretize (1.1), but we have chosen this method for the sake of simplicity.

As in the continuous case, we can introduce the notion of controllability for the discrete scheme, this is,
system (1.6) is said to be null controllable if for any yo € L?(Q) there exists a sequence {v"+% Fnego,m—1]
such that the corresponding solution satisfies

y™M =o. (1.7)

Notice that for any fixed At and for each n € [0, M — 1], (1.6) can be regarded as a system of controlled
elliptic equations.

There are only a handful of works in the literature addressing the controllability of time-discrete
systems such as (1.6). This may come from the fact that, as pointed out in [22, Theorem 1.1], system
(1.6) is not even approximately controllable for any given At > 0, except for the trivial case when
w = Q. In view of this negative result, it is natural to ask whether the controllability requirement
(1.7) for system (1.6) can be relaxed. In this direction, in [22], the controllability for (1.6) is achieved by
considering the projections of solutions over a suitable class of low frequency Fourier components. Using a
time-discretized Lebeau-Robbiano strategy (see e.g. [15, 16]), the author proves a uniform controllability
result (with respect to At) for the low frequency part of the solution.

In [7], the authors prove in a quite general framework that any controllable parabolic equation (even if
discretized in the space variable) is null controllable after time discretization by an appropriate filtering
of the high-frequencies. In [5], the authors study in a general setting the null-controllability of fully-
discrete approximations for parabolic equations and its convergence rate towards the semi-discrete (in
space) case. There, the authors prove some relazed observability estimates (uniform with respect to the
discretization parameters) allowing to recover classical results for the continuous case. However, both
of these works rely on spectral analysis tools and therefore the results are limited to autonomous linear
control systems. We finally mention the works [8, 21, 23] which encompass the controllability of time
discretization schemes for wave-like, Schrodinger and KdV equations.

Here, inspired in the strategy outlined in [6] (see also [4]) for the space discretization of parabolic
equations, we derivate a Carleman estimate for time-discrete approximations of the parabolic operator
—0¢ — A and from there we deduce a relaxed observability inequality for a suitable adjoint system. We
shall refer to it as a relaxed inequality due to the presence of an extra term on the right-hand side (as



t% t% tM*% tM+% P= (tn)ne[[O,M]}
L 1 | 1 ' :

0=to t to tarr—1 tu=T D= (tni1)nefo,m]

Figure 1: Discretization of the time variable and its notation.

compared to (1.4)). This inequality, in turn, allows to obtain by duality a controllability result where a
small target is reached and whose size goes to zero exponentially as At — 0, more precisely, we achieve

1™ L2(0) < Cobs V(A Yol 12 (0

where Cops is a positive constant uniform with respect to At and At — ¢(At) is a suitable function
of the discretization parameter A¢. For this reason, in the spirit of [6], we shall speak of a ¢(At)-null
controllability result.

The main goal and novelty of our approach are twofold. By deriving directly a Carleman estimate for
the time-discrete operator, we can deduce controllability results for more general systems (e.g., equations
with time-dependent coefficients, right-hand side terms, etc) since we are no longer restricted to spectral
techniques (as in [7, 5, 22]). Moreover, our methodology can be readily adapted to derive the analogous
counterpart of well-known controllability results in the continuous case, commonly relying on Carleman
inequalities, such as the cases of semilinear systems, coupled equations, or non-standard problems as the
insensitizing control.

1.3 Notations and functional framework

Before introducing our main results, we establish the framework of the discrete setting we shall work
with. The notation introduced here allow us to use a formalism as close as possible to the continuous
case and, in this way, most of the computations will be carried out in a very intuitive manner.

From the discretization points (1.5), we will denote by P := {t, : n € [1, M]} the (primal) set of
points excluding the first one and we write P := P U {to}. To handle in an efficient way computations
related to the approximation of the time derivatives, we will naturally work on another (dual) set of
points lying at the middle points of P. More precisely, we define D := {thr% :n € [0, M —1]}. It will
be convenient to consider also an extra point tMJr% which lies outside the interval [0, 7] (see Figure 1)
and to write D := D U {TAI+%}' Observe that both P and D have a total number of M elements.

We denote by R” and RP the sets of real-valued discrete functions defined on P and D. If u” € R”
n+% )

(resp. uP € RP), we denote by u™ (resp. u its value corresponding to ¢, (resp. tn+%). For u” € R”

we define the time-discrete integral
T M
/ u” = ZAtu”, (1.8)
0 n=1

and, analogously, for u” € R” we define

T M—-1 .
7£ uf = Z Atu"Tz, (1.9)
0 n=0

Remark 1.1. To ease the notation and thanks to the introduction of two different integral symbols, in
what follows we shall write u indistinctly to refer to functions u” or uP.

Let {X,|-|x} be a real Banach space. We denote by X7 and X the sets of vector-valued functions
defined on P and D, respectively. Using the definitions (1.8) and (1.9) for the discrete integrals, we
denote by L%(0,7T;X) (resp. L}(0,T;X)), 1 < p < oo, the space X7 (resp. XP) endowed with the

norm
T 1/p T 1/p
g = ( [ 1ufk) <p g = (f 1otk )



We also define the space L% (0,7; X) (resp. LF (0,75 X)) by means of the norm

1
||UHL<;,°<0,T;X> = sup |u"|x resp. ||UHL%°(0,T;X) ‘= sup |un+2\X
tn€P tn+%€D

In the case where p = 2 and X is replaced by a Hilbert space {H, (-,")g}, H" (resp. H?) becomes a
Hilbert space for the norm induced by the inner product

M

/0 (U, 0) g == ZAt (u™, v (resp. 76 (U, 0) g == Z_ At (u"+é,vn+é)H> )

n=1 n=0

Particularly, if H = L?(Q2) we shall use the notation

//Q uv = /OT(u,v)L2(Q) (resp. 7£</Q w = ﬁT(u,v)Lz(Q)) .

Remark 1.2. For short and in accordance with the notation used in the continuous case, we will denote
the spaces Lb(0,T; L*(Q)) as LA (Q) and we use LE(Q) to indicate the space LY (0,T; L>°(Q)). The
same notation holds for functions defined on the dual grid D.

To manipulate time-discrete functions, we define translation operators for indices tt . xX? - XP
and t~ : X7 — X7 as follows:

(t+u)"+% = (tfu)"+% =u", nelo,M-1].
With this, we can define a difference operator D; as the map from X7 into XP given by

Do) t3 u™tt — 1,4+ nt3 M1
u PR —— —(t —t u € [§] —_
( t ) . At ( At ( ) ) ) v II ) ]]

In the same manner, we can define the translation operators t7 : X? 5 XP andt : X? = X7 as
follows: ) .
Etw)* =u"t2, Fw)=u""2, n € [1, M], (1.10)

as well as a difference operator D; (mapping X7 into X”) given by
n+1 n—1 n
_ uttz — 2 1 ,_ _
D) i = —— " — [ — (8T —%~ 1, M]|.
(Dew) At (At( )“> o nellM]

These definitions, together with the integral symbols (1.8) and (1.9), allow us to obtain a series of
results for handling in quite natural fashion the application of the derivatives D; and D; to functions either
continuously defined or discrete. For convenience, we have summarized in Appendix B the main tools
and estimates used along this document. As an example, for functions v € [L?(Q)]” and v € [L*(Q)]7,
we have the following useful formula

f/@(ptu)v:—(uO,v%)Lz(m+(uM,uM+%)L2<m —//Q(Ev)u, (1.11)

which resembles classical integration by parts. Expressions like (1.11) allow us to present and perform
computations intuitively, facilitating also the presentation and reading of this paper.

1.4 Statement of the main results

1.4.1 Carleman estimate

Let us introduce several weight functions that will be useful in the remainder of this paper. We introduce
a special function whose existence is guaranteed by the following result [12, Lemma 1.1].



Lemma 1.3. Let Bo CC Q be a nonempty open subset. Then, there exists ¢ € C*(Q) such that

PY(x) >0 allzeQ, Plaa =0,
VY| >0 for all z € Q\Bo.

Let K > [[¢ ¢(g) and set
o) =M@ — M <, p(x) = ), (1.12)
and
(1) = ;
T+ OT(T + 0T —t)
for some 0 < § < 1/2. The parameter § is introduced to avoid singularities at time ¢t = 0 and ¢t = T' (see
Remark 1.5 below for further comments).

We state our first result, a uniform Carleman estimate for the time-discrete backward parabolic
operator formally defined on the dual grid as follows

(1.13)

(Lpg)" = —(Dq)" — At q)", n € [1,M], (1.14)

for any ¢ € (HQ(Q))ﬁ. The result is the following.

Theorem 1.4. Let By be a nonempty open set of 0 and a function ¢ provided by Lemma 1.3 and define
¢ according to (1.12). Let B another open subset of Q such that Bo CC B. For the parameter A > 1
sufficiently large, there exist C, 10 > 1, €0 > 0, depending on B, Bo, T and X\ such that

fl//ﬁf(e%w’a (\D a> + AR )| +T// )V E QP+ // (€*%0%) (7 ¢)?
Q
<c(f / O I AR G G,
Bx(0,T)
+C At </‘ T@Lp % /’ Tl9<p ]\/I+2 /‘(ere(pvq)M+% 2
Q

for all 7 > 10(T + T?), and for all At >0 and 0 < § < 1/2 satisfying the condition

) , (1.15)

At (54 min{T?’,Tﬁ})_1 < eo,

and q is any time discrete function in (H?(2) N HY(Q2))?

To prove the Carleman estimate, we proceed as close as possible to the continuous case and follow
the procedure presented in [10]. During the proof, we will clarify the main differences and difficulties
introduced by time discretization.

Remark 1.5. Some remarks are in order.

e One can readily recognize from (1.15) the classical structure of a Carleman inequality in the contin-
uous setting (cf. [10, Lemma 1.8]). The last three terms are, however, specific to the discrete case
and arise during the proof. In fact, the presence of these terms is important: otherwise we could
obtain a classical observability inequality (not relazed) leading to a uniform controllability result
(w.r.t At) for (1.6), which would be a contradiction with the known results (see [22]).

Note that, despite the presence of a (At)™! factor, those three terms are actually exponentially small

with respect to At since ¢ < 0 and 8 is large (close to ﬁ) neart =0 andt="T.

e As compared to other discrete (in space) Carleman results (see [6]), the last term corresponding to
the gradient of the function q cannot be avoided. Actually, this term also appears during the proof of
the estimate presented in [6, Theorem 1.3] but since the functions are discrete in the space variable,
it is approzimated as Vq ~ Ch™1q, where h is the mesh step size. In our case, it is not clear how
to remove this term and how to prove estimate (1.15) without the last term remains open.



e Fven though it does not explicitly appear in our Carleman estimate since it is hidden in the definition
(1.13) of 0, the parameter 6 plays a key role in the proof. As mentioned before, the main interest
s to avoid the singularity of the weight 0(t) at times t = 0 and t = T (these singularities, which
correspond to the case 6 = 0, are systematically exploited in the continuous setting, see e.g. [12],
but are rather difficult to handle in the discrete framework). Here, by taking 6 > 0, we enable two
different things: one one hand, we can define continuously the weight outside the time interval [0, T,
since functions on the dual mesh D have one extra point lying outside this interval (see Figure 1).
On the other, it allow us to estimate the derivative of 6 (see Lemma B.4) and set a suitable change
of variables (see eq. (2.1)), which is the starting point of the proof.

e [f one considers instead of Lp the following forward-in-time operator
(Lpg)" := (Deq)" = A& )", ne[1,M],

for any ¢ € (H*(Q)N H&(Q))f, then a similar Carleman estimate can be obtained: it is just needed
to replace all the €~ operators by ©+ and the last term by

2
[ | wa
Q

e Using the tools in Appendiz B, Theorem 1.4 can be easily adapted to discrete parabolic operators
acting on primal variables. For instance, we can consider the forward-in-time parabolic operator
defined as follows

-

(Lpy)"* 2 = (D)™ 2 — A(tTy)" 2, nelo,M—1],

for all y € (H*(Q) N H} (Q))f Then, under the same conditions of Theorem 1.4, we can prove the
following estimate

_1f/ t+(6279<p0—1) (‘Dty|2+ |A(t+y)|2) +Tf/ t 2764;;9 ‘v t y +T ]L/ 2795093 (t+y)
Q Q
<c (f/ (et Ll + 7 [ t+<e276“’e3><t+y>2>
Bx(0,T)
L oA (/‘ 00y 0 /‘ 0P )M /‘ TG‘PVy ) (1.16)
Q

for any time discrete function y € (H*(Q) N Hg (Q))

As in the previous remark, we can adapt the result to the associated backward-in-time operator

(Lpy)"™™2 = —(Duy)"*% — A(t7y)"" 2, ne[o,M-1].

1.4.2 Controllability results: the linear case

By considering a standard implicit Euler scheme for the time variable, the time-discrete homogeneous
heat equation with potential a € LF (Q) reads as follows

yn+1 _yn

T Ay Ty =0, nefo,M - 1],

n 1.1
y‘agl =0, n e [0,M —1], (1.17)
?J = Yo-

With the notation introduced previously, we can rewrite system (1.17) as

0

{(Dty)mré — ATy)"E 4 (tTay)" T2 =0,  ne[o,M-1],
v’ =yo.

where, for convenience, we shall not explicitly write the homogeneous Dirichlet boundary conditions in
such compact formulas since we will not deal with other boundary conditions in this paper.



Observe that the equation verified by y is written on the dual grid D. This motivates us to look
for a time-discrete control v which is naturally attached to this grid (cf. equation (1.6)). Thus, we will
consider controlled systems of the form

{(Dtyw*% — AT 4 (Eay) = L™t ne [0.M 1], (1.18)

y’ = yo.
Following the well-known Hilbert Uniqueness Method (see Proposition 3.3), we can build a control

function by minimizing a quadratic functional defined for the solutions to the adjoint of (1.18), which in
this case is given by

qn_% —qn+% 1 1

T —Aqn_§ +U/nqn_§ :O, n e [[1,M]]7

no1 1.19
Yoa” =0, n € [1, M], (1.19)

System (1.19) is the proper adjoint system of (1.18). With our notation, we can rewrite (1.19) in a more
compact way, namely,

{_(tq)" —ARETQ"+a"(E 9" =0, nelLM], (1.20)

1
PLIST g
Applying the Carleman inequality (1.15) to (1.20) and after a series of steps, we will deduce an
observability inequality of the form

1
N __Cy 2
¥z < Cote <7L/ gl + e <A‘>”4IQT|?13<Q>> 7 (1.21)
wx(0,T)

for some positive constants Cops and C only depending on T, w and ||a||s-

As mentioned before, this inequality has an extra term in the right-hand side as compared with the
similar estimate in the continuous setting (1.4). This extra term is exponentially small which is actually
an improvement compared to the similar inequality proved in [7].

With this inequality we are able to prove that there exists a discrete control v € L%(0,T; L?(w)) with
Hv||L%(0,T;L2(_,)) < C, uniformly with respect to At, such that the associated solution of (1.18) satisfies

|y1W|H*1(Q) < OV (D) yol L2 (1.22)
where At — ¢(At) is any given function of the discretization parameter such that
lim inf HAY) > 0. (1.23)

Dt—0 o—C2/(B)1/4

Actually, this means that we reach a small target y™ whose size goes to zero as the time step At — 0,
at the prescribed rate \/¢(At) with controls that remain uniformly bounded with respect to At. In
practice, computing such a control can be done by a minimization algorithm for which one can choose
the function ¢ in such a way that the error \/¢(At) on the target is comparable to the actual accuracy
of the discretization scheme. We refer to [2] for a more complete discussion on that point.

The precise result is given by the following theorem.

Theorem 1.6. Let us consider T > 0 and a discretization parameter At sufficiently small. Then, for any
yo € L*(Q) and any function ¢ verifying (1.23), there exists a time-discrete control v € L3 (0,T; L*(w))
such that

101l 22, (0,7 £2(w)) < Clyolr2(a),
and such that the associated solution y to (1.17) verifies (1.22), for a positive constant C only depending
on ¢, T and ||a]|eo as in (3.3).



Observe that Theorem 1.6 only yields a controllability result in H~*. This is due to the presence of
the term |gr| gy in the estimate (1.21) which in turn comes from the Carleman inequality (1.15) and is
closely related to the selection of the weight function (1.12) (see Remarks 1.5 and 2.1). Using classical
parabolic regularity results, we can actually obtain a controllability result in a L2-setting.

Theorem 1.7. Let us consider T > 0 and a discretization parameter At sufficiently small. Let 0 <
Co < Co. Then, for any yo € L*(Q) and any function ¢ verifying

lim inf $(A1)

At—0 6_62(At)1/4 > 07 (1.24)

there exists a time-discrete control v such that
HU”LQ,D(O,T;LQ(W)) < C‘y0|L2(Q)7

and the associated solution y to (1.18) wverifies

|Z/M|L2(Q) < CVd(AD)yolrz(qy, (1.25)

where the positive constant C depends only on ¢, T and ||a||s as in (3.3).

The methodology to prove Theorem 1.7 is to split the time interval in two parts. In the first (large)
subinterval, we choose v such that y satisfies (1.22). In the second one, we set v = 0 and let evolve the
uncontrolled system. Then, from an elliptic regularity result, we finally deduce (1.25).

1.4.3 Applications to the semilinear case

One of the main advantages of using Carleman estimates for proving controllability results is the pos-
sibility of addressing nonlinear problems. Unlike [7] or [22], where spectral properties of the equations
are needed (therefore restricted to the linear case), here we will study the controllability of the following
implicit Euler scheme

yn+1 o yn 1

VY Ay ) = 1, me o M- 1],

ysh =0, ne 0, M — 1], (1.26)
¥ = o.

where f € C'(R) is a globally Lipschitz function with f(0) = 0. The result is the following.

Theorem 1.8. Let us consider T > 0 and assume that At is small enough. Then, for any yo € L*(Q) and
any function verifying (1.23), there exists a uniformly bounded time-discrete control v € L (0, T; L*(w))
such that the associated solution y to (1.26) verifies (1.22).

The proof of Theorem 1.8 follows other well-known controllability results for nonlinear systems (see,
for instance, [9, 11, 19]). First, we prove the existence of a ¢(At)-null control for a linearized version
of (1.26) and then, after a careful analysis on the dependence of the constants appearing in (1.21) and
using a fixed point argument, we deduce the result for the nonlinear case.

1.5 Outline

The rest of the paper is organized as follows. In section 2 we present the proof of Theorem 1.4. We have
divided the proof in several steps to ease the reading. Section 3 is divided in two parts: in the first one,
by employing the Carleman estimate (1.15), we obtain a relaxed observability inequality and then we use
it to deduce the ¢(At)-null controllability result stated in Theorem 1.6. In the second one, we prove the
L?-null controllability result presented in Theorem 1.7. We devote Section 4 to prove the nonlinear result
enunciated in Theorem 1.8. Finally, in Section 5 we present additional results and a brief discussion on
the applicability of the Carleman estimate (1.15) for handling control problems for coupled systems.



2 Discrete-in-time Carleman estimate

In this section, we present the proof of Theorem 1.4. For the sake of clarity, we have divided the proof
in several steps. The ideas presented here try to follow as close as possible the proofs presented in [10]
and [12] for the continuous case.

As in other works devoted to Carleman estimates, we will keep track of the dependence of all constants
with respect to the parameters A, 7 and 7. In addition, due to the discrete nature of our problem, we
will pay special attention in the dependence of the discrete parameters At and §.

In order to ease the computations, we introduce the following instrumental functions

s(t) = 70(¢), >0, tc (=0T, T+ T),
r(z,t) = M@y t) = (r(z,t)7",  zeQ, te (=0T, T+4T).

We begin by assuming that ¢ € (C%(Q) N H}(Q))?, since we may then extend the result to functions
in H?(Q) by an usual density argument. We introduce the change of variables

2R = (s g2)g" T2, e [0, M]), (2.1)

and then we will look for the equation satisfied by z. From now on, we will simplify the notation in such
formulas by simply writing z = rq which implicitely means that the (continuous) weight function r is
evaluated on the same grid (primal or dual) and at the same time as the one attached to the discrete
variables. This will not lead to any ambiguity.
Since 1 € C?(Q) and ¢ € C?(Q)7, we take the partial derivative with respect to the variable z; to
obtain
0iz = 10;q + TONGOi )2 (2.2)
where we have used that
&-tp = )\d)aﬂ/)
A further derivation yields
0: (8iz) =rdiq + T20° N (0:0)? ¢° 2 + TON* (9i)) 2z
+ 2700 rdiq + TONO Yoz
Replacing (2.2) on the fourth term in (2.3), we get
i (0i2) =rdq — T20* N (0:00)¢% 2 + TON (9i0)) b2
+ 27000 Biz + TONO Yz
Now, since r(z,t) and 6(t) are continuously defined for ¢t € (=0T, T 4 6T'), we can use the translation
operator (1.10) to write the following equality on the primal grid P,
ART2) =E1ART) - T E 0N VYO (E2) + TETON VYo 2) (2.4)
+27(EO)APVY - V(T 2) + (8 0)AAYH(E ™ 2). '

On the other hand, from Lemma B.4, formula (B.1) and the change of variables (2.1) we easily obtain

Diz = (£ 7)(Diq) + (7 q)(Dyr)

= (& r)(Diq) + {r(f*&’)cﬁ + At (63T4 + W) Om(l)} (tt2). (2.5)

- Observe that, unlike the continuous case, two additional terms corresponding to the time derivative
D.r appear. This will translate later into additional terms appearing on the right-hand side of the
Carleman inequality.
Now, putting together (2.4)—(2.5) and using (1.14), we have that z verifies, on the primal grid P, the
equation
(Diz) + AR 2) = — (£ 7r)(Lpg) — T2 (X 0*)N}|[VY|** (E 2) + T(R 0N |V’ p(E 2)
+271(ROAOVY - V(T 2) + T(RONAYP(E 2) + T(T0) (2 2) (2.6)
2
T T

+At(



Using the definition of the difference operator Dy, we can express the second last term in the above
equation as

T(& 0P 2) = 7(8T0)p(R2) + TALETO)PD, 2. (2.7)

We conveniently rewrite (2.6)—(2.7) as follows
Az+Bz=g (2.8)
where Az = A1z + Asz + Asz, Bz = B1z + Baz + B3z with

g=— (& "r)Lpg+ (X O)ANAYH(E 2) — (0N | VY[ (E 2)

+ 04 (o + 77 ) Os((E2) + 7 06D 2
and
Az = =218 O)N|VY*p(E 2), Aoz = —27(F 0NVt - V(T 2), Az = Diz, (2.10)
Biz =1T2(X0)°N’|VY|*¢° (R 2), Bez=A(R 2), Bsz=-1¢(XT0)T 2).
With the notation introduced in Section 1.3, we can take the L?-norm in (2.8), which yields
||AZ||i§,(Q) + HBZ||2L§,(Q) +2(Az, BZ)L%(Q) = HQHi%(Q)- (2.11)

The rest of the proof will be dedicated to estimate the term (Az, Bz)L%(Q). For clarity, we have divided
it in several steps. Developing the inner-product (Az, Bz)L%(Q), we set I;; = (A;z, sz)L%(Q).

Step 1. Estimates that do not involve the discrete operations

Here, we will obtain lower bounds for different terms that do not involve the time discrete derivative D:.
They can be carried out as in the continuous case, that is with suitable integration by parts in space,
with some minor modifications. For the sake of completeness, we include the computations.

Estimate of I11 + I21. First, it is clear that

I =20 [[ @ 0 |vulte’E o)
Q

On the other hand, we have
b= 370 [[ @07 19ul'a’ @ 02+ N [[ @0 IverastuE 2y
Q Q

+27°7° i // (£70)°0ip0i;9059¢° (~ 2)°
i,j=177@Q

1 2 3
= 12(1) + 12(1) + 12(1)7

where we have integrated by parts with respect to the space variable. Then, adding up I;1 and Ié? and
taking into account the properties of the weight function %, it is not difficult to see that

I+ 1D s Crx // (T 0)%6%(F 2)? — Cr°A* // (E0)%6*(E 2)%
Q wXx(0,T)

Since 1 € C*(Q), we can take the parameter \ sufficiently large to absorb 12(? and Ig) in the above
inequality. More precisely, we have

L+ I > Cr2A* // (T70)°0°(x 2)> —Or*\! // (T70)°0%( 2)? (2.12)
Q wx(0,T)

for any A > C.
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Estimate of 112 + I22. Integrating by parts with respect to the space variable we have

—27'/\2// E0)|VYPe|V(E 2) +2TA3// 0)|Vp|>pVep - V(T 2)(t T 2)

+ 4773 (£70)2i90:9¢i (2 2)(X 2)
’ z;l// ’ ’ ’

10 4 1@ 4 1®)

We will keep the term I 1(? For the other two terms, we can use Cauchy-Schwarz and Young inequalities,
together with the properties of i, to obtain

Lo > I — At //Q(E_€)¢(E_z)2 -Cr //Q(E—ewwf—z)ﬁ
—Crat //Q(f*e)qu(t*z)? —CAQ/QW(F,Z)F.

Hence, taking 7 > CT?, we get

112>112—C// € 0)p+ ) |V(E 2))° —C’T)\//t 0)%¢*(t 2)% (2.13)

Now, let us estimate the term I22. Integrating by parts, we obtain

Iz = -2 //Q T O)NGVY - V(£ 2)A(E 2)

oy
=27\ 0
o7 //aszxm,T)(t )¢8n

+2¢A//Q(E*0)¢|Vw-w£*z)|2+TA//Q(£*9)¢W;-V|V(E*z)|2,

I(t™2)
on

+2 A Z // (£70)pdi;00i (3 2)9; (T 2) (2.14)

1,7=1

where we have used the fact that V(t7z) -n = a(g 2) since Z\a?) =0 for any n € [0, M —1]. Integrating

by parts in the fourth term of the above expression yields
// (T 0)AYs|V(E 2)|?

m// (F0)¢Vy -VIV(E 2 Q—TA//ém(UT (tt0)o
(2.15)

- //Q@*e)\vw JIVE D).

Thus, putting together (2.14) and (2.15), we obtain

b= [[ o “0)o20 |0 2) ERC Z// 6)60:00, (5 2)0 (5 2)
% (0,T Q=1

+2TA//Q(E*0)¢}V¢-V(£ fm// (& 0)AYP|V(E 2)|? fTAQ// 0)|Vy|2|V(E0))?

5 .
=213
j=1

From this expression, it is clear that Iég) is a positive term. Moreover, from the properties of the weight

1, we also have that [é;) > 0. Since ¢ € C*(Q), we can bound from below the second and fourth terms
in the above expression to obtain

s > —7A //Q(f-enw\ SV (E0)| —C’T)\//Q(E_G))\¢|V(E_z)| . (2.16)

11



Collecting estimates (2.13) and (2.16), and taking X large enough, we get

L + Iy > CTN’ // (®0)p|V(E 2)|> — CTN° // (T 0)9|V(E 2))?
Q wx(0,T)

—Crat //Q(E*o)"’¢2(£*z)2.

Then, using estimates (2.12) and (2.17) in equation (2.11), our Carleman inequality reads momentarily
as follows

(2.17)

J[L @RS eIV E ) + 1Al o + B2l
+ I31 + I32 +ZI]3 < HgHLz (@) +C <// 7' )\4 t 0) ¢ ( )2 +7’)\2(t9)¢|V(tz)2)>
wo % (0,T)

(2.18)
for A\>C and 7 > CT?.

Step 2. Estimates involving discrete computations

In the second part of the proof, we will use the discrete calculus results presented in Appendix B. They
will help us to handle the remainder terms that arise when integrating by parts with respect to the time
variable.

Estimate of Is1. Using formula (B.2) we have
Iy = 72X\ //Q(E‘H)%QWQ/)P(E‘Z)EZ
=570 [ @ 0reIverDap) - S [[ @ 0revul (i2)?
Q Q
1.

Integrating by parts with respect to time in the first term of the above expression, that is using (B.7),
we obtain

1 1 1 1 1 1
1) = =57 [0 1T h)? + Jrin? [ (0t wup Ly
Q Q
ET‘W/ (V262D (6%) (8" 2)2.
Q

Using estimate (B.12) and shifting the indices with (B.4)-(B.5) in the last term of the above expression
yields

<OrN / IV [?¢? {T(E*of’ + Tf;} (t72)?
Q

__ At
_ N //Q\w\%? [T(t 9)3+T654} (&2

+C7-2)\2/ V|22 {T grtEy3 L Ot ](zM+%)2
Q

57 [ 1vere Do e oy

T654
242 2 1 3 1.9
7CT)\/§Z|V’L/)|¢ {T 02) T654}(2)'
Hence, using that v € C?(Q), we get

Is1 > — CT2N°T / P (X 0)% (% 2)? CAtT)\2//t6 th)
) At -
— o\ //d) T654 - Wh,

12

(2.19)




where

l\J\»—\

Wy :cT2A2/(e%)2¢2( )+ Cr /\2/ #2 {T(9M+%)3+T%§4] (M2,
Q Q

Estimate of Is2. Integrating by parts in the space variable and using (B.3), we have

1 — 1 -
Tzp = —= // D, (|Vz|2) + 7At/ (DtVz)27
2/ /g 2 Q

and then integrating in time

Iz 1(/ V232 /|vZM+%|2>+%// (V=)
Q
_,/ VMR = (2.20)

Remark 2.1. Observe that in the continuous case the term Is2 is equal to zero. Here, a nmew term

[\

[\

depending on VMt appears and is related to the special structure of the function 6 which prevents that
the exponential weight vanishes at t =T

Estimate of Iz. A straightforward computation gives

__7_22 2/— 2/=+pn/ _—22
P A//Qw (£ 0)62 (510 (E 2)?,

then using (B.13) and that 1 € C?(Q), we readily obtain

| < C© <7-2)\2T/ S(E0)2(E 2)% + 7202 // ¢2Tf;3 (f*z)2>, (2.21)
Q Q

Estimate of I23. Integration by parts in the space variable yields

I = =27 /\// (7 0)p°(XT0)VY - V(& 2)(X 2)
=7 )\// E70)ET0)P* AP 2)* +27°N\° // (E0)(10)% I VY[* (™ 2)%
Q Q
From estimate (B.13) and since ¢ € C*(Q) is not difficult to see that for A > 1 we have
< »? At 9
|Ls| < C(2N°T t 007 2) + N T453(t 2)° ). (2.22)
Estimate of Iss. Using formula (B.3) we can write
[ // S50 D2 2)
Q
_ _17// S(ET VDL (=) + 1mt// S(ET0)(Di2)’
2 Jeg 2 Q
and integrating by parts on the first term, with (B.7), we obtain
I =57 [ 60035 = g o)A [ oD e o
2" Jo 2"/ /o
+ Loae // p(ET0)(Dy2)?
2 Q

From this expression and the definition of 6, it is clear that the first two terms are negative. Moreover,
from (B.14) we observe that the third term is positive. A further computation using (B.13) yields

Is3 > —Ws3 — CTTAt/ p(x0)*(De2)* - T463 / #(Dyz)?, (2.23)
Q
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where

N)\»—A

,7-/(;5 M+ M+ /¢ %

Conclusion of Step 2. We will use inequalities (2.19)—(2.23) to estimate the left-hand side of (2.18).

Notice that the first term of estimates (2.19), (2.21), and (2.22) are analogous to those appearing
in the continuous case and they can be absorbed as soon as A > 1 and 7 > C7T. The other terms
contain parameters related to the time discretization (i.e., At or §) and will be handled in a later step.
Momentarily, we have

[ N E O E 2 N0V E ) + 1AelEy ) + 1Bl 0

< HQHQL%(Q) +C <// o) (7'3)‘4@79)39253({72)2 +T/\2(t0)¢|V(tz)|2)> (2.24)

+C(W+X+Y),

forany A > C and 7 > C(T + T2) and where we have used the notation W = W7 + Ws + W3 and

= 72)\2 // (t 7 0)p T453 (t™2) +7‘ )\2// ¢2T%§4 t z)2+72)\2// (]521_%;3(%72/)27 (2.25)

Y = AtT )\ // t 9 DtZ) +TTAt/ ¢ t 9 Dt T453 / qb DtZ . (226)

Step 3. Adding D;z and A(t~z) in the left-hand side

In this step, we will add integrals containing the terms |D;z|> and |A(£™2)|? to the left-hand side of
(2.24). The former will help to absorb the terms in Y (see eq. (2.26)) and the latter will be useful to
elimate the local term of V(™ z).

Using the equation verified by Az (see eq. (2.10)), it is not difficult to see that

//t 0)" 6" (Di2)’ <c<|\Az||L2(Q)+TA // (E0)p(E2)° + 722 // (E0)¢|V(E )|>

(2.27)
and, from (2.10) and (B.13), we deduce for 7 > CT?

//t 0) o AE ) <C(|\Bz\|Lz +T)\//t 0)%6° (5 2)°
+o1? [ Eorea+ (0 //¢ ")

Combining estimates (2.24) and (2.27)—(2.28), we can absorb the lower order terms to obtain

//t 0)"16~1 [(Di2)® + |AGE2) —|—7')\//t 063 (5 2)° + T2 //t 0)6|V(E 2

<llglzz, ) +C (// o (FBAE 0P (E ) + 7A2(£—9)¢V(£—z)|2)>

(2.28)

+C(W+)~(+Y)7 (2.29)

for A\>1and > CT?, with X = X+(ATts)§g fo P(E2)"%

Step 4. Local estimate of the V(t*z)

We are now ready to eliminate local term of V(7 2) in (2.29). We will proceed as in [10]. To this end,
consider a cut-off function n = n(x), with

nGCf(w), n=1 inwy,, 0<n<l.
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Then, one can readily see that

[ weevE e [ @ oevEary
=—7)\? //wxm,T)(E*G)QSA(E*Z)(E*z)n
-7\ //M(O T)(£*0)¢vn.V(E*z)(E*z)
—7\° //M(()!T)(E*e)qsw SV(E2)(B 2),

and whence, employing Cauchy-Schwarz and Young inequalities, we get

el //MOT) 1E70)%0%(E 2)% + TAYE0)B(E 2)?)

for v >0 small enough and where we have used the fact that A > 1. This estimate together with (2.29)
yield

,1 4 2
//t@ (th)+|A(tz +7‘)\//t9 (t72) +r/\//t6¢>\Vt z)|
2 314 == M3 3/x— .\2 v
<||g||Lg,<Q)+c<r A /AX(OT)(t 06 (5 2) +W+X+Y>, (2.30)

for A\ > C and 7 > C(T + T?).

Step 5. Estimate of g and absorbing the remaining terms

In this step, we will absorb the reminder terms in the right-hand side of (2.30). This will be achieved by
selecting in a specific order the parameters involved in the Carleman inequality.

We recall that from Lemma B.4, the condition At7||¢|le(T%6%)™" < & should be fulfilled in order to
take the time derivative of the Carleman weight. We will choose Ao > 1 sufficiently large and set A = Ao
for the remainder of the proof. Hence, we may choose

Atr(T?6%) 7! <e, (2.31)

for some positive constant € = £(Ag). We have the following

Lemma 2.2. Provided condition (2.31) holds, we have

oty < Oon (f [ @ nPiLmal +* [ @ 0E =)
+CA0<(A5?;STQ ?;;124) (// (£ 2)% + / M*W) (2.32)
+ Oy <T2(At)2T2 //Q(ffe)‘*(ﬁtzf %;2 // )

Lemma 2.2 follows from estimate (B.13) and a straightforward computation, so for brevity we omit
the proof. Using (2.32) in the inequality (2.30), we deduce that the following inequality holds

@0t (@er s« [ @ore ot [f @oweE o
< Oy, <// t )2\ Logl® + 7 //wme) Yt 2)? +W+X+Y>, (2.33)
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for any 7 > 7o(T + T2), where 79 is a positive constant depending on Ao and where we have grouped
similar terms with the expressions of W, X and Y to obtain

W= [(@hpEhe et [ e eh e on | @b [ estedp
Q Q Q
1 1 1,1 At)? 72 At)? 4 1
+T/(e'>M+ by - [y GO+ G| [
_ VAN RN ANt
=7 // T453 Z)2+Tz/ T664(t 2)2+72/QT453(t 2)°
(AL) 2,2 2 (At) 2 4
T856 58T12 t Z )
Y =At7? t ~0)* (D TrAt ~0)*(D: T(A)° D,z)?
+2) ‘yrr t z) Tigs Q( +2)
+ 72 (A)T // t70) (Di2)? —|— TSJG / (D:z)?

Notice that in the definitions of X and Y there are some terms containing powers of 7 greater than
their counterparts in the left-hand side of (2.33) and thus preventing us from absorbing them directly.
Using the discretization parameters § and At we will be able to do so. More precisely, we have

Lemma 2.3. For any A > 1 and T > 1, there exists € = £(\) such that for 0 < Atr*(min{T?,T%}5*)~!
g, the following estimate holds

X+Y<e (7’3 //Q?(E*G)S(E*Z)Z) +e (fl //Q(E*e)*l(ﬁtz)?) , (2.34)

forall > (T + T2).
We provide the proof of this result in Appendix A. By using Lemma 2.3 with eg = 1/2C,, where
C, is the constant appearing in (2.33), we can absorb all of the terms in X and Y, whence

—1// €70)7" [(De2)® + AR 2)°] +7° // (5—9)3(5—2)2+T//Q(f—e)|V(f—z)|2
< C, <// (& r)?|Lpgl* + 7 //W(OT) 3@ 2)? +W>. (2.35)

As in other related works for the controllability of discretized systems (cf. [3, 4, 6]), the terms
appearing in W cannot be removed and they can only be estimated. We have the following result

Lemma 2.4. For any X\ > 1 and T > 1, there exists € = €(\) such that for 0 < Atr* (min{T3, T¢}6*)~!

g, the following estimate holds
)2+/(zM+%)2+/ |VZM+%\2). (2.36)
Q Q

W <e(at)™ (/Q(z

Proof. Under the hypothesis of the lemma and recalling that 6 < 1/2, we may deduce that At < §7"/2
and therefore

=

2 , 2
0(t) < — d o' (t —. 2.
te[(I)T,IIEiJ}:At] ®) < 5Tz " te[gl,lqafaﬂ o0 < 02713 (2.37)
Then, inequality (2.36) follows from the above estimates and straightforward computations. O

Combining (2.35) with (2.36) we obtain

*1// €70)7" [(De2)® + AR 2)°] +7° //Q(E*Q)S(E*zf+r//Q(£*e)|V(£*z)|2
< Ch, (//Q(tr)2|LDq|2 +7° //“,X(O’T>(t0)3(t2)2>

+ (a7 (/ (2 )2+/(ZM+%)2+/ |VZM+%|2>, (2.38)
Q Q Q
for A > Xo, 7 > 7o(T + T?) and Atr*(min{T3,T%}6*) ™" < eo.

=
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Step 7. Returning to the original variable and conclusion

To conclude our proof, we will return to the original variable y. Recall that we have employed the change
of variables z = rq. Thus, from (2.38), we readily obtain

T—l//Q(E—e)—l[(Ez) + AR 2) // )(E"q) +r//t9|V 2)|*
< (o +//m S

([t s [ [ ] + /Q (e evgy i’

where we recall that s(t) = 76(¢) and where we have used formula (2.2) in the last term of (2.38). Using
once again (2.2), it is not difficult to see that

E()|VE QP <Cx [ @ 8)IVE )P +Cn [ T () (E )™
Q Q Q

Therefore, we can add the integral of |V (t™q)| to the left-hand side of (2.39), that is

1 //Q(’EW?)f1 [(ﬁtz) +]A(E 2) // )& q)? // (r*s)|V(E q))?
< Ch, (// (&t r)?|Lpgl? +//MO T)E(r233)(fq)2>
O (A1) (/’ s®eg)3[* /‘ s gyt [ /Q‘(esa)qu)m%

Now, we use identity (2.3) and multiply both sides by t~(r?s ')A(t7¢). Integrating in L*(Q),
summing over n, and using Holder and Young inequalities yields

// At <CA°(//tS tz\+// (r’s)(E y)>
+//Qf*(7‘28)\v(ffy)|2+//QE*(7«253)(57y)2).

Since 10 < 10 (1/T 4+ 1) < 70(t) = s(t) for all 0 < ¢ < T, we obtain from the above expression

// 25 AR Q)I® < Crgry (// (1’:‘»z)|2+//QE_U"QSS)(’E_?J)2
- r(ﬁs)\wry)F),

and, consequently, we can add the term containing |A(£~ ¢)| to the left-hand side of (2.40), that is,

- /A(E76)71(5t2)2+//gg T (%) Q) +// )E q)° // (r*s)|V(E ¢)|
< Crgro ( / / (& r)2ILogl” + / / . T)f—<rzs3><f—q>2)
4 Chrgro (A)™ (/’ s g % /‘ (W, M+2

Finally, we add the integral corresponding to | Dig| to the left-hand side of (2.41). This simply follows
from the fact that —D:q = f + A(t " ¢). Indeed, we have

// [Bugl? <2// IfP +2// P25~ AGE ). (2.42)

17
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Increasing, if necessary, the value of 79 so (70(t))™' < 1 and (2.42) yields

//fozleq // pING q|+// )t a)? // (r*s)|V(E q)?
< Cagiro <// & r)>2|Logl? +//WX(O’T>t(r253)(tq)2>
2) .

2
+ g (A) ™ (/‘ wq)b +/ ‘(eswq)M+% +/ ‘(esqu)M+%
Q Q

This concludes the proof. O

3 ¢(At)-null controllability: the linear case

In this section, we will use the Carleman estimate (1.15) for deducing control properties of linear parabolic
systems. First, we prove Theorem 1.6 which gives a controllability result where we reach a small target
in Hil(Q). Then, using this result and some regularity estimates, we present the strategy to obtain a
controllability result in the L?-setting.

3.1 Proof of Theorem 1.6

Let us consider the following time-discrete parabolic problem with potential

{(th"*% — ATy 4 (tray)" T = Lt ne [0, M - 1], (3.1)

y° = yo.

To achieve a ¢(At)-controllability result for (3.1), we begin by proving a relaxed observability estimate
for the solutions to the associated adjoint system, which in this case is given by

{ (Deg)” — AR~ q)" +a"E q)" =0, ne[L,M],
q

f+% =qr. (32)

We have the following observability estimate:

Proposition 3.1. There exist positive constants Cy, C1 and Ca such that for all0 <T < 1, all potential
functions a € LF (Q) and At < min {At, (4Ha||oo)71} where

At = Co(T + T + T°|al2%)~°T°,

any solution to (3.2) with qr € Hg () satisfies

1 2 -—2 2 :
g2 [12(0) < Cobs ]L/ lgI* +e OV I Varlizg) |
wx(0,T)

2/3

where

Cope = 01(1+ Hlallse”+Tllalloo) (3.3)

Remark 3.2. Without loss of generality and since we are mostly interested in controllability in small
time, we consider that 0 < T < 1 so that we have min{TB,TG} =TS, For T > 1, the procedure can be
adapted straightforwardly.

Proof. Applying the Carleman estimate (1.15) to the solutions of (3.2), we have that

[Leneae(fleeneors [ eeer)

+C(an)™ (!(ewqﬁ )

. esgp )J\/I-‘—%

I

;(Q)) (3.4)

L2(2) L2()

18



for all 7 > 7o(T + T?) and 7*At(6*T5) ™! < go. Since 1 < COT?, the first term in the right-hand side of
(3.5) can be absorbed as soon as T > C’T2Ha\|%3, more precisely, we obtain

remeorse(f], @)

N (]<e st

oo

;(Q)) (3.5)

L2(9)

for 71 > 79 sufficiently large and
7> (T + T + T?|a||2%).

From (3.2), observe that q"f% solves the equation

1

q "2 —q"+% — AtAg"T z + Ata™q"” 2 =0, ne€]l,M].

Multiplying this expression by q”_% in L?(Q) and integrating by parts, we readily obtain
1 o1l ntl 1, ,_1 ntl n1 ny n—1
) (Iq 2|i2(n) —lq +2|2L2(Q)) + §|q 2 —gq +2|2L2(Q) JFA15/0 IVq" 2| = *At/ alg" 2
Q

A further computation gives, as soon as 2At|lalj« < 1,

n—212 1 n+i2
lg" 272 < WVI +2|L2(Q)7 n € [1, M]. (3.6)

Using the well-known inequality €** > 1/(1 — x) for 0 < z < 1/2 and from estimate (3.6), we deduce
that )
=12 cT co | .
|q2 |L2(Q) <e e |q +2 |L2(Q)7 ne IILM]]7 (37)

provided At|lal|eo < 1/4.
Now, we will obtain a lower bound for the left-hand side of (3.5). Since we are adding positive terms,
we can restrict to the indices n € [M/4,3M /4] and hence

// QSgp 5 q)2 2 Z At 7_3/(eQTGAp)n—%(63)n—%|qn—%|2.
ne[M/4,3M /4] Q

Recalling that ¢ is negative and independent of time, we deduce that

25 K,
(27%9)"3 > ¢~ 172, Vn € [M/4,3M/4], (3.8)

where Ko := max,.g5{—¢(z)}. Moreover, since § > 1/T for all t € [0,T], we get

_ 257K n—}
// (€*?s*)(E q)? > Z At Pe” 12 T 8|g" 2|2 2(0)-

ne[M/4,3M/4]

Using estimate (3.7) in the above inequality and adding up, we get

T _Cr_ a _g, L
// (e*?s%) (£ q) > (5 —At) e n3 ~CTlelle 6|qé|2L?(sz)
_Cr_oTlla 1
> Cre w5 T H°°|q2ﬁ42(m’ (3.9)

for some C > 0 only depending on § and w and where we have used that 7 > 7 T2.
From (2.37) and (3.7), we have that
2 2 akgT akgr
(R Se*ﬁ\qﬁnaﬁmﬂ“%ﬁ
L2(Q)

<e~ 572 TCTlla Hoo| M+3 ‘ (310)

s L
‘(6 “q)2

L2(2)
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where we have denoted ko := min,5{—¢(z)}. Using Poincaré inequality and the above estimate, we
see that the last three terms in (3.5) can be bounded as

sp 232
(e**q)

2
< —Cﬁg"rCTHa”oo |qu+% |2.

L2(9)

+ ‘(6”’!1)1””%

+ee evgM i

L2(Q) L2(Q)
On the other hand, observe that the following estimate holds

kjoT

e??s® < 728~ exp< )<C Y(z,t) € Q, (3.11)

uniformly for 7 > g2-T?. This, together with (3.9)-(3.10) can be used in (3.5) to obtain

T C
qulm(m < OT 175 +CT llallos // (£ q)% + C(At) ez (€= $+CTla \|oo|qu+Q|L2(m
% (0, T)

for any 7 > 72 (T+ T2 +T?||al|2,?) with 72 = max{r1,3/8ko}. For 0 < § < & < 8o, with §; small enough,
we obtain

Cr —
4% 30y < CT teir? +CT ol // (OT)(t*q)HC(At)*le s tCTlalleo|ggMT3 2, 0 (3.12)
w X (0,

To conclude the proof, we recall the condition of Theorem (1.4)

which has to be fulfilled along 0 < § < §; and At|aljec < 1/4. Let us fix 7 = 72(T 4+ T2 + T?||a||*/?) and
define . .
At = ?jaf(T +T? 4+ T%||a||2?)*T°.
2

whence —
AL -
il
A
N /
Now, we choose At < min{At,1/4||a||s} and set § = % < 01. We then find that
TNt _
7547"6 = €0-

Therefore, 7/(T2%8) = '/4T~1/2/(At)*/* and from (3.12) we deduce
1 _ 1 1q)?/3 a __ — 92 icTalle
|42 |22 () < CT e rHlale Tl “"")// E g% +e @077 Va2 120
x(0,T)

Finally, shifting the indices in the integral term and grouping similar terms, we obtain

c
19 o1 (1 2/3 L7 lall oo 2 -— 7 M+12
|q2|L2(Q)§€ 11+ & +allSL°+Tall )<7L/ ( )|q| +e @ani/A |Vq +2|L2(Q) )
wXx(0,T

Thus, the proof is complete. O

With the result of Proposition 3.1, we are in position to prove the following ¢(At)-null controllability
result for (3.1).

Proposition 3.3. Let us consider T' > 0 and a discretization paramenter At chosen as in Proposition

3.1. There ezists a continuous and linear map L?; : L2(Q) — L%(0,T; L*(w)) such that for all initial

data yo € L2(Y), there exists a time-discrete control function v given by v = Lﬁta(yo) such that the

solution to (3.1) satisfies
™ [i-10) < Cobs V(A1) Yol 2 (0
and

vl L2 0, 7:22(w)) < Cobs|yolr2(a)
with Cops as given in Proposition 3.1.
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Proof. Consider the adjoint system (3.2). From the relaxed observability of Proposition 3.1 we have

2
1
0¥ 22 < Cobs (f/ |q|2+¢<At>|qT|ig<Q>> , (3.13)
wx(0,T)

where we have chosen

__C»
H(AL) =e (21, (3.14)
We introduce the functional
At 1
tadar) =5 ff ol O g+ o0t Ve eHi@ @19
x(0,T

defined for the solutions to (3.2). It is clear that the functional J is continuous and strictly convex.
Moreover, using Holder and Young inequality in the last term of the above expression, we have

d)(At) 1 1
JIat(qr) ]ﬁ/ |qT|H1(Q) iC. g2 |i2(9) - Cobs|y0|2L2(Q)-
(0,7) obs

Using inequality (3.13), we readily deduce that

At
Jne(qr) > f/ ql? ¢(4 )|qT‘iIé(Q) — Cobs|yo| 720
x (0, T)

and therefore we can conclude that J is coercive. This guarantees the existence of a unique minimizer
that we denote gr.

Now, consider ¢ the solution to (3.2) with initial datum gr. The Euler-Lagrange equation associated
with the minimization of functional (3.15) reads

~ —~ 1
# gy TOH 000 (V. V) ey + (0310 =0, Var € (@), (3.16)
x (0,7

We set the control v = Lf«‘fa (yo) = (lef’”%)ne[[o,M,l]] and consider the solution y to the controlled
problem
{(th“% — AT 4 (tTay) T = 1" ne o.M - 1],
0
Y = Yo-

By multiplying this equation by q"+% at each point of D, and integrating by parts, we deduce

o~ 1
f/ d0= ", ar)-11 — (o, 4% 2o (3.17)
wXx(0,T)

where (-,-)_1,1 stands for the duality pairing between H~*(Q) and Hg (). With (3.16) and (3.17), we
conclude that
M = ¢(At)AGr (3.18)

By taking gr = gr in (3.16), we readily obtain

~112 ~ 12 ~L
lla HLQD(O,T;L2(L,J)) + ¢(At)|QT|H3<Q> = _(y07q2)L2(Q)

IA

1
[Yolr2(0)|@2 L2 ()

and from the observability inequality (3.13) we have

12 2 2 ~ 12
172 |72(0) < Cops (f/ o) lal” + ¢(At)|qT|H[1)(Q)) .
wXx (0,T

Combining the above expressions yields

H””L2 (0,T;L2(w)) = = |1qll .2 2,(0,T;L2 (w)) < Cobs|y0|L2 Q)
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and
VO(AD)|Gr g ) < Cobs|yolr2(a) (3.19)

Hence, the linear map

Lyt L2(Q) — Lp(0,T; LP (w))
Yo — VU

is well-defined and continuous. Finally, from the expressions (3.18)—(3.19) and the definition of the
H~'-norm, it is not difficult to see that

™ 5100y < Cobs v/ (L) |y0| 2 (0 -

This finish the proof for ¢ as in (3.14). The claim immediately follows for any other function ¢ satisfying
(1.23), changing the value of Cops if necessary. O

3.2 Proof of Theorem 1.7

The proof of Theorem 1.7 relies on Proposition 3.3. We will deduce that system (3.1) is ¢(At)-null
controllable in L?*(Q) by driving the solution first to a small target in H ' and then by letting the
solution to evolve uncontrolled. In this way, by elliptic regularity, we will obtain a better estimate of the
final target. Our strategy is as follows. Let ¢ satisfying (1.24) and let us set

p(At) = At p(At),

in such a way that ¢ satisfies (1.23).
Let us fix T > 0, the initial data yo € L*(Q) and consider the time partition (1.5). We choose some

(large) To < T and set My = LZ—‘;J From Proposition 3.3, we know that there exists a time-discrete

control vg = (vg+2 Jnelo,Mo—1] With

T
Vil L2 (0,70:02(w)) < Copsl¥olr2(o)

such that y solution to

n+l _  n 1
’ At Lo AynJrl + a”“y"“ = 1wvg+2v ne II():MO - 11]7
Yo =0, n e [0, Mo — 1], (3.20)
¥ = o,

verifies
\yMO\Hflm) <y, A(AL) Yol L2(q) (3.21)

where Cg;fs is the observability constant corresponding to the time interval (0, 7). This defines the state
y" for all n € [0, Mo].
Now, we set "t =0 for n € [Mo, M — 1] and consider the uncontrolled system

ynH -y +1 +1, nt1
T—Ay +a""y =0, n € [Mo, M — 1], (3.22)
Yon =0, n € [Mo, M — 1],
with initial data y™° coming from the sequence (3.20). Observe that for n = My, the equation verified
for y™Mo+L is given by

_A¢ AyIVIO-H + (1 +aM0+1) yM0+1 — 4", inQ,

from which we obtained the classical elliptic energy estimate

M, M,
VB gy < O, llalloo) 5™ 11 -

22



This, together with estimate (3.21) and Poincaré’s inequality yields

N
‘yMO+1|L2(Q) <C (At ) [YolL2(q)s

for some C' > 0 only depending on Q, T and ||a|lec. Arguing as in the proof of Proposition 3.1, we can
iterate for indices n € [Mo + 1, M] to deduce that

|yM|L2(Q) < CVo(AD)yolL2 (s

where we have used the definition of q~§

Therefore, we have constructed a sequence y = {y"}nefo,n] by means of the auxiliary problems
(3.20) and (3.22) such that y* verifies a ¢(At)-null controllability constraint in L?(2). This concludes
the proof.

4 The nonlinear case

We devote this section to prove the existence of controls for the semi-linear scheme (1.26). The proof
follows well-known results for the controllability of semi-linear systems (see, for instance, [9, 11]) with
some particularities due to the discrete nature of the problem.

Let us define
(®) 1) i s £ 0,
s) =
g £1(0) its=o0.

The assumptions on f guarantees that g and f’ are well defined, continuous and bounded functions. For
¢ € L%(Q), we consider the linear system

yn+1 _ yn 1
L Ay gy = 1™, e [0,M - 1],
n 4.1
y‘a-gl =0, ne [[07 M - 1]]7 ( )
0 — 4.
We set a¢ = g(¢™), so that we have
lacllo < K, V¢ € Lp(Q), (4.2)
where K is the Lipschitz constant of f.
In view of Propositions 3.1 and 3.3, for At chosen sufficiently small, i.e.,
At < min(At, (4K)™) (4.3)
with ~ )
At =C(T 4 T? + T*K*/3)731°
we can build a control ve = LTA«;ZC (yo) and the associated controlled solution to (4.1) such that
M ___C2
9 lr2) < Ce A9 yol 2y, lvellnz 0,702 < Clyolr2o) (4.4)

where C7 > 0 and C' = exp [C(l + % + K23 4 TK)} are uniform with respect to ¢ and the discretization

parameter At. Notice that by selecting the parameter At as in (4.3) guarantees on one hand the existence
of a solution to (4.1) and the stability of the discrete scheme, while on the other we ensure the uniformity
with respect to ¢ in the estimates (4.4) which is important in what follows.

Let us define the map

A LB (Q) — LB (Q)
¢ ye
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where y is the solution to (4.1) associated to a; = g(¢"), n € [1, M], and control as in (4.4). Arguing
as in the proof of Proposition 3.1, we can readily deduce the energy estimate

cT .
||y<||L§,(Q)§€ lacl ||U<HL2D(0,T;L2(W))~ (4~5)

Taking into account (4.2)—(4.5), we deduce that the image of A is bounded, implying that there exists a
closed convex set in L3 (Q) which is fixed by A. Moreover, it can be easily verified that A is a continuous
map from L% (Q) into itself, while the uniform estimate

||?JCHL§,(0,T;H5<Q)) < C'lyolr2(a)

for the solutions to (4.1) allows to conclude that A is a compact map since Hg () — L*(Q) with compact
embedding

All of the previous properties allow us to to apply Schauder fixed point theorem to deduce that there
exists y € L%(Q) such that A(y) = y. Setting v = L%’;y (yo) we obtain

n+1 n

Yo Ay 4+ f (™) = 103, ne o.M 1],
Ve =0, nefo,M 1],
y° = yo,

which concludes the proof as we have found a control v that drives the solution of the semilinear semi-
implicit parabolic system to a final state 4™ satisfying estimates (4.4).

5 Applications to controllability of coupled systems
Carleman estimate (1.15) can be used to study other controllability problems. We devote this section

to study the controllability problem for a kind of coupled parabolic system. More precisely, we consider
the 2 X 2 system

ynH -yl 1 1 1 1 1 1
LU At b eyt b el it = 10, e o, M 1]
yn+1 — Y3 +1 +1 n+1 +1 n+1
2Tt —Ays" Fay’ YT asy yy T =0, n € [0, M —1] (5.1)
(y?ﬂ)mn = (y;H)\asz =0, ne[0,M—1]

0 _ 0 _
Y1 = Y10, Y2 = Y2,0,

for given initial data yi1,0 and y2,0. with coupling coefficients a; ; € LF (Q).
The idea here is to steer the solution to zero by acting only on the first equation of the system. As
before, the control problem can be reduced to prove an observability inequality for the adjoint system

P N S SR
At —Aq *+ang *Hang * =0, n € [1, M],
q;7§ _q;+% n—3 n n—% n n—%
At - AqQ 2 + @124, 2 + 2245 2= 0) ne [[17 Mﬂa (52)
nfé _ nfl% _ M
(a) )|aQ = (¢ )|an =0, n € [1, M],
M+1 M+1
q1 =dq1,17, (4o =q2,T-

This can be done by employing (1.15) on each equation of system (5.2) and using local energy estimates
to eliminate the observation of the variable g2. The result is the following.

Theorem 5.1. Assume that for some nonempty open set wg C w, the coefficient a1 verifies
azy; > a0 >0 or —ay >ap>0 Vrewy, nell,M]. (5.3)

Then, there exist positive constants Co, C1 and Cz such that for all 0 < T < 1, under the condition
At < min{At, (8M) ™} with
At = Co(T + T + T* M?/3)~°T®
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any solution to (5.2) satisfies

3.2 3.2 2 2 -—2 M+3 2 M+1 2
197 [T2(0) + 145 [22(0) < Cobs (]L/ ( )|q1| +e @OV Vg Pl HIVE Pl |
wx (0,7

. Cy(1+ A +TM2/34+TM
with Cops = eC1A+TT+ M) and M = maxi<i,j<2 [|aij||so-

This is an analogous result to the one presented in [13] for the observability of m-coupled equations
with one control force. Indeed, we will adapt their proof and take into account the differences introduced
by the time discretization scheme. It is worth noting that we can also extend our theorem for the case of
coupled systems in cascade form (see condition (6) in [13]) but for convenience we only present a simpler
case. Finally, we shall mention that for brevity we only present the proof of the observability inequality
of (5.2), the controllability result for (5.1) can be readily obtained by arguing as in the previous sections.

Proof of Theorem 5.1. For the sake of clarity, we have divided the proof in three steps. We will keep track
of the dependences of the constants. As before, since we are interested in controllability in small time,
we have min{T®,T%} = T®. We also recall that system (5.2) can be rewritten in the more convenient
form

—(Diq)" — AR @) +ali(F )" +ak (T g2)" =0, n € [1, M],
—(Di2)" — AR q2)" + a7 )" + a2 (87 q2)" =0, ne[l,M], (5.4)
@™ gy, M =g

Step 1. Given wo C w, we choose @ CC wg. We begin by applying the Carleman estimate (1.15) to
each equation of (5.4). To abridge the notation, we have denoted by Z(q) the left-hand side of (1.15),
thus we have

g+ Z(a) < ( //X(OT)‘— 5% (€ q,) +ZZH%HO@// £ q>>

+ (A" Z(\(e 2qi)% Lz(m)

=1
for all 7 > 7o(T + T?) and 7*At(5*T°) ™! < 9. As in the scalar case, all the lower order terms can be
absorbed by taking 7 large enough, this is

sy ez <o (ff @i [ e

2 12
s \M+3
e B 2

|( %) L2(Q)

sgov ]V[+2
. + ‘( )

(5.5)
2 112 12
C(At —1 ‘ s . % ’ s \M+35 ‘ sgav . M+3
rewn S (ferwtf, e i, lerva il
for all
S 2 2 11273y .
2R T max flasl2) (5

Step 2. Now, we will see that thanks to hypothesis (5.3), we can eliminate from (5.5) the observation
term corresponding to g2. To this end, consider two open sets O and Og such that © C O CC Oy C wo,
and a cut-off function ¢ € C§°(Q) verifying

0<¢<1inQ, ¢=1in0, supp¢ C Oy (5.7)
A
leQ € L¥(Q), Cvl/i € Lo(Q)? (5.8)

Such function exists. For obtaining condition (5.8) it suffices to take ¢ € C§°(Q) satisfying (5.7) and
define ¢ = ¢*. In this way, ¢ will verify both (5.7)—(5.8).
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By assumption, the coefficient a21 satisfies (5.3) and, for convenience, we suppose that a3, > ag for
all z € Q and n € [1, M]. From (5.4), we multiply the equation satisfied by g1 by € (e**¢s®)" (£ ¢2)"¢
in L?(Q) and sum over n. We get

ap /[ T(e*75%) (B )’ // ant” (€7%5°) (7 q2)*¢
Ox(0,T)

= //Q 2 (e®?5°)(E q2) [(Deqn) + AR q1) — a1 (8- q1)] ¢

: i K. (5.9)

We proceed to estimate each K;, 1 < i < 3. Integrating by parts using formula (B.7) in the first term
we obtain

/Q (Diqr) (£ €**%s%q2)¢

= ((CWSS/QQKI/Q)% , (63“’53/2(12@/2)%)

- //Q(f+q1)ﬁt (e*%5°q) ¢

3
=Y K. (5.10)
j=1

K

+ ((es<p83/2q1<1/2)1\/1+% 7 (es¢83/2q241/2)M+%)

L2(Q) L2(2)

The first two terms can be easily bounded by using Holder and Young inequalities, i.e.,

3’ ) (5.11)

2
12
K1) < 03 (fleesta?

=1

E 3/2
’ews/

L2(Q)

By using formula (B.1) in the last term of (5.10), we obtain

K® =~ //t 01)De (€**?5°g2) ¢
- [ EwE @ Da- [[ EnEabies

=: Hi + Hs.

From the fact that (ttq1) = AtDigq1 + (t"q1) and properties (5.7), we can use Hélder and Young
inequalities to obtain

s ) c o
|Hy| < —Z// (e*?5%)(Deas) c+71// (€**?s7")(Deg2)? +¥// ( )t (€*?s)E q)?
Op x(0,T

for any 1 > 0. Now, let us choose &1 small enough such that €1 < min{eo, ag/2C} where C is the
constant appearing in (5.5) and verifying

Atrt

W S €1. (5.12)
Then, we have

s s C o
|H1| < e E // e*?s ) (Digi)* +m // e**?s ) (Deg2)” + —// T (@)
st 09 x(0,T)

(5.13)
Estimating the term Hs follows after a straightforward but long calculation since it involves the time
derivative of the Carleman weight. Using formula (B.1), we have

D:(e%%0%) = (£7e*?)(D16°) + (£ 6%)(D1e**%).
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Therefore,

- / / (B 1) (8F g2) (87 29) 7 (Di6%)¢ — / / (E ) (8F42) (5 5) (Do)
Q Q

=11+ Is.

Using formula (B.12) with n = 3 on [ yields

s sy At
|11|<//\t an)l|(E¥g2)] £ ( “’44+//|t DlI(E )] (B 2

Provided

AN 7o

and using the properties of the function (, we get after applying Holder and Young inequalities that

_ _ C _ _
L] <m / (& @)@ eest) + & // (EF )P (B2 s)
Q Y1 JJoyx(0,T)

w[[@ereren S [ @arEte)
Q ga! 0 x(0,T)

for some positive constant C' only depending on €2. Modifying 71, if necessary, so (76(t))"* < 1 for
t € [0,7] and shifting the indices in the above expression, we get

11| < 271 // (ffqz)fo(e%‘Ps?’) + ¢ // (Ei(Jl)QEi(e%wss)
Q ga! O x(0,T)

, , (5.15)
1 1
+CAt (‘(esws5/2q1)M+§ ’(es‘Psg/QqQ)]WrE > .
L2(Q) L2(2)
From Lemma B.4 and (B.13), we get
s s sy LT
(D))< (o) + 6 e S,
Arguing as above and provided (5.14) holds, we have
|I2| < 2vq // t qg - eQW 3 // t q) 77(625('087)
Cox(O:1) (5.16)

2
S

e

L2(Q)

ront (‘(ews?/qu)M*%

2
LZ(Q)) '

Combining estimates (5.11) and (5.15)—(5.16), we can bound the first term of (5.9) as

s s C 2
wi<a s [ e @@ [ seraeer S eennear
Op x(0,T

1 2
C ‘ sp 3/2 §
+ Z ( L2 (Q)

2 2
+ CAt (l(es“as?pql)]w'% ) .
L2()

L2(Q)
For the term K> in (5.9), we can integrate by parts in the space variable, thus

Ky = // (e2*?5°)C(E " q2) AR qu)
T T e - [ e v
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M+3

‘(65@83/2%)

L2(Q)

1
[l

(5.17)



Using (5.8) is not difficult to show that
|V [57 2.s<p 3 H < ok (625¢S4)<1/2

and therefore, using Holder and Young inequalities, we get

|K2|<71// 260 3) (£ o) +72// 250 )|V (5 )
+c( )// £ (2 ) [V (E )
Op x(0,T)
for any 72 > 0.

For K3, we readily have

s C e s
|K3|<71// 260 3) (€ )’ *I//o o T EEE ) (5.19)
o x(0,T

Recalling that we have chosen 71 large enough so that (76(¢))™* < 1, we can combine (5.17)(5.19)
to obtain the local energy estimate

w | /O o TN
<Elz// s D+ [ € E )
- / / VE @)+ / /. MT)‘- 2 sT)(E ) (5.20)

Loy (]@%ﬁ )

i=1
where we have used condition (5.14) to simplify the last term. Replacing (5.20) in (5.5), and taking ~;
small enough, we obtain

sz <o(ff et ff s ar)
Og x(0,T) 0y x(0,T)

+O(A) Z(](e “q,)% ;m))

i=1
Step 3. To eliminate the local term corresponding to V(£ ¢1), we consider a function n € C§° ()
with properties analogous to (5.7)—(5.8) chosen for the sets Op and wg. In this way, we have

L FEINE P < [ 5@
// (€*s”) AR q1)(E @)

//v (%)) - VE @)(E q),

where we have integrated by parts. Using that ’V (e sP) 17] | < Cff(eQS‘psG)nl/Z, we readily have

// £ (e2%57) [V (E )| <fya// R ING N s m// IIVE g
Op%x(0,T)
(D)L et
wo X (0,T)
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(5.18)

(g

L2(Q)

(5.21)

+)( gl

+ |(e7r )3

L2(Q) L2(2)

(5.22)



for any 73,74 > 0. Using estimate (5.22) in (5.21) and taking the parameters -; small enough, we obtain

I<q1>+z<q2>sc<// o e q1>>

roon 3 (fieant

1=1

(5.23)

2
s(pv . ]\4+%
+ ‘(e %) L2(Q)

1
e

L2(Q) L2(Q)

for all 7 as in (5.6) and Atr3(T85%) 7! < g5, with C > 0 only depending on ©, w and ao.
Step 4. Following the proof of Proposition 3.1, for At maxi<; j<2 ||aij]lec < 1/8, we can obtain the
estimate

21 2 sl
Z g2 |2L?(Q) < eCT max1<i j<2 laijlloo Z g, +3 ‘12(9)7 vn € 1, M]. (5.24)
i=1 i=1
Moreover, from (3.8) and (5.24), we get

cr
Z// 254@ 3 t qz) > CTe — =7 —CTmax;<; j<2 ”a””xZ|qz |L2(Q) (525)

i=1

Using Poincaré inequality and (5.24), we have that the last three terms of (5.23) can be bounded as
follows

2 (5.26)
—C Iy +CT max;<; ; iilloo M3
< e CamtOTmaasise ol N g Mra 2,
=1

On the other hand, observe that if 7 > 8k T27 the weight function e**?s'! is uniformly bounded for

all (z,t) € Q (cf. (3.11)). Therefore, from estimates (5.23) and (5.25)—(5.26), we obtain

2
1 Cr L —
> 107 |22 < OT terd oM MRtz ol // (E )’
wx(0,T)

i=1

) (5.27)
+ e_%+CTmax1§i,j§2 llaijlloo Z qulM+% |i2(9)
i=1

for any 7 > 72(T + T2 + T? maxi<; j<2 ||aij| s0) With 72 = max{ri,11/8ko} and any § small enough. To
conclude the proof, we have will fix the parameters involved. Recall that the condition

Atr®

Tsgs =2
has to be fullfilled along 0 < 6 < §1. We fix 7 = 7o(T + T2 + T? max;<; j<2 ||aij]|oc) and define

At = 8—?5?(T +T?+T? max ||aij||?x/>3)_5T8
TS 1<i,5<2

which gives .
TSNt
53T

Now, we choose At < mln{At 1/8 M} and set 6 = iTi;gl < 61. We find then

= €2.

TNt
0°T8
Therefore, 7/(T%8) = (e2T~2)'/5 /(At)Y/® and from (5.27) we get

c M?2/3 — R +3
Z\qz 320y < 1T MM (f qu* +e (anteTH ZW |%2(n))-

This concludes the proof. O

= €2.

wXx(0,T)
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Remark 5.2. The approach presented here can be used to address other well-known control problems for
coupled systems in the discrete setting. To fix ideas, let O C ) be an observation subset and consider the
functional

M
1 n
U(y) =5 > Aty 720
n=1

and the control system

n+l _  n
% - Ay"+1 = 1W”n+% +£’ﬂ+%’ nec [[OvM - 1]]7
Y =0, neo,M—1], (5:28)
y° = yo + owo,

where yo € L*(Q) and € € L%(Q) are given functions and the data of equation (5.28) is incomplete in
the following sense: wo € LQ(Q) is unknown with |w0|L2(Q) =1 and o € R is unknown and small enough.

The idea is to look for a control v = (v"*é)ne[[o,M,lﬂ such that

ov(y)
oo o

o=

=0, Yuwo € L*(Q). (5.29)

This is the so-called insensitizing problem (see the seminal work [17]) and has been thoroughly studied in
different contexts, see, for instance, [1, 14, 18, 19, 20].

As classical in this framework, the insensitizing control problem is equivalent to study the null-
controllability of a cascade system of parabolic PDEs (see, e.g., [19, Theorem 1]). At the discrete level,
(5.29) translates into finding a control v such that

[N

gz =0, (5.30)

where q = (q”+%)ne[[0,M,1]] can be found from the following forward-backward cascade system

y =y 1 1 1

g AT =TT nefo,M - 1],
Yo =0, n e [0, M — 1],
v’ = wo,

q”7% 7qn+% 1

thAqniE :1(9yna nec [[LM]]a
nol

q‘ag2 =0, n € [1, M],
qMJr% =0.

However, as discussed in Section 1, we cannot expect to obtain such kind of result for (5.28) but rather
to obtain a relazed condition. In view of previous results for discrete-in-space insensitizing problems (see
[3, Theorem 1.4]), the Carleman inequalities (1.15) and (1.16) and the procedure developed in this section,
we can expect that a relazed notion of ¢p(At)-insensitizing control also holds for (5.28).

A  Proof of Lemma 2.3

Proof of Lemma 2.3. We begin by increasing the value of 7, if necessary, so that 71 > 1 and 7 > 1.
Notice that

1<n(1/T+1) <70(t) =s(t), forall0<t<T. (A1)
Now, we rewrite X = Zle X@ . Provided
TAL
Tigs <en, (A.2)

holds with €1 > 0 small enough and from (A.1), we have

XM < (//Q(E_s)s(f_z)Q) ,
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In the same way, it is not difficult to see that

X® < e (//Q('E’S)S(VZV) ;

for some €2 > 0 sufficiently small such that

T2AL
Togi = €2 (A.3)
Moreover, we have
X® < gy <// (5*5)3(5*;;)2)
Q
for some e3 > 0 such that )
TN
W < es. (A4)

Using the expressions verified by (A.2) and (A.3), the last two terms of X can be bounded as

X 4 x® < 22 (//Q(E—S)S(f—z)?> +e2 (//(5—5)3(5—2)2>

Reasoning as above, we can also deduce bounds for the terms in Y. Using a similar notation and
from the fact that max,c[o,7) 6 < (8T?)71, we get

v = Atr® //Q(f*e)?(ﬁtz)? = Atr® //Q(E*H)S(Ez)‘z(rs)*l

<el ( / /Q <f*s>*1<ﬂz>2) ,

Atr3
W S E4 (A5)

where the condition

holds for some €4 > 0 small enough.
In the same spirit, we get

y® :TTAt//Q(E*a)Z(Ez)Q :TT"’At//Q(fwsv)?’(Ez)Z(E*s)*1

<a [ /Q (£ )" (Dez)’

provided the following condition
T2AL

53? S 5. (A6)

A straightforward computation yields
vo g ([[ o me2).
Q

TNt
5273 < g¢. (A7)

For the fourth term of Y, we may use (A.1) to write
YW = 72(At)*T? // (£ 0)"(Di2)?
Q
< 7HAY)T? // (70)°(Di2)* (7 s) L.
Q

for some e¢ verifying
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Hence, if condition (A.6) holds, we have

YW < g2 (//Q(E_s)_l(ﬁtz)2> .

For the last term of Y, using again (A.1) and arguing as above, we obtain

Y® < g (r—l// (5tz)2(1_:_0)_1).
Q
whenever (2.31) holds.

Recall that 6 < 1/2 and 7 > 1, then conditions (A.2)—(A.7) can be simplified into a general one
verifying

Atr?
- = <
min {73,76} 54 —
for some € = £(Ao) small enough. Collecting the estimates for X® and YO, ¢ = 1,...,5, we obtain the
desired inequality (2.34). This concludes the proof. O

B Some technical lemmas

The goal of this appendix is to summarize a series of tools that allow to manipulate the discrete operators
D; and D; and provide estimates for the application of such operators on the weight functions.

To avoid introducing additional notation, we introduce the following continuous difference operator.
For a function f defined on R, we set

() =t AL, v () = f(1),
1
Dif = — (1T —t7)f.
tf =% t( )f
In this way, discrete versions of the results given below will be natural. With the notation given in the

introduction, for a function f continuosly defined on R, the discrete function D, f is in fact D f evaluated

at the mesh points P and D;f amounts to evaluate D;f at the points D. This can be readily seen just

S . At
by considering the change of variables ¢ — ¢t — 5~.

Lemma B.1. Let the functions fi and fa be continuously defined over R. We have
Di(f1f2) = t7 f1Difa + Defit™ fo.

The same holds for
Di(fif2) =t fiDefo + Defit™ fo.

From the above formulas, if fi = fo = f, we have the useful identities
1 1 _ 1 1
tTfDf = 5D (f*) + 5Azt(th)Q, t fDuf = 5D (f%) - §At(th)2.

The translation of the result to discrete functions f, 1,92 € HP is

Di(g192) = (t1g1)Dega + Diga (E g2),

— S (B.1)
+(9192) = (£~ g1)Deg2 + Dig1 (T g2),
and
(5 NDf = D0 (1) + 501(Def ), (B.2)
(8 F)Def = 5D () = 5 04D)?. (B.3)

Of course, the above identities also hold for functions f,gi,g92 € H?” and their respective translation
operators and difference operator t* and D;.
The following result cover discrete integration by parts and some useful related formulas.
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Proposition B.2. Let {H,(-,-)u} be a real Hilbert space and consider u € HP andv € HP. We have

the following:
T T
][ (tTu,v), = / (u,t70) (B.4)
oT 0 1 1 ;
]ﬁ (tfu,v)H = At(u’,v2) g — At M2y +/ (u,E+v)H . (B.5)
0 0

Moreover, combining the above identities, we have the following discrete integration by parts formula

7£T (Diu,v) g = f(uo

Remark B.3. If we consider two functions f,g € Hf, we can combine (B.4) and (B.6) to obtain the
formula

m\»—-

Vi + (™ M+%)Hf/0 (Dev,u) ;- (B.6)

T S— 1 1 1 1 T —
/0 (Dif,t79), =—(f2,9%)u+ (" 7,¢" 2)n —/0 (€7 £, Dig),, - (B.7)

Analogously, for f,g € Hf, the following holds

]g (th7t+g)H = _(fong)H + (vagM)H _]g (t7f7 Dtg)H : (B'8)

Observe that in this formulas, the integrals are taken over the same discrete points. These will be partic-
ularly useful during the derivation of the Carleman estimates (1.15) and (1.16).

We present here some technical results of discrete operations performed on the Carleman weights.
These are of particular interest in the demonstration of Theorem 1.4 and for dealing with coupled
parabolic problems as in Section 5. To be consistent with Section 1.4, we set r = e*? and p = 7. We
highlight the dependence on 7, §, At and A in the following estimates.

Lemma B.4 (Derivative of the Carleman weight). Provided AtT(T36%) ! < k, we have

7_2

~(p)Dur =7t (0 )¢+At(53T4 n 54T6) Orn(1). (B.9)

Proof. The result follows from the Taylor formula

i y7 "/0 %f(m(ﬂroy)da (B.10)
=0

at order n = 2. Applying formula (B.10) with f = e°? and y = At, we have
s(t+At)p _ s(t)e 1
R O P WY / (1—0)de" 7202 g,
At 0
Taking the second derivative of the weight function and factorizing the term e*¥¢ we obtain
es(t+At)(p _ es(t)tp

1
I’ = (7‘0'(1&)@ + At/ (1- U)eTe(tJrUAt)“’*Te(t)‘PTG”(t + oAt)pdo
0

1
—'—At/ (1 _ 0)679(t+<7At)(p—79(t)<p7_2(6/)2<t + O'At)QOQdO') e'r@(t)«p.
0

This expression, together with fact that [|¢[| g, = Oa(1) and
1

(4 -
trerféi)%]ﬁ < s J =0,1,... (B.11)
yield formula (B.9) by choosing Atr(T?6%)™" < k. O
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Lemma B.5 (Discrete operations on the weight 0). There exists a universal constant C' > 0 uniform
with respect to At, § and T such that

_ At

_ At
[tF(0)| < Tt~ (6)* + Csapa (B.13)
0 < D(#) < CT?*t™ (6°) + céfjfs (B.14)

Proof. The proof of (B.12) follows from Taylor formula (B.10) at order n = 2 and the estimate

c

2/t

P e —
tg}gf}}] 9 (0") < siraTatia’

£=1,2,....

Inequality (B.13) can be readily deduced from (B.10) at order n = 1 and using that 9.0 = (2t — T)6.
Finally, estimate (B.14) is consequence of Taylor formula at order n = 2, estimate (B.11) and the fact
076 < CT?03. O

Remark B.6. Some remarks are in order.

o We can directly use Lemmas B.J and B.5 to obtain estimates for the discrete operators Dy and t*
applied to the Carleman weights. Since r(z,t) and 0(t) are continuously defined fort € [—At, T+At]
with At small enough, formulas (B.9) and (B.12)—~(B.14) are equally valid if we sample them at the
discrete points D, thus providing estimates for operators Dy and T*.

o As it be of interest during the proof of Theorem 1.4, expression (B.9) and the estimates (B.12) and
(B.14) are also valid (for a possible different constant C' > 0 but still uniform) if we replace t~ by
tT everywhere.
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