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Abstract

Friction-induced vibrations are known to affect many engineering appli-
cations. Here, we study a chain of friction-excited oscillators with nearest
neighbor elastic coupling. The excitation is provided by a moving belt which
moves at a certain velocity vd while friction is modelled with an exponentially
decaying friction law. It is shown that in a certain range of driving velocities,
multiple stable spatially localized solutions exist whose dynamical behavior
(i.e. regular or irregular) depends on the number of oscillators involved in the
vibration. The classical non-repeatability of friction-induced vibration prob-
lems can be interpreted in light of those multiple stable dynamical states.
These states are found within a ”snaking-like” bifurcation pattern. Contrary
to the classical Anderson localization phenomenon, here the underlying lin-
ear system is perfectly homogeneous and localization is solely triggered by
the friction nonlinearity.

Keywords: nonlinear vibrations, localization, dry friction, friction-induced
vibrations



1. Introduction

Many engineering applications make use of frictional damping to dissi-
pate energy. In particular, dry friction is commonly used as a cheap and
convenient solution even in very hostile environments, as those where tur-
bine blade rotors operate [1–5]. Also, many general engineering structures are
assembled using different kinds of joints, which always introduce interfaces
and thus dissipation (and damping) [6–11]. Nowadays many researchers are
putting their effort in trying to control (or reduce) frictional resistance [12–
15]. In turn, vibrations induced by friction are experienced in many systems
too, like in friction brakes, where they generate discomfort and noise [16–19].
Similar phenomena have different names depending on the context: ”chatter”
in workpiece manufacturing, ”brake squeal” and ”groan” in automotive and
railways industries, and other industrial problems are related to the interplay
of frictional contact and system (nonlinear) dynamics [18, 19, 22–24]. Many
lumped models have been introduced over time which have tried to capture
the underlying phenomena that cause friction-excited stick-slip limit cycles –
for example, there is a large literature on the classical mass-on-moving-belt
system [25–28]. It has been shown that if at the mass-belt interface, a veloc-
ity exponential decaying friction law is assumed, the oscillator undergoes a
subcritical Hopf bifurcations [29, 30] which naturally implies a region of the
control parameter (i.e. the belt velocity) where the system is bistable (i.e.,
has two stable solutions), and can approach a Steady-Sliding state (SS) with
no vibrations, or a High Amplitude Limit Cycle (HALC) [31].

The present work is devoted to study nonlinear localization phenomena
in frictional systems particularly in the case where many elementary cells
(the ”unit cell”) can be recognized, which are assembled together in a form
of a chain of weakly coupled elements (see for example the high speed train
brake pad in Fig. 1). The possibility for each of them to experience a
twofold equilibrium opens the possibility of multi-stable spatially localized
equilibrium states when these single components are elastically weakly linked
together, allowing mutual interactions. Vakakis has studied weakly coupled
chains extensively (see [32]) with various nonlinearities and forcing concepts,
showing ”nonlinear normal modes” (NNM) which localize in space and are
a property of ”weakly coupled” chains [32]. Recently, localized vibrating
states have been observed in similar systems (both conservative and self-
excited) with geometric nonlinearities [33–35] or nonlinear damping [36]. In
the bifurcation diagram, patterns similar to the ”snaking bifurcations” are
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encountered, which have been studied in different physics fields, from fluid
dynamics [37–39] to optics [37].

Figure 1 - A typical design for a high speed train brake pad1. Deep grooves
subdivide the lining material in multiple sectors.

In this study, we will consider a chain of linear oscillators placed on a
frictional moving belt driven at a certain velocity. Friction will be described
using an exponentially decaying friction law. We remark that the underlying
linear system is perfectly homogeneous and with periodic boundary condition
(i.e., the first and the last oscillator are also elastically linked), thus if local-
ization arises, it is from the friction nonlinearity. This happens in contrast
to the classical Anderson localization [40], which is a linear phenomenon well
known in mechanical engineering under the name of ”mistuning” [41, 42].

The effect of the driving velocity and of the initial conditions is shown to
affect the localization pattern.

2. The model: a chain of nonlinear oscillators

The model is an extension of the classical mass-on-moving-belt model.
We consider a chain of N linear oscillators (each oscillator has one degree of
freedom, see Fig. 2) which are elastically weakly coupled via a linear spring
kc. Each oscillator has mass m, stiffness k, viscous damping coefficient c and
is pressed by a constant normal force P against the belt. The position of

1(source: http://www.huawu-brakes.com/products detail/productId=147.html)
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each oscillator is denoted with x, and a prime indicates differentiation with
respect to time d�

dt
= �

′

.

Figure 2. Geometrical model. It consists of N weakly coupled nonlinear
oscillators pressed against a frictional belt.

Friction between the oscillators and the belt is described using an expo-
nential decaying friction law of the relative velocity vrel = x

′ − vd

μ (vrel) = μd + (μst − μd) exp(−|vrel|
v0

) (1)

where v0 is a reference velocity, μ (0) = μst is the static friction coefficient
and μ (vrel → +∞) = μd is the dynamic friction coefficient, with μst > μd.
Thus, the friction force is{

F = −Pμ (vrel) sign (vrel) vrel �= 0
|F | < μstP vrel = 0

(2)

where vrel is the relative velocity and sign(•) is the sign function.
The equilibrium equation for the n-th oscillator (n = 1, 2, ..., N) reads

mx
′′

n + cx
′

n + kxn + kc (2xn − xn+1 − xn−1) = F (vrel) , (3)

To obtain a dimensionless formulation of (3) we introduce the following quan-
tities

ωn =
√

k/m, x0 = P/k, ηc = kc/k, ξ =
c

2
√
km

, τ = ωnt (4)
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where ωn is the natural frequency of the single oscillator, x0 is a reference
displacement, ηc is the dimensionless elastic coupling parameter, ξ is the
damping ratio and τ is a dimensionless time. Substituting d�

dt
with ωn

d�
dτ

=

ωn

·

� and dividing (3) by P, we obtain

··

x̃n + 2ξ
·

x̃n + x̃n + ηc (2x̃n − x̃n+1 − x̃n−1) = F̃ (ṽrel) , (5)

where a tilde superposed indicates a dimensionless quantity, e.g.

x̃ =
x

x0

, ṽrel =
vrel
x0ωn

, F̃ =
F

P
(6)

Notice that in (5) the differentiation is carried out with respect to the di-
mensionless time τ .

3. Results

3.1. Numerical Integration

A system with N = 20 oscillators has been chosen for the numerical inves-
tigation which yields 2N first order Ordinary Differential Equations (ODEs).
The system of ODEs has been integrated using MATLAB R©, in particular the
function ode23t. This ODE solver use the trapezoidal rule with a ”free” inter-
polant, has no numerical damping and is recommended for moderately stiff
problems. The implementation of the friction force required particular atten-
tion due to non-smoothness. Two approaches have been tested: smoothing
of the signum function and the implementation of the switch model ([43]).
The best results in term of calculation speed and stability have been obtained
using the switch model, where it was assumed that the oscillator sticks to
the belt if |ṽrel| < 10−4 (see [43] for more details).

3.2. Multiple localized vibration states

Recently the authors have studied a one degree of freedom mass-on-
moving-belt system (see [31] for more details). It has been found that for the
following parameter set

ξ = 0.05, μd = 0.5, μst/μd = 2, v0 = 0.5 (7)

the single oscillator experiences a subcritical Hopf bifurcation (see Fig. 3
(a)), and thus bistability (i.e. there exist two stable solutions for the same
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parameter set), for the range of driving velocity 1.1 � ṽd � 1.8. In between
the two stable solutions (Fig. 3 (a), black dots) an unstable limit cycle exists
(Fig. 3 (a), dashed line). Here, we assume the same set of parameters, but
we add a small elastic coupling term ηc = 0.01. We integrated the equations
of motion starting from different initial conditions. At τ = 0 we assume
·

x̃n (0) = 0 for all the oscillators while varying the initial displacement x̃n (0)

x̃n (0) = F̃ (−ṽd) n-th oscillator is ”not excited”

x̃n (0) = 2 (−1)n + F̃ (−ṽd) n-th oscillator is ”excited”
(8)

Notice that in the SS solution all the oscillators have a constant displacement
x̃n = F̃ (−ṽd) . The solution found with the time integration technique are
plotted in the bifurcation diagram shown in Fig. 3 (b): naturally, they are
all stable. For characterizing each state of the system we have computed
the vibration amplitude of each oscillator after the transient (assuming the
transient is ended after 10000 dimensionless time units). A scalar quantity

Ẽ, with the dimension of an energy, has been defined as half of the sum of
the squared vibration amplitude Ãi of each oscillator.

Ẽ =
1

2

N∑
i=1

Ã2
i (9)

In the following we will refer to Ẽ as a measure of the ”vibration energy
of the system”, but we warn the reader that Ẽ does not correspond to the
actual time varying vibration energy, as, in general, the oscillators vibrate
with a varying phase difference.

The bifurcation diagram Fig. 3 (b) shows that multiple stable equilibrium
solutions exist in the range 1.1 � ṽd � 1.8, where the single oscillator is
known to be bistable. The upper branch in Fig. 3 (b) represents the state
where all the chain is excited and each oscillator experiences a stick-slip
limit cycle, which is stable for ṽd � 1.8, while the lowest branch with null
energy is stable for ṽd � 1.1 and corresponds to the full sliding solution with
Ãi = 0 (i = 1, 2, ..., N), i.e. where each oscillator is motionless. In between
the upper and lower branches, multiple spatially localized vibrating states
exist whose energy content lies in between the upper and lower branches.
In the regions delimited by dashed vertical lines (Fig. 3 (b)), propagating
front solutions have been found, where stick-slip limit cycle states, instead of
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remaining spatially localized, enter in the full sliding domain or vice versa.
The characterization of these propagating states goes beyond the scope of
the present investigation.
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Figure 3 - Bifurcation diagram: the vibrational energy of the system is
plotted versus the driving velocity of the belt in dimensionless form, (a) for
the single oscillator (b) for the oscillator chain. In the panel (b) multiple
stable equilibrium solutions can be seen in the range of diving velocity
1.1 � ṽd � 1.8. The intermediate ”energy levels” represents spatially

localized states (see Fig. 4). The red dashed vertical lines indicate regions
where propagating front solution have been observed.

Figure 4 clearly shows how the vibration is confined in space. Each circle
represents one oscillator, with the circle radius proportional to the vibration
amplitude. In Fig. 4, solutions for N = 20 have been plotted for a fixed belt
velocity ṽd = 1.5 which corresponds to the ”energy steps” encountered while
climbing the bifurcation diagram from the bottom to the top. The higher the
energy, the higher the number of oscillators involved in the vibration from
1 to 20. This picture strongly resembles the snaking bifurcation patterns
observed in physics fields [39].
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Figure 4 - Localized states obtained at ṽd = 1.5 in Fig. 3. Each circle
represents one oscillator, with the radius proportional to the amplitude of

the vibration.

Typical time series are reported in Fig 5 in dimensionless notation: (a)
displacement vs time, (b) phase plot velocity vs displacement (c) velocity vs
time. The time window has been chosen to show the transient phase while
the phase plot (Fig. 5 (c)) clearly shows the stick phase when the velocity
of the oscillators equals the driving velocity of the belt, i.e. ṽd = 1.5 in
this particular case. Despite this case has only two oscillators which lie on
the High Amplitude Limit Cycle (HALC) it can be seen that the vibration
amplitude stabilizes quite soon to its steady state value, while the phase
shift among the oscillators changes over time. This is a peculiar feature of
the system under study; in fact, in the following, we will concentrate our
attention on the relative phases rather then on the vibration amplitude.
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Figure 5 - (a) Displacement versus time, (b) phase plot, (c) velocity versus
time of the 20 oscillators for ṽd = 1.5. Different colors have been used to

distinguish the trajectory of each oscillator.

3.3. Dynamics of the localized states

We have seen in the previous paragraphs that spatially localized vibrating
states develops in the range of driving velocity 1.1 � ṽd � 1.8. Here, we
shall characterize the dynamical behavior of those localized states. As seen
before, the vibration amplitude settles quite soon to a certain value, while the
oscillators adjust their relative phases. Thus, we look at the relative phase
between one oscillator taken as a reference (the 11th) and the others. The
relative phase has been computed as a time delay φ between correspondent
peaks, thus for the i-th oscillator φi = τpeak,i − τpeak,11. We select the 11th

oscillator because it was always excited and exhibits HALC in all the solutions
we plotted (see Fig. 4). Fig. 6 shows, in the subplots from (a) to (i), the
time delay φ of each oscillator which is on the HALC respectively for the
solutions labeled by the number [1, 2, 5, 8, 9, 12, 13, 19, 20] in Fig. 4. We first
notice that the equilibrium equations have been integrated for a very long
time window, i.e. τ ∈ [0, 15000] , if compared with the duration of a single
oscillation of the single oscillator. In fact, within the time span considered
there are roughly 2400 complete oscillations, which last about 2π, which is
the natural period of the isolated single oscillator. This was needed as the
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systems evolves very slowly to its steady-state (when the latter exists). In
general when less oscillators are involved in the vibration we obtain periodic
states. Looking at Fig. 6 this is the case of subplots (a,b,d,h,i) corresponding
to the solutions (1, 2, 8, 19, 20) in Fig. 4. In Fig. 6 (i) all the 20 oscillators
are vibrating out of phase (this would be the last mode of the linearized
system) with a time delay φ = 0 or π. In some cases a very long transient
leads to an irregular motion, like in Fig. 6 (c-e-f-g) which correspond to
solutions (5, 9, 12, 13) in Fig. 4. The irregular dynamical behaviour2 can
be better appreciated looking at the three-dimensional phase plots shown
in Fig. 7 for the same solutions shown in Fig. 6. In drawing the phase
plots, we consider the time series of a simulation and remove the transient
phase, assumed to be completed after 10000 dimensionless time units, thus
we plot on the same graph the displacement of the oscillators (11, 12, 13)
for the time span τ ∈ [1, 1.5] × 104. The two figures (Fig. 6-7) favorably
compare: when φ remains constant among the oscillators a smooth periodic
orbit is obtained (compare subplots (a-b-d-h-i) of Fig. 6-7), on the other
hand when φ changes without reaching any asymptotic value the phase plots
look tangled and irregular (compare subplots (c-e-f-g) of Fig. 6-7).

2Notice that the irregular states found could be chaotic states, as it has been shown in
other dynamical systems subjected to dry friction [44–47].
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Figure 6 - From (a) to (i), time delay with respect to the 11th oscillator
φi = τpeak,i − τpeak,11 for the solutions [1, 2, 5, 8, 9, 12, 13, 19, 20] reported in
Fig. 4. Notice that both periodic and irregular states were found depending

on the initial conditions.
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Figure 7 - Three dimensional phase plot [x̃11, x̃12, x̃13] for the same solutions
reported in Fig. 6, for the time window τ ∈ [1, 1.5]× 104. The subplots
(a-b-d-h-i) (solution number [1, 2, 8, 19, 20] in Fig. 4) show a periodic
dynamical behavior while the subplots (c-e-f-g) (solution number

[5, 9, 12, 13] in Fig. 4) show irregular motion.

The dynamical behavior of the system is summarized in Fig. 8. The
orbit diagram shows the projection of the time delay φ in the time span
τ ∈ [1, 1.5]× 104 versus the solution number (see Fig. 4). If the projection is
composed of just ”separated” single dots, the motion is periodic as it evolves
with fixed time delay. When φ changes irregularly, multiple points appear
thus irregular dynamics is expected. We notice that we are not changing
any nonlinear parameter in the model, but only the number of oscillators
excited in the very beginning, i.e. the initial conditions, and this aspect
is an interesting original outcome of our model, in the best of the authors’
knowledge.
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Figure 8 - Orbit diagram. On the x-axis we report the number of the
oscillators which lie on the HALC, while on the y-axis is reported the

projection of the time delay φ for the last 5000 integration points. The plot
suggests the solutions with [1, 4]∪ [7]∪ [20] vibrating oscillators are periodic
while the solutions [5, 6] ∪ [9, 18] exhibits an irregular dynamical behaviour.

4. Possible localized vibrating patterns

4.1. Effect of the driving velocity

We have shown in the previous paragraph the results obtained with ṽd =

1.5 and with a given set of initial conditions: at τ = 0 we assumed
·

x̃n (0) = 0
for all the oscillators while varying the initial displacement x̃n (0) in out-of-
phase manner (8). Changing the driving velocity has an effect on the results
obtained. We show in Fig. 9 the case of belt velocity ṽd = 1.65. Comparing
Fig. 9 with Fig. 8-4 it can be seen that increasing the belt velocity leads
to more irregular solutions. Further in this case the number of oscillators
excited by the initial conditions doesn’t always match the oscillators which
lie on the HALC after the transient.
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Figure 9 - (a) Localized states for ṽd = 1.65. Each circle represents a
oscillator, with the radius proportional to the amplitude of the vibration.

(b) Orbit diagram (as in Fig. 8) for the solution in the panel (a)

4.2. Effect of the initial conditions

A completely different result in term of localized states pattern can be
obtained changing the initial conditions. Previously we have always assumed
·

x̃n (0) = 0 for all the oscillators and varied the initial displacement x̃n (0) in
out-of-phase manner (8). Naturally this is not the only possibility, as more
in general, all the 2N initial conditions can be arbitrarily defined leading to
much more solution patterns with respect to what we have shown here. As
an example in Fig. 10 we show the case of driving velocity ṽd = 1.75 and the
following initial conditions:

·

x̃n (0) = 0.56 ∀ n

x̃n (0) = F̃ (ṽd) n-th oscillator is not excited

x̃n (0) = 2× (−1)n + F̃ (ṽd) n-th oscillator is excited

(10)

In particular, we used a constant positive velocity for all the oscillators which,
coupled with the out of phase initial conditions on the displacements, intro-
duces an asymmetry in the system which reflects in the peculiar pattern
of vibrating oscillators shown in Fig. 10 (a). Also notice that, in contrast
with previous results, all the solutions obtained (peraphs except the 18th)
are periodic (see Fig. 10 (b)).
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Figure 10 - (a) Localized states for ṽd = 1.75 and
·

x̃n (0) > 0 (∀ n). Each
circle represents a oscillator, with the radius proportional to the amplitude
of the vibration. (b) Orbit diagram (as in Fig. 8) for the solution in the

panel (a)

5. Conclusions

We have studied a cyclic symmetric oscillator chain with weak nearest
neighbour coupling excited by a frictional belt driven at a constant veloc-
ity ṽd. Friction at the interface has been described using an exponential
decaying friction law. We used the belt velocity as a bifurcation parame-
ter and showed that in a certain interval multiple localized vibration states
exist, where the vibration localizes on few oscillators. The bifurcation dia-
gram suggests an underlying snaking pattern, as it has now been observed in
many other fields of physics. We have shown that for a given set of control
parameters changing the initial conditions can lead to very different localized
states, ranging from localised regular to localised irregular patterns. In light
of these results, the well-known lack of repeatability and ”capriciousness” of
friction-induced vibration problems, can be interpreted as the outcome of the
multiple regular/irregular states, which characterize friction-excited systems.
The results are relevant for all engineering systems that experience friction-
induced vibrations, particularly if assembled modularly and with weak cou-
pling. Further work is required to understand how this nonlinear mechanism
of localization caused by friction can interact with linear localization phenom-
ena (Anderson localization) occurring when the underlying linear system is
not homogeneous, as in all practical applications.
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