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A constructive version of Warfield’s
Theorem

Cyrille Chenavier *

* Inria Lille - Nord Europe, Villeneuve d’Ascq, France (e-mail:
cyrille.chenavier@inria.fr).

Abstract: Within the algebraic analysis approach to linear system theory, a multidimensional
linear system can be studied by means of its associated finitely presented left module. Deep
connections exist between module isomorphisms and equivalent matrices. In the present paper,
we introduce a constructive proof of a result due to Warfield which controls the size of equivalent
matrices involved in the study of isomorphic modules. We illustrate our constructive proof with
an example coming from differential equations with constant coefficients.
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1. INTRODUCTION

A linear multidimensional system, such as a linear system
of differential equations or partial derivative equations,
maybe described by a matrix of functional operators.
Indeed, a system of ¢ equations with p unknown functions
M, ,Np over a ring of operators D is written

kery(R.) i= { € F* | Ry = 0}, (1)
where R € D?*P and F is the functional space where we
are looking for the solutions. The system (1) can be studied
by mean of algebraic tools, using the finitely presented left
module M := D'*?/(D1*9R) with p generators submitted
to the g relations specified by the lines of R. Indeed, from
the properties of free and quotient modules, the abelian
group kerz(R.) is isomorphic to homp(M,F), that is
the abelian group of left D-linear maps from M to F,
see Malgrange (1963). Hence, systemic properties of (1)
can be studied by mean of modules properties, which
can be computed using effective homological algebra and
Groebner bases theory, see Chyzak et al. (2005).

The abelian group homp (M, F) only depend on M and
F, in particular it does not depend on the matrix R. That
means that two matrices R and R’ defining isomorphic
modules M ~ M’ have the same algebraic properties. A
particular example for the isomorphism M ~ M’ is the
case where R and R’ are equivalent, that is R = YR' X!
for invertible matrices X and Y. A result due to Fitting
(1936) asserts a weak converse implication: if R and R’
define isomorphic modules, then they can be enlarged by 0
and identity blocs leading to equivalent matrices L and L’.
An effective version of this result was obtained in Cluzeau
and Quadrat (2011).

The purpose of the present paper is to introduce an
effective version of a result of Warfield (1978), which
asserts that the number of 0 and the size of identity
blocs in L and L’ maybe reduced, while keeping equivalent
matrices. This result is based on an algebraic invariant
of D, called the stable rank, see McConnell and Robson
(2001). For a general presentation of the problem, we refer
to Nicolas (2014).

The paper is organised as follows. In Section 2, we recall
the notions of isomorphic left D-modules and equivalent
matrices, as well as the effective version of Fitting’s result
and the statement of Warfield’s result. In Section 3, we
present the constructive version of Warfield’s result for
removing 0 and identity blocs. In Section 4, we illustrate
this constructive version with a differential equation with
constant coefficients. Section 5 contains proofs of formulas
used in Section 3.

2. ISOMORPHISMS AND EQUIVALENT MATRICES

In this section, we recall the characterization of morphisms
between finitely presented left D-modules, as well as
results of Fitting and Warfield which rely isomorphic left
D-modules to matrix conjugation.

2.1 Effective version of Fitting’s Theorem

Consider two left D-modules M and M’ with finite pre-
sentations:

pixa By pixp T o pp 50

Dlxq/ R’ D1><p, n’ /
—= s M’ —— 0,

namely, ezact sequences (see Rotman (2009)), where
R e D™P (\R)(u) = pR, for every u € D**? and 7 is
the natural projection on M = D'*P/(D'*9R) (similarly
for R and 7).

From Rotman (2009), there exists f € homp (M, M’) if

and only if there exist matrices P € DP*?’ and Qe Daxd
such that RP = QR’ and

VYA e DYP f(x(N\)) = 7' (An).

Hence, the following diagram is exact and commutative:



Dixe B pixp T o pr 50
‘Ql APJ( fl

D1><q' -Rl> Dlel ' M’ 0

Welet n:=q+p +p+¢ and m := p+p’. The twon xm
matrices

R 0 0 0

_ [oid, ;o o
Li={o ") L= o (2)

0 0 0 R

induce finite presentations: M =~ D™ /(D*"[) and
M’ ~ DY>m /(D" [/). In Cluzeau and Quadrat (2011),
an effective version of a result due to Fitting (1936)
is given. If f is an isomorphism, then L and L’ are
equivalent: there exist 6 matrices Ry € D", R}, € DT,X‘/,
Zy € DPX4, Zy € D" 7, € D> Z € DP*9 and
7' € DP"*4 and two pairs of invertible matrices (X, X”)

and (Y,Y”) of size m and n
idq 0 R Q
[ idy P o 0 id, —P z'
Xi= (—Pl idp/ — P/P) Y= -Z P 0o Pz — zq |
-Q" -R" o0 Zy R,
(3)
ZsRa 0 —-R —Q
' id, — PP’ —P v Pz-7'Q) o P -Z
- P id )’ - Z -Pid, 0 |’
Q' R0 idy

such that L' = Y'LX. In other words, the following
diagram is exact and commutative

D1><n L Dlxm @0 M 0

R

D1><n . D1><m 0@’ M’ 0

2.2 Warfield’s Theorem

A result due to Warfield (1978) asserts that that the size
of 0 an id blocs in (2) can be reduced, whereas the new
matrices are still equivalent. This result is based on the
notion of stable rank. The definition of the latter requires
to introduce various notions that we present now.

A column vector u := (uj---ugp)? € DF*! is called
unsmodular if there exists a line v € D' such that
vu = 1. Moreover, u is said to be stable if there exist
dy,- - ,dig—1 € D such that (uy + dyug - - up—1 + dp—1ug)
is unimodular. An integer r is said to be in the stable rank
of D if whenever k > r, every column u € D¥*! is stable.
The stable rank sr(D) of D is the smallest integer in the
stable rank of D.

Assume that the two matrices (2) are equivalent, then
Warfield’s Theorem asserts that if there exist two integers
r and s such that

s <min(p+¢’,¢+p")

st(D) <max(p+q —s,q+p —s)
r < min(p,p")

sr(D) < max(p —r,p’ — 1)

then the following (n — r — s) X (m — r) matrices are
equivalent

B R 0 B 0 0
L:={0idy , |, I7:=[idp—r 0 |,
0 0 0 R

and induce finite presentations of M and M’, respectively.

In the next section, we introduce a procedure which
computes two pairs of invertible matrices (X, Y/) and
Y, ?/) such that I/ = Y LX.

3. EFFECTIVE WARFIELD’S THEOREM

Throughout this Section, we fix some notations. Let M and
M’ be two left D-modules, isomorphic with f: M = M’,
with inverse f’, finitely presented by matrices R € DI*P
and R’ € D9 <P respectively, and let L, L', X, Y, X’ and
Y’ be the matrices defined in (2) and (3).

Given a nonzero integer k, welet k := k—1. For 1 <i <k,
the i-th vector of the canonical basis of D1** is written ef.
Moreover, the i-th component of v € D'** or v € D**1 ig
written v;. Finally, for a matrix A € Dkx’“/, the coefficient
at position (4,j), the i-th row and the j-th column are
written A;j, A and A j, respectively.

8.1 Reduction of the zero bloc

In this section, we present the procedure for removing s

lines of 0 in L and L', where s is such that
s <min(p+4¢',q+p), @)
st(D) <max(p+q —s,q+p —s).

Without lost of generalities, we suppose ¢ +p' < p+¢'.

We let n := (¢+p'+p+4¢’)—3, so that m = (¢+p'+p+q’')—
and we define Lg, L', € D™*™ as follows:

R 0 0 0
Ls:=(01idy |, L, :=[idp 0 |,
0 0 0 R

that is, Ls and L/, have respectively p+¢ —s and ¢+p' —s
lines of zeros.

Our objective is to construct n-square matrices Yy and Y/
inverse to each other and such that the following diagram
is exat and commutative:

Dixm }Dlxm 7"@0} M s 0

i sl )
pix Ly prxm 097\ 4y g
For that, we let Yp := Y, Yy := Y’ and we assume by
induction that Y5 and YZ have been constructed and are
such that (5) is exact and commutative. We decompose Yz
and Y7 as follows:

Yy
Vi=(Y2 |, 2= (Y V5 V§),

Y3



where Y7, Y and Y3 (respectively, Y/, Y5 and Y3) have
g+ 7P, p+ ¢ — s and 1 lines (respectively, columns),
respectively. Finally, we let

k:=q+p -3

Proposition 1. There exist ¢ € D and d,u € D1x(pt+d'—s)
such that

(Y1)

’ -k _
(0D ) ((Yg).k+uT(Y3>k> =t ©

Proof. Getting the coefficient at position (k, k) in the
relation YZYs = id,, we get the following relation:
(k. (Vi) &+ (Ve (Vo) + (V)(Ya)y, = 1. Hence, the
left D-module N := D/D(( De. (Y1), ) is generated by
[(Y2)irln, 1 < i <p+¢q —s, and [(Y3)g]. From (4), we
have sr(D) < p+4¢’' —3, and from (McConnell and Robson,
2001, Lemma 11.4.6), sr(D) is in the stable range of N.
Hence, there exists u := (u1,- -+, Up+q—s) such that N is
generated by [(Y2)i + ui(Y3)x], 1 < i < p+ ¢ — s. Thus,
there exist c € D and d := (d1, - -+ , dpyq—s) such that (6)
holds.

With the notations of Proposition 1, we introduce the lines
¢ € D™ and ¢ € D'*" defined as follows:

0= (c(¥)k. d), £:= (c(Y])r. d 0),

as well as the matrices U, U’ € D"*™ and F € D"X"
defined as follows:

idgy, O 0 idgyp, 0 0
U=| 0 idpgu’ |, U= 0 idpy_s—u”]|,
0 0 1 0 0 1

pp— Yl
= <Y2 + uTY3) '

We point out that U and U’ are inverses to each other,

and that F' = (idz 0) UY5. Moreover, from ¢ = ¢(id7 0)

and (6), we get
1=(F(e)T = wys(en)T. (7)

Finally, we consider 1, 9’ € D™*" 1, / € D™*" defined
as follows

_ (idz — F(ep)T?
)
id,_1 0 L
P = (1d — (e Z)TZUYf) 0 0 , o= idg 0 . 0 .
s . 0 0 id,y,
idp g/ pra

0

L= (id;— F(eZ)TZ F(e;;)T)7

Proposition 2. We have the following relations:

(1) wp = idg, (3) ker(.)) = De,
(2) o = idy, (4) ker(.0/) = DIUY:.

Proof. By computing matrix products, ¢ty is equal to

(idw — F(ep)T0)? + F(ep)T 0. Moreover, from (7), F(ef)T¢

is a projector, so that idz — F(eZ)TZ is also a projector,

whence Point 1.

We have //(e?)” = 0, from which we deduce Point 2 by
computing the matrix product.

Let us show Point 3. Considering the isomorphism Dxn ~
DY @ D, we have 1) = ¢11py, where ¢y € D™*" and
1o € D™*™ are defined as follows:

fidg—FEHTio  (idm
d)l-—( Ok 1>,1/)2.—<l7>.

From (7), im(.41) is included in ker(.F(e})T) & D and the
restriction of .) to the latter is injective: for (~u,x) €
(ker(.F(e)T) @ D) N ker(.hs), we have u + zf = 0,
so that xEF(eQ)T = 0, which, by (7), gives z = 0
and v = 0. Hence, we have ker(.¢)) = ker(.¢1), that
is ker (idﬁ_ .F(eZ')T@ @ 0. We conclude by showing
ker (idﬁ— F(e;;)TZ) — DF: the right to left inclusion is
due to (7), and the other is due to z = (zF(e})T) ?, for
every z € ker (idﬁ — .F(eﬁ)Tg).

Let us show Point 4. From (7), we have D{UYz C ker(.¢').
The converse inclusion is due to the relation = = x,fU Y5,

for every = € ker(.¢'). Indeed, the first £ — 1 and the last
p+¢q’ columns of z and 2 ¢UY5 are equal since z € ker(.¢)’)

implies
idk_ 1 0 idk— 1 0
z| 0 0 =2 lUY=| 0 o .
0 idpyqr 0 idpyqr

Moreover, the k-th column of U Y5 is xfU Yz (€]
is xg from (7).

T that

Theorem 3. With the previous notations, we let

Y, = UYsy)', Y] :=/YIU"y.
The following diagram is exact and commutative:
pixn _Ls o pixm T30 M 0
HY’ XﬂX’ i
pixm _Zs, plxm 097, oo’ M 0
In particular, we have
L. =Y!L:X.

Proof. We only have to show that the diagram is com-
mutative.

First, we show that Y, and Y, are inverse to each other.
From Proposition 2, the lines of the following diagram are
exact

D 4 D1><n ¥ DIXW 0
idp .UY;\L T.Yéu* .Y,{ TYS/ (8)
Ixn 1x7n
D NI D D 0

Moreover, it is also commutative. Indeed, ¥Y; is equal to
PUYzy" and from 1 of Proposition 2, we have im(.¢)¢ —
id,,) C ker(.¢)). By commutativity of the left rectangle and



by exactness of the lines of (8), we have (Y —id,)UYzy)' =
0, so that 9Y, = UYs¢'. In the same manner, we show
that YUt = 4'Y]. By commutativity and exactness of
(8) and from the equations UYsYZU' = YIU'UY5 = id,,
we get Y;Y! =YY, =idg.

In Section 5.1 we prove the following relations:

WLe=L,, ULz=Lx, YsLL = LzX, 'L, =LL,
(9)
JLL=1L, Y!Lz=L.X', U'Lg=Lg YL, =L

5

Hence, Y,L!, = L,X and Y/L, =
commutativity of

L. X" follow from

Y7 ’
Dlxﬁ 4L) D1><n U Dlxn 3 Dlxn ¥ Dlxﬁ

» v’ Y. ,
L Lz L 5 L L
1 idm idm X idm
Dlxm ; D1><m Dlxm D1><m D1><m
X/

[

3.2 Reduction of the identity bloc

In this section, we assume that s zero lines have already
been removed from L and L', where s is as in (4). For
simplicity, we write K, K', Z and Z’ instead of L, L., Y
and Y/, respectively. Hence, we have

where K and K’ have respectively p+¢ —s and ¢+p’ — s
lines of zeros, and Z,Z" are (¢ +p' + p + ¢’ — s)-square
matrices such as in (5).

We present the procedure for removing r lines of identity
blocs of K and K’, where r is such that

sr(D) < max(p —r,p’ — ).

Without lost of generality, we assume that p < p’. We let
ny:=(q+p +p+q —s)—7and ng ;= p+p —T, so that
L= (q+p +p+q —s)—r,ny = p+p' —r, and we define
K., K/ € D"*"2 a5 follows:

R 0 0 0
Kpo=|[0idy_, |, K. :=|idp—r 0 |.
0 0 0 R

Our objective is to construct two pairs of square matrices
(Zr,Z), (X, X)), of size m7 and T, respectively, invert-
ible to each other and such that the following diagram is
exact and commutative:

pixnT 'KT> D1xna2 7'630; M S 0

’ (11)
“|lz xollx o

Dixn1 Tty plxny T A v

We let Zo = Z, Z, = Z', Xo = X, X}, = X' and
we assume by induction that Zz, ZZ, X7 and X~ have

been constructed and are such that (11) is exact and
commutative. We decompose these matrices as follows:

Z1 Zo Zs
X1 Xo Zy Zs Zg

X7: X3 X4 5 Z?: Z7 Zg Zg 5
X5 Xo Zho Z11 Zi2

z, 7z zh Z,
T~ \x! x! x.)> 4“7~ ; /6 /7 /8 ’
e e Zy Z10 Z11 D12

where the column and line separations are the following:

e the column (respectively, line) blocs of X7 from left
to right (respectively, top to bottom) have p — 7 and
p’ columns (respectively, p, p’ —r and 1 lines),

e the column (respectively, line) blocs of X from left to
right (respectively, top to bottom) have p, p’ — r and
1 columns (respectively, p — 7 and p’ lines), columns
(respectively, p — r, 1 and p’ lines),

e the column (respectively, line) blocs of Zz from left to
right (respectively, top to bottom) have g+p'—s, p—TF
and ¢’ colums (respectively, ¢, p" —r, L and p+ ¢’ — s
lines),

e the column (respectively, line) blocs of ZL from left
to right (respectively, top to bottom) have ¢, p’ — r,
1 and ¢’ columns (respectively, ¢ +p' — s, p — T and
p+ ¢ — s lines).

Finally, we let

ki:=q+p —s+p—T7, ka:=p—T.

Lemma 4. We have

X3 =125, X5 =13 (12)
and
(Z8)ky.(Z2) ko + (Z8) ko (Z11) kg = (X1 kp. (X1) ko (13)

Proof. From KX = ZzK. and KLX. = Z_K7, we get
respectively

RX1 RXo Zy Z3R'

X3 Xu | Zs Zs R’
X5 Xs “\ Zs ZyR' |’

0 0 Z11 Z12R

(14)

0 0 o0 ZiR 7y Z4
X, xt xi | =|2ir 2zt 7).
R'X) R'X, R'X} ZLR 7}y 74,

Hence, (12) holds. Moreover, from Z.Zz = id,, and
X/ X5 = idp,, the coefficients at positions (kq,k1) and
(ka, k) of ZLZz and X. X7, respectively, are equal to 1.
Hence, we get

(Z8)ky (Z2) ko + (2§ k. (Z5) ky + (Z7) kg (Z8) kg + (Z&) ks (Z11) 1y
=(XD ko (X1) ey + (X2 ko (X3) kp + (X3) k. (X5) ey -

From (14), we also have X} = Z§ and X4 = Z}, so that
(13) holds.

Proposition 5. There exist ¢ € D and d,u € DIx@'=r)
such that

(Z2) ko
(c(Z8)ky. A (Z4)sy.) ((Z5).k2 +UT(Z8)k2> (15)
(Z11) ko



and

’ (Xl)»lm _
(C(Xl)kz d) ((X3)k2 +uT(X5)k2> =1 (16)

Proof. By computing the matrix products and from
Lemma 4, the left-hand sides of (15) and (16) are equal.
Moreover, we show (15) as we did for Proposition 1 by
taking the coefficient at position (ki,k1) of ZLZz, and
considering the left D-module

N o= D/D((Zgnz‘(zz).kz + <Zg>k24<zu>,k2).

With the notations of Proposition 5, we introduce the lines
¢, € D™ g € D™ gy € DY and £, € DIX™2
defined as follows:

0= ((Z)hy. d e(ZR)ry.), o= (e(Z8)ky. d O (ZQ)1s.)s

by = (C(Xi)}m. d)7 lo = (c(X{)IQ_ d O),

as well as the matrices Uy, U] € D™M*™  Fy € DriXm,
Us, U} € D™ and F, € D72%n2.

“éq ‘dO o 8 id, 0 0
Uy = Wp/—r 1 ., Us:=1[ 0 idy_, uT |,
0o 0 1 0 P
. 0 o0 1
0 0 0 idyig s
“éq ,do o 8 id, 0 0
Ul tpf—r —U , Ub:=1{ 0 idy_, —u”
0 0 1 0 P
. 0 0 1
0 0 0 idpyg s
7 Z> Z3
=244 uT2; Zs +uTZs Z +uT 2 |,
Z10 Z11 Z12

- X1 X2
2= X3 + llTX5 X4 + uTX6 ’

We point out that U; and U, i € {1,2}, are inverses to
each other and

idg 0 0 0 .
. id 0 0
( 0 idy_, 0 0 ) UL 2, Fy = ( il 0) Up X

0 idp q/s

Adapting the arguments for proving (7), we show

1=0F(ep)" = 0U1 Ze(ep,)T
17)
1=1lyFa(ep)" = LaUs Xr(ep,)"

We decompose idzr — Fy (eﬁl)T 0, € D" XM a5 follows

-(22):

e = 12 (1) = (o 42)

where 1 and o (respectively, 3 and ¢4) have ¢ +
p' —r and p 4+ ¢ — s columns (respectively, lines). Fi-

nally, we consider v, ] € D™>"1 4 4 € Drixm

o, Py € D"2X™2 and 1, 1f, € D™2X"2 defined as follows:

®3 r idﬁ
£ . n
P1i=| 41 |, Py = (1dn1 - (Ek.ll) 51U1Z7) 0
Pa 0
, ~ id—
id— — Fy(e?2)T0, ) no T k2
P2 = ( "2 i, k2 , Wy = (ldnz —(eg2) 52U2X7-) 0
0
L] = ((pl Fl(ezll)T (,02)7 L 1= (id;2 — Fg(eZ;)TZQ FQ(E:;)T),
L/12: 1dﬁ()‘0 ’ Lé:: ldEO-O '
0 0 idgy 0 0 idy

By adapting the arguments of the proof of Proposition 2,
we get:

Proposition 6. We have the following relations
(1) w1 = idmy, 292 = idg,,

(2) o) = idmy, 151y = idg,,

(3) ker(.iﬁﬂ = Dfl, ker(.ll)g) = ng,

(4) ker(zb'l) = Dlele, ker(w’z) = DEQUQXF.

Theorem 7. With the previous notations, we let
Zp = 11U1 Zepy, Xy = U X,
Z =8 ZU, X = 06X U)o,

The following diagram is exact and commutative:

90— 0

| Te
opr’

— s M —— 0

D] XNy Ky DlXﬁz
.ZTJ( TZ{, .XTJ( T.X;
!
Dl Xny K Dlxﬁz
In particular, we have
!/ !
K, =Z.K, X,.

Proof. We only have to show that the diagram is com-
mutative.

We show that Z! and Z. (respectively, X, and X) are
inverse to each over in the same manner that we did in
the proof of Theorem 3.

In Section 5.1 we prove the following relations:

11 K== Kria, L/lK%Z Kb,
UKz = KUz,  ZLKw = KLXZ,
(18)
ZiKL = K= X5, UKy = K:U),
YIK; = Kby, 1Kr = Kb,

Hence, we deduce Z,.K| = K, X, and Z/ K, = K/ X/ from
commutativity of:

z ’

DlXTl L} D1><n1 L} Dlxnl r D1><n1 Y1 DIXH
w ! ’ ’

1 U zZ_

Krl l}g ! K= T lK’? ‘1 lK;
’

Dlxﬁg L} D1><n2 & D1><n2 Xz D1><n2 Y2 Dlxﬁg
P2 1944 XL :



4. EXAMPLE
In this Section, we illustrate Theorem 3.
4.1 Two presentations of one ODE

We consider a linear differential equation with constant
coefficients:

Y™ (1) + a1y V() 4 - ag(t) +aoy(t) = 0, (19)
where a; € R. Letting
T1i=Y, Tpi=X1 =79, -

(19) rewrites as follows:

0 1 o - 0
Cb1(t) 0 0 1 .- 0 xl(t)
- . (20)
@ (t) 0 o i 01 n(t)
—ai —az - o —Qn-—1

Hence, the system (19)—(20) is described by two matrices
over the ring D := R[J] of differential polynomials with
constant coefficients: Ry = 0 and R’z =0, R € D'*! =D
and R’ € D™*™ defined as follows

R:=0"4+an_10"" '+ +a18+ao,

d-10 -~ - 0

0o o0 —-10 --- 0
R/:: . . . . :

0 «oren 0o 8 -1

ap ay .- ce- an-1 0+an

Hence, letting p = ¢ = 1 and p’ = ¢’ = n, we associate
with this system the two modules M := D/(DR) and
M’ := D*"/(DY*"R'), isomorphic as follows

D1><p R D1><p s M 0
oo A Tr o]
Dlxq/ R’ Dlxp’ w’ M/ 0

where P,Q € D'*" and P’, Q' € D™*! are:

P:i=(10-100),

n—1 n—2
Q= (8"1+Zaia("” 8"*2+Zai8“*1> R 1),
=1 =2

1 0

0 .

P = Q/ = .
: 0

ot 1

4.2 Reduction of L and L’

Let L and L’ be the matrices as in (2). For simplicity, we
assume that n = 3. We have

0 00
Z:(O),Z’:(—l 0 0)
—8-10

and the matrices Za, Ry, Z} and RY are the zero matrices.
The expressions of X, X’ € D*** and Y,Y’ € D¥*® come
from (3).

We have sr(D) = 2, see McConnell and Robson (2001).
From (10), we may remove two lines of 0 in L and L'. We
give the details for removing the first zero lines of L and L'.
With the notations of Proposition 1, we may choose

c=0€D, u:(000)6D1X3 and d:<001)6D1X3.
We get U = idg and
(1](1)88888 10000000
001000 0 01000000
000100 1 00100000
W 000010 0 | ¢=|00010001],
000001 0 00001000
000000 0 00000100
000000 1 00000011
(1)(1)88888 10000000
0010000 01000000
00100000
= 8832888, /=100001000
0000100 00000100
0000010 00000010
0000001 00000001

From this, we get the matrices Y7 and Y/ in (21). We
remove the second zero lines with the matrices Ys and Y3
of (22), where we use the following notations:

P(a,d) := — (8% + a20% + (a1 — 1)d + ao),

Q(a,8) := 0%+ (a2 —1)d+ay — 1,

R(a,d) := 8° 4+ (2a2 — 1)0* + (a3 + 2a1 — az — 1)0®
+ ((2(12 — 1)(11 +ap —az + 1)82

+ (a1(a1 — 1) + ao(az — 1))0 + ap(a1 — 1).

5. PROOFS OF FORMULAS (9) AND (18)
5.1 Proof of Formulas (9)

We have to show the following relations

tLs = Ls, (23) YzLL = LsX, (25)
ULs = L, (24) 'L, = LL, (26)
JIL =L, (27) U'Ls = L, (29)
YILz=LLX', (28) WLs = Ls. (30)

The two relations (25) and (28) are assumed by induction
hypothesis, (24), (27) and (29) are proven by direct compu-
tations. For proving (23), we first check that by definitions



1 0 0 83 +a00?+a10+ayg 82 +asd+a1 O+as 1
0o 1 0 -1 0 0 0
0 0 1 -0 -1 0 0
Vi=| -1 —ap (=8%+ (1 —a2)d—a1) -9 ) -1 0],
0o 1 0 0 0 0 0
0 -0 1 0 0 0 0
—1 —a0 —(8%+ a0+ a1) 0 0 0 0
(21)
00 O 0 —(83+a282+a18+a0) —(82+a28+a1) -1
00 O 0 1 0 0
00 O 0 o 1 0
Y1/ =]0-10 0 1 0 0 ,
0 0 -1 0 0 1 0
00 0 -1 0 0 1
1 agp a1 O+ as 0 0 —0—as+1
1 0 83+a282+a18+a0 (82+a28+a1) O+as 1
1 —1 0 0 0
-1 P(a, ) -9 -1 0 0
Yo = 2 )
Q(a,0) R(a,0) -0 o, -1 0
0 1 0 0 0 0
-1 —(8% +a20% 4+ a10 + ao) 0 0 0 0
(22)
00 0 0 —(8°+a20%+a10+ag) -1
00 O 0 1 0
, _o-10 o 1 0
25100 -1 o0 0 1
00 8 -1 0 —(8%*+ a0 +a1 —1)
1 ag a1 O+ as 0 (8+a2—1)(82+a28+a1—1)
of t, Ly and Lz, we have 1Lz = Ly — F(e})T L. Moreover, 1Kz = Ko, (31) UKL= KL, (35)
we have /Ls = 0 from the following sequence of equalities:
U K== K=Us,  (32) ZLKy = KLXL,  (36)

~ R O
i =0 (1) = OFLa)i. = (LX) =0,

The first equality comes from definitions of ¢ and Lg,
the second is due to (YZ)r. = ((Y{)r. (¥Y3)r. (Y3)k.) and
the definition of Lz and the last one to the induction
hypothesis YLz = LLX" and (L), = 0.

In order to prove (26), we first show ¢’/ KZ = KZ. From 2
and 4 of Proposition 2, im(¢’t’ —id,,) is included DeUY5.
From (24) and (25), we have (UY;KL = (K3X, and from
(K, = 0, we have (K5 = 0, so that (UYsKZ = 0.
Thus, (' —id, )KL = 0, which is the desired relation.
Moreover, from (27), we get o'/’ KZ = ' K/, which, with
'V KL= KL, gives (26).

We show (30) in the same manner using (23).
5.2 Proof of Formulas (18)

We have to show the following relations

ZzKy = KXz, (33) UiKr = KzU;,  (37)

VIKL = Kh,  (34) V1 Ky = Kzpa.  (38)

The two relations (33) and (36) are assumed by induc-
tion hypothesis, (32), (35) and (37) are proven by direct
computations.
Let us show (31). For that, we use that ¢ K7 is equal to
(01 0 p2)K7+ (0 Fy (eZ;)T 0) K7 and that, by computing
matrix poducts, the first summand of this expression is
equal to (idﬁ - F (ezll)Tfl) (K, 0), so that

u Kz = (Kr 0) = Fi(e )41 (K 0) + (0 Fi(ep!)™ 0) K

By adapting the arguments, we also show

Ko = (Kp 0) — ((KTFQ(egj)TZQ) o) + K-(0 FQ(e;g)T).



Now, we show that the last two summands of these
expressions are equal by computing matrix porducts and
using (14).

Let us show (34). For that, multiplyting (35) by ]
on the left and 4 on the right, and from Point 2 of
Proposition 6, we get ¢]| Ky = 9] K|. It remains to
show that )] K4y, = K, for which it is sufficient
to show that im(¢]¢] — id,) KL is included in ker (.4)5).
From Points 2 and 4 of Proposition 6, we have im(¢j¢j —
idy,) C ker(.¢}) = D6,U; Z7. From (33) and (32), we have
(U, Zz KL = {1 K7Us X5. By computing matrix products
and using (14), we have {1 K7 = {5. Hence, {,U, ZzK~
is equal to ¢3U; X7, and by computing matrix products
and using (17), Uz X7 is included in ker(.15). Hence,
D¢ U, Zz is included in ker(.1)5), so that im(y]¢) —id, ) K~
is also included in ker(.¢)}), which finishes the proof of
(34).

With the same arguments, we show (38).
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