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Projections in enlargements of filtrations

under Jacod’s hypothesis and examples*

Pavel V. Gapeev! Monique Jeanblanc! Dongli Wu

In this paper, we consider two kinds of enlargements of a Brownian filtration [F:
the initial enlargement with a random time 7, denoted by F("), and the progressive
enlargement with 7, denoted by G. We assume Jacod’s equivalence hypothesis, that is,
the existence of a positive F-conditional density for 7. Then, starting with the predictable
representation of an F(7)-martingale Y (7) in terms of a standard F (7) Brownian motion,
we consider its projection on G, denoted by Y¢, and on F, denoted by y. We show how
to obtain the coefficients which appear in the predictable representation property for Y&
(and y) in terms of Y (7) and its predictable representation. In the last part, we give

examples of conditional densities.

1 Introduction

In this paper, we consider two kinds of enlargement of a Brownian filtration F generated by a
Brownian motion W: the initial enlargement with a random time (a positive random variable)

7, denoted by F(™) | and the progressive enlargement with 7, denoted by G. We assume Jacod’s
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equivalence hypothesis, that is, the existence of a positive conditional density for 7 (see (2.1)
below in Section 2 for a precise definition). Processes considered in the filtration F( will
be denoted as Y (7) since, under Jacod’s condition, any ft(T)—measurable random variable is
of the form Yj(w,7(w)) for some F; ® B(R') measurable function (w,u) — Yi(w,u) (see [1;
Proposition 4.22]), processes considered in G will be indicated with the superscript G, as Y.
Processes denoted without these symbols are F-adapted as Y or y(u).

In Section 2, we recall basic facts on enlargements of filtrations. In Section 3, we start with

an F(7)-martingale Y (7), which admits a decomposition

Y,(r) = Yo(r) + / ya(7) AW, (7) (1.1)

for all £ > 0, where W(r) is an F(")-Brownian motion and, for any u > 0 the process y(u)
is F-predictable and for any ¢ the map u — y;(u) is Borelian, and we study its G-optional
projection Y® and its F-optional projection y. From the predictable representation properties

[5], we obtain the existence of two G-predictable processes 3% and 7® such that
t t
VE=EYi(r)|G] =Yy + / B AW + / Vs Mg (1.2)
0 0

for all ¢ > 0, where M® is the compensated G-martingale of the default process Ir<sy, and

the existence of an F-predictable process ¢ such that
t
Y, = EYi()|F] = o +/ oudW, .
0

We show how to compute 3%,7® and o in terms of Y (7) and y(7). We apply these compu-
tations to compare equivalent martingale measures for a financial market with price process
following an F-geometric Brownian motion considered in the two enlarged filtrations in Section
4. In the last section, we give a family of example of conditional densities.

In the whole paper, "positive” means ”strictly positive”.

2 Enlargement of filtrations

We recall that, if H C K, the H-optional projection of a K-martingale p is the H-optional
process v such that E[uylliyco}|Ho) = voliy<cy for any H-stopping time ¢J. This optional
projection satisfies E(u|H:) = v;. By abuse of language, we shall call E(u;|#;) the H-optional

projection of .



We consider a probability space (€2, G,P) endowed with a standard Brownian motion W =
(Wi)i>o and a positive random variable 7 with the positive density g on R* under P. We
denote by F = (F;)i>0 the natural right-continuous and completed filtration of W and G is
the progressive enlargement of F with 7. We assume Jacod’s equivalence hypothesis (see [1;
Chapter IV; Section 5]), that is, the existence of a positive function (w,t,u) — py(w,u) such
that

(i): the map u +— p;(u;w) is Borelian, (dt x dP) a.s.
(ii): for each uw > 0, the process p(u) = (pi(u));>0 is a continuous F-martingale,

(iii): for each t > 0, for every bounded Borel function f, we have
B[7(r)| 7] = [ Fu)pi(w) g(w) du. (21)
0

Note that [ pi(u)g(u)du = 1, for all ¢ > 0, and po(u) = 1, for each u > 0. Moreover,
it follows from the predictable representation theorem in a Brownian filtration that, for each
u > 0, there exists an F-predictable process ¢(u) = (¢:(u)):>0 such that the positive martingale

p(u) admits the representation

pi() = po(us) + / pal(u) os(u) dVV, (2.2)

so that it takes the form of the Doléans-Dade stochastic exponential

) = ) exp ([ eutwy v~ [ oty as) 23)

for all ¢ > 0. It can be shown that u — ¢,(u) is a Borel function on [0, 00), for all ¢ > 0.
We introduce the supermartingale G defined as G; := P(r > t|F;) which can be written

in terms of the conditional density as

G, = /toopt(u)g(u) du ,t>0. (2.4)

Note that G is a positive continuous F-supermartingale called the Azéma supermartingale
of 7 which admits a Doob-Meyer decomposition Gy = N; — A;, where N = (Ny)i>0 is an
F-martingale under P and A = (A;):>0 is a nondecreasing F-predictable process. Then, by

means of Jacod’s equivalence hypothesis, we have

A= /0 pu(t) g(u)du and Ny =1-— /0 (pe(u) — pu(w)) g(u) du (2.5)



for all ¢ > 0 (see [7; Subsection 4.2.1]). Moreover, by means of It6-Wentzell’s lemma (see, e.g.

Kunita [19], Wentzell [22], or [14; Theorem 1.5.3.2]), we have

iN, = — /0 " dype(a0) g() d = —( /0 " (1) po(at) () du) A, (2.6)

where d; means that one makes use of the stochastic differential, and the associated predictable

covariation processes have the form

d(W, N)t:—< /0 oo (1) pe(u) g(u) du) dt and  d(W,p(u)); = pe(u) i(u) dt (2.7)

for all t,u > 0.
It follows from Jacod’s theorem for initial enlargements of filtrations ([13; Corollaire 1.11]

or [1; Chapter IV, Proposition 4.40]) that the process W (7) = (W,(7))s>0 defined b
[1; Chap , Prop p > y

i) = - [0

shi=r _ t 7)ds
W [ e 2

for all ¢ > 0, is a P-Brownian motion with respect to the initially enlarged filtration F(")
defined by F() = (F, V o(7));>0. Note that, according to the results of Fontana [9], the
filtration F(7) is right-continuous.

It follows from the results of Grorud and Pontier [12] and also Amendinger [2], that the
process (1/p,(7))i>o forms an F(7)-martingale under P, and thus, since py(7) = 1 holds, we
have E[1/p:(7)] = 1, for all t > 0. Therefore, we can define a probability measure P* on E(T)
by

for all ¢ > 0. It is proved in [12] (see also [1; Chapter IV, Proposition 4.37]) that the probability
measure P* defined in (2.9) coincides with P on F and on o(7), and the random time 7 is
independent of F under P*. This fact particularly implies that P*(7 > u|F;) = P*(7 > u) =
P(7 > wu) holds, for all t,u > 0, as well as that the process W is a (P,F) standard Brownian
motion with respect to F under P*. Note that, by Girsanov’s theorem, following the arguments
of Callegaro et al. [5], we can recover that the process W (7) from (2.8) is a (P, F("))-Brownian
motion.

Let us now introduce the progressively enlarged filtration G = (G;)¢>o which is the smallest

right-continuous filtration containing F and making 7 a stopping time.



Note that, according to the hypothesis that the positive random variable 7 has a positive
density with support RT, the o-algebra Gy is trivial. It is known (see Jeulin [17; Chapter III]
or Callegaro et al. [5; Chapter I, Section 2]) that any G-predictable process Z€ can be written
as

ZF = Z) Npery + Z2(7) Ly (2.10)
for all ¢+ > 0, where the process Z° is F-predictable and, for any u > 0, the process Z'(u)
is F-predictable. In that case, using the key lemma for the computation of Z° (see, e.g. [1;

Chapter II, Lemma 2.9]), we get

ZHu) = Zy(u), fort >u, and Z; = Git/ Zy(u) pe(u) g(u) du . (2.11)
t

We shall say that Z° is the F-predictable reduction of ZC.
The decomposition (2.10), proved for any progressive enlargement in Jeulin does not extend
in general to optional processes (see Barlow [3] for a counter example). However, under Jacod’s

equivalence hypothesis, any G-optional process U® can be written as
UF = U Ljery + UNT) Lipen (2.12)

for all ¢+ > 0, where UY is F-optional and, for each u > 0, U'(u) is F-optional (see Song
[21]). In particular, we shall use that result for the G-optional projection of an integrable

F(™ _optional process U(7), i.e., for

Uf =E[Ui(r)| 6] (2.13)
In that case, similarly to (2.11), we have
1 o0
Ul(u) = Uy(u), fort >u, and U = 5/ Ui(u) pr(u) g(u) du (2.14)
tJt

for all + > 0. The process U° is called the optional reduction of U. Note that, working in a
Brownian filtration under Jacod’s equivalence hypothesis, U° and U'(u) being continuous are
also [F-predictable.

Then, it follows from the results of Jeanblanc and Le Cam [16] that the process W€ =
(WE)>o defined by

tAT d N 5 t d luer
Wt(G — Wt o / <VV7 > . / <VV7 p(U)> | =
0 t

) G AT ps(T) t
i [ ([etintsan) as- [ emas (2.15)
— Wt+/0tozf’ ds (2.16)



is a (P, G)-standard Brownian motion, where o€ is the G-predictable process with the decom-

position
0f = Ve [ @@ g0) dilaw) = Leny o + Lo all)  (21)
for all ¢ > 0. Observe from (2.8) and (2.15) that
Wi(r) = WtG _ /MT (ag + gpS(T)) ds (2.18)
for all ¢ > 0. :
We define the G-martingale
MP = lgepy — /t Ao ds = 1jpeny — /W M ds (2.19)
0 0

for all ¢ > 0, where A = L,c A2 and A0 = py(s)g(s)/G; (see, e.g. [5; Subsection 1.2] or [1;
Chapter IIJ).

We recall that the process W (7) enjoys the F7-predictable representation property and that
the pair (W€, M®) enjoys the G-predictable representation property (see, e.g. [5; Proposition
4.3]):

Any F(")-martingale Y'() has the form
Yy(7) = Yo(7) + /0 t ys(T) dW(7) (2.20)

for all t > 0, where Yj is a (deterministic) function and y(u), u > 0, is a family of F-predictable
processes. In particular, any (P, F("))-martingale is continuous, and if Y (7) is square integrable
on [0,77], then E[ [ (y,(7))?ds] < oo.

Any G-martingale admits the representation
t t
YE=vw [ aaws s [ oS aur? (2.21)
0 0

where 3% and v©¢ are G-predictable processes.

3 Martingales and projections

3.1 Projections of F(") martingales on G

Proposition 3.1 Let Y (1) be an F) -martingale with representation (2.20). Its G-optional

projection Y© admits the following representation

t t
Y = E[Y(r)|G,] = Y& + / B AWE + / \8 dME (3.1)
0 0

6



where Y& = E[Yy(7)], and the G-predictable processes € and ¢ admit, from (2.10), the

decomposition
= B p<n 4 BHT) Lpay (3.2)
W = %W Lz + (1) Lpan - (33)
Then,
1 oo
g = @/ (ve(w) + (af + @u(w) Yi(w)) pr(u) g(u) du, B} (u) = yi(u), fort > u(3.4)
t
wo= Yi(t) - Y, (3.5)

for all t > 0, and Y° is given by (2.11). Note that for any choice of ', the property
JEABAME = [ A0dME holds.

Proof: In a first step, we assume that Y (7) (hence Y©), are square integrable on [0, T

We start to determine 3¢ (which is square integrable). For this purpose, we observe that for

G

any bounded G-predictable process n®, using the tower property and the fact that W€ is a

G-martingale orthogonal to M®, we have
t t
E [Yt(f) / ny de’} = E{Yt@’ / ndeE} (3.6)
0 0

t t t
:EU 5§dwf/ nf’dWSG} :E[/ 5§n§ds]
0 0 0
for all ¢ > 0. Recall that, from (2.18), we have
tAT
WE = W,(r) + / (ozg -+ gps(T)) ds (3.7)
0
for all £ > 0. We introduce the continuous G-martingale
t t t
VE = / nS dWe = / nS dW,(T) +/ (a2 + @s(7)) Lys<ry S ds (3.8)
0 0 0

for all t > 0. By means of the integration by parts, we have

E[Y(r)VE] = E [ “f Yolr)dVE + (¥ (), VEE? / e dYsm] (3.9)

for all ¢ > 0.

A martingale X is square integrable if sup,. E(X?) < oo.



We recall that a local martingale M satisfying E[((M)7)'/?] < oo is a martingale. Let us
prove that the F(7)-local martingale M, = fot VE dY,(7) is a martingale. One has

sionn™) = & ([ @rmre) o] < e[ v ([ were)”

0 s<T

< Efsup [VEP] + ] / yo(r)2ds]

s<T

From Burkholder’s inequality {footnote Burkholder’s inequality states that for any p > 1,
Elsupy< [M|P)] < C,E[(M)7)P/?] where C, is a constant depending only on p. the quan-

tity E[sup,cp [Vi®|?] is smaller than C,E| fo ©)2ds] which is bounded. Furthermorcdote,

S

fo ys(7)?ds] is bounded. Hence, [, V¥ dY,(r) is a martingale and its expectation is null.
The boundeness of n® and the square integrability of Y (7) imply that fo INEdW,(7) is a

martingale, so that

g [veanin+ [voave] —e] [y @+ o) vt @)

Recall that (Y (1), VE)F'” = ['y (r)nCds, for all ¢ > 0. Then, we have

IE[Yt(T) VtG} = E[/Ot (YS(T) (ag + <ps(7')) Dis<ry + ys(7)> ng ds] (3.11)

hence, using the tower property

t t
E[/ By ng ds] = E[/ E[ys(7) + Ya(7) (2 + ¢4(7)) Ljs<ry | Gs] ds] (3.12)
0 0
for all ¢ > 0 and for any bounded n® It follows that

By = ]E[yt(T) +Yi(7) (af + SDt(7'>) Ti<ry { gt} , (3.13)

and the F-predictable reduction of 5% is

8= [ (0 + (0 1(0) Yitw)) pu) o) (3.14)

and on {t > 7}, one has, as expected, that 8¢ = E[y,(7)| G:] = v:(7) so that B} (u) = y:(u).

In the second step, we determine 4®. For this purpose, on the one hand, for any bounded

G

G-predictable process n®, using the fact that M® is a G-martingale orthogonal to W and



that MC is flat after 7 (MF = M;,,), and that the equality d(M®); = M1 <-ydt holds, we

have
t t t
E{Yt(r)/ ng de’] :E[Yt(T)/ n’ de‘] :E[Yt@/ nng;G] (3.15)
0 0 0

t t . t
:E{/ ngMf’/ nngf’} :]E{/ ’72)\211{3<T}n2d3] :E{/ VSASGSnSds]
0 0 0 ;

for all t > 0, where n® is the F-predictable reduction of n® and where the last equality comes
from the tower property.

Recall that M€ is a predictable bounded variation process in the initially enlarged filtration.
Let UF = fg n?dME. By integration by parts, using the fact that Y (7) is continuous, its

bracket (in F® with the F(")-predictable bounded variation process U® is null

(U] =B [ Yo (r)nddM® + / USav, ().

The same methodology than in the first part for [ V¢dY,(7) proves that the process IN USdy,(r)

is a martingale. Furthermore, setting H; = lljy<,y, we have

t t t
E[ / Y, ()n2dM?] = EJ / Yo (1)nldH, — / Yo (T)n2A 1 sy ds
0 0 0
t
— Bllpan Yt~ [ EN(PGIL cryd]
t " t
— B[ Y0uns)a(s)ds — [ YO ey
0 0
t
— Bl Delpls) - YONGuubu
0
where in the last equality, we used the fact that p(u) is an F-martingale. To conclude, we have

e[ | NG o -] [ (a(5) pa(s) gl5) — NG YD)l | (3.16)

and using the fact that \G, = ps(s)g(s), one has, for any F adapted bounded process n°

t
E[/ (7Y = Yi(s) + YO N Gyn? ds] =0 (3.17)
0

for all ¢ > 0, so that the expression in (3.5) holds. The result obtained for square integrable

martingales Y (7) extends to all martingales. O



3.2 Projection of F(")-martingales on F

Proposition 3.2 Let Y(7) be an F) -martingale of the form dY,(7) = y,(7)dWy(7). Its F-
optional projection is Yy = E[Yy (1) | F] = Yo + fot osdW,, where the F-predictable process o is
given by

o = / " (i) + Ya(w) u(w)) pu(as) g(s) d (3.18)
forallt>0.

Proof: It follows from the predictable representation property in the filtration F that there

exists an [F-predictable process o such that
t
E[Yi(7) | F] = YO+/ o5 AW (3.19)
0
holds for all ¢ > 0. On the one hand, for any bounded F-adapted process n, we have

E[Yt(r) /OtnSdWS] :E[Yt /Otndes} :E[/Otasnsdsl (3.20)

for all ¢ > 0. On the other hand, using (2.8) and an integration by parts on the left-hand side

lead to, assuming that Y (7) is square integrable

E[Yt(T) /Otns dWS] :E[Yt(T) (/Otn dWS(T)—i-/OtnS 04(7) ds)} (3.21)
ZE{/; (ys(7) + Ya(7) 0s(7)) s dS} = E[/OtE[ys(T) + Yi(7) (1) | Fo] s dS}

for all t > 0. Hence, we have

7= E[lr) + Y o) | ] = [ (o) + Vit ) plw g du (322

for all ¢ > 0. O

3.3 Projection of G-martingales on F

Proposition 3.3 Consider the G-martingale Y® = (Y,f);>o defined by

t t
VE=YE+ [ BSaWE + [ aME =¥ + V(O (3.23)

10



Then, its F-optional projection is Y; = ]E[YtG|]:t] =Yy + fot nsdWs, where the F-predictable
process 1 satisfies
t
n=B[5F ~ YEaf | 7] = (8 - ¥2aD G+ [ () = ¥ () al(w) plu) glu) du (321)
0
forall t > 0.

Proof: We proceed as before and consider, for a bounded F-adapted process n, the quantity

E [Y;G fot nSdWS] , for all £ > 0. On the one hand, using the same procedure as in the analysis

of (3.12), we get
t t
E {Y;G / N dWS] = E[/ N Mg ds] (3.25)
0 0

for all ¢ > 0. On the other hand, setting U; = f(f nsdWs, by means of integration by parts and

(2.15), we obtain, using the same methodology as before

t t t t
E{Yt@/ Ng dWS} :E[Y;G Ut} = E{/ Us dYSG-|-/ YEn, dWS—i—/ BE n ds} (3.26)
0 0 0 0

¢ ¢
_ G _vyG G _ G _yG G
—]E{/O 8y —Y, ozs)nsds} E[/O E[8y — Y7 of | F nsds}

for all ¢ > 0. O

Remark 3.4 Since E[Y(7)|F:] = E[E[Y:(7)|G:]|F:] we have o = n where these quantities are
defined in (3.18) and (3.24). Indeed, from (3.13),

E[f7 —afYE|F] = Ely(r) + Yi(r)(f + 0ul1)Lpsry — af Y Lpen — o' (1Y (1) Lr<n | F
= Ely(r) + V() (1) 7] - (3.27)

3.4 Change of probability measures
3.4.1 F" versus G

Note that, from PRP, and positive F(")-martingale has the form

1

2/0t(48(7>>2d8) 120 (3.28)

Li() = Lo(P)E(C(r) - W(r)), = Lofr) exp ( / Lmaw()

where L is a positive function and ((7) is F(")-predictable, or in a closed form

t
0

1) = e [ amawn -3 [ o)

11



and any positive G-martingale has the form
CE(E - WE), £(° - ME),., (3.29)

where C' is a positive constant and p® and ¥® are G predictable and ¢ > —1. We recall

that "
s ey e ([ uas) a0y
0

Proposition 3.5 Let L(7) = (L(7))t>0 be of the form (3.28). Then, its G-optional projection

LE satisfies
t t
LE =E[L(7)|G] = E[Lo(7)] + / LE S aw’® + / LE % aM€ (3.30)
0 0

where the G -predictable processes u® and ¢Y® are given by

pe = lpen ﬁ /t Li(u) (G(w) + @e(u) + af) pe(u) g(u) du + e G(7)  (3.31)
s Lz(; ) 4 (3.32)

where L is the optional reduction of L®.

Proof: This is an application of Proposition 3.2. U

Note that ¥ > —1, as it must be. If E[Ly(7)] = 1, and L(7) is a positive (P,F(")-
martingale with initial value ¢(7), one can associate to it the change of probability measure
defined by dP = Li(7)dP on .E(T), for any t > 0. The choice Ly = 1 is equivalent to
P(r > u) = P(r > u), for cach u > 0. Indeed, since 7 is Fy V o(7)-measurable, we have, using
tower property IF’(T >u) = E [K(T)H{T>u}] and the equality E [LO(T)]l{DU}} =E [ll{T>u}]
holds, for each v > 0, which implies that Ly = 1.

In particular, in the case L;(7) = po(tau)/p:(7), which satisfies dL;(7) = —Li(7) @ (7)dWi(T),

one obtains (recall that P* is defined in (2.9)) dP*|g, = Ly dP|g, with

* T * *
L8 = E(pO( )|gt) = E(p& - W), W - M), (3.33)
p(7)
with
NG’* = lu< }040 — Ly pu(7)  and wG’* = lp<ny &L -1 (3.34)
! =T ’ ! =P\ p(t)(1 = F(2))

12



where F(t) = fotg(u)du.
From the definition of L&* one has

1— F(1)

L™ = ljery G

+ ]1{7'<t} Lt(T) (335)

for all ¢ > 0.

3.4.2 G versus F
From PRP, any positive (P, G)-martingale L€ = (L¥);5¢ can be written as
=i [ reutawt e [ IS U At = e + LD Iy (330
0 0
Let L = (L¢)t>0 be its F-optional projection L; = E [Lf’ | ]-"t], for all ¢ > 0. Then, we have
L, = Lo+ fot LinsdWy, where Ly = E[Lo(7)] and 7 is the F-predictable process

L}

Ut:ft

<£—abargéLxmoﬁwwﬂ#w»mwmwwm (3.37)

for all ¢ > 0.

3.4.3 TF versus F

Let L(7) be a positive F()-martingale of the form (3.28), then its F-optional projection is
Ly =E[L(7)| F] = Lo+ fot Lso,dW, where Ly = E[Ly(7)] and o is the F-predictable process

m:%AwMWNﬁw+%WDMWMWW (3.38)

for all ¢ > 0.

3.5 Stability of the Brownian property

As we mentioned before, due to the fact that the processes W and M€ enjoy the predictable
representation property in G, any locally equivalent probability measure Q which is equivalent

to P on G; is given by

B (s W), e - M), (3.39)
dP G

for all t > 0, where u® and ¢ are G predictable and ¢ > —1. Note that the change of

probability measure does not affect the intensity if and only if ¥® = 0.

13



For a probability measure Q which is locally equivalent to P on G, let us denote by QF
its restriction to IF, which is locally equivalent to P on I, with its density being of the form
dQF /dP = E(n-W),, for all ¢ > 0. Under QF, the process W2F defined by W2F = Wt—fot Nsds
is a (QF,IF)-standard Brownian motion. Let us provide a set of probability measures Q which
are equivalent to P on G such that the (QF,F)-standard Brownian motion W2F is a (Q, G)-

standard Brownian motion.

Proposition 3.6 Let L® be a positive (P, G)-martingale of the form E(u® - W®), and define

the probability measure Q by
dQ
dP |g,

for all t > 0. The process WO is a (Q,G)-standard Brownian motion if and only if u® — a®

=L¢ (3.40)

is F-adapted. Then, we have n; = u® — o, for all t > 0.

Proof: On the one hand, we have seen in (2.15) that WF = W, + fot a®ds, for all
t > 0. Hence, we have W& = W2 4 fot osds + fotaf’ds, for all ¢ > 0. On the other
hand, we see that W — fot ufds is a (Q,G)-standard Brownian motion. It follows that
W+ [Touds + [ a%ds — [ uSds is a G-standard Brownian motion. Therefore, WOF is a
(Q, G)-standard Brownian motion if and only if o; + af — uf = 0, for all t > 0. Note that
indeed, if a® — u® is F adapted, then, from (3.24) L;o; = E(LE(af — ul)|F) = Li(af — uf)
where L, = E(LP|F,). O

Examples 3.7 (i) If the process u® is such that
=0 (3.41)

then Q is equal to P on G, and the immersion holds for F and G under Q. The choice p) = 0

leads to n = a°, hence p(u) = af (u) — af = —pi(u) — a?, for all t > u. Therefore, we have

(' WG)t (3.42)

t 1 t t 1 t
al(r)dws — 5/ (al)? ds) exp ( —/ ol dWE — 5/ (a2)? ds)
pT(T) t

=1 T 1 T =
e, (0 Z,

S~

= lgpery + Lir<sy exp (

N
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where we have used the fact that, on {7 < t}, one has p,(7)/p:(7) = exp (f: oardW, + % f:(ai)QdS)
and Z; = E(—a® - W), = Gie™, for all + > 0. More precisely, we have

AtG
LE =1 + 1, ]M 3.43
i = ey + Nircyy ()G (3.43)
and
G,
= — 3.44

This example was presented in [1; Chapter V].
(ii) the case u° = a° leads to n = 0 and p' = o', that is, this is the case in which Q = P*.

4 Equivalent Martingale Measures

consider the case where v and o are processes Let us consider a model of a financial market in
which the stock price process S = (S;)i>o started at Sy = 1 satisfies the stochastic differential

equations (written in various filtrations)
dSy = S (vdt + o dW,) = S, (vP dt + cdWE) = S, (v + ope(7)) dt + o dWy (1)) (4.1)

for some o > 0 fixed, where, from (2.15), we have

v =v+4oaf =v+oaf Ly — @u(T) Lirayy - (4.2)

We assume that a riskless asset is traded with a null interest rate. It is straightforward to show

that, for positive function ¢ satisfying E[¢(7)] = 1, the positive martingale

t 1 t
Yi(7) = £(7) exp (/ ys(T) dW(T) — 5/ y2(7) ds) (4.3)
0 0
is a Radon-Nikodym density of an equivalent martingale measure on F(") (i.e. such that SY (1)
is an F(")-martingale) if and only if

wl(r) = —pu(r) = = (4.4)

for all ¢ > 0. We denote by L(7) = (L;(7))i>0 such a positive martingale defined by

14

Li(1) = Lo(7) exp ( - /Ot (905(7) + g) dW(T) — %/Ot (%(7) + ;)2 ds) (4.5)
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for all ¢ > 0. Then, we define a new probability measure P which is locally equivalent to P on

F(™) by
dP

- - I 4.
|, = (4.6)

for all £ > 0. Actually, there exists infinitely many such probabilities, which differ from each
other by the choice of the initial value LO, that is, by the choice of the law of 7 (under IT")
IF(T >u)=E [LO( ]1{7>u}] f Lo(v)g(v)dv, for all uw > 0. The case Ly = 1 corresponds to
the situation in which P(7 > u) = IP’(T > u), for any u > 0. Note that, by virtue of Girsanov’s
theorem, the process W(7) defined as

Wr) = wie)+ [ (o) +2) s (47)

o

is a (P,F(™)-standard Brownian motion.
Working in the filtration G, it easily seen that the set of G-equivalent martingale measures
(i.e. the set of positive G-martingales Y® such that SY® is a G-martingale) is
ayFf =YSE < — ”O_ﬁ AWE +E de}) (4.8)
so that

Ve = E(=(% /o) - WE) (- M®), (4.9)

where v is any G-predictable process, with v > —1.
Let us now consider L®, the G-optional projection of L;(7). The process L® defines an

equivalent martingale measure for S and can be written as in Section 3.4
t t
Lf =t [ 18 pawe s 18 uSaus =gt WO EwE MO (@)
0 0

where the processes u® and ¥® are given in (3.31). Using the fact that L? = G% fot Li(w)py(w)g(u)du,

one has
1 t v
¢ = Lp<n m(/{) ( o 0%) Li(u) pe(u) g(uw) du + Liropy ¢i(T) (4.11)
e Ve
= —ly<n <7 + Oé?) + Nrary pe(T) = —ﬂ{t<T} + L irery 01(7)
VF = ljen (LtL—((f) — 1). (4.12)
t
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We obtain here an equivalent martingale measures.

However, the set of all equivalent martingale measures is larger, since it is the family &(u® -
WE)E(YE - M), for any G-predictable process ¢ = (77);>0 such that ¢ > —1, for all ¢ > 0.
The compensated (P, G)-martingale of H = (H;);>o with H; = llg;<4, for all t > 0 is the
(uniformly integrable) (P, G)-martingale

TAL tAT
Mf}’_Ht—/ ]%ds_ﬂt—/ A0 ds (4.13)
0 s 0

(see, e.g., [5; Subsection 1.2] or [1]). We introduce L€ as
Li = E(u® - WE)ERT - M®)

and the measure P on G with
dP
—| =1L¢ (4.14)
dP G

By virtue of Girsanov’s theorem, we have that the process /V[7 defines as
t
WE=Wwg — / nE ds (4.15)
0

is a standard Brownian motion under P with respect to G. Moreover, the process

=g |
0

tAT

tAT
VN ds = H, — / 1+~ N\ ds (4.16)
0

is a (uniformly integrable) (P, G)-martingale. The above change of probability changes the
Brownian motion and the intensity of the default. The specific choice v = 0 leads to a change

of probability measure which does not affect the intensity:.

Remark 4.1 Assume for simplicity that S is a martingale under P. By definition S is also a
Q¥ martingale, hence W = W€, Then, for any (7 € Fr and any equivalent martingale measure
Q® on G, =one has Eqs[(r|Gi] = Ep[¢r | F], for 0 < ¢ < T. The first reason is that (r is
hedgeable in F, and thus in G. The second reason is that from (r = :E—i—fOT xdesx+f0T deWf’
and using the orthogonality of W© and M® setting ¢, = :L‘—f—fot 2,dWC the product £(y-M®),(,
is a martingale, hence, by Bayes’ formula

1

Polor16] =563,

Ep[E(y- M®)r¢r|G] = G (4.17)
for 0<t<T.
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Remark 4.2 We can extend easily the study to the case where the interest rate is G-adapted
with 7(7) = r{Lyry + 7 (7)L{r<sy, where the processes ¥ = (1{);>0 and r'(u) = (1} (u))i>0
are F-adapted, for each u > 0 fixed, and we define the discounted process S(7) = (gt(T))tZO
by

5,(r) = exp < - /0 ) ds> S, (4.18)

for all ¢ > 0.

5 Examples of conditional density

In the literature, there are some explicit examples of random times satisfying Jacod’s Hypoth-
esis, among them the Gaussian ones given in Crépey et al. [4] and the one in [10]. Here, we
shall work in the same framework as in [10], with the difference that we do not make use of a
change of probability measure, and we are working under the given probability P.

Let W = (W})i>0 be a standard Brownian motion with its natural filtration (F;)¢>o. Let F
be the cumulative distribution function defined by F(t) = f(f g(s)ds, with the given probability
density function g. For some constants p and o > 0, we define G = (G¢)>0 as the unique
strong solution of the stochastic differential equation

B g(1) 1 _
AGe = =Gy Ty dt = Gl =G dWe (Go=1). (5.1)

for all t > 0. It is easily seen from the expressions in (5.1) that G is a supermartingale valued

in [0,1]. We also define the process X = (X;)i>0 by

t t
X = / w(l—Gy)ds +/ o dW; (5.2)
0 0

so that, we have X C F; with FX = o(X,|0<s<t), forall t > 0.
Let us now provide the multiplicative decomposition for the supermartingale GG. For this

purpose, we define the process Z = (Z;)i>0 by:

2
u u
Zt = exXp <; Xt - ﬁ t) (53)
and the process Y = (Y;)i>0 by
t
9(s) 1—F(@)
Y= | —=~ds+ ———~ 5.4
= [ s (54)
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for all ¢ > 0. Then, it is shown by means of standard arguments based on It6’s formula that

the process Z solves the stochastic differential equation

2
7, = 7,2 ax, = <ﬂ> (1-G) Zdt+Ezaw, (Z,=1) (5.5)
o o o
so that the process 1/Z takes the expression
1 1w 1 /2 1
i\ ) =7 Gax+ o () a (=1 5.6
(Zt) Z 2T 7\, (ZO > (5.6)
and thus, the process Y admits the representation
i\ (1= )G . p (1= F(1)
de(—) ——dt—-=-——d Yo=1). )
t g Zt g Zt Wt ( 0 ) (5 7)

Observe from the expression in (5.1) that G; = N, — A; with dN; = —(u/0)Gy(1 — Gy)dW,
and that pi(t) = G¢/(1 — F(t)), so that the intensity of 7 is a deterministic function A(t) =
pe(t)g(t)/Gy = g(t)/(1 — F(t)), for all t > 0.

Let us now consider the stochastic differential
d(G2.Y;) = Y, d(GoZ)) + (GoZy) dYy + d(GZ, Y, (5.8)
for which we first compute, setting A(t) = g(t)/(1 — F(t)),
d(G,2,) = Z,dGy + G, dZ, + d(G, Z), = Z, < A1) G, dt — th(l —GY) th) (5.9)
2 2
+G, <(§> (1= Gy) Zydt + g Z, th) - (g) Go(1— Gy Z, dt
— \t) G, Zidt + g Gy Z,[1 — 1+ G dW,
= A G, Zydt + g G2 Z,dW,.

Then, we can proceed with computing the expression (5.8) and obtain

d(G,Z,Y:) =Y, ( )G, Z, dt + g G2 7, th> (5.10)
+ G2, <<§>2 “%ft»@ dt — g w th> - (5)2 (1— F(t)) G2 dt

= —Xt)Gi ZiYidt + 2 Gy [GZ2Y: — (1= F(1))] dW,
so that, by using the fact that d(1 — F(t)) = —g(t)dt, we get

AGZY:— (1= FO)] = (= M0 G Zi+ (1)) dt + L G [GiZY — (1= P (5.11)

9@
1- F(1)

(GiZY: = (1= F)dt + £ Gy (G2 — (1 = F ()] dW,
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from where it is seen that the process V; := G;Z;Y; — (1 — F(t)) is a solution of the stochastic
differential equation dV; = Vi(—=A(t) dt + (u/o) Gy dWy), started at GoZyYy — (1 — F(0)) =0,
and thus, we have G, Z;Y; — (1 — F(t)) =0, for all £ > 0.

Furthermore, by applying [to’s formula we have

p1-F() i 1= F(t)
ay, = — 2L 277 W s 4 (B 22 12
t 72 Z, t+<0_> Z, (5.12)
and thus
1\ s L1-F@) 4G
af =) = Wy d 1
(Y) o2z ey (5:13)
and
1 11 pl-G,
d — ~d A= =\ = _F d 14
(Zth> A (Y) v, (Zt)+ <Z’Y>t o zy, W GW
1-F (1)

and hence, the processes 1/Y and 1/(ZY) are (F;);>o-martingales. We recall that G, = —3-=.

Then, we can construct a family of positive F-martingales M (u) = (M;(u))i>0, for u > 0, by

1 uVt g(s) 1 [e%¢)
M = — ds + — ds |. .
+(u) t (/u 7. + Z g(s) s) (5.15)
Indeed, from
My (u) {t< }Y}Zt/u g(s)ds + ey v (/ o 237 ds + Z ] g(s) ds) (5.16)

one has:
on {t <u}, My(u)=(1—F(u))/(Y:Z;) is an F-martingale
on {u<t}, My(u)= (1/Yt)<f1f(g(s)/ZS) ds+ (1/2,) [ g(s) ds> which leads to

d, M, (u) = (/Ou 92) ds> d(%) + (1= F(1) d(y}lz) (5.17)

so that M(u) forms a martingale, because 1/Y and 1/(ZY) are martingales. Note that

the process M (u) is valued in (0,1), and M;(u) is decreasing with respect to u, for any
t > 0 fixed, with Mt(O) = 1. Furthermore, we have M,(t) = Gy, My(u) = [° g(s)ds, and
= [, pu(s)g(s)ds where py(u) = g(u)/(Zun:Yy).
It is therefore p0881ble to construct, on an extended probability space, a random time 7 and
a probability measure Q such that Q and P coincide on F and Q(7 > u|F;) = M(u), for
t,u >0 (see [15]). It is straightforward to check the important property [ p¢(u)g(u)du =1,
for any ¢t > 0.
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Let us now thus compute the dynamics of p(u) by means of the integration by parts and

thus
so that

dipi (1) = pi() & (Lpusey G = Ly (1= G) VY,
and

or(u) = = (Tjucyy Gt — Loy (1= Gy)) = = (Lpucyy — (1 — Gy)) .

qn;
Q=

In the progressively enlarged filtration, dW = dW; — afdt, where

1 " g(u)
aGt/GtZYt aYt Z, du
iy 1-FO\_pf, _1=FO\ _p,_
_UYt(K Z >_0<1 Y2, A
al(r) = -La,,

and
dWE = dW, — g (1= Go) Ljyery — Gy ppeyy )t
We can check that the property fooo E(af|F;)dt = 1 holds. Moreover, from
AWE = W, = £ (L — (1- G) dt
we deduce that

dX, = pl<ndt +odWE.

(5.18)

(5.19)

(5.20)

(5.21)

(5.22)

(5.23)

(5.24)

(5.25)
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