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Weak and strong mean-field limits for stochastic Cucker-Smale

particle systems

Angelo Rosello
Univ Rennes, IRMAR - UMR CNRS 6625, F- 35000 Rennes, France

Abstract

We consider a particle system with a mean-field-type interaction perturbed by some
common and individual noises. When the interacting kernels are sublinear and only locally
Lipschitz-continuous, relying on arguments regarding the tightness of random measures in
Wasserstein spaces, we are able to construct a weak solution of the corresponding limiting
SPDE. In a setup where the diffusion coefficient on the environmental noise is bounded, this
weak convergence can be turned into a strong LP(Q2) convergence and the propagation of
chaos for the particle system can be established. The systems considered include perturba-
tions of the Cucker-Smale model for collective motion.

Keywords: stochastic particle systems, mean-field limit, propagation of chaos, stochastic
partial differential equations, Cucker-Smale model, collective motion.

Contents

1

2

Introduction

1.1 Overview of themodel . . . . . . . . . . . . .. .. . . . .
1.2 Mainresults . . . . . . . . e e e e e
1.3 Itoform . . . . . . . e

Weak mean-field convergence

2.1 Properties of the coefficients . . . . . . .. . . ... ...
2.2 Estimates for the particle system . . . . . . ... . oL oL
2.3 Tightness of measure-valued random variables . . . . . . ... ... .. ... ...
2.4 Proof of the weak convergence . . . . . . . . ... Lo o

Strong mean-field convergence

3.1 Stochastic characteristics . . . . . . . . . . .. . .
3.2 Properties of the coefficients . . . . . . . .. ... L
3.3 Estimates for the stochastic characteristics . . . . . .. .. ... ... .. .....
3.4 Proof of the strong convergence . . . . . . . ... ..o
3.5 Propagation of chaos . . . . . . . .. L Lo

N ot N

©



1 Introduction

1.1 Overview of the model

Flocking, or swarming, is a phenomenon consistently observed in nature where individuals from
a population (birds, fish, insects, bacterias...) tend to naturally align their trajectories without
the need of a leadership. One of the most commonly studied model which intends to describe
this kind of behavior is the Cucker-Smale model, introduced in [9] and [10].

In this model, each individual interacts with the average of the group, in a mean-field-like
setting: denoting by X*N, V4N € R? the position and velocity of the i-th individual, the
behavior of the system can be written as

ax;N = viNdt

0N 1Y iN i Ny N AN (1.1)
vy = Do (X = XPO)(V = Vit
=1

where the weight function 1) : R — RT is even and bounded, typically of the form

A
In order to take into account unpredictable phenomena of different natures, it is rather natural
to perturb this deterministic model with some random noise. While presenting new models, we
choose to introduce this noise in the Stratonovich form, since it is more physically relevant. In
[5], where the flocking phenomenon is studied in a variety of different stochastic Cucker-Smale
models, three different kinds of perturbations are identified.
The first one considers the degree of freedom of each individual by adding some independent

noise, dragged by a brownian motion B?, to each of them:
. 1 N . , . ‘ ‘ . _
Vi = 5 2o = XPOWPY = ViRt + o (XPN, V) 0 B (1.2)
j=1

This setting typically appears in the propagation of chaos framework. The flocking behavior
for (1.2) has been studied in [16]. The mean-field limit as N goes to infinity is considered in
[3], in the case of a constant diffusion coefficient o(x,v) = v/DId, and more recently in [7] for
o(z,v) = R(v) a "truncation function" of the speed.

Another kind of perturbation might emerge from the environment in which the individuals
evolve. In this case, we add some common noise dragged by a Wiener process dWW =}, oRdWk:

i 1 & i j ' i i i
v = 5 3 et = XN = Ve 4 Yo (XY VY odwl (13)
j=1 k

A version of (1.3), with a diffusion coefficient of the form o(z,v) = D(v — v.) for some constant
ve € RY, is studied in [1].

Lastly, one may consider that the weight function 1 modeling the interaction between indi-
viduals is perturbed into ¥ = 1) + d¢, where ¢ is some space-dependent Wiener process given by

& =>4 érdB*, leading to

‘ 1 XN ‘ . : . 1 XN . . : .

i, N i, N N N i, N i, N N N i, N
Vit = 5 D (Xt = XPHVPT = VENd+ 5 303 an(XT = XDV = Vi) o dBt
(1.4)



The mean-field limit and flocking for (1.4) is looked upon in [6] and more recently in [15] in the
particular case where the perturbation £ does not depend on x: d§¢ = v/20dp;.

In this paper, we focus on the mean-field limit of these particle systems. Namely, we intend
to extend the results mentioned above by studying the behavior of the empirical measure

N
1
,u,iv = N Z(S(Xi,N’Vi,N) S P([Rd X [Rd)
1=1

as N goes to infinity, for general stochastic Cucker-Smale model of the form (1.2), (1.3) or (1.4)
(or combinations of these models). Let us keep the notions of convergence a little vague for a
moment, in order to give a quick overview of the results to come: we will show for instance that,
for (1.4), under the assumptions

> leklze < oo, Y Nl < oo, (1.5)
k k

where ||@]|1;p = sup,., W, provided that ;" — pg, the (random) empirical measure p¥

converges in law, up to a subsequence, to some u; which is a weak solution of the expected
limiting stochastic PDE

dps + v - Vapedt + Vo - (F ] pie) dH—ZV (Frlpdpe) o dBf =0, (1.6)

with
Fl(a,0) = [ b = y)w = o)dulyw), Flal@.v) = [ oulz =)= v)duty. w)

Regarding the flocking phenomenon, the method developed in [6] could in fact be easily extended
to the model (1.6). Given a solution p = (p)i>0 of (1.6), the average velocity vy = [ |v|dpy is
conserved over time. Assuming that

WY = ming(z) > 0, > llgxll3 < oo
k

and denoting
E, = / lv — 0| ?dpae (, v)
R2d

calculations easily lead to

%[E[Et] < -2 (1/1m - 42 H(pkugo> E[E,).
k

Therefore, under the condition 1, > 43" ||#x||%, the model (1.6) exhibits a flocking behavior
in the sense that E[E;] — 0 exponentially fast as ¢ goes to infinity.

Under the same assumptions (1.5), the strong LP(2) mean-field convergence u)¥ — py is
obtained (for the whole sequence) if we consider "truncated velocities" in the perturbative term,
that is a model given by

‘ 1 N N . . ,

i, N zN N N ZN i, N N N zN
I = SO XY VN 5 ST e - XPIRO7 )o dh
j=1 ]:1 k

(1.7)



where R : R* — R¢ is smooth and compactly-supported, similarly to the case considered in [7].
We are in fact allowed slightly more general truncation functions, as will be detailed later on in
section 3.2.

Let (Q,F,(Ft)i>0,P) be a filtered probability space, and let 3, (B%);>1 be independent,
respectively R-valued and R%-valued (F;)-brownian motions on €2, starting from 0. Throughout
the rest of this paper, we extend our study to a stochastic interacting particle system in R?% of
the general mean-field form

ax;™ = Bl )XYt + Clug' |(XpN) 0 By + o(X; ™) 0 dB, (1.8)
ie{l,...,N},

where
- § N Bl = [Hrn). Che) = [ et 09)

for some coefficients b,c : RY x R? — R? and o : R? — R?*? | The particles in (1.8) are subject
to two noises of different nature : some individual noise dragged by B} and some common noise
dragged by ;. The case c¢(x,y) = ¢(z) corresponds to a noisy environment (as in (1.3)) whereas
the case c¢(x,y) = c(x — y) corresponds to a noisy interaction (as in (1.4)).

For simplicity purposes, from this point on we choose to only consider a "one-dimensional"
common noise ¢(x, y)odf;. It may of course be replaced with a more general -3 c(z,y) o dfBF.
The results presented in this paper will still hold, provided essentially that the assumptions made
here on c are satisfied by all ¢, with constants which are square-summable over k, as suggested

n (1.5).

The mean-field limit of (1.8) is well known and established when the coefficients b, ¢ and
o are globally Lipschitz-continuous (see e.g [8]). Of course, in this study we would like to
include Cucker- Smale perturbations of the form (1.2), (1.3) and (1.4), which corresponds to
ZPN = (XN VPN satisfying (1.8) in R24 with coefficients of the form

v

b((m,v); (y,w)) = ( w(x _ y)(w _ 1)) ) c((x,v); (va)) = ( ¢($ _ y())(w _ ?}) ) (1'10)

which, when 1, ¢ are globally Lipschitz-continuous, are only locally Lipschitz-continuous. This
naturally leads to additional difficulties compared to the classical "globally Lipschitz" case.

In view of usual stochastic mean-field results, it is natural to expect that the limiting equation
for the empirical measure u)¥ associated to (1.8) as N goes to infinity is given by

1 1
dpg + V- (Bl pe)dt + V- (Clug)pe) o dBy + §V (Te(Voo™ )y )dt = §V (V- (oo™ pu))dt
(1.11)
where we have used the slight abuse of notation:
d
(TT(VO'O'*))' =Tr((Vo;)o Z (Ok0i )0k - (1.12)
¢ k=1

Due to the driving noise 3; which is common to all particles, (1.11) is an SPDE, so that the
limiting measure (j)¢>0 is still a stochastic process. The individual noises odB! are expected



to average into the elliptic operator 3V - (V - (o0*.)). The first order operator 3V - (Tr(Voo*).)
only results from the correction from Stratonovich to Itd integration. In the particular case
o(x) = old, we are simply left with

2
dpiy +V - (Bliulpue)dt + ¥ - (Clanlpe) o dBy = T (Ap) .

Under the assumption that the coefficients b, ¢ and ¢ are only locally Lipschitz-continuous
and sublinear, we prove the convergence in law (up to a subsequence) of the empirical measure
associated to (1.8) to a weak solution of the limiting SPDE (1.11). In a more restrictive setting
requiring boundedness for ¢ and additional assumptions regarding the growth of local Lipschitz
norms of the coefficients, this weak convergence is turned into a strong LP(€)) convergence and
the propagation of chaos is established. Precise assumptions and results are stated in section
1.2 below.

Note that (1.8) and (1.11) have only been given in the heuristical Stratonovich form. In
section 1.3, we shall determine the corresponding It6 forms and derive a proper definition for
solutions of (1.8) and particularly (1.11) (see Definition 1.2).

1.2 Main results

In the rest of this paper, P(E) denotes the set of probability measures on some space E.
The results presented here along with their proofs involve some considerations regarding
Wasserstein spaces Pp,(E).

Definition 1.1. Given (E,|.||) a normed polish space and p > 1, the pth- Wasserstein space

PoE) = {neP(E). |

xT

|lfPdps(z) < oo}
€E

is equipped with the distance

1/p
_ : 1. 2)p 1.2
Wlnd= (it [t —atpanataf)

where

M(p,v) = {7‘(’ € P(E?), /

z2e

7(.,dz?) = pu and / m(dxt,.) = y}.
E zleE

In the rest of this paper, we shall sometimes use the notation A(z) < B(z) to signify that
there exists a constant C' > 0 independent of the variable z considered such that A(z) < CB(z)
for all z.

Defining the Stratonovich corrective terms (see section 1.3)

31(.%', Y, Z) = % ch(m, y)C(.%', Z) + vyc(x7 y)c(y7 Z)? (113)
d
SQ(I’) = TI‘((VO’Z')O'*) = Z (3}60'1'7[)0'&[, (1.14)
k=1

we shall first make the following assumptions on the coefficients of (1.8):

Assumption 1 (Sublinearity).

bz, )| S 1+ |2 + [y, le(z, )| S T+ |z + [y, o(2)] S 1+ ||
[s1(2,y,2)] S T+ || + |yl + [2], [S2(2)] S 1+ [z



Assumption 2 (Locally Lipschitz).
b,c,0,Vc, Vo are locally Lipschitz-continuous.

In this rather general setup, the local Lipschitz-continuity alone is not enough to ensure
"standard" estimates of the form

E[W3, 1")| < W3, 1]
and we are not able to establish the "strong" convergence of the particle system. Instead, we
rely on compactness arguments to prove the following weak mean-field limit result.
Theorem 1. Let T > 0 and C := C([0,T];R?) equipped with ||z||« = Supyeqo,r] || -
Suppose that Assumptions 1 and 2 are satisfied. Let g € P(R?) such that
/|x|2+5d,u0(:c) < oo for some § > 0.

Let (XZ’N)S(I)"“’N be a solution of (1.8) and u™N € P(C) the associated empirical measure.
Provided that

ud" = po in PR and sup/\w!2+5duév(x) < o0,
N

there exists a subsequence (u™N')n+ such that

N = in law, in Pa(C)

and 1 is a weak solution (in the probabilistic sense) of (1.11): there exists some other proba-
bility space (2, P) equipped with a brownian motion 3 such that p satisfies the assumptions of
Definition 1.2 below on €.

This weak convergence can be strengthened into a strong convergence for compactly-supported
initial measures, under some more restrictive assumptions on the coefficients.
Let us suppose for simplicity

Assumption 3 (Common noise only).
o=0.
In this case, the limiting SPDE (1.11) becomes a stochastic conservation equation:
dpe + V- (Bludlp)dt + V- (Clupe) o dfy = 0. (1.15)

These kinds of equations have been studied in [14], [17]. A solution of (1.15) is naturally expected
to be "of the transport form" p = (X*)*uo, i.e p is given by the push-forward measure of the
initial data by the (non-linear) stochastic characteristics

{ dX['(z) = Blu](X} (x))dt + Clu] (X} () o dB,
XM (z) =z € R

A precise statement on measures of the transport form is made in Definition 3.1. Let us make
some additional assumptions on the coeflicients:

Assumption 4 (Sublinear drift, bounded diffusion coefficient).
[b(z, )| S 1+ [z] + ]yl

]sl(m,y,z)] 5 1+ ’1" + ’y‘ + ‘2’7
le(z, )| S 1,



Assumption 5 (Growth of the local Lipschitz constants). For some 6 € [0,1),

b(z,9) = b, y) S (1+ 22 + [y + 122+ |y 2) (Jo = 2| + |y = o),

[s1(2,9,2) = 5129/, ) S (1+ |02+ [P + 22 + [/ + |y P + 2 (]2 = @' + ly = o/ + |2 = 1),
le(z,9) = e@’,y) S (1+ 12l + Wyl + |21 + ') (]2 = @' + [y - ¥/]).

Theorem 2. Let T >0, p > 2 and C := C([0, T];R%).

Suppose that Assumptions 3, 4 and 5 are satisfied. With the same notations as before, provided
that il is uniformly supported in some compact set K C R® and pl — po in Pp([Rd), we have
the convergence

pN = pin LP(Q;P,(C)),

where = (pt)cpo,r] s the unique solution of the transport form of (1.15), in the sense of
Definitions 1.2 and 3.1 below.

Finally, let us complete this last statement by presenting a result of (conditional) propagation
of chaos similar to the one formulated in [8].

Theorem 3. Let T >0, p > 2 and C := C([0, T];R%).
Suppose that Assumptions 3, 4 and 5 are satisfied, and let (Ff)te[o,ﬂ denote the canonical

filtration associated with 3. Given g € P(R?) supported in some compact set K C RY, let us
introduce

(56),21 i.i.d, Fo-measurable, R-valued random variables with law .

Let (XZ’N)ii(l]""’N be the solution of (1.8) with the initial conditions Xé’N =&, and let u’¥ € P(C)
be the assoctated empirical measure. Then we have the convergence

p = pin LP(;P,(C)),

where 1 = (ut)icior) 9 the unique solution of the transport form of (1.15), in the sense of
Definitions 1.2 and 3.1 below. Additionally, for allr > 1 and ¢1,...,¢, € Cp(C) we have

Eor(X"N) .o (XN FR] = [T46i ) in LH(Q).
i=1
Finally, for alli> 1, let X' be the solution of

de = B[Mt](Xti)dt + Clu)(X}) o dfs,
X4 = &o-

Then the limiting measure p € P(C) is a version of the conditional law ﬁ(Xi\Fjé) and we have
the convergence ' '
XN 5 XU in LP(9;0).

1.3 Ito form

Let us now determine the proper Ité form expressions of (1.8) and (1.11). It6’s formula gives
N 1 iN N
d|Cl1 (x5 ™)] = 5 2 dlexi™ X))
J
1 iN N iN iN N PN
= (NZVmC(Xt , X7 )C[Nm(Xt ) + Vye(Xy ™, X )C[Miv](Xt] ))d/Bt
J



where V"7 is a process with bounded variation and

i.j i,N N i,N i iN i\N i\ N i
AM = — Z( (XN, XPN)o(XPN)dB] + Ve (XN, XP o (xPN)dB] ).

It follows that the correction from Stratonovich to It6 is given by

ClupJ(XE™) 0 B = Clu' ) (X ™) + 51l | (X7 )t
with
T) = //sl(w,y, z)dp(y)dp(2) (1.16)
where
1(0,9,2) = 5 Vo, 9)e(w, ) + Vyele, ey, )
as defined in (1.13). Similarly, the correction for the individual noise is given by
(XY o dB! = o(X"™M)dB! + So(XN)dt
with
So(x) = %Tr(VJ(m)U*(m))
as defined in (1.14). We may now rewrite the particle system (1.8) as
XN = (Bl (™) + Sl (™) )dt + Cluf ) (XEV)dpy + o(XpN)dB, (117
where

Slul(x) = Si[p](z) + Sa(x) is defined in (1.16) and (1.14) .

As for the SPDE (1.11), it is to be understood in the following weak sense: for any ¢ € CZ(R%),

1 1
A ) = {(Blpd] + 5Tr(V00%) - Vb, )t + (Clia] - Vb ) 0 45, + 3 (Te(o(V*0)or"), e
Let us determine the correction corresponding to the Stratonovich term. We have
d[(Clue] - V0, )] = (Clua] - V0, dpe) + ([ Cla] - 0], ),

On one hand,

(Clue] - Voo, dpe) = (Clud) - V(Clue] - V), ) dBy + AV,
= ((VClClud)) - Vb, pe) + (V%4 - Clad) 2, ) ) A + dV;"

where V(Y is a process with bounded variation. On the other hand,

Clul(a) - Vla) = [ op)dpnly) = (6. p0) with 6(y) = c(a.p) - Vib(z)



so that
d|Clus] - V] (&) = (6, ) = (Clii] - V. pe)dBy + AV ()
= (( / Vye(z, y)C [ut](y)dut(y)) -vwm) dB,. + dv,?) (z)
where V() (z) is a process with bounded variation. Combining both expressions, we are led to
d[(Clu] - Vo, w)] = 2S1[a] - Vo + V2 - (Clu) ), ) dfy + dU,

where Uy = fg (dVS(l) + (dV;(Q),MS>) is a process with bounded variation. The correction is
therefore given by

(Clpe] - Vb, pe) o dBy = (Clug] - Vb, puy)dBy + (<51 [1e] - Vb, ) + %(VQT/) : (C[Nt]®2),ﬂt>)dt-

Consequently, the Itd form corresponding to the SPDE (1.11) is exactly

dus +V - ((B[Mt] + S[Mt])m)dt + V- (Cluel e )dBy = %V -V ((00* + C[ut]C[ut]*)ut)dt
(1.18)

with S as in (1.17). This allows us to precisely define the notion of solution for (1.11).

Definition 1.2. Let (Q, F, (F;),P) be a filtered probability space equipped with an (Fy)-brownian
motion (. Let jig € P(RY).

A measure-valued process p = (pt)ecpo,r) = 2 — PRHIOT] s said to be a solution of the
SPDE (1.11) (or equivalently (1.18)) with initial value po when for all ¢ € C2(R?), the process
({0, ) )eejo,r) is adapted with a continuous version and satisfies

(Y, ) = (¥, o) +/ [1s]) + Slps]) - VY + Alps], pis) d8+/ [1s] - Vb, ps)dpBs, (1.19)

where S[p] is defined in (1.17) and the second order operator Alu] is given by

Al = 53 (zaz ki + CililCy ] ) 2 o (1.20)

7_]

Remark 1.1. Comparing the particle system (1.17) and the SPDE (1.18) expressed in Ito form,
we see that the correction from Stratonovich to Ito integration adds some "virtual” interaction
kernel S[u] to the system. On the SPDE (1.18), it additionally results in the operator A[p] which
is of order 2 and consequently is not "visible" on the particle system (1.17).

2 Weak mean-field convergence
2.1 Properties of the coefficients

In the entirety of section 2, we shall assume that Assumptions 1 and 2 are satisfied.

Assumption 2 guarantees that the coefficients of the SDE system expressed in 1t6 form (1.17)
are locally Lipschitz-continuous, which classically provides the local existence and uniqueness of
solutions. The sublinearity Assumption 1 immediately results in

Bl (@] [SH@] S (1+ 12+ [ blde). (2.1)



Of course, Assumptions 1 and 2 are satisfied in the classical "globally-Lipschitz" setup when
|Vb|,|Vel|,|Vo| $1, Veand Vo locally Lipschitz-continuous.

Most importantly, we are indeed allowed to consider coefficients with the Cucker-Smale form:
let b and ¢ be given by (1.10). Assuming that v, ¢ are bounded and locally Lipschitz-continuous,
b and c are clearly sublinear. Moreover, a simple calculation gives, with z; = (z;, v;),

0
s1(a1,22,72) = < — (a1 — 22)¢ (1 — 3)(v3 — v1) + Ba1 — 12)(x2 — w3) (v — v2) )

which is sublinear as well.

2.2 Estimates for the particle system

Firstly, Assumption 1 naturally guarantees some moment estimates for the solutions of (1.8).

Proposition 2.1 (Moment estimates, global existence).
Let T >0,q>2and i) = %3, §yin be such that [ |x|9dug (z) < oo. Then the SDE system
0

(1.8) (or equivalently (1.17)) has a unique solution defined on [0,T], which satisfies,

sup [ Jaldi ()] 5 [ Joptd (@) (2.2)

tG (0,7
and for alli € {1,...,N},
£ sup Vi) S (XN 4 [ foftdud (a): (2:3)
t€[0,T]
The constants involved in < depend on T and q only.

Proof. The assumptions guarantee that the coefficients of the SDE (1.17) are locally Lipschitz-
continuous, which provides the local existence and uniqueness of the solution. To simplify the
notation, we shall consider that all stochastic integrals are well defined: for a more rigorous
framework, one should consider the solution of the truncated equations with a suitable stopping
time ; classically, estimate (2.3) (uniform on the truncation) then ensures that the solution is
globally defined. Using (2.1), one can write

t
S | | |
XS IXEN T+ [ BN+ | KN ) ds + M
. t ) X
SIXG [0+ [ ot yds + e (24

where M} = [} Clul|(XEN)dBs+ [i o(XEN)dBE. Taking the mean over 4, and letting |X,[¢ = [ |x|?duf’
we are led to

t 1 ,
X, 7 < [Xo|? X, |ids + — S | M|
XS TP+ [ s+ 32

and therefore,

t
sup X, STl + [ sup TXolids + 3 sup M), (25)
0 o€l0,s] i 0€[0,t]

10



) 1q/2
Burkholder-Davis-Gundy’s inequality from [4] states that E(|]M*'|?); S E ([M ’}q >
t
Using (2.1),

4 t ' ' .
0] = [ IO P + 1o Pds £ [ X0V + TP

14/2 . -
hence {MZL < Jo1XEN|e 4+ X, ]eds. Coming back to (2.5),

t
E sup |X,|9 S| Xol9+ [ E sup |X,|%ds (2.6)
o€[0,t] 0  o€lo,9]

and we use Gronwall’s Lemma to get the first estimate of Proposition 2.1. We can now get back
to (2.4) to get

sup (X505 N+ [ sup X0V s+ sy T4 sup [
o€el0,t] o€(0,s] c€l0,7) c€l0,t]

Using the previously established estimate and Burkholder-Davis-Gundy’s inequality once again,

. t .
S (XY +T%oR) + [ € [ sup \X;’qu] ds

E [ sup \XZ"N\q P
oc|l,s

c€(0,¢]

and we may apply Gronwall’s Lemma to obtain the second estimate of Proposition 2.1. O

Remark 2.1. Given some ¢ € C?(RY) with |V, |V2| < 1, Ité’s formula gives

dp(X;N) = V(XYY - (Blad] + SN ) (X Nyde + VN - Ol (XN ) ds,
+ V(XPY) o (XPN)dB) + Al (XN )dt,

hence taking the mean in i € {1,..., N} we are led to

) = Gy + [ BT+ ST Vo AN s + [ (O] Vs,
e 3 [ vuxi) - (s(xiNan) (2.7)

Given the bounds on E[[ |z|>dud ()], it is easy to see that the stochastic integrals involved are
continuous martingales. Aside from the last term, which is expected to vanish as N goes to

infinity, this is exactly the SPDE (1.18).
Let us now establish some estimates regarding the regularity of solutions of (1.8).

Proposition 2.2 (Kolmogorov continuity for the particle system).
LetT>0,q>2and p) = £ (5X1N be such that [ |z|9dud (r) < oc.

The following estimate holds umformly fort,s €0,T)
1 N o
& SN - xS ([ laftand i sl
(2

The constant involved in < depends on T and q only.
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Proof. Again, one can write

. . t . q . .
X = x5 | [ B+ SN o 4 0t - b

s

t ) ) ) )
Sl sl [ UBUYIOGEN) +81a) (X)) do + (M — M,
S
hence using the estimates from Proposition 2.1,
1 N 1 S
¥ S EXY =X et [ el STEM - M
Burkholder-Davis-Gundy’s inequality gives

E[M; — Mi|* S E| (M) =[] o2

S

S , a/2
SE| [ RNP + X Pdo] "
S

t )
Sle—ofo>" [T+ 13 o
S

since ¢/2 > 1, hence

1 . 4 t
& S E =M S = o2 [ [laftan]do < e = o2 [ foltdf
i s

2.3 Tightness of measure-valued random variables

In this subsection, we state general results regarding the tightness of random measures, which
we shall later apply in our special case.

Let (E,|.||) be a normed polish space. The space P(E) of probability measures on E is
equipped with the topology of the weak convergence. More precisely, we shall consider that
P(E) is equipped with the Lévy-Prokhorov metric, which also makes it a polish space (one may
refer to [2] for details regarding this topology and tightness in general).

Definition 2.1. For a random measure p : 2 — P(E), we define the intensity I(u) of p by
Vf: E — R measurable, bounded , (f,I(n)) = E[{f, )],

that is I(n) € P(E) is a deterministic probability measure on E.

The following result (mentioned e.g in [18] pl78) establishes a link between the relative
compactness in law of p and the tightness of its intensity measure ().

Proposition 2.3.
For a sequence (,uN)Nzl of random measures on E, the two following statements are equivalent.

i) The sequence of P(E)-valued random variables (u™¥)y is tight.
ii) The sequence (I(u™Y))n of measures on E is tight.

Proof. Firstly i) clearly implies i) since

{,uN — p in P(E) weakly on Q} implies [I(,uN) — I(p) weakly on E} .

12



Let us assume i7): we introduce a sequence (Cp,)m>1 of compacts of E such that

VYm > 1, supI(p™¥)(CS) <4™™.
N

For a given € > 0, let us define
K. ={u e P(E), ¥m > 1, u(C,) <e7'2m ). (2.8)

Prokhorov’s theorem on tightness states that K. is a compact of P(E) equipped with the Lévy-
Prokhorov metric. Now, for all N > 1, using simply Markov’s inequality,

Plp™ ¢ K] <) Pl (Cr) > e 27 <ed I(V)(Cr)2" <e.
O

Let us extend this reasoning to the Wasserstein space Py(F) defined in (1.1). Firstly, we

have the following convergence criteria.

Proposition 2.4.
For a sequence of measure (u™N)n € Po(E)N, the following statements are equivalent:

i) pN = poin Pa(E)
i) uN — pin P(E) and limsup/ || 2dp® () —— 0
N Jz|>R R0
iii) (¢, uN) — (¢, p) for all ¢ continuous such that ¢(x) < C(1 + |z|?).

One could refer to [19], section 6 (Theorem 6.9) for a proof. This immediately results in

Corollary 2.1 (Compact subsets of Pa(E)).
A subset A C Pa(E) is relatively compact if and only if

o The family of measures (p)ca is tight
e sup

{/ HxHQd,u(x)} — 0 as R — oo.
neA =J|z|>R
We can now state the following criteria for the relative compactness in law in P2 (E).
Proposition 2.5. Let ¥ : Q — Py(E), N > 1, be a sequence of random measures on E.
The following statements are equivalent:

i) {I(u™N), N > 1} is relatively compact in Py(E)

ii) The family of measures (I(u™N))n is tight and sup/ | z||?dI (u™)(z) —— 0
N Jz||>R R0

iii) The family of Pa(E)-valued random variables (u™N)n is tight.
N/)N/, a probability space (ﬁ, ﬁ) and random variables

In this case, there exists a subsequence (u

N s Q — Py(E) such that
ﬁN/ ~ ,uN/ in law

Wo [, i) F7R 0 a.s and in L*(Q).

13



Proof of Proposition 2.5. The equivalence between i) and i) is stated in Corollary 2.1.
Assuming i), we can introduce (Cp,)m>1 compacts of E and (Ry,)m, with R, — oo such that
for all m > 1,

sup I(V)(C5,) < 4™, sup [ [lalPdI(uN) ) < 47
N N J||z||>Rm

For a given € > 0, let us define

K. = {,u e Py(E), Ym>1, u(CS) <et2™™, / |z ||Pdu(z) < e t2™™ }
l[z]|>Rom
which is a relatively compact subset of Py(E) by Corollary 2.1. Then, using Markov’s inequality

K. < Z [P{,uN(C,fﬂ) > 5712*’”} + [P[/Mme |z || du® (z) > 57127’”}

m>1

<3 Iy (Cs) + zm/ |2]2d0 (™) () < 2¢
lal> R

m>1

which proves ii).

Assuming 7ii), let us prove the last part of the result. We introduce a subsequence (u" )y
which converges in law to some u € 772( ). Applying Skorkhod’s representation theorem on the
polish space Pa(E) we get, on Q AR ,u a.s in Py(F). To conclude regarding the convergence
in L2(Q), it suffices to show that W2[ii¥', fi] is uniformly integrable in N’.

To this purpose, one can simply write

W) S [l + [l d

M)

and for all R, M > 0,

~N’ o 2 j~N’ B 2 ~N’
/||33H dp {f||x||2duN/>R}] < [E[/”x”2>M||$H dp ]+M[P[/H$|| dp™ > R}
M
<sup [ alPar(eV) 4+ S sup [ flal Pz
N Jlz|2>M R N
This shows that for all M > 0,
li [E diN'1 : < 2d1(uN) — 0 as M .
msupsup E[ [ ol i1 gy < sup /|| o IEPAIGEN) = 0 0 01— o

We can now see that ¢ii) implies ): let us introduce 7(w) an optimal coupling between
N (w) and fi(w), that is

WP ) = [ et = et PR e,

Note that such a coupling exists, and can indeed be selected to be measurable, see [19], section
5, Corollary 5.22. Then 7 € TI[z"", fi] (for every w € Q) and it is clear from the definition that

I(7) € MI(EN), I(R)] = T (™), I(w)-
Therefore

WRIGN) ) < [, ot = ?Par @)t o)

zl 22cFE

_ ﬁE[/ ot — 22 |Pdi(at,2%)] = E[WE[EN ] = 0as N = oo,
zl 22eFE
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2.4 Proof of the weak convergence

We will now prove the result stated in Theorem 1. Consider pg € P(R?) satisfying

/|x|2+5d,u0(3:) < oo for some 6 > 0

and a sequence of empirical measures (uj) = % PO 4~ )N such that
0
i = o in PR, sup [ ol (2) < .

Let (X:’N)te[oﬂ, i € {1,...,N} be the solution of (1.17) with intial data XS’N = ﬂ:é’N. We shall
look at these processes as random variables taking values in the (polish) space of continuous
functions:

XN — C¢=C(0,T];RY)

w o (XN (@) (2:9)

where C is naturally equipped with the norm ||z{lcc = supscjo 77 |2t|-
The associated empirical measure p’V = % Zi]\il dxin 18 hence seen as a random element of
P(C). Its intensity measure is given by
AR
I™)(A) = =Y P(X"N € 4), AeB(C). (2.10)
N =

Let us verify the assumptions of Proposition 2.5 to establish the compactness in law in Py (C):

1. Firstly, supy [,cc [2o2dI (™) = supy [, cpa [#]2dpd) < oo and Proposition 2.2 gives
1 , 4
sup/ |2y — x| PF0dI (1) = sup — Z E|XN — X0N 120 < qup (/ \x!2+5duév) It — s|1H0/2,
N JzeC N N P N

Classically, using Kolmogorov’s continuity criterium, for any « €]0,1/2[, defining the com-
pact subset of C

Kgr= xec’ |$0|§R, sSup |xt_xs|§R|t_S|a )
t,5€[0,T

we get supy I(p™)(K§) —— 0 the sequence (I(u™))y is tight.

R—o0

2. We have
1
xzdINx:[E/ CCZdNCC <—[E/$2+6dN:c
/nx”oozR” Ldt @)@ =E[ | lalidi™@)] < g5E| [ )i du (@)

and taking the mean over ¢ in Proposition 2.1,

N
£ [ o3 @)] = 5 [ sup 16V < [P @)
x i=1

N P t€[0,T]
hence lim sup/ ||| dI (™) (x) —— 0.
N Jlzlle=R R0

15



We can therefore introduce a subsequence and some probability space (ﬁ, @) with random
variables iV', i : Q — Py(C) such that

!

VN, ﬂN ~ ,uN/ in law
W[, i) —— 0 a.s (and in L3(Q)).
N'— o0
Now, considering the law of the process (1" )¢>0 only, equation (2.7) can be translated as:
for all 1 € C%(R?) with |V, |[V2] <1,
t

M (t) = (o, i) = (') = /O (Llpd T, ul)ds, >0,
where LlJwr = (Blu] + S[]) - Vi + Aluly, (2.11)

is a continuous L? martingale on Q with respect to the canonical filtration of ()" );, whose
quadratic variation is given by

/] ) V)| ds + o (XM Tp(XE)| ds

= [ |y v s+ /0 (0"l ud)ds
Equivalently, this can be expressed as
E[(MY(8) = MY () ) (), o), )] = 0 (2.12)
[ (6) - MY (5)] )il = E[([M5]0) = [M] () BulY i) (213)

forall 0 <ty,..,ty, < s<tandh: Pg([Rd) — R continuous bounded. Since ﬁN/ ~ MN/ in law
in Py(C), it is clear that the processes (u}" /)te[O,T] and (7Y /)te[O,T] have the same law. It follows

that (2.12) and (2.13) also hold on the probability space (€2, P) for

—~ 7y ’ / t ’ ’
MY (1) = (W, i) = (b, i) - /0 LY Vg, i yds, >0

making it a continuous L? martingale on §~2 with respect to the canonical filtration of (f)" l)t,

with quadratic variation {Mg,}(t) :f(f‘< [~N’] Vi, ~N’> d5+ + f0<|0*V7/)|2 ~N’> s,

We can now establish the following result.

Proposition 2.6. For all ¢ € C?(RY) such that |Vy|,|V3y| < 1,

Wo(t) = (i) = o) — [ (L[Jo s, 120

is a continuous L? martingale on Q with respect to the canonical filtration of (jit):, whose
quadratic variation is given by

{Mw / ‘ Ms V¢7,U's>

dS— Vi/’( )

Proof. Let us work on (~2, but drop the tildas on u, P and the primes on N for clarity.
Given 0 < s <t<Tand 0 <t; < .. <t, < sand h continuous bounded, we wish to send
N — oo in (2.12) and (2.13). It is enough to verify the following points:
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1. prv(t) — My(t) in probability
2. ]Mé)v (t)|? is uniformly integrable in N
3. {Méﬂ (t) = Vi(t) in probability
4. {Méﬂ (t) is uniformly integrable in N.
Given that Wa[u, u] — 0 almost surely, using
Lemma 2.1 (General inequality for product measures). Let E be a polish space, then
Vi, i v,V € Po(E), Wiln@p',v @] <Wilp,v] + W', v/). (2.14)

we also derive that Wa[(u™N)®2, u®?], Wo[(u™¥)®3, u®3] — 0. Recalling (2.11), let us review
the different terms involved in prv (t).

e Since [¢(z)| < 1+]|x|, we deduce from Proposition 2.4 that (1, ) — (1, i) a.s. Moreover,
[, 1) S 1+ [ 2lloodp® (2).

e The term [} (B[ul]- Ve, ulY)ds can be written as
t ¢
| L b Vo o w)apds = [ [ ([ b To)ds)de™ © o) w.y)
0 JRe JRe cJe Mo
which converges almost surely to the expected term since the functional is indeed sub-

quadratic ( |b(z,y)| < |z| + |y| and |Vap| < 1). The term involving S[u}] is treated in the
same way.

e Recalling the form (1.20), the term fg (A[uN1, uN)ds can be written similarly as
¢
Z/O /// [Zai7k($)0j,k(£ﬂ) +Ci(w,y)cj(:c,z)}azj¢(x)d(pév @ 1Y @ pN)(z,y, 2)ds.

again, this converges almost surely since

Uz‘,k(x)gj,k(w)‘ S+ Jzf?, Ci(%y)cj(ﬂﬁaz)‘ S1+zP 4yl + 127, V[ S 1

Point 1. is hence proven. Let us skip Point 2. for now and consider [prv } (t). Using the same

2 2
(CluN]- Vv, ,uév>‘ — ’(C[,us] -V, ns)| almost surely for fixed s € [0,¢].

arguments as before,

The bound
2
(€121 Vo) S 1+ [ lalZde™ (@), with supE[ [ a2 %dp ()] < oo
guarantees the uniform integrability in (¢,w), so that

[ et v = [ [etud - Vo] = Vi n 2@,

in particular in probability. Additionally, |(|o*V|?, pf)‘ <1+ [ |J2)|2dpN (z) which is bounded

in L'(Q) uniformly in N, so that

1 rt ~
N/ <’U*V¢’27Mév> — 0 in Ll(Q)7
0
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in particular in probability, which proves point 3.
We have in fact just seen that [Mfﬂ ()92 <1+ [ ||l2)|2Hdu™ (z) which is bounded in L(€2)
uniformly in N, hence giving point 4. Finally, Burkholder-Davis-Gundy’s inequality gives

‘2+5 { N} (t)‘1+6/2

E|M) )| S E| (M

and we derive point 2. from point 4.
Let us conclude by giving a proof of Lemma 2.1. Let 7 € II(u,v) and ' € TI(i/,v'). With a
slight abuse of language, defining 7 ® 7’ € P(E? x E?) by

|| wa gyl o ) (@) = [ bl y)dr(ey)de )
(@,2") J(y.y') (@”y") J(2y)

we have 7 @ ' € II(p @ ¢/, v ® V'), Indeed, for h = h(x,2’),

/ / h(z,2")d(m @ 7")((z,2"); (y,y) / h(z, 2" )dm(z,y)dr' (2, )
z,a') J(y,y) (@"y") /()

= Jow (/hxa: Ydu(x ))dﬂ(x y)

//hﬂ:xd,u Ydu' ()

o L CEOLTE YOS

and similarly for h = h(y,y’). Therefore, it follows that
Wi W veri< [ [ i) = ) Pdir o 7) () 09)
xr,xr Y,y
= [ el o P g @y
(="y") J(%,y)
[ le-ylPdny) + [l =y Pl )
(z.y) (a"y")

x?
Taking the infimum over all 7 € II(u,v) and 7’ € II(1/, V') gives the required inequality. O

From (fit):>0 satisfying this martingale problem stated in Proposition 2.6, we classically
construct a weak solution using a martingale representation theorem in some Hilbert space.

We start by noting that Po(R?) is continuously embedded in the Sobolev space H~Y = (H")’
(where HY = W72(R%)) as soon as v > 1+ d/2. Indeed, for v € H?,

(s ) = (,0)] < [Vl Walpt,v] < ClJt |12 Wol, ]

where we have used the continuous Sobolev embedding HY C C} for v > 1+ d/2. We may
consider the H~72-valued process

t
M) =fi—po— [ Ll fuds. te[0.1)
which satisfies, for all 1» € H7*? (a Sobolev embedding gives |V4|, |V?| < 1),

(M(t),v) = My(t), t€[0,T],
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which is a continuous L2 martingale with respect fo the filtration F; = o (ﬁs € Po(R?), s € [0, t]),

t € [0, T, with quadratic variation Vi, (t). Using a polarisation formula, we deduce more precisely
that for 1,19 € H7+2,

(M(t), 1) (M(t),2) — (V(t)tb1,12), t € [0,T) (2.15)

is a continuous (F;)-martingale, where (V(t)t1,12) = [1(Cfis] - Va1, fis) (Clfis] - Viba, fis)ds
The martingale representation theorem from [11] p222 (Theorem 9. 2) then holds, giving an-
other probability space (Q,F,P) with a filtration (]:t)te[o 7) and a (F: x Fi)-brownian motion

(Wt)eefo,r) on (Q x Q, P ® P) such that
V(@,0) € M(t)(@,0) = M(t)(@) = — /Otv (C s (@)]fis (@) AW (@, &). (2.16)

It follows that (@, &) = (1i(©))efo,r) is a solution of (1.11) on Q x Q according to Definition 1.2
(whose law is of course the same as that of @ = (1(@))se(0,77)-

3 Strong mean-field convergence

In this section, for simplicity, we restrict ourselves to the setting of a common noise, according
to Assumption 3.

In this case, the limiting SPDE (1.11) becomes a stochastic conservation equation (given by
(1.15)) and solutions p; are naturally expected to be obtained as the push-forward measures of
o through the flow of the associated (non-linear) stochastic characteristics.

3.1 Stochastic characteristics

Let us suppose that Assumptions 1 and 2 hold.

Definition 3.1.
Given some random u € Po(C) such that E [ ||z||%,du(z) < oo, the characteristics X" are defined
as the solution of

{ AX}' () = (Blyue) + Slpe] ) (X[ (@)t + Clyu (X (2)) Py, 1 € [0.7], (3.1)
XM (z) =z € R4

A random measure p : Q@ — Po(C) is said to be "of the transport form" if it satisfies the fized-point
like identity

= (X" o a.s (3.2)

where X# = (Xf(x))te[oﬂweﬂad is the flow of characteristics associated to (3.1) and the measure
(XY* o € P(C) is defined by: for allm > 1, tq,...ty, €[0,T], 1 € Cy((RH)™),

L, A ) @) = [ (K (@), XE (@) (a),

Remark 3.1. It is to be noted that, under Assumptions 1 and 2, the flow x — X}(z) € C is
almost-surely continuous, so that the push-forward measure (X*)* g is indeed well defined. This
can easily be seen in the case where the kernels b, ¢, s1 are globally Lipschitz-continuous, since
we can derive some Kolmogorov estimate of the form

E[ sup [Xf'(2) = X}'(@)P] S |o— 2P
te[0,7)

The result follows in the locally Lipschitz-continuous case using a classic stopping-time method

(found e.g in [13]).
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Measures of the transport form are, by design, solutions of the conservation equation (1.15)

Proposition 3.1. Let g € P2(C) and pu = (X*)* o be of the transport form.
Then = (pt)iejo,r) satisfies the SPDE (1.15) in the sense of Definition 1.2.

Proof. Firstly, using the same reasoning as in the proof of Proposition 2.1, one can easily show

2
E [ oldn@) =€ [ sup [x/@)| duo@) S [ laPduo(e) (33)
[ R4 tc[0,T] R4

so that the characteristics (3.1) are globally well-defined. For any v € C2(R?), since u € P(C),
the process ((1, fi¢))iejo,7 is automatically (adapted and) almost surely continuous. It6’s formula
then results in

VX)) =00 + [ UK - (Bla] + Slu] + Al]) (X2 (0))ds
+ V(X)) - Ol (XE(2))dB.

Note that, using the sublinearity Assumption 1 and the estimate (3.3), the stochastic integral
involved here easily defines a square-integrable martingale. Integrating with respect to dpug(x)
using a stochastic Fubini theorem gives exactly (1.19), so that Definition 1.2 is satisfied. O

We now formulate an estimate which locally compares two solutions of the transport form.

Proposition 3.2 (P,-comparison estimate for compactly-supported initial data).
Let po, Jig € P(R?) be supported in some compact set K C RY, and let p, i : Q — P2(C) be of
the transport form. For all p > 1, R > 0, defining the stopping time

TR = inf {t >0, sup (]Xf(x)] + \Xf(x)]) > R} AT
zeK
there exists some constant Cp g1 > 0 such that

2 sup W, fitl| < Cp.raWE o, fio)- (34)
€|0,7r

Remark 3.2. Given some sequence (zy)p>1 dense in K, the continuity of x — X} (x) € C gives

(R > 1} = {sup sup (|X2(2)] + | XL (2)]) < R} = () {rrlzr) >t}

z€K [0,] k>1

where Tr(z) = inf {t >0, | XM (x)| + | X (2)] > R} AT is a stopping time, so that T is indeed
a stopping time.

Proof. For the sake of making calculations clearer, we only treat the case p = 2. Let us forget
about S[u] since it plays the same role as Blu|. Let us introduce a local Lipschitz constant
cr > 0 so that for all |z|, |y, |2|, V| < R,

b, y) = b, y)| < en(lz =o' +1y.v/])

le(z,y) = (@, )] < er(lz = @' + |y, ¥/])

le(2,y)| < cr.
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This easily results in the following for all |z|, |2'| < R, v, v/ with support in B(0, R),
|B(z) - BI)(«")
CW(z) - CW)()
C(@)| <

< CR(‘.%' — .%'/‘ + Wiy, VI]) < CR(‘x - xl‘ + Walv, V/])
< cR(|x — 2| + Wiy, 1/]) < CR(|3: — 2| + Wav, 1/]) (3.5)

We may introduce a measurable optimal transport map 7 : K — K so that
Wil fiol = [l = T(@)Pdpo().

Since u, p are of the transport form, denoting X = X* and X=X ﬁ, it follows that

W2l il < Jy = /K [Xu(w) = (T (@) duo(e). (3.6)
We now apply Itd’s formula to n(z) = X, (z) — X,(T(2)) to get
dm(e)* = (2@) - [Blud (Xu(e) = BT (@)] + |Clul (Xi(a) = CL(KT (@) )

+ 2m1(a) - (Clue] (X (@) = LR (Xe(T () ) d.

Applying (3.5), we deduce, for some Cr > 0,

d|77t/\TR ($)|2 < CR(|77t/\TR ($)|2 + W;[Mt/\TR’ﬁt/\TR])dt + th/\TR (x)

< Cr([mrg ()2 + Jinry ) dt + dMipzy () (3.7)

with My(x / 2ns(z) - (Clus](Xs(x)) — C[ﬁs]()zs(T(x)))dﬁs. We may integrate this expres-

sion with respect do d,uo( ) using a stochastic Fubini theorem to get

th/\TR S CRJt/\TR dt + th/\TR (38)

with M; = /Ot </K 2ns(z) - (C[MS](XS(x)) - C[ﬂs](f(s(T(x)))d,uo(x)> dt . Taking the expecta-

tion in (3.8) and applying Gronwall’s lemma leads to
vt € [0,T], E[Jinry) < CrWs 10, fio).

Coming back to (3.8) one may now write, using Burkholder-Davis-Gundy’s inequality
1/2
[E{Sup JMTR < CR/ E[Jinrg |dt + [E[[s()ug Mipnry] < CrrWiluo, fio] + C[E([ ]T/\TR)'
- 2
T/\’TR - 4/ / 7//If/\’T'R [:ut/\’TR](Xt/\TR (x)) - C[ﬁt/\TR](Xt/\TR (T(x)))d,uo(w)} dt
2
S 4CR/ (/ ‘nt/\’TR nt/\TR( ) +W2[/*Lt/\TR7/jt/\TR])) dt

T
< CR/ (Jt/\TR) dt < CR (Sup Jt/\TR> / Jt/\TRdt'
0 [0,7] 0
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Hoélder’s inequality classically gives

_ 1/2 _
[E{Sup Jt/\TR:| < CrrW3lpo, fio] + CRT[E{SUP Jt/\er] Walto, fio]

[0,T] [0,T]

from which we easily derive

E[ sup Wl )] < E[sup Jins, | < CraW3uo, fio] (3.9)
t€[0,7R] [0,T]

0

Remark 3.3. Seeing pn = (X)*po and p = (X)*fip as random elements of Pp(C), we can in fact
be a little more precise. With T : K — K an optimal transport between ug and pig, we have

Wel i) < T = [ sup |Xilw) = KT (@) dpo(e) (3.10)
K t€]0,T]

and one could easily adapt the proof (apply BDG’s inequality in (3.7) before integrating) to get
the estimate

E[J7,] < CopnrWElno, fi). (3.11)

The result from Proposition 3.2 makes it clear that, given a compactly-supported measure pg,
one should naturally require some estimates regarding the growth of the support of g, that is,
estimates on sup,c g | X} (z)|. In [6] and [15] for instance, where the diffusion coefficient c(z,y)
is linear, precise almost-sure estimates for the support of u; are achieved using some stochastic
Gronwall inequality.

The assumptions from Theorem 2 provide another setting (where, in particular, the diffusion
coefficient is bounded) in which we are able to obtain a bound on the moments

E |sup sup |XE@)P|, p>1.
€K [0,T)

3.2 Properties of the coefficients
From this point on, we suppose that Assumptions 4 and 5 are satisfied.
Note that, as mentioned in the introduction, these assumptions allow us to consider stochastic

Cucker-Smale models with "truncated velocities" in the interaction perturbation, given by (1.7).
Indeed, this corresponds to coefficients of the form

. — v . J— O
b((z,v); (y,w)) = ( Wz —y)(w —v) ) c((z,v); (y,w)) = ( bz — y)R(w — v) ) - (3.12)

Provided that the weight functions 1, ¢ and the truncation function R satisfy, for some 6 € [0, 1),

(@)l [o)], R ST,
[W(2) = )] S A+ |2 + [yl)a —yl,
[6(x) = o) < (1+ 2]’ +[yl) |z — yl,

R(v) = R(w)| S (1+ ol + [w]*) v —wl,
[VR(v) = VR(w)| S (1 + [0f** + [w]**) v — wl,
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one can check that all the required assumptions are satisfied, with, denoting z; = (z;, v;),
0
s1(21, 22, 22) = —¢(1 — 22)p(71 — 23) VR(v2 — v1)R(v3 — v1)
—i—(b(xl — xz)(b(m'g — xg)VR(UQ — Ul)R(Ug — Uz)

From Assumptions 4 and 5, we easily derive

[Blal@)| 1+ 1o+ [ lylduty) (313

[Blal(w) - Blalw)] 5 (1412 + P+ [ 1y du())lo - o' (3.14)

and similar estimates for S{u], as well as
Cll@)] 1 (3.15)

Clul(e) = Clu@)] 5 (1412l + 121+ [ lylduty)) o - o' (3.16)

3.3 Estimates for the stochastic characteristics

In this context, let us start by establishing some exponential moments for the stochastic
characteristics.

Lemma 3.1 (Exponential moments).
Let pp € P2(RY) and 1 : Q — P2(C) be of the transport form.
Then, for all T > 0, ag € (0,1], there exists ar > 0 and O > 0 such that fort € [0,T], € R?,

£ fexp (or (1xE@R+ [WPdu))| < e (ao (1o + [IsPaww)).  @17)

Proof. This method is inspired from the one developed in [3], Lemma 3.5. Again, let us forget
S[p] since it satisfies the same estimates as Blu]. 1t6’s formula gives

d|[ X} (@)2] = (2X}'(2) - Blu] (X[ (2)) + |Clua (X} (2)) ) dt + 2X () - Clud] (X[ (2))dBr-

Integrating with respect to dug(z) leads to

| [wPdnat)] = | [ (20 Blul) + 1CUd @) duew)]dt + | [ (25 Cludw) due(w)] s
Hence, letting V; = | X} (2)|? + [ |y|*dys and summing these two identities, we get
dYE = atdt + O'td,ﬁt

with, using (3.13) and (3.15), |a|, |o¢|*> < (14 Y;). Let a(t) be a deterministic, positive smooth
function to be fixed later on. Letting Z; = exp (oz(t)Yt), it follows that, for some C > 0,

t 2
dZt = Zt (O/(t)yz + O[(t)(lt + %U?)dt + ZtOé(t)O'td,Bt

< Zi(o/(®)Ys + C(L+Yo)(at) + alt)?))dt + Za(t)odB,

= 2,Y; (o (t) + Calt) + Ca’(1) ) dt + CZ (a(t) + a(t)?)dt + Zyo(t)odf,.
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Choosing a(t) so that o/ + Ca 4+ Ca? <0, that is for instance a(t) = age™2¢t, we are led to
dZt S C (Oé(] + Oég) tht + ZtOé(t)O'td,Bt, (318)

hence taking the expectation (again, one may use a stopping time to be more rigorous) and
applying Gronwall’s lemma gives

E[2] < exp (Clao +0d)T) exp (ao (le2 + / IyIQduo(y))) :
This is the expected result with ar = infte[O’T] at) = aoe*2CT and Cr = exp (C(Oéo + a%)T)-
O

We can now establish some bounds regarding the support of .

Proposition 3.3 (Kolmogorov continuity estimates for the stochastic characteristics).
Let py € P(RY) be supported in some compact set K C R, and pi : Q — P2(C) be of the transport
form. For all'T > 0, p > 1, there exists a constant Cx r, such that

Vo, o' € K, [E| sup |X['(z)— X}'(2')|P| < Ck,rplr— x'|P.
te[0,7

Using Kolmogorov’s continuity theorem, one can then bound all the moments of the a-Hdolder
constant

XM _XM /
N0 = sy sy ) =X
z,x' €K te[0,T] ’1’ - ‘

for all a € (0,1). The set K being compact, an immediate consequence is the following.
Corollary 3.1. Let jug € P(RY) be supported in some compact set K C R, and p: © — P2(C)
be of the transport form. For all T > 0, p > 1, there exists a constant Ck 1, such that

E | sup sup | X} (x)”
€K [0,T)

S CK7T7p'

Proof of Proposition 3.3. Let us once again forget S[u|. Letting n, = X['(z) — X}'(2'), [to’s
formula gives

d d
dlne* = 2p|ne |2y - de + 2p(p — 1) D el il dln’ 7] + 9> e 2d ),
ij=1 i=1
with
dny = (Blue (X[ (@) = Blud) (X (2')) dt + (Cludd (XY (2)) = Clyad) (X' (2")) dy
din',n']: = (Clu (X (2)) = Ol (XE (")) (CFad (XE () = €7 e (X[ () .

Using the Lipschitz estimates from (3.14) and (3.16), we derive that, for some C, > 1,

d|ne[* < Ae|ne[*Pdt + dM;,  with (3.19)

N = M(z,2)) == C, (1 + |1 X ()2 4+ | X ()20 + / !y\%dut) , (3.20)
t

My = [ 20l (Clud (X2 @) = ClcJ(XE ') d. (321)
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Let us define
t
A= Ay(z,2") = ’y/ As(z,2")ds, (3.22)
0

where the consant v > 1 is to be fixed later on. One can now write

E lsup nP| <E lexp (ﬂ) sup (exp <—£> |nt|p)]
[0.7) 2/ o 2
1/2 1/2
< [E{exp(AT)} [E[sup (exp (—Av) |77t|2p) } . (3.23)
[0,T]

Let us fix ap = 1 and introduce ar > 0 such that the estimate from Proposition 3.1 holds.
Then,

£ [eso(an)] < [ e[esean]di= [ e[ow (0 (14 1XE@F + X0 + [ 19Pdp) ) Jat

<y [ e[ow (L (1XE@P + 1XEEP + [ WPdut)) ) ], (3.24)

where the constant Cy = Cx(T,~) > 0 is chosen large enough so that (recall that 6 € [0, 1))
Yu € RT, exp (’yC’*(l + uQO)) < Cyexp (O;—Tuz) )

We may now use Holder’s inequality in (3.24) and apply the estimate from Proposition 3.1 to
conclude

E|exp(Ar)] < Crcr (3.25)
Combining (3.23) and (3.25), it only remains to prove that

[E[sup (exp (—A¢) \m\zp) } < Cgrlr — . (3.26)
(0,7

By design, we derive from (3.19) with It6’s formula that
t
exp(—Ao) | < o — 2/ + [ exp(~A)dM,

so that, denoting IV; the martingale term, with Burkholder-Davis-Gundy’s inequality,

[E[ﬁ)ug (exp (=M ) | S lw— o/ +E (N)?). (3.27)

This quadratic variation is given by
2 r 2p—2 o Wit 2
[Ny = 4p° [ exp(=280)| s 22 - (Clusl(X2 @) = Ol (X5G) [ at
< ’ —2A g < —A 2p ! —A 2pq
S [ exp(=20¢)Ae|me| Pt S sup (exp (—Aq) [l exp (—A¢) Ae|me|™dt,
0 [0,7] 0
so that (3.27) leads to

1/2

E[[SO?})] (exp (—At) |nt|2p) } < |£C o xl|2p + E[Eﬁ% (exp (—At) |77t|2p) }1/2 (/OT [E{exp (—At) )\t|77t|2p}>
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The estimate (3.26) will therefore hold if we can establish
vt [0,7], E[exp (—A) fmil*] < Cila — 2/ (3.28)
The integration by part formula gives
d [exp (—Aq) Melmel] = exp (=Ae) (ImePPde + ed(Ime*P) + dIX, 7] = At
= exp (—A¢) (|77t|2pd)\t + Aed(|me|*?) + d[A, In[*P] — 7>\152|77t|2pdt) - (3.29)

Given that E [exp (—Ag) Xo|no|?] < Ck |z — 2|?P, it is enough to prove that the drift terms in
(3.29) are all negative for v chosen large enough.

Recalling (3.19), \ed(|n¢|%") < A2{my|?Pdt + \yd M.

Moreover, using the sublinearity Assumption 5, we easily get from the expression (3.20)

d\t S A + dmy(z) + dmy(2') + /dmt(y)duo(y), (3.30)
where dm(y) = 20| X} ()X (y) - Clud (X (y))dB, (3.31)

so that [n:[*PdNe S Nelne[Pdt + |ne|* (dimy () + dme(2) + [ dme(y)dpo(y))-
We conclude by noting that

A ) = d[m(@) + m(a') + [ m(y)duo(y). M) < Nlnldt
since for all y € K,
d[m(y), M| = (201X ()P X¢ () - Cludd (XL ()] (20l - (Cluad (X[ @) = Clud) (X[ (2))) dt
S PP (L4 IXE @+ XN+ [ 1lduz))
S (1 @R X WP [ ) ) P
S (1 FIXP @+ X+ XL+ |Z|29dm(Z)> [P
Note that A\; > 1 so that A\; < A?. The proof is complete. [l

3.4 Proof of the strong convergence

Now that the support estimate from Corollary 3.1 is acquired, we can prove Theorem 2.

Let us fix some T > 0 and p > 2. Let K C R? be a compact set, 9 € P(R?) be a probability
measure with support in K, and (uév = % Zﬁ\;l 5x¢,zv) N be a sequence of empirical measures
0

with support in K such that

Wolud', o) ~o O

Letting (Xti’N)te[O,T} be the solution of (1.8) with initial data Xé’N = :cé’N, let us introduce

uN = % Zﬁ\;l dxi,~ the empirical measure associated with the particle system, which is naturally

of the transport form: p®¥ = (X“N)*,uév.
Consequently, for N, M > 1, Proposition 3.2 gives, for all R > 0,

E| sup WPy, m']| < CproWeing , pnd']
tefo,rn M
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where the stopping time is given by
M g {t >0, sup (|XF" (2)] + X} (2)]) > R} AT. (3.32)
zeK

Let us in fact be more precise and use the inequality (3.11): introducing an optimal transport
map TNVM . K — K so that

Weld ) = [l =TV @)l (@),

we have

Wel i) < dp= [ s Xt @) = XN T @) and @), (39)
K tel0,T]

with the inequality

E [y

R

| < Cona Wyl ). (3.31)
It then follows that
E {Wg[,uN, ]} <E[J7] < {JT]l N,M_ } + L {JTJI{ NIVI<T}:| (3.35)

<E [ Tu] + G [ﬂ M gy SUp_sup (|X#N<w>|p+|X#M<TN’M<w>>|p)]
R R z€K t€(0,T]

1/2
1/2 N 2p
< Cp,R,ng[uéV,pé”] +C,P (’T}]%V’M < T) supE | sup sup ‘Xt“ (m)’ .
N te[0,T) reK

Therefore, using the bound from Corollary 3.1,

N.M 1/2
E (W™, 1] < CpraWhlud' ud') + CpucP (rg™ < 1) .

Markov’s inequality gives

P(rh™ <) <P sup sup (IX}" (@) + X" (2)]) > R) < CpieR™2.
t€[0,T] z€ K

We conclude that

P
Jlé%silgm[W[ W] < CpiR™ —0.

This shows that () n>1 is a Cauchy sequence, hence converges in the complete space LP(2; P,(C))
to some .

Let us now prove that the limiting measure u is also of the transport form and therefore
satisfies the SPDE (1.11) with initial data pg (according to Proposition 3.1).

Denoting v = (X*)*uo € Pp(C), we may slightly adapt the proof of Proposition 3.2 to obtain
an estimate of W} [V, v]. Indeed, introducing an optimal transport map 7~ : K — K so that

Weld' ol = [ o = T @)Pdpo(),
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we have this time

N p
Wil ) < fjo= [ s X ) = XETV @) dpo(o) (3.36)

and we are naturally led to study n.(x) = Xt“N () — X{(TN(x)). Setting p = 2 for simplicity,
calculations give, as in (3.7),

Ao (2)2 < Cr (Ingnrsy (@) + WE i tienry]) dt + My ()
< Cr (e @) + W3 N, ) dt + dM, v ()

where the stopping time is defined as
N = inf {t >0, sup (|X;”(x)| + X (2)]) > R} AT.
zeK
We can now carry on as in the proof of Proposition 3.2 to obtain the estimate
E [Ijg] < Cppr (WE o] + E WY, )] ) < Y, ol [WELY, ] - (3.37)

From (3.36) and (3.37), using the same method as in (3.35), since uj), o are supported in
K C R?, we are led to

E (W2l 1] < CrnrE [WERN ] + i (e < 7).

Sending N, R — oo in the same fashion as before, we conclude that E {Wz’,’[u, V]} = 0, that is
1 = v almost surely: therefore y is of the transport form.

Lastly, the uniqueness of a solution of the transport form for o supported in K C R? is again
obtained in the same way: given p = (X*)*ug and i = (X#)* o two solutions of the transport
form, we may apply Proposition 3.2 (or more precisely equation (3.11)) and the method used in
(3.35) to obtain

E[Wel 7] < Cp icP (7 < T)M?

with

TR = inf {t >0, sup (]Xf(x)] + \Xtﬁ(x)]) > R} AT.
zeK

We may then send R — oo to get u = & almost surely. This concludes the proof of Theorem 2.

3.5 Propagation of chaos

We now prove Theorem 3. To this purpose, we naturally extend the definition of the stochastic
characteristics introduced in (3.1) in the following way. Given some random measure y : Q —
Po(C) with E [ ||z||% du(z) < oo and an Fy-measurable random variable & : Q@ — R¢, we shall
denote by X*(&o) = (X{'(&0))iefo,r) the solution of

{ AXF (o) = (Blyu) + Sl ) (X[ (€0))dt + Clun) (X[ (€0))dBy, ¢ € 0,7, (3.39)

X§ (&) = &o-

Let us start by establishing a link between the law of X#(&) given by (3.38) and the flow of
characteristics defined in (3.1).
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Proposition 3.4.

Let j1: Q — Po(C) such that E [ ||z||% du(z) < co.

Let & : Q — R? be an Fy-measurable random variable with law o supported in some K C R,
Then, letting X*(&y) be defined by (3.38), for all ¢ € Cy(C),

E [ ()7 = [ o @)duo(a) as

where (X*(x)),era is defined in (3.1).

Proof. Let us first consider the case where &, takes a finite number of values : let us introduce
a partition (Ag)req1,...ny € (Fo)" of Q and (zg)peqi,.. ny € (RH)™ such that

So= zpla,. (3.39)
k=1

One can easily prove that, in this case,

n

X&) =Y Xl'(zp)1a,, t€[0,T], as
k=1

by checking that the left and right hand side both satisfy problem (3.38), for which path-wise
uniqueness is established. Given ¢ € Cy(C), it follows that

E [6(X"()) \fﬂ:i E [o(X" (@k))1a, fT}:i (X*(wx) o ({z}) / O(X*(x))dpo (),

where we have used the facts that X#(z) € C is J—"ﬁ—measurable and Fy is independent of ]-"j@.

Given a general random variable &y of law g, let us introduce a sequence (fg) x>1 of random
variables of the form (3.39) such that &§ — & in L?(Q). One can verify that the proof of
Proposition 3.3 can easily be extended to characteristics X*#(¢) with random initial condition
¢ € K a.s. Hence, we obtain

E [1X* (%) - X*(€D)IIZ] < CrrE |60 — &%)

so that X#(&§) — X*(&) in L2(€;C). Up to a subsequence, we may consider that this conver-
gence holds almost surely. Denoting by ,u’é the law of 55, since the L? convergence implies the
convergence of the laws, we deduce that ,ulg — pg weakly. For all k£ > 1,

E [ (Eh)|F7] = [, 60X (@)dub(a) as

and the result is deduced by taking the limit in L!(Q) as k goes to infinity, using the dominated
convergence theorem, recalling that the mapping x — X*(z) € C is almost-surely continuous
(see Remark 3.1). I

With definition (3.38) in mind, introducing the unique solution p of (1.15) of the transport
form (given by Theorem 2) the variables considered in Theorem 3 may be rewritten as

X0V = xr €y, X = XP(ED), (3.40)
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where the empirical measure is of the transport form p?V = (X “N)* pdY with the random initial
measure uf = % Zf\il 653' Note that the strong law of large numbers gives, for any ¢ € Cy(R?),

1
W) = 5 S0 [ v@dale) as

Since ,uév and fi9 are supported in the compact set K C R?, we easily deduce that
1 = po in LP(Q; P, (RY)).
From here, we may easily proceed as in the proof of Proposition 3.2 to obtain
pr,, N
< Gy [Whlb', pol| —— 0,

N—oo

[E{ sup WPlpy", )
tel[0,7f]

where the stopping time is defined as

N = inf {t >0, sup (|X;‘N(x)| + X (2)]) > R} AT
rzeK

The arguments developed in section 3.4 then provide the first convergence in Theorem 3:
E (W, ul| — 0.

The mean-field limit being established, the propagation of chaos announced in (3) will be de-
duced by exploiting the following symmetry property: using (a slightly tweaked version of)
Proposition 3.4, one can write, for all » > 1 and ¢ € Cy(C"),

Eo(x"N,.., x| 7] =€ [ (&), .., x*" (&))| 7]

= oy SXH (1), ., X (@) AT (@1, ) S

since, by independence, L(&},...,&}) = ,u%ar. In particular, this shows that
VoS, E[p(XWN, . xoN ]fﬂ Elo(xt,... xmN )’}ﬂ a.s. (3.41)

The convergence (3) can now be proved in the same way as in [8], Theorem 24. We detail
the proof here for the sake of completeness: for simplicity, let us consider the case r = 2. For

b1, 2 € Cy(C) with |d1], 2| < M, let us write
EJE [o1(X " M)oa(X>N)|F7] — (61, w){on, )| < E[AN] +E[BY]
where
= |E[eu (X" Moo (X>M)|FZ] — E [(61, ™) (82, )| F7] |
BY = |E (g1, 1) (b2, ™| FE] = E [{61, 1) (2. )| 7] |-
On one hand, using the symmetry property (3.41), we may rewrite AV as
R Z[E (oK) (09N 2] — 5 S [ (XN (8| 7] |

2

M
) (N2 —N)M2+NM2 =2— —0.

<< 1 1
N2_-N N2
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On the other hand,

E[BN) < E[(61, 1) (62, 1) = (61, 1) {2, )| = 0

using the dominated convergence theorem, given that p — p in P,(C) (hence in particular
(¢, uN) — (¢, 1)) in probability. This proves (3).
Furthermore, for all ¢ € Cy(C), since p = (X*)* g is of the transport form, Proposition 3.4 gives

E[o(x")|F] = E [px ()| FF] = [ o(x @@ = [ s(a)du(z) as

so that p € P(C) is indeed a version of the conditional law £ (X ‘ fﬁ)

Lastly, one may again use (a slightly tweaked version of) Proposition 3.4 to write

0 X, = X )~ XM, = E [ sup [X0 )~ Xt ot
€10,

Once again, the arguments developed in section 3.4 (see (3.36) and below) give the required
convergence: we obtain X*" — X in LP(£);C), which concludes the proof of Theorem 3.
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