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BIG BIRKHOFF SUMS IN d-DECAYING GAUSS LIKE
ITERATED FUNCTION SYSTEMS

LINGMIN LIAO AND MICHAL RAMS

ABSTRACT. The increasing rate of the Birkhoff sums in the infinite it-
erated function systems with polynomial decay of the derivative (for
example the Gauss map) is studied. For different unbounded potential
functions, the Hausdorff dimensions of the sets of points whose Birkhoff
sums share the same increasing rate are obtained.

1. INTRODUCTION

Denote by N = {1,2,...} the set of positive integers. Consider the so-
called Gauss infinite iterated function system {7}, .y on the unit interval

0, 1] defined by

1
To(x) = - for z € [0, 1].

It is well-known that the limit set of the Gauss iterated function system
is the set of all irrational numbers in the unit interval [0, 1]. In fact, for
any z € [0,1] \ Q, there exists a unique infinite sequence (a;, as,...) € N¥
satisfying

x=1lm T, o---0T, (1) = i :
n—o0
az + ———
as+ -
The latter is the regular continued fraction expansion of z. The digits a; =

a;(z) are called the partial quotients of x in its continued fraction expansion.

For any n > 1, denote S,(v) = >_7_, a;(x). In the literature, we are
interested in the sum S, (x) of partial quotients which is a special Birkhoff
sum with respect to the Gauss iterated function system {7, },>1. In fact, the

functions 7T;, are inverse branches of the Gauss transformation 7" : [0, 1] —

0, 1] defined by

T(0) :=0, and T'(x):= — (mod 1), for z € (0, 1].

SHR
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2 L. LIAO AND M. RAMS

Then a;(x) = |7 (|-] stands for the integer part) and a;(z) = a; (797 (z))
for j > 2. Thus

Sp(z) = Z a;(z) = Z ar (T '2)

is a Birkhoff sum of the potential function x — a;(z) with respect to the
Gauss transformation.

In 1935, Khintchine [8] showed that S, (x)/(nlogn) converges in measure
(Lebesgue measure) to the constant 1/log2. In 1988, Philipp [14] proved
that there is no normalizing sequence ®(n) such that S,,(x)/®(n) converges
to a positive constant Lebesgue almost surely. Motivated by such a phe-
nomenon, people then turn to study the sums S, (z) from the point of view
of multifractal analysis. Precisely, one is concerned with the Hausdorff di-

mension of the sets

. Sp(z)
E(®) = {x €(0,1) nh_)n;lo on) 1},
where ® : N — RT is an increasing function. When ®(n)/n has a finite
limit as n — oo, E(®P) is the classical level set of Birkhoff averages, and
its Hausdorff dimension has been determined by Iommi and Jordan [5].
The particular attention is thus paid to the cases when the sums S, (x) are

bigger, that is, when

lim % = 00

n—oo  Mm
In this direction, if ®(n) = n® with a € (1,00) or ®(n) = exp(n®) with
a € (0,1/2), Wu and Xu [16] proved that dimy F(®) = 1. Here and in what
follows, dimy stands for the Hausdorff dimension. Later, Xu [17] proved
that if ®(n) = exp(n®) with o € [1,00) then dimy F(®) = 1/2; and if
®(n) = exp(f™) with 8 > 1 then dimy E(®) = 1/(5 + 1). The gap for the
case (n) = exp(n®) with a € [1/2,1) was finally filled by the authors in
[10] where we proved that dimy E(®) = 1/2 for all o € [1/2,1). Hence there
is a jump of Hausdorff dimension from 1 to 1/2 for the class ®(n) = exp(n®)

at a = 1/2.

The present paper aims at generalizing the above results on the Birkhoff
sums of the potential  — a;(z) in Gauss infinite iterated function system
associated to continued fractions to Birkhoff sums of a general potential
function in some general infinite function systems. We are especially inter-
ested in big Birkhoff sums. Before stating our main results, let us give some

notations and definitions.
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Definition 1.1. Let d > 1 be a real number. A family {f, },en of C! maps
from the interval [0, 1] to itself is called a d-decaying Gauss like iterated

function system if the following properties are satisfied:

(1) for any 4,5 € N, fi((0,1)) N f;((0,1)) = 0

(2) Uiz, fi([0,1]) = [0, 1);

(3) if fi(x) < fj(x) for all x € (0,1) then i < j;

(4) there exists m € Nand 0 < A < 1 such that for all (a4, ..., a,,) € N™
and for all x € [0, 1]

0<|(fa o0 fa,) (@) < A<L;

(5) for any 6 > 0, we can find two constants K; = K;(0), Ky = K3(6) >
0 such that for ¢ € N there exist constants &;, \; such that

K
Vz € [0,1], Z.d—+15§fi§‘fi/($)‘ SAiSﬁT&‘

We have a natural projection IT : N¥ — [0, 1] defined by
II{a) = lim fo, 0---0 fq,(1).
n—o0

The image TI(NY) is called the limit set of the iterated function system. The
set TI(NV) is always equal to [0, 1] minus an at most countable set. Moreover,
the map II is bijective, except possibly at a countable set of points where it
can be 2-to-1. See [12, Chapter 1] for more details. The inverse of II gives for
points = € [0, 1] their symbolic expansions in NY. The symbolic expansion is
unique for most points, but there can exist countably many points that have
zero or two symbolic expansions. When the symbolic expansion is unique,
we write @ = (a1(x), as(z), . ..) the expansion of z € [0, 1].
For each n € N, and each word a; - - -a,, € N", the set

In(alv e 7an) = fa1 ©---0 fan([(]? 1])

is called a basic interval of order m or an n-basic interval. Except for a
countable set, the n-basic interval I,,(aq, - - , a,) is identical with the set of
points x € [0, 1] whose symbolic expansions begin with ay,--- ,a,. Write
I,,(z) the n-basic interval containing = € [0, 1].

Denote by |I| the diameter of an interval I. We say the d-decaying Gauss
like iterated function system { f, }en satisfies the bounded distortion prop-
erty if there exist positive constants K3 and K, such that for any two finite
words aqas - - - a, € N" and b1by - - -b,, € N, we have

[nm y Ty naba"'vbm
[ Inim(an Qnp, b1 )| < K,

1.1 K. <
(1) AT I T T T
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We remark that the bounded distortion property is usually stated as that
there exists a constant K5 > 0 such that for any word a;---a, € N” and
any x,y € I,(ay,...,a,),

o) 1 Uaer o fa) @) g
Ks = [(far 00 fa,) (y)
By the Mean Value Theorem, one can easily check that if (1.2) holds then
(1.1) holds with K3 = 1/K?2, and K; = K2.
The bounded distortion is satisfied for any finite or countable conformal

iterated function systems, in particular it is satisfied for the classical Gauss
infinite iterated function system. However, it is usually not satisfied for
nonuniformly hyperbolic iterated function systems, like the iterated func-
tion systems associated to the Manneville-Pomeau map and the backward
continued fraction map.

Consider a potential function ¢ : [0,1] — R, such that ¢ is a constant
on the interior of I1(j) for all j € N. For all j € N, for simplicity, in what
follows, we denote by ¢(j) the constant value of ¢ on the interior of 1-basic
interval [;(j). Without confusion, we also consider ¢ as a function from N
to Ry. For n € N, the n-th Birkhoff sum of ¢ at x € (0,1) is defined by

Snp(z) = Z(p(ak), if € I(ar, - ,an).
k=1

We remark that except for a countable set, the above Birkhoff sums are well
defined.
For a positive growth rate function ® : N — R, | we are interested in the

following set

(1.3) B, (D) = {x €(0,1): lim S&L)‘é(j) - 1}.

We will calculate dimy E,(®). As in the Gauss iterated function system,
when ®(n)/n has a finite limit as n — oo, the set £,(®) is the classical level
set of Birkhoff averages and its Hausdorff dimension has been well studied in
[15, 7, 4,5, 3, 9], and many other papers. In this paper we will consider the
case when ®(n)/n — 0o as n — oo, thus necessarily the potential function
¢ is unbounded in [0, 1].

We obtain the following multifractal analysis results on the Hausdorff
dimension of E,(®), according to different choices of ¢ and ®. We will see
that as in the case of Gauss iterated function system, the jump of Hausdorff
dimension also happens but at different places.

Theorem 1.2. Suppose ¢(j) = j* for all 7 > 1, with a > 0.
(I) When ®(n) = €™ with a > 0, we have
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dimH ESD(CI))
I
1
1 ERRRRRRRS
0 a=1 B =1+
exponential e™” super-exponential e®"

FIGURE 1. dimy E,(®) for ¢(j) = j*

(I-1) dimpy E,(®) =1 if a < 1 and the distortion property (1.1) holds;
(I-2) dimy E,(®) =1/d if a > %.

(I1) When ®(n) = € with > 1, we have dimy E,(®) = m.

Theorem 1.3. Suppose ¢(j) = e’ for all j > 1, with b > 1.
(I) When ®(n) = €™ with a > 0, we have

(I-1) dimy E,(P) =1 if o < b%l and the distortion property (1.1) holds;
(I-2) dimp E (®) = 1/d if a > 5.
(I) When ®(n) = " with 8 > 1, we have dimy E (®) = ——+—

1 1 .
dBb —Bb +1

Theorem 1.4. Suppose p = &/° for all j > 1, with 0 < ¢ < 1.
(I) When ®(n) = €™ with a > 0, we have
(I-'1) dimy E,(®) =1 if o« < 1 and the distortion property (1.1) holds;
(I-2) dimpy Ey(®) = ¢ if a > 1.

(II) When ®(n) = " with f > 1, we have dimy E,(®) = 5¢.

(

IIT) When ®(n) = e with v > 1, we have dimy E,(P) = W.

Theorem 1.5. Suppose p(j) = e/° for all j > 1, with ¢ > 1. When ®(n) =
e, with a > 0, we have
(I-1) dimy E,(®) =1 if o« < 1 and the distortion property (1.1) holds;

(I-2) dimy E,(®) =0 if o > 1.

The Hausdorff dimensions in Theorems 1.2-1.5 are depicted in Figures
1-4.
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dimp E,(®)
1
N
d
0 a=g B=1+
exponential ™" super-exponential e®"

FIGURE 2. dimpy E,(P) for ¢(j) = elog )’

dimp E,(®)
1
1—c e e e e e —————— e S ————————— e e - -
d
0 o= % B =1+ v =1+
exponential ™ super-exp €' sup-sup-exp e’

FIGURE 3. dimy E,(®) for ¢ =€/ with 0 < ¢ < 1.

% in Theorems 1.2, a = b+L1 in The-

orem 1.3, and = 1 in Theorems 1.4 and 1.5 are not investigated in this

Remark 1.6. The critical cases o =

paper. However, Theorem 1.2 in [10] suggests that the Hausdorff dimension

function has jumps at these points.

Remark 1.7. Theorem 1.2 was announced in [10, Theorem 4.1|, but with

an erroneous formula in the part (iii) (now part II).

Remark 1.8. For simplicity, in our proofs, we assume § = 0 in the condition
(5) of Definition 1.1 of the d-decaying Gauss like iterated function system.

For the general case, the proofs are the same. We need only to replace d by
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dimH E¢(‘I))

0 a=1
exponential ™

FIGURE 4. dimy E,(®) for ¢ = €/ with ¢ > 1.

d + 0 for the lower bound and by d — ¢ for the upper bound, then take the
limit 6 — 0.

To prove our main theorems, we give four technical lemmas in Section
2. Lemma 2.2 is useful to prove full Hausdorff dimension results. Lemma
2.3 is mainly devoted to proving a lower bound of Hausdorff dimension
(sometimes, we can also use it for upper bound). Lemmas 2.4 and 2.5 are two
combinatorial lemmas serving for the upper bounds of Hausdorff dimension.
We believe that our lemmas have independent interests for the future study
on multifractal anlysis and Diophantine approximation in infinite iterated
function systems or interval maps with infinitely many branches which are
often associated to some expansions of numbers. We also stress that though
some preliminary versions of our lemmas have already appeared in [16],
[17], [4] and [10], some more efforts are needed to make them applicable
for more general settings. Our lemmas are non-trivial generalizations of the
corresponding results in [16], [17], [4] and [10].

The rest of the paper is organized as follows. In Section 3, we give the
proofs for (I-1) of Theorems 1.2-1.5 and (I-2) of Theorem 1.5. The remaining

proofs are given in the last section.

In the whole paper, for simplicity, for two real sequences {f(n)},>1 and
{g(n)}n>1, we will use the symbol f(n) ~ g(n) to denote f(n)/g(n) =
1+ o(1), or more precisely

f(n)

lim ——=~ =1.



8 L. LIAO AND M. RAMS

The symbol f(n) =< g(n) means that there exist two positive constants C
and C5 such that

f(n)
C; < ) < (.

2. TECHNICAL LEMMAS

In this section, we will prove four technical lemmas. Before giving the four
technical lemmas and their proofs, let us first state a variant of Mass Dis-
tribution Principle (|1, Principle 4.2]), sometimes called Billingsley Lemma
in the literature, which is a main tool for the lower bound estimation of
Hausdorff dimension.

Denote by B,(x) the ball with center z € R and radius r > 0.

Lemma 2.1 (see [2| Proposition 2.3). Let E C R be a Borel set and let p
be a finite Borel measure. If the local dimension
lim inf 08ABE) o
r—0 log r
for all x € E and p(F) > 0, then dimy E > s.

Now, let us go to the four technical lemmas. The first technical lemma
serves for the proof of full dimension in the theorems, i.e., the proofs for
(I-1) of Theorems 1.2-1.5.

Recalling Remark 1.8, we remind that we assume ¢ = 0 in the condition
(5) of Definition 1.1 through all of our proofs.

Let (ng)r>1 be a positive sequence satisfying ny/k — oo and nyy1/ng —
1 as k — oo. Let (ux)r>1 be a positive sequence such that up — oo as

k — oo and
k

(2.1) ]}Lrgonikgloguj =0.
For each M € N, set

Ey ={x€(0,1):a,,(v) =u, and 1 < a;(z) < M if j # ni}.
Then we have the following lemma whose idea comes from the proof of |16,

Theorem 1.4].

Lemma 2.2. Suppose the d-decaying Gauss like iterated function system
{fn}nen satisfies the distortion property (1.1). Let (ng)k>1, (ug)k>1 and Ey
be defined as above. Then we have

M—o0
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Proof. For any k > 1, let I,,, (ay - - - ay, ) be an ny-basic interval intersecting
E);. By the condition (5) of Definition 1.1 and the distortion property (1.1),

we have
k

|[nk| > ng—le H |[nj—nj71—1(anj71+la e >ang'—1)| ' a;jda

j=1
where by convention ng = 0.

Let s(M) be the Hausdorff dimension of the set of points x such that all
aj(z) < M. Then s(M) is increasing to 1 as M — oo, see for example, [12,
Theorem 3.15|. Further, there exists a probability measure v living on [0, 1]
and a positive constant C); such that for any basic interval I,,(aq,...,a,)
we have

v(L(ay,. .. a,)) < CulLu(ay, . .., a,)[3@D71

Define a probability measure p on each basic interval I,,, intersecting

Ey by

k
:u(]nk) = H I/([nj_njfl_l(a'nj—l"rl? T >anj—1))'
j=1

By Kolmogorov Consistence Theorem, p is well defined and is supported on
Ey.
Then for each x € E);, we have

k 2s(M)—1
(22) ‘Ink (SL’)|2S(M)_1 > (ng_le)%(M)_lCJ\_/[kﬂ(Ink (ZL’)) (H a;f) .
j=1

Observe that (2.1) means that limy n—lk Z?Zl loga,, = 0, while the
part (4) of of Definition 1.1 implies that

log A
(2.3) log |, (z)] < ~22 .
Thus, using (2.2) and (2.3), by simple calculations, we have
log (I, (x))
24 — k> 925(M)—1—o(1
> log Ly (a)] = 20D =170
for large k.

log p(Br (z)) of the

This allows us to estimate the local dimension lim inf, _ Togr

measure i at x. Let us first observe the following two facts.
Fact 1. Let x € Ey. For r = |1, (2)],
B,(x)NEy C I, (2).

Indeed, note that for © € Ey, a,, (x) = ug and f,, ([0,1]) = I (ug).
By Mean Value Theorem and the condition (5) of Definition 1.1, the basic
interval I;(u;) has length <u;? (remind that we assume § = 0). Further by
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conditions (2) and (3) of Definition 1.1, on the left of I (uy), there are all
I(j) with 1 < j < ug — 1. Thus the distance of I (uy) to 0 is

\/Zj_d\/l

While on the right of I (ug), there are all I,(j) with 7 > uy + 1. Thus the
distance of I (uy) to 1 is

(o]
d _ . —dt1
E J =
J=ur+1

—d+1

Therefore I;(uy) lies in distance larger than =u, from the endpoints

{0,1}.

Now, notice that the pair (I, (), I,,—1(z)) is the image of the pair
(£1(ug), [0,1]) under the map fo, o...0 f,, ,. Moreover, by the bounded
distortion property (1.1), we have

up—1 up—1
Z |[nk[a17"' 7ank—17j]| x <Z ‘]l(j)‘) : ]’ﬂk—l[a17'.' 7ank—1]7
j=1

j=1
and

Z |[nk[a17"' ank 17 | — (Z ‘]1 ) : N — 1[a17'.' 7ank—1]-

Thus, the distance of I, (z) from the endpoints of I,,_;(z) is at least a
constant multiplied by

—d+1
Uy

T |Ink( )| :uk|Ink(I)|a
Uy,

which, by the assumption limy_, ux = 00, is much larger than 3 - |1, (x)|.
Hence, the ball B, (z) with r = |I,,, (z)| will never intersect another (nj,—1)-
basic interval.
By the definition of E);, inside 1,,,_1(z) there is only one ny-basic interval
(which is I,,, (z)) intersecting E)s. Thus we obtain the assertion of the fact.
Fact 2. When k — oo,
l0g [ Iy, ()]
log |1, ()]
Indeed, by the condition (5) of Definition 1.1, and the distortion property
(1.1), we have
sl oo a0y 1 ot
By the hypothesis njy1/np — 1, we have (ngs1 — ng)/ng — 0. Then the
statement follows from the formulae (2.1), (2.3) and (2.5).

— 1.

(2.5)
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The first fact implies that when r = |I,,, ()| we can use (2.4) in the local
dimension calculation. The second fact implies that we do not need to check
any r not of the form r = |I,,, (z)|. Thus, by Lemma 2.1, we have

Passing with M to infinity, we complete the proof of the lemma.
O

The second technical lemma is an improved version of [4, Lemma 3.2,
|6, Proof of Theorem 1.3|, [10, Lemma 2.2] and |11, Lemma 2.2|. We often
apply it for the lower bounds of Hausdorff dimension. However, we will see
that it is also useful for upper bounds.

Let {sn }n>1, {tn}n>1 be two positive real sequences. Assume that s, > t,,

Spytn — 00 as n — 0o, and

(2.6) liminf 52— < 0.

n—o00 Sn

For N € N let
B({s.},{t.},N) := {x €(0,1) 8, —t, < ap(z) < 8+ 1y, Yn > N}.

We remark that when n is large, by the assumption ¢, — oo, we can always
have integers choices for a, in the interval [s,, — t,, s, + t,]. However, for
the first terms, there might be no positive integer in the interval [s, —
tny Sn+1tn], and hence the set B({s,},{t.}, N) is empty. There is no interest
to study such an empty set. Without loss of generality, by modifying the
values of finitely many first terms, we always assume that our sequences
{sn},{t.}) are such that B({s,}, {t.}, N) is nonempty. Further, we will see
from our formula of the Hausdorff dimension of B({s,},{t.}, V) that the
modification of the first finite number of terms of the sequences will not

change the Hausdorff dimension.

Lemma 2.3. We have
i logt
d Zf:ll log s; — logtes1
Proof. Within this proof, we write f(n) ~ g(n) if f(n) and g(n) differ by

at most an exponential factor, that is

dimg B({sn}, {to}, N) = li%rn inf

f(n)
g(n)

We give the proof for the case N = 1. For the general case, note that
B({sa}, {ta}, N) = |J  farorro fay  (B{snina}t {tarn-1},1)

a1~~~aN71€NN*1

limsup — |log < 0.

n—oo N
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is a countable union of bi-Lipschitz images of B({sn+n-1}, {tnsn-1},1).
Since the bi-Lipschitz maps preserve the Hausdorff dimension, we have

dimy B({sn}, {ta}, N) = dimy B({snrn-1}, {tnsn_1},1).

On the other hand, notice that the dimensional formula of the lemma we
will obtain does not depend on the finite number of first terms of the two

sequences {s,} and {t,}, we then have

dimy B({sn}, {ta}, N) = dimy B({s}, {t.},1).

Fix ¢ > 1. Let Iy(ay,...,a;) be an ¢-basic interval with nonempty inter-
section with B({s,}, {tn},1). Then for each 1 < k < {, a), € [sp —tg, Sk +1x].
Define

Dy(ay, ... ap) = {I € I(ar,...,ar) a1 (x) € [Se41 — tepr, Sem1 + tz+1]}-

We have

Bs:h 3= U Llar....a)

1 ai,...,ap
a;€[si—ti,si+1;]

_m U Dg(al,...,ag).

al,...,0p
aze[sz_tusz"l‘ti}

At level ¢, we have ~ Hle t; intervals I;(ai,...,a;) and thus ~ Hle t;
corresponding Dy(ay, ..., as). By the condition (5) of Deﬁnition 1.1, and

the assumption (2.6), cach Ip(as, ..., ay) is of size ~ [ 4. Moreover,

217,

Se+1tti+a
|D€(a1a"'aa4)| e S .—d e —d
‘]Z(al,---,afﬂ b Z ' N tz+18é+l'

1=Sp41—toy1
Thus, using for a given ¢ the sets Dy(ay, . .., a;) as a cover for B({s,}, {t.}, 1),
we need ~ H t; of them, each of size ~ ty,, Hf+11 s, Therefore, by reg-

ular calculatlon, we can obtain the upper bound

. o Zf | log ¢

dimg B({sn}, {tn},1) < hgmf PSR :

o dy 7 logsi —logte
To get the lower bound, we consider a probability measure p uniformly
distributed on B({s,},{tn},1), in the following sense. By the definition
of B({sn},{tn},1), when aq,...,a,1 are fixed, a, can only take finitely
many values sy — ty,..., s, + ty,. Then the conditional probability of every
possible value of a, (conditioned on aq, ..., a,_1) is chosen to be equal, that
is equal to 1/(2t, 4 1). The basic intervals I;(ay, ..., as) and corresponding

Dy(ay, ..., a;) have the measure ~ Hle L.
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Our goal is to apply Lemma 2.1, hence we need to calculate the local
dimension of the measure u at a p-typical point = € B({s,}, {t,},1). Fix any
x € B({sn}, {tn},1). Denote by 7, the diameter of the set Dy(a1(x), ..., ai(x))

and by 7, the diameter of Iy(ay(x),...,a,(z)). When r = r,, we have
log u(B,(x)) _ log (B, (x)) _ log u(Dy(ay (), . .., an(z)))
logr log 1y log 7y ’
Since pu(Dy(ay, ..., a)) ~ Hle t7tand 7y <ty Hfill 57, we have
log ju(B ‘_ logt
@7) it BB e 2 los .
=00 ogry t=oo g7 logs; —logtiiy

For r, < r < ), the ball B,(x) still does not intersect any point from
B({sn},{tn},1) \ Dy(ai(x),...,a,(x)), hence it has the same measure as
B,,(z), but a larger diameter. Thus, for r, < r < rJ,

log p(B,,(x)) _ log u(Br(af))‘

log 7y log r
Finally, since each basic interval I, 41(ay(z),...,as(z),j) contained in
Dy(ai(z), ..., a,(z)) has the same measure and approximately the same di-

ameter, we have for 7y, <1 <y,

2r Ky spp -t g (B, ())

B.(z)) <
#B(@)) Ton K1 s —ten 2t011
Since
21y <9. Ky se41+ e )
P12ty = Ky S —tep
we have
Ky spp1+te ? r
(B < 2 (2N i, @) L
Ky spy1 —tegn Ty

By (2.6), there is a constant Kg > 0, such that
2
5. <&(Se+1 +tz+1)d) <K
Ky sy — tegn
Applying the obvious fact that

log z129  log 29

log z123  log 23
for all z; < 1 and 23 < 2, < 1, we see that for 7y, <7 <1y,

log u(By,(x)) _ log(u(Br,(x)) -r/re) _ log p(B:(x)) — log Ko
logr, logr - logr '
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Thus, the minimum of the function r — log ju(B,(x))/logr for ry,, <
r < ryis equal to its value at 74, up to an error term that vanishes as ¢ — oo.
Therefore,
lim inf M = lim inf M.
r—0 ogr [ log 7y
Applying Lemma 2.1, by (2.7), we obtain the lower bound

. L > i logt;
dimy B({sn},{t.},1) > liminf FEp :
t=oo g7 logs; —log ity

The proof is thus completed. U

The remaining two technical lemmas are generalizations of [10, Lemma
2.1]. They are the key to prove the upper bounds of Hausdorff dimension.
In the proofs, the Riemann zeta function ¢(-) will be often used.

For m,n € N, a >0 and ¢ > 0, let

A(m,n,a,e) = {(z’l,..., )eN": sz mm1+5)]}

For s > 1/d, write

G(m,n,a,e,s) = Z H ids,

i1+in€A(m,n,a,e) k=1

Lemma 2.4. There exist positive constants C, = Cy(a, s),Cy = Cs(s), and
C3 = Cs(a), such that for all Cs - (m3?~)~Y* < ¢ < 1/3, we have

1—ds

G(m,n,a,e,8) < CCy em o .

Proof. The proof goes by induction. First consider the case n = 2. Note
that if i + 5 € [m, m(1 + ¢)] then at most one of if,#§ is strictly larger
than m(1+€ . We divide the sum in the definition of G(m,n,a, ¢, s) into two
(1+E , the other is i > w
11 and 4o, the latter is smaller than the former. Thus,

parts, one is ¢} < . However, by permuting

(m(12+5) )%

G(m> 2a CL, 57 S) S 2 Z k_ds(m - kﬂ)—% ' Nm7a,€(k)>

k=1
with Ny, qc(k) = #{iz : m — k* <i§ <m(l+¢) — k}.
Assuming ¢ < 1/3, we can estimate for a > 1

Nm,a,a(k) S (a_lsm(m — k‘a)%_l—l S I'Eml/a . a—131—1/a'|’
while for a < 1

Nonac(k) < [a™'em(m(1 4 ) = k*)e™1] < [em"/* - a7 (4/3)/71].
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That is, in both cases we will get an upper estimation in the form
[em? . Cy(a)].

If 2 > 1, we can estimate [2] < 2z. Thus, for £ > 1/(m'/* - Cy(a)) we
have

Niae(k) < 2eml/e . Cy(a).

Hence,
G(m,2,a,¢,s)
(mte)yg
2.8 <2 (=% 2ems - C
28) SRR
ds 1—ds

<4-((ds)-3a -Cyla)-em o .

Let

Cy =2-3%Cy(a), Cy=6-3"7 -((ds).

Then by (2.8), we have

1—ds

G(m,2,a,e,s) < C1Coem ™= .

Assume now that the assertion is satisfied for all n < N for some N > 2,
we will prove by induction that it holds for n = N as well.
As above, there is at most one i, such that i > m(1+€ . Thus the sum

of G(m, N,a,e,s) can be divided into two parts, one is Z“ < (1+E and the

(1+€

other is ¢f > . Again, the latter is smaller than the former because we

can permute 2, and i5. Thus

(m(1+s) )%

G(m,N,a,e,s) Z kds Z Hz‘ds,

19+ ip Gg(m,n,k,a,e) k=2

where
A(m,n,k,a,e) = {(ig,...,z’n) e N": ZZZ em—Ek*m(l+¢e)— ka]} .
k=2
Further, observe that 3(m — k%)e > me. Then the sum range
[m — k% m(1l+¢)—k°
in /~l(m, n, k,a,e) is covered by the union of
[m — k% (m—k")(1+¢)], [(m—E)(1+e), (m—k)(1+¢)?,

and
[(m — k") (1+ 5)2, (m— k") (1+ 5)3].
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Hence,

m 1
(e 2

G(m,N,a,e,8) <2 Z k‘dSZG((m— k) (1+¢€),N —1,a,¢,s).

k=1 §=0

Note that

(2.9) (m—k*)(1+e) >

m
—, for j =0,1,2.
3 or j

Substituting the induction assumption, we get
(m(12+5) )%

N—2 1\ 1-ds —ds
G(m,N,a,2,5) <6 C1C3 () ; k

ds—1 1—ds

<6-3a C1Cy %em = ((ds)

1—ds
= ClC’éV_lam a

where the last equality comes from the definition of C'5. Remember, however,

when we prove our lemma for the case n = 2, we have assumed

—— < e < 1/3.
miac,@ =Y
So, by (2.9), when we conduct the induction we need to assume that
1
———<e<1/3, fori=0,...,N - 2.
e <=

That is, we need to assume
€€ ((m32_N)_1/“(C’4(a))_1, 1/3}.

Taking C5 = 1/Cy(a), we finish the proof. O

The next lemma is very similar. Let

E(m, n,b,e) = {(il, oy ip) €N Ze(l"gi’“)b € [m,m(1+ 6)]} ,
k=1
and for s > 1/d, write
G(m,n,b,e,s) = i
1

i1---ineg(m,n,b,a) k=

Lemma 2.5. There exists a positive constant C = C(s) such that for all
e~ (los(m3*™™NYY o < 1/3, we have

1/b

Glm,n,b,e,s) < 6 Onle . =)oz m)
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Proof. The proof goes again by induction. First, consider the case n = 2.
Similar to the proof of Lemma 2.4, we have

ollog(m(1+e)/2)1/P

~ o b o~
G(m, 27 b, e S) <9 Z ]{;—dse—ds(log(m—e(1 g k)7 ))1/b ) Nm’b’g(k>7
k=1
with

Nonpe(k) = ﬁ{iz cm — el08R)” < plogia)” < (1 4 g) — e(logk)b}.
For e < 1/3, short calculations give us the following estimation

Nonpe(k) < [3e - elosm™""].

1/b

. 1/b
Hence, if ¢ > e~ (log™) / ,

Nope (k) < 6e - el m)!/?

Thus, by noting ee(m/3)"" > %e(logm)l/b, we obtain
G(m,2,b,e,s) < 12- 3dSC(ds)e(l_d8)(logm)l/b.
Assume now that the assertion is satisfied for all n < N for some N > 2,

we will prove by induction that it holds for n = N as well. We have

o(log(m(1+e)/2)1/P

2
Gm,N.be,s)<2 > k%) G((m—e5M")(142)) N—1,b,2,5).

k=1 j=0

Substituting the induction assumption, we get
G(m,N,b,e,s) <12- BdSGN_%e(l_ds)(logm)l/bg(ds).
Thus, we have proved the assertion for
C =2-3%¢(ds)
under the assumption

g€ (6_(log(m327N))1/b’ 1/3] )

3. PROOFS FOR (I-1) OF THEOREMS 1.2-1.5 AND (I-2) OF THEOREM
1.5

3.1. Proofs for (I-1) of Theorems 1.2-1.5. For these parts of proofs we
suppose that the d-decaying Gauss like iterated function system satisfies
the distortion property (1.1). We will apply Lemma 2.2.

Note that in all cases we are going to prove, the function ® is taken as
®(n) = e"". Let £ > 0. Take nj, = ko« and uj, = ¢ (@ (ny,) — D(ng_1)).
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The sequence (ny),>1 clearly satisfies

khm ng/k — oo and hm nk+1/nk =1,
—00

which we will need to eventually apply Lemma 2.2.
We can also check that Ey; C E,(®). In fact, for any « € Ey we have

D(ng) < Sp,p(x) < ®(ng) + nee(M).

Since ®(n)/n — oo, we see that
Sy ()
®(ny)
However, as nyy1/ny — 1 and S, is increasing, this is enough to have

_ Spe(x) . Spp(T)
| = lim £~
n1—>Igo CI)(n) k—o00 @(nk)

— 1.

and we are done.
Now we need only to check for each case of ¢ in Theorems 1.2-1.5,
up — 00 as k — oo, and the condition (2.1) is satisfied. First, notice that

D(ny) — Plny_y) =~ — e
Thus, when ¢(j) = j*, by Mean Value Theorem, we have
(1= )k e® DY <y < (1 =)k — 1) )Y,

and limy_,, ux = co. Further, if @ < 1/2 and ¢ is small enough,

k k 1—¢
1 i a
lim — g logu; = lim M = 0.

k—00 ké(l—e)

When ¢(5) = e1°89)"  then

plog(1=e)k<et= DY ) (og((1=)(h=1)~<ek' )1/

Y

and ¢ is small enough,

Z] 1]
k‘ (1—¢)

and limy,_,o, up = co. Further, if a < b+1,

lim —Zloguj = hm = 0.

k—oo nk

When ¢(j) = €, we have
log((1 — &)k~ V") /e <y < log((1 = &) (k — 1)~ )",

and limy_, ., up, = 0o. Further, if a < 1 and ¢ is small enough,

k ko 1—¢ .
.1 Z L Do logy

Hence, in all cases, limy_, 1y = 0o and the condition (2.1) is satisfied.
Applying Lemma 2.2, we complete the proofs.
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3.2. Proof for (I-2) of Theorem 1.5. We will use a natural covering.
Suppose ®(n) = " with o > 1. For each z € E,(®), for any small € > 0,

and for all large enough n, we have
(1—2)®(n) <Y plar) < (1+2)P(n).
k=1

Thus
(1—e)®(n)—(1+e)®(n—1) <pa,) <(1+e)®(n)—(1—e)®(n—1).
Note that for a > 1, we have
(1+e)®n)—(1—e)®(n—1)=(1+e)e" — (1 —e)e™ V" < (14 ¢)e™”,
and
(1—¢e)®(n) — (1 +e)®(n—1)= (1 —e)e™ — (1+e)e™ V" > (1 —2)e™.
Then
(1 —2¢)e™ < play) < (1+¢)e™.
However, for ¢(j) = e/ with ¢ > 1, there is at most one j such that
(1—2e)e™ < (j) < (1+e)e™,

Hence, E,(®) is a countable set which has Hausdorff dimension 0.

4. REMAINING PROOFS

We will divide the case I-2 of Theorem 1.2 into two subcases: subcase
[-2a for 1/2 < o < 1, and subcase I-2b for o > 1. Similarly, we will divide
the case [-2 of Theorem 1.3 into subcase I-2a (b/(b+ 1) < a < 1) and
subcase I-2b (a > 1).

Theorem 1.2, case II; Theorem 1.2, subcase I-2b; Theorem 1.3, case II;
Theorem 1.3, subcase I-2b; Theorem 1.4, case I-2; Theorem 1.4, case II;
Theorem 1.4, case III are all obtained by applying Lemma 2.3.

4.1. Proof of Theorem 1.2, case II. Let x € E,(®). Fix some small
€ > 0. Then there exists N € N such that for all n > N,

O(n)(1—c¢e) < Spp(x) < P(n)(l+e).
This implies
plan(x)) = Snp(x) — Sno1p(x)
€<<I>(n)(1 —e)—=P(n—1)(1+¢), ®(n)(1+e)—P(n—1)(1— 5))
for n > N. Substituting the formula for ®, we get
o(an(z)) € (eﬁ"a —2), (14 25)).

(4.1)
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Hence, a further substitution of the formula for ¢ gives us
P11 — 3e/a) < an(x) < 771 + 3¢/a).

Put s, = ¢7"/* and t, = 32¢”"/*/a. Then

Ey(®) c | B({sa}. {ta}. N).

By Lemma 2.3, we have the upper bound

¢ log3ee?//a
dimy; B, (®) <lim inf dZleF;j/ag / FEv
o0 j—1loge? /e —log3eel /e fa
. Zé':l B /a
B hgélc}f ayit éj/a — Bt/
j=1
B 1
CdB-pB+1
On the other hand, let ¢, be a sequence of positive numbers converging

to 0. Let 2 € B(e?"/* ¢,e/"/* 1). For large n we have

n—1

7 (1—2,)" < Sup(x) < € (142,)"+ > _(1+e,)"e” < " (1+ae,+0(1)).
i=1

Thus,

E (®) D B(e¥/*, ¢,/ 1).
Applying Lemma 2.3 and doing almost the same calculation as above, we
obtain the lower bound.

4.2. Theorem 1.2, case I-2b. We can repeat the proof of Theorem 1.2,
case II. From the formula (4.1), we get

o(an(z)) € (e"“(1 —2), e (1+ 25)).
Hence,

E,(®) c | JB(e"™/*, 3ze""/*/a, N).
N

On the other hand, for a sequence of positive numbers ¢,, converging to 0,

we have
E (®) D B/, g,e™/) 1).
Applying Lemma 2.3, we have

¢ o

. a 1

dimys E,(®) = lim inf —— 2=t/ -
oo dy ;5 a—(E+1)%/a
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4.3. Theorem 1.3, case II. From the formula (4.1), we get
olan(z)) € (eﬁ"u — %), F(1+ 25)).

Hence,

E@(q)) C U B(eﬁn/b’ B_bgﬁn(l/b—l)eﬁn/b’ N)
N

On the other hand, for a positive sequence ¢, converging to 0, we have
E,(®) D B(eﬁn/b’ Enﬁn(l/b—l)eﬁn/b’ 1).

Applying Lemma 2.3, we have

| Tho, !
dimy E,(®) = hﬁg}f dzéﬂ Bilb — BU+D/b T 4Bt — pre+1

4.4. Theorem 1.3, case I-2b. From the formula (4.1), we get

olan(x)) € (e"a(l —2), ™ (1+ 25)).
Hence,

CUB< ne/t 28 allfo=1) gnelt N).

On the other hand, for a sequence of positive numbers ¢,, converging to 0,

we have
ESO((I)> =) B(ena/b, é’:‘nna(l/b—l)ena/b7 1).
Applying Lemma 2.3, we have

lﬁ /b
dimp F,(®) = liminf leﬂb” -2
o Ay el (1)l d

4.5. Theorem 1.4, case I-2. From the formula (4.1), we get

olan(z)) € (e"“(1 ~2), e (1+ 25)).
Hence,

E,(®) C UB(nO‘/C, B—Snaﬂ/c—l), N).

On the other hand, for a sequence of positive numbers ¢,, converging to 0,

we have
E ((I)) 5 B( a/c’ a(l/c—l)’ 1)
We then apply Lemma 2.3 to obtain

¢ :
a(l/c—1)lo 1

dimHEw(CD)—hmlnf st 2=/ )log ‘<
oo dy T oz/clogj—oz(l/c—l)log(€+1) d
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4.6. Theorem 1.4, case II. From the formula (4.1), we get
olan(z)) € (eﬁ"u — %), F (14 25)).
Hence,
E,(®) C %JB(B”/C, B—Sﬁ"“/c—l), N).
On the other hand, for a positive sequence ¢, converging to 0, we have
E,(®) D B(Be, g,V 1).
Applying Lemma 2.3, we obtain

VA .
: 1/e—=1)lo _
dimpy E,(®) = liminf y Z] 17/ J1og 8 — 1 ©
oo dy3 T jlelogf— (L+1)(1/c—1)logs  d
4.7. Theorem 1.4, case III. From the formula (4.1), we get

o(an(z)) € (ee”"u ~2), e (1+ 25)).

Hence, ;
Ln 9€ n(1/e_
E,(®) C LNJB(eﬂ L S, N).
On the other hand, for a positive sequence ¢, converging to 0, we have
E,(®) D B(e%w, e /el 1).
Applying Lemma 2.3, we get

' - (/e ~ 1y 1—c
dimy E,(®) = liminf €+1 =1 1 dy — (1 — 1)

We also apply Lemma 2.3 for the lower bounds of Theorem 1.2, subcase
[-2a and Theorem 1.3, subcase I-2a. But for the upper bounds we need

Lemma 2.4 and Lemma 2.5 respectively.

4.8. Proof of Theorem 1.2, case I-2a. We first show the lower bound.
Let x be points such that

olay(z)) € (ana e (1 —e,), an®ten (1+5n))

where (£,),>1 is a summable positive sequence. Then

Zajo‘ L™ (1 —¢;) <Zg0 aj(x <Zaja Lel™ (1 +¢5),

which 1mphes

n n n
e — QZaja_lejaé‘j < Zgo(aj(:c)) <e" - 2Zozj°‘_1eja5j.
=1 =1 =1
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Note that
n/2 n/2

Z aja—1€ja€j < Zaja—leja < e(n/Q)a’
j=1 j=1

and by the summability of (,),>1,

n/2

n
Z aj* el ey < an®te™ Zsj = o(e").
j=n/2 Jj=1
Hence, these points = are all in E,(®), that is

En

E,(®) D B((ano‘_le"a)l/“, (an®~ten)Va, 1).

a

Applying Lemma 2.3, we obtain the lower bound.

Now we turn to the upper bound.

Take a subsequence ng = 1, and n, = ®7 (k) = k> (k > 1). If
x € E,(®) then for any € > 0 there exists an integer N > 1 such that for
all kK > N,

(1 —¢/5)®(nx) < Snyp(x) < (142/5)2(n),

and (as ®(n;) = €*)
(1—¢g/5)e" —(1+¢/5)eF ™t < S, (2) = S,,_,(7) < (14+¢/5)e* —(1—¢g/5)e" L.
Observe that

(L4+¢/5)e" — (1 —¢/5)e" ! < (1 —¢/5)e" — (1 +¢/5)e" ) - (1 +¢).

Fix ¢ = 1/3 and denote by Ay the set of points for which the block
of symbols a,, ,41(x)---a,, (z) in the symbolic expansion of = from the
position ni_1 + 1 to n, belongs to the set

A((1—¢e/5)e — (1+¢e/5)e ", np —ny_1,a,¢).

Then
N k>N

Now, we are going to estimate the upper bound of the Hausdorff dimension
of F'= (51 A For ()~ x Ax with N > 2 we have the same bound and the
proofs are almost the same.

Let us now define n(k) = ny—np_; and m(k) = (1—¢/5)eF—(1+¢/5)ek 1.
By the assumption o > 1/2, we have limj_,o m(k) - 37"*®) = oco. Thus we
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can apply Lemma 2.4 to calculate G(m(k),n(k),a,1/3,s) for all s > 1/d
and all k£ large enough. Hence

1—ds

k
<K Orop T I m)
j=1
As ds > 1, the right hand side is arbitrarily small for large k. This proves

the s-dimensional Hausdorff measure
H(F)=0
for all s > 1/d. We thus obtain the wanted upper bound.

4.9. Theorem 1.3, case I-2a. For the lower bound, we follow the proof
of Theorem 1.2, case I-2a, by taking those points x such that

olan(x)) € (ano‘_le"a(l — &), an® e (1 + en))

where (,,),>1 i a summable positive sequence. Then we still have that
these points x are all in £,(®). By applying the inverse of ¢, we have
E@((I)> 5 B<€(na+loga+(a—1)logn)1/b Qﬁna(l/b—l)e(na—l—loga—l—(a—l)logn)l/b 1)

Y b Y *
Applying Lemma 2.3, we obtain the lower bound.

The proof of the upper bound is also similar to that of Theorem 1.2, case
[-2a. The difference is that we need to apply Lemma 2.5 in place of Lemma
2.4.

As in the proof of Theorem 1.2, case I-2a, we take a subsequence ng = 1,
and ny, = ®~(e*) = k/* (k > 1). Denote by Ay, the set of points for which
the block of symbols a,, ,+1(x)---a,, () in the symbolic expansion of z
from the position n;_1 + 1 to ng belongs to the set

A(m(k),n(k),b,1/3),

with n(k) = nj, — ng_y and m(k) = 12€F — 12" Then

We need only to estimate the upper bound of the Hausdorff dimen-

sion of F = ﬂk21 /Alk By the assumption @ > 2~ > %,

] we still have
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limg oo m(k) - 37%) = oo. Thus we can apply Lemma 2.5 to calculate
@(m(k‘),n(k‘), b,1/3,s) for all s > 1/d and all k large enough. Hence

> L, (a1, ... an,)|°

In, (a1 e Ony, YNEF#D

<k [ G(m(5),n(5).b,1/3,s)

k
(42) SKS"I@ . 6k . ank—k—l . B—k H 6(1—ds)(logm(j))1/b.
=1

Note that logm(j) ~ j and ng, = k*/*. Thus

b+1
b

1—ds)(log m(5))*/? £, e(l—ds) k

b
el (==}

J=1

(here we used the symbol ~ appeared in the proof Lemma 2.3). As % > é,
this is the dominating term of (4.2). As ds > 1, this term, and the whole
product (4.2), converge to 0 for k& — oo. This proves the s-dimensional
Hausdorff measure

H(F)=0
for all s > 1/d. We are done.
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