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Abstract. We give formulas for phase recovering from appropriate monochromatic phase-
less scattering data at 2n points in dimension d = 3 and in dimension d = 2. These formulas
are recurrent and explicit and their precision is proportional to n. By this result we con-
tinue studies of [Novikov, Bull.Sci.Math. 139, 923-936, 2015], where formulas of such a
type were given for n =1, d > 2.
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1. Introduction
We consider monochromatic wave propagation modelled by the equation:

—AYp+ov(z)p=Ep, zeR? d>1, E>0, (1.1)
where A is the Laplacian in z, v is a coefficient, e.g., such that

v e L®RY), suppv C D, (1.2)
D is an open bounded domain in R, '

Equation (1.1) can be considered as the Schrodinger equation at fixed energy E that
describes a quantum mechanical particle interacting with a macroscopic object contained
in D. In this case v is the potential of this interaction.

Equation (1.1) can be also considered as the Helmholtz equation of electrodynamic or
acoustic wave propagation at fixed frequency w. In this case

v(@) = (1= m@)*(=)* E= (=), (13)
€o Co
where n(z) is a scalar index of refraction, n(z) = 1 on R™N\D, ¢ is a reference speed of
wave propagation.
For equation (1.1) we consider the classical scattering solutions ™ satisfying the
Lippmann-Schwinger integral equation

(k) = € 4 / G (& — 1, K)oy (v, k)dy, (1.4)

D
i!;‘md
+ def (gpy—d [ €TTAE oo 1
G (o) ™ —em) [ g = G (el ), (15)
Rd
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where x € Rd, k e Rd, k? = E. Note that

cilklle]

G (z, k) = —iH§(|m| k) for d=2, Gt(z,k)=— for d =3, (1.6)

4r|z|

where H} is the Hankel function of the first type.

Remark 1.1. In the present work, in addition to (1.2), we assume that
equation (1.4) is uniquely solvable for ¥¥ (-, k) € L(R?) for fixed E >0, (1.7)

where k € R, k? = E. If, for example, v satisfies (1.2) and is real-valued, then (1.7) is
fulfilled automatically.
In particular, the solutions ¥* have the following asymptotics as |x| — oo:

. Silklle] . 1
+ _ ikx
YT (z, k) =" + Hd—l)/Zfl(k’ ’k\m) + O(WT)/Q), (1.8)

where z € RY, k € R, k2 = E. In addition,

c(d, |k|) = —mi(—2mi)d=D/2|f|(d=3)/2 (1.10)
) = 27 [ e ay)0 (9. D) (1.11)
D

where k € RY, 1 e R?, k2 = > = E.

We recall that ¢ (z, k) at fixed k describes scattering of the incident plane wave
described by e*** on the scatterer described by v. In addition, the second term on the
right-hand side of (1.8) associates with the leading scattered spherical wave.

The function f arising in (1.8), (1.9) is the classical scattering amplitude for equation
(1.1). This function is defined on

Qp={keR? 1eR’, K =P=E}=5/2x81, (1.12)

where

St ={meRY: |m|=r}. (1.13)

We recall that in quantum mechanics, by Born’s principle, the values of the functions
¢* and f with phase have no direct physical sense, whereas the phaseless values of |1/ T |2
and |f|? have probabilistic interpretations and can be directly obtained in experiments;
see [B], [FM]. On the other hand, in electrodynamic or acoustic experiments " and
f can be directly measured, at least, in principle. However, in many important cases
of monochromatic electro-magnetic wave propagation (e.g., X-rays and lasers) the wave
frequency is so great that only intensities like |1/ |? and |f|? can be measured in practice
by modern technical devices; see [HN] and references therein.
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In the present work we continue studies on the problem of finding f and ™ from
|4pT|2, where 1 and |1y |? are considered outside of D.

In particular, in the present work, for fixed (k,l) € Qg, k # [, for d = 3 and d = 2,
we give

formulas for finding f(k,l) up to O(s™") as s — +o0 (1.14)
from |7 (z,k)|> given at 2n points = = z1(s),..., T2, (s), '

where R R
zi(s) =mri(s)l, i=1,...,2n, I =1/|l,
ng_l(s) = )\jS, TQj(S) = /\jS +7‘, ] = 1, e, N, (1-15)
AL =1, )‘j1 < )\j2 for j1 < g9, T= Tfized > 0.

These formulas for f are recurrent and explicit and are presented in detail in Sections 3,
6, 7, 9, 10, 11. The precision of these formulas is O(s™"), s — 400, and in this sense is
proportional to n.

In the present work, for fixed (k,1) € Qpg, k #1, for d = 3 and d = 2, we also give

formulas for finding ¢ (sl,k) up to O(s " @"V/2) as s = +o0 (1.16)
from |7 (z, k)|* given at x = x1(s),..., T2, (s), .

where [ and z;(s), i = 1,...,2n, are defined in (1.15). These formulas for 1) are presented
in detail in Sections 3, 12.

Actually, in the present work we continue studies of [N2], [N3], [N4]. In [N2], [N4]
formulas of the type (1.14) were given for the 2-point case (i.e., for n = 1) for d > 2 (but
with less precise O(s~'/2) in place of O(s™1) for d = 2); see Section 2. In turn, article [N3]
gives exact versions (without error terms) of formulas (1.14), (1.16) for the 3-point case
for d = 1; see [N3], [N4] for details.

In addition, the present work continues studies on inverse wave propagation problems
without phase information; see Chapter 10 of [ChS], [JL], [IK], [K1], [N2], [N3], [N4], [KR],
[R], [K2], [AHN], [HN], [P] and references therein in connection with results given in the
literature on the later problem. In particular, formulas (1.14) of the present work and
known methods of inverse scattering from f (see [ChS], [N1], [N2] and references therein)
yield new results on phaseless inverse scattering from |¢)*|? measured outside of D for
wave propagation modelled by equation (1.1).

Remark 1.2. The approach of the present work as well as of [N2] can be also used
for phaseless inverse scattering for obstacles.

2. Two-point formulas for f for d > 2
We define

a(z, k) = |2V 2 (9t (2, k)P — 1), « e R\{0}, k€ RN\{0}, (2.1)

where 9T is the function of (1.4), (1.8).



The following formulas of [N2], [N4] hold:
Re fi(k,0) \ _ M a(zi,k)\ [ d1a(xy, k)
Im fy(k,1) a(xa, k) da(xa, k)
1 sin o —sin ¢
M = —; ,
2sin(pe — 1) \ — COS 1 COS 2

~

z1=sl, zo=(s+71)l, =1/l

A

Y2 — @1 = T(|k| - k?l)»

ha(zy, k) =0(s77), dra(xze, k) =0(s77) as s — +0

uniformly in k = k/|k|, [ =1/|l] and 7 at fixed E >0,
oc=1/2 for d=2, oc=1 for d >3,

where
sin(p2 — ¢1) # 0,

keRY 1eRY |kl=]|l|=VE, s>0, 7>0.
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(2.8)

(2.9)

In view of (1.9), formulas (2.1)-(2.8) are explicit asymptotic formulas for finding
phased f(k,1) at fixed (k,1) € Qg, k # [, from phaseless [y " (x, k)|? at two points x = x1, T2
defined in (2.4), where s — +o00. For d > 3 these formulas can be considered as formulas
(1.14) for n = 1. For d = 2 these formulas can be also considered as formulas of the type

(1.14) but with less precise O(s~'/?) in place of O(s7!).
We recall that (see [N2]):

CL(.’E,]{) = a'l(ka) —{-510,(1’, k)v (210)
where
a; = 2Re €™ fy, 2.11)
bra = [a|" DRI f1P 4 20|V Re (S ) + 2 VR0 = (212)
01,10 + 01,20 + 61 30,
where ¢ = |k||z| — kx, f1 = fi(k, |k|z/|z|) is the function of (1.8),
+ _ ik gilkllel z
P =t A+ W—_l)/gfl(ka|k\m), (2.13)
ot =T -y, (2.14)

where 9T is the function of (1.4), (1.8).
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In addition, we have that (see [N2]):

(6197 (2, k)| < |27, (2.15)
|611a(z, k)| < ||~ D2 ()2, (2.16)
610a(z, k)| < 20| 1Cy (1 + ||~ D/2 ), (2.17)

(2.18)

[015a(z, k)| < |2~ 20,

r e RN\{0}, keR? EK*=FE>0,
where C; = Cy(v, E), Fy; = Fy(v, E) are positive constants depending on v and E only,
in addition F1 = || fi||ze(ap)-

Formulas (2.12)-(2.18) can be used for obtaining detailed versions of estimates (2.7),
(2.8).
Note also that formulas (2.2), (2.3) for f; can be rewritten as follows:

() = () - (). e

-1 —ip2 _p— P
M=_—— c y . (2.20)
2isin(pg — 1) \ —€'%? e

Finally, note that formulas (1.8), (1.9), (2.2)-(2.8) also yield formulas (1.16) for n = 1,
d > 3 and formulas of the type (1.16) but with less precise O(s~') in place of O(s~3/2) for
n=1d=2.

3. General idea of 2n-point formulas for f and " for d > 2
The main drawback of the two-point formulas (1.9), (2.2)-(2.9) for finding phased f
from phaseless [¢)"|? is a slow decay of the error as s — +o00; see (2.2), (2.7), (2.8). This
drawback motivates our considerations given below.
For d > 2, to obtain rapidly convergent formulas for finding f(k,[) from [T (x, k)|?
at appropriate 2n points
T =x1(8),...,22n(8), (3.1)
where .
xzi(s)=mri(s)l, i=1,....2n, I =1/|l,

l
L (3.2)
ri () <1riy(s) for i3 <ig, ri(s) =s— +oo,

we suggest the following general scheme.
We use that, under our assumptions (1.2), (1.7), formula (1.8) admits the following
much more precise version:

. ilkllel 20 fi(k, |kl 75) 1
_ ikx € J |z
T (z, k) = ™ + L@ (g T + O<_]a:]")> as |z| — oo, (3.3)

Jj=1

where x € Rd, k € Rd, k* = E > 0, n € N. Actually, expansion (3.3) follows from
assumptions (1.2), equation (1.4) and an extended version of Proposition 1.1 of [M]. Note
also that formulas (1.9)-(1.11) for f; have analogs for f;, j > 2.
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We look for

formulas for finding f;(k,l) up to O(s~ =7ty as s — 400, j=1,...,n, (3.4)
from [ (2, k)|* given at 2n points x = z1(s),...,T2,(s) of the form (3.2),

where f; = f;(k,l), j = 1,...,n, are the functions arising in (3.3), k& and [ are fixed,
k,leRY k| =] >0,1#k.

In particular, in view of (1.9) and (3.4) for j = 1 this scheme yields 2n-point formulas
for finding f = f(k,l) from [ | = [T (2,k)|? given at x = x1(s),...,72,(s) of the
form (3.2) with the error O(s™") as s — +o0, that is with rapidly decaying error if n is
sufficiently large.

Besides, in view of (3.3), (3.4) this scheme also yields

formulas for finding ¥ (sl,k) up to O(s " 47V/2) as s - +o0 (3.5)
from | (2, k)|*> given at 2n points x = x1(s),...,T2,(s) of the form (3.2), '

where k and [ are fixed, k,l € R, k| =] > 0,1 £k, [ =1/]I].

The realization of the general scheme of this Section depends on the concrete choice
of the functions r; = r;(s), i =1,...,2n, of (3.1), (3.2). In the present work we realize this
scheme for the case when r; = r;(s) are defined as in (1.15) for d = 3 and for d = 2. In
particular, in this case z2;(s) — x2;—1(s) = Tl j=1,...,n, as well as z5(s) — z1(s) = 7l
for x4, 1 of the 2-point case considered in Section 2 (see formula (2.4)).

Note that, originally, the realization of the general scheme of this Section was started
n [NG] for the case when r;(s) = A\;js, i =1,...,2n, 1 =X < Ag,...,< Aop.

Finally, our results on formulas (1.14), (1.16), (3.4), (3.5), for z1(s), ..., z2,(s) defined
by (1.15), can be summarized as follows.

For d > 3, n =1, and x1(s), x2(s) defined according to (1.15) (or by (2.4)), formulas
(1.14), (3.4) are realized (in [N2], [N4]) as formulas (2.2)-(2.9) of Section 2.

For d = 3, n = 2, and z1(s),...,z4(s) defined according to (1.15) (or by (6.1)),
formulas (1.14), (3.4) are realized as formulas (6.13)-(6.16), (6.5), (6.3) of Section 6.

Ford=3,n > 2,and x1(s),...,za,(s) defined by (1.15) (or by (7.1)), formulas (1.14),
(3.4) are realized as inductive formulas (7.4), (7.5), (7.16),(7.12), (7.6)-(7.10) of Section 7.

For d =2, n =1, and x1(s), z2(s) defined according to (1.15) (or by (2 4)), formulas
(1.14), (3.4) with O(s™') (and not with O(s™/2) as in (2.2)-(2.9) for d = 2) are realized
as formulas (9.3), (9.4), (9.2) of Section 9.

For d = 2, n = 2, and z1(s),...,z4(s) defined according to (1.15), formulas (1.14),
(3.4) are realized as formulas (10.20)-(10.23), (10.13), (10.10), (10.11), (10.8), (10.9) of
Section 10.

For d =2, n > 2, and z1(s),...,x2,(s) defined by (1.15), formulas (1.14), (3.4) are
realized as inductive formulas (11.2), (11.6), (11.7) and (7.4) for d = 2, (11.11), (11.12) of
Section 11.

Formulas (1.16), (3.5) are realized as formulas (12.1), (12.2) of Section 12.

Finally, note that detailed versions of O(s~7) in (2.7), O(s~(»=7t1) in (3.4) and
O(s~"=(d=1)/2) in (3.5) will be given in subsequent papers.
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4. Presentations for a for d =3
The function a defined by (2.1) can be presented as follows for d = 3:
a(z, k) = an(x k)+ 6 a(m, k), (4.1)
an(z,k) = al(z, k) + a2 (x, k), (4.2)

¥ Noeip
L, k) Z,€|Jf‘71 waf» (4.3)

|f f'lf_‘z
Z |1.|2Jg 1 Z W’ (4.4)

j1,52€N
2J<” J1#£j2,J1+j2<n
1
dnalx, k) = O(W) as |z| — oo, (4.5)
where
¢ = p(x, k) = |z[(|k| - k2), (4.6)
fi=rfik|klz), j=1,...,n, (4.7)

r e RN{0}, 2 =z/|z|, keR?® kK2=E>0, ncN.
Formulas (4.1)-(4.7) follow from (2.1), (3.3) for d = 3.
In addition, we have that:

alx+712,k) = al" (2, k) + (al (x+72, k) —abT (z, k) +a? (x+72, k) +Opalz+712, k), (4.8)
al (o + 78, k) - amx, B) = AL (2, k) + pL7 (2, k), (4.9)
where
‘Pffj n efﬂprfi‘j
(2, k) Z !wP J Z T (4.10)
— n—1 e_iw_rftj
’33'| ) Z ’.T|j_1 wj—l(‘:l:’?T)? (411)
j=1 j=1
eler f. e~ier f
Py (@, k) = m%wn_l(!xw) + MT_{wn—l(’xLT)v (4.12)
(12, : 1=0(r). |l - (113)
wi_1(|z|,7) = — —1=0(—), |z 00, .
a (L+7/[a)i~ ]
at fixed 7, j=1,...,n,
|2 . f.
2 k) = L fﬁf.” . 4.14
an(CC—l—T% ) Z (|I| +7')2]_1 + Z (|$| +T)]1_|_J2_1? ( )
jeN j1,d2€N
2j<n J1#j2,J1+j2<n
1 1
pLT (2, k) = O(W), na(r + 72, k) = O(W) as |z| — oo, (4.15)
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where
or = pr(@, k) = (o[ + 7)(|k] — k2), (4.16)

f; are the same that in (3.3), (4.3), (4.4), z € R*\{0}, 2 =x/|z|, k €R* k*=FE >0,
n € N.

5. An advanced version of formulas (2.2)-(2.9) for d =3
Let

Zfsa —, (k1) €Qp, s>0, neN, (5.1)

where f; are the coefficients of (3.3).
Proposition 5.1. Under assumptions (1.2), (1.7), the following formulas hold, for

d=3:
(ZLEZ??%) - (a«i(f;@, k:)) B (5:2)
CL2 SA
M((A},T(SL k)l(cféf()sw)i, k:)> * ( (sl k) +<§ a<ké)s+ i, k)))
o1 = (k| — kl)s, @2 = (k| = ki)(s+7), (5.4)

Sna(sl, k) = O0(s™™), bpa((s+7),k) = O(s™™) as s — 400
uniformly in l%, [ and T at fixed E > 0,
pLT (sl k) = O(s™™) as s — +o0 (5.6)
uniformly in l;', [ at fixed 7 > 0 and E > 0, where
sin(p2 — 1) # 0, (5.7)

keR3 1eR® |kl=|l|=VE, k=k/|k|, [=1/]il, 7>0, neN.
Proof of Proposition 5.1. Using (4.1)-(4.3), (4.8)-(4.10), (5.1) we obtain that
a(sl, k) = €1z, (k, 1, s) + e 1 2, (k, 1, 8) + a2 (sl, k) + 6na(sl, k), (5.8)
a((s + 1), k) = €22, (k,1,s) + e 22, (k, 1, s)+
AL (sl k) + al((s + ), k) + pi7 (s, k) + dnal(s + 7)1 k),

where @1, @2 are given by (5.4).
Considering (5.8), (5.9) as a linear system for z,, z, we obtain (5.2), (5.3).

8
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Estimates (5.5), (5.6) follow from (4.5), (4.12), (4.13).

Proposition 5.1 is proved.

Actually, formulas (5.2)-(5.7) for n = 1 reduce to formulas (2.2)-(2.9) (with (2.2),
(2.3) written as (2.19), (2.20)), d = 3.

6. Finding fi, f; for the 4-point case for d =3
In this section we realize the scheme of Section 3 for the case when n = 2, d = 3 and

~

x1 = sl, x5 = (s+ 1), 3 = Asl, x4 = (As + 7)I, (6.1)

where 7 > 0 and A > 1 are fixed, s — 4o0.

6.1. Considerations at 1 and x2. Due to (5.2)-(5.7) for n = 1 (or, by other words,
due to (2.19), (2.20), (2.4)-(2.9) for d = 3), we have that

fi=fii(s) +O(s7!) as s — +o0
for fixed sin((|k| — ki)7) #0 and E,

where fl = fl(k,l), fl,l(s) = fl,l(k7l7T7 S)?

fi 1(5)) <a($1ak))
= =M , 6.3
(70 als, k) (63)
M = My, -5 is defined by (5.3), x1, z2 are defined in (6.1), (k,l) € Qp, d =3, E > 0,
I=1/|l], 7> 0.

Proposition 6.1. Under assumptions (1.2), (1.7) for d = 3, the following formulas
hold:

(6.2)

29(8) = 291(5) + O(s72) as s — 400
for fixed sin((|k| — ki)7) #0, E and T,
where z9(s) = z2(k,l,s) is defined by (5.1) for n = 2, 22 1(s) = 22,1(k,l,7,s) is defined as

follows: (Zigzg) _ (%153) B MM (1) : (6.5)

f1.1(s) = fi1(k,l,7,s) is defined by (6.3), M = My, . is defined by (5.3), (k,l) € Qg,
d=3,E>0,1=1/|l|, 7>0.

(6.4)

Proof of Proposition 6.1. Proposition 6.1 follows from Proposition 5.1 for n = 2 and
from formulas (6.2), (6.3). In more detail, the proof consists of the following.
Formulas (4.4), (4.11), (4.13), (4.14) for n = 2 imply that

_ AEDP

a3(sl, k) = . (6.6)
AL (sl k) =0, (6.7)
ai((s + 7 k) = DEOE (63)
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s>0,7>0.
Formulas (5.2)-(5.7) for n = 2 and formulas (6.6)-(6.8) imply that

(26) = (B Y (SR ) vorh) ws s 69

for fixed sin((|k| — kl)7) # 0, E and 7.
Formulas (6.2), (6.3), (6.9) imply (6.4), (6.5).
This completes the proof of Proposition 6.1.

6.2. Considerations at x3 and x4. In addition to (6.4), we have that

22(As) = 22.1(As) + O((As)™?) as s — 400 (6.10)
for fixed sin((|k| — ki)7) #0, E and 7. .

The point is that 23 1(As) is given in terms of a(xs, k), a(z4, k) via formulas (6.3), (6.5)
with x3, x4 in place of x1, xo and As in place of s, where x1, x2, x3, x4 are defined by
(6.1).

6.3. Formulas for f1, fa. Due to definition (5.1), for n = 2, and formulas (6.4), (6.10),
we have that

fits fa=221(s) +O(s7?), s— 400, (6.11)
fi+(As) "t fo =221 (As) + O((As)2), s — +o0, (6.12)
for fixed sin((|k| — kl)7) #0, E and T,

where f1 = fi(k,1), f2 = f2(k, 1), A
2271(8) = Z271(k,l,7', S), (k,l) eEQp,d=3,E>0,1l= l/m, 7> 0.
Proceeding from (6.11), (6.12) we obtain the following result.

Proposition 6.2. Under assumptions (1.2), (1.7) for d = 3, the following formulas
hold:

fi = fia(s) +0(s72), s— +oo, (6.13)
fQ = fg’l(S) + O(S_l), S — —|—OO, (614)
for fixed sin((|k| — kl)7) #£0, E, 7 and X,

where f1 = fi1(k,1), f2 = fa2(k,1),
fl,Z(S) - fl,Z(k;laTa )‘a S): f2,1(3) - f2,l(kala7-7)\as)7

_22,1(3) Az2.1(As)
A—1 A—1 "7

SA
1 (72a(8) = 21(s)), (6.16)

(6.15)

f12(s) =
f21(8) =

10
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where 201(s) = 2z2.1(k,l,7,s) is found via (6.3), (6.5) from |+ (z,k)|? at © = z1,29 of
(6.1), z21(As) = 2z21(k,l,7,\s) is found via (6.3), (6.5) (where s and x1, x2 are replaced
by As and xs, x4 of (6.1)), (k1) € Qp, d=3, E>0,1=1/|l|, 7> 0, A > 1.

Propositions 6.1 and 6.2 realize the scheme of Section 3, for n = 2, d = 3, for finding
f1, f2 as in (3.3) from [T (x, k)|? given at x = x1, z2,z3, 74 defined in (6.1).

7. Inductive finding fi,..., f,, for the 2n-point case for d = 3
In this section we realize the scheme of Section 3 for the case when d = 3 and
Z1,...,To, are defined as in (1.15).

7.1. Step of induction. Suppose that

fin—1(s), fon—2(5), ..., fn—1.1(s) are functions found from (7.1)
[T (2, k)[> given at = z1(s),...,Za(m_1)(s) defined in (1.15) .
and such that
= finei(s)+O(sTM ), s 400, j=1,...,n—1,
fy fJ, J( ) ( ) J (7.2)

for fixed sin((|k| — ki)T) #0, E, 7 and Aq,..., A\ 1,

where fj = fj(k,l), fj,n—j(s) = fj’n_j(l{?,l,T,)\l, .. .,)\n_l,S), (k,l) €Qp,d=3, E>0,
[ =1/|l], 7 > 0. For n =2 and n = 3 such functions are found in Sections 2 and 6.
The step of induction consists in finding f1 ,,, fo.n—1,- .., fn,1 proceeding from

fl,n—la fg’n_g, ceey fn—l,l Of (71), (72), Where

fin(8), fon—1(s),..., fn1(s) are functions found from (7.3)
[T (z,k)|* given at x = x1(s),...,T2,(s) defined by (1.15) .
and such that
f] = fj,n—j+1<8) + O(S_(n_j+1))> s — +OO7 ] = ]-7 - n, (7 4)

for fixed sin((|k| — kl)7) #0, E, 7 and Aq,..., A,

where f] = fj(ka l)? fj,n—j-i—l(s) = fj,n—j-l—l(ka laTv )\17 ) )‘TL?S)a (k7l) € QE7 d= 37 E > Oa
I=1/)l], >0.

This step of induction is realized via Theorems 7.1 and 7.2 formulated in the next
subsection.

7.2. Realization of the inductive step. Let f11(ks) = f1,1(k,l, T, ks) be defined by

f1 1('18)) (a(yl»k)>
1, - M , 7.5
(7 alya, ) (79
where M = My, 1 ;s is defined according to (5.3), (5.4), (5.7), a is defined by (2.1) (for

d=3),
= msi, y2 = (ks + T)Z, (7.6)

11
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(k1) €Qp,d=3,E>0,1=1/|l], s >0, x>1.

Let
’fj, fjl,n—j1(5)szan—j2(8)
Gy Z 2g 1 > (k)i tiz—1 7 (7.7)
j1,52€N
2J<n J1#j2,d1+j2<n

2,7 S | fim—i ()] 3 Fivn—31(8) fiam—ja (8)

an7n71(/‘f/, S) - (/€8+7)2j_1 + (/<"18_|_7-)j1+j2—1 ’ (78)
jeN j1,52€N
2j<n J1#Jj2,J1+j2<n

n—1 z (ns)f ()
1,7 Z j,n—jg

A K, 8)
nnl KSJl

w;—1(Kks, T)+

=t (7.9)

w;—1(Ks,T),

i S iy (5)

(ks)i—1

where f;,,—;(s) and w;_1(s,7), j =1,...,n—1, are the functions of (7.1), (7.2) and (4.13),
©r(8) = @, (sl, k), where ¢, (z, k) is defined by (4.16), I = /1.

Theorem 7.1. Under assumptions (1.2), (1.7) for d = 3, the following formulas hold:

2n(kS) = Cun—1(K,8) +O(s™") as s = +o0

) (7.10)
for fixed sin((|k| — kl)T) #0, E,7 and Aq,...,A\p—1,K

where zy,(s) = z,(k,l,s) is defined by (5.1),

Con—1(Ky8) = Cnn—1(k, [, 7, A1, .., A1, K, 8) Is defined as follows:

Cnn—1(K, 9) ) (fl 1(rs) ) ( ay n1(K, ) )
o7, Y - M ) , 7.11
(Cn,nl(ﬁu s) f1.1(ks) Ai; 1 (K, 8) + ai’;_l(/ﬁ, s) (7.11)
f1,1(ks) is defined by (7.5), M = My 7 s is defined according to (5.3), (5.4), a2 ,_,(k,s),
a>T _(k,s) and ALT (k. s) are defined by (7.7)-(7.9), (k,1) € Qp,d=3,E > 0,1 =1/]l],

n,n—1 n,n—1
> 0, A1,..., A1 are the numbers of (1.15), k > 1, n > 2.

In Theorem 7.1 we have that:

(a) Cun—1(k,s) appropriately approximates z,(ks) as s — +00;

(b) Cnn—1(k,s) is given in terms of fi 1(ks) defined by (7.5) and f; ,—;(s),
j=1,...,n—1,0f (7.1), (7.2) (in view of (7.11), (7.7)-(7.9)), and, as a corollary, (,, n—1(k, )
is found from [t (z, k)[* at @ = 21(s), ..., Tam—1)(s), ¥1(5),y2(s) of (1.15) and (7.6).

Theorem 7.1 for k = 1 is an extension of Proposition 6.1 to the case n > 2. In addition
for n = 2, in general, 22 1(ks) # (2.1(k, s).

Let |
A= (Aj1>j2) = ()\1_]2)7 j17j2 - ]-a ceey N, (712)

J1

12
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where A1,..., A, are the numbers of (1.15). One can see that A is a Vandermonde matrix
and, in particular,
det A= J[ OA'=AH#0, (7.13)
1<i<j<n

where we used our assumptions on A; of (1.15) in order to have that det A # 0.

Theorem 7.2. Under assumptions (1.2), (1.7) for d = 3, formulas (7.4) hold, where
fim—iz1(s) = s~ 1ZA”§nn 1(Nj,8), i=1,...,m, (7.14)

where A~ = (A7 1) is the inverse of the matrix A defined by (7.12), Cpn—1(k, s) is defined
by (7.11), n > 2.

Note that fi 2, f2,1 of Theorem 7.2 for n = 2 are different, in general, from fi 2, fo1
of Proposition 6.2.

Theorems 7.1 and 7.2 realize the step of induction of Subsection 7.1.

7.3. Proofs of Theorems 7.1 and 7.2.

Proof of Theorem 7.1. Theorem 7.1 follows from Proposition 5.1, formula (7.5) and
the formulas

a’(ks) = afb ne1(ky8) +O(s™™), s— +o0, (7.15)
a2 (ks +71)=a’7 o1k, 8) +0(s™"), s — 400, (7.16)
ALT(ks) = An; 1(ky8) +0(s™™), s — +o0, (7.17)

for fixed sin((|k| — ki)7) #0, E,7 and Aq,..., An_1,

where a2 (ks) = a2 (rksl, k), a2 (ks —|— 7) = a2 ((ks + 7)l, k), AL T(/<os) = AL7(ksl, k) are the
functions of (4. 4), (4.14), (4.11), a2 ,,_1(k, s), ai’L_l( s), An’; 1(k, s) are the functions
of (7.7), (7.8), (7.9).

Formula (7.15) follows from (4.4), (7.7), (7.2) and the observation that the terms

O(Sf(nﬂ'*l))’ O(Sf(nﬂ‘rl))’ 0(3*(n+j2*1))7
.j S N7 2.7 < n, j17j2 € Na jl 7éj27 jl +]2 < n,
arising at comparison of the summands of a? (ks) and a2, ,, _(k, s) are majorized by O(s™™)
as s — +00.
Formula (7.16) is proved in a similar way with formula (7.15).

Formula (7.17) follows from(4.11), (4.13), (7.9), (7.2).
This completes the proof of Theorem 7.1.

Proof of Theorem 7.2. Formula (5.1) and formula (7.10) for A = Ay,..., A, imply the

following system of approximate equations for fi,..., fu:
— = Cno1 (N, s) +O(s™™) as s — 400, i=1,...,n, (7.18)
2 Bt~

13
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where A1, ..., A\, are the number of (1.15).

Let
9(5) = (01(), 0N, 0y(9) = 2 =1, (7.19)
h(s) = (hi(8), ... hn(s)T, hi(8) = Con1(Nj,8), 1=1,...,n. (7.20)
Then (7.18) can be rewritten as
Ag(s) =h(s)+O(s™™) as s — +o0, (7.21)

where O(s™") is considered as an n-dimensional vector with the components O(s™").
From (7.21) we obtain that

g(s) = A"th(s) + O(s™™) as s — +oo. (7.22)

Formulas (7.4), (7.14) follow from (7.19), (7.20), (7.22).
Theorem 7.2 is proved.

8. Analogs for d = 2 of formulas of Sections 4 and 5

Formulas (4.1)-(4.16) of Section 4 and formulas (5.1)-(5.9) of Section 5 have direct
analogs for d = 2. The difference consists in the following modifications in formulas (4.4),
(4.5), (4.14), (4.15) and (5.5):

|fJ fjlsz
Z |z[2-1- 1/2 ZN |1 +iz—1-1/2 (8.1)
e
2]<n 3175?7'237'21+j2§n
(in place of (4.4));
1
dna(z, k) :O(W—_l/g) as |z| = oo (8.2)
(in place of (4.5));
12 . f.
) . il JinJis 8.3
et TR = 2 Gt L e 89
jeN j1,52€N
2j<n J1#j2,J1+j2<n

(in place of (4.14));

1

5nCL(£Ij + T.fi',k) = O(W—_l/Q)

as |z| — oo (8.4)

(in place of the second term of formula (4.15));

~

Spa(sl, k) = O(s7"FY2) §a((s+ 1), k) = O(s7"F/?) as s — +oo (8.5)

14
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(in place of (5.5)).
Besides, for d = 2, in all formulas of Sections 4 and 5 with modifications summed up
n (8.1)-(8.5) we have that = € R*\{0}, k € R*, | € R%.

9. Improved finding f; for the 2-point case for d = 2
Due to (2.19)-(2.20), (2.4)-(2.9) for d = 2, we have that

Ji= f1,1/2(8) + 0(871/2) as s — +oo
for fixed sin((|k| — kl)7) #0 and E,

where f1 = fi(k,1), fi1,1/2(5) = f1,12(k, 1,7, 5),

1 1/2(S)> (a(ﬂfl,k))
1, - M , 9.2
<f1,1/2(3) a(wa, k) 6:2)
M = My 1.+ is defined by (5.3), z1, z2 are defined by (2.4), (k,l) € Qp, d =2, E > 0,
L=1/l], 7> 0.

(9.1)

Proposition 9.1 Under assumptions (1.2), (1.7) for d = 2, the following formulas
hold:
fi=f11(s) +0(s!) as s — +o0

for fixed sin((|k| — kl)7) #£0, E and T,
where f11(s) = fi1.1(k,l,7,s) is defined as follows:

() = (o) - ot (1), o

fi1/2(8) = fi1/2(k,1,7,s) is defined by (9.2), M = My r s is defined by (5.3), (k,1) € Qg,
d=2,E>0,1=1/|l|, 7>0.

(9.3)

Proof of Proposition 9.1. Proposition 9.1 follows from Proposition 5.1 for n = 2, d = 2
and formulas (9.1), (9.2). In more detail, the proof consists of the following.
Formulas (8.1), (4.11), (4.13), (8.3) for n = 2 imply that

(sl k) = D 95)
AL (sl k) =0, (9.6)
.2 1k, D)I?
b5+ k) = LHE 0.7)
s>0,7>0.
Formulas (5.2)-(5.4), (8.5), (5.6), (5.7) for n = 2 and formulas (9.5)-(9.7) imply that
z2(s) a(sl, k) _ sTV2 f1?
(: <>) M (as St = (o Sl )
(9.8)

O( 3/2) as s — +00

for fixed sin((|k| — kl)7) #0, E and 7.

15
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Formula (5.1), for n = 2, and formulas (9.1), (9.2), (9.8) imply (9.3), (9.4).
This completes the proof of Proposition 9.1.

10. Finding f;, fo for the 4-point case for d = 2

In this section we realize the scheme of Section 3 for the case when n =2, d = 2 and
x1, T2, T3, x4 are defined as in (6.1).

Proceeding from considerations of Section 9 at x; and x5, we obtain the following
result.

Proposition 10.1 Under assumptions (1.2), (1.7) for d = 2, the following formulas

hold:
2o(s) = 20.1(s) + O(s7%/%) as s — 400

for fixed sin((|k| — kl)7) #£0, E and T,
where z9(s) = z2(k,l,s) is defined by (5.1) for n = 2, 22 1(s) = 22,1(k,l,7,s) is defined as

follows: PEY
72.1(8) J1 1/2(8)) 1,1(8 (1)
. =\ 7 - M , 10.2
<22,1(5>) (f1,1/2(3) s1/2 1 ( )
fi1/2(8) = fi1,1/2(k,1,7,s) is defined by (9.2), f1,1(s) = f1,1(k,l,7,s) is defined by (9.4),
M = My is defined by (5.3), (k,1) € Qg,d=2, E>0,1=1/|l|, 7 > 0.

Proposition 10.1 follows from formulas (9.2), (9.3), (9.8).
Due to similar considerations at x3 and x4, we also have that

(10.1)

2o(As) = 2.1 (As) + O((As)™3/2) as s — 400 (10.3)
for fixed sin((|k| — ki)T) #0, E and T, '

where 23 1(As) is given in terms of a(x3, k), a(x4, k) via formulas (9.2), (9.4), (10.2) with
As and x3, x4 in place of s and x1, xo.
Next, due to definition (5.1), for n = 2, and formulas (10.1), (10.3), we have that

it s o =201(s) +O(s7%?) as s — 400, (10.4)

fi4 (As) 7 o = 201(A\s) + O((As)™%/?) as s — 400, (10.5)
for fixed sin((|k| — kl)7) #0, E and T,
where f1 = fl(kvl)a fa = fQ(kal)v Z2,1(8) = Z2,1(kal77_78)7 (k7l) € Qp,d=2, £ >0,

I=1/|l], 7 >0.
Proceeding from (10.4), (10.5), we obtain the following result.

Proposition 10.2. Under assumptions (1.2), (1.7) for d = 2, the following formulas
hold:
1= fi,3/2(5) + 0(3_3/2) as s — 400, (10.6)
f2=fa1/2(8) + O(s~Y2%) as 5 — 400, (10.7)
for fixed sin((|k| — kl)7) #0, E,7 and A,

16
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where fl = fl(kal)a f2 = fQ(kJ l)7 f1,3/2(3> = fl,3/2(k7l77_>)‘7 8)7
f2,1/2(8) = f2,1/2(]<375777>\>3)7
291(s z s
fuajals) =~ 2100 | Az2a ) (108)
SA
A—1
where 2 1(s) = 22.1(k, 1,7, s) is found via (9.2), (9.4), (10.2) from | T (x, k)|? at
x = x1,22 of (6.1), 22.1(As) = 22.1(k, 1,7, As) is found via (9.2), (9.4), (10.2) (where s and
x1,x9 are replaced by As and x5, z4 of (7.1) for n = 2), (k,1) € Qp,d =2, E > 0, [ = /|,
T>0, A>1.
Let fi,1/2(k8) = f1,1/2(k,[, 7, ks) be defined by

(e ) —ar () o1
A ) (10.11)

fa,1/2(8) = (22,1(5) — 22,1(As)), (10.9)

y1 = ksl, yo = (ks+ 71
where M = My ;s is defined according to (5.3), (5.4), (5.7), a is defined by (2.1),
(k,1)eQp,d=2,E>0,1=1/|l], s>0, k> 1.

Proposition 10.3 Under assumptions (1.2), (1.7) for d = 2, the following formulas

hold:
22(ks) = Ca,3/2(k, 8) + 0(5_2) as s — +oo

for fixed sin((|k| — ki)7) #0, E, 7, A and &,

where 2(s) = 22(k, 1, s) is defined by (5.1) for n = 2, (33/2(k,8) = (a.3/2(k, 1,7, A\, K, 5) is
defined as follows:

Co,3/2(K,8) \ _ [ fray2(k8)\ §)I2 (ks)71/2 _
(Cz,i/z(’fa_s)) B (f},1/2(ﬁ5)) [Frsy2(s) M ((KSJFT)_l/z)
(f1,3/2(S)f2,1/2(fi$3{;,3/2(5)f271/2(3))M (1) ,

f1,1/2(ks) is defined by (10.10), M = My 7 xs is defined according to (5.3), (5.4),
(k,1)eQp,d=2,E>0,l=1/|l|, >0, k>1.

(10.12)

(10.13)

Proof of Proposition 10.3. Proposition 10.3 follows from Proposition 5.1 for n = 3,
d = 2 and formulas (10.6), (10.7). In more detail, the proof consists of the following.
Formulas (8.1), (4.11), (4.13), (8.3) for n = 3 imply that

|f1l? n fifa+ fife

a2(sl, k) = Y SR (10.14)
N 1T 1
Ay (sl k) = e’ fa wi(s,7) = 0(3_2)’ s — +00, (10.15)
) S
B((s+mik) = N SRt L] (10.16)

(s+7)/2  (s+71)3/2"°

17
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where fl = fl(kal)a f2 = fQ(kal)7 s>0,7>0.
Formulas (5.2)-(5.4), (8.5), (5.6), (5.7) for n = 3 and formulas (10.14)-(10.16) imply

(
(50) = (i) - ear (e ) -
(fifo+ fifo) M ((ns +)T)3f;/2> + O(W) as s — 400

for fixed sin((|k| — kl)7) #0, E and T,

where M = Mk,l,T,l{,S'

Formula (5.1), for n = 2 and for n = 3, and formulas (10.10), (10.11), (10.6), (10.7),
(10.17) imply (10.12), (10.13).

This completes the proof of Proposition 10.3.

Next, due to definition (5.1), for n = 2, and formula (10.12), for k = 1 and for kK = A,
we have that

that

(10.17)

fits o= Co,3/2(1,8) + O(s7?) as s — +oo, (10.18)
fi+(As) 7 2= Cagja(X8) +O(s7%) as s — 400, (10.19)
for fixed sin((|k| — kl)7) #0, E, 7, and A,

where f;l = fl(kvl)7 f2 = fQ(kvl); €2,3/2(K'a S) = <2,3/2(kala7—7 )‘a K, 8)7 (k7l) € QEa d = 2,
E>0,l=1/|l], r>0.
Proceeding from (10.18), (10.19), we obtain the following result.

Proposition 10.4. Under assumptions (1.2), (1.7) for d = 2, the following formulas
hold:

fi=fi2(s)+0(s7?) as s — +oo, (10.20)
fo=f21(s) +O(s7") as s — +o0, (10.21)
for fixed sin((|k| — ki)7) #0, E,7 and M,

where f1 = f1(k,1), fo = f2(k,1), f1,2(5) = fi2(k, 1,7, ), 5),
f2,1( ) f2,1(kala7-7 )‘a S)v

C2,3/2(1, 8) n A2,3/2(A, 8)
A—1 A—1 ’

fa1(s) = - A (Cz 3/2(1,8) = C2,3/2(A, 8)), (10.23)

fi2(s) = — (10.22)

where (33/2(1,5) = Ca3/2(k, 1,7, A, 1,8), Ca3/2(A, 8) = Ca3/2(k, 1,7, A, A, 5) are found via
(10.13), (10.10), (10.11), (10.8), (10.9) from |+ (z,k)|? at & = x1, 2,23, 74 of (6.1) for
n=2,(kl)eQg, d=2,E>0,1l=1/|l|, >0, x> 1.

11. Inductive finding f;,..., f,, for the 2n-point case for d = 2
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In this section we realize the scheme of Section 3 for the case when d = 2 and
Z1,...,To, are defined as in (1.15).

11.1 Step of induction. Formulas (7.1)-(7.4) of Subsection 7.1 with d = 2 in place of
d = 3 can be considered as the step of induction for d = 2. However, for d = 2 this step of
induction consists of the following two substeps.

The first substep consists in finding f1 ,—1/2, fo.n—1-1/2, -+, fn,1/2 Proceeding from

fl,n—la f2,n—27 R fn—l,l of (71)7 (72) for d = 27 where

Jin—1/2(8), fan—1-1/2(8), - - -, fn,1/2(s) are functions found from (L)
YT (z, k)| given at = = 1(s),...,T2,(s) defined by (1.15) .
and such that
fj = fj,n—j+1/2(8) + O(S_(n_j+1/2))7 s — +007 .7 = 17 sy Ny (11 2)

for fixed sin((|k| —k)7) #£0, E, 7 and A1,...,An,

where f] = fj(k, l), fj,n—j+l/2(8) = fj,n—j—i—l/?(k; l, T, )\1, ceey )\n, S), (k, l) € QE, d =
2, E > 0,1 =1/, r >0. For n =2 and n = 3 the aforementioned functions
fin—1,fon—2,--y fn—11 of (7.1), (7.2) for d = 2 are found in Sections 9 and 10.

This substep is realized via Theorems 11.1 and 11.2 formulated in the next subsection.

The second substep consists in finding f1 ,, fo.n—1,-.., fn,1 proceeding from
fin—1/2, fon—1-1/2, -+ > fn,1y2 of (11.1), (11.2), where f1n, fon—1,..., fn,1 are the func-
tions of (7.3), (7.4) for d = 2.

This substep is realized via Theorems 11.3 and 11.4 formulated in the next subsection.

11.2 Realization of the inductive step. Let fi 1/2(ks) = f1,1/2(k,l,7,ks) be defined by
(10.10), (10.11).
Let

. . 2 . . f. .
ai’n_l(li,s) = Z (‘/j;;;—zgiﬁp + Z Fivin—41 (8) fio,n—jo (S)’ (11.3)

(/gs)j1+j2_1_1/2

jeN j1,52€N
2j<n J1#j2,J1+j2<n
a2’771(/{,s) _ Z ‘fj,n—j(s)’2 + Z fjl»n_jl (?)fj‘z:n—h (8)7 (11'4)
n,n (ks 4 7)2i—1-1/2 (ks + 7)1 +i2—1-1/2
jeN 1,42 €
2j<n J1#j2,J1+j2<n

where fjn—;(s), 7 =1,...,n —1, are the functions of (7.1), (7.2) for d = 2.
Let AT (k,s) be defined by (7.9) for d = 2.

n,n—1

Theorem 11.1. Under assumptions (1.2), (1.7) for d = 2, the following formulas
hold:
2n(K8) = Cun_1(r,8) + O(s~"Y2)) as 5 — 400

for fixed sin((|k| — kI)7) #0, E,7 and A1,..., An_1, A,
where z,(s) = z,(k,l,s) is defined by (5.1),

(11.5)
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Con—1(K,8) = Con—1(k, 1,7, A1, ..., A\p_1, K, §) is defined as follows:

Cn n—l("{vs>) (fl 1/2(’/‘38)) ( a721n l(ﬁ S) )
>, = (v M : 11.6
(annl(,{’ S) f1’1/2(,{8) A:L; 1( ) +ann 1(H7S) ( )
f1,1/2(ks) is defined by (10.10), M = My .+ «s is defined according to (5.3), (5.4),
az ,_1(k, ), ai”;_l(m, s) are defined by (11.3), (11.4), A}l; 1(k, 8) is defined according to
(7.9), (k,1) € Qp,d=2,E>0,1=1/|l|, >0, At,...,\n_1 are the numbers of (1.15),
k>1,n>2.

Theorem 11.2. Under assumptions (1.2), (1.7) for d = 2, formulas (11.2) hold, where
fzn z—|—1/2 =s'" IZ Cnn 1 5), 1=1,...,n, (117)

where A" = (A} 1) is the inverse of the matrix A defined by (7.12), Cpn—1(k, s) is defined
by (11.6), n > 2.

Note that fq 3/2, f2,1/2 of Theorem 11.2 for n = 2 are different, in general, from f; 3,2,
f2,1/2 of Proposition 10.2.

Theorems 11.1 and 11.2 realize the first substep of induction of Subsection 11.1.

Let

ai+1,n—1/2(“a 5) =

Z |fj,n—j+1/2(s)|2 n Z fj1,n—j1+1/2(5)fj2,n—j2+1/2(S) (11.8)

(ks)2—1-1/2 (ks)iitiz—1-1/2 ’

jeN - g1,52eN
25<n+1 Ji#j2,j1+j2<n+1
277- —_—
an+1,n—1/2<“7 s) =

| fjn—jr1/2(s) Fivn—ii+1/2(8) fian—gat1/2(5)
) + ) (11.9)
(ks + 7)29-1-1/2 (ks 4 7)i1+i2—1-1/2 ’ ’
jeN j1,52€N
2j<n+1 J1#j2,51+j2<n+1
where f;,_jy1/2(5), 7 =1,. , are the functions of (11.1), (11.2), (11.7).

Theorem 11.3. Under assumptions (1.2), (1.7) for d = 2, the following formulas

hold:
Zn(kS) = Cun—1/2(K,8) + O(s™™) as s — +o0

for fixed sin((|k| — ki)7) #0, E,7 and Aq,...,An, K,

where z,(s) = zn(k,l, s) is defined by (5.1),
Con—1/2(K,8) = Can—1(k, 1,7, A1, .., An, K, 8) is defined as follows:

C”’”_l/z(’{’s)> — <f171/2(’<95)> _ a721+1n 1/2("5 s)
(Cn,n1/2(/€,5) f171/2(/{3) M Ai% 1(:% 8)+CL J:ln 1/2(%0 S) R (1111)

20

(11.10)



Multipoint formulas for phase recovering

f1,1/2(ks) is defined by (10.10), M = My 7 xs is defined according to (5.3), (5.4),
ai+1,n—1/2("578)7 ai’ll n_1/2(K,s) are defined by (11.8), (11.9), ALT (k,s) is defined ac-

n,n—1
cording to (7.9), (k,1) € Qg, d=2, E>0,1=1/|l|, 7> 0, A1,..., A, are the numbers of
(1.15), k > 1, n > 2.

Theorem 11.4. Under assumptions (1.2), (1.7) for d = 2, formulas (7.4) for d = 2
hold, where

fim—it1(s) = s~ 121\”@” 12(N,8), i=1,...,m, (11.12)

where A= = (A i 1) is the inverse of the matrix A defined by (7.12), (y.n—1/2(k, 8) is defined
by (11.11), n > 2.

Note that (33/2 and f1 2, f2;1 of Theorems 11.3 and 11.4 for n = 2 are different, in
general, from (3 3,9 and f1 2, f2,1 of Propositions 10.3 and 10.4.

Theorems 11.3 and 11.4 realize the second substep of induction of Subsection 11.1.

11.3. Proofs of Theorems 11.1-11.4.

Proof of Theorem 11.1. Theorem 11.1 follows from Proposition 5.1 for d = 2 with
formulas (8.5) in place of (5.5), formula (10.10) and the formulas

a’(ks) = ai n1(ky8)+O(s~ V) g 5 400, (11.13)
a(ks+71) = ai T (K, 8)+O(sT YD) s 5 4o, (11.14)
AL (ks) = AT (k,8) +O(s™), s — +o0, (11.15)

for fixed sin((|k| — ki)7) #0, E,7 and Aq,..., An_1, K,

where a2 (ks) = a2 (ksl, k), a2 (ks + 1) = a2 ((ks + 7)I, k) are the functions of (8.1), (8.3),
AL7(ks) = AL7(ksl, k) is the function of (4.11) for d = 2, a2 ,,_;(k, s), ai’;_l
the functions of (11.3), (11.4), A;Z 1(k, s) is the function of (7.9) for d = 2.

Formula (11.13) follows from (8.1), (11.3), (7.2) for d = 2, and the observation that
the terms

(k,s) are

O(s~(Hi=1=1/2)y - O (s~ (1 =1=1/2)y © (o= (nti2=1-1/2))
j ENv 2] S n, j17j2 GN, jl 7éj27 jl +]2 S n,

arising at comparison of the summands of a2 (ks) and a, (k,s) are majorized by
O(s~("=1/2)) as s — +o0.

Formula (11.14) is proved in a similar way with formula (11.13).

Formula (11.15) for d = 2 is completely similar to formula (7.17) for d = 3.

This completes the proof of Theorem 11.1.

Proof of Theorem 11.2. Using formula (5.1) for d = 2 and formula (11.5) we obtain
(7.18)-(7.22) for d = 2, where O(s™") is replaced by O(s~(~1/2)) in (7.18), (7.21), (7.22).

Formulas (11.2), (11.7) follow from (7.19), (7.20), (7.22) for d = 2, where O(s™") is
replaced by O(s~(»=1/2)) in (7.22).

Theorem 11.2 is proved.
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Proof of Theorem 11.3. Due to formulas (5.1)-(5.4), (5.6), (5.7) for d = 2 and formulas
(8.5), (10.10), (10.11) we have that

(znﬂ(ns)) _ (fl,l/z(&8)> B (11.16)

Znt1(KS) f1,1/2(ks)

(o (0D Y e )
AyTi(ks) +an (ks +7) Pry1(K8) + Ongralks +7) ) )7
Snsra(ks) = O(s™ V2) 6, a(ks+7) = O(s""12) as s — +oo0, (11.17)
pria(rs) =0(s7""") as s — +o0 (11.18)

uniformly in k, [ at fixed 7 > 0 and E > 0, where 2,11 (ks) = zps1(k, [, k),
fi1/2(k8) = fi12(k, 1,7, k8), M = My 1 7 xs, afLH(ch) = aflﬂ(msi, k),
aiJrl(fis +7) = aiJrl((/@s + T)i, k), A,ll’ll(/@s) = A,ll’ll(/@sl: k), dpi1a(ks) = 5n+1a(msi, k),
p,ll’ll(h:s) = P:{L(HSZ: k), Ont1a(ks + 7) = dprra((ks + T)Z, k), (k,1) € Qg, d =2, E > 0,
k=k/|k|,l=1/|ll, >0,neN, s >1,sin((|k| — kl)T) # 0.

In addition, using (4.11), (4.13), (5.1) for d = 2, one can see that

Znt1(kS) = zp(ks) + O(s™ "), s — 400, (11.19)
AL (ks) = ALT(ks) + O(s™"), s — +oo, (11.20)

uniformly in /;3, [ and & > 1 at fixed 7 > 0 and £ > 0.
Besides, the following formulas hold:

az 1 (K8) = a2 1, 1/9(k,8) +0(s™), s —= 400, (11.21)
ap iy (ks +7) = apty _yp(R8) +0(s™"), s — 400, (11.22)

for fixed sin((|k| — ki)7) # 0, E, 7 and Ay, ..., A, K,
where ap 1 (ks), a;, ;1 (ks + 7) are the functions arising in (11.16), a2, ,,_; 5(%,s),
ai’; n_1/2(K,s) are defined by (11.8), (11.9).
Formula (11.21) follows from (8.1) with n 4+ 1 in place of n, (11.8), (11.2) and the

observation that the terms

O(s~ (=D O(s~(ntii=1)) - (s~ (Hiz—1))y,
jGN, 2j§n+17 j17j2 EN; jl 7&.].27 jl +.]2 Sn—i_la

arising at comparison of the summands of a2, (xs) and a2 i1 /2(/1, s) are majorized by
O(s™") as s = +00.

Formulas (11.10), (11.11) follow from (11.16), (11.19), (11.17), (11.18), (11.21), (11.22)
and (11.20), (11.15).

This completes the proof of Theorem 11.3.

Proof of Theorem 11.4. Using formula (5.1) for d = 2 and formula (11.10) we obtain
(7.18)-(7.22) for d = 2, where (1 is replaced by (, n—1/2-
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Formulas (7.4) for d = 2, (11.12) follow from (7.19), (7.20), (7.22), where (, n—1 is
replaced by (;, ,—1/2 in (7.20).
Theorem 11.4 is proved.

12. Formulas for T
Theorem 12.1. Under assumptions (1.2), (1.7) for d = 3 and for d = 2, the following
formulas hold:
YH(sl k) = F(s) + O(sT"47D/2) a5 s — 40

] 12.1)
for fixed sin((|k| — kl)T) #0, E,7 and Aq1,..., Ay, (

where ¢* is the function of (1.4), (3.3), ¥} (s) = ¥ (k, 1,7, A1, .., An,s) is found from
[T (2, k)| given at © = x1(8),...,72,(s) defined by (1.15),

z\k|s

fjn j—I—].
v 1)/2(2 o)), (122)

where f;n_jy+1, j =1,...,n, are the functions of (7.3), (7.4) (see Section 7 for d = 3 and
Section 11 for d = 2), (k,1) € Qp, E > 0,1 =1/]l], n € N.

Formulas (12.1) follow from expansion (3.3), definition (12.2) and the asymptotic
formulas (7.4).

Theorem 12.1 realizes formulas (1.16), (3.5).
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