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Abstract

We develop the counterpart of weak KAM theory for potential mean field games. This al-
lows to describe the long time behavior of time-dependent potential mean field game systems.
Our main result is the existence of a limit, as time tends to infinity, of the value function of an
optimal control problem stated in the space of measures. In addition, we show a mean field
limit for the ergodic constant associated with the corresponding Hamilton-Jacobi equation.

Introduction

The theory of mean field games (MFG), introduced simultaneously and independently by Lasry
and Lions [27, 28] and Huang, Caines and Malhamé [25], is devoted to the analysis of models
where a large number of players interact strategically with each other. Under suitable assump-
tions, the Nash equilibria of those games can be analyzed through the solutions of the, so-called,
MFG system

—ou — Au+ H(z, Du) = F(x,m) in T¢ x [0, 7]
—0ym + Am + div(mD,H (x, Du)) =0 in T¢ x [0,T] (0.1)
m(0) = mg, w(T,z) = G(z,m(T)) in T¢.

The first unknown wu(¢,x) is the value function of an infinitesimal player starting from z at
time t while the second one, m(t), describes the distribution of players at time ¢. The maps
F,G : P(T% — R (where P(T9) is the set of Borel probability measures on the torus T%)
describe the interactions between players.

In this paper we investigate the limit behavior, as the horizon T tends to infinity, of this
system. This is a very natural question, especially when one looks at those models as dynamical
systems.

One natural guess is that the system simplifies in large times and converges to a time inde-
pendent model, called the ergodic MFG system:

{—)\ — Au+ H(z, Du) = F<x,gn> in T, (0.2)

Am + div(mD,H (xz, Du)) = in T¢.

There is a relatively wide evidence of this phenomenon, starting from [29] and the Mexican
wave model in [24] to more recent contributions in [4, 7, 8, 23].

All these papers, however, rely on a structure property, the so-called monotonicity assump-
tion, which is seldom met in practice. More recently, the problem of understanding what happens
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in the non-monotone setting has been addressed in several papers. Gomes and Sedjro [22] found
the first example of periodic solutions in the context of one-dimensional first order system with
congestion. Cirant in [11] and Cirant and Nurbekyan in [10] forecast and then proved the ex-
istence of periodic solutions for a specific class of second order MFG systems (with quadratic
Hamiltonian). These periodic trajectories were built through a bifurcation method in a neigh-
borhood of a simple solution. Note that these examples show that the ergodic MFG system
is not always the limit of the time-dependent ones. In [30] the second authors gave additional
evidence of this phenomena using ideas from weak KAM theory [12, 13, 14]. The main interest of
the approach is that it allows to study the question for a large class of MFG systems, potential
MFG systems.

We say that a MFG system like (0.1) is of potential type if it can be derived as optimality
condition of the following optimal control problem on the Fokker-Plank equation

T
Ur(t,mp) = inf / H* (z,a(s,z)) dm(s) + F(m(s))dt + G(m(T)), (0.3)
(m,@) Jo JTd

where (m, a) verifies the Fokker Plank equation —dym + Am + div(am) = 0 with m(t) = mg
and F and G are respectively the potentials of the functions F' and G that appear in (0.1). Since
the very beginning, this class of models has drawn a lot of attention. [28] first explained the
mechanism behind the minimizing problem (0.3) and the MFG system (0.1) and, since then, the
literature on potential MFG thrived. See for instance [3, 6, 17, 31| for the use of theses techniques
to build solutions and analyse their long-time behavior under a monotonicity assumption.

In the present paper, we investigate the behavior, as T — +00, of the solutions to the mean
field games system (0.1) which are minimizers of (0.3). It is a continuation of [30], which started
the analysis of the convergence of the time-dependent, non-monotone, potential MFG systems
through weak KAM techniques. We believe that these techniques lead to a more fundamental
understanding of long time behavior for potential MFG. When the powerful tools of the weak
KAM theory can be deployed, one can look at this problem in a more systematic way. Unlike the
PDEs techniques that were so far used, this approach does not depend on the monotonicity of
the system. A key point is that the weak KAM theory, exploiting the Hamiltonian structure of
potential MFG, gives us a clear understanding of the limit object that the trajectories minimize
when the time goes to infinity. We draw fully from both Fathi’s seminal papers [12, 13, 14] and
his book [15]. Several objects defined along the paper and the very structure of many proofs
will sound familiar for who is acquainted with weak KAM theory. Nonetheless, it is not always
straightforward to transpose these techniques into the framework of MFG and it often requires
more effort than in the standard case. It is worthwhile to mention that infinite dimensional weak
KAM theorems are not new, especially in the context of Wasserstein spaces: see for instance
[18, 19, 20, 21]. These papers do not address the MFG problem but they surely share the same
inspiration.

Let us now present our main results and discuss the strategy of proofs. As we have anticipated,
the starting point of this paper are some results proved in [30]. The first one is the existence of
the ergodic constant A, such that

uT(Ov )
T
where U7 is defined in (0.3). The second one is the existence of corrector functions. We say
that a continuous function y on P(T?) is a corrector function if it verifies the following dynamic
programming principle

x(mg) = inf (/0 H*(xz,a)dm(s) + F(m(s))ds + X(m(t))) + At (0.4)

(m,)

— ),
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where (m, a) solves in the sense of distributions —d;m+ Am+div(ma) = 0 with initial condition
m(0) = mp. At the heuristic level, this amounts to say that y solves the ergodic problem

/Td(H(y, Dynx(m,y)) — divy D x(m,y))m(dy) = F(m) + X in P(TY). (0.5)

(the notion of derivative D,,x is described in Section 1 below).

The main results of this paper are Theorem 5.7 and Theorem 5.9. The first one states that
U (0,-) + AT uniformly converges to a corrector function while the second one ensures that this
convergence does not hold only at the level of minimization problems but also when it comes to
optimal trajectories. In particular, Theorem 5.9 says that optimal trajectories for U7 (0, ) + AT
converge to calibrated curves (i.e., roughly speaking, to global minimizers of (0.4)). Let us recall
that, in [30], the second author provides examples in which the calibrated curves stay away from
the solutions of the MFG ergodic system (0.2). In that framework, our result implies that no
solution to the MFG system (0.1) obtained as minimizers of (0.3) converges to a solution of the
MFG ergodic system.

The convergence of U7 (0,-) + AT to a corrector is of course the transposition, in our setting,
of Fathi’s famous convergence result for Hamilton-Jacobi equations [14]. The basic strategy of
proof is roughly the same. Here, the additional difficulty lies in the fact that, in our infinitely
dimensional framework, the Hamiltonian in (0.5) is neither first order nor “uniformly elliptic”
(cf. the term in divergence in (0.5)).

We overcome this difficulty by introducing two main ideas, that we describe now. As in [14],
we start with further characterizations of the limit value A. Let us set

I:= inf H(y, Dy ®(m,y)) — F — divy Dy, @ (m, dy).
@eCl}lr%P(Td))m:g(I')Ed) /Tl‘d( (v (m. ) (m) Wy (m, y))m(dy)

Then, by duality techniques, one can check the following equality (Proposition 2.2)

1= min | . L (e (e ) 4 ) ) Gt (0.6)

where (p1,p1) are closed measures, in the sense that, for any ® € C11(P(T?)),

—/ Dy, ®(m,y) - p1(dm, dy) + / divy D, ®(m, y)m(dy)p(dm) = 0.
(Td)xTd P(Te)x Td

We call Mather measure any couple (i, p1) which minimizes the dual problem (on this terminol-
ogy, see Remark 5.1).

One key step is to show that I = X\. While it is easy to prove that I > A (Proposition 2.1), the
opposite inequality is trickier. One has to construct a smooth subsolution of the ergodic problem
(0.5) in a context where there is no “classical” convolution. The idea is to look at a finite particle
system on (T4)N. A similar idea was used in [19] for first order problems on the L?(0,1)—torus.
The main difference with [19] is that, for first order problems, the particle system is embedded
into the continuous one, which is not the case for problems with diffusion. The argument of
proof is therefore completely different. We set (v, A\N) € C?((T4)") x R solution of

N

N
N 1 N N N
- Z Agt™(x) + ZIH(:C ND,vN(x)) = F(md) + \V.



Note that, in contrast with [19], the constant AV here, depends on N. Our first main idea is to
introduce the smooth function on P(T4)

WN(m) = / UN(xl,...,l’N)ﬁm(dCEi)
(TN i=1

and to show that it satisfies in P(T¢)
—/ divy, D, W (m, y)m(dy) +/ H(y, Dy WY (m, y), m)m(dy) < F(m) + A\ + o(N),
Td Td

which implies that I < liminfy AY. By comparing W% with true correctors, through viscosity
type arguments, we also prove that limsupy AV < A. This shows the equality I = X\ and
the convergence of the constant AV associated to the particle system to the ergodic constant A
(Proposition 3.1).

The next difficulty is that the Hamiltonian appearing in (0.5) is singular (because of the
divergence term). This prevents us to say, as in the classical setting, that Mather measures
are supported by graphs on which the Hamilton-Jacobi is somehow satisfied. To overcome this
issue, we introduce our second main idea, the notion of “smooth” Mather measures (measures
supported by “smooth" probability measures). We prove that limits of minimizers for U7 provide
indeed “smooth” Mather measures and that, if (i, p1) is a “smooth" Mather measure then, if we
set

dp:
o *
a(om) = Dt (1, 2 m)).

we have, for p—a.e. m e P(T%),

/ a1(y,m) - Dm(y)dy + / H(y, a1 (y, m))m(dy) = F(m) + \ (0.7)
Td Td

(see Proposition 4.2). Note that (0.7) is a kind of reformulation of the ergodic equation (0.5), in
which ¢ = D,,x and where the divergence term is integrated by parts. The rest of the proof is
more standard and does not bring new difficulties compared to [14].

Let us briefly describe the organization of the paper. In Section 1, we fix the main notation
and assumption and collect the results of [30] that we sketched above. Section 2 and 3 focus on
further characterizations of the limit value A. In particular, in Section 2, we prove that (0.6) and
I = X hold, while Section 3 is devoted to the analysis of the particle system and the proof that
I = \. Section 4 gives a closer look to Mather measures and explains (0.7). Section 5 contains
Theorem 5.7 and Theorem 5.9 and their proofs.

Acknowledgement: The first author was partially supported by the ANR (Agence Na-
tionale de la Recherche) project ANR-16-CE40-0015-01.

1 Assumptions and preliminary results

The aim of this preliminary section is twofold. Firstly, we introduce the notation and the
assumptions that we will use throughout the paper. Then, we collect some results from [30]
which are the starting point of this work.



1.1 Notation and assumptions

We work on the d—dimensional flat torus T¢ = R?/Z? to avoid boundary conditions and to set
the problem on a compact domain. We denote by P(T¢) the set of Borel probability measures
on T?. This is a compact, complete and separable set when endowed with the 1-Wasserstein
distance d(-,-). Let m be a Borel measure over [t,T] x T¢, with first marginal the Lebesgue
measure ds over [t,T], then with {m(s)}s[; 1) We denote the disintegration of m with respect to
dt. We will always consider measures m such that m(s) is a probability measure on T¢ for any
s€[t,T].

If m is such a measure, then L2 ([t, T] x T%) is the set of m-measurable functions f such that
the integral of | f|2dm(s) over [t, T] x T¢ is finite.

We use throughout the paper the notion of derivative for functions defined on P(T?) in-
troduced in [5]. We say that ® : P(T?) — R is C! if there exists a continuous function
g% : P(T?) x T¢ — R such that

D) — B(ma) = /0 /T 02 (1 tm + tma, ) (ma — ) (dx)dt, Sy, mo € P(TY),

As this derivative is defined up to an additive constant, we use the standard normalization

/ 0P (m,z)m(dx) = 0. (1.8)
T

a 6m
We recall that, if pu, v € P(T9), the 1-Wasserstein distance is defined by

d(p, v) = sup { [, @ dte =)@

continuous ¢ : T? — R, Lip(¢) < 1} )

Assumptions: Throughout the paper the following conditions will be in place.

1. H:T?x R? — R is of class C2, p — D,,H(z,p) is Lipschitz continuous, uniformly with
respect to x. Moreover, there exists C' > 0 that verifies

C7'1; < DppH(x,p) < Cly, Y(z,p) e T x R
and 0 € (0,1), C' > 0 such that the following conditions hold true

|DawH(z,p)| < C(L+[p)"™*?,  [DapH(z,p)| < C(L+p])’, ¥(z,p) e T x R’

2. F:P(T%) — R is of class C2. Tts derivative F : T¢ x P(T%) — R is twice differentiable in
x and D2?_F is bounded. Examples of non monotone coupling functions which verify such
conditions can be found in [30].

Note that some of the above assumptions will not be used explicitly in this paper but have been
used in [30] to prove results that we will assume to hold true. (The only difference is that here
we need F to be of class C? while in [30] F was required only to be C1).

Very often in the text, we do not need to work explicitly on F, so, in order to have a lighter
notation, we incorporate F in the Hamiltonian defining, for any (z,p,m) € T? x R? x P(T%),

H(z,p,m) = H(x,p) — F(m). (1.9)



We denote with H* the Fenchel conjugate of H with respect to the second variable. Then,
H*(x,p,m) = H*(z,p) + F(m).

We can now introduce the standard minimization problem in potential MFG:

T
Ur(t,mp) = inf / H*(z,a)dm(s) + F(m(s))dt, mge P(T%)
t JTd

(m,@)

where m € CO([t, T], P(T?)), a e L2,([t, T] x T¢,R?) and the following equation is verified in the
sense of distributions

(1.10)

—oym + Am + div(ma) =0 in [¢,T] x T¢
m(t) = my in T

1.2 Corrector functions and the limit value A\

Here we collect the results already proved in [30] that we will use. A most important one is the
following.

Theorem 1.1. The function %L{T(t, -) uniformly converges to a limit value —\ when T goes to
+00.

The second result that we will use is the existence of corrector functions.

Definition 1.2. We say that x : P(T?) — R is a corrector function if, for any mg € P(T¢) and
any t >0,

x(mg) = inf (/0 H*(x,a)dm(s) + F(m(s))ds + x(m(t))) + M,

(m,a)
where m € CO([0,t], P(T?)), a € L2,([0,¢] x T4, R?) and the pair (m,a) solves in the sense of

distributions —dgm + Am + div(ma) = 0 with initial condition my.

Proposition 1.3. The set of corrector functions is not empty and uniformly Lipschitz continu-
ous.

A last notion that will come at hand is the one of calibrated curve:

Definition 1.4. We say that (m, &), which satisfies (1.10) for any t € R, is a calibrated curve
if there exists a corrector function x : P(T4) — R such that (m,&) is optimal for x: for any
t1 <ty e R

x(m(t1)) = Mte —t1) + /t i y H* (z,a(s)) dm(s) + F(m(s))ds + x(m(t2)).

The set of calibrated curves verifies the following property.

Proposition 1.5. The set of calibrated curves is not empty. Moreover, if (m, ) is a calibrated
curve, then m € CY2(R x T?) and there exists a function u € CH2(R x T%) such that o =
D, H (x, Du) where (u,m) solves

—0u — Au+ H(xz, Du) = F(xz,m) in R x T9,
—oym + Am + div(mDyH (x, Du)) =0 in R x T<.



2 A dual problem

In this section we introduce the two usual characterizations of the constant \: A is expected to
be the smallest constant for which there exists a smooth sub-corrector and —\ is the smallest
value of the Lagrangian when integrated against suitable “closed” measures. The goal of this
section is to show that both problems are in duality and have the same value I. We postpone
the analysis of the equality I = A to the next section.

We start with the HJ equation, that we write in variational form.

I:=  inf sup /(H(y,Dm@(m,y),m)—divme‘i(m,y))m(dy)’ (2.11)
PeCHH(P(TY)) mep(Td) J T4

where by C11(P(T4)) we mean the set of maps ® : P(T¢) — R such that D,,,® and D, D,,® are
continuous. Recall that H is defined in (1.9).
Let us start with a comparison between I and A.

Proposition 2.1. We have I = A.
Proof. Let € > 0 and ® be such that

/Td (H(y, Dm®(m,y),m) — divyDp,®(m,y))m(dy) < I + ¢ Ym e P(T%).

Let (m,a@) be a calibrated curve and y be a corrector function associated with (m,a). By
definition of calibrated curve, (m, &) verifies

—oym(t) + Am(t) + div(a(t)m(t)) = 0, Vie R
and -
x(m(0)) = /0 - H*(y, a(t,y), m(t))m(t, dy) + AT + x(m(T)). (2.12)
As @ is smooth, we get

T T
B(n(T) ~ 0(m(0) = [ Gomeyie= [ [ o). pamna

T T
=/°/mwm@mwwmm@m/ D, ®(mit),y) - G(t,y)m(t, dy)dt
0 Td 0 Td
T
> (14T [ [ 0 DuB((e). ). 1(0) = D ®0).0) - 3t ). )i
T

>—(I+¢e)T— /0 » H*(y, a(t,y), m(t))m(t, dy).

Using (2.12), we end up with

T
@wuw—¢mw»>—a+@T—A | . aty), i), dy)
— (I + )T + x(m(T)) — x(m(0)) + AT.

Using the fact that xy and ® are bounded, we divide both sides by T" and we conclude that A < I
by letting 7' — 400 and € — 0 . |



Next we reformulate I in terms of "closed measures".

Proposition 2.2. We have

i dpy
—J] = min H* ’ m)m(d dm), )13
(%m)/p('ﬂ‘d) /Ed (y dm @ p > (dy)p(dm) ( )

where the minimum is taken over u € P(P(T%)) and p1, Borel vector measure on P(T?) x T9,
such that py is absolutely continuous with respect to the measure dm ® pu := m(dy)u(dm) and
such that (u,p1) is closed, in the sense that, for any ® € CH1(P(T9)),

—/ D, ®(m,y) - p1(dm, dy) +/ divy Dy @ (m, y)m(dy)pu(dm) = 0.  (2.14)
P(T4)xTd P(Td)xTd

In analogy with weak KAM theory, we call a measure (1, p1) satisfying (2.14) a closed measure
and a minimum of (2.13) a Mather measure.

Proof. As usual we can rewrite I as

r-, o osw (/ <'H<y,Dm<b<m,y>,m>—divmecb(m,y))m(dy))u(dm»
PeCH(P(T) uep(P(Td)) J P(T) \JTd

We claim that

I = inf D ®(m, y), m) — div, Dy ®(m, d dm).
T s P /P(Td) < Td(%(y, (m,y),m) — divy (m, y))m( y)> p(dm)
(2.15)

Indeed, P(P(T?)) is a compact subspace of M(P(T?)) and, for any fixed ® € CL1(P(T9)) the
function on M(P(T9)) defined by

- ({3 Dib{in, ). m) — v, Dy (o)) ) ()

P(T4) ( Td

is continuous and concave (as it is linear). On the other hand, when we fix u € P(P(T%)), the
function on CH1(P(T9)), defined by

® - (H(y, Dm®(m,y), m) — divy D, ®(m, y))m(dy) | p(dm),
fooo (1. )

is continuous with respect to the uniform convergence in C*!'(P(T¢)) and convex due to the
convexity of H. Therefore, the hypothesis of Sion’s min-max Theorem are fulfilled and (2.15)
holds true.
We now define the continuous linear map A : CLH(P(T?)) — (CO(P(T?) x T))4 x CO(P(T9) x
T¢) by
A(®) = (D ®, divy D).

From now on we fix a maximizer p for (2.15) and we define E := CY(P(T9)), F := (CO(P(T?) x
T))? x CO(P(T9) x T?) and

F@) =0, glat) = [ (] (4l alm ). m) — o p)m(utam), )< P



We note that

I=  inf ) + g(A®)}.
peciito g L (®) + 9(AD))

To use the Fenchel-Rockafellar theorem we need to check the transversality conditions. These
hypothesis are easily verified, indeed, both f and g are continuous and, therefore, proper func-
tions. The function f is convex because it is linear and so is g, due to the convexity of Hamiltonian

H. Moreover, it comes directly from its definition that A is a bounded linear functional on F.
Then, the Fenchel-Rockafellar Theorem states that

I'=— min {f*(=A%(p1,p2)) + g% (p1,p2)}-
(p1,p2)eF’

Note that
F' = (M(P(T?) x T9))4 x M(P(T%) x T?),

that f*(q) = 0if ¢ = 0, f*(q) = 400 otherwise. So, for any (p1,p2) € F’,

[*(=Alp1,p2) = sup  —(A*(p1,p2),®)— f(®)=  sup  —{(p1,p2), A(D))
DeC 1 (P(T4)) PeCt1(P(T4))

= sup  — / Dy ®(m,y) - pr(dm,dy) — / divy Dy, ®(m, y)p2(dm, dy)

deCLL(P(Td))  J(P(Td)xTd (P(Td)xTd

which is 0 if, for any ® € CL1(P(T9)),
[ Dty pildmdy)+ [ div, Dy, g)pa(dm,dy) =0,
P(Te)x T4 (Td)xTd
and +o0 otherwise. On the other hand,

g*(p1,p2) = sup / a(mvy)-pl(dm,dy)ﬂL/ b(m, y)p2(dm, dy)
(a,b)eF JP(Td)xTd P(T4) x T4

- /mrd) ( Td (H(y, a(m,y),m) - b(m,y))m(dy)) pu(dm).

So, if g*(p1, p2) is finite, one must have that ps(dm, dy) = —m(dy)u(dm) and that p; is absolutely
continuous with respect to the measure dm®u := m(dy)u(dm). Indeed, if p; were not absolutely
continuous with respect to dm ® p, we could find a sequence of continuous functions a, €
(CO(P(T9) x T4))? such that, a, is uniformly bounded on the support of dm ® u and

/ an(m,y) - p1(dm,dy) — +o0.
P(T)xTd

But then we would have ¢g*(p1, p2) = +00. So,

dp
g*(p1,p2) = sup / (a(m,y) : ——(m,y) — H(y, a(m,y),m)) m(dy)p(dm)
aeCO(P(Td)xTd))d J P(Td) x T4 dm @ 1

We now want to prove that

dp1
sup ro /(T )XTd <a(m, y)- (m,y) — H(y,a(m,y),m)) m(dy)p(dm)

aeCO(P(Td) x dm @ p

o

M(m,w, m)m(dy)p(dm).



We have one inequality by definition of Fenchel’s conjugate. Indeed,

dp1 >
sup a(m,y) - m,y —Hy,am,y,m mdy dm
a€CO(P(T4)xT4))d /(Td)x’]l‘d ( ( ) dm@lu( ) ( ( ) ) ( )“( )

dpy .
/7) ']Td)x’]l‘d m,y) dm® i (m,y) — H(y, a™(m,y), m)m(dy)u(dm)

/ P(T4) / Y dnj% [ (m, y), m>m(dy)/~c(dm),

d
a*(m,y) = D H* <y & (m,y),m>-

where

dm @ u
For the opposite inequality we use a density argument. The function a* could be not continuous
but yet it must be measurable. Moreover, the growth of H ensures that a* € Li(P(Td) x

T4 RY). As P(T?) x T? is a compact Hausdorff space, the set of continuous functions is dense
in L2(P(T%) x T%). Let a, € COP(T?) x T%R?) be such that a, — a* in L2. Then,

d
sup [ S (my) — W alm, ) m)m(dy)u(dm) >
acCO(P(T4)xT4))? J P(T4)x T4 me p
lim an(m) - =P (m, ) — H(y. au(m,y).m)m(dy)u(dm) =
n—+0o0 'P(Td)XTd dm ® 1%

* dp .
/P(Td O (m,y) - dmé (m,y) — H(y, a*(m,y), m)m(dy)u(dm) =

/P(']rd) /H‘d dm ® (m,y), m)m(dy)u(dm).

Therefore, we can conclude that

= — mln / / m)m(dy),u(dm),
7P1 Td) Td
where the minimum is taken over (u,p;) satisfying condition (2.14). [ |

3 The N—particule problem.

In the previous section, we introduced two problems in duality. These problems have a common
value called I and we have checked that A < I. The aim of this section is to show that there
is actually an equality: A = I. In the standard setting, this equality is proved by smoothing
correctors by a convolution; by the convexity of the Hamiltonian, the smoothened corrector is a
subsolution to the corrector equation (up to a small error term), thus providing a competitor for
problem (2.11). In our framework, there is no exact equivalent of the convolution. We overcome
this difficulty by considering the projection of the problem onto the set of empirical measures of
size N (thus on (T¢)Y). For the N —particle problem, the corrector is smooth. We explain here
that a suitable extension of this finite dimensional corrector to the set P(T¢) provides a smooth
sub-corrector for the problem in P(T%) when N is large. This shows the claimed equality and, in
addition, the fact that the ergodic constant associated with the N —particle problem converges
to A.

10



More precisely, we consider vV : (T¢)V — R the solution of:

N
N(x Ny _ \N
_ZA%U N;’H zi, NDg o™ (x),mY) = AV,

where x = (21,...,2x) € (TY)Y and mly = N~} vazl dz; and where H is defined in (1.9). Let
us recall that such a corrector exists (it is unique a to additive constants) and is smooth.

Proposition 3.1. We have

Proof. We define

W (m) -:/ oV (z x )ﬁm(dm)
: e 1y++-3 TN i)-

1=

1
As v" is smooth, it is clear that W is also smooth on P(T¢) and we have

N
Dy W (m,y) = Z /(Td)N 1 Dy, N (T1, . T 1, Yy Tt s - -+ TN) Hm(dmi)
k=1 B

and
N
divy-DmWN(m7 y) = Z / AwkUN(xh ey T—1,Y, 1y -+ - J:N) H m(d‘rl)
1 Td)yN—-1

In view of the convexity of H# with respect to p, we obtain, for any m e P(T%),

—/meW(mwcw /H%Dmew m)m(dy)
:—Z/ / LU xl,...7x;€_1,y,ﬂsk+1,...,:CN)Hm(dxi)md
k=17 T4 J(THN

i#k

N N
< /(Td)N (— kZ::leka(m, .o TN) + ;;H(xkaNkaUN(lEl, e ,:UN),m)> Um(dml)

Following [9], the Glivenko-Cantelli Theorem states that

N2 if d < 4,
/ 2 (1, m Hm dr;) <en:=< N-Y2In(N) ifd =4,
(TN N—2/d otherwise.

As H has a separate form: H(x,p,m) = H(x,p) — F(m) where F is Lipschitz continuous with
respect to m, we infer that

/() NZ <$k,NDaij (x1,...,2N 7m)Hm(d$i)
k=1 i

oo

||M2

azk, ND, N (21,...,2N), mi’) Hm(dmi) + Cen.

11



Recalling the equation satisfied by vV, we conclude that

—/ divmeWN(m,y)m(dy)+/ H(y, Dy W (m, y), m)m(dy)
Td Td

N N
< /(Td)N (-];AkaN(-’IJIa SN+ ;;H(M,ND%UN(M, . ,xN),mf(V)) Hm(d%) + Cey

< AV 4 Cey.

As W is smooth, this shows that I < liminfy AN.

Let A* = limsupy AY. From now on we work up to a subsequence N (still denoted in the
same way) such that limy AV = A*. We claim that A\* < \. Indeed, let x be a corrector and, for
N large, xV = (z,...,2%) be a minimum point of y — X(mi,v) —vN(y). We know from Lemma
6.3 that there exists a map ®V : P(T9) — R of class C?(P(T%)) (and bounded in C?(P(T4))

independently of N) such that &V > y on P(Td)\{miVN} and ®V (mly) = x(m2y). Moreover,

—/TddlvyD N (mDy, y)mDy (dy) + /’Hy,D N (mly, y), min )miy (dy) < A

As x% is also a minimum point of y — &~ (ml) — vV (y), we have, following [9] Section 5.4.4,

my
1
DwivN(XN) = N‘D q)N<m,]:7N7:C;N)7
1 1
DgixivN(XN) = N‘D;m(DN(mi[N7x£V) + ﬁDznm(I)N(m,]jN7zfvava)
Hence
N L
PR Z Ay oM (xV) + N Z H(zN,ND, ’UN(XN),miVN)
i=1 i=1
N1
< - < divy Dy, @V (m?)] )+WTrD2 WO (m XN,a:fV,fo))
i=1
1 XN
oo D HE, D@l 2 ), m)
i=1
< —/Td divy Dy @ (mly, y)miy (dy) + CN ™' + | H(: D m® (mly, y), miy )miy (dy)
<A+ CN 1

where, in the last lines, we used the bound on D2, ®V. Letting N — +c0, we find therefore
A< A As A < T <liminfy MY < A* < )\, this shows that A = limy AN = 1. |

4 On the support of the Mather measures

In this section we take a closer look at Mather measures and the properties of their support
points.

12



Definition 4.1. We say that the closed measure (j1, p1) is smooth if there exists a constant C' > 0
such that, for p—a.e. m e P(T?), m has a positive density and

IDIn(m) 2 gy < C.
The aim of this section is to prove the following property of smooth Mather measures.

Proposition 4.2. Let (u,p1) be a smooth Mather measure. Let us set

dp:
. *
n(em) = D (3 (gom)m ).

Then we have, for p—a.e. m € P(T%),

/ ¢1(y,m) - Din(y)dy + / H(y, q1(y.m), mym(dy) = \
Td Td

In order to prove the proposition, let us start with a preliminary step. Let (u,p1) be optimal
in problem (2.13) (where we recall that I = \) and let ®" be any minimizing sequence in (2.11).

Lemma 4.3. The sequence (DpH(y, Dpy®Y (m,y))) converges to dgnpéu in L*(P(T?%) x T¢, dm ®
w). Moreover,

tm - [ DY g + [ Ay Dt () mim(dyu(dm)
N—+o0 P(T4)xTd P(T4)xTd

=\

(4.16)

Proof. Recall that ®V satisfies
- / divy, Dy ®N (m, y)m(dy) +/ H(y, Dp® (m,y), m)m(dy) < X+ on(1).  (4.17)
Td Td
We integrate equation (4.17) against u and add the problem for (u,p1) to find:

- / divy, Dy ®N (m, y)m(dy) p(dm) + / H(y, Dp® (m,y), m)m(dy)u(dm)
P(Td)x T4 P(T)x T

dp1
+ H*( v, , dy)p(dm) < 1).
Lo (0 G e < o)

Using the uniform convexity of H, this implies that

d
— / divy D, @ (m, y)m(dy) p(dm) + / (A Dy ®Y (m, y)m(dy) pu(dm)
P(Td)x T4 P(Td)xTd AM &
_ dp1 N ?
+C7! — D, H(y, D@ (m,y), m)| m(dy)u(dm) < on(1).
oo o = DM, D ), )| ) < ox (1)

Then, (2.14) implies that the first line vanishes and so

/’P(’IFd)x’]I‘d

2

dp1 m(dy)pu(dm) < on(1),

dm ® p

- DPH(yv Dm(I)N(ma y)v m)
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which proves the first statement of the lemma. We now turn to (4.16). First of all, as ®V is a
minimizing sequence for (2.11), we have that

lim sup —/ div, D, ®N (m, y)m(dy) p(dm) + / H(y, Dy ® (m,y), m)m(dy)pu(dm)
N—+w P(Td)xTd P(Td)x T4

<A

To prove the other inequality we start with

—/ divy, D @ (m, y)m(dy) p(dm) +/ H(y, Dy ® (m,y), m)m(dy)u(dm).
P(T4)x T4 P(T4)x T

We add and subtract the same quantity to get

- Dy ®N (m, y)m(dy) u(dm)+

. dp1
— div DmtIDN m,y)m(d dm +/
/P(W)XW v (m, y)m(dy)p(dm) N =

dp1
H(y, Dyn® (m, y), m)m(d dm —/
L s P D GGty = [

As (u,p1) verifies (2.14), the first line above vanishes. Then, using the Fenchel’s inequality, we
find that

—/ divy, Dy ®N (m, y)m(dy) p(dm) —i—/ H(y, Dy ® (m, y), m)m(dy)u(dm) =
P(Td) xTd P(Td) xTd

* dpy
—/pmrd) /TdH (y, dm@u’m>m(dy>u(dm)-

By hypothesis, (1, p1) is a minimizer for (2.13), so, for any N € N,

[ v D N tmymldgaam) + [ H( Do () mym(dy)(dm) >
P(T)xTd P(Td)xTd

Therefore,
lim inf —/ divy D, @ (m, y)m(dy) pu(dm) + / H(y, Dy ®N (m, y), m)m(dy)pu(dm)
N—+00  Jp(Td)xTd P(T) xTd

> A\

and the result follows. [}

Proof of Proposition 4.2. From our assumption on (u,p1), we have

/ divy Dy ® (m, y)m(dy)p(dm) = —/ D ®N (m,y) - Dm(y)dyp(dm).
P(T4)x T4 P(T4)xTd

As, by Lemma 4.3, the sequence (D,H(y, D ®Y (m,y)), m) converges to dfflpéu in L2(P(T4) x
T, dm ® p), we also have that (D,,®Y (m,y)) converges to ¢; in L2(P(T?) x T¢ dm ® u) by
regularity and invertibility of D, and D,H*. On the other hand, sz(/y) is bounded in L?n(’]rd)

m(y)
for p—a.e. m € P(T?). Therefore

lim divy, Dy, @ (m, y)m(dy)p(dm) = —/ q1(m,y) - Dm(y)dyp(dm).
N—+00 Jp(Td)xTd P(Td)xTd
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We conclude thanks to (4.16) that
[ o) Dmy)dyatam) + [ Harm, ). m)m(dydm) =
P(T4)xTd P(T)x Td

On the other hand, extracting a subsequence if necessary, the sequence (D,,®" (m,y)) converges
p—a.e. to qi. So, by (4.17), we have, for p—a.e. m e P(T9),

/’m@nm-Dm@wy+/'H@@u%mxmwu@><x
Td Td

Putting together the previous inequality with the previous equality gives the result.

5 The long time behavior of potential MFG

In this section, we prove the two main results of the paper: the first one is the convergence, as
T — +o0, of UT(0,-) + AT. The second one states that limits of time-dependent minimizing
mean field games equilibria, as the horizon tends to infinity, are calibrated curves.

5.1 Convergence of U7 (0,) + AT
We recall that U7 (¢, mg) is defined by

T
Ut (t,my) = inf)/t < » o* (y,a(s,y))m(s,y)dy+f(m(s))) ds,

(m,a
where (m, «) verifies the usual constraint

dym — Am — div(ma) = 0in (¢, T) x T¢, m(t) = mo.

Let (m”,a’) be a minimizer of the problem, then, of(s,z) = D,H(x, Du®(s,z)), where
(uT,mT) solves
—ou — Au+ H(z, Du) = F(x,m) in T4 x [t,T]
—0ym + Am + div(mD,H (z, Du)) =0 in T¢ x [t,T] (5.18)
m(t) = mo, u(T,x) =0 in T¢,

(see for instance [3] for details).
We also take from [30, Lemma 1.3] some uniform estimates on the solutions of (5.18) which
will be useful in the next propositions.

Lemma 5.1. There exists C' > 0 independent of mg and T such that, if (u,m) is a classical
solution of (5.18), then

o [ Du e orxrey + HDZUHLOO([O,T]X'W) <C
e d(m(s),m(l)) < C|l — s|"? for any I, s € [0,T]

Consequently, we also have that |Oyu(s, )| < C for any s € [0,T].
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Lemma 5.2. For any (u,m) solution of the MFG system (5.18), there exists c¢(u,m) € R such
that, for any t € [0,T],

/ (H(ac, Dul'(t,z)) — AuT(t,x))mT(t,da;) — F(mT(t)) = c(m,u).
Td
Proof. As for any t > 0 both m” and u” are smooth in time and space, the integral

H(x, Du(t, z))m’ (t,z) + Du(t,z) - Dm(t, z)dz — F(m(t))
Td
is well defined and we can derive it in time. Then,

D,H(x, Du(t,x))oDu(t, z)m(t, z) + H(x, Du(t, z))oym(t, )+
Td

OtDu(t, z) - Dm(t,x)dx + Du(t,z) - oo Dm(t, z) — F(x,m(t))osm(t, x).
Td

Integrating by parts and rearranging the terms we get that the above expression is equal to
/ (=Am(t, ) — div(m(t,2) DpH (x, Du® (t,)))dpu” (¢, 2)do+
Td
(=AuT(t,2) + H(x, Du” (t,2) — F(x,m” (t,2)))dem? (t,2)dx.

If we plug into the last equality the equations verified by ! and m”, we get

d

o7 < ” H(x, Du” (t,2))m” (t,z) + DuT (t,z) - Dm™ (t,2)dz — f(mT(t))> =

/ —oym™T (t,x)ou” (t, ) + omT (¢, 2) o’ (¢, z) = 0.
Td

Integrating by parts the term Du’(t,z) - Dm” (t,z) and using the continuity of ¢ — wu(t,-) in
C?%(T?) and the continuity of ¢ — m(t) in P(T%) we conclude that the result holds.
|

Proposition 5.3. Let (m”,a™) be optimal for U(T,mg) and (u”,mT) be a solution of (5.18)
associated to (mT,al). Then, c(ul,mT) — X as T — +0o0. Moreover, this limit is uniform with
respect to the initial condition mg and the choice of the minimizer (m”*,a™).

Proof. We prove it by contradiction. Let us suppose that there exist a sequence 1; — +0o0 and
a sequence (m‘, ), minimizing U7¢ (0, m{), such that, for any i € N and a some ¢ > 0,

le(ul,m?) — \| > e, (5.19)

where, as usual, o'(s,xz) = DpH (z, Du'(s,x)) and (u’,m") solves (5.18). Thanks to Lemma 5.1
we know that there exists C' > 0, independent of i such that

sup sup [’ ()]0 + [ Da’(t)] o < C.
T;>0te[0,T;]

Let E be the set
E:={ae W"*(T"R?), |a]w + |Dafe < C}.

16



Then E, endowed with the topology of the uniform convergence, is compact. Moreover, o'(t) € E
for any t € [0,7;]. Let us introduce the probability measure v on P(T¢) x E by

1
T, —1

/ f(m, a)v'(dm, da) = / F(mi(t), o' (t))dt.
P(Td)x E 1

Then v* converges, up to a subsequence denoted in the same way, to some probability measure
v on P(T9) x E. Note that

1
) = o [ ([ et ami s ay) + F' ) ds
T, —1

T /p(w)xE< » H*(y,a(y))m(dy)Jrf(m)) vi(dm, do)

Hence, as the left-hand side converges, uniformly with respect to m{, to —\ (see [30]), we obtain
/ ( H* (y, (y))m(dy) + f(m)> v(dm, da) = -\ (5.20)
P(Td)x B \JTd

Now we make the link between v and the measure (u, p1) of Section 4. Let u be the first marginal
of v and let us define the vector measure p; on P(T¢) x T? as

/ o(m, y) - pu(dm, dy) = / o(m, ) - aly)m(dy)w(dm, da)
P(Td)xTd P(T¢)x E J T4

for any test function ¢ € CO(P(T?) x T4 RY). We note that p; is absolutely continuous with
respect to p, since, if we disintegrate v with respect to pu: v = vy, (da)pu(dm), then

p(dm, dy) = /E o (y)m(dy)v (da)u(dm).

Therefore,

dp1
(1) = [ (i (da).

Let us check that (i, p1) is closed. Indeed, for any map ® € C11(P(T9)), we have

S0 (0) = [ a0, )t dy) [ Dbl (0),0) - Hy (g D1, ()
Td Td

= /ﬂ'd div(D,, ®(m'(t), y))m'(t, dy) + » D ®(m'(t), y) - a'(t, y)m'(dy).
So,

/ / div(Dp, ®(m, y)) + Dp®(m, y) - a(y)m(dy) v'(dm,da)
P(Td)x E JTd

1 h , ; ; . . .
ST 1 / /w div(Dp®(m*(t),y))m'(t, dy) + » Dy ®(m'(t),y) - o (t,y)m’ (dy)dt
1 )

1
= o [20n'(T) — @(mi(1))].
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Letting ¢ — +00 gives
/ / div(Dp@(m,y)) + D ®(m, y) - a(y)m(dy) v(dm,da) =0,
P(T4)xE JTd
which can be rewritten, in view of the definition of pq, as
/ / div(Dy, ®(m, y))m(dy)pu(dm) +/ Dy, ®(m,y) - p1(dm,dy) = 0.
P(1d) JTd P(Td)xTd

This proves that (u,p;1) is closed. Next we come back to (5.20): using the convexity of H*, we
also have

A _/pm)X [ y H*(y, a(y))m(dy) +}"(m)] v(dm,da) =
/7’(7?”‘) /E [ Td H*(y, aly))m(dy) + ‘F(m)] vm(da)p(dm) =
o

UW H* <y,/Ea(y)um(da)> m(dy) +]—"(m)] u(dm) —
UW H* <y dpy H(m,y)) m(dy) + f(m)] (dm).

Therefore,

/79(Td) [/ﬂ"i e (y’ dnf%u(m’ y>) m(dy) + Hm)] pldm) < =2, (5.21)

which proves the minimality of (i, p1). By the uniform convexity of H, relation (5.21) shows
also that, for y—a.e. m € P(T¢) and for v, —a.e. a, one has

dpy
(

In® m,y) = a(y). (5.22)

Note also that, m’(t) has a positive density for any t € [1,7;] and there exists a constant
C > 0 independent of ¢ such that

sup [|1/m’(t, )| + [Dm'(t,)]ec < C. (5.23)
tE[l,Ti]

The bounds on Dm' are standard and we refer to [26, Ch4, Theorem 5.1]. While, for the
estimates on 1/m’, we used the Harnack’s inequality in [2, Theorem 8.1.3]. In our setting, this
theorem states that, for any =,y € T¢ and for any 0 < s < t < T}, there exists a constant Cy_,,
depending only on |t — s|, such that

mi(t,x) = Cy_sm'(s,y).

As we work on the torus, for any s > 0, there exists a point y, € T¢ such that m’(s,y,) > 1.
Then, we can chose s =t — 1 and we get that for any ¢ > 1

m'(t,z) = Cym'(t — 1,y,1) = Ci,

which proves (5.23).
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The estimates in (5.23) ensure that the pair (u,p1) is smooth in the sense of Definition 4.1.
In particular, we know by Proposition 4.2 that, for y—a.e. m € P(Td),

- / a1(y,m) - Dm(y)dy + / H(y, a1 (g, m))m(dy) — F(m) = \
Td Td

where

d
q1(z,m) := Do H* <y dm%ﬂ(%ﬂ%)) :
By the convergence of v* to v, there exists (up to a subsequence again) ¢; € [1,T;] such that
(m®(t;), o’ (t;)) converges to an element (m,a) € P(T¢) x E which belongs to the support of .
Then by (5.22), a = dnd%u. Thus Du'(t;) = DoH*(y,a'(t;)) converges uniformly to qi(-,m).
This shows that

lim c(u',m")
1——+00

= lim — Dui(ti,y)-Dmi(ti,y)dw/TdH(y,Dui(ti,y))mT(ti,dy)—f(mi(tz))

1—=400 Td

= — /Td q1(y,m) - Dm(y)dy + /Td H(y,q1(y,m))m(dy) — F(m) = A,
which is in contradiction with (5.19). .

The next step towards Theorem 5.7 is to prove that the map (s,m) — U (s,m) + A(T — s)
has a limit. In the next proposition we prove that (s,m) — U” (s,m) + A(T — s) is bounded and
equicontinuous on [0, 7] x P(T%) and so that there exists a subsequence (U™ + \(T}, — -)) which,
locally in time, converges uniformly to a continuous function &.

Proposition 5.4. The maps (s,m) — U (s,m)+\(T —s) are uniformly bounded and uniformly
continuous.

Proof. We first prove that (s,m) — UT(s,m) + A\(T — s) is bounded, uniformly in 7. Let x
be a corrector function. As Y is a continuous function on the compact set P(T?), there exists
a constant C' > 0 such that 0 < x(m) + C for any m € P(T9). If (m(t),w(t)) is an admissible
trajectory for the minimization problem of U7 (s,m), then

/ "B ot o) dm(t) + Fan()dt + AT — 5)
s Td

< /T H* (z,a(t,z)) dm(t) + F(m(t))dt + x(m(T)) + \(T — s) + C.
s JTd

Taking the infimum over all the possible (m,a), the definition of U7 (s,m) and the dynamic
programming principle verified by x lead to

UT (s,m) + \(T — s) < x(m) + C.

As x is bounded, we get an upper bound independent of 7', m and s. The lower bound is
analogous.

We turn to the equicontinuity. For what concern the continuity in the m variable, one can
adapt the proof of [30, Theorem 1.5] with minor adjustments, to show that, if T —s > ¢ > 0
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for given € > 0, then there exits a constant K independent of T and s such that U7 (s,-) is
K-Lipschitz continuous.

We now need to estimate [U7 (t2,mo)—UT (t1,mg)|. We suppose to > t; and we fix (m(s), a(s))
an optimal trajectory for U7 (t1,mq), then

UL (t2,mo) —UT (t1,m0)| < [UT (ta, mo) —UT (ta, m(ta))] + [UT (t2, m(ts)) —UT (t1,m0)|. (5.24)

We can estimate the first term on the right hand-side using at first the uniform Lipschitz conti-
nuity we discussed before and then the estimates on the solution of the MFG system in Lemma
5.1. So,

|UT(t2, mo) — UT(tQ, T?L(tg)” < Kd(mo, m(tg)) < K0|t1 — tg’%. (5.25)

To estimate the second term in the right hand-side of (5.24), we just need to use that

UT (1, my) = in { / o <x,a(t,x>>dm(t>+f<m<t>>dt+uT<t2,m<t2>>}.
ty JTd

(m,a)

As (m, @) is optimal for U7 (t1,m1), we get

Ut (t1,my) — U (ta, mts)) =/tt2 y H* (z,a(t,z)) dm(t) + F(m(t))dt.

Note that, a(t,z) = DpH (z, Du(z,t)) where (m, @) solves the MFG system (5.18) and, according
to Lemma 5.1, we have uniform estimates on u. Therefore,

I (z,a(t, z)) dm(t) + F(m(t)| dt < C(ta — t1).

Ti = CUT (. me)| <
U o, )~ (trmo) < [ ][

t1

Putting together the last inequality with (5.25) we have that, for a possibly different constant
C > 0, independent of T', mg and mq,

1
U (t2,m0) — U™ (t1,mo)| < C(|ts — ta]2 + [t1 — ta]),

which, in turn, implies the uniform continuity in time. |

From now on we fix a continuous map ¢ : [0, +00) x P(T%) — R, limit of a subsequence
(denoted in the same way) of the sequence (U7 + \(T —-)) as T — +oo.

Proposition 5.5. The map &(-) := &(0,-) satisfies

§o(m) < inf) {/Ot < » H* (y,a(s,y)) m(s,y)dy + f(m(s))) ds + §o(m(t))} + At.

(m,«
Proof. We first claim that £ is a viscosity solution to
—3:£=0  in[0,400) x P(T9). (5.26)

Let ® = ®(¢t,m) be a smooth test function such that £ > & with an equality only at (to, mo).
Then there exists a subsequence (t,,m,) converging to (tg,mg) and such that U™ + \(T}, —
s) — ® has a minimum at (¢,,m,). Let (my,,a,) be a minimizer for U™ (t,,m,). We consider
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u, € CY2([t,, T,] x T?) such that (u,,m,) is a solution to the MFG system (5.18) and a,, =
D,H(x, Duy). Then, by Lemma 6.1, we have

— 01D (tp, M) — A + /Td(H(y, Duy(tn,y)) — Auy(tn, y))my(dy) — F(my) = 0.

By Lemma 5.2 and Proposition 5.3, we have, given € > 0,

/Ed(H(y’ Dun(tmy)) - Aun(tmy))mn(dy) - ‘F(mn) <A+ &,

for n large enough. So
—6,5(I>(tn,mn) = —€.

We obtain therefore, after letting n — +00 and then € — 0,
—@‘I)(to,mo) = 0.

This shows that £ satisfies (5.26) holds in the viscosity solution sense.

We now prove that (5.26) implies that ¢ is nonincreasing in time. Fix mg € P(T¢) and assume
on the contrary that there exists 0 < ¢; < t2 such that {(¢1,mp) < §(t2,mp). Let ¥ = &(m)
be a smooth test function such that ¥ > 0 on P(T%)\{me} with ®(mg) = 0. Then, we can find
n > 0 small such that, if m; and msg are such that £(¢1,-) + 7~ ¥ has a minimum at m; and
(t2,+) + 71 has a minimum at mg, then &(t1,m1) < &(t2,m2). Note that this implies that

min &(ty,m) + 07 0 (m) = E(t,ma) + 07 W (ma)
meP(T9)
< E(tz,mo) + 0 W(mg) = min &(ty,m) + 0 U (m).
meP(T?)
Recalling that & is bounded, this implies that we can find € > 0 small such that the map
(t,m) — &(t,m) +n~ W (m) + et has an interior minimum on [t1, +00) x P(T%) at some point
(t3,m3) € (t1, +00) x P(T). This contradicts (5.26).

Now that we have proved the monotonicity in time of £ we can finally show the statement of

the proposition. We have that U7 verifies the following dynamic programming principle

t

U (0,me) = (inf) {/ H* (z,a(t,z)) dm(t) + F(m(t))dt + UT (¢, m(t))} . (5.27)
m,x 0 Td

Then, adding on both sides AT and passing to the limit T" — 400, one easily checks that &

satisfies

gom) = it { [ ( [ () s o)+ Flon(s) ) s+ gt m(0) § +

(m,a)
Using the fact that & is nonincreasing in time we get the desired result. |

Before we can prove that & is a corrector function we need to state some standard properties
of 75, : CO(P(T9)) — CO(P(T?)) which is defined as follows. For h > 0 and ® € C°T?) we set

h
(o) = int { [ [ 1 o) misndy + Fon(s)) ) ds + wmo) | + 20
m,x 0 Td
where (m, «) solves in the sense of distribution
—0ym + Am + div(ma) =0 in [0, ] x T¢
m(0) = my.
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Lemma 5.6. The function 1, verifies the following properties
1. For any h1, ha > 0, Th, © Thy = Thy+hy
2. For any h > 0, 73, is not expansive, i.e. for any ®, ¥ e COP(T9))

|7 ® = T ¥]loo < [[@ = Wlop.

3. For any h > 0, 73, is order preserving, i.e. for any ®, ¥ e COP(T?)) such that ® < ¥,

7h® < V.

4. Let ® € COP(T)) be such that, for any h > 0, ® < 7,®. Then, for any 0 < hy < ha,

& <7, ® <7,
Proof. The proof is standard, see for instance, in a closely related context, [15]. |

Theorem 5.7. & is a corrector and UT (0) + AT converges uniformly to & on P(T?).

Proof. The proof follows closely the one of [15, Theorem 6.3.1]. We define U7 (¢t,m) = UT (t,m) +
AT —t). Let T,, —» +00 be a sequence such that U converges locally uniformly to £ on
[0, +0) x P(T?). We can suppose that, if we define s,, = T),4+1 — T}, then s, — 400. Note that
aT"“(sn,m) = Z/N{T”(O,m). Then, using (5.27), we get

L?T"+1(O,m) = TsnﬁT”“(sn,m) =T aT"(O,m).

n

We also know from Lemma 5.6 that 73, is a contraction and that it verifies the semigroup property.
Therefore,

< [[éo = U (0)]oo + [UT+1(0) = &oflo0 — O,

Moreover, Proposition 5.5 and Lemma 5.6 prove that 75§y is monotone in s. Then, for any
s > 0, we have that, for a sufficiently large n € N,

&o < 150 < 75,80 — &o,

which proves that 7:£y is constant in ¢ and so &y is corrector function. It remains to check that
the whole sequence U (0) converges to &. Let T > Tj,, then

U7 (0) = &olloo = [mr—r, U™ (0) = 771, €000 < |U™(0) = E0}o0 — 0

and the result follows. [ |
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5.2 Convergence of optimal trajectories

Now that we have proved the convergence of U7 (0,-) + AT to a corrector function y, we can
properly define the limit trajectories for time dependent MFG and the set where these trajectories
lay. We will show that this set is a subset of the projected Mather set M as was suggested in
[30]. We recall the definition of M.

Definition 5.8. We say that mg € P(T¢) belongs to the projected Mather set M < P(T%) if
there exists a calibrated curve (m(t), a(t)) such that m(0) = my.

Remark 5.1. Note that the notion of projected Mather set that we use here is consistent with the
one that was already introduced in [30]. On the other hand, Definition 5.8 is not the transposition
of the definition of projected Mather set that is generally used in standard Weak KAM theory. In
this latter case the projected Mather set is the union of the projection of the supports of Mather
measures on the torus. What we call here projected Mather set would be rather the projected Aubry
set or the projected Mané set (we refer to [16] and [15] for these definitions). We decided to use
Definition 5.8 mostly to be consistent with the terminology in [30]. Moreover, it is worthwhile
to mention that in the standard theory the Mather set and the Aubry set are deeply connected
while in this framework such a relation is no longer clear. In particular, in standard Weak KAM
theory the Mather set is contained in the Aubry set (where the latter is defined as the intersection
of graphs of calibrated curves). One can check this inclusion defining a calibrated curve, starting
from any point of the Mather set, through the Lagrangian flow. In the MFG setting, the lack of
uniqueness of solutions and the forward/backward structure of the system prevent from defining
any sensible notion of flow. Moreover, an other important difference, that highlights how the
connection between Mather set and Aubry set is not clear in the MFG framework, is that, on the
one hand, we know that calibrated curves lay on smooth probability measure but, on the other, we
know nothing about the regularity of Mather measures’ support points (reason why we introduced
the notion of "smooth" Mather measure).

We recall also that a couple (m, @), which satisfies —dym(t) + Am(t) + div(a(t)m(t) = 0 for
any t € R, is a calibrated curve, if there exists a corrector function y : P(T¢) — R such that, for
any t; < tg € R,

t2

X)) = Mt =)+ [ [ B (0.6(s) dis) + Flm(s))ds + x(m(t2).
1

We fix (m?,al) a minimizer for UT (=T, mg). As usual of = D,H (z, Dul) where (a?, m7T)
solves (5.18) on [~T,T] x T¢. We define u’ (t,z) = a’ (t,z) — u?(0, %), for a fixed z € T?. We
know from Lemma 5.1 that D?a’ and s’ are uniformly bounded. This means that u’ and
DuT are uniformly bounded and uniformly continuous on any compact set of R x T?¢. Therefore,
we have that up to subsequence u” converges to a function u € CH2(R x ’]I‘d). The convergence,
up to subsequence, of m” to a function m € CO(R,P(T?)) is ensured again by Lemma 5.1 and
the uniform C'z ([0, T], P(T%)) bounds on m” therein. It is standard that the couple (u,m) solves
in classical sense

—0iu — Au+ H(z, Du) = F(x,m) in R x T¢,
—0ym + Am + div(mD,H (z, Du)) =0 in R x T%.

As by product we have that (m?,a’) uniformly converges on compact sets to the couple

(m, DpH (z, Du)). Moreover, if we define a = D,H (z, Du), then (m,a) solves —dym + Am +
div(ma) = 0. We can now prove that (m, «) is a calibrated curve and therefore that M contains
the uniform limits of optimal trajectories.
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T o) con-

Theorem 5.9. Let (m”, a™) be an optimal trajectory for UT (=T, mqg). Then, (m”,
verges, up to subsequence, to a calibrated curve (m,«). Consequently, m(t) € M for any t € R.

Proof. As we have already discussed the convergence of (m”, a®) to (m, a) we just need to check
that (m,«) is a calibrated curve. We fix t; < to € R, then, by dynamic programming principle,

UT (b, mo) +M(T—t1) — /t N /T H (2,07 (5)) dm” (5)+ F " () ds +U" (12, m" (1)) + AT 1),

We recall that UT (t,mq) = UT~(0,mg). Given the continuity of U7 (0,-), the uniform conver-

gence of (m”,a”) on compact subsets and the uniform convergence of U7 (0,-) + AT to x(-), we

can pass to the limit in 7" and we get that, for any interval [t1,t2], the couple (m, «) verifies

X)) = [ [ @ a(9) dm(s) + Fln(s)ds + x(m(t2) + Alta 1),

So (m, ) is a calibrated curve. [ |

6 Appendix

6.1 A viscosity solution property

Lemma 6.1. Let ® = ®(t,m) be a smooth test function such that UT — ® has a minimum at a
point (tyg,mg) € [0,T) x P(T%). Let (u,m) be a solution of the MFG system (5.18) starting from
(to,mo) and such that (m, DpH (x, Du(t,x)) is optimal for U(to, mo). Then

D, ®(to, mo, x) = Du(tg, z) for mg—a.e. x € T¢ (6.28)
and
—01®(tg, mo) + / (H(z, Du(tg, z) — Au(to, x))mo(dz) — F(mg) = 0. (6.29)
Td

Proof. Without loss of generality we assume that ®(tg,mq) = U7 (ty,mo). Let m/(ty) € P(T?)
and m’ = m/(t) be the solution to

atm/ — Am/ — diV(m/DpH(xa Du(t7 $)) =0.

We set pu(t) = m/(t) —m(t) and, for h € (0,1] and note that the pair (m + hu, DpH (x, Du(t, z))

is a solution to —dym + Am + div(ma) = 0 with initial condition m# := (1 — h)mg + hm/(to).

Hence, by the definition of ® and U’ we have

(I)(to, mg) < Z/{T(t(), mg)

T
< /t ( » H*(z, DpH (2, Du(t, x)))(m + hu)(t, dz) + F((m + hp)(t))dt

T
< D(tg, mo) + h(/t [Ed(H*(x, DpH(z, Du(t,x))) + F(x,m(t)))u(t, dz)dt + oh(1)>.

Next we use the equation for v and then for u:
T
| @ Dy Dutt ) + Fom(e))ae, da)e
to JTd
’ T
= / / (H*(x, DpH (x, Du(t, x))) — dru — Au + H(z, Du(t, z)))pu(t, dx)dt
to Td

:/ u(to, z)u(to, dx) :/ u(to, z)(m'(to) — mo)(dx).
Td Td
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Plugging this into the estimate of ®(to, m?) above, we obtain, dividing by h and letting h — 0,

/ M(m’(to) —my)(dz) </ u(to, z)(m' (to) — mo)(dz).
Td

om Td

Recalling the convention (1.8) on the derivative and the arbitrariness of m’(ty), we infer, by
choosing Dirac masses for m/(tp), that

0D(t
M < u(to,x) — / u(tO’ y)mo(dy) Y e Td,
om T
while
0@ (tg, mg,x
/ (050)m0(dx) = / (u(to,x) —/ u(to,y)mg(dy)> mo(dz) = 0.
T¢ m Td Td
Therefore S0t
W = u(to,l‘) —/ u(to,y)mo(dy% mo—a.e. T € Td.
m T4
This shows that the map 2 — w — u(tg, ) has a maximum on T? at mg—a.e. x e T¢

and thus (6.28) holds.
As UT satisfies a dynamic programming principle and U7 — ® has a minimum at (to, mq), it
is standard that ® also satisfies

—0y®(tg, mp) + H(x, Dy, ®(to, mo, z))mo(dz) — / divy Dy, ®(to, mo, x)mo(dz) — F(mg) = 0.
Td Td

Using (6.28) one then infers that (6.29) holds. [ |

6.2 Smooth test functions

Here we fix a corrector x and construct a smooth function that touches y from above. We fix
mg € P(T?) and 7 > 0. We know from [30, Appendix| that, if (m, @) verifies

2T
x(mg) = / H*(z,a)dm(s) + F(m(s))ds + 2AT + x(ma,), (6.30)
0o Jrd
then there exists a couple (@,m) which solves the MFG system
—dwu — Au+ H(xz, Du) = F(x,m) in T4 x [0, 27],
—0ym + Am + div(mD,H (x, Du)) = 0 in T¢ x [0, 27], (6.31)
m(0) = my,

such that & = D, H (x, Du).
For any m; € P(T?) we define m(t) and a(t) as follows. We first consider 7 solution of

{—atm + Aiin + div(imDyH(x, Da)) = 0 in [0,7] x T¢ o)

’I’?L(O) =ma
and then we set

m(s,z) =

{M(s,x), if s € (0,7]

T=Sp(s,z) + =Im(s,x), if s e [r,2r7].

T
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Let ¢ : [0,27] x T? — R be the solution to A((t) = m(t) —m(t) so that [, ((s,z) = 0. Then,
the drift « will be a(t, z) = DpH (z, Du(t, x)) + frcn((ifc)) in [7,27] and a(t,z) = DpH (x, Du(t, z))
elsewhere. ’

We define the function ¥(m;) as

2T
W(my) = /O | alt))dm(e) + Fn(0)de + 247 + x(m(27). (6.33)

Proposition 6.2. The function U : P(T?) — R defined in (6.33) is twice differentiable with
respect to m with C? continuous derivatives in space and with derivatives bounded independently

of x.

Proof. We first introduce T' : R* x T¢ x R* x T¢ — R, the fundamental solution of (6.32), i.e.
I'(-,-;s,x) is the solution of (6.32) starting at time s with initial Condition L(s,y;s,2) = d.(y).
Then, by superposition, the solution m(t) of (6.32) is given by m(t,z) = [pa T'(t,x;0,y)m(dy)
(for t > 0).

We consider separately the following two integrals:

Ii(mq) = /0 ' | a(e)dme) + Fm(@)di (6.34)

and .
Ly(my) / [ @ 0(t)dm(1) + Flm()dr

Note that ¥ = I} + I + 27 + x(m(27)).
If we plug I into (6.34), then

L(my) = /0 /T [ H (0, G (2,0, ) (dy)dodt + F </TdI‘(t,-,0,y)m1(dy)> dt

We can now derive I; with respect to m; andwe get

&(ml,y) =/ H*(z,a(t)l(t, 2,0,y d:zdt—i-/ / I'(t,z,0,y)dzdt.
om 0 Td Td

As the functions @ and m are smooth, standar results in parabolic equation ensures that
011 /dm(my,-) is smooth (see for instance Chapter 4§14 in [26]).

We now focus on Iy. We fix G : T* — R the kernel associated to the integral representation
of the solution of the Poisson equation (see for instance |1, Theorem 4.13|). Explicitly, if A¢ = f,
then

()= [ Gx—y)f(y)dy

Td

We first analyse the integral f Jpa H* (z, o(t))dm(t), which explicitly becomes

/TQT /Td H* <x,DpH(:c,Du) + o7 = S)me G _T)m> (ZTT_ Sm(s,:c) + 2 ; Tm(s,x)) .

If we derive the above expresion we get
1 /2T/ —DpH*(a) G(‘T — Z)DZFO(ta 2 y)m(i’;{fz —;)(T — S)Fo(t, 5 y)DC(tv .’E) drdz
d JTd ,
B s (6.35)
+— / / H*(a) (21 — s)To(t, z; y)dzdz.
T Jr Td JTd
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Therefore (ml, y) is equal to

1 [ B * (o G(x — z)D.To(t, z;y)m(t,z) + (1 — s)To(t, x;y) D (L, x)
/ /Td Td DpH ( ) m(t,m)

1 2T 1 2T
/ / H*(z,a)(21 — $)To(t, x;y)dedz + — / / (21 — s)F(z,m(s,z))To(t, x; y)dxdt
T Jr Td JTd T Jr Td

dxdzdt+

and
ow ol

(1, y) = St (ma,9) + 52 )

Note that, as in the above expression we are looking at a time interval bounded away from
zero, the parabolic regularity ensures that all the functions therein are smooth with respect to
the state variable. This implies that also D,V is well defined.

We omit the proof for second order derivatives. It does not present any further difficulties.
Indeed, the parabolic regularity, enjoyed by the solutions of the MFG system at any time t > 0,

ensures that we can deploy the same kind of computations that we used in (6.35) and so that
both D2, ¥ and D?ny\I/ are well defined and bounded. |

Lemma 6.3. For any mo € P(T%), there exists a function W e C?*(P(T?)) such that ¥(m) >
x(m) for any m # mq and ¥(mg) = x(mo).

Moreover, we can choose ¥ such that D%, ¥ and D;m\i' are bounded independently of x and
with Dy, ¥ (mg, ) = Du(0, ) where @ is deﬁned in (6.30) and (6.31).

Proof. Let {¢n}n be a countable collection of C®(T%) maps such that {¢,}, is dense in the set
of Lip; (T%), which is the set 1-Lipschitz function on T¢. Then,

d(m,mp) = sup f(x)(m —mg)(dz) =sup [ ¢n(x)(m —mo)(dz).
feLip, (T4) J T neN Jd

We define @ : P(T?) — R as follows

(fipa S (@) (m — mg)(dz))”
(1 + 12([énlloo + [D2¢nfloc + 1)

The denominator in the above fraction ensures that @ is well defined for any m e P(T4).
Note that Q(m) = 0 if and only if, for any n € N, [, ¢n(x)(m — mg)(dz) = 0. In this case,
d(m,mg) = 0 and so m = mg. One easily checks that @ is smooth and that its derivatives

(J7a dn(@)(m —mo)(dz)) Den(y)

Q(m) = )

neN

mQ(m y = 2% n+ 1)2(” HOO + HD2¢nHOO + 1) s
x)(m—m “fn
yQ(my —22 (Jza En(@)( 0)(dz)) D¢n(v)

(n+ 1*(I¢nlo + [ D?¢nlloc +1)

neN

and
) B ngn(y) ®D¢n(z)
Dy Q(m,y, z) = ;\1 (n 4+ 1)2(|onlw + | D2n]oo + 1)

are bounded. Note also that D,,Q(mq,y) = 0 for any y € P(T¢). We can now define
U (m) = ¥(m) + Q(m),

27



where U is the function defined in (6.33). By construction, U is such that ¥(m) > x(m) for any
m # mgo and W(mg) = x(mo). Moreover,

DY (mo,y) = Dy ¥(mo,y) + DimnQ(mo,y) = Dy ¥ (mo,y) = Di(0,y).

The boundedness of the derivatives comes from Proposition 6.2 and the properties of ) that we

discussed above. |
References
[1] Thierry Aubin, Some nonlinear problems in riemannian geometry, Springer Science & Busi-

2]

13l

[4]

[5]

[6]

7]

18]

19]

[10]

[11]

[12]

[13]

[14]

ness Media, 2013.
V. I. Bogachev, N. V. Krylov, M. Rockner, and S. V. Shaposhnikov, Fokker-planck-

kolmogorov equations, vol. 207, American Mathematical Soc., 2015.

Ariela Briani and Pierre Cardaliaguet, Stable solutions in potential mean field game systems,
Nonlinear Differential Equations and Applications NoDEA 25 (2018), no. 1, 1.

P. Cardaliaguet, Long time average of first order mean field games and weak kam theory,
Dynamic Games and Applications 3 (2013), no. 4, 473-488.

P. Cardaliaguet, Francois D., J.-M. Lasry, and P.-L. Lions, The master equation and the
convergence problem in mean field games, arXiv preprint arXiv:1509.02505 (2015).

P. Cardaliaguet, P. J. Graber, A. Porretta, and D. Tonon, Second order mean field games
with degenerate diffusion and local coupling, Nonlinear Differential Equations and Applica-
tions NoDEA 22 (2015), no. 5, 1287-1317.

P. Cardaliaguet, J.-M. Lasry, P.-L. Lions, and A. Porretta, Long time average of mean field
games with a nonlocal coupling, STAM Journal on Control and Optimization 51 (2013),
no. 5, 3558-3591.

P. Cardaliaguet, J.-M. Lasry, P.-L. Lions, A. Porretta, et al., Long time average of mean
field games., NHM 7 (2012), no. 2, 279-301.

René Carmona and Frangois Delarue, Probabilistic theory of mean field games with applica-
tions i-1i, Springer, 2018.

M. Cirant and L. Nurbekyan, The variational structure and time-periodic solutions for mean-
field games systems, arXiv preprint arXiv:1804.08943 (2018).

Marco Cirant, On the existence of oscillating solutions in non-monotone mean-field games,
Journal of Differential Equations (2019).

A. Fathi, Solutions kam faibles conjuguées et barrieres de peierls, Comptes Rendus de
I’Académie des Sciences-Series I-Mathematics 325 (1997), no. 6, 649-652.

, Théoreme kam faible et théorie de mather sur les systemes lagrangiens, Comptes
Rendus de I’Académie des Sciences-Series I-Mathematics 324 (1997), no. 9, 1043-1046.

, Sur la convergence du semi-groupe de laz-oleinik, Comptes Rendus de 1’Académie
des Sciences-Series I-Mathematics 327 (1998), no. 3, 267-270.

28



[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

28]

[29]
[30]

[31]

, Weak kam theorem in lagrangian dynamics preliminary version number 10, by CUP

(2008).

Albert Fathi, Weak kam theory: the connection between aubry-mather theory and viscos-
ity solutions of the hamilton-jacobi equation, Proceedings of the International Congress of
Mathematicians, vol. 3, 2014, pp. 597-621.

Rita Ferreira and Diogo A Gomes, On the convergence of finite state mean-field games
through ~-convergence, Journal of Mathematical Analysis and Applications 418 (2014),
no. 1, 211-230.

Wilfrid Gangbo and Adrian Tudorascu, Lagrangian dynamics on an infinite-dimensional
torus; a weak kam theorem, Advances in Mathematics 224 (2010), no. 1, 260-292.

, Weak kam theory on the wasserstein torus with multidimensional underlying space,
Communications on Pure and Applied Mathematics 67 (2014), no. 3, 408-463.

Diogo Gomes and Levon Nurbekyan, On the minimizers of calculus of variations problems in
hilbert spaces, Calculus of Variations and Partial Differential Equations 52 (2015), no. 1-2,
65-93.

, An infinite-dimensional weak kam theory via random variables, Discrete & Contin-
uous Dynamical Systems-A 36 (2016), no. 11, 6167-6185.

Diogo Gomes and Marc Sedjro, One-dimensional, forward-forward mean-field games with
congestion, Discrete and Continuous Dynamical Systems - Series S 11 (2017), 901.

Diogo A Gomes, Joana Mohr, and Rafael Rigao Souza, Discrete time, finite state space
mean field games, Journal de mathématiques pures et appliquées 93 (2010), no. 3, 308-328.

Olivier Guéant, Jean-Michel Lasry, and Pierre-Louis Lions, Mean field games and applica-
tions, Paris-Princeton lectures on mathematical finance 2010, Springer, 2011, pp. 205-266.

M. Huang, R. P. Malhamé, P. E. Caines, et al., Large population stochastic dynamic games:
closed-loop mckean-vlasov systems and the nash certainty equivalence principle, Communi-
cations in Information & Systems 6 (2006), no. 3, 221-252.

O. A. Ladyzhenskaia, V. A. Solonnikov, and N. N Ural’'tseva, Linear and quasi-linear equa-
tions of parabolic type, vol. 23, American Mathematical Soc., 1988.

J.-M. Lasry and P.-L. Lions, Jeuz a champ moyen. i-le cas stationnaire, Comptes Rendus
Mathématique 343 (2006), no. 9, 619-625.

, Jeuxr a champ moyen. ii—horizon fini et contréle optimal, Comptes Rendus Mathé-
matique 343 (2006), no. 10, 679-684.

P.-L. Lions, Mean-field games. cours au collége de france (2007-2008).

Marco Masoero, On the long time convergence of potential mfg, Nonlinear Differential Equa-
tions and Applications NoDEA 26 (2019), no. 2, 15.

A. R. Mészaros and F. J. Silva, On the variational formulation of some stationary second-
order mean field games systems, SIAM Journal on Mathematical Analysis 50 (2018), no. 1,
1255-1277.

29



