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Abstract

The dynamics of mass reaction kinetics chemical systems is modeled by the
Feinberg-Horn-Jackson graph and under the ”zero deficiency assumption”,
the behavior of the solutions is well known and splits into two cases: if the
system is not weakly reversible there exists no equilibrium, nor periodic so-
lution and if the network is weakly reversible in each stoichiometric subspace
there exists only one equilibrium point and this point is asymptotically sta-
ble. By varying the temperature, one gets a single input control system and
in this article we study the problem of maximizing the production of one
species during the batch time. Our aim is to present the geometric tech-
niques and results based on the Pontryagin maximum principle to compute
the closed loop optimal solution. The complexity of the problem is illustrated

by using two test bed examples: a sequence of two irreversible reactions and
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the McKeithan scheme.

Keywords: Mass action chemical systems, Zero deficiency theorem,

Pontryagin maximum principle, Geometric optimal control

1. Introduction

Important developments in optimal control come from the Pontryagin
maximum principle [28] which combined later (in the eighties) with the geo-
metric techniques led to seminal theoretical results, see for instance [1] and
[19]. They were applied to many industrial problems in space mechanics,
quantum control [12] and an important modern application is the control of
biological and chemical systems [29].

The objective of the article is to present the techniques of this area to
analyze the problem of maximizing the production of one chemical species
[X] of a chemical network where the sequence of reactions occurs in a batch
chemical reactor and the control is the temperature. Thanks to the Maximum
Principle it can be formulated as minimizing the batch time ¢ to produce a
fixed amount [X] = d and this leads to a time minimal control problem for a
single input control system: % = f(c, T), where c is the concentrations vec-
tor, T is the temperature, with ¢(0) = ¢y and ¢(t;) € N, N being the terminal
manifold: {[X](¢f) = d}. The dynamics model under the mass action kinet-
ics assumption produces, at constant temperature 7', a polynomial system,
which can be deduced from the Feinberg-Horn-Jackson graph [32]. Thanks
to the so-called seminal zero deficiency theorem obtained by the contribu-

tions of Feinberg, Horn, Jackson in the 70's, the behaviors of solution can be

split in many applications into two cases. The first case is the non weakly



reversible case, and there exists no equilibrium point nor periodic trajec-
tory, an example being a sequence of consecutive reactions A - B — C'.. ..
The second case is the weakly reversible case, where under a mild additional
assumption, in each stoichiometric class there exists an unique equilibrium
point ¢* which is asymptotically stable, see [17, 20]. An example of this case

being the so-called McKeithan scheme: T+ M — A — B .
\_/

If the dynamics is simple at fixed temperature, the optimal control by
varying the temperature can be very complicated as illustrated by the follow-
ing tutorial example. The rate of each reaction using Arrhenius law depends
upon k(T) = Ae P/(BT) where A, E are parameters, the second E being

the energy of activation. Consider the following scheme A 1, B * (C of

a sequence of two first order irreversible reactions. Denoting by ¢; := [4],
¢o := [B] the respective concentrations, the dynamics takes the form:
él = —klcl, ég = lel — kQCQ, kl = Al G_Ei/(RT),i = 1, 2.

Since T'+ v(T') = ky(T') is a bijection, v can be chosen as the control vari-
able. The dynamics is irreversible and is very simple (note it is a consequence
of the zero deficiency theorem) and integrating the dynamics at constant tem-
perature leads to two situations only: k; # kg or k; = ko (resonant case).
But assume that we want by controlling the temperature to maximize the
ratio: z = c¢y/c;. This leads to maximize z(ty) where [0,%s] is the batch
duration. Using the dynamics: 2 = v — vz + vz, a = Ey/Ey, = Ay/AY
with 2(0) = [B]/[A]j=o which can be taken as 2(0) = 0 and v € [V, U]
is associated to T' € [T, Tn]. Denoting H = 2 (which plays the role of

Hamiltonian in the optimal problem) the problem leads to maximize H over



U € [y, vy in order to maximize z(ts). Clearly one gets three cases if @ > 1
(and one case if @ < 1): the maximum is depending upon z and can be either
v = U, ¥ = vy or an intermediate value v = v, called singular in optimal
control defined by: %—Ij =1-afv*lz+2=0.

In this case a simple graph analysis of H tells us that an optimal policy can
be of the form oy,0:0,, where oy, 04, 0, being arcs associated to v, vs, Uy,
respectively, o0, representing an arc oy followed by oy. This corresponds
on [0, ] to the concatenation of the controls vy, v, V.

A similar analysis in the case of @ < 1 leads to the optimal control:
v = vy over [0, ], associated to maximal temperature T);.

From this example we deduce two facts. The first one is that the optimal
policy depends upon a = Ey/F; v.s. ky/ky for the dynamics at constant 7T'.
Second, the discussion depends upon the competition between the Hamilto-
nians H associated to v,,, vy, vs, to provide the maximum of H. This second
point will give the geometric frame to perform the analysis in relation with
singularity theory: competition between Hamiltonians dynamics to compute
the optimal solutions, see the earliest seminal contributions [16, 22]. In par-
ticular, the complexity of the problem is directly illustrated by the two test
bed cases.

The organization of the article is the following. In section 2, the mathe-
matical model is recalled based on the Feinberg-Horn-Jackson graph and the
zero deficiency theorem is precisely stated [17, 20] and we present the two
test bed cases, in particular the McKeithan network [30, 27]. The section
3 is devoted to the Pontryagin maximum principle and the classification of

the solutions into regular and singular solutions. The general properties are



discussed, based on [22] in the regular case and [8] in the singular case. This
leads to compute time optimal sequences useful in our study, based on ba-
sic concepts of singularity theory, in particular semi-normal forms [26]. The
section 4 presents the main technical tool to handle the problem that is sin-
gularity theory and classification of the optimal syntheses based on [10, 9].
This is applied in section 5 to discuss the optimal syntheses for the two test
bed cases. In the final section we discuss in conclusion the mathematical and

computational obstacles to complete our study.

2. Mathematical model and the zero deficiency theorem

In this section, we make a brief presentation of the model with main
properties based on the seminal works of Feinberg-Horn-Jackson in the 70’s.
For more details, references are the earliest articles [17, 20] and [30, 2] for

more recent contributions.

2.1. Mass action kinetics and the Feinberg-Horn-Jackson graph

We consider a set of m chemical species { X7, ..., X,,}, and the state of
the dynamics is the vector ¢ = (¢1,...,¢,) € RY, representing the molar
concentrations. Let R be a set of reactions, each reaction being denoted

y — v’ and is of the form:

Xm:aiXi — Zm:@Xz )
i=1 i=1

where «y, f; are the stoichiometric coefficients and the vectors y = (aq, ..., am)T
and v = (B1,...,0n)7 are forming the vertices of the so-called Feinberg-

Horn-Jackson oriented graph associated to the network, edges being oriented



according to y — /. Each reaction y — ¢’ is characterized by a reaction rate
K(y — ') and the system is said simple (or mass kinetics) if the rate of the

reaction is of the form:

K(y =) =k(T)¢, (1)
=" e (2)

and
k(T) = Ae~F/(RT) (3)

is the Arrhenius law, A is the exponential factor, F is the activation energy,
both depending on the reaction, R is the gas constant and 7' is the tem-
perature. Note that another rate formulae can be used in particular to deal
with biomedical systems (see for instance [30]). One can label the sequences
of reaction R by i = 1,...,n and this is defining a set of (increasing) func-
tions of the temperature denoted k;(T),i = 1...n, each defined by a set of
parameters (A;, E;) forming the set A.
The dynamics of the system, taking into account the whole network is:
e(t) = fle(®),T)= > Kly—y)y —y). (4)
y—=y'€R
Note that if the reactor is fed at some constant rate r, the more general

dynamics takes the form

e(t) = fle(t),T)+r ((c(l), L L c(t)) . (5)

where (c,...,c) are the fixed concentrations of the feeding reactor. This

r m

led to a more general system which can be set in an unique frame of chem-

ical network (introducing additional reaction), but in this article, from the
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purpose of control theory, we shall consider only the case (4) which is called

the batch (or closed) case.

2.2. More explicit representation of the dynamics and the zero deficiency

theorem

First of all, we introduce the so-called stoichiometric subspace S = span{y—
Y, y —y € R} and the set (c(0) + S) NRZ, are called the (strictly if > 0)
positive stoichiometric compatibility classes. From (4) it is clear that S is

invariant for the dynamics but more precisely one has.

Lemma 1 ([2]). Let ¢(t) be a solution of (4) with initial condition in c(0) €
R7,. Then c(t) € RZ, for allt > 0.

Before to state our theorem the dynamics has to be rewritten using the

following concepts.

e Having labeled the set of vertices by ¢ = 1, -, n, whose corresponding

stoichiometric vectors (y1, - . ., yn), the complez matrizis Y = (y1,...,Yn)

e The incidence connectivity matriz: A = (a;;) contains the Arrhenius
coefficients k; of the reactions using the rule: k; = as; indicating a

reaction with constant k; from the first node to the second, that is

ylgy2~

With the mass kinetics assumption (see [30] for extension) the dynamics (4)

can be expressed as

c(t) = f(e(t), T) =Y Ac" (6)



where A is the Laplacian matriz in graph theory defined by
A =A- dlag (Zaﬂ,. . .,Zam>
i=1 i=1
and we denote:

o= (A )T

2.8. Examples in the two test bed cases

Case 1: Sequence of N first order reactions. A *, B *, C ...

(c1,..., eyg1) € RNTL and the dynamics takes the form:
k0 e 0
¢ ki —ko 0 1
= 0 ko
CN e T . 0 CN
0 - 0 ky1 —kn

Let ¢ =

One can introduce the normalized concentration ¢;/(¢1(0) + ... + cny1(0)),

so that ¢; € [0, 1]. Observe also that the ¢y evolution can be deleted and

this amounts to restrict to the stoichiometric class.

For the case A ", B ¥ (C further normalizing coordinates are:

r=Incy, y=cy/c1, v="F
and the dynamics takes the form:
T=-v, y=v— Py +vy, v=u,

where a = Ey/Ey, f = Ay/AS.

(10)

(11)



Equations can be extended to a more general scheme:

of N consecutive irreversible reactions of order n;. We obtain the following

matrices:
0 0
kt O 0
Y =diag(ny,...,nny1), A=|0 k 0 -+ 0

k
Introducing "reversibility” A <:>1 B *, C leads to
k3

él = —vcy + 51)0[62

(12)
. /
¢y = vey — Puvicy — B ey

where a = Eg/El, o = EQ/El, ﬁ = A3/A(1X, ﬁ/ = A2/A(1)/.

Case 2: McKeithan scheme ([30, 27]). 1t is given by:

k Epo Epa kpn
T+ M~ Cy—Ch—= - =5 Cy |
~




The matrix Y is defined by:

1 0 0

1 0

v — 0 1
1 0
0O ... ... 0 1

and the matrix A = (a;;) is defined by: axn = ki, a1; = k_1,2 @ =
2,...,m(m=N+42),a;,1 =kpis, i =3,...,m and all others q; ; = 0.

The stoichiometric subspace is defined by S = {c; T+ Cy+ ...+ Cy =
M+Cy+.. +Cy =0} and let 6 = TH+Co+. . . +Cy and §y = M+Cy+.. +Cly
the constant associated to first integrals.

Consider the case N = 2 so that the reaction scheme is denoted
T+ M ¥, B * (¢ and restricting to the stoichiometric class (d; and &,

~__
N4
k4

fixed), one gets with z := [A], y := [B] the dynamics

t=k (01 —x—y)(0s —x—y)— (ka+ k3)x (13
y="kox —kyy.
The Zero Deficiency Theorem [17, 20]
Definition and notation. Using graph theory concepts we introduce the fol-
lowing: the deficiency of the network is: § = n — [ — s, with n = number
of vertices, [ = number of connected components and s = dimension of the
stoichiometric subspaces. The network is called weakly reversible if for each

pair (i,j) of vertices such that there exists an oriented path joining i to j

there exists a path joining 7 to 1.

10



Theorem 1. Let any simple reaction network of deficiency zero.

(i) If the network is not weakly reversible, then for arbitrary kinetics, the
differential equation cannot have a positive equilibrium nor a periodic

trajectory that is contained in RZ,

(i1) If the network is weakly reversible, there exists within each strictly
positive stoichiometric compatibility class precisely one equilibrium c*,
the equilibrium is locally asymptotically stable with (pseudo-Helmholtz)
Lyapunov function V(c,c*) = > . [ci(Inc; —Incf — 1) + ¢f]. Moreover,

there is no non trivial periodic orbit.

Remark 1. Note that properness of V' like in the McKeithan network led to
global stability property (see [2]) and the proof of the existence of equilibrium

related to the Perron-Frobenius therorem [30)].

2.3.1. Application
e Case 1 A M, B * C:6=3-1-2=0 and the network is not

weakly reversible.

e Case 2 TH+M M A * B. § =3—-1—2 = 0. The network is

N
W
k4
weakly reversible. Equilibrium can be easily found from (13) by solving

=9y =0 and we get.

Lemma 2. Let (61,09) € Rf fized. There exists a unique equilibrium point
Xeg = (2°,y°) € R% for the system (13) given by

C9Gkiks, 2000kks
“Atoa+p Y T ATs,a+8

xe

11



where o = ]{71 (k’Q + k4), 6 = k4 (k’z + ]{73), 5m = (51 - 52, 5p = (51 —|—52 and
A = /02,02 + 20,3 + (2.

Proposition 1. Take the equilibrium point X.,. The linearized system at

Xeq 18 defined by the matriz

—kz(kz-i—kg)—A k:4(k:2+k‘3)—A
L — ko+ka ko+ka

ks —ky

We have det L = A > 0 and Tr L = — (% —i—k‘4> < 0. The point

Xeq 15 globally asymptotically stable and
o if (TrL)? —4det L <0, then X, is a stable focus (see Fig.1 (left)),

o if (Tr L) —4det L > 0, then X., is a stable node (see Fig.1 (right)).

TrL? —4detL <0 TrL* — ddetL >0

Figure 1: Phase portrait for the McKeithan model. (left) Focus; (right) Node.

3. Pontryagin maximum principle and extremal curves

3.1. Statement and notation for the optimal control problem

The system is written as % = f(¢,T') and controlling the temperature

leads to T' € [T}, T]. In practice, thermodynamics has to be used to model

12



the heat exchanges, in relation with the heat produce by the reactions [32]
or the heat exchange model used in the experiments. To avoid this part of
the study and without loss of generality for the mathematical point of view,
we shall choose © as the control variable, where v is defined by v = k;(T)

for some reaction i. This leads to deal with the single-input affine control

System:
q(t) = F(q(t)) + u(t) G(q(t)) (14)
where ¢ = (c,v) € R", F = F(c, U)%, G = %, u_ < u < uy and the bounds

v € [Um, var] will not be taken into account. Note that the map : v +— 0 is the
standard Goh-transformation in optimal control and plays an important role
(see [6]). We choose the labeling such that the optimization of the production
is given by:

max ¢ (ty) (15)

where t; is the time duration of the batch time. An equivalent formulation

will be (thanks to the maximum principle)
min tf, Cl(tf) = d,

where d > 0 is the desired amount of the species [X;] during the batch

duration t;.

3.2. Maximum principle [28]
3.2.1. Geometric preliminaries

Consider a single-input control system: ¢(t) = f(q(¢),u(t)), ¢ € R",
f real analytic and the set of input is the set U of bounded measurable

mappings u : [0, t7(u)] — [—1,+1]. Fixing ¢(0) = go we denote by q(-, g0, u)

13



the solution associated to u(-) and starting from ¢(0). The accessible set in
time ty is the set: A(qo,ty) = Uuyq(tys, qo, u), image at time of the extremity
mapping: E - U S u(-) — q(ty, o, u) € R™. The set of inputs is endowed
with the L*—norm topology. The Maximum Principle is a parametrization

of the boundary of accessibility set.

3.2.2. Needle or Weierstrass variations. First order Pontryagin cone Ky (ty)

Take u(-) € U such that the solution written shortly ¢(-) is defined on
[0,2f] and let ¢ be a Lebesgue time on [0,ts]. A needle variation of u(-) with
data (t,v,¢) is the L' perturbation defined by: u. = v on [t — ¢, t] and equal
to the control u(-) elsewhere with ¢ > 0 and v constant € [—1,+1]. We
shall denote in short by ¢.(-) the response to u. (starting at time 0 from ¢o).
Consider at final time ty, the curve € — ¢.(ty). The first order Pontryagin
cone Ki(ty) is the smallest conver closed cone containing tangent vectors
d%\g:oqa(tf) for all perturbations. The key point of the Maximum Principle
is to use the Pontryagin cone as an approximation of the accessibility set, see

[28].

3.2.3. Statement of the Maximum Principle

One needs the following. The pseudo-Hamiltonian or (unmaximized)
Hamiltonian is H(q,p,u) = p - f(q,u), where p € R"\{0} is the adjoint
vector. We denote M (q,p) = max,<1 H(q,p,u).
Consider first the time minimal control problem, with ¢(0) = ¢o fixed and

q(ty) € N: terminal analytic manifold. One has.

Theorem 2. Assume (¢*(-),u*(-)) is an optimal time minimal solution on

14



[0,t%], then there exists p*(-) nonzero such that a.e. on [0,t}]

i) = %—[;’«q*(t),p*(t),u*(t)), (168)
P (t) = —%—Z(<q*<t>7p*<t>,u*<t>> (16b)
H((q"(t),p"(t),u"(t)) = M((¢"(t),p"(t)). (16¢)

Moreover t — M ((q*(t),p*(t)) is constant and non negative and at the final

time one has the transversality condition:
p(ty) L T N. (17)
Remark 2. If we replace the time minimal problem by a Mayer problem.:

min o(q(ty)), (18)

the same conditions (16b), (16¢) hold, while (17) is replaced by:

p(t) = —g—jm*(m)- (19)

Definition 1. An extremal triplet (q,p,u) is a solution of (16b), (16¢) and
it is called a BC-extremal if the transversality condition is satisfied. An ex-
tremal control is called regular if [u(t)| = 1 a.e. and singular if 22 (q, p,u) =0
everywhere. It is called exceptional if M = 0. A regular extremal is called

bang-bang if the number of switches is finite.

3.2.4. Computation of singular extremals and properties

Notations. Let X,Y be two real analytic vector fields of R, the Lie bracket
is defined by: [X,Y](q) = %—f(q)Y(q) - %(Q)X(q). The Hamiltonian lift
of X is Hx(z) = p- X(q), z = (¢,p). The Poisson bracket is defined by

{Hx, Hy }(z) = p- [X,Y](q).

15



Computation of singular extremals.

Definition 2. Let H(z,u) = p- f(q,u). The condition %QTQI >0 (resp > 0)
is called (resp. strict) Legendre-Clebsch condition. Assume f(q,u) = F(q) +

uG(q). The condition 29 = {{H; Hp}, Hg} > 0 (resp. > 0) is called

the (resp. strict) generalized Legendre-Clebsch condition.

Computation. If the strict Legendre-Clebsch condition is satisfied one

uses %—f = 0 to compute the singular control @(z) using the implicit function

theorem. Plugging such 4(z) in H(z,u) leads to the true Hamiltonian de-

92H

%z = 0 and we proceed as follows.

noted H(z). In the affine case, one has
The relation 2% = 0 leads to Hg(2) = p- G(q) = 0. Deriving twice with

respect to time along the extremal solution leads to:
Hg<Z) = {Hg,HF}(Z) = 0,
{{He, Hr}, Hr}(2) + w{{Hg, Hr}, Ho}(2) = 0. (20)

Assume {{Hq, Hr}, Hg}(2) # 0, the singular extremal is called of order 2
and the singular control u is computed as 4(z), using relation (20). Plugging
such u(z) into H(z,u) leads to a true singular Hamiltonian denoted H(z),

one has:

Lemma 3. Singular extremals of order 2 are the solutions of:

QI 2o gy
dt — op 77 At Oq
with the constraints Hg(z) = {Hg, Hr}(z) = 0. Moreover in order to be

(21)

admissible the singular control given by

ua(z) = — e Heb, Hr (2
S {({Ho, Hr}, Ho}(z
<

has to satisfy the admissibility constraints |us(z)|

; (22)
1.

16



Definition 3. Let (z,u) be a singular extremal of order 2 and M = Hp = h
the constant value of the Hamiltonian. The extremal is called exceptional if
h = 0.

If h > 0, the extremal is called hyperbolic (resp. elliptic) if {{ Hg, Hr}, Hc} >
0 (resp. <0).

Time optimality status of singular extremals for the point to point problem.
(N': single point). One needs the following seminal results based on [21] and

8], see also [6] for a tutorial presentation.

Proposition 2 (High-order maximum principle). The generalized Legendre-

Clebsch condition is a necessary small time optimality condition.
Further results need the following.

Statement of the limit problem. We consider the time minimal problem with

fixed end-point for the affine system:

dg _

i = F(q) + uG(q). (23)

The limit problem is the following:

e the constraints |u| < 1 on the control are relaxed and we admit a
specific class of impulse controls. More precisely, a trajectory is a finite
concatenations of arcs corresponding to bounded measurable controls
and finite jumps in the G direction. The set of admissible controls

extending U is denoted U'.

Assumptions. Consider the affine system ¢ = F(q) + uG(q) (u € R) and let

(g, p,u) be an extremal of order 2 on [0, ]. Assume the following on & C R".

17



(Ho) F,G are linearly independent and the reference extremal curve t —
q(t) is one-to-one. Since the concept of singular-extremal is feedback
invariant (see [4]) one may set u = 0. Let us denote by Ki(t) =
span{ad® F - G(q(t)); k € N} with ad F -G = [F,G]. Then it is
known that K (t) is the first-order Pontryagin cone along ¢(-) and the

codimension is non zero.
Moreover let us then assume that:

(Hy) YVt €[0,ts], Ki(t) is of codimension one and is spanned by the vectors:
ad® F-G(q(t), k=0,...,n—2.

(Hy) Ifn >3, Vt € [0,t5], F(q(t)) ¢ span{ad”F - G(q(t)); k =0,...,n — 3}.
Remark 3. Note Vt € [0,t/], [[G, F],G](q(t)) & Ki(t).

Theorem 3. Let (q(-),p(:),u(:)) be a singular extremal defined on [0,t]
and satisfying assumptions (Hy), (Hs). Note that the adjoint vector p is then
unique up to a non-zero factor, and for any time t in [0,t;], p(t) is orthogonal
to Kyi(t); so ((q(t),p(t)) is of order 2. Then there exists a C°-neighborhood
U of the reference trajectory q(-) such that q(-) is a time-minimizing (resp.
mazximizing) trajectory with respect to all solutions of (23) contained in U and
joining q(0) to q(ty) (the set of admissible control being U') if (q(-), p(-), u(+))
is exceptional or hyperbolic (resp. elliptic) and if t;. < 0 where ty. is the first

conjugate time to ty along q(-).
Proof. See [8]. O

Algorithm to compute conjugate times. They are described in [5] and prac-

tically implemented in the software HAMPATH [15].

18



Relation between affine and non affine case using the Goh transformation
for chemical networks. Recall that for our network: ¢ = f(c,v), v = k; is
extended into ¢ = F(q) + uG(q), F = f(c,v) 2, G = £ with ¢ = (c,v).
Denote H = p. - f(c,v) and H = p- (F(q) + uG(q)), p = (P, pv). One has

the following relation between the corresponding singular extremals.

Lemma 4. The pair (q,p) is solution of:

._OH . 0H 0H _
q_ ap? p_ 8q7 au -
if and only if p, = 0 and (c, pe,v) is solution of:
.o . oH aﬁ_o
CTop T 0 v

and moreover the following relations are satisfied

d OH OH

— 2 —(Hp Hy) = ——— 24

dt ou {Hr, Ho} ov (24)
o d2 OH 02 H

pudr oy ~ o Hrh Heb==%5-

In particular (25) relates the Legendre-Clebsch and the generalized Legendre-

(25)

Clebsch condition of both systems.
Computation in small dimensions.
e n = 2. Note ¢ = (x,y). Introduce the following determinants

D = det(G, [[G, F], G]),
D' = det(G, (|G, F], F])
D" =det(G, F), D, = det(G, |G, F]).

Eliminating p leads to:

19



S: Singular arcs located in Dy = 0.

— Singular control: us(¢) = —D'(q)/D(q).

Hyperbolic: DD" > 0.
— Elliptic: DD" < 0.
e n = 3. Note ¢ = (z,v, z). Introduce the following determinants:
D = det(G, |G, F],[|G, F], G]),
D' = det(G, |G, F], [[G, F], F])
D" = det(G, |G, F), F).
Eliminating p leads to:

— Singular control: us(q) = —D'(q)/D(q).

— Singular vector fields: ¢ = F(q) — %G(q).

— Hyperbolic: DD” > 0.

Elliptic: DD"” < 0.

— Exceptional: D" = 0.

3.2.5. Small time classification of extremals. Construction of semi-normal
forms.

In this section, we present the basic results and techniques from singu-
larity theory initiated in [16, 22] to analyze small time extremals curves,
which will be the basic tool to analyze the optimal control problem. It is
the construction of semi-normal form using the action of the pseudo-group
of diffeomorphisms or symplectomorphisms, combined with specific feedback

transformations.
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Classification of reqular extremals.

Notations: we denote by o, (resp. ¢_) a bang arc with constant control
u = +1 (resp. —1) and oy is the singular arc. We denote o109 an arc oy
followed by o3. The surface ¥ : p- G(q) = 0 is called switching surface and
let ¥/ C X given by: p-G(q) =p-[G, F](q) = 0. If 2(t) = (q(t),p(t)) is an
extremal curve on [0, ts], we note ®(t) = p(t) - G(¢(t)) the switching function
(which codes the switching times). Differentiating twice with respect to time

one gets:
o (t) = p(t) - [G, Fl(a(1)), (26)
&(t) = p(t) - ([[G, F], F](q(t)) +u(t) [[G, F], G (q(t))). (27)

From this calculus we deduce.

Ordinary switching time. A time t €]0,ts] is called an ordinary switching
time and z(t) € ¥ an ordinary switching point if ®(t) = 0 and ®(t) # 0.

Clearly we have.

Lemma 5. In the ordinary case, near z(t) every extremal solution projects

onto oyo_ if ® <0 and o_oy if d > 0.

Fold case. If ®(t) = ®(t) = 0, then z(t) € ¥’. The situation is more intricate
and is technically complicated to analyze, see [22] for the details. Let u =
e, ¢ = £l and &.(t) = p(t)- ([[G, F], Fl(a(t)) + £[[G, FJ, G)(a(1)). If . (t) #
0 for e = %1, the point z(¢) is called a fold point and we have three cases

assuming >’ is a regular surface of codimension two.
Case 1: parabolic case: O, (t)®_(t) > 0.

Case 2: hyperbolic case: ®(t) > 0 and d_(t) < 0.
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Case 3: elliptic case: d,(t) < 0 and _(¢) > 0.

Denote by us(t) the singular control given by

p(t) - ([[G, F], Fl(q(t)) + us () [[G, F, G](q(t))) = 0.

From the above classification, we deduce. In the hyperbolic or elliptic
case, through z(t) if p(t)-[[G, F], G](q(t)) # 0 there exists a singular extremal
which is strictly admissible that is |us(t)] < 1. Moreover we are in the
hyperbolic case (resp. elliptic) if this quantity is > 0 (resp. < 0). In the
parabolic case, it can be absent (for instance in the linear case: F'(q) = Ag,
G(q) = b) or not admissible that is |us(t)] > 1.

One has

Theorem 4. In the neighborhood of z(t) every extremal projects onto:
e [n the parabolic case: o, 0_0, oro_o,o_.
e [n the hyperbolic case: oro04.

o [In the elliptic case: every extremal is bang-bang, i.e. of the form o, o_

o.0_ ... but the number of switches is not uniformly bounded.

Note that the elliptic case opens the road to the so-called Fuller phe-
nomenon [23, 18] where a connection with a singular arc can be realized but
with an infinite number of switches.

The general tool to analyze this situation is the concept of semi-normal
form and we shall make a simplified presentation using the planar case. Also
this will lead to extensions which will be crucial in our next section of clas-

sifications of extremals near a manifold of codimension one.
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Introducing semi-normal forms. We consider a 2D-system: ¢ = F(q) +
uG(q), g = (x,y). We note C : det(F,G) = 0 the collinearity set and
we restrict our system to U : R?\ C. Using the previous computations,
singular trajectories are located on S : det(G,[G, F]) = 0. The direction
of the adjoint vector p is obtained with p - G = 0 and using the previous
notation the singular control is us; = —D’/D. One picks a reference singular
curve o,4(t). In a CYneighborhood of this curve we can choose coordinates
q = (z,y) such that: 0 : t — (£,0) and G = a%' This leads to the following

semi-normal form:
t=14eyf?+..., g=uw—usx))+...,

where the terms ... are not relevant in our study. Note if we relax the bound
lu| < 1, we get the limit problem so that us(xz) can be set to 0 using a
feedback transformation.

Clearly the optimality status of the reference singular arc can be imme-
diately deduced from this form. If ¢ < 0, we are in the hyperbolic case and
the singular direction is time minimizing in a C°-neighborhood of the refer-
ence singular extremal and time minimizing in the elliptic case. The adjoint
vector is oriented with the convention p- F' > 0 and we deduce the standard
turnpike phenomenon characteristic of the hyperbolic situation, that is, pro-
vided |us| < 1, the optimal policy is of the form oros0.. (Note it is valid
not only for small time). It is represented on Fig.2 in the (¢, p) space. Of
course, this situation doesn’t cover the various situations encountered in the
applications. One important case being the saturation phenomenon where
|us| = 1, which will be discussed later.

Next we shall introduce the bridge phenomenon.
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p-G(qg) >0

singular y

p-G(q) <0

Figure 2: Fold case in the hyperbolic case in dimension 2 and the turnpike phenomenon

Connecting singular arcs: the bridge phenomenon. The aim of this para-
graph is to analyze the connection between singular extremals, extending
the previous classification. For the sake of the tutorial aspect we shall use a

planar semi-normal form.

10.2

CR S

b

Definition 4. A bridge is a bang arc o° connecting two singular arcs o

so that olo®c? is an admissible extremal curve.

Birth of the model. We consider the (limit) model:
t=u, y=1-2a%y

so that o : (0,%) is a singular arc which is hyperbolic if y > 0 and elliptic if
y < 0. Using the notation ¢ = F' + u G, singular trajectories are located on
S :det(G, [G, F])(q) = 0= {xy = 0}. Hence we have a ramification at (0,0)
between two singular lines: the vertical axis which can be followed with the
control us = 0 and the horizontal axis which can be followed by the "u = o0”
control.

To get our model we must bend this axis to make it tractable with a

singular control u, — oo when going to 0. This leads to the following.
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The (symmetric) bridge model. One takes

9, 9] 9,
_ 22 — —(y—1)— —
F=(1-x y)ay, G (y 1>8x —l—xay. (28)

The solutions of G are circles contained on (0, 1), note a parameter A
can be introduced using 1 — A. Also one takes the bound |u| < 1, but an

additional parameter is |u| < M. Lie brackets computations give us.

Lemma 6. The singular set S : {q; det(G,[G, F])(q) = 0} is the union of
the vertical axis (Oy) and the algebraic curve defined by: l(z,y) = z*(1 —
2y) + 2y — 4y + 2y + 1= 0.

\/ 2y3—4y2+2y+1
VETTRITYT  The

The equation [(x,y) = 0 is equivalent to x = =+ T

intersection with the vertical axis z = 0 is (O, yo), yo ~ —0.297157.
We represent on Fig.3 the two singular trajectories: the set [ = 0 denoted

L and the vertical axis (Oy) denoted L'.

of "D-D">0

Figure 3: (Oy) and L are two singular trajectories for the system (28) represented by two

continuous lines. The filled regions are the points where D - D" > 0.

Further computations lead to.

Proposition 3. The vertical singular line L' is hyperbolic for y > yo and

elliptic for y < yo. The singular line L is hyperbolic and the singular control
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along LN {z <0} is given by:

where A = —8y” + 30y° — 44y® + 38y* — 27y + 159> — 6y + 2 and B =
Vv (2y —1)(2y3 — 492 + 2y + 1) (8y® — 159> + 9y — 3).

We represent on Fig.4 this singular control showing in particular the

existence of two saturating points |u| = 1.

‘ ‘ ‘ L,
-1.0 -08 -06 R

Figure 4: Singular control u, for x < 0. There exists two saturating points.

To conclude, this leads to construct a bridge using a simple numeric sim-
ulation, see Fig.5, and an extremal solution which projects onto a,agaia[y,
see Fig.6.

Note that time minimality can be analyzed using standard discussion,
moreover mathematical estimates can be obtained near (O, y9), making A —
+00 and M — o0, see Fig.7 for the effect of A — 400 so that yo — 0 and

L tends to the horizontal axis.

Remark 4 (Geometric remark). Interaction between the two singular curves
is coded by the singularities of the flow ¢ = F(q)— %G(q) since D' +usD =

0. It can be analyzed using a time reparametrization using the dynamics:
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State solution Co-state solution
0.4

-0.2
0.3
-0.4
= -0.6 fg 0.2
-0.8
0.1
-1
0 0.5 1 0 0.5 1
t t
0 1
0.2 0.9 1 ‘ Control
—
0.4 08 :
= = 05
> 06 £0.7 o
=3 0
0.8 0.6
p 05 -05
0o 05 1 0o 05 1 § i
t t 0 0.5 1

Figure 5: Time evolution of an extremal for the problem (28) of reaching the origin in

minimal time starting from (x(0),y(0)) = (-1, —1).

Singular
Py 0.4 Line
N
SN
-0.6
-0.8

Figure 6: Trajectory associated to the extremal of Fig.5. cri is a bridge connecting two

switching points of the singular set and the singular control saturates at the point Sgq.
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20F

o,
2
LS*D . D// < E
Q
2
1.0 ||
&)
oS det(G, F) =
D -D">0
0.0 \ﬁ i
| D-D'<0

I I I I
-2 -1 0 1 2

Figure 7: (Oy) and L corresponding singular trajectories for the system (28) where G is
replaced by G = —(y — \) % +z 8% and A = 200. The dash-dotted curve corresponds to
the collinearity set. The filled regions are the points where D - D > 0.

¢ = D(q)F(q) — D'(q)G(q), with singular equilibrium in D = D" = 0. This

geometric remark is crucial for the extension to the non planar case.

4. Time minimal synthesis near the terminal manifold

The basic technical study applicable to chemical batch reactions was de-
veloped in the series of papers [7, 11, 10, 9, 24]. The problem is the following.
Consider the system: ¢ = F(q) + uG(q), |u| < 1 with terminal manifold
N = f71(0) where f: R™ — R is a submersion. One consider the following
local problem: take qo € N, compute, in a small neighborhood U of ¢ (the
size of U is not a priori known), the optimal closed control u*(q) to steer
(staying in U) from ¢ € N to N N U, in minimum time. Such a problem is
called the local time minimal synthesis, with terminal manifold. Note that

a lot of central work in this area was done in the 80's, see [31, 25, 13] when
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the terminal manifold is a point, to classify in small dimension the optimal
synthesis in relation with the Lie algebraic structure of (F,G) at the given
point go. If all those contributions are valuable in our study, we shall make
the computation explicit in the case where the terminal manifold N : f =0
is of codimension one and using also different tools, that is the construction
of semi-normal forms for the action of the pseudo-group G formed by local
diffeomorphism and feedback transformation v — —u (so that o, and o_ can
be exchanged). This technique is coming from singularity theory, see [26] for
a useful introduction of this area. Note we shall work in the C*—category,
where k& > 1 will not be precised and the semi-normal form is related to a
semi-algebraic stratification on the jets spaces of (F,G, N). One needs to

introduce some definitions and concepts.

4.1. Notations and definitions

Note that for chemical systems N : ¢; = d and the chemical species
are such that ¢;(0) < d. Hence, denotes in general N* = {(p,v); p-v =
0,Vv € T,N}. Let n be the normal to N oriented as the outward normal to
N (using the chemical model). Let z = (¢, p) be a BC-extremal, ¢ € [t,0],
t; < 0 (since we integrate backwards from the terminal manifold). A time
s is called switching time if s belongs to the closure of the switching time
on [tr,0] (in the general setting, switches can accumulate due to the Fuller
phenomenon [23]). We shall denote by K the switching points and by W the
set of switching points for minimizing curves. If W is stratified, a stratum
is of the first kind if the optimal trajectories are tangent and of the second
kind if they are transverse. The splitting locus L is the set of points where

the optimal control is not unique and the cut locus C' is the closure of the set
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of points where the optimal trajectory loses its optimality. The reader can
refer to (3], [14] and [31] for the details and results about the concepts in the
frame of semi-analytic geometry.

Next one needs concepts from singularity theory.

Concepts and definitions. F,G and N are in the C%-category, N = f~1(0), f
submersion. The set of triplet (F, G, f) is endowed with C*°-Whitney topol-
ogy. We denote by j*F(qo) (resp. j*G(qo), j*f(qo)) the k-jet of F (resp. G,
f) that is the Taylor expansion at order k. We say that the system (G, F, f)
has at qo a singularity of codimension 4 if j*F(qo), 7*G(qo), *f(q) € ¥i :==a
semi-algebraic submanifold of codimension 7 in the jet space.

Taking a point gy with a singularity of codimension i, an unfolding is a
C-change of coordinates ¢ near gy such that (small) time minimal synthesis
is described by a system © = F(z,\) + uG(Z,\) , Ju| <1, € R*™™ and A

is a parameter.

4.2. Local syntheses

We shall present the main step to compute the time minimal synthesis
and thanks to the concept of unfoldings we shall restrict our study to the
3-dimensional case, which is also the situation corresponding to our test bed
cases. The system is written ¢ = F(q) + uG(q), |u| <1 and let ¢ = (z,v, 2)
be the coordinates. The terminal manifold is N and we suppose that the
problem is flat that is G being identified to % and G is tangent everywhere
to N. If n is normal to NV, outwardly oriented, we introduce the following to

stratify the terminal manifold.
e S: singular locus defined by {q € N; n- |G, F](q) = 0},

30



e &: exceptional locus defined by {q € N; n- F(q) = 0}.

Note that since the problem is flat: n-G(q) = 0 if ¢ € N, that is Nt C ¥ :

switching surface.

4.2.1. Generic case

Take o € N, qo ¢ S, qo ¢ &, then (n,qo) is an ordinary switching point
and according to section 3.2.5, near g every BC-extremal is of the form o,
if n-[G, F](q) < 0 and of the form o_ if n- [G, F|(qy) > 0. This gives the

local synthesis.

4.2.2. Generic hyperbolic singular case

One can take go = 0 and we make the following assumptions at 0.
e The tangent space to N at 0 is G(0), [G, F](0).

e The set of points L where [G, F| is tangent to N is a simple curve

passing to 0 and transverse to G.
e D(0) and D"(0) are non zero.

With those assumptions, through 0, there exists a single BC-extremal
denoted & transverse to N. Near 0 one can make the following normalization
(that is using adapted coordinates): G being identified to %, L to the axis
(Oy) and ¢ can be identified to: ¢y : ¢ — (¢,0,0) with image being the

(Ox)-axis. Note that the target is identified to x = 0. The system is written
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as:

1+35>0
y=1+ Z bij(z)y'z?
1+7>0
z2=(u—1a(x))+ Z cij(x)y'2’

where u(x) is the singular control associated to 6. One further normalization

leads to take |G, F|js = [G, F](0). Here we obtain a semi-normal form:
i =1+a(z)2® + 2b(z)yz + c(z)y* + &1
y=d(x)y+e(0)z+ ey
2= (u—ifx) + f(z)y +9(0)z + e
with (0) = 0, e(0) # 0 and &1 (resp. €2, €3) are terms of order > 3 (resp.
> 2)in y, z.
Computing, one has n - [F, G](0) = 2a(0). We assume:

e a(0) < 0 (hence the singular arc is hyperbolic) and moreover 4(0) €

| = 1,+1[ that is the singular arc is strictly admissible.

Hence (go,n) is an hyperbolic fold point and using 3.2.5 an extremal near
such a point is oyo,05. Moreover arcs oy and o_ are defined on [ty,0]
such that 0,(0), 0_(0) near gy are o4 in the domain z < 0 and o_ in
the domain z > 0 and are not intersecting since 2 ~ (u — @(0)), hence:
z(t) = (e —u(0))t + s, s = 2(0) and € = £1. Using the normalization, one

can evaluate the switches of BC-arc o, and o_ for ¢ < 0. One has:
pi(t) =1+ 0(1), pa(t) = o(1),

ps(t) ~ —2a(0)p1 + (¢ —a(0)) 2+ ...

(29)
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Hence, we have p3(t) ~ —2a(0)t ((¢ — u(0))t/2 + s) + o(s,t). Using es < 0,
one gets that ps(t) is not vanishing for ¢ < 0. Hence we deduce the following

which gives the C°-unfolding.

Proposition 4. Under arc assumptions near 0, the optimal synthesis is de-
scribed by the model: © = 1+a(0)2?, y =0, 2 = (u—1u(0)) and is represented

i each invariant plane y = constant by Fig.§.

o_\\\\ N Ny = constant

oy
e

Figure 8: Hyperbolic case. |4(0)| < 1.

Assume now that 4(0) ¢] — 1,41 then P = (qo,n) is a parabolic fold
point and the synthesis can be again deduced from our normalizations. Each
extremal is bang-bang with at most two switchings, and one is located at the
terminal point on V.

Using the previous estimates one can compute the optimal switching locus
W_ near N and the optimal synthesis is represented on Fig.9 in an invariant

plane y = constant.

Saturate case. One shall briefly present the transition between the hyperbolic

and parabolic case due to the saturation of the control |a(0)| = 1, see [10]
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N Ny =constant
0
)

Figure 9: Parabolic case: 4(0) €] — 1, 1].

. N N

S

o+

y = constant < 0 y=20 y = constant > 0

Figure 10: Saturation case: Case 1: 05(0) > 0.
for a complete study. From our previous analysis the model is:

=1+ a(z)z” + 2b(x)yz + c(z)y’
y=d(z)y+c(0)z

Z=(u—1)— U,z — Uyy

with a(0) < 0, b # 0 and 4, = §2(0), @, = §2(0) and 4, @, are generically
non zero and we may assume 4, > 0. Computations lead to the two cases
represented in Figs.10-11.

Note that the existence of two syntheses is discriminated by vanishing

(case 2) and the vanishing (case 1) of the singular curve.

34



y = constant < 0, vg < Vgt Yy =0, Vg = Vsqt y = constant > 0, vg > Vgt

Figure 11: Saturation case: Case 2: 1,(0) < 0.
N N

e
E0d o— 501(

Case 1: vg < v_ Case 2: vg > v_

Figure 12: Local synthesis near & = £ N (v = vp) in the leaf v = vy when a > 1.

4.2.83. The exceptional case

The exceptional case corresponds either to bad controllability properties
of the system, related to singular arcs or bad accessibility property of the
target. We made a concise presentation related to our study for chemical

systems, see [24] for the details.

The generic case. 1t is a situation with (minimal) contact one of bang arcs
with the target manifold. In this case, restricting to a planar case thanks to
the concept of unfoldings we have two cases represented on Fig.12 obtained
by obvious topological analysis. We note &, the point where arcs o, o_ are
tangent. In the case 2, the black domain represents the set of the domain

with no optimal trajectory.
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Figure 13: Contact order 2. Non accessible points: grey region, £_: accessible. Local

synthesis near £_.

Figure 14: Contact order 2. Non accessible points: grey region, £,: non accessible.

Local synthesis near &, .

The codimension one case. The situation is more intricate, since we cannot
use a planar invariant foliation. We have several cases corresponding to two

situations.

Situation 1. Bang arc with a contact of order two with the target at a point

of £. We have two cases represented on Fig.13-14.

Situation 2. It concerns £ N'S which is a singular arc tangent to N and
according to our classification it concerns a singular exceptional arc.

This complicated case is discussed in [24].
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5. Application to the two test bed cases

5.1. The case A = B 22 ¢
The system ¢ = F(q) + uG(q), using the coordinates ¢ = (z,¢c2,v), © =

In ¢; takes the form

T=—v
Gy = ve® — Pr%ey (30)
vV=u

and in the coordinates ¢ = (z,y,v) y = ¢3/c; one gets

T = —v
y=v— vy +uvy (31)
U= U.

It is integrated on [tf, 0] together with the adjoint equation:

= (G0+u5w).

Without losing any generality one may assume |u| < 1.

5.1.1. Lie brackets computations

One uses the coordinates ¢ = (x,y,v) and we get:
Flg)=—vZ&+ (- puy+uyl, Glg)=4%,
G, F)(q) = & + (=1 +apv* 'y —y) 5,

G, F1, Fl(g) = (@ — 1oL,
(G, F],G](q) = ala = 1)Bv"?yg..
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5.1.2. Singular arcs

Recall
D(q) = det(G(q), (G, F(q), [[G, F],G] (q)),

D'(q) = det(G(q), [G, F](q), |G, F], F](q)), (32)

D"(q) = det(G(q), |G, Fl(q), F())-
and the singular control is defined by: D'(q) + us(q) D(q) = 0.

Hence,

Lemma 7. We have D(q) = a(a —1)fv* "%y, D'(¢) = (« — 1)pv*, D"(q) =
(o — 1)Bv*y, so that,

1) The singular control is given by us = —v?/(ay) and is negative. More-

over v decreases along a singular arc. The singular control saturates at

S:v?/(ay) =1

2) The singular trajectories are hyperbolic.

One needs also

Lemma 8. Let z(-) = (q(-),p(:)) be a BC-extremal on [ts,0] in the coor-
dinates ¢ = (x,c2,0) so that p(0) = (0,1,0). Then at any t < 0 one has
p1(t) > 0 and pa(t) > 0.

Proof. The adjoint equation gives
p1 = —pave’,  py = pafv”
and the result follows. O

Lemma 9. Along a BC-singular extremal one has with o > 1, ¢o > 0 and co

mecereases.
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Proof. From Lemma 8, in the coordinates ¢ = (x,cs,0), one has p;(t) > 0
and po(t) > 0 for any ¢t < 0 and eventually p;(0) = 0, po(0) = 1. Using
p- |G, F](q) = 0 we get the relation:
p1 = pa(cr — afu ey
and for ¢t < 0, p; > 0, po > 0, hence we obtain
ey — afv® ey >0 (33)

and we have

o = v(er — B ley). (34)

Since o > 1, (33) implies that the right member of (34) is positive. The
result is also true at the final time if (eventually) ¢y belongs to ¢o = d since

the intersection ENS =0 with € :n-F(¢) =0, S : n-[G, F](q) = 0. O

5.1.3. Properties of the switching function
In this section we use the coordinates ¢ = (x,y,v) and we consider the
switching function: ®(t) = p(t) - G(q(t)) along an extremal z(-) = (q(-),p(+))

on [tr,0]. Computing one has:

Lemma 10. If z(-) is smooth, one has ®(t) = py(t)(a — 1)Bv*~2 (v 4 uay).
If 2(-) is a BC-extremal, ps(t) > 0 on [ty,0]. Hence if u = +1 (resp. —1),

O(t) is strictly convex (resp. concave) if a > 1 (resp. a < 1).

Corollary 1. If o, is BC arc on [t1,ts] and if ty is a switching time then t,

cannot be a switching time.

Proof. Assume tq,ts be switching times. Then one must have
(I)(tl) Z 0 and q)(tg) S 0.
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A contradiction since ®(t) # 0 from Lemma 10. O

Lemma 11. Let o_ be an extremal on [te, t3]. Assume y(ty) > 0 then g(t) > 0

fort > ty, assuming a > 1.

Proof. One has:
g=v (1-pBv""y+y)
and assume there exists 7/, y(t) > 0 for t < 7/, y(7’) = 0 and y(7) < 0 for

[/, 7]. Differentiating and evaluating at 7/ one has
G(r') = v (—(a — 1)Byv* %o + 1)
with ¥ = —1 along o_. Hence since o > 1, §j(7') > 0. A contradiction.  [J

Lemma 12. A sequence os0_ with non empty subarc cannot exist for a BC-

extremal if o > 1.

Proof. Assume such a sequence exists with o, on [t1,t5] and o_ on [to, t3].

One has the relations:

Bty) = B(ta) =0, (ts) = 0.

Since ®(ty) = ®(t3) = 0, from Rolle’s theorem, there exists to < t), < t3 such
that ®(t,) = 0.

Using Rolle’s theorem again with ®(ty) = ®(t}), there exists ty <t < t}
such that ®(¢4) = 0.

Note that from Lemma 7 and Lemma 10 one has along o_:

_ pa(t) (a0 — 1) Bve2
ay

(=1 — uy)
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Hence if ®(t}) = 0 one has u,(t}) = —1 and o_ meets the saturating set
S :u, = —1.

At the junction time ¢y between o, and o_, one has us(t2) > —1, éa(tz) > 0
from Lemma 9 and along o_ : §y = é3/c; + co/civ > 0 and © < 0.

Moreover along o_, sign ®(t) = sign (—1—u,), since y > 0, v < 0, —1—u,
is a decreasing function of time.

Since ®(t,) < 0 it turns out that for ¢ €|ty, t3[ one has ®(ty) < 0.

This contradicts ®(t5) > 0 for ¢ > t,. O
From Corollary 1 and Lemma 12 we deduce.

Theorem 5 (a > 1). Every optimal trajectory has at most two swtichings

and s of the form o, o_os where each arc of the sequence can be empty.

5.1.4. Local optimal synthesis near N, the case a < 1

It will be easily follows from the classification of Section 4.1. We represent
on Fig.15 the stratification of the terminal manifold by S : n - [G, F|(q) =0
and € :n- F(q) =0.
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O Ay

Figure 15: Stratification of the terminal manifold IV for o« < 1. Non-accessible points are

in the filled region and on the dotted-line of £.

The optimal policy near N is o,. Using Lemma 10, Corollary 1 we

conclude:
Theorem 6. In the case a < 1, the optimal policy is o .
5.1.5. Local optimal synthesis near N, the case a > 1
Again we use the classification of Section 4.1 but the situation is more

intricate. It is represented on Fig.16 and we refer to Section 4.1 for the

corresponding figures.

e Singular hyperbolic arcs reaching the manifold are on § and we have a

saturating point where us = —1.

e The boundary of the accessibility set is associated to £, with £_ acces-

sible.

The global optimal policy follows from Theorem 5: an optimal trajectory

being of the form o,0_o4 where each arc of the sequence can be empty. It
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Figure 16: Stratification of the manifold N for @ > 1. Non-accessible points are in the

filled region and on the dotted-line of £ and points on £_ are accessible.

can be numerically obtained, integrating backwards on [ty, 0] using the local

synthesis resolution of our analysis.

e Near a point & # &_ of £, the optimal synthesis is described by a C°
invariant foliation F : (v = wvg) the leaves of which are given by Fig.12;

near £_ there is no such foliation and the synthesis is given by Fig.13.

e Near the point S,; of S, the optimal synthesis is given by Fig.11.

5.2. The McKeithan scheme and the computational complexity
Recall that the network is T+ M *, B * ( and the system ¢ =
~__
N4
ka
F(q) + uG(q), using the coordinates ¢ = (z,y,v), v = [A], y = [B], v = k;
and reduced to the stoichiometric class T+ M+ A =0, and T+ M + B = 09

takes the form

i = —Boav® — B3z — S3v (x +y) + d4v + v (2 + y)?

Y = Boxv®® — Byyv™
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with 0 <2 <41, 0 <y < 0o, 03 = 01+ 02, 04 = 01 02, ko = Bo 02, k3 = [Pz 03,
k4 :B4Ua4.

5.3. Lie brackets computations

One gets:

o F=(—fhav2 — Bszv™ — 05v(x +y) + 0w +v (x+9)%) L + (Borv®2 —

ﬁ4yva4)aiy7
_ 0
[ ] G = %7

o [G,F] = (x(%ﬁww—l+@3ﬁgva3—1+53)+53y—(54—x2—2xy—y2)%+

az—l) 0

(aufayv® ™" — agfyrv P

o [[G,F],G] = (x(c2fa(oa—1)v** *+afs(as—1)v™2)) 2+ (you (o —

o2 — xag By (g — 1)1}"2_2)8%,

e [[G,F|F] = ( — 20 fyd3(ag — 1) — yu*?Bads(ae — 1) + v*2 (g P204 +
2y (20282 —202) — Bada) +a? (22— Pa) 2 +y? (22— B2 )2 +yv®s (B303—
a3 303) + v (38304 — Bada) + 2°(B3 — azB3)v™ + y*(azfs — B)v™® +
Yo (0 fBads — Bads) + xy(281 — 20uB)v™ + 42 (261 — 20uB)v™) Z +
(z(v2 o3~ (B2 83— 32 33) + v T4~ (s Ba B — 02 2.54) )+ 0™ (0n B 05—
Bad3) + yv2 (o fads — B203) + v (—aofads + xy (202 — 20202) + P2da) +
2% (Ba — aafla)v® + y* (B2 — azfa)v™2) £

5.4. Singular arcs

One has:
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o D(q) = ((aa—1)asfayv® > —(ag—1)afamv®? ?) (g Beav2 +-3 B3 00 +
030(z + ) — d4v — v2? — 2uay — vy?) + (A3 B — B + (a3 —

1) a3 B30°%) (i farv®2 ™3 — ay fayv®—3),

o D'(q) = Bov™2 (g Barv®? + a3 B30v% + d3v(z +y) — 04v — va? — vy —
vy?) (B30 — apByzv™ + (g — 1)030(2 + ) + 04 (v — V) — ava® —
2000y — QoY — 3 S370 -y v + v+ 20wy +vy?) + (o Sorv T —
agBayv® 1) ((ag —1) B0 (04— (x4y) (03— —y)) + (as — 1) B30 (y(y —

03) + 61 — %) + (o — 1) Bayv™ (05 — 2(x + y))),

o D"(q) = (Bowv®2™! — Buyv™ 1) (o Berv® + asfB3av® + dzv(z + y) —
640 —vx? — 2vxy — vy?) — (o2~ — y Bayvi ) (Bewv®? + Byzvs +

03v(x +y) — 00 — va® — vy — vY?),
and the singular control is given by: us, = —D'(q)/D(q).

5.4.1. Stratification of the terminal manifold: x = d
Singular locus. S :n-[G, F](q) =0 and x = d with n = (1,0,0). It is given
by:
St fodv®™ ! + azf3dv™ ! + dbs — 0y
(35)
—d2+y(53—2d) —y2 =0.
Denoting by A the discriminant of the polynomial function y — n-[G, F|(q),

a singularity can occur for A = 0.

One has

Lemma 13. Assume oy, 3;,0; > 0,1=1,2 and d,v > 0. Then we have A =
(01 — 62)% + 4d (o Bov™2 ™! + a3 B30 1) > 0 so that there is no ramification

and S contains at most two real positive branches.
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Figure 17: Stratification of the surface x = d for the McKeithan reaction. Dotted line:
elliptic, red line: hyperbolic.

Definition 5. A semi-bridge occurs at a point ¢ € S if n-[[G, F],G] (q) = 0.

(a2—1)a2f2

Computing, a semi-bridge occurs if v*37%2 = ~las TDashs

Ezceptional locus. 1t is given by € : n- F(¢) = 0 and = d. Computing, one

gets:
E: —fadv™ — B3dv™ + d*v — dzv
(36)
+ 1y (2dv — d3v) + d4v + vy? = 0.
The discriminant of the polynomial n-X (q) in y is A = v (4d(B20°2 + B30°3) + v(d; — d2)?) >
0 and £ contains at most two real positive branches.

Fig.17 gives a picture of stratification of x = d for the McKeithan system

with a focus where S is folded.

Outline of the normalization. We choose the coordinates ¢ = (x,y, z), the
point go is (0, 0,0) so that the system ¢ = F'(¢) +u G(q), |u| < 1 is such that
N :{z =0}, G =2 and we have the following;:

e theset SNN :n-[G,F](q) =0,z =01is y = 2%

46



e the point ¢ satisfies n - [[G, F|, G| (o) = 0 and n - [[G, F|, F|(q) # 0,

e let o be the trajectory associated to u = 0 defined on [tf,0] with
0(0) =0. Then F = 2

%\a'

We write
t=1+ay+byz+cz®+ei(z,y),

y=dz+esx,y,2), (37)
Z=u+es(x,y,2)
where e1(,y,2) = 3,5 ai(®) ¥, a1(0) = 0, ea(w,y, 2) = D irie1 bij (@) y'27, b1 (0) =
0, es(z,y,2) = Ziﬂ‘zl cij(x)y'zd.
We have
n-[G, Fl(q) = —by — 3¢z,
n- (|G, F], G](q0) =0,
n- (G, F, Fl(a) = ad.
Moreover, along S we have D(q) - D"(q) = —6cd® z + o(||z]]) + O(||=||) and

the singular control is given by

us(a) = 52 4 o(l1/2]) + O]

Since the system (F, G, N) is normalized, we have
b=-3c#0,d#0, a#0.

Also in a neighborhood of ¢y and along S, we can choose ¢ > 0 so that the
set S splits into hyperbolic for z < 0 and elliptic for z > 0.

Fig.18 gives the stratification of N near the gy for the system (37) where
a=1,¢=1,b=-3,d=1and |u| <5 and where the terms ¢;, i = 1,2, 3

are Zeros.
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Figure 18: Stratification of N for the system (37). Green dotted line: elliptic, red line:

hyperbolic, crosses: saturating values of the singular control.

6. Conclusion

In this article, we have presented the mathematical tools from geomet-
ric optimal control to maximize the production of chemical networks using
temperature control with applications to two test-bed cases concerning two
reactions schemes.

A brief recap of the dynamics is presented at constant temperature using
the Feinberg-Horn-Jackson graph and is shown to be simple using the zero
deficiency assumption.

The optimal control problem is analyzed in the frame of singularity theory
and a first crucial step is to make the calculation of the closed loop optimal
control for a time minimal control problem for which the terminal manifold

is of codimension one and for a single input system. A classification of the
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optimal syntheses is presented based on generic assumptions on Lie brackets
relations. It is obtained from on explicit computations using adapted coor-
dinates to simplify the calculations which amount to compute semi-normal
form.

This approach is shown to be relevant to applications, since the clas-
sification can be used for different chemical network. It is tested on two
important schemes for applications: a sequence of two irreversible reactions
and the McKeithan scheme. The classification presented in this article allows
to completely solve the first case and has to be completed to make a complete
analysis of the McKeithan scheme. Such completion is a good exercise for
the reader to check if the tutorial objective of this article is fulfilled.

Additionally, for the first case a complete global solution of the problem
is obtained based on a description of the (global) switching policy. For the
McKeithan network, there is a serious difficulty to fulfill this scope which
is revealed by the complexity of the singular flow, which contains in par-
ticular many singularities. They have to be analyzed in relation with the
bridge phenomenon and the existence of equilibria. This is an important and
challenging mathematical problem.

Note also that the graph structure of the network is not exploited directly
in the optimal problem. It can be an important issue to handle the compu-
tational analysis of the Lie algebra structure associated to the system, which
is crucial to understand the optimal control problem. This paves the road

for further studies to deal in particular with nonzero deficiency network.
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