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A PROBABILISTIC APPROACH OF ULTRAVIOLET RENORMALISATION IN THE
BOUNDARY SINE-GORDON MODEL

HUBERT LACOIN, REMI RHODES, AND VINCENT VARGAS

ABSTRACT. The Sine-Gordon model is obtained by tilting the law of a log-correlated Gaussian field X
defined on a subset of R? by the exponential of its cosine, namely exp(a [cos(8X)). It is an important
model in quantum field theory or in statistic physics like in the study of log-gases. In spite of its relatively
simple definition, the model has a very rich phenomenology. While the integral [ cos(8X) can properly be
defined when 2 < d using the standard Wick normalisation of cos(8X), a more involved renormalization
procedure is needed when 82 € [d, 2d). In particular it exhibits a countable sequence of phase transition
accumulating to the left of 8 = v/2d, each transitions corresponding to the addition of an extra term in the
renormalization scheme. The final threshold 8 = v/2 corresponds to the Kosterlitz-Thouless (KT) phase
transition of the log-gas. In this paper, we present a novel probabilistic approach to renormalization of the
two-dimensional boundary (or 1-dimensional) Sine-Gordon model up to the KT threshold 8 = v/2. The
purpose of this approach is to propose a simple and flexible method to treat this problem which, unlike the
existing renormalization group techniques, does not rely on translation invariance for the covariance kernel
of X or the reference measure along which cos(8X) is integrated. To this purpose we establish by induction
a general formula for the cumulants of a random variable defined on a filtered probability space expressed
in terms of brackets of a family of martingales; to the best of our knowledge, the recursion formula is new
and might have other applications. We apply this formula to study the cumulants of (approximations of)
J cos(B8X). To control all terms produced by the induction proceedure, we prove a refinement of classical
electrostatic inequalities, which allows to bound the energy of configurations in terms of the Wasserstein
distance between + and — charges.

1. INTRODUCTION

1.1. Log-Gases, 2D-Yukawa Gas and 2D-Coulomb Gas. The d-dimensional log-gas is a model of
statistical mechanics describing a gas of interacting charged particles, the interaction being given by a
—y|—0
potential V(x,y), where V is continuous outside of the diagonal and V (z,y) =0 gy |z —y|+O(1).
Given two positive parameters a, 3 > 0, a standing for particle activity and 32 for inverse temperature

(the reason for such an exotic parametrization appears below), its formal partition function over a bounded
open set O C R? is given by

(1.1) ZO‘: (0) = i %T Z / exp - B2 Z ANV (zi, x; )Hd:z:l
n=0 A, e{-1,1}" 1<i<j<n

The above integral diverges when 32 > d. In this case, to have an interpretation of the above expression, we
need to consider a reasonable sequence of bounded approximation V; of the potential V' and consider the
limit

\4 _
(1.2) 2Y4(0) = lim 2, (0)
where
a™
(1.3) Zo‘t/,ﬁ P Z /nexp Z i Ve(zs, o )Hd:z:l
n=0 ), e{-1,1}n 1<i<j<n

While, of course, strictly speaking, Za) .e also diverges when € tends to 0 if B2 > d, a non-trivial inter-
pretation of the limit is obtained by dividing by an appropriate (and also diverging) counterterm. This
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renormalization scheme is the first step needed to define the Gibbs measure associated with the partition
function Z, 3(O) and study its properties.

A prototypical example of log-gas is the 2D-Yukawa gas (d=2) with mass m > 0, corresponding to the
potential

1 ey —mt
Vin(z,y) = O dt.
0

Another example of central interest is the two-dimensional (free boundary) Coulomb gas, corresponding
to taking the limit of the Yukawa potential when m goes to zero. This formally corresponds to taking
V(z,y) = —In|z —y|+ oo, and has the effect of giving an infinite energy to any configuration with non-zero
global charge. This corresponds to

oulom - a2n n n i
(1.4) ZCon b(@—ZW/ exp (BQZAE By )1n|xi—xj|)]_[d:ri,
n=0 \'""/ JO i<j i=1
where )\En) = —-1if1<4¢<mnand )\1(-") =1ifn+1 < i < 2n. Again In has to be replaced e.g. by
In.r := %ln(r2 + £2) for taking the limit when ¢ — 0 and thus giving an appropriate renormalization

scheme.
One could as well consider for V' other types of Green functions with various boundary conditions, leading
to Coulomb gases with various boundary conditions.

1.2. The Sine-Gordon representation. A well known tool to identify the proper renormalization for log-
gases (including Coulomb and Yukawa) is their Sine-Gordon representation, which we briefly sketch now.
To define it we need to assume that V is positive semidefinite in the sense that for any bounded continuous
function on O we have

(1.5) L, Ve @tz > o

It is standard to check that the assumption is satisfied for the Yukawa potential. Concerning the Sine-Gordon
representation of the (free boundary) Coulomb gas let us mention only that Vg(z,y) = —In(|z — y|/R) is
positive semidefinite if 2R is larger than the diameter of O.

Consider a centered Gaussian Field X defined on O with covariance function
E[X(2)X(y)] = V(z,y), forx,yeO.

The condition (1.5) guarantees that such a field X can be defined as a random distribution on O: X (x)
does not make sense but f(’) X (x)g(z)dz does for all sufficiently regular functions g.

The Sine-Gordon model is formally defined as the measure
(1.6) exp (204/ cos(BX (z)) dz)P(dX).
o

Since X is not a function but a random distribution, the mathematical interpretation of (1.6) requires
further explanations. A proper definition requires renormalisation: more specifically, the field X can be
smoothened by convolution with a reasonable (e.g. compactly supported and C*°) isotropic kernel (in the
paper we use another type of approximation of X which is not a convolution but this is not relevant for this
part of the discussion). We call X, the regularized field and V(x,y) the corresponding covariance (we just
write V. (z) for the variance). The Sine-Gordon model is defined as the limit as e goes to 0 of the following
well-defined sequence of measures

(1.7) ili% exp (Qa/ocos(ﬁX&.(gg))eng(m) dz)P(dX).

This measure is directly related to the partition function of the d-dimensional log gas. Indeed, complex
exponential moments of the Gaussian field are related to the partition function of the d-dimensional log
gas with fixed number of particles through the following relation: for any charge distribution (\;)7; with k
positive charges and n — k negative ones,
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(1.8)

E|:(/ eiﬁxa(I)Jrng(z) dx)k(/ e*iﬁXa(I)JrB—;VE(I) dx)n_k:| — / €7ﬁ2 Zl§i<]‘§n AiAjVE(xivxj) dez
O O n

=1

As a consequence of (1.8) we have

2 i e(x ﬁ e (x —i e(x 5—2 e (x
(1.9) E[exp(za / cOszE(x))e%vawdx)} ZE[eafo(e””WV”Jre B"“*””W]
o

= i%kzio (Z)EK/OSWXE(I) dx)k(/oemxs(x) dx)nfk} _ 37, ©0)

For the representation of the (free boundary) Coulomb gas, we write Vg for the smoothened version of
Vr(z,y) = —In(|z—y|/R) and X . for the associated Gaussian field. Let us fix Ry such that O is included in

a ball of radius Ry. Now observe that for R > Ry, Xg . @ Xpy.e +In(R/Ry)Y where Y is an independent

standard Gaussian, and that asymptotically e?#VI"(E/Ro)Y ig yniformly distributed on the circle. Therefore
we have

2
(1.10) Z{%emP(0) = lim E[exp (2ax / e Vio.<(®) cos(ﬁXRys(x))dx)]
’ ’ R_>OO O

1 27

2
= E[exp (204/ o Vg .c (@) cos(0 + X R, () dx)} dé.
27 0 0]

We stress that it is important here not to include the dependence in R in the renormalization factor in order
to obtain a non trivial limit, hence our choice of Vg,. The Coulomb/Yukawa interaction being of log-type
is a specificity of dimension 2. However, the phenomenology ruling the behavior of log-gases is independent
of the dimension. Beyond its application to physically relevant 2D-Coulomb/Yukawa cases, the problem of
giving an interpretation to the limit (1.1) using the Sine-Gordon representation (1.7) is of interest from a
mathematical perspective because it provides a testbed for renormalisation techniques, known as ultraviolet
renormalisation of the Sine-Gordon model (as opposed to infrared renormalisation which is concerned with
the large volume behaviour of the model).

1.3. Renormalization and the multipole picture. As soon as 8 > 0, the definition of the limit (1.7) is
non trivial since X, diverges pointwise. When /32 < d, however, for a large class of approximation schemes

2
lim exp (204/ e TV cos(B8X.(2)) dz)
e—0 o

exists and is integrable, and the obtained limit does not depend on the scheme we use for the approximation.
This makes the limit (1.7) absolutely continuous with respect to P, as was shown in [1]. As can be seen
directly, the limit (1.1) is positive (and finite), and induces a distibution probability on the set of charged
particles on O which only give weight to configurations with finitely many particles.

When f3 passes the threshold v/d, the limit (1.1) becomes infinite and |, o €0s(8Xc(2)) dz does not converge
as a random variable. When g € [\/E, \/ﬁ) the divergency can be tamed by subtracting a number of
field independent counterterms in the exponential (1.1), this corresponds to multiplying the sequence by
exp(— Zle pi(e)at), for a polynomial in o whose coefficients p; () diverge as € — 0.

The values of the counter terms and their number are obtained by an asymptotic analysis of the cumulants
of the random variable

/ e%VE(m)cos(ﬁX&- (2)) da.
o

When 3? < 2d only a finite number of cumulants diverge. This number increases with 3 and tends to infinity
when (3 approaches v2d. Furthermore the analysis of cumulants allows us to define a non trivial limit for
the distribution (1.7) which is singular with respect to P.
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When 32 > 2d, an infinite number of cumulants diverge. This makes renormalization impossible and
there is thus no possible interpretation of (1.1) and (1.7) beyond this value. The origin of these divergencies
can be understood in a simple way via the multipole picture originally described in [1]. Let us expose it in
the framework of the 2D-Coulomb gas' (but the phenomenology applies in every dimension and for other
potentials)

e When 2 < 2, the limit (1.4) exists and corresponds to a gas of a finite number of isolated particles.

e When 32 € [2,4), the partition function is dominated by the contribution of dipoles consisting of
two nearby particles (within distance of order € where ¢ is the scale at which V' is smoothened) with
opposite charges. Each dipole correspond to a negative energy —|loge|, so that a configuration of 2n
particles forming n dipoles correspond to an energy —n|loge|. Such configurations occupy a volume
of the state space O?" which is of order £2" (if the position of positive charges are chosen freely, the
negative charges have to be located in balls of volume 2 around the locations of positive ones). The
total contribution of isolated dipoles to the partition function (1.4) restricted to configurations of
size 2n is thus of order e~ which diverges for 82 > 2 (when 82 = 2 a logarithmic divergence
is obtained by summing over intermediate scales between ¢ and the macroscopic one). The gas
is therefore dominated by configurations made up of a large number (of order 5(2_32)") of such
dipoles. While the total number of charged particle diverges in the limit when e goes to zero, local
cancelations of charges on short distances allows us to define a limit of the charge distribution.

e When $3? € [3,4), the contribution of quadrupoles (that is a combination of two closely located
dipoles in a configuration that makes the resulting energy smaller than the energy of the sum of two
independent dipoles), while not dominant, comes to diverge also: the total weight of configurations
formed of n-quadrupoles being of order £(6-28%)n (when n is even). For this reason a second diverging
counterterm is required in the renormalization.

e When 32 € [10/3,4) the contribution of sextupoles have to be taken into account, and in general
2p-poles starts having a diverging contribution to the partition function when 8% € [2(2 — p~1),4).

e When 2 > 4, the contribution of 2p-poles diverges for all p. Furthermore, the relative weight of 2p-
poles (considering energy and entropy) which is 5(2(21’_1)_”32)", becomes increasing in p, indicating
a total collapse of the system.

This scenario is rather well understood [2, 4, 15, 16, 6], combining log gas/Sine Gordon approaches.
Yet all the methods presented so far suffer from restrictions. The main reason for this is that they rely on
renormalisation group (RG) techniques which, though powerful, are especially adapted to a translational
invariant context, for which the RG map is most easily studied. It results that, in the papers mentioned just
before, 2d (free boundary) Coulomb gas or Yukawa gas is often considered to recover translational invariance
(other boundary conditions for the Coulomb gas are usually not translationally invariant) and existence of
correlation functions of fractional charge densities is not studied because it consists in analyzing the model
under a local change of background geometry (see Subsection (2.3) for a more precise statement), hence
strongly breaking translational invariance too. Let us mention that correlation functions are studied in [4]
(in a limited region of permitted parameters 3) with a method which relies on Hamilton-Jacobi equations.
Besides these restrictions, the methods above are also either limited in the region of permitted parameters
B, or restricted to small «, or only provide non trivial bounds for the partition function (1.3) but do not
establish existence of the limit. Therefore, it is certainly fair to say that the global understanding of the
model is far from complete from the mathematical angle.

Finally, let us mention some further related results in dimension d = 2. A large deviation results for a
space discretization of (1.4) in the case 32 < d is obtained in [14]. A dynamical approach of the model
is studied in [11] for 82 € [0, 3d), and then extended to the whole subcritical regime % € [0,2d) in [5].
These papers construct the natural Langevin dynamics associated to the measure described by (1.4). The
Berezinsky-Kosterlitz-Thouless phase transition occuring at 32 = 2d is studied in [10, 7].

In this paper we revisit the Sine-Gordon model in the case d = 1. This situation is also known as the
boundary Sine-Gordon model in physics [8, 9] because it arises when constraining the 2D-Coulomb gas
particles to live on the boundary of a smooth planar domain and serves as a model for the Kondo effect,

Lin which case the dimension is d = 2 and KT transition occurs at B2 =2d = 4.
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resonant tunneling in quantum wires or between quantum Hall edge states. The main ingredient is a new
probabilistic representation of the cumulants of a random variable on a filtered probability space which
allows us to express the counterterms as brackets of martingales. Then we use standard It6 calculus and
a refinement of the electrostatic inequalities (originally proved for the 3D Coulomb potential by Onsager
see [17, 20] but that can also extend to other positive definite potentials) in order to control the cumulants
inductively. In this context, we are able to produce a short proof, which is flexible in the model (Yukawa /log
gas or even any reasonable perturbation of the In in (1.4)), allows us to deal with any possible value of
a € R and B2 < 2d and to treat renormalisation of fractional charge density correlation functions.

2. SETUP AND RESULTS

2.1. Definitions and assumptions. From from now on, we restrict the problem to the case of dimension
d = 1. This restriction comes to play an important role in one crucial step of the proof. We choose however
to keep writing d for the dimension in the statements in order to underline that large chunks of the proof
can carry to the general case. We replace O by a bounded interval I C R. Our method would also apply if
one replaces I by a closed Jordan curve in R? with distances measured by arclength.

Let K (x,y) be a positive semidefinite kernel satisfying
(2.1) K(z,y) := —log|z — y| + h(z,y)
where h is bounded continuous on I2.

The measure of integration we consider on I (which is simply Lebesgue measure in (1.4)) is a (positive)
Borel measure of the form

(2.2) p(dz) = g(z)dz, g bounded measurable.

Choosing p of this form with g bounded is not an artificial restriction since the presence of singularities can
change the multipole picture presented above.

We assume that our kernel can be written in the form
t

(2.3) K(z,y):= lim [ Qu(z,y)du=: tlim Ki(z,y),
0 oo

where, for each v > 0, @, is a bounded symmetric positive semidefinite kernel for which we will specify
some regularity assumptions (see Assumption 2.1 below). The bounded kernel K; plays the role of V. in the
introduction and we consider log-gas partition function of the following form

(2.4) ZapaD) =) %T > / exp (=82 Y NNEK (i, ) H” (dz;).

n=0 M) e{-1,1}7 1<i<j<n

The state space of particle configurations is the disjoint union Zy := [[, ~,(I™ x {—1,1}"), namely the set
{(n,z,\)|n € N,z € I",\ € {£1}"} equipped with its canonical sigma-algebra. A measurable function
F on Ej is thus a sequence (F(n,,-)), of measurable functions on I"™ x {—1,1}". The partition function
(2.4) induces a probability measure P, g, (with expectation E, g ;) on Z; by setting for arbitrary bounded
measurable function I’ on =;

(2.5)
1 = an

Ea,ﬂ,t(F):mzom( Z{: } / M) exp( <Z< V¢ :cz,:cj)Hudxz
=D n= )\n n71€ 1,1}n 1<i<j<n

Labels being irrelevant, the only physically relevant quantity under distribution P, g; is the charge dis-
tribution which we denote by v. It is obtained as the pushforward (or image measure) of the probability
measure P, g, by the map II : E; — M(I) (the set of signed measures on I) which sums signed Dirac
masses d,, corresponding to particles’ locations and charges

vi=1II(n, (2:)isy, (Ni)isy) = Z Aibg, -
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Now we construct the Sine-Gordon representation for all values of ¢ > 0 on the same probability space
(Q, F,P) (this is important for our analysis). We consider thus a centered Gaussian field (X¢(2)): > 0,zer
with covariance function

(2.6) E[X:(2)Xs(y)] = Kins(z,9),

which is almost surely continuous in both variables t,x: existence of such a process results both from
Assumption (2.3), which ensures that the kernel K is positive semidefinite on (R4 x I)?, and Kolmogorov’s
continuity criterion, which can be applied thanks to the regularity assumptions on @ made in Assumption
2.1 below. Also, note that for a fixed ¢ the process (X;(z))zer is a centered continuous Gaussian field with
covariance K;. We denote by F; (¢t > 0) the filtration generated by {X(z); s < ¢,z € I}, and by F the
o- algebra generated by Us>oFs.

Considering the martingale
2
(2.7) MP = / cos(BX, (z))e T K@)y (dz)
I

G . . . .
we have E[eoM:] = Z,, /2,8,¢- Lhere is also a Sine-Gordon representation for the Fourier transform of the

mass distribution: considering a bounded continuous function 6 : I — R (recall that v denotes the random
charge distribution under P, 5 ) we obtain by repeating the computation leading to (1.9)

. Bl
(2.8) Eo 2560 =P oo pile 12 Aib(=)] = [ ]

)

E[eeM:”]

where

2

Mt(’B’G) = /cos(ﬁXt(x) —|—9(3:))657Kf(m’m)u(dx).
I

Our aim is thus to obtain results concerning the asymptotic behavior of the Laplace transform of M, (8.6)

for a large class of § and deduce consequences concerning the charge distribution. We obtain such results

under the following regularity assumption for the covariance function (recall d = 1).

Assumption 2.1. (Smooth white noise decomposition)

(1) For every u, (z,y) = Qu(z,y) is C? and there exists a constant C such that for any x,y € I, u >0

Qu(z,y)| < C(1+ e[z —y[) T,
(2.9) 10:Qu(z,y)] < Ce™(1+ |z —y|)~ <d“
10:0,Qu (. y)| < Ce®™ (1 + "z —y|)~ d*”

(2) sup, > o 5P, yer [Ki(z,y) +In(le —y| Ve )| < oo.

Remark 2.2. The kernel Q, in (2.3) is meant to account for the correlations present on scale e™™. A
prototypical example to have in mind is Q.(x,y) := Qe x,e"y) where Q is a fized smooth translation
invariant covariance function on R? for which Q(0,z) and its first two derivatives display fast decay. The
Gaussian kernel Q. (z,y) = exp(—M) which perfectly fits this framework is of peculiar importance as
it is the basis for the construction of 2D Gaussian Free Fields (including Dirichlet/Neumann GFF or the
massive GFF appearing in the Sine-Gordon representation of the Yukawa gas), which we can restrict on a

one-dimensional manifold.

Remark 2.3. Note that Assumption 2.1 implies in particular that K := lim;_,o, K; exists and is of the
form given in Equation (2.1).

We let (Cp, (8, 9)( t))x denote the successive cumulants of the martingale Mt(ﬁ -9) (a reminder of the definition
of cumulants is given in Section 3). In the Sine-Gordon representation, the multipole picture presented in
the introduction corresponds to an explosion of even order cumulants of the martingale when ¢ — oco. This
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phenomenon is described by the following sequence of successive thresholds (8, )nen+ of the Sine-Gordon
model (recall that here d = 1)

(2.10) Bo=0, Yn>1,  B,=/2d(1—-L).

For 8 € [Bn-1,5n), @ € R, and F a bounded (F-)measurable function, we define the renormalized partition
function which integrates F' as

no1 g2t
(2.11) Zo p4(F) = BIF(X)eoM:" e S5 5 eil 0,

2.2. Renormalization for the log-gas and its Sine-Gordon representation. Our first result shows
that the renormalized partition functions converge, and that the tilt by M; induces a (non-Gaussian) limiting
measure for the process X; when ¢ tends to infinity.

Theorem 2.4. Assume 32 < 2d, if F is bounded and measurable with respect to Fy, for some to € (0,00),
then the following limit is well defined

Zap(F) = lim Z, 54(F).

t—o0

Furthermore, the mapping
Zap(F)
Zap(1)

can be extended to all bounded (Foo-)measurable functions F and defines a probability on C(Ry x I).

F— <F>a”3 =

Remark 2.5. In (2.11), the sum Z;:ll O‘;: Cé’f)(t) in the exponential factor represents the diverging terms
that have to be subtracted to E[Fe®Mt] in order to get a converging expression. We will show below that for
B2 < 2d only cumulants of even order might diverge when t — oo while those of odd order converge. The

2n—1 ot ~(B)
Al RURI0

sum can hence be replaced by eXi=1 T without modifying the result.

Remark 2.6. When 32 < (33, the convergence result (2.11) is an instance of mod-Gaussian convergence

for the variable Mt(B) (when t goes to infinity) in the terminology of [12]. When 8 > (2, the convergence
result (2.11) generalizes the notion of mod-¢ convergence exposed in [13].

While this is not an immediate consequence of the result, the proof of Theorem 2.4 provides also the key
elements to establish the convergence in law of the charge distribution in the regime 5% < 2d.

Theorem 2.7. When 8 € (0,v2d), for any 1/2-Holder continuous function 0, the following limit exists

(2.12) Jim B, 5.[el%] = ©(0)

Moreover U is continuous for the Hélder norm

|0(z) — 0(y)|
0 = max |0(x)| + max ———=—.
|| H1/2 z€I| ( )| cyel? \/m
In particular, the charge distribution v converges in law under Py g+ as t — oo in the Schwartz space of
tempered distributions.

The above convergence result for the charge distribution v towards a non degenerate limit occurs for
(% € [d,2d) in spite of the fact that the total number of particule tends to infinity. This is due to the
dipole picture mentioned in the introduction. While an infinite number of charged particle are present in
the log-gas, short range cancelations makes the quantity (6, v) well defined for 6 sufficiently regular.
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2.3. Renormalization for correlation functions. Our last result concerns the asymptotics for the cor-
relation function associated with fractional charge. The aim is, given (11,...,n:) € R* and (z1,...,2) € I¥
distinct, to determine the asymptotics of the partition function of a system, where charges n; have been
placed on the site z; for i € [1, k], defined by

(2.13)
2a7ﬂ)t(z, n) = Z (’2' Z / BH(Cicicjon MM K (@a,m)+ 350y SF g A Ko (24,21)) Hﬂ(dxi)-
n=0 " (A)r,ef{-11}n i=1

More precisely, we are interested in the asymptotics of (recall (2.4)) é\a,@t(z,n)/za,@t. Using the Sine-
Gordon representation, we have

(2.14) ZAaﬁ,t(z,n) =Eu5: [eaﬁt(m)} :
where (considering the analytic continuation of cos on C)
—~ 2
(2.15) ME = /cos (ﬁxt IBQZWth 2, )) TR ().
1

Note that we also have

s (im X 0+ 2L Ko (1,20) s
1=1 mXe(z1 5 t(21,21 eaMg)

é\aﬁ,t(z,n) =E|e

3

with Mt(ﬁ) defined by (2.7) but the expression (2.14) is more useful in practice.

Theorem 2.8. Setting ||n]|oo := max |n;|, if (1 + 2|[n]lec)B? < 2, then we have, for all « € R and all set of
k distinct points

- Z
(2.16) " *) == lim a,8,(2, 1)

—1 t—o00 a,B,t
erists and is continuous in 1 and z.

Remark 2.9. We ezpect that the result above remains valid under the less strict assumptions 3% max(||n||e, 1/2) <
1. However establishing such a result would require some refinement of our technique, which we leave for
future work.

3. CUMULANTS OF CONTINOUS MARTINGALES, A GENERAL APPROACH

In this section we provide a general scheme which allows to compute the successive cumulants of an
arbitrary continuous martingale, or equivalently of any variable defined on some probability space equipped
with a continuous filtration. Let us start by recalling the definition of the cumulants of a random variable.
If Z is a random variable such that E[€E|Z ‘] < oo for some € > 0, then the log-Laplace transform of Z,
a — InElexp (aZ)] is analytic in a neighborhood of zero and thus admits a power series expansion of the
following form

(]2
o
N

Q@

(3.1) InE[exp (aZ)] =
i=1

The expression of the coefficients C;(Z) can be obtained by an extensive use of the Taylor formula for

2+ In(1 + z). In particular for ¢ > 1

(3.2) Ci(Z2) :=E[Z'] + q; (E[Z],E[Z%],...,E[Z""]).

where g¢; is a polynomial in ¢ — 1 variables. In full generality, Equation (3.2) defines the i-th cumulant of Z
under the less strict requirement E[|Z|*] < oc.



ULTRAVIOLET RENORMALISATION OF THE BOUNDARY SINE-GORDON MODEL 9

We consider (M)¢>0 a continuous martingale with respect to a filtration (F:);>o which starts from

Fo = {0,Q} (this last assumption ensures that My is almost surely constant). We define inductively a

sequence of processes Agi) and (Ms(i’t))se[o)ﬂ as follows. First set

(3.3) AV =M, and  (MOY),ep0 = EAL |F] - EAY] = M, — Mo.

S

Then for i > 2 we define A® in terms of the quadratic variations of previous order martingales provided
that they are well defined

1—1
(3.4) Al = 5 STMUO MDY, and MY = E[AY | F] - E[AP).

j=1

While our result might hold with greater generality, we assume for simplicity (and because this corresponds
to the applications we have in mind) that all the quantities above are well defined and the quadratic
variations above are essentially bounded in the sense that for every i and ¢

(3.5) (MDY |loo <00 where || Z]|oo := inf{u >0:P[|Z] > u] = 0}.
Lemma 3.1. Given j > 1, consider the martingale (Ns(j’a’t))se[oﬁt] defined by
(3.6) NGt =N "o M.

i=1

Under the assumption (3.5), we have the decomposition

J

3.7 log B [e@Mt] = @' E[AD] + logE B 1 ATl
g t g
i=1
where
: 1 & .
(3.8) Q)ELO‘) =3 Z o Z <M(k’t),M(Z_k’t)>t_

i=j+1  k=i—j
As a consequence the i-th cumulant of My is given by
(3.9) C;(M,) == i'E[AY).

Proof. To illustrate the idea of the proof let us start with the case j = 1 (which of course could be obtained
with a simpler direct computation). We have

(3.10) E [eaMt] — cOEIMR {eaMfl’”} _ OEMg |:eaMt(l)_a72<M(l,t)>te§<M(l,t)>tj| _

Considering
2

(de/dP)(w) = eaMt(l,t) < (M0,

as probability density we have thus
(3.11) InE [eo‘Mf] = oE[M;] + InE {E%Z(Mm)t} )

Using our assumption (3.5), we obtain that the last term is at most of order a? and we can conclude that
the first cumulant is given by E[M;]. Our construction of A® and M (" as been made so that we can iterate

the above process, each Agi) being designed to cancel the quadratic variations of terms that have appeared
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on previous steps. The computation leading to (3.7) is the following

2j i—1
<N(j7a)t)>t = Z ‘ Z ]l{max(k,ifk)gj} <M(k7t)7 M(i_k)t)>t
=2 k=1

(3.12) — QZO/A@ + Z Z MO, M(i—k,t)>t

i=j+1 k=i—j
=2 l@Vé]’“’” —al) + Y aE[AP] + Q)
=1

NGt 1 (NGt

Interpreting e ")t as a probability density, we can deduce from (3.12) that (recall (3.5))

J
(3.13) logE [e**] = >~ a'E[A]"]| < Q" [loe < %07 max [ (MOD)
i=1 =
We conclude using the characterization of the cumulants (3.1). O

4. PROOF OF THEOREM 2.4: RENORMALIZATION OF THE 1D- SINE-GORDON MODEL

Recalling Equation (2.11), an important step for the convergence in the case F' = 1 is to show that for

every n > 1, we have lim;_, o, Céﬁ) (t) exists and is finite for 8 < B,, and that lim;_, Cap—1(t) converges for
all 8 < v2d. Hence our main effort in the proof will on the proof of convergence of these cumulants. The
convergence for general F' then mostly follows from the technique developped to control the cumulants.

4.1. Computing the cumulants. In this Section, we present our main technical results concerning the
cumulants (Proposition 4.1) which allows us to ensure their convergence. We use an inductive approach to

find an integral expression for cumulants of the martingale Mt(B ) (2.7).

To motivate this approach, we compute the first cumulant using the procedure proposed in Section 3. For
practical purpuse we state a general formula for the quadratic variation established with basic It6 calculus.
We use it repeatedly throughout our computations. For bounded measurable functions f and g we have

(4.1) /t 3 F(Xu(@),u)g(Xu(y), w)d(X (2), X (4))up(dz) p(dy)
- /t 2 ; F(Xu(2),u)g(Xu (), w)Qu(x, y)pu(dz) u(dy)du.

Within computations we often omit the dependence in S in some notations for the sake of readability. We
set first MY = M, — w(I) for s < t. Then Itd’s formula gives

(1.2) aM; =~ [ (Bsin(3X;(@)e T KA, () ) (o).

I
By transforming the product of sin in

2sin(X7) sin(8Xz) = cos (B(X1 — X2)) — cos (B(X1 + X2)),
Definition (3.3) and Equation (4.1) yield

2 t 2
I A R

x [eos (B(Xu (1) — Xu(w2))) — cos (B(Xo(21) + Xo(22))] p(dar)a(daz)du.

This suggests that A(i) can in general be written in the following form
Li/2]

(4.4) Z / / @rB) (x, u t)e > Thor Kuloiom) cos[ (Z )\(p)X (T )] p(dx)du.
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where we use the shorthand notation x = (z1,...,2;) and p(dx) = szl p(dzxy). The sequence (/\Egp))k is

defined by
(4.5) )\,(f>=—1fork§p )\,(cp)zlforkzp—i—l,

and x — FOPH)(x u,t) is a continuous function on I*. We are going to prove (4.4) by induction, but the
more important part of our task is to establish relevant properties for F(:?#) which will imply convergence
of the cumulants. We let D; := {x € I' : 3k # |, 7, = x;} denote the set of on-diagonal points in I°.

Proposition 4.1. For every i > 2, Agi) can be written in the form (4.4), where F4PP)(x, u,t) is analytic
in B and satisfies:
(1) For every x € I'\ D; there exists a positive constant C(x,e) such that for every 0 < u < t,

B < V2 —¢, we have

(4.6) |FEPE) (x,u,1)] < C(x,e)e ™™,
The following convergence occurs uniformy on any compact subset of I' \ D; and uniformy in B €
[Oa \/5 - E]

(4.7) lim FOPA) (x,u,t) = FOPP) (x ),

t—o0

and give X, the convergence is uniform in [3.
(2) For every e > 0, there exists a constant C' = C(i,e) > 0 such that for every u > 0, for any fized k
and x € I and

(4.8) / sup  sup | FOPA) (x u, t)|p(dxP)) < Ce= (7D,
Ii=1t > wugel0,v/2—¢]
where p(dx®)) := p(dzy).. cp(dzp—1)p(dzggr) . p(da;).
(8) There exists a martingale (]\_45(1))520 with Ms(l) = 0 such that for any s > 0, we have almost surely
lim (MY — M@, = 0.
t—o0
In particular MY converges to M@ in probability.

Remark 4.2. To make the proof lighter, we do not provide details concerning the uniformity in B €
[0,v2 — €] for the estimates (4.6) to (4.8). They can be check via a tedious verification procedure which
present no particular technical difficulties.

The proof of this result is carried out in the upcoming Section 4.2. As an immediate corollary, we obtain
convergence and continuity of cumulants

Corollary 4.3. For eacht > 0 and i € N, we have
o lim; Cé’f}ll( t) = Cé’? Olo , uniformly on all compact subsets of [0,/2d).
o limy oo Céf)(t) =: Céf *) uniformly on all compact subsets of [0, 8:).

The limiting function are continuous and uniform in 5.

Proof. Let us recall Lemma 3.1 which gives the relation C;(t) = i!]E[A,gi)]. We have

Li/2]
(4.9) E[A{] Z/ / FrA) (x u, t)eT Vi (e) p(dx)du.

where (recall (4.5))

(4.10) Upxu) =2 > AN Ky (o, ).
1<k<I<n

Let us show that

2
(4.11) hrn// FrB) (x u, t)e™ T Vir(xu) dde*/ /F(”’ﬁ)xu Ui (ew) pu(dx)du

t—o00
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converges for 32 < 2 (1 — %) when p = i/2 € N and for all 32 < 2 when p # i/2 (this is automatic when i
is odd), using dominate convergence. The continuity in 8 follows from our uniform domination estimates.
Using (4.8) it is sufficient to show that

o . 2
(4.12) / e~ (=Du gup T Vir ) dy, < oo,
0 xelt

For the first case, (4.10) and Item (3) of Assumption 2.1 imply that there exists C' > 0 such that for all u
and x

(4.13) Ui p(x,u) = Var( 3 A,@X(Ik)) ~ S Ku(an,ar) = —iu—C.
k=1 k=1

. 2 .
Then we observe that our restriction on 3 implies [;* e~ (i=Dugringy < oo, If p #£ i/2, we use Lemma 4.4
below (Equation (4.23) with definition (4.17)) which yields for all x € I°

(4.14) Uip(x,u) < —(i—Lu-C

and allows us to conclude in the same manner. O

4.2. Proof of Proposition 4.1.

Presentation of the induction setup. We prove the result by induction on ¢ and omit all dependences in (8
in the notation. For i = 2 and from (4.3), the functions F(9 FZ1 are given by

2

B Qulwr, a2).

F(i’l)(.fl,xQ,u, t) = —F(LO) (Ila T2, U, t) = 4

In that special case there is no dependence in t, so (4.7) is trivial. The convergence (4.6) follows from our
assumption on @, namely Assumption 2.1 item 1. Equation (4.8) is also easy to check. For the induction

step, we are going to prove that for every i > 3, j < [4/2], setting Y, (x, u) := 22:1 /\ECP)XU (xr) we have

/2] o
(4.15) (ME=3D MU0y, = 3 / / FUOI0) (x u, )Xo T Ku(o00) cos(3Y, (x, u)) p(dx) du,
p=0 70 I

for a function F(9P) satisfying (4.6)-(4.8). The statement for A!” immediately follows. The first task is
to obtain an expression for F(»7P)(x, u,t) in terms of the function obtained in previous iterations. We set

Vo(x,u) :=E {Y;) (x, u)Q} As a consequence of our assumption (4.4), we can write M7t as

LG—=3)/2] i
(4.16) MU= .= Z // F(i*jﬁp)(x,u,t)eg(z?c;ﬁ Ku(zk,xr)=Vp(x,u))
0 Jri—j

S
p=0

2
X (cos (BYp(x,u A s)) T Volxuns) _ 1)u(dx)du.

The martingale M can be written as a similar sum over q € [0, 5/2]] and thus (MG=30) MUY, is
the sum over p and ¢ of the quadratic variations generated by the corresponding terms in the sum. We are
going to prove that each of these quadratic variations can be written as (4.15) with functions that satisfy
the properties specified in Proposition 4.1.

In what follows, for the sake of readability, we make a change of variable and replace the pair (i — 7, j)
with (4,4) (hence i + j now has the role formerly played by ). From now on, we also use the notation



ULTRAVIOLET RENORMALISATION OF THE BOUNDARY SINE-GORDON MODEL 13

X1 = (21,...,&), X2 = (Tit1,...,Tit;) and x = (X1, x2). We also introduce a notation for the following
energy terms

Uip(xi,u,v) =2 Z /\Egp))\l(p)/ Qr(z,z)dr,  and U, p(x,v) = Ui p(x,0,v)

(4.17) 1<k<I<i )
Uj.q(x2,u,v) :==2 Z )\,(Cq)/\l(Q)/ Qr(zk, z)dr, and  Ujq(x,v) =Ujq(x,0,0).
i+1<k<I<itj uw

Expanding all products, our task is reduced to the study of the bracket of martingales of the following type

t 2 2
Ns = / / F(x1,u, t)e*% wp (x1,0) (cos (BYp(x1,u A s)) e T Volaiuns) _ 1)M(dX1)du7
(4.18) oI

t 2 2
Ry = / G(x2,u, t)e_%Uf*‘J(xz’“) ( cos (BY,(x2,u A s)) T Valauns) _ 1>u(de)du,
0 Ji1i

where i,j > 2 and functions F' and G both satisfy (4.6)-(4.8) for ¢ and j respectively. Note that, to cover
the case j = 1, we also need to study the bracket (N, M™),, but this is comparatively simpler (the case is
treated starting from Equation (4.37)). The bracket can be computed using (4.1)

i it] t 2
(4.19) d<N, R>S :/ 52 (Z Z )\I(cp)/\l(q)QS(Ik’xl)> </ F(Xl,u,t)ef% i,p(X1,s,u)du>
itj s

I k=11=i+1

t »
</ G(Xz,v,t)eB_;Uj"I(xl’S’”)dv) 6%2 i Ka(@wn)
S

X sin (ﬁYp(xl, s)) sin (ﬂYq (x2, s)),u(dxl),u(dXQ)ds.

Now we use trigonometry to change the product of sin into a sum which, after permutation of the coordinates,
can be rewritten as the sum of two terms of the form cos(8Y;(x, s)), one term with » = p + ¢ and the other
with » = min(p + j — ¢,q + i — p). It remains to show that the function obtained in front of those terms,
namely (we omit sign and a factor 32/2 for obvious reasons)

i itg

t 2
(420) H(Xl,XQ,S,t) = (Z Z )\](CP)AI(Q)QS(;C]“(U)> (/ F(Xl,u,t)e_ﬁzUi,p(xl,s,u)du>

k=11=i+1
t 42
X </ G(XQ,’U,t)e_TUi,q(X2)57'U)d’U) ,
s

satisfies (4.6)-(4.8). We start with (4.6) and (4.7) which are easier to prove.

Proof of Item (1). Tt is sufficient to prove that
t 2
(4.21) / |F(x1, u, t)|e” T Vir (s dy < O(xq )e*

and converges (because this also implies convergence without |-| ) when ¢ tends to infinity (and the same for
the term containing G). This is obtained by observing that for x; fixed U; p(x1, s, w) is uniformly bounded
inuand s (e.g. by 2> 141, Jo |Qr(zk, 21)|dr). Hence using Assumption (4.6) for F' and dominated
convergence, we prove both convergence and (4.21).

Proof of Item (2). Now let us move to (4.8). For this statement we are going to need estimates on U; (X, s, w)
(which depend on whether p = i/2). Our starting point is the observation that appart from the missing
diagonal terms U, ,(x, s, u) corresponds to the variance of Y, (x,u) — Y,(x, s), and thus that
i s
Uip(x,s,u) > — Z Qu(k, k).

k=174
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To obtain a better bound, we need to obtain a better estimate of Var(Y,(x,u) — Y,(x, s)) instead of simply
relying on positivity. This is the spirit of Onsager’s electrostatic inequality (also known as Onsager’s Lemma
[17, 20], see also [18, Proposition 3.9]). The main upgrade w.r.t. to the previously mentionned inequality,
is that we provide a lower bound, not in terms of the minimal interparticle distance, but in terms of a
transport distance between the + and — charges.

In the case i = 2p, we let m(x1) denote the 1-Wasserstein distance between > »_; d,, and Zfﬁpﬂ Oz,
given by
P
4.22 = mi - .
(4.22) m(x1) min ; [Tk = Tpto k)l

where S, is the symmetric group on p elements. We state the following inequalities, whose proof is postponed
to the next section.

Lemma 4.4. For any choice of integers i > 2 and p < i/2 there exists a constant C' only depending on i
such that for every x € I':

(1) If i is even and p =1i/2

(4.23) Uipx,s,u) > —(i—1)(u—s) — (—logm(x) —s); — C
(2) In all other cases
(4.24) Uipx,8,u) > =G —1)(u—s)—C.

Now, we replace F'(x1, u,t) and G(x2, v, ) respectively by F'(x1,u) := sup;; > ,, |F(x1,u,t)| and G(x2,v) :=
supy., > , |G(x2,v,t)| and replace ¢ by oo in the integral bounds in (4.20). Of course, if we can prove appro-
priate bounds for the resulting quantity, this is enough for our claim. We start with (4.8), and the easier
case, when p # i/2 nor ¢ # j/2. In that case, using (4.24), we can conclude if we show that there exists a
constant such that for any k € [1,4] and ! € [i + 1,7+ j] and m € 1,7+ j] (not necessarily distinct of k or
1) and any x,, € I
(4.25)

e8] 2 oo 2
/IV+V|C%S(I]€)IZ)| {/ F(leu)e%@l)(us)du] {/ G(xz,v)e%(lfl)(vfs)dv p(dx™) < Ce= I Ds,
1T s S

Now assume without loss of generality that m > (i + 1) (the two integrals have symmetric roles). Then we
have from our induction hypothesis (for the first and last inequality) and Assumption (2.1) (for the second
inequality) for every zy, x; and x,, respectively

/ Fxy, u)p(dx?) < Cre=t=D,
ri—1
(4.26) [ Qe it < Coe .

I

/ G(xz,v),u(dxgm)) < Cge” U=y,
-1

Combining the three inequalities, we get (4.25) by using using Fubini and integrating with respect to
xgk), Tk, xém) (in that order). Therefore, we obtain that the L.h.s. of (4.20) is smaller than

(4.27) / / (=Due=U=-Dvqydy < Cye HI—1s,

We can now move to the proof of (4.8) when i = 2p or j = 2¢ (or both). Let us start with the case where
1= 2p, j # 2q first. We have

i itJ i+j P
(4.28) (Z Z )\,(f)/\l(Q)QS(:z:k,:z:l ) = Z Zx\ (Qs(@h 1) — Qs (T ()4 1)) 5

k=1l=i+1 l=i+1k=1
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where o can be chosen as the permutation for which the minimum in (4.22) is attained. By symmetry we can
assume that o is the identity, meaning that all our integrals will be restricted to the set Ajq := {x; : o =1d}.
This implies in particular that

(4.29) Vk e [1,p], |zk — Tktp| < m(x1).

Using the triangle inequality and Lemma 4.4 we can conclude provided we prove a uniform bound

(4'30) /]z‘ﬂ' 1 |QS($k7$l) _Qs(xk+i”’xl)|

B2 ﬂ{wleAId}
min (m(x;)es,1)2

o0 2 o0 2 L
X {/ F(Xl,u)eg“l)("s)du] [/ G(XQ,U)G%(lil)(vis)d’U p(dx(™) < Ce=(Hi=1s,
valid uniformly in the choice of k, [ and m. Now we claim that

ClL+ e*lex — )2 + (L+ e*lonsy — i) 2] if mix)

(431)  1Qs(k, 21) = Qs(Thp, )| < {Cm(xl)es(l + €|z — a|) 72 if m(x1 )

>e’,
<e .

Both inequalities comes from our assumption (2.9), the first line coming from the control on @ and the
second from the control on its derivative

Qs (k1) — Qs (Thgp, )| < m(x1) max  |0,Qs(a, )| < Cmi(xy)e* (1 + e|ay — zy|) 3

A€ [Tk, Thp]

and noticing that if m(x1) < e™* then maX,e(z, 2,.,) €*(1 + €la — z;])72 is of the same order as e(1 +

ef|lzr — x1])72. Because 82 < 2 and for m(x;) < e™*, the contribution of the term m(x;)e® coming from
(4.31) cancels out the one appearing in (4.30). As a consequence of the above considerations, (4.30) is proved
if we can show that

00 >
(4.32) / (14 ef|zg — zy]) 72 [/ F(x1, u)e%(ll)(uﬂdu}
Jiti—1 s
X [/ G(Xg,v)e%(ll)(vs)dv] M(dx(m)) < Ce*(lﬂ*l)s,

which can be done exactly like (4.25) by observing that [;(1 + e[z — 2]) " 2pu(dzy) < Ce™*.

Finally let us consider the case i = 2p, j = 2¢. Again by symmetry, we can assume that both permutations
involved in the definition of m(x;) and m(xz2) are the identity, which ensures that

(4.33) VL ok — rqp| Smix1), o — Tigg| < m(xa).
In that case similarly to (4.28)
(4.34)
ity itq p
(Z > A,EP’A§q’QS<xk,xz>> = 3 N (Qul@r, 21) — Qul@hp 1) — Qul@h, Trtg) + Qs(Thap, Tirg)) -
k=1 l=i+1 I=i+1 k=1

Hence the inequality we have to prove becomes

]l{xleAId ; X2€B1a}

(4.35) / Qs (zk, 71) — Qs (Tprp, 1) — Qs (T, Titq) + Qs (Thotp, Tt
. Titi-1 (min (m(x1)e, 1) min (m(xz)e, 1 ))ﬁ2/2

X </ F(x1,u)e” A 24 > (/ G(x2,v e S)dv> p(dx(™) < Ce=(Hi=bs

and has to be valid for every choice of k, [, and m. Here again we can conclude provided that we can replace
the fraction by C(1 + e*|z), — 2;])~2. Hence we need to show that the numerator in the fraction is smaller
than Cm(x1)m(x2)(1+e®|zk —2;|) ™2 when both m(x1) < e™% and m(x2) < e~* (other cases are similar but
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simpler). In this case, elementary differential calculus and our bound on the second derivative (2.9) show
that the numerator in the fraction above is smaller than

(4.36)  [Qs(zr, 1) = Qs (Xhyps 1) = Qs(Th, Tivg) + Qs (Thopps Tigg)]
< Cm(x1)m(x2)e*®  max  C(1+e*|b—al)™? < Om(xy)m(x2)(1 + €|y — x1]) 2,
pe S
where the last inequality uses our assumption on m(x;) and m(xz) as well as (4.34). This concludes our
proof of (4.8) except from the case j = 1 left aside.

In the case j =1 we need to compute a bracket of the type (N, M(1)>t where N is as above and Mt(l) is
our original martingale (minus its mean). We have

4 t 5
52 (Z )‘z(cp)Qs(iﬂk,wiJrl)) (/ F(x1,u, t)e_ﬂzU”)(xl’s’u)du>
k=1 s

B2 i+l

ez Zi=1 Kel@omn) gin (BY),(x1, 5)) sin (BX s (zig1)) p(dx)p(deigq )ds.

(4.37) d(N,M(l))sz/

Jit1

Using the notation x = (x1, z;4+1), the function for which convergence and domination have to be proved is

%

(4.38) H(x,s,t) = (Z )\,(cp)Qs(xk,le)) (/tF(xl,u t)e 5 Uiy, S“)du>

k=1
The proof of (4.6) and (4.7) for this H works as previously. Now concerning (4.8), we prove the bound for

> 2
</ F(Xla U)G%Ui,p(xl,s,u)du> '

with F'(x1,u) := sup;>,, F'(x1,u,t). The proof is the same as for the j > 2 case.

(4.39) H(x,s) =

STAPQu(@n, wirn)
k=1

Proof of Item (8). For this, the starting point is again to observe that the validity of (4.4) entails that each
martingale MY takes the form (4.16), and thus and thus the candidate limit is the martingale

L(2)/2] 2 )
4.40 M(Z ’p) (x,u)e U ((cog BY,(x,u A s ez Volxuns) _q p(dx)du.
P

The bracket derivative s (M) — M9} is given by a sum of terms of the form (recall (4.19), we adopt the
convention F'P)(x,u,t) =0 for u > t)

7 21 e’} 2
(4.41) / (ZZA%”AF’Qs(xk,x») ( / <F<W><xl,u>—F“vm(xl,u,t»e%U%pmwdu)
I2i

k=1l=i+1 s

( / (FOD (xg,u) — F9 (X27U=t))€_ﬁjUi*"(xz’s’“)du> o7 Tl Ko (onan)

X sin (ﬂYp(xl, s)) sin (ﬂYq(XQ, s))u(dxl)u(dXQ).

We show that each term converges to zero and remains uniformly bounded for s € [0, K]. By dominated
convergence it is sufficient to show that (recall F(:P)(x, u) := sup,, |FOP) (x, u, t)])

. )\ (9) (i,p) _82 Ui p(x1,8,u)
(4.42) E E AN Qs F X P d
/121 < ‘rk?xl)) </s ( 7u>e ’ B

k=11=i+1
oo . 2
</ F(qu)(x,u)e%Ui,p(xlﬁsvu)du) w(dxy)p(dxs) < co.

This can be performed by repeating the compution of the induction step in the proof of Ttem (2). O
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4.3. Proof of Lemma 4.4. Let us first show that we can reduce the proof to the case where Q. (z,y) =
Q(e%|z — y|) with Q a C? positive definite function support in the segment [—1,1]. Indeed we have

¢
(4.43) sup sup | / Q(e*z —y|) du —In(|lz — y| Ve )| < +oc.
t>0x,yel JO
Therefore, Assumption 2.1 Item (3) entails that
¢

(4.44) sup sup ’ / (Qu(z,y) — Q(e"|z —y|)) du’ < 400,

st >0x,yel!Js
and hence that for some constant C' > 0 we have

u u
(4.45) 3 o / Qo a)dr> 3 e / Qe e — ai)dr — i(i — 1)C.
1<k<i<i S 1<k<i<i s

Then considering Z(") a centered field of covariance Q(e"|x — y|) and Y, := ch:l exZ") (1) we have
Var(Y(") =i 42 Z exa1Q(e" |z — z1]).
1<k<I<i
Thus we have in any case
(4.46) 2 Z eraQe" |z — x]) > —i.
1<k<I<i

In order to obtain a better estimate, we need a good lower bound on the variance of Y'("). We need to show
that there exists C' > 0 such that

' ar(Y )N dr (u—s)—C when 3 ex 70,
(4.47) /SV (¥)e 2{<u_s)_<-1ogm<x>—s)+—c when 3 i = 0.

Let us partition [1,4] in disjoint groups of indices (Up)n>1 where the mutual distance within group is
smaller than e™" and the distance between groups is larger than e™"
min  min |zg — 2 > e,
n#q keU,,leUy

(4.48)

VYn, max |z, —x] <e .
k€U,

(A) Configuration with existing partition (B) Configuration with no possible partition

FIGURE 1. Partition into clusters

Such subdivision may not exist but is unique when it does, see Figure 1. A sufficient condition for existence
is that e™" is not an approximation of any of the distances between points

1
(4.49) VEk, L€ [1,4], €|z — x| € Ry \ [i——1’1> .
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Thus in particular the set of r for which the partition is not defined has Lebesgue measure bounded above
by @ log(i — 1). We let A be the set of r € R for which the partition exists. We write

(4.50) Y =3 "V where V) = Y 420 ()
n>1 keU,

As @ is supported on [—1,1], COV(YH(IT)7 Yn(;)) = 0 for ny # ny and using the fact that @ is Lipschitz on the
unit ball, we have

Var(Y,(") = Z exa1Q(e" |z — )

k€U,
( > ak) + 0y aksz( ek — ) — 1)
k€U, k,l€U,
2
2( Z sk) -C Z ez — 2.
keU, k€U,

The term 3, oy, €"|zg — 21| can be neglected. More precisely we have
(4.51) / S5 el — arldr </ S — 11 oy ey < Cii — 1),
n kleU, Rt 1<k,i<i

Thus for any value of u and s we have (with a constant that depends on %)

2
(4.52) /Var y ™ dr>/ ( 5;€> dr —C.
[s:ulNA p>1 \keU,

Now if " ej # 0 we have necessarily a group with non-cancelling signs and thus > -, (32 keU, ak)2 >1,
for all € A. This is sufficient to prove the first line of (4.47) using the fact that the measure of [u, s] \ A
is bounded by a constant. If >~ e =0, r € A and e " < 2m(x)/i then necessarily there must be a group
with non zero sign (3, €x # 0). Indeed, if not, each group U, contains the same number of zy’s with
positive ey or negative €. We can then pair these x; inside each U, so as to obtain o € S, (where 7 = 2p)
such that

Z |$k - :Ep+a'(k)| < pe—r'

Thus, if all groups have zero sign then m(x) < ie”"/2. On the complement of this event, 3, -, (Xkev, Ek)Q >
1, from which we deduce the second line of (4.47). O

4.4. Convergence of the partition function. Fix n and 8? < 2 — % Let us consider some bounded
measurable functional F' which we further assume to be measurable with respect to Fs, for some s > 0.
Using Lemma 3.1 we have

ZP(F) = B[FenMiem U G0 =y [N U d (NI 0 Q2

where N2 71D and Q") are defined by (3.6) and (3.8). Let us define for s < ¢

4n 2 2n—1
(4.53) QU Z S (MO0, Aoy
k 2n l=k—2n+1

where Q(2n Le) ngnfl’a). We can assume that F' > 1 by adding a large constant to it. Now, because

(Zn—l,a,t))

of our assumption on F' of F,, -measurability and the martingale property of (N, s < t, we have for



ULTRAVIOLET RENORMALISATION OF THE BOUNDARY SINE-GORDON MODEL 19

So<s<t
E |:F6Nt(2nfl,oc,t)_%<N(2n—l,a,t)>t€Q£’2tnfl,oc):|
(4.54) In <1 = QY e
E |:F6N§2nfl,oc,t)_%<N(2n71,a’t)>sng?::.—l,a):| — S,
Hence we can rewrite
2n—1 i
(4.55) E[Fe™™] — Y =Ci(My) =InE [N BN QU] Ay (s, ),
i=1
with |Az(s,t)| < ||Q(2" L) Qg?f_l’a)ﬂoo. We are going to show that
(4.56) tlgglo Ay(s,t) = tlg& InE {FeNs(znilya’t)7%<N(2n71’a’t)>SeQi2w:71’a)} =: Ay(s)
exists for every s and that
(4.57) hm sup ||Qt2" Le) Q(2n b 0‘)||OO =0.

This is sufficient to conclude because repeatlng the argument in (4.54) we have

(4.58) A (s1,8) — Ar(s2,8)] < QP71 — QP .

As a consequence of (4.57) the sequence A;(s) is Cauchy and from (4.55) and elementary calculus we deduce
that

(4.59) Jim Tog(B[F (X)) — 3 D) = lim A1(s)

The convergence (4.56) follows from the fact that for fixed s, the martingale N?*~1%) can be written
as a sum NGr—Let) — 22" Yol M) (see (3.6)). Proposition 4.1 Item (3) then ensures the convergence
towards some limit denoted N, as well as almost sure convergence of its quadratic variations. Furthermore
the quadratic variations of Ny are essentially bounded, which ensures that N; has exponential moments of
all orders. Proposition 4.1 item 3 also asserts almost sure convergence (as ¢ tends to infinity) of Q(2n Le)
towards an essentially bounded random variable.
Finally we show (4.57). From (4.53), it is enough to prove the claim for (M8 MFE=LD) - with k €
[2n,4n — 2] and | € [k — 2n + 1,2n — 1]. Similarly to (4.4), such a bracket takes the form of a sum
(4.60)
[k/2] k
(MG ppk=t)y Z / / k) (x,u t)e > T K@i cos | B Z)‘EP)XU(%) p(dx)du.
Ik =

in such a way that Proposition 4.1 item 2 provides the bound
||<M(l’t), M(k—l,t)> <M(l ,t) M(k lt C/ e 2 —(k—1)u du.
This is enough for our claim because k > 2n and 32 < 2 — H' |

5. CONVERGENCE OF THE CHARGE DISTRIBUTION: PROOF OF THEOREM 2.7

To implement this proof, let us move back to (2.8). We need to prove the convergence and continuity in 6 of

(8.,6) ®) : : . (8.0) ol a2ic00.9)
E[eO‘MtB ’ ]/E[eO‘MtB ]. The proof presented in the previous section ensures that E[eO‘MtB ’ le™ 2i= S e @)

converges. In order to ensure convergence and continuity of our quotient, we need to show for i < n — 1, the
different of the diverging cumulants converges

(5.1) lim 0577 (1) — 5 (1)

We are going to prove in fact that the convergence holds for all cumulants and that the corresponding limit
are continuous in 6.
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Using our reprentation (4.4) for both cumulants (the computation leading to the expression of F(:P) is
unchanged when a function 6 is added), we obtain that for Aﬁ“") being defined as (3.4) for the martingale
M©B) (recall Yy (x) := 30, AP X (1))

(5:2) e -V (1) = Bl - A7)
Li/2]

t .
= Z/ / F(i’p)(x,u,t)e§ iy Kulaeen) |
p=0 YO JI?

By using that

oS p(dx)du.

8 (xfp<x> +3 A,@e(wk)ﬂ — cos(BY,(x))
k=1

E [cos

= [cos (5212)\,?)9(1:;@)) _ 1:|65_22Var(yp(x))7

k=1

8 (w +3 A,ip’f%(xk))] ~ cos(BY, ()

k=1

we can reduce our problem to studying the convergence and continuity of

t ) i
(5.3) / / FOP) (x, u, t)e~ T Vin () [cos <Z /\Ef)o(a:k)> - 1] pi(dx)du.
0 JI k=1

As we have convergence of F(P) (x,u,t) towards a limit, we want to use dominated convergence. Let us
observe that

2
P2
< 5H9||1/2-

1
(5.4) <3

cos (Z A;’ﬁe(xk)) —1 ST AP 0()
k=1 k=1

Hence from the computation of the previous section, we can deduce that we have convergence when p # /2
(continuity in € can be proved in the same manner). For the case p = i/2, recalling the definition of m(x)
(4.22) and that of the Holder norm, we observe that for the optimal permutation o we have

p 2

Z 0(xr) — e(xp-i-o(k))

k=1

p

<p Y 10(zk) = 0(@prom)* < plIOIIT 2m(x),
k=1

(5.5)

and to conclude we only need to check that (recall F'P)(x, u) := sup,,, F'P) (x, u, t))

oo _ 5
(5.6) / / FOP)(x, u)efBTU"’P(X’“)m(X),u(dx)du < 00.
0 2

but this follows immediately from (4.23) and (4.4).
Finally, convergence in the Schwartz space results from Levy-Schwartz Theorem [3, Th. 2.3]. |

6. CORRELATION FUNCTIONS

To prove of Theorem 2.8, let us (for the sake of aligning with the notations of previous sections) denote by
n the number of singularities in order to use the variable k in other context. Then omitting the dependence
in (z,7n) in the martingale notation, the quantity defined in (2.15) is the terminal value of the martingale

(M?)sepo.y defined by

— 2 n
(6.1) M® .= /e%KS(I’C”) cos (ﬂXs(a:) + iZﬂanKt(x,zk)> dz.
1 k=1
For notational simplicity we set for the rest of this section ((zx,n) being fixed)

Yi(w) =82 meKi(, k),

k=1
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and ¢ = limy_, o ;. Now we can see that the cumulant of M, S(t) can be obtained using the computation

made for that of Mt(ﬁ). If C;(t) denotes the i-th cumulant of MY | starting with (4.4) and repeating the
computation (5.2)-(5.3), we obtain

Li/2)
(6.2)  il(Ci(t) Z / / FOP) (x, u,t)e” T Vir(xu) lcosh <Z )\(p)1/)t 33k)> - 1] p(dx)du.
! k=1
Theorem 2.8 is proved if we can show that i!(C;(t) — C;(t)) converges for every i that for some value of 7,
(6.3) lim E {eo‘ﬁft)} e T G0 < o0
t—o0

Let us first focus on the cumulant difference. The proof of (6.3), very similar to what is done in Section
4.4. As the term [cosh (2221 )\,(Cp)zbt (xk)) — 1] is not bounded uniformly in ¢, we require an extension of
Proposition 4.1 to treat it Let us introduce the quantity W on I and its extension to I’ as

W(z) = kérﬁgﬁﬂ(—log |z — 2;]) and W(x ZW T ).

Note that it is easy to check that

(6.4) cosh (Z A,ﬁpwt(xk)) < CeP Ml W),

Hence we need an adapted version of Proposition 4.1, which allows us for the integration of the bound
above, in order to proceed along the same proof as in Section 4.

Proposition 6.1. Given for every i > 2, p < i/2, then whenever 2a + 32 < 2 there exists a constant
C =C(i,z,«,8) > 0 such that for any fized k we have

(6.5) sup / WE=W@o)) gup |FOP) (x, u, )| u(dx®)) < Celi-Die-bu,
Ji—1

xRl t>u
We wish to use Proposition 6.1 to prove that whenever 5%(2||n|lec + 1) < 2 we have for all i (recall
FOP) (x, 1) = limy_s 00 FOP) (x,u,t))
(6.6)
Li/2)

: A % _8 ip (X, :
tl_lglol'(c Z / . FOP) (x q)e™ 7 Vinbew) [cosh (Z )\,(cp)z/J(x)> - 11 p(dx)du < oo.

k=1
Both the convergence and ﬁmteness of the integrals are proved using dominate convergence starting with
(6.2). We proceed separately for each i and p and start with the easier case i # 2p. Setting o = 32(|9]|o
and as usual FP)(x,u) := sup, 5 ,, |[F"P)(x, u,t)| and using (4.24) and (6.4), we obtain that the integrand
in (6.2) is bounded uniformly in ¢ by

CF(p) (%, u)ei(ifl)“eaw(x).

According to (6.5) the integral of the above is (up to a constant factor) smaller than

(6.7) </ eaW(zl)‘u(dxl)) (/OO e(i—l)[a+(,@2/2)—1]udu) < o0,
I 0

where the finiteness of the above is implied by (2a + %) < 2. When i = 2p we need to be substantially
more accurate in our approximation. Instead of (6.4) we observe (e.g. considering separately the case of

| b AP ()| < 1 and | Sh_; AP (ex)] > 1) that

i i 2
(6.8) lcosh (Z )\,(cp)wt(x)> — 1| < Ce®" ™) min ll, (Z )\](Cp)wt(:vk)>] .
k=1

k=1
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To obtain a bound which is uniform in ¢ we use the fact that there exists C' such that for every ¢ > 0

m(x)

where m(x) is the Wasserstein distance defined in (4.22) and D(x) = min;c[y 5] |2 —2;|. We can also replace
jeli,n]

the exponent 2 in (6.8) by 42/2 (which is smaller than 1 in any case) and ignore the min. Using (4.23), the

bound we obtain for the integrand is then

FOP) (x, u)e§ (i=1uaW(x) <min(m(x)_1 ) <%> ) e )

Now observe that the last term (between parentheses) is smaller than

%

D(X)ﬁ2/2

(6.10)
k=1

To conclude we notice that for each k € [[1,] we have from (6.5)

o0 . 2 2
(6.11) / / FOP)(x, u)e%(Z_l)ueo‘w(x)"'%W(wk)u(dx)du
0 i

<C (/e(“+%2)W(zk)M(dxk)) (/OO e(i—l)[a+,82/2—1]udu) :
1 0

where the finiteness of the first and second integrals are both consequences of our assumption 2a + 32 < 2.

Proof of Proposition 6.1. The proof goes by induction and follows the step of that of Proposition 4.1. The
key observation is that there exists a constant C; (depending on « and z) such that for every ¢ > u and
rel

(6.12) /(1 + ez —y[)2eV W p(dy) < Cre (@D,

I
We prove (6.5) by induction. Note that (6.12) and Assumption (2.1) allows us to check that the statement
is valid when ¢ = 2. Then the proof of the induction statement follows the steps of Proposition 4.1 item (2)
until (4.26) where we have to figure out how to replace the three inequalities. We assume that p # ¢/2 and
q > j/2 for simplicity (the adaptation needed for the case 2p =i and/or 2¢ = j are exactly identical to that
in the proof of Proposition 4.1, and the same observation is valid for the case j = 1). Instead of (4.25) we
need to prove

oo 2
(6.13) / e WED|Q (k1) [/ F(Xl,u)eaw(x(lk))+%(l_1)(u_5)du:|
[iti—1 s
y [/oo G(X2,v)eaW(x;k))+§(i1)(vs)dv:| u(dx(k)) < Oe(i+j71)(a71)s

where ng) stands for the vector x; with k-th component removed (in particular it does not change if x3

has no k-th component) and similarly for xék). Now considering u,v > s, we observe (using the induction

hypothesis for the first and last line and (6.12) for the middle one)

/ F(Xl, u)eaW(x(lk))‘u(dxgk)) < 026(1'71)(&71)71,
7i—1
(6.14) [1Qu(nmle entdn) < Coelee,

I

/ G(Xz,’U)eaW(x(zm))'u(dxém)) < 046(3‘71)(0471)@'
Ii—1
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To prove (6. 13) We just need to combine these three inequalites in the 1.h.s. and integrate over u,v > s
(using that o + 2= < 1).

Now to prove (6.3), following the proof structure of Section 4.4, it is sufficient to prove that

(6.15) lim sup ||Q Q| = 0.
5—00 4
where
2n n
A(n,a 1 _
(616) ngt’ ) = 5 Z Z lt M(k lt)>
k=n+1 l=k—

and M0 are the martingales constructed from M using the iteration 3.4. These type of martingale bracket
can be written in the form

(6.17) (M©D Afk=bi)y

UC/QJ k
/ / F®P) (x y t)e > S Kuea) cos Zﬂ/\;p)Xu(xj) + iy (x;) | | p(dx)du,
I* ;
7j=1

where F(5?) verifies the properties of Propositions 4.1-6.1. In order to prove the convergence statement,

we mostly need to prove domination. Hence we only need to observe that the cosinus term is bounded is
2

absolute value by Cef IMl=W () and we conclude by showing that

(6.18) / / sup |F k.p) (x,u t)|e r i K w(@i@) B2 lImlloe W) 4y, < o0
Ik t>u
Setting @ = || |32, as a consequence of Proposition 6.1, the above integral is smaller than
(6.19) C/ egk“e(k_l)(o‘_l)“du,
0
and the above integral is finite as soon as (k — 1)(a — 1)u + 2= k:u < 0 which is valid for n sufficiently large
(recall that we consider only k > n + 1) as soon as 32(1 + 2||17||OO) <2 O
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