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ABSTRACT: We analyze a bi-gravity model based on the first order formalism, having as
fundamental variables two tetrads but only one Lorentz connection. We show that on a
large class of backgrounds its linearization agrees with general relativity. At the non-linear
level, additional degrees of freedom appear, and we reveal the mechanism hiding them
around the special backgrounds. We further argue that they do not contain a massive
graviton, nor the Boulware-Deser ghost. The model thus propagates only one graviton,
whereas the nature of the additional degrees of freedom remains to be investigated. We
also present a foliation-preserving deformation of the model, which keeps all symmetries
except time diffeomorphisms and has three degrees of freedom.
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1 Introduction

Bi-gravity and massive gravity provide modifications of general relativity (GR) that have
given rise to much theoretical and phenomenological discussions in the literature, motivated
by finding alternatives to ACDM or by exploring potential quantum gravity models. Inter-
est spiked after the identification of ghost-free interactions [1-3], which eliminated a first
obvious obstruction in the viability of these models — the so-called Boulware-Deser (BD)
ghost [4] which typically appears in massive gravity models at non-linear level. Although
the ghost-free interactions are somewhat cumbersome-looking in the metric language, they
are very natural in tetrad variables, where they appear as the only polynomials generaliz-
ing the cosmological constant term which can be written using differential forms [5] (see
also [6]).!

!There is also a similar formulation using self-dual 2-forms [7], albeit only for the symmetric one of the
3 possible ghost-free interaction terms. See also [8-10].



Nevertheless, there are other difficulties which plague these models, including a-causal
propagation [11-14] and reappearing of ghost instabilities around cosmological homoge-
neous solutions [15, 16]. See [17, 18] for recent reviews. In the bi-gravity context [19, 20],
these difficulties are induced by the degrees of freedom of the second, massive graviton.
This raises the question of whether it is possible to find infrared modifications of GR in
which eventual additional degrees of freedom do not behave like a massive graviton.?

At the same time, the beauty and simplicity of the tetrad formulation of the ghost-free
interactions calls for being part of the story. But how can one avoid the appearance of
the second graviton in the presence of the two tetrads used to build these interactions?
Consider the following reasoning.

The other three known interactions of nature are all carried by a connection field
taking values in the appropriate Lie algebra. While Einstein’s general relativity uses the
metric as fundamental variable, it is known that it can be reformulated as a gauge theory,
using a tetrad and a connection valued in the Lie algebra of the Lorentz group. The
connection is however algebraically determined by the tetrad, and therefore does not have
a fundamental dynamical role. But regarding the connection as the carrier of gravitational
interactions suggests that even if one takes several tetrads, but charged under the same
Lorentz connection, one would describe just one graviton.

With such a motivation in mind, in this paper we analyze a model that implements this
idea. Defined by two Einstein-Cartan actions plus the polynomial interactions mentioned
above, see (2.4) below, it can be viewed either as a simple modification of the first order
action of GR, or as a variation on the theme of ghost-free bi-gravity. It takes as fundamental
variables two tetrads, but only one connection, and is the most general action of lowest
order in these variables compatible with diffeomorphism invariance, local Lorentz symmetry
and parity even. Although the connection is still algebraically determined by the tetrads by
the equations of motion, it is a complicated function thereof which does not coincide with
the usual Levi-Civita solution. The resulting dynamics is thus quite different from both
GR and bi-gravity theories, and so is the identification of the physical degrees of freedom.

A version of the model considered here has already appeared in the literature [23], but
with only one tetrad dynamical and the second one frozen, thus regarded as a modification
of massive gravity rather than bi-gravity. It was found that the model propagates a massive
graviton plus some additional degrees of freedom, although the analysis was not conclusive
about their number. In related papers [24, 25], it was also shown that any attempt to modify
the kinetic term of GR (and our modification can indeed be considered as a modification
of the kinetic term) would introduce a BD ghost, since at least one of the second class
constraints removing it would be lost. As we show in this paper, the situation with both
tetrads dynamical and just one connection is quite different.

Our first result is that the linearization of the model around a large class of backgrounds
— including the doubly-flat one — contains a single massless spin-2 particle which obeys

2Bi-gravity models are not the only ones haunted by a massive graviton. For instance, Stelle’s renor-
malizable theory of higher derivative gravity [21] also propagates it, and this mode spoils unitarity of the
theory. This said, quantum corrections could restore unitarity by making the massive mode unstable, see
e.g. [22].



the linearized Einstein’s equations, in agreement with the diffeomorphism invariance of
the action. This implies that this modified theory of gravity is indistinguishable from GR
in this linear regime, despite involving two tetrads. This is in a striking difference with
standard bi-gravity where the linear spectrum always contains a massive graviton.

Next, we perform the canonical analysis of the model at non-linear level, finding that
additional degrees of freedom do appear. Specifically, the model has 8 physical degrees
of freedom in total. This is deceivingly the same number as in old bi-gravity models
containing a massless graviton (2 degrees of freedom), a massive graviton (5) and the
scalar BD ghost (1), however in our case the behavior of the degrees of freedom and hence
their interpretation are different. First of all, the 5+1 additional degrees of freedom of
bi-gravity models show up at linear level around the doubly-flat background, whereas as
stated above, in our model they are hidden around this particular background, as well
as around a much larger class.> In addition, the origin of the additional modes is very
different from the origin of the massive graviton in bi-gravity, and more similar to the
additional modes discussed in [23]. Hence, we argue that there is no massive graviton in
the spectrum. Furthermore, we also show that the spectrum is free from the BD ghost
because both constraints removing it in the usual ghost-free bi-gravity are still present.
These are the two desired features that we expected from our model. At the same time,
the precise geometric nature of the additional degrees of freedom remains to be investigated.

In the end of the paper we also consider a modification of our model obtained by
imposing an additional constraint, which can also be viewed as a restriction of the original
model to a particular sector of the phase space. The additional constraint introduces
a preferred foliation and breaks time diffeomorphisms, but is consistent with all other
symmetries and leads to a drastic reduction of degrees of freedom. We show that the
modified model propagates only 3 degrees of freedom, similarly to various known examples
of foliation-preserving modifications of GR [27-29].

The organization of the paper is as follows. In the next section we present the model
and discuss its general features. In section 3 we study its linearization, first around the
doubly flat background and then around arbitrary conformally related tetrads. Next, in
section 4 we explain the results of linearization from the analysis of the kinetic terms. In
section 5 we provide the complete canonical analysis. A special attention is paid to the
case without potential terms of the two tetrads when the model is shown to possess two
additional gauge symmetries. In section 6 we present a foliation-preserving modification of
the model. Finally, section 7 is devoted to conclusions and discussion. A few appendices
contain details of calculations and some useful formulae.

3The hiding property, that we consider here interesting for phenomenological applications, is on the
other hand often frowned upon because it implies a strong coupling for perturbative expansions near the
hiding backgrounds [26]. However, this strong coupling problem does not prevent us from considering such
models as effective field theories provided the kinetic terms generated by loop effects do not lead to any
instability. Furthermore, the negative viewpoint seems to stem, in our opinion, from the prejudice that field
theories, especially their quantum versions, should exist perturbatively. The existence of non-perturbative
approaches such as loop quantum gravity makes us inclined to go beyond this prejudice.



Our conventions are such that the internal space indices I,J = 0,...,3 are raised
and lowered by means of the flat Minkowski metric n;; = diag(—,+,+,+). The Levi-
Civita symbol with flat indices is normalized as €g103 = 1. On the other hand, for the

antisymmetric tensor density with spacetime indices we use £0123 = 1 and &Vebc = gabe
where a,b,... label spatial directions. The symmetrization and anti-symmetrization of
indices are denoted by (--) and [ -], respectively, and include the factors of 1/2.

2 The model

General relativity can be described in the first order formalism, using tetrads and a Lorentz
connection as independent fields, by the Einstein-Cartan action [30]*

1
So[e,w] = 4/6[JKL€I/\6J/\FKL(W), (2.1)
where F'/(w) = dw!” +w! g Aw®’. The action is invariant under diffeomorphisms as well
as internal Lorentz transformations. In bi-gravity models written in this formalism [5, 32]
one takes the sum of two actions Sy with independent tetrads and connections, plus an
interaction term:

Shiglet,e—,wy,w_] = Soleq,wy] + Sole—, w_] + Sintles, e_]. (2.2)

For generic interactions one finds 8 degrees of freedom including the scalar BD ghost.
Ghost-free models propagate only 7 degrees of freedom, corresponding to a massless and a
massive graviton around the doubly flat spacetime, and are characterized by the following
five interaction terms:

4
Bre ko 4
Sitles e ] = — / et Y g () A (At (2.3)
k’:O . . = 1=

The mass-dimension-2 parameters are two cosmological constants By and (4, and three
coupling constants (3123 determining in turn the mass of the second spin-2 particle ap-
pearing in the spectrum. It is a beautiful consequence of working with tetrads that the
ghost-free interactions are the simplest ones that can be written down, and the only ones
that can be written exclusively using differential forms.

The model considered in this paper is obtained by keeping in the above action two
different tetrads, but a single Lorentz connection. This leads to the following action

1
Sleq,e_,w] = 1 /€[JKL (el Ael +el nel) AFEL(w) + Singles,e_], (2.4)
where the interaction term Sj, is taken to be as in (2.3). Notice that we assumed the

‘Newton’s constants’ of each sector to be positive, and reabsorbed them into a rescaling

“In units 87G = 1, convenient to avoid numerous factors of 2 in the canonical analysis. Sometimes this
action is also called Hilbert-Palatini or tetrad Palatini formulation, in reference to Palatini’s first order
formulation in metric variables, see [31].



of the tetrads. The signs are relevant for the physical interpretation of the model, and
our analysis can easily be generalized to arbitrary signs. One could also consider the
mixed term where the curvature is multiplied by efr A e’ but it can be removed by a
linear redefinition of the tetrads. Up to these redefinitions, (2.4) is the most general action
constructed from one Lorentz connection and two tetrads regarded as differential forms,
which is linear in the curvature and invariant under diffeomorphism and Lorentz gauge
transformations including parity.

2.1 Gauge symmetries

The action (2.4) is clearly invariant under ‘diagonal’ local Lorentz transformations and
diffeomorphisms, namely those acting in the same way on both tetrads. For the usual
ghost-free bi-gravity (2.2), it makes sense to speak also about local Lorentz transformations
and diffeomorphisms acting independently on each set of variables. They are symmetries
of the first two terms in (2.2), but not of the interaction term (2.3) generating the mass
for one of the two gravitons. In contrast, in the model (2.4) the ‘off-diagonal’ symmetries
are broken already by the kinematical first term. As was noticed in [23] (where the same
action (2.4) was considered, but with only one tetrad dynamical and the second fixed), due
to this fact one loses the symmetricity constraint

1 J 1 J
NLJ€L €2 ) = NIJe_ €4 o, (2.5)

responsible for the equivalence between the metric and tetrad formulations of bi-gravity.
The reason is the following. In the standard bi-gravity case, only the term Siy¢ contributes
to the difference of the variations of the action (2.2) with respect to Lorentz gauge degrees
of freedom in the two sectors, since the first two terms are individually invariant. The
resulting equations (2.5) are purely algebraic, and allow one to exclude the corresponding
‘off-diagonal’ degrees of freedom even though the ‘off-diagonal’ Lorentz transformations are
not a symmetry of the full action. With the new action (2.4), the kinetic term of the action
does contribute to the same (difference of) variations, so that the resulting equation includes
the curvature and turns out to be dynamical, instead of being a constraint like (2.5). As
a consequence, a metric implementation of the same idea explored here, namely an action
S(g+,9-,T) given by two Einstein-Hilbert actions sharing the same affine connection, plus
the metric version of the ghost-free interactions, will in general give a different dynamics.

In the particular case where all parameters 5 are set to zero, i.e. in the absence of all
interaction terms including the cosmological constant ones, the action (2.4) turns out to
have two additional gauge symmetries. At the infinitesimal level, they act by

I I I
St ey, — ey, Teeq (2.6a)
Sy ,/eiei’I — /et (eiJ j:ee;eé‘F,I) ; (2.6b)

where ¢ is a transformation parameter. The first symmetry is evident by inspection of the
action. The second becomes transparent if one uses

= K L
1 EMrerikLe, €5 = eeﬁe’j] (2.7)



to rewrite the first term in (2.4) as

/d4X (e+ei7leiﬂj + e,e‘_bvle’i“]) Fjl‘,](w) (2.8)

The appearance of these additional symmetries was quite surprising to us. In fact, we
initially inferred their existence from the constraint analysis, and only afterwards identified
them at the covariant level. As we show below in section 5.2, the canonical realization of
the second symmetry is particularly non-trivial. Interestingly, the canonical analysis will
show that the presence of the additional symmetries does not change the number of degrees
of freedom.

2.2 Equations of motion

An important difference of the model (2.4) with respect to the standard bi-gravity (2.2) is
the new form of the connection equation. Instead of the usual Cartan equation dy,e! = 0
(here d,, is the covariant exterior derivative with respect to the Lorentz connection wl’ )

with the unique Levi-Civita solution w!”(e), one has
d,B" =0, B =el nel +el nel. (2.9)

This equation is still algebraic with respect to the connection and can be rewritten as

B[IK/\wJ]K:e[i/\dei]—i—e[f/\de{], (2.10)
however it is clear that its solution is in general not a Levi-Civita connection, neither the
sum of two Levi-Civita connections.

Furthermore, since the 2-form B! is not simple (i.e. it is not a wedge product of two
1-forms), it is quite involved to define the inverse of the algebraic operator acting on the
connection and find the general solution. Although in principle such general solution is
known [10] (see also [33]), it is a non-linear expression in B!/ constructed using the Urban-
tke metrics defined from a general 2-form. This solution does not appear to significantly
simplify in the special case (2.9) of our current interest, and we leave investigations of this
approach to future work.

Instead, we note that the connection equation can be easily solved for any pair of
conformally equivalent tetrads, say

el = el (2.11)
In this case the 2-form B! is simple,
1
Bl = el pe?, ¢ = 3 log (2 +Q2), (2.12)

and the connection is given by the Levi-Civita connection of e/ plus a contorsion piece
determined by @,
wl = wﬁj(e) + 2656‘]]”8,,(1). (2.13)



One can define then an ‘effective’ tetrad

eI = €¢€I (214)

Wil =l (e), (2.15)

as follows from the transformation properties of the Levi-Civita connection under conformal

transformations. As we will see below, it is the effective metric constructed from e!

g = nrene) = (8 + Q%) nrsener, (2.16)

that acts as background for the massless graviton.
As for the tetrad equations, they give two sets at first sight similar to the ordinary
Einstein equations in tetrad language:

1
Z5IJKL5HWW L FaH(w) = UL (B ey e), (2.17)

where the right-hand side comes from the straightforward variations of (2.3). However
because the connection is in general not Levi-Civita, its curvature is not equivalent to the
Riemann tensor, and the left-hand side does not reproduce the Einstein tensor.

3 Linearization

To get a first understanding of the dynamics of the model and its degrees of freedom, in
this section we study the linearization of (2.4) around a given background. Following the
standard treatment of perturbation theory in tetrad variables (see e.g. [34]), we define

I - I 1J

€ = €+ Fip W, =Wt w, (3.1)
where éiu and (Dl[[] describe the (on-shell) background, whereas fi,u and wﬁ‘] are the
infinitesimal perturbations. It is also useful to define the tensorial variables

f:i:,MV = T]IijI:“uéth,uﬂ (32)

which are related to the metric perturbations. Plugging the expansion (3.1) into the ac-
tion and expanding to the quadratic order, one gets the linearized theory. Analyzing the
resulting linearized field equations, one can then elucidate the physical meaning of the
perturbations.

3.1 Doubly-flat background

The first case we study is the doubly-flat background, which in ghost-free bi-gravity allows
one to provide a physical interpretation to all propagating degrees of freedom. It is defined
by

e, =6, @l=o0. (3.3)



Expanding the action at first order, it is immediate to see that the doubly-flat background
is a solution of the equations of motion only provided the parameters satisfy the following
two conditions

Ap = B+ 362+ 363+ B1 =0,
A= Lo+ 3601+ 362+ 63 =0,

corresponding to the absence of an effective cosmological constant. These conditions allow

(3.4)

to exclude two of the parameters 3, for instance, 51 and 3.
Introducing the ‘diagonal’ and ‘off-diagonal’ combinations of the tetrad fluctuations

f,uzl = f—&—,,uz/ + f—,,uzzy b,uu = f—&—,,uu - f—,,uz/a (3'5)

the action expanded to the second order reads
S = / d*x [ FoL 0w + FuPOyw " — fuPOpw M + 21 pwp, w7 — gbu[ﬂbyﬂ . (3.6)

where all indices are raised and lowered with the flat Minkowski metric, and can be con-
verted from spacetime to internal space indices and back using the flat tetrad 5{, Here

= % (Bo — 202 + Ba) is the only parameter which remains in the linearized theory, and
we observe that the ‘off-diagonal’ variables decouple: for § # 0 they are fixed by their
equations of motion to zero, whereas in the case of vanishing 8 they remain undetermined
describing pure gauge degrees of freedom, corresponding to an additional shift gauge sym-
metry of the linearized theory.

The equation obtained by varying wlf‘ﬁ is linear and algebraic, and has solution

« 1 141e% 1
Wy b= 5" [y le <8p3uu + 28uavp> (3.7)

in terms of the symmetric s, = 2f(,,) and antisymmetric a,, = 2f,,) parts of the
‘diagonal’” fluctuations. This expression is proportional to the Levi-Civita connection for
fluctuations f,,, around the effective metric 27,,,, see appendix A for details.®

Inserting the solution into the equation obtained by varying f,,, one finds that the
antisymmetric part a,, drops out and remains unrestricted, whereas the symmetric part
satisfies the following differential equation

GO 5] = —% (a%,w — 0u0p50” — By 0P + 04005, + Ny (0p0r5°” — a%pp)) —0. (3.8)

The second order differential operator appearing in (3.8) is nothing but the linearized
Einstein tensor G, on a flat background.

This analysis shows that the only propagating mode visible in the linear spectrum
around the doubly-flat background is the massless spin-2 graviton, described by s,,. The
internal Lorentz fields a,, are pure gauge, as in usual tetrad gravity. The crucial result is
that the ‘off-diagonal’ field b,,,,, which carries the massive graviton mode in usual bi-gravity
theories, is not dynamical in this linearization.

®The factor of 2 can be understood from (2.16) and setting Q1 = 1. Had we used the effective tetrad
eﬁ = \/idﬁ to convert indices, we would obtain the right proportionality factor 1/4 in agreement with the
doubly-flat limit of the more general formula (3.14) derived below.



3.2 Conformally-related backgrounds

One may think that the reduction to Einstein’s gravity at the linearized level and absence
of additional propagating modes are a consequence of the high symmetry of the doubly-flat
background. As we now show, these features persist in more general conformally-equivalent
backgrounds, namely

el =Quel. (3.9)

Let us first study the equations of motion that the background has to satisfy.

The equation for the connection can be solved as anticipated in section 2.2, so that cDﬁJ
is the Levi-Civita connection evaluated on the effective tetrad ¢!/ = e®e!, with ® defined
as in (2.12). Substituting this solution into the variation of the action with respect to the
tetrads, one finds the two equations

_ o A\t _
Gu(@) = —¢ M’i G (3.10)

where G, (g) is the Einstein tensor evaluated on the effective metric g, = nr Jéﬁéi , and

A= B102 + 38020, + 363020 + 8,03,

(3.11)
A= 5308 + 36,020 + 351020, + 02

generalizing Ay introduced in (3.4). Taking the difference of the two equations (3.10), one
finds a constraint on Q4

QA =Q3 2. (3.12)
This algebraic constraint can be solved for generic values of the coupling constants. There
is no restriction on them as in the doubly-flat case, hence this perturbative expansion
tests generic properties of our action. In addition, the Bianchi identity requires that the
function multiplying the metric on the right hand side of (3.10) be a constant, which can be
identified with the effective cosmological constant A. Thus, we have a stronger constraint

A A
6_2(1)971 = e—z@ﬁ = A = const. (3.13)

Finally, the two conformal factors must be such that the effective metric g,, satisfies the
standard Einstein equations with cosmological constant A.

Next, we study the equations on the perturbations w{;} and f4 ., which again can be
conveniently decomposed in terms of ‘diagonal’ and ‘off-diagonal’ combinations (3.5), with
the former split into its symmetric s,,, and antisymmetric a,, parts. The analysis is a bit
longer than in the doubly-flat case, we thus present here an overview of the results and

report the details in appendix A.

e The solution for the connection is given by a covariant version of (3.7),
e = 1=
wuaﬁ — gloghlr <vp5/w + 2vual,p> , (3.14)

where V is the Levi-Civita connection of guv- Crucially, this solution is again a
linearization of the Levi-Civita connection for the ‘diagonal’ perturbations f,,,, around
the effective background g, .



e The symmetric diagonal perturbations s,, satisfy the linearized Einstein equations
on the background described by the effective metric g,, with cosmological con-
stant (3.13), namely

G s] + Asy = 0. (3.15)

e The antisymmetric perturbations a,, are pure gauge.

e The ‘off-diagonal’ perturbations b, are non-dynamical: they are fixed in terms of
the diagonal fields by an algebraic equation,

(0565 — W(Q% +Q2)Cu7") bpe = (B 0SS — W(Q2 — Q2)C.%°) foor  (3.16)

where C’Wpa is the Weyl tensor of the effective background metric, and B and W are
functions of the background and parameters ) defined in (A.18).

We conclude that at linear order the model propagates only one massless graviton
around any background described by two conformally related tetrads. The main difference
with respect to the doubly flat case is that the ‘off-diagonal’ perturbations do not have to
vanish, but are fixed in terms of the solution of the linearized Einstein equations.

We also remark that all solutions of the linearized GR are included in our model,
provided one can split the background metric as in (2.16) so that the two functions Q4
satisfy the constraint (3.13).

4 Kinetic terms

In this section we switch to a canonical analysis to explain why the linear spectrum on con-
formally related backgrounds contains only one massless graviton and no additional degrees
of freedom. To that end, we introduce a 3 + 1 decomposition of spacetime and analyze the
kinetic terms. We parametrize the tetrads as in the familiar ADM decomposition [35, 36],
using a tilde over or under the fields to indicate spatial density of positive or negative weight:

ek = (NeXL + Niel ) dt + e} ,da®. (41)
Here eli’a and )A(ii satisfy
nXiel, =0, o XiX{=—qs, el el =qram, (4.2)

and g+ 4 are the two induced metrics on the spatial slice, ¢4 are their determinants. An
explicit solution of these relations is given by®

Xi = Ey (17Xit) ) eli,a - (Ei,axi7j?Eii,a> : (43)

Here the indices i, j = 1,2, 3 are used to label spatial directions in the internal space, Eft,a
are spatial triads and F their determinants. We will denote their inverses by E¢ ,, and
the densities EY,=ELEY ;.

5Notice also that in the single metric case the norm of the vector x* conveniently controls the nature of
the foliation, from the standard space-like one to time-like [37] and null [38].

,10,



The kinetic term of (2.4) following from this decomposition is
Skin = /dt dx (P 15+ P2 15) Ol (4.4)

where we introduced
1Es, for [1.J] = [0d],

~ .. 4.5
Ei,[iXid] for [1J] = [ij]. (4.5)

~ 1
1w K L
Pi,= 1 e ryKLes pey . =

1J

Since the momentum conjugate to w;

is not an elementary field, the structure of the
kinetic term should be further disentangled. This can be achieved through a change of
variables which generalizes the one used to bring the kinetic term to the canonical form in

the case of one tetrad (see [39] and (C.13) in the last appendix),

~ 1~ . , ‘ . ,
E:aéz = 5 E]“(éf + di), Xe=x"— C[id;] + (4.6a)
wgi = nfl — wfljxj + wfij([jdﬁ] — wsjcjd};, wflj = Eijkrklgé + E([jwﬂ. (4.6b)

Here the first two relations define ‘diagonal’ (Ez“, x*) and ‘off-diagonal’ (d{ , (') components
of the tetrad (analogously to, but in a more complicated way than in (3.5)), whereas the
last two trade the 18 components of the connection wl” for 7%, the symmetric matrix r;;
and the internal spatial vector w’. Using these new variables allows us to write the kinetic
term of the action in the following form:

Skin = /dt d’x [Efﬁmé + X0’ + ML G Oy . (4.7)

The first two terms are in the canonical form and familiar from the single tetrad [39] and
standard bi-gravity cases [32]. On the other hand, the momentum conjugate to 7;; is still
not an elementary field. While we were not able to find a further change of variables which
brings it to the canonical form, this expression for the kinetic term is sufficient to draw
some definite conclusions.

In the case of GR in the first order formalism, there is only one tetrad, the fields dg
and ¢* describing the ‘off-diagonal’ sector are absent, and so is the non-canonical last term
in (4.7). Hence the six components r;; of the connection have vanishing momenta and are
non-dynamical fields. In our case this is not true anymore. The momenta conjugate to r;;
are non-vanishing and are given by

7 = g, (4.8)
As a result, one expects that the model propagates up to six additional degrees of freedom,
in agreement with the results of [23].

Let us consider however the linearization around any background with conformally
related tetrads (3.9). The crucial observation is that for such backgrounds

dl ~a%, (=0 (4.9)
Therefore, at linearized level the momenta (4.8) are again vanishing! This fact explains
why the linear spectrum around these backgrounds contains only a massless graviton. It

also shows that the hiding mechanism at play is based on the non-linear dependence on
the ‘off-diagonal’ variables of the momenta of the additional degrees of freedom.

— 11 —



5 Canonical analysis

In this section we perform the complete canonical analysis of the model (2.4) and find the
number of propagating degrees of freedom on generic backgrounds. Notice first that the
action of our model can be equivalently written as the action of the standard ghost-free
bi-gravity (2.2) constrained to have equal connections

4 1J 1J
Sleq,e—,wi,w—,v] = Shiglet, e, wi,w_] + /d x vy (Wi, —w=,), (5.1)
where v}, is a Lagrange multiplier imposing the constraint. Integrating out v/, one
recovers the original action (2.4). Choosing (5.1) as the starting point allows to make the
canonical analysis similar to the one of the ghost-free bi-gravity, to see their parallels and
differences.

5.1 Primary constraints

For the purpose of canonical analysis, it is convenient to treat the time components of the
connection directly as Lagrange multipliers. To be able to do this, we need to integrate
out v¥; in the action (5.1) which imposes wi"o

)

= wh {0, but leaves the other components
independent, thus making one step back towards the original formulation (2.4). Then
decomposing the tetrads as in (4.1), the action can be rewritten in the following canonical
form (cf. [31, 32, 40])

S = /dt d’x [ﬁi,uatwi{a + ﬁf,uatwi‘{a + U?J(W{;,]a - Wi{a) +wyGr (5.2)
F NIV NVt Ny + N,

where the momenta ﬁi 1 are given by (4.5). The explicit expressions of Gr, V4 o and H4
can be found in (C.1). They form the set of primary constraints, together with

Y 53)

One must also take into account that not all components of ﬁi 7y are independent: as for
usual gravity in tetrad variables, we have 6 simplicity constraints per sector,

1 - .
¢ = 3 el TKLpY [ PY p (5.4)

Thus, in total one has 6 +2 x 44 18 + 2 x 6 = 44 primary constraints. They are defined on
a 72-dimensional phase space parametrized by Pi’ 7y and wi‘{a, with symplectic structure

(Wl (%), PL e (v)} = 006%,8(x, y). (5.5)

— 12 —



Before we proceed with the study of the constraint algebra, it is convenient to replace
Vi o by their linear combinations. Namely, we define

1
Do =Via+Voa+t 5 Wil +wll)dr

1/ ~ - -
+ L’ [2 (5bpi,u - abpﬁ,u> + W+,b1KPJbr,KJ - W—,bIKPE,KJ

—,a

b LT L pb T b I _ b I
2 <P+,IJW+,a + P~ W ) — P{ 100wy — P 170007,
1

]}a 2 (V_i'-’a - V_7a).

The advantage of this redefinition is that D, generates the standard spatial diffeomor-
phisms in both sectors.” Similarly, the Gauss constraint Gr; generates the local Lorentz
transformations. It is easy to see that both these constraints commute weakly with all other
constraints in agreement with their first class nature as generators of gauge transformations.
Let us now consider the simplicity constraints (5.4) together with the constraints (5.3).
Their Poisson brackets are non-vanishing so that one can expect that they form second class
pairs. But there are 18 constraints wé‘] and only 12 (ﬁ‘:’tb so that there should exist 6 combi-
nations of 1!/ which commute with all simplicity constraints. One can check that this is in-
deed the case and the following constraints have vanishing commutation relations with gb“ib:

% = )A(/i@ba,lg])?ia (5.7&)

Yo = 2P ;e XE XL = quqtel i’ X2, (5.7b)
1.

Yo = §5ab05[JKL€i{7b€£,cw£J, (5.7¢)

where ¢%° are the inverses of the induced metrics defined in (4.2). We denote the set of
these constraints by ¥ x with X running over 6 values.

As a result, we remain with the set of constraints 1 x, V, and H. for which we should
study the stability conditions. This problem is very similar to what one has in the ghost-
free bi-gravity [32]: the only difference is that there, instead of ¥ x, one has the off-diagonal
Gauss Gr; given by the difference of the Gauss constraints in the two sectors. Let us recall
that in the case of bi-gravity the stabilization of Gry gives rise to three secondary constraints
S® which coincide with the spatial components of the symmetricity conditions (2.5). Then
Gry form second class pairs with V, and 8% At the same time, the stability of the two
Hamiltonian constraints Hy also generates the secondary constraint [32, eq. (3.14)]

1J 1J
v = MCILJ (er,a - w*,a) ) (5'8)
where
M%J = SIJKLéabC (ﬁlel_ibe]j’c =+ 2526571365’6 + ,Bgefbei’c) , (59)

which in turn forms a second class pair with a linear combination of H4, whereas another
combination remains first class. It is trivial to check that this constraint structure leads to

"Note that the interaction term Sine does not contribute to D.
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14-dimensional phase space, i.e. to 7 degrees of freedom of one massless and one massive
gravitons, whereas the constraint ¥ (5.8) is nothing but the constraint removing the BD
ghost.

In our case the constraint structure is certainly going to be different since we already
know that the symmetricity conditions do not arise in our model. On the other hand,
it is interesting that the constraint removing the BD ghost is still imposed. Indeed, the
constraint (5.8) is simply a linear combination of our constraints ¢./. Thus, both primary
and secondary constraints responsible for the absence of the BD ghost in bi-gravity appear
now as primary constraints, which allows us to conclude that our model is free from the
BD ghost.

5.2 Absence of the interaction terms

Before treating the general case, it is useful to consider the case where all parameters
B are taken to vanish, i.e. the interaction term Siy is not included. As was noticed in
section 2, then the model possesses two additional gauge symmetries (2.6). Therefore, the
first natural question is: what are the first class constraints generating them? Since the
symmetry transformations do not affect the connections, it is clear that the generators
must be linear combinations of the constraints (5.7). Comparing their commutators with
the canonical variables against the transformations given in appendix B, one can check
that the generator of S; coincides with vy, whereas the generator of Sy is given by

¥ = N%q + Nyt + Ny, (5.10)

where N = N ¢ — N? is the Lagrange multiplier of V..

These identifications make sense only if the corresponding constraints ¢y and ¢ are
first class, i.e. commute with all other constraints. Potentially, the only non-vanishing
commutators can be with V, and H.. We provide their explicit expressions in appendix C
and prove that 1y indeed weakly commutes with all constraints.

The situation with ¢ is more complicated. First of all, it is already a bit unusual
that one has to consider a quantity which is not really a function on the phase space since
it also involves Lagrange multipliers. In fact, this is analogous to the generator of time
diffeomorphisms in any generally covariant theory which is known to coincide with the full
Hamiltonian (see, e.g. [41, 42]), i.e. it is the linear combination of first class constraints with
coeflicients given by the corresponding Lagrange multipliers. But here there is an additional
complication: the constraints entering (5.10) are not first class! Indeed, the matrix of
commutators of Y = (g, V4,1 ) with Ha = (f)a,,H_A'_, H_) has the following structure

Aab B;{ B;
{a(x),Hp(y)} = Mapd(x,y),  Map=|-Bf 0 —C|, (5.11)
B, C 0

where Ay, B and C are defined in (C.8). However, it turns out that the vanishing of all
commutators is not necessary for ¢ to be a symmetry of the action! To see why this is so,
let us write the action in the canonical form as

S = /dt (piatqi + naGa) , (5.12)
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where ¢;, p' are our canonical variables, Gy is the set of all primary constraints and n® are
their Lagrange multipliers. Furthermore, we know that

{Ya,Ga} =C}, Gy, a#B

(5.13)
{¢A’5HB} = OX’BG'Y + MA’Ba

and under the action generated by e*G,, the canonical variables and the Lagrange multi-
pliers transform as

6qi = {e“Ga,qi},  0p' = {e“Ga,p'}, (5.14)
on® = O — ngeﬁrﬂ. '

For the generator 1 (5.10), one must take e* = e N4 for « = A’, where N4 = (N“, Ny, N,
and zero otherwise. Then applying the transformation (5.14) to the action (5.12) and us-
ing the constraint algebra (5.13), it is easy to see that the variation vanishes provided the
matrix M4 p is antisymmetric. Remarkably, this is indeed the case for the matrix (5.11).

Let us now turn to the stability conditions for the remaining constraints, i.e ¥4 and

Ha. It is clear that they reduce to the equations

MapNB =0, 0P Mpy=-- (5.15)

where v’ are Lagrange multipliers for 1y and the dots denote contributions from com-

mutators of H 4 with all other constraints. From the first equation, one finds
Ny=C'B;N°, N_=-C'BfN (5.16)

and
MNP =0, Mg =Ay+C " (BIB, — B, B). (5.17)

Since My, is a 3 X 3 antisymmetric matrix, it has a vanishing determinant and the equa-
tions (5.17) fix only 2 of the 3 components of N as

N® = N&® M,. (5.18)

This is consistent with the fact that one combination of the constraints H 4 is first class,
whereas 4 remaining constraints are second class. In the following, it will be convenient to
use notations N for the functions on the phase space determining the Lagrange multipliers
N4 up to the factor of N so that we have N4 = ]XNA.

It is clear that the second equation in (5.15) has a similar solution. More precisely, one
obtains v = NN A4 ... where the dots correspond to terms proportional to the Lagrange
multipliers of the constraints contributing to the r.h.s. of that equation (i.e. ¢4* and those
Y17 which form with ¢4 second class pairs). Importantly, one Lagrange multiplier remains
unfixed implying that one combination of 1 4/ is first class, whereas 4 others are second class.

Explicitly, the combinations of the constraints which are first class can be written as

H=NV,+NH +NH +-, =Ny +N g +N . (519)
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where this time the dots denote terms proportional to qbib and 117 which can be fixed from
the stability equations of these constraints. The first class constraint ¢ can be thought
also as the generator of the gauge symmetry Ss. However, this is true only on mass shell:
this constraint is proportional to the generator (5.10) provided the Lagrange multipliers
are set to their values fixed by the stability conditions.

We conclude that in the absence of the interaction term the 72-dimensional phase
space carries 12 first class constraints Gry, D, H., 1o, . and 32 second class constraints
comprising qﬁ‘}tb, 16 components of ¢£J and 4 constraints out of (l}a, Hy,H_). This leaves
72—2x12—32 = 16 dimensional phase space, i.e. 8 degrees of freedom. Two of them corre-
spond to the massless graviton, whereas the remaining six can be viewed as the components
of the connection 7;; becoming dynamical on general background, as suggested by (4.7).

5.3 Inclusion of the interaction terms

After adding the interaction term Sj,, the structure of the commutators changes. Since
there are no the gauge symmetries (2.6) anymore, there are no linear combinations of 1 x
which commute with all H4. As a result, all of them give rise to non-trivial stability
equations generalizing (5.15)

{wx,/d3yNAHA} = MxaN* =0, (5.20)

where Mx 4 denotes the matrix of commutators. Its evaluation is discussed in appendix C
although we refrain from providing explicit expressions for its entries since they are cum-
bersome and not illuminating. The stability conditions (5.20) represent a system of 6
linear homogeneous equations on 5 Lagrange multipliers N*. Furthermore, the vanishing
solution N4 = 0 is not physically acceptable. Therefore, among these 6 equations there
should exist at least 2 which are not conditions on the Lagrange multipliers, but secondary
constraints. In this case the solution necessarily has the form N4 = NN 4 where N4 are
some functions on the phase space fixed by the stability conditions.

Unfortunately, we have not been able to find any simple expression for the secondary
constraints, but formally they can be represented as conditions of vanishing determinants.
For instance, they can be chosen as

Sy = det {5, Hp} =0, (5.21)

where ¢j/ denotes the vector of constraints (14,11, 10). Then 6 constraints 1y form sec-
ond class pairs with 6 constraints comprising Sy, S— and 4 constraints out of (]}a, Hy, Ho),
whereas the total Hamiltonian

H=NV,+N,H,+N_H_ +-- (5.22)

remains first class, as in (5.19).

The dimension of the constrained phase space in this case is given by 72—2x 10—36 =
16, which again corresponds to 8 degrees of freedom having the same interpretation as
above.
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6 Foliation-preserving model

In this section we present another model which can be viewed as a restriction of the previous
one to a particular sector. The motivation to consider it comes from the observation that
under the condition

Xy = x5, (6.1)
which can also be written in a Lorentz covariant form as

~ ~

(e4aX_)=0 & (e_oXy)=0, (6.2)

the commutators of constraints (see appendix C) significantly simplify. In fact, these
simplifications are not accidental, but reflect a degeneracy of the sector (6.1), manifest
already from the fact that the constraints v, defined in (5.7a) become identically zero.
Moreover, it is easy to check that the 9 constraints defined by®

Yo = 15" Xy (6.3)

weakly commute with both ¢%° and the constraints (6.2) which will be denoted by A,.
This implies that in the sector of equal x’., the matrix of commutators of 1!’/ and ¢%°
acquires an additional degeneracy and some of the constraints which formed second class
pairs do not do this anymore.

More precisely, one finds that only 9 constraints among 1.7 form such second class
pairs with ¢4* and A,. The other 9 constraints given in (6.3) remain commuting. As
a consequence, among ¢%° and A, there are also 6 constraints commuting with all 7.
Explicitly, they can be represented as

=g (6.4)
b b q— q TKY
el (258 =) ([Tl el ol [Tt jof (et RERE),

1

where E? is the inverse of E_ ei7a+E+€7’a,

and we notice that the last term is proportional
to Ay. Thus, in this sector one gets more constraints which generate non-trivial stability
conditions. There are 9 + 6 + 3 + 2 = 20 such constraints: 7, e f/b and H4.

Let us briefly discuss the resulting constraint structure without going into the details of
the calculations. First, the stability of ¢! and u® generates 9+ 6 = 15 equations which are
homogeneous equations on 5 Lagrange multipliers N4 = (N “ Ny,N_). Thus, one could
think that, as in the previous analysis, the requirement of non-vanishing of the two lapses
guarantees that they fix only 4 Lagrange multipliers and the remaining equations generate
11 secondary constraints. However, now there is a new feature: the stability equations
involve spatial derivatives of the lapses which arise from commutators with % (6.4). In
such situation the system of equations is not required to be fully degenerate to have a
non-vanishing solution. Therefore, the 15 stability conditions fix all 5 Lagrange multipliers

8There are only 9 independent constraints among . because they satisfy X 9! = 0. Here X! denotes
either X1 or X! which are equal under the condition (6.1). Note that this is not true however for X1 or XZ.
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up to a constant and generate only 10 secondary constraints. Altogether 30 constraints
form 15 second class pairs and one remains with 72 — 2 x (94 15) — 2 x 9 = 6 dimensional
phase space, i.e. 3 degrees of freedom.

The striking difference with the previous cases is that now there are only 9 first class
constraints. This is because one lost time diffeomorphisms since both lapses have been
fixed by the stability conditions turning both Hamiltonian constraints into second class.
This is consistent with the observation that the sector analyzed here can be obtained by
adding the constraint A, directly to the action. However, the term generating it cannot
be written in a spacetime covariant form. The best one can do is to write

Sres[e4,e—,w] = Sleq,e_,w] + /d4x S efﬁaeg’[, (6.5)

where \§ is some Lagrange multiplier field. Such term preserves the Lorentz symmetry
and spatial diffeomorphisms, but breaks time diffeomorphisms. It is this breaking that is
responsible for the appearance of the third degree of freedom in this model.

Note however that the additional term in (6.5) is still invariant under reparametriza-
tions of time which are independent of spatial coordinates 2 — 2'?(2°). This means that
time diffeomorphisms are not broken completely, but their global zero mode remains to
be a symmetry. Remarkably, this is consistent with the canonical analysis sketched above
which showed that the lapses are fixed by the stability conditions only up to a constant
which is promoted to a function of time. These reduced symmetries are precisely consistent
with a reduction of full diffeomorphism invariance to foliation-preserving diffeomorphism
invariance.

Thus, the model (6.5) represents an interesting mild modification of general relativity,
in the sense that there is only one additional degree of freedom, related to the breaking of
time diffeomorphisms.

Note that a preferred foliation could be also introduced in similar ways to those already
explored in other contexts see e.g. [27-29, 45, 46]. But in contrast to them, the foliation-
preserving model of this section arises naturally as a sub-sector in the phase space of our
fully covariant model, and leads to a decreasing of its number of degrees of freedom. One
may ask whether this model as well can be seen as an EFT, namely whether the additional
term in (6.5) is the only one compatible with the reduced symmetry (foliation-preserving
diff-invariance) at this order of the Lagrangian, or instead other ones exist. We leave
this question open for future work, including an investigation of whether these eventual
additional terms could change any of the conclusions.

7 Discussion

In this paper we analyzed a bi-gravity model obtained starting from the first order formula-
tion of ghost-free bi-gravity and imposing that the two tetrads are charged under the same
Lorentz connection. We found that this changes strongly the dynamics and the spectrum
of the original theory. In particular, the linearization around any background with con-
formally related tetrads reduces to linearized GR and thus propagates only the 2 degrees
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of freedom of a massless graviton. This means that all solutions of linearized Einstein’s
theory can be included in our model, as argued at the end of section 3.

At the non-linear level, we found 8 propagating degrees of freedom. Besides the 2
degrees of freedom of a massless graviton, there are 6 additional modes which can be
traced back to the lost of the symmetricity conditions (2.5) and thus to the absence of the
equivalence with the metric formalism. The precise properties of the additional degrees of
freedom remain to be investigated. To that end, one should either compute higher orders
of the perturbative expansion around the doubly-flat background, or linearize the theory
around a background with non-conformally equivalent tetrads so that these degrees of
freedom become visible in the linear approximation. The problem with the latter approach
is that the solution of the connection equation (2.10) becomes much more complicated, see
e.g. [10], and one may expect that the geometric interpretation of the corresponding results
will be intricate.

While we have no definite results about the nature of the additional degrees of free-
dom,? we were able to identify the mechanism at play in hiding them around conformally
related backgrounds: this originates in the non-linear dependence of their momenta on the
off-diagonal tetrad components. Furthermore, we claim that these additional propagating
modes contain neither the BD ghost, nor a massive graviton. This may appear at odds
with the arguments of [24, 25], but it is simply a consequence of the fact that the two
constraints which remove the BD ghost in ghost-free bi-gravity, are still present in our
model. Of course, this does not imply that there cannot be ghosts among the extra degrees
of freedom. To settle this issue, one should perform the analysis suggested in the previous
paragraph. As an alternative, one could consider perturbations around backgrounds with
small curvature, as was done in [43] to investigate the stability of extra modes in Hofava
gravity. At the same time, the absence of a massive graviton is expected because the ad-
ditional degrees of freedom originate from a different set of canonical fields than the one
which gives rise to such graviton in standard bi-gravity. In our case these are the fields
which are typically fixed by the symmetricity constraint (2.5). In our model this constraint
is absent and the corresponding fields become dynamical.

One may try to compare these results with [23], where an equivalent action was con-
sidered, but taking only one of the tetrads dynamical. In that case the authors argued
that the phase space of the theory should be either 2 x 10 or 2 x 8-dimensional, which was
interpreted as describing 5 modes of a massive graviton plus 5 or 3 additional modes. One
could then think that the extension to the bi-gravity case just adds the two modes of a
massless graviton. If this was true, our model would have either 10 or 12 degrees of free-
dom, among which one would find, in particular, one massless and one massive graviton.
However, such conclusion disagrees with our findings.

It is interesting that our model has 8 degrees of freedom independently of the presence
of the interaction term (2.3) (which includes the two cosmological constants). In the case
where this term is absent, the model possesses two additional gauge symmetries which

9The number of additional degrees of freedom suggests that they may be carried by the antisymmetric
‘off-diagonal’ variables bj,,). Note that degrees of freedom of a similar nature have recently appeared also
in a three-dimensional model introduced in [44].
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however do not change the number of degrees of freedom: while they do convert two
second class constraints into first class, two other second class constraints drop out.

Our model has also an interesting twist presented in section 6. It is obtained by
imposing a set of additional constraints which restrict the model into a certain sector
degenerate from the point of view of the canonical structure. The resulting model turns
out to be foliation-preserving and propagates 3 degrees of freedom, a massless graviton
and a scalar. This situation is similar to other foliation-preserving modified theories of
gravity such as Einstein-aether theory (with hypersurface-orthogonal vector) [27], Horava-
Lifshitz gravity [28], which attracted much attention, or the recently introduced generalized
unimodular gravity [29]. These theories have a wide range of applications [45, 46], and it
would be interesting to further investigate and compare to the existing literature the model

here presented.

There are other possible generalizations of the model. For instance, one can include
parity breaking terms similar to the one which introduces the Immirzi parameter [47]. With
two tetrads, there are three such new terms. One may also study more general interaction
potentials to see whether they lead to the appearance of the BD ghost, as it happens in the
standard bi-gravity. Another possibility is to consider more than two tetrads charged under
the same connection. As argued in the Introduction, we expect that such model should
still contain only one graviton in its spectrum. And of course, it is crucial to understand
what is the correct way to introduce matter couplings.

Coming to applications and further developments, one may hope that this model, or
any of its extensions including the foliation-preserving one, can be useful for cosmology. The
modified dynamics and the additional degrees of freedom may lead to phenomenologically
interesting infrared modifications of gravity, be it at cosmological or galactical scales. On
the other hand, the fact they are invisible at linearized level may be helpful in ensuring
that the model is not in contradiction with the known experimental results. Finally, it
would also be interesting to understand how our model changes the discussion of horizon
structures and black holes from ordinary bi-gravity [48].

To conclude, we wish to highlight a possible conceptual lesson of our work — the
crucial role of the connection field in carrying the gravitational interaction, as opposed to
the tetrad (or metric). In fact, one may expect that a theory with two tetrads will always
contain two gravitons, but we have shown otherwise, exposing a theory with two tetrads,
a single connection and a single graviton. This lesson resonates with many approaches to
classical and quantum gravity where one moves the emphasis from the tetrad (or metric)
to the connection field (see, for instance, [49-51]).
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A Detalils of the linearization

In this appendix we provide additional details and explicit formulas for the linearization
considered in section 3.2. The equation for the connection perturbations is given by

erkr Y, (fF ndgel + el NdofE + el nwtynell) =o. (A1)
s==+
For generic backgrounds, this presents the same difficulty of the full equation, namely the
bivector multiplying the perturbed connection is not simple, and its inversion is compli-
cated. The situation changes significantly for conformally related backgrounds. First, the
background connection is Levi-Civita with respect to the effective tetrad ¢/ = e®e!, as
already shown in the main text:

@l ="V ,e). (A.2)

Here ?u is the covariant derivative compatible with the effective background metric g, .
As a consequence, the covariant derivative D, = 0,, +w,, is compatible with projecting the
internal indices using the effective tetrad, namely

D' =V, (&h). (A.3)
In addition, we have the property
dgel =d(e Qi) Al (A.4)

That is, the on-shell connection is Levi-Civita with respect to the effective tetrad, but
carries torsion with respect to the two fundamental tetrads. The torsion vanishes only
when the backgrounds coincide exactly, like for the doubly-flat background.

Secondly, we can identify the ‘diagonal” and ‘off-diagonal’ tetrad perturbations

®
e
L= E(fi +0/), (A.5)

so that they are related to the tensorial perturbations, defined in the same way as in (3.5),
by
f/w = f/,ILeIllv b;w = b/{telu‘ (AG)

Using (A.4) we can rewrite (A.1) in terms of the ‘diagonal’ tetrad perturbations only,
EIJKL (eK/\d@fL—keK/\wLM/\eM) =0. (A.7)

This equation can now be recognized as the first order expansion of the standard torsion
free condition, and admits the unique Levi-Civita solution

_ 1.
wl? = wl (e, 1) = e/l (Vpsw, + QVMan> : (A.8)
We remark that even if the tetrad perturbation are arbitrary and not conformally related,

the on-shell connection perturbation is again Levi-Civita. This fact is crucial in recovering
the Einstein’s equations below.
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To see that, we consider now the equations for tetrad perturbations which take the
following form

1 i 1 _ _ T c
5 erJLEMP? (2 fi,quIffL(w) + €i7VDp’U)£{L> + ee[f“gp}" Z e;;; (fpa' + prg) =0, (AQ)
s=+ $

where we introduced
Cry = Bo% +2B30_Q + B0,
Cro=c_y = 1% + 26004 + 4307, (A.10)
e = B + 28100 + fQ7.
These coefficients are related to the coefficients Ay defined in (3.11) by
Qpepy + Qg = Ay,

(A.11)
Q+C+7 + chff = )\7.

Substituting the solution (A.1) for w{;] into (A.9) and using the tetrad equations for
the background, one finds after some algebra

GO1E; 8] + Asyw — A (fop — dupfs”) + Qi (bu — 8uby?)

_ e2® . 2% . (A.12)
+Clpvo [(1 - 291) [ F @bp } =0,

where C_'ng is the Weyl tensor of the effective metric g,,,

1 1 1
GE}V) [97 S] = _5 V,DVPS/LV + V(uvpsy)p - 5 V,uvyspp - 5 g,u,y(vl)vo-spa - vapsga)

1 1
+ Riupsn)” — Rupvos™ + 3 G Rpes™ — 5 Rs, (A.13)

is the linear term in s, of the expansion of the Einstein tensor evaluated on the metric
9w + S, and we introduced two sets of coefficients

2 A 22 1 C+
Ap=-SA-Z 5 +-—> =,
T30 601 200 &0,
A - (A.14)
e e
Q=% 0z a0, 2 Q

Taking into account the definition of A (3.13), the constraint (3.12) and the relations (A.11),
it is easy to show that these coefficients satisfy

01Q+ +Q2Q- =0, (A.15)
QAL +0%2A =0 (A.16)
+

Using these properties, the two equations (A.12) can be rewritten as
GG 5]+ Asy (A.17)
+Q+ [(bvu — Ouubp”) = B(fup — 9upfp”) — WCMPVU ((Qi +02 )b — (Q%r - Qz—)fpa)} =0,
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where
B ﬁ A_ 1 1

Qr Q- 202Q+ 202.Q-

(A.18)

Since Q4+ # @ —, the equations are equivalent to vanishing of the two lines separately. The
vanishing of the first line coincides with the linearized Einstein equations (3.15), whereas
the vanishing of the second gives the relation (3.16) due to the tracelessness property of
the Weyl tensor. Thus, the ‘off-diagonal’ perturbations b,, are completely determined by
the ‘diagonal ones’, the symmetric part s, of the ‘diagonal” perturbations satisfies the
linearized Einstein equations, whereas its antisymmetric part a,, remains unrestricted and
hence pure gauge.

B The action of the additional gauge symmetries

In this appendix we present the action of the gauge symmetries (2.6) on the variables
appearing in the 3 + 1 decomposition (4.1).

For the first symmetry S;, one obtains

~ e
a ~abc K _L
6P:|:7[‘] = :l:§ EIJKLE €+7b€_,c,

~

0XL =52:PY el .

. ~ ~ B.1
ONE = 2qf" (~(experc) N (e u X )Ny + (4 XIN-) B
Ny =e¢ (QE1(€$,a§i)Na F ¢ (e ae—p)Ne F QJEl()N(Jr)NL)]XﬂF) :
For the second symmetry So, one first finds the transformation of the tetrad
I 1 I v J J v 1
dey , = teex 3 G ulF €y ~ ChuCF sy | - (B.2)

Taking into account that in each sector the decomposition (4.1) implies the following form
of the inverse tetrad

) =—e Xy, e¢=e ! (N“)NCI — QJXﬁIaJ)N(J) , (B.3)

where the determinant of the tetrad is given by e = =N X2 = NE?(1 — x?), the transfor-
mation (B.2) can be rewritten as

~

1 . ~ ~
ek, =¢ [—2 ek, (Nb(ej;be) + Ne (X4 X)) F ]X$Q$qg|:c(e+,b€f,c))

+€i,u (Nbei,bXﬂF,J = ]NVinI:XﬂF,J + ],quQHFqbfei,b@i]F,c)] : (B.4)

— 23 —



Starting either from this result or directly from (2.6b), one can also derive the following

transformations
5ﬁi,1J = TeniknJL [NQPNQ[FKX Ly N+Q+Q+ [+bX [ N_q q¢* belt bXL]}

~ E ~ ~ ~
IX1 = —3 [Na(ei,aXx)Xi + Ne (XEXT + XL(X, X))
ifﬁqw%”(eﬁae—,b)??i} , (B.5)

ONE =& Noo [NU(X4X0) F Niara® (e X ) F Nog-a®(e X)),
SNy = +2e N2(X, X_).

An important observation is that in both transformations (B.1) and (B.5) the shifts
enter only in the combination N This is consistent with the general form of the transfor-
mation of the Lagrange multipliers (5.14) and the form of the constraint algebra. Another
remark is that, in contrast to the first symmetry, the transformations of the canonical
variables under the second are proportional to the Lagrange multipliers, whereas the trans-
formations of the Lagrange multipliers themselves are quadratic in them. This indicates
that the canonical generator of the second symmetry is constructed using these Lagrange
multipliers, in agreement with (5.10).

C Constraints and commutators

The constraints appearing in the decomposed action (5.2) have the following explicit form
gr; = D((f)];i,u + Dgf)ﬁf,u’
Via = —PLFjj (we) £ 3, (C)
Hy = 2P¢ 1, PYN R (wy) + o,

where D((li) are the covariant derivatives with respect to wl’ > and @mt and "t are

contributions of the interaction term (2.3) given by

T = Bi(eraX-) = Boe! ey P 1y PE jop — Bsle—aX ),
A = —Poar + Bi(X 4 Xo) + 266l (XIP2 ) — Bsqidy, (C.2)
A = g d_ 4 2Bpel (XTPE 4 B3(X1X1) — Bag,
where we introduced a convenient notation di = ¢%°(e4 se_ ).

Before we proceed, let us note the following useful identities'®

~ ~ ~ ~ ~ 1~ ~ o~
o =gl X7 Pl = 5 Xy, Piyef = —5 05 X1, Py X = —% q“ep1, (C.3a)

gtele) — g IXIRT =l (C.3b)
anceIgbded iqabff[)}ij _ po phK (C.3¢)
e Xl = B PO, (C.3d)

%6[]]\[[/35 (V5 + qil)N(N)N(K) = gﬂbcﬁ}’Jqueff, (C.3e)

10We omit the indices + distinguishing the two sectors.
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and that the difference of two curvatures vanishes on the surface of the constraints 117,

Indeed, one has

FY (wy) = FY (w-) = 80l — ol + 20w 4 20l K a7, (C.4)

This property ensures that in the right hand side of commutators one can always do the
replacement

Fifws) ~ 3 (FY i) + i (w0) = FIf. (C5)

First, we provide commutators between the constraints ¥x = (Vq, ¥+, %_,10) (5.7)
and Ha = (V, = $(Via —V_4),Hy,Ho) (C.1) in the case of vanishing By, k = 0,...,4.
Introducing the relevant part of the Hamiltonian

H= /d3x (N“i}a + N M+ Jy_“rt_) (C.6)

and using the above properties, it is straightforward to obtain

{ta, H} m —(Xy X ) (N4 Vi + NV o) (C.7a)
+ (Nb)?i)?f + Nygrgieel X7 — N_X1q g’ C) nirnLFay"

(U HY ~ qrqtel \X_ [ (NoVio— NV_ o) — 2N (X, X )Hy (C.7D)
+arqicel (N bX7 — N_g_g"%’ ) nrninFLE,

(W, HY ~ q_q®e \ X1 1 (NyVig — NV_ o)+ 2N_ (X4 X )H_ (C.7¢)

+q_q*%e’ <Nb§i + ]N\7+Q+Qid€i,d> Nk For,
. N
{¢O,H} ~ gabc(':IJKLeI-{ibeE,c (2]:a +2 (N+P+ JN — N P JN) ]: ) . (C?d)

From this result it follows that the matrix of commutators defined in (5.11) has the structure
shown in that equation with the entries given by

Agy = X1 1 X FL,
BE = quditel Xo i FLY, (C.8)

ac I

C = qrqi°e} ca—q"%e’ ynrxnsLFh"
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At the same time, one can prove that the commutator (C.7d) is actually weakly van-
ishing. Indeed, the first term can be rewritten as

{wo, / d3x]\7a]>a}

&Q

(rd zab K
Nk (e de+c+e+de,c)fa

Nieer <Qif(€+,ge—,d)€f e+ (e gera)e” et
a7 (e X)X ek  — g7 (e X ) XEeE ) Fl

1 - -
= = Nl pier (3 (@ (e e a)el ek g+ a0 (e ger)eR et )

4
+gabe (qJr (e_ dX+)X e+ taq- (e+,d, )N(_))?f(ef,c))fég
= N erge )P+ a (e yer ) PPy
1205 (e a X )P 1 P 247 (e a X )P 1 PR ) FL
~ q%®(eqpe_ )NV o+ ¢ (e_pes )NV,

— ' N (e— o X )Hy — g ' N (e o X )H-_, (C.9)

where at the second step we used the identity (C.3b) and at the fourth step we used the
definition of P{ ;; (4.5) and (C.3d). The second term can be manipulated as follows

Q

1 -
fi [ 0. = AL g s )

1 J J J
= Neayaioeh dft (¢4 - e+,gqif<e+,fe_,d> el aa (61 g0 p)

—(€+,d€—,g)Qif€i,f> nixnLFLE
=Ny ( gicel XL (Xye ) +4dy PYEPY
—4polK Pi [ G o ))mzvf
~ —N+ (Xie—a)g?Vip +2d N H
—*N+€ e ket e, )X el 1 Fui (C.10)
where at the first step we used the definition of PJ‘A 77 and contracted the two e-factors, at

the third step we used (C.3b) and (C.3c), and at the last step we applied (C.3d) in the last
term. This last term can then be rewritten as

1 _ ~
—5 Eagf&‘[(]KLqﬁf:(€+7c€,’g)XK€+ f]:
1 L L vK 1]
= 74 5 6IJKLq‘g‘Ff ((e+7ge_7f)e+7c o (6+7g€770)6+7f) X+ ‘Fab

- ~ 1 -
a bK K _L FIJ
= —2d+P+’IKP+ J]: p T+ Z g EIJKLX+ €_ ¢/ ab

1 - ~ ~ ~
~—diHy - gabe (QQCgfqg (e—aX)P! )+ ¢ N (X e X ey XX eic) FL

~—d Hy A+ (Koo o)q®™V_y — ¢ N XL X )H, (C.11)
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where at the second step we again used (C.3d) and (C.3b), and at the third step (C.3e).
Thus, the full commutator reads

{wo,/d?’xgﬂﬂ} ~ —Ni(Xpeoa)d®Vip + Ni(Xieoa)g™V_y

+ NydyHe — Neg (X XO)H-

(C.12)

A similar formula holds for the commutator with 7_. It can be obtained by exchanging
(+ <> —) and flipping the overall sign. As a result, all commutators with vy weakly
vanish confirming that this is a first class constraint. Furthermore, the obtained results
are perfectly consistent with the transformations of the Lagrange multipliers (B.1) and the
general formula (5.14).

To include contributions from the interaction terms, one has to first extend the sym-
plectic structure to the variables Xi and ek o Which enter the contributions (C.2), but
cannot be expressed through the canonical variables P:‘g ;s in a covariant way. One way to
proceed is to drop the covariance and decompose the connections as [39]

? J
wi]a_sj T:tk’lE:ta—i_E[iawi]v

0z __
Wia ni ,a w:l: aX=+,5>

(C.13)

so that 772,[7,1 and w’ become canonically conjugate to E’j” and ', respectively, whereas
rig have vanishing conjugate momenta (cf. (4.7)). Such formalism is equivalent to solving
explicitly the simplicity constraints (5.4) and changing the symplectic structure to the one
given by the corresponding Dirac bracket.!! However, the lost of covariance makes all
computations extremely cumbersome. Fortunately, it is possible to represent the resulting
Dirac brackets in a covariant form [32]

(Wl XE}p = —fled (C.14)
K[ J :
{W:It{a>eft(,b}D = (Pib €+ a + P 1[) i}a) .

But then the simple canonical commutation relations (5.5) are also replaced by the Dirac
bracket and become more complicated [40], which again makes computations quite involved.

Remarkably, in our case it is possible to apply (C.14) and still use the canonical
form (5.5) for the commutator of the connections with ]Si 77> Which in particular implies
that the results (C.7) for the part of the commutators without the interaction terms are still
valid. The reason for this is that the relevant stability conditions only require to compute
{¢x,Ha}p. But 1y by definition weakly commute with the simplicity constraints ¢’
which reduces the Dirac bracket to the usual Poisson bracket.

In this way one can compute all relevant commutation relations, {¢x ,.@int} and
{Vx, mt} However, the resulting expressions are somewhat messy and not illuminat-
ing. In particular, we have not been able to identify any simple form of the secondary
constraints which they are supposed to generate. Due to this reason, we do not provide
them in this paper.

"1n this formalism the distinguishing feature of the constraints (5.7) is that they are such combinations
of 917 that are independent of r.
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