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Abstract. Expectiles and quantiles can both be defined as the solution of minimization problems.
Contrary to quantiles though, expectiles are determined by tail expectations rather than tail probabil-
ities, and define a coherent risk measure. For these two reasons in particular, expectiles have recently
started to be considered as serious candidates to become standard tools in actuarial and financial
risk management. However, expectiles and their sample versions do not benefit from a simple explicit
form, making their analysis significantly harder than that of quantiles and order statistics. This dif-
ficulty is compounded when one wishes to integrate auxiliary information about the phenomenon of
interest through a finite-dimensional covariate, in which case the problem becomes the estimation of
conditional expectiles. In this paper, we exploit the fact that the expectiles of a distribution F' are in
fact the quantiles of another distribution F explicitly linked to F', in order to construct nonparametric
kernel estimators of extreme conditional expectiles. We analyze the asymptotic properties of our es-
timators in the context of conditional heavy-tailed distributions. Applications to simulated data and
real insurance data are provided.

Keywords. Conditional distribution, expectiles, extrapolation, extreme value analysis, kernel
estimation, heavy tails.

1 Introduction

The concept of quantile is a fundamental tool for risk measurement. In a financial or actuarial setting,
it is commonly known as Value-at-Risk, see Embrechts et al. (1997) and Linsmeier and Pearson (2000)
for a basic introduction. For a real-valued random variable Y, having distribution function F', the
quantile at a level a € (0,1) is defined as the generalized inverse ¢(a) = inf{y € R|F(y) > a}. A
traditional way of analyzing extreme risk is to estimate high quantiles of a variable Y appropriate to
the situation at hand, such as the negative daily log-return of a stock market index in finance, or the
magnitude of a claim in insurance. In the particular case when F' is continuous and strictly increasing,
the quantile function ¢ is just the standard inverse of F', and the quantile at level « is then interpreted
as the level exceeded by Y with probability exactly a. Despite the simplicity, interpretability, and
inherent robustness of quantiles, using them as the single tool for risk assessment is not without
disadvantages. For instance, quantiles do not, in general, induce a coherent risk measure in the sense
of Artzner et al. (1999), because they fail to be subadditive (see Acerbi, 2002). Besides, the robustness
of quantiles translates into the loss of valuable information in certain applications, since quantiles only
use information on the frequency of tail events and not on their actual magnitudes. This can be an
issue in risk management, where the focus may not only be what constitutes an extreme level of loss
but also what a typical extreme loss would be.

These drawbacks of quantiles motivated the introduction of a number of alternative risk measures,
among which expectiles, which are the focus of the present paper. Expectiles were introduced by Newey
and Powell (1987), following earlier work of Koenker and Bassett (1978) which characterized quantiles
as solutions of an L'—minimization problem:

q(a) € ar%erﬂ]ginE (pa(Y —t) — pa(Y)) (1.1)



where po(y) = |a—1T <oyl |y| is the quantile check function and 1, is the indicator function. Note the
€ sign, accounting for the fact that the minimizer may not be unique in (1.1); there is actually equality
if the distribution function of Y is increasing. The idea of Newey and Powell (1987) was to replace
L' —minimization by L?—minimization, giving rise to expectiles as minimizers of an asymmetrically
weighted mean squared deviations criterion:

e(a) = ar%erﬂginE Ma(Y —1t) —na(Y)), (1.2)
where 7,(y) = |a — 1, <py y? is the expectile check function. Quantiles and expectiles both belong
to the family of LP—quantiles, introduced in Chen (1996), themselves part of the wider family of
M —quantiles (see Breckling and Chambers, 1988). However, unlike quantiles, expectiles are deter-
mined by tail expectations rather than tail probabilities, and therefore depend on both the probability
of tail values and their actual realizations (see Kuan et al., 2009). Expectiles at a level a > 1/2 are also
the only M —quantiles that define a coherent risk measure (see Bellini et al., 2014). In fact, expectiles
induce the only coherent law-invariant risk measure that is elicitable (see Ziegel, 2016) and, as such,
benefit from the existence of a natural backtesting methodology (see Gneiting, 2011).

That is not to say that expectiles are a “perfect” risk measure; in particular, they lack the comonotonic
additivity property. This is not surprising, as the only law-invariant risk measure that is coherent,
elicitable and comonotonically additive is the simple expectation functional, see Fissler and Ziegel
(2016, p.1695) and Ziegel (2016). By comparison, the Expected Shortfall, which similarly to the
expectile uses both the information about frequency and magnitude of tail events, is coherent and
comonotonically additive, but is not elicitable, see Ziegel (2016). That being said, outside the kind of
analysis that requires one to produce a pessimistic assessment of risk, one may consider the Expected
Shortfall to be too conservative because of its sole reliance on the tail event. By contrast, the calcula-
tion of expectiles is impacted by the whole of the underlying distribution and therefore gives a more
global assessment of risk. This makes expectiles a sensible tool for risk management and a number of
authors have experimented their use in this context: for instance, Taylor (2008) relates expectiles to
the Expected Shortfall, Kuan et al. (2009) work on risk assessment with expectiles in an autoregressive
model, Cai and Weng (2016) introduce a reinsurance methodology based on expectiles and Bellini and
Di Bernardino (2017) explore financial risk management with expectiles. Recent advanced theoretical
developments, on expectiles of a fixed level and therefore staying away from the extremes of the data,
have been brought by Holzmann and Klar (2016) and Kratschmer and Z&hle (2017).

It often happens in practical applications that Y is recorded along with auxiliary information repre-
sented by a random covariate X € RP. In this context, one can give a more precise answer to the
problem of inferring the extremes of Y by focusing on the conditional extremes of Y given X. Some
recent applied examples are the development of a general strategy by Chavez-Demoulin et al. (2016)
for the construction of stratified models for large operational losses, and modeling large insurance
claims conditional on climate variables in Rohrbeck et al. (2018). An interesting question, on which
there is a growing body of literature, is then to infer the conditional extremes of Y given X under
a general extreme value setting, when one only assumes that the distribution of Y given X belongs
to the domain of attraction of a Generalized Extreme Value distribution (see Chapter 1 of de Haan
and Ferreira, 2006). This problem has typically been tackled from the perspective of extreme condi-
tional quantile estimation, namely, the estimation of extreme quantiles of the conditional distribution
function. Recent contributions in this area include Daouia et al. (2011) who used a fixed number of
nonparametric conditional quantile estimators to estimate the conditional tail index, later generalized
in Daouia et al. (2013) to a regression context with conditional response distributions belonging to the
general max-domain of attraction; the latter situation is also considered in Goegebeur et al. (2017).
The context when the response variable Y is randomly right-censored is examined in Stupfler (2016).

By contrast, extreme conditional expectile estimation has been left virtually untouched. The only
attempt in the literature so far seems to have been made by Usseglio-Carleve (2018), who estimates
a variety of extreme conditional risk measures, including expectiles, under the assumption that the
vector (X,Y) has a so-called consistent elliptical distribution. This is a rather strong distributional
assumption which does not appear to be easy to check on real data. In fact, the theory on extreme



expectiles is still largely unexplored even in the unconditional case. This is in no small part due to
the absence of a closed form expression for expectiles, making the analysis of extreme expectiles much
harder than that of extreme quantiles. Although asymptotic equivalents and expansions of extreme
population expectiles were derived by Bellini et al. (2014), Mao et al. (2015), Mao and Yang (2015)
and Bellini and Di Bernardino (2017), the work on extreme expectile estimation is so far restricted
to the papers by Daouia et al. (2018, 2020) that constructed and studied classes of estimators in the
unconditional heavy-tailed case. It is the purpose of this paper to introduce a fully nonparametric
methodology for the estimation of extreme conditional expectiles, in the case when Y given X has a
heavy-tailed, or equivalently Pareto-type, distribution. This technique allows us to avoid the strong
modeling condition of Usseglio-Carleve (2018), while still working within a framework of heavy tails
which is appropriate to the description of actuarial and financial data; see e.g. the discussions on p.9
of Embrechts et al. (1997) and p.1 of Resnick (2007).

Our work plan is the following. We start by recalling that, in the words of Jones (1994), expectiles are
quantiles of an explicitly known distribution, so that the problem of estimating conditional expectiles
reduces to estimating a suitable conditional distribution function and then inverting this estimator.
This is done under conditional analogues of standard extreme value conditions, plus mild conditions on
the regularity of the density of X and of the conditional distribution function of Y. Such assumptions
are tailored to our construction of nonparametric kernel estimators of extreme conditional expectiles.
We start by estimating so-called intermediate conditional expectiles, whose order o, — 1 as the sample
size n — oo with a, not too large (the meaning of which will be explained in the text). Under these
assumptions, we obtain the pointwise asymptotic normality of our intermediate conditional expectile
estimators. We then exploit the conditional heavy-tailed assumption to construct an extrapolated
Weissman-type estimator (see Weissman, 1978) of extreme conditional expectiles, whose order «,, can
tend to 1 at any rate. The asymptotic distribution of the extrapolated estimator is obtained under
sensible conditions we shall explain in detail, including a second-order condition which is standard in
extreme value analysis and that quantifies the gap between the underlying distribution and a purely
Pareto distribution. One drawback of the Weissman-type extrapolation methodology that is specific
to the estimation of extreme expectiles is that its use incurs bias due not only to the distance between
the distribution of interest and a relevant Pareto-type distribution, as would be the case for extreme
quantile estimation, but also to the actual heaviness of the tail of the distribution. The finite-sample
performance of the Weissman-type estimator typically deteriorates quite strongly due to this latter
source of bias. This motivates our final estimators, whose structure is designed precisely to deal with
this bias using a very simple multiplicative correction factor.

The paper is organized as follows. Section 2 states our nonparametric framework and the basic
building blocks of our estimation procedures. Section 3 introduces our estimators and gives our main
results, first in the intermediate case and then in the properly extreme case. Section 4 showcases the
performance of our estimators on several simulated situations. We illustrate the applicability of our
procedures on a real sample of actuarial data in Section 5. A discussion of our findings is provided in
Section 6. All proofs are relegated to the Appendix.

2 Nonparametric conditional expectile estimation

Let (X;,Y;),i=1,...,n, be independent realizations of a random vector (X,Y) € RP x R. We denote
by ¢ the probability density function of X and let, throughout the paper, « be a fixed point in RP
such that g(x) > 0. We write F(y|xz) =P (Y < y|X = «) for the conditional distribution function of
Y given X = x. Our central assumption throughout is that Y| X = « has a heavy-tailed distribution.
In other words, we assume that there exists y(x) > 0, called the conditional tail index, such that the
survival function F(-|x) = 1 — F(-|x) is regularly varying with index —1/v(x):

. Fltyle) 4
v > 07 1 _ = ’Y(w). 2.1
Y Pare Fltlz) ° (2.1)

Equivalently, according to Theorem 1.2.1 in de Haan and Ferreira (2006), the conditional distribution
function F'(-|x) belongs to the Fréchet maximum domain of attraction. The parameter v(x) tunes the



tail heaviness of the conditional distribution. In particular, if y(x) > a then E[Yl/a]l{y>0} | X =z =
oo (a precise statement is Exercise 1.16 p.35 in de Haan and Ferreira, 2006). Since the definition of
expectiles in (1.2) requires E[|Y|| X = x| < oo, our minimal working assumption throughout will be
that y(x) < 1 and E[Y_ | X = 2] < oo, where Y_ = max(—Y,0).

Our work is based on the following observation made by Jones (1994). For any a € (0,1), the
conditional expectile of level «, that is

e(alx) = ar%erﬂglinE MY —t) — o (YV) | X = @), (2.2)

is actually the quantile of level v associated to the distribution function E(y|x) defined by

E[Y —y) Liysy | X =
2E[(Y —y)lysy | X =z| +(y —E[Y | X =x])

1 - E(yle) = (2.3)

For convenience, we define E(y|z) = 1 — E(y|x), as well as (whenever these definitions make sense)
vhe {0.1.2,..), v W) = B[V ) Lysy | X = 2] g(a) and m®) (@) = E[Y* | X = a).

This allows us to write e(a|z) = inf{y € R| E(y|z) <1 — a}, with

_ W) (ylgp
E(y|z) = v (ylz) . (2.4)

- 200(ylz) + (y —mD(z)) g()
Our construction of an estimator of e(a|x), for « — 1, thus follows the idea of Daouia et al. (2013): we
first estimate the conditional survival function E(y|x) for high values of y, and our expectile estimator
is obtained from the inverse of this estimator of the conditional survival function.

To estimate E(y|z), we note that the unknown quantities appearing in Equation (2.4) are either the
density of X or conditional moments of certain functions of Y. An appropriate class of nonparametric
estimators for the estimation of density functions and conditional moments is the family of kernel
estimators. Let K be a probability density function on RP, and define the following kernel estimators:

1 « x— X; 1 « x— X,
An _ - K 7 A(l) = }/ZK 1 An
(@) = 57 3 < " ) @ = g 2 ( . ) / ()

~ 1 n x—X;
(O n

where h,, is a positive bandwidth sequence such that h,, — 0 and nh}, — oo as n — oo. The estimators

(1)

gn(x) and my, ' (x) are respectively known in the literature as the Parzen-Rosenblatt estimator (see
Rosenblatt, 1956; Parzen, 1962) and the Nadaraya-Watson estimator (see Nadaraya, 1964; Watson,
1964). The conditional survival function of Y is obtained as F(y|x) = ¥ (y|x)/g(x). Tts estimator

Fo(ylz) = o) (y|x)/gn(x) plays a central role in the construction of the (extreme) conditional quantile
estimator g, (a|x) of Daouia et al. (2013), as the latter is nothing but its generalized inverse:

Gn(alz) = inf {y € R Falyle) <1-a}, (2.5)
In our context of conditional expectile estimation, we estimate the survival function E(-|z) by

= i (yl=)
Eu(ylz) = —
T 20l + (- @) )

and we obtain a conditional expectile estimator at level « € (0,1) by inverting this empirical survival
function E,,(-|x):
&, (alx) = inf {y eR|E,(ylz) <1- a} . (2.6)

4



It is remarkable that this conditional expectile estimator is actually also the expectile of the empirical
conditional distribution

o n y|$) ( hn
gn(m) zz; Z?:lK (m;f;) {Yi<y}

in the sense that

n

R . r— X; . -

eulale) = argmin Y (v~ 0 (%55 ) = agmin [y - 0F, ofo).
teR i—1 n teR R

This is readily checked by noting that the above minimization criterion is a strictly convex, continu-
ously differentiable function of ¢ whose derivative cancels at the value of ¢ satisfying

o (t]z)

- — En(t|z).
201 (t]a) + (t — mﬁj)(m)) ()

1—«

The estimator €,(a|x) can therefore be seen as a nonparametric version of the expectile estimator
introduced originally in Newey and Powell (1987) in the standard linear regression model, and as a
kernel smoothed version of the LAWS estimator studied in the unconditional extreme case in Daouia
et al. (2018). A similar construction is used in Guo and Hérdle (2012), where the asymptotic properties
of the estimator are derived for a fixed o. Our contribution in this paper is to consider an expectile
level a@ = ay, such that o, — 1 as n — 0o, which is the appropriate framework in the management of
extreme risk. This is the focus of our next section.

3 Main results

3.1 Estimation of intermediate expectiles

We start by studying the joint asymptotic properties of estimators (2.5) and (2.6), when a = a,, — 1.
Choose a norm || || on RP. We make the following assumption, which is standard in the nonparametric
literature.

(K) The density function K is bounded and its support S is the unit ball in R? for the norm || - ||.

We assume in this section that nhh (1 — ) — oo. Such quantile (or expectile) levels «, therefore
converge to 1 but cannot do so too quickly; we follow here the conventions of extreme value theory
and call such a level «y, intermediate throughout the paper. The condition nhf (1 — a;,) — oo can also
be found in Daouia et al. (2013), and is the analogue of the condition n(1 — a;,) — oo used in Daouia
et al. (2018, 2020) for the estimation of unconditional intermediate expectiles. The presence of the
multiplicative term h% is due to the use of the kernel smoothing method in our conditional framework.

To estimate intermediate conditional expectiles, we refine assumption (2.1) in the following way:

Ci1(y(x)) The survival function F(-|x) is continuously differentiable and satisfies

yFlylz) 1

e Fyle) (@)

It follows from Theorem 1.1.11 in de Haan and Ferreira (2006) that condition (2.1) is indeed satisfied
if C1(7(x)) holds. Another consequence of condition C;(y(x)) is that the conditional density function
f(lz) = —F'(:|]z) is also regularly varying, with index —1/y(z) — 1. Assuming that F(-|) is con-
tinuously differentiable is unlikely to be very restrictive in practice; Newey and Powell (1987) point
out in their Theorem 1 that it is a reasonable sufficient condition for expectiles to characterize the
underlying distribution.



Our final assumptions in this section are local Lipschitz conditions on the density function g and
the conditional moments m(Y (x) and m® (). Similar conditions are used, for instance, in Krzyzak
(1986), or more recently in Daouia et al. (2013) and El Methni et al. (2014) in the context of condi-
tional extreme value analysis. We denote by B(a,r) the ball with center  and radius r and by V the
maximum operator.

(Lo) We have g(x) > 0 and there exist ¢, > 0 such that

vx' € B(z,r),

g(@) — g(@')| < clla - ']

(L) Condition (£g) holds, we have m(® (z) < oo, and there exist ¢, > 0 such that

ve' € B(z,r), |mM(x) —m®V(a')

v ‘m(Z)(m) —m@ @] < ez 2|

Before we state our first main result, we introduce some useful notation for the oscillation of the
conditional survival function F'(-|x) above a high level y,,:

(z])
w nlx) =  su log — . 3.1
o (Un ) S e 8 ) (3.1)
x'€B(x,hy)

The quantity wp,, (yn|x) measures the discrepancy between the extremes of the conditional distributions
of Y at neighboring points. Similar quantities are introduced in Gardes and Stupfler (2014, 2019)
and Stupfler (2013, 2016). In order to get an idea of the typical asymptotic behavior of wp,, (yn|x),
consider the Karamata representation of F(-|x) (see Theorem 1.3.1 in Bingham et al., 1989):

Vz>1, F(z|lz) = 277 ® exp <n(z\a:) +/ Mﬁ(@du) ,
1

where n(-|x) and €(-|) are measurable functions converging, respectively, to a constant and 0 at
infinity. In this context, it is straightforward to prove that if there are ¢,r > 0 with

v’ € Be,r), [1(@) = (@)| v sup
Z2Yn

n(z|z) - n(zlw’)‘

Vsup le(z|x) — e(z|lx)| < ¢l — 2’
I sup eele) - ele)| < o —

then wp, (yn|x) = O(hy). The same kind of discussion may be found in Stupfler (2013, 2016).

We are now ready to write our first result on the asymptotic properties of the estimator €, (o, |x)
in the intermediate case nhh (1 — ;) — co. We actually obtain the joint asymptotic normality of a
finite number J of empirical conditional intermediate expectiles e, (o, j|x), with 1 —ay, j = 7;(1 — o),
0<7,...,77 <1, together with an empirical conditional intermediate quantile g, (a,|x). Let || K||3 =
Js K*(u)du denote the squared L*—norm of K.

Theorem 1. Assume that (K), (L2) and C1(vy(x)) hold. Suppose also that v(x) < 1/2 and that there
exists & € (0,1) with E[Y?T | X = x] < co. Let apy — 1, hy — 0, and ap, =1 — 7(1 — ay,)(1 + o(1)),
where T > 0. Assume that nh%(1 — ay,) — o0, nh5(1 — ) — 0 and

nhh (1 — ap) log(1 — o) X [wh, ((1 = 8)e(an|@)|x) V wh, (1 = 0)g(ay|x)|x)] — 0. (3.2)

Then

W (L= o) { (e _1) e (B 1) } 4 (00 I 203 ).



where 1 — oy j = 7j(1 — o) for some 0 <7 <1 < --- <75 <1 and 3(x) is the symmetric matriz
having entries

Sja(x) =7 [1—217(36) (ZJZ) o 1] |

1—v(x) —(x) _
. _ (@ 1T 1 (T T@
B =" (7) [(W_l_w r MCORETE: R

Yir,g+1(x) = T

forjle{l,...,J}, 5<I.

Theorem 1 requires the conditions () < 1/2 and E[Y2*° | X = 2] < oo, which essentially amount to
assuming that the conditional variance of Y given X = x is finite. The conditions nhﬁ”(l —ap) =0

and /nhh(1 — ay,) log(1 — a) X [wp,, (1= 8)e(an|@)|@) V wh, (1 — §)g(an|x)|x)] — 0 ensure that the

bias incurred by the use of the kernel smoothing technique is asymptotically negligible.

Theorem 1 is useful for jointly estimating conditional intermediate expectiles at several different levels,
and will be used in the next paragraph for the analysis of our extrapolation technique. We conclude
this section by stating below a simpler but instructive corollary on the joint distribution of empirical
conditional expectile and quantile. This result is a direct consequence of Theorem 1 in the case J = 1,
7m=1and 7=1.

Corollary 1. Under the conditions of Theorem 1, with assumption (3.2) replaced by the weaker

assumption
\/nhh (1 — ay) log(1 — ) X wp, (1 — 8)e(an|z)|z) — 0,

nhP (1 — o en(an|z) _ Gn(an|z) _ d w 2(2)A(z
= an) (e 1 ey 1) o (o0 @),

one has

where the matriz A(x) is defined as

29(x) (@) - 1"
Ax) = 1_; 27(95()93) 1—~(z)
@) -H™ .
1—~(x)

This corollary gives in particular the asymptotic normality of €, (., |x) as
~ K2 03
nhi (1 — o) <<alw> _ 1) i”\/(o, K| 27(@) ) |
e(anl|z) g(x) 1—2v(x)

of which an unconditional analogue is Theorem 2 in Daouia et al. (2018). More generally, Corollary 1
can be seen as a conditional analogue of Theorem 3 of Daouia et al. (2020).

Our main results so far are restricted to intermediate levels av,, therefore preventing us from estimating
the properly extreme conditional expectiles which are of interest in risk assessment. Providing esti-
mators of arbitrarily extreme conditional expectiles, based on an extrapolation procedure warranted
by the assumption of conditional heavy tails, is the focus of our next section.

3.2 Estimation of extreme conditional expectiles by extrapolation

In this section, the aim is to estimate conditional expectiles at a level 3, such that nh,(1—4,) — ¢ <
as n — oo. Contrary to intermediate levels, such levels of conditional expectiles are rarely, if at
all, observed in the sample. For that purpose, we can therefore no longer use estimator (2.6). To



construct an adapted estimator, we note that Assumption (2.1) can be rewritten (see Theorem 1.2.1
and Corollary 1.2.10 in de Haan and Ferreira, 2006)

01— 1/()lz) _ )
g1~ 1/t]x) |

Yy > 0, lim
t—o0

Now, by Proposition 1 in Daouia et al. (2020),

— (@) ' =1)7"®) as o — 1. (3.3)

It follows that
o(l—1/(ty)lz) _ )
e(l —1/t|x) '
This suggests that when «a,, and (,, satisfy suitable conditions, we may write an extrapolation formula
linking e(fBy|x) to e(ay|x):

Yy >0, lim
t—o00

1- /Bn

When «, is an intermediate sequence, this approximation can be used to define a plug-in estimator of
e(fnlx), based on an estimator of y(x) and on the estimator €, (ay,|x). Estimators of «(x) typically
rely on the highest observations in the ball B(x, h,) only (see e.g. Gardes and Stupfler, 2014). It is
therefore more convenient, in the extrapolation context, to set oy, = 1 — ky,/n, where k,/n — 0 is the
fraction of those observations used in the estimation of v(x), and work with this sequence k,, satisfying
knhh, = nhh(1 — o) — oo. Since kyhl, is asymptotically proportional to the local average number
of (high) observations relevant to the estimation of e(a,|x) within the ball B(x,h,), the condition
k,hh, — oo is the analogue of the assumption k, — oo classically encountered in the unconditional
case for the estimation of the tail index (see Chapter 3 in de Haan and Ferreira, 2006). Using this
parametrization, we introduce the following class of extrapolated estimators:

c(pule) = (1 O‘")M e(anle). (3.0

W k, Vken ()
e, x)=|——- en(1—ky/n|x). 3.5
Ll = () e kanle) (35)
Here 7y, (x) is any consistent estimator of y(x). This is a class of Weissman-type estimators (see
Weissman, 1978, for the estimation of unconditional extreme quantiles).

To study the asymptotic properties of estimators part of the class (3.5), we have to quantify precisely
the bias incurred by the use of the extrapolation formula (3.4). Our key tool for this is the following
second-order condition.

Co(v(x), p(x), A(-]x)) Condition Ci(vy(x)) holds, and there exist p(x) < 0 and a positive or negative
() s

function A(:|x) such that:
p(®) _q
N @) i () <0,
Wy >0, lim — (Q(l L/ty)lz) W)) _ )Y p(x) p() (3.6)
t—oo A(tlx) \ q(1—1/t|x) (@) .
y7"\® logy if p(x) = 0.

According to Theorem 2.3.9 in de Haan and Ferreira (2006), condition (3.6) itself indeed generalizes
condition (2.1), since it is equivalent to

¥y >0, lim (F(ty@) _ 1/v(w)> _ @O -1
t=oo A(1/F (t|z)|x) \ F(t|w) v(@)p(x)

By Theorem 2.3.3 in de Haan and Ferreira (2006), the function |A(:|x)| is then regularly varying with
index p(x), and this function is the primary driver of bias in typical extrapolation procedures for
the estimation of extreme quantiles of heavy-tailed distributions. More on this interpretation of this
condition can be found in Beirlant et al. (2004) and de Haan and Ferreira (2006) along with a number



of examples of commonly used continuous distributions satisfying it. Under this condition, it can be
shown that (see Lemma 8 in the Appendix):

e x (x)
o(1 _(ﬁ,:i/,)b,w) = (n(lkz‘ﬁnﬂ (140 (JA(n/kn|)|) + O (1/e(1 — ky/nlx))). (3.7)

We are now in a position to write a general asymptotic result for the class of estimators (3.5).

Theorem 2. Assume that (K), (L2) and Ca(v(x), p(x), A(:|x)) hold. Suppose also that v(x) < 1/2,
p(x) < 0 and that there exists 6 € (0,1) with E[Y?*° | X = @] < oo. Let B, = 1, hy — 0, ky — 00 be
such that nhh,(1 — B,) — ¢ < 00, kp/n — 0 and k,hl, — co. Assume further that k,h2T? = 0 and

(i) \knhh A(n/kp|x) = O(1) and \/k,hb, Je(1 — k,/n|x) = O(1),
(ii) \/knhy log(kn/n) x wp, (1 —0)e(1 — kn/n|@)|z) — 0,
(iii) \/knhh /log(k,/[n(1 — B,)]) — oo.

If in addition \/knhh (Fk, () — v(x)) LN I, where T is a nondegenerate distribution, then

Vknhh, Co, (Balz) 1\ 4
log(kn/[n(l—ﬂn)])< oy )T

We observe that the limiting distribution of €, k. (Bn|) is controlled by the asymptotic distribution
of Ay, (). This is typical of Weissman-type estﬁrnators, and is here a consequence of the fact that the
convergence of €)', (f,|z) is governed by that of the extrapolation factor (ky/[n(1 — Bn)]) Ve @) The
latter approximates the theoretical factor (k,/[n(1 — 3,)])?® at a slower rate than both the rate of
convergence of e, (1—ky/n|x) to e(1—k,/n|x), given by Corollary 1, and the speed of convergence to 0
of the bias term that is incurred by the use of (3.4) and which can be controlled by (3.7). Controlling
this bias term is precisely the purpose of the bias condition () in Theorem 2.

In view of Equation (3.3), another class of estimators may be introduced, exploiting the asymptotic
relationship between quantiles and expectiles. Instead of noting that the conditional tail expectile
function is regularly varying with index v(x), one may simply write

e(Bal@) = (y(@) " = 1) @g(Ba]z).

This approximation suggests to estimate the extreme conditional expectile e(3,|x) by plugging in a
Weissman-type estimator of the extreme conditional quantile ¢(3,|x) and an estimator of the condi-
tional tail index (x), thus resulting in the following class of extrapolated estimators:

Vo, () ~

The following high-level result states the rate of convergence of the estimators from the class (3.8).

Theorem 3. Assume that (K), (Lo) and Co(y(x), p(x), A(-|x)) hold. Suppose also that y(x) < 1,
p(x) <0 and that E[Y_ | X = ] < oo. Let B, — 1, hy, — 0, k,, — 00 be such that nhh(1— B,) — ¢ <
00, kn/n — 0 and k,hh — oco. Assume further that k,h2T2 = 0 and

(i) VEknhl, A(n/ky|lx) = O(1) and \/k,hY, Je(1 — k,/n|z) = O(1),
(ii) \/knhh log(kn/n) x wp, (1 —6)q(1 — kp/n|x)|z) — 0 for some § € (0,1),
(iii) \/knhh /log(k,/[n(1 — B,)]) — oo.



If in addition \/knhE, (R, (z) — y(x)) -5 T, then

Vidh (A, Gl
log(kn/[n(1 = Bn)]) < e(Bn|z) 1) — T

It should be noted that Theorem 3 holds under integrability conditions that are weaker than those
of Theorem 2; this is due to the fact that estimator (3.8) does not rely on the estimator e,(1 —
kn/n|x). The finite-sample performances of the two classes of estimators é\kan (Bnl|z) and €Y, k,, (BnlT)
are compared in a simulation study in Section 4. 7 7

In the previous definitions, 7, () is a generic estimator of v(x) converging at an appropriate rate.
Some examples of such conditional tail index estimators may be found for instance in Daouia et al.
(2013), El Methni et al. (2014) and Gardes and Stupfler (2014). We now study a handful of other
alternatives exclusively based on the use of high conditional expectiles.

3.3 Estimation of the conditional tail index

In Daouia et al. (2013), the following class of estimators is proposed, based on empirical quantiles and
inspired by the Pickands estimator introduced in Pickands (1975):

| top (Bl i) B/ G

~P _
Vi, (T) = log(2) (1 —kn/(2n)|x) — ¢n(1 — ky/n|x)

It is proved therein that, under suitable conditions, \/k,h%, ﬁ,ﬁl (x)/y(x) — 1) is asymptotically Gaus-
sian with asymptotic variance

KI5
g(x)

(227(93)+1 + 1)
(27(@) — 1)2 log?(2)

V(x) where V(x)=

The asymptotic proportionality relationship in (3.3) motivates our first alternative estimator of ~(x):
we replace empirical conditional quantiles by empirical conditional expectiles, thus producing the

estimator R R
50(0) = o (B nle) Bl )
e log(2) en(l—kn/(2n)|x) — en(1 — ky/nlx)
Due to the presence of the estimator e,(1 — k,/(4n)|x), which has significantly larger variance than
the other two quantities €, (1 — k,,/(2n)|x) and €, (1 — k,/n|x), this estimator has a large asymptotic
variance (see Theorem 4). We then propose the simpler, modified Pickands-type estimator

@y Ly (Bl =k /(20)|@)
k() = log(2) log < en(1 — ky/n|x) > '

This estimator has, as we will see, the advantage of having a substantially lower asymptotic variance.
We finally introduce a different, arguably simpler estimator outside of the Pickands-type framework,
which has the advantage of depending upon a single empirical conditional expectile. This estimator
is motivated by rewriting the asymptotic relationship (3.3) as

Fle(alz)|z)

-1
— -1 — 1.
T o ~v(x) as «

We deduce from this relationship the estimator

%%m—@+“@“&%www>

Our next theorem provides the asymptotic distributions of each of these three conditional tail index
estimators.
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Theorem 4. Assume that (KC) and (L2) hold. Suppose also that Ca(vy(x), p(x), A(-|x)) is fulfilled with
v(x) < 1/2, and that there exists § € (0,1) with BE[Y?T0 | X = x] < co. Let (ky) and (hy) be two
sequences such that h, — 0, ky,/n — 0 and k,hb — co. Assume further that k‘nhﬁJr2 — 0 and

(i) Vknhh/e(1 —ky/n|x) — X\ € R,
(ii) /knhh A(n/ky|z) — 0,

(111) \/knhh log(kn/n) x wp, (1 = 08)e(l — ky/n|x)|x) — 0.
Then for q=1,2,3:

i (7’(53” 1€"<1—kn/”‘x>_1>i>/v (i @mie)) 1K @) ele)

@) 7 e(l—ky/n|x) 0 9@) | cy(a) 12];(;12;)

where by (x) =0, ba(x) = (2_7(“”) —1) /log(2), by(x) =1 —y(x) and

y(z) (20 —1) 2@+ 4 2(1 + y(z)) — 29 (@)H 927(@)+1
ci(z) = vi(x) = 5 - 5
log( )(1 - 27(26)) log?(2) (27@® —1)* (1 - 2y(z))  log?(2) (20@) — 1)
@)= LOET D gy 2 L) -2
’ 1og< )1 - 2fy<as>> e 1)
2
(=) _ (@) (1 —(x))
R e M AT
Bias terms Asymptotic variance terms
O'. A | 1 | | I 1 [ ] 1 | I |
0.0 0.1 0.2 0.3 0.4 05 0.0 0.1 0.2 03 0.4 05
gammaix) gammax)

Figure 1: Left panel: bias terms b;(x) (green), ba(x) (blue) and bz(x) (red). Right panel: Asymptotic
variance terms V(x) (black), vi(x) (green), va(x) (blue) and vs(x) (red), on the log-scale. z—axis:
value of () € (0,1/2).

Even though our result only highlights that the estimators 'y(Q)( ), for ¢ = 2,3, suffer from one
specific source of bias due to the tail heaviness of the conditional distribution through the magnitude
of 1/e(1—ky/n|x) (see condition (i) in Theorem 4 above), their use may actually incur further bias due
to the second-order framework (see condition (7)) and the local regression context (see condition (#i7)).
The latter two biases are, however, typically difficult to correct; in particular, modern correction
methods for the bias due to the second-order framework involve the estimation of the (conditional)
second-order parameter p(x), which even in the unconditional case is a notoriously difficult problem
in practice, whose solutions revolve around the use of relatively complicated methodologies (see e.g.
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the Introduction of Cai et al., 2013). By contrast, the simple expression of the bias component
Am ()b, (z) makes its elimination a very simple task. In addition, due to the fact that the tail
conditional expectile function ¢ + 1/e(1 — t~!|z) and the second-order function ¢ + |A(t|x)| are
respectively regularly varying with indices —y(x) > —1/2 and p(x), the source of bias due to the
second-order framework can only dominate if |p(x)| < v(x) < 1/2 (and then of course A = 0). Such
cases of a second-order parameter close to 0 are situations where a Pareto tail tends to be an unreliable
representation of the tail of the underlying distribution, and this is known to be very difficult to handle
in the extreme value theory setup (see e.g. Resnick, 2007, and in particular the discussion about “Hill
horror plots”). This is our rationale for specifically emphasising the bias purely due to the expectile
(2) (3)

methodology. In terms of variance, 7, ’(z) and 7, ’(z) seem to be very close, and much better than

3,(61)(33) across the range 0 < y(x) < 1/2, as Figure 1 illustrates. In other words, ﬁ,gi) (x) and :V\I(fi) (x)

both appear to be much less variable than both ﬁ,fn (x) and ;y\,gl)

sample bias. !

n

(z), but they do suffer from finite-

This discussion motivates the introduction of a simple technique to deal with what is generally the
()

source of the most substantial part of the bias in the estimators /y\kn (x) for ¢ = 2,3. We propose to
correct them as follows:

~(9) _ =@ m Zq(w)
D(2) =3 () (1 - m;1><m>M) |

where Eq(ac) is an estimator of by(x) obtained by plugging in the estimator ﬁ,(gi) (z) in place of y(x).

We then have the following result stating that the bias specific to the high expectile methodology has
been successfully eliminated thanks to this multiplicative correction.

Corollary 2. Under the conditions of Theorem 4, one has for ¢ = 2,3 that

~(@)
Vknhh, (7]% (@) - 1> LN (0, HKH%w(m)) :

() 9(x)

We now examine the finite-sample performance of our extrapolation methodology combined with our
bias reduction device in the simulation study below.

4 Simulation study

In this section, we propose to showcase our estimators on simulated samples of conditionally heavy-
tailed data. For that purpose, we consider a one-dimensional covariate (p = 1) which is uniformly
distributed on the unit interval [0, 1] along with two conditional distributions for Y given X = z € [0, 1]:

e A Pareto distribution with tail index 7(z), namely

Yy > 1, F(ylr) =y /).

e A Burr type XII distribution with parameters v(z) and p(x) < 0, that is

— 1/p(z)

The Pareto distribution is the “ideal” case in the statistical analysis of heavy tails, as it defines
a homogeneous function of degree —1/v(x) rather than merely a regularly varying function as in
our basic heavy-tailed assumption (2.1). As such it does not, strictly speaking, satisfy condition
Co(v(x), p(x), A(:|z)), although it is straightforward to see that our theorems also hold for this dis-
tribution with the convention that A(-|x) = 0 (a similar remark is made on p.74 of de Haan and
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Ferreira, 2006). Our Burr type XII distribution, meanwhile, satisfies condition Ca(7y(z), p(x), A(:|z))
with A(y|z) = y(z)y?™®, for y > 0. We specify the functions v and p as
Vz € [0,1], y(z) = E + sin(2rz) and p(x)=—1.
4 20

We simulate N = 500 replications of a sample of size n = 1,000 independent copies from the distribu-
tion of (X,Y). Our aim will be to estimate the conditional expectiles of level 5, =1 — 1/n = 0.999.
These conditional expectiles do not have a simple closed form, so we approximate them with high
accuracy by calculating numerically the derivative of the cost function in the right-hand side of Equa-
tion (2.2), for « = B,, and then by finding the unique root of this derivative using the standard R
routine uniroot.

Our general extrapolation technique described in Equation (3.5) requires the use of threshold and
bandwidth sequences k,, and h,,. We choose these sequences by an adapted cross-validation algorithm
about which we give details below.

4.1 Cross-validation procedure

The first step will be to select a bandwidth h, within a data-driven grid H. We let throughout K be
the Epanechnikov kernel

3
K(t) =7 (1=#) Lygary.

Our grid H of values of h is the regular mesh of size 30 of the interval (hmin, Amax|, Wwhere

hmin := 4 max min |z — X;| and hApax :=1/2, with G :={0,0.01,0.02,...,1}.

xeG 1<i<n
0 95’13)
e(0. 95\37 ) ’

where 247 )(0.95|:cj) is the conditional expectile estimator (2.6) calculated at level 0.95 and based
on those observations (X;,Y;) such that h,/4 < |X; — 2;| < hy, while €,/(0.95|z;) is the empirical
unconditional 0.95—expectile based on the observations Y; whose corresponding X; satisfy | X; —z;| <
¢/4. The idea behind this cross-validation criterion is to choose a bandwidth h, which allows a
reasonably accurate estimation of high (but not too extreme) expectiles across the whole of the interval
[0,1]; the true value of €(0.95|x) is of course unknown and is here estimated using the quantity
€(0.95|z). A similar criterion may be found in Durrieu et al. (2015) in the context of extreme
quantile estimation. Once h,, has been chosen as h;,, we select our value k;, of k,, to be the first local
minimum of the cross-validation score

ke 3 (7 —nta)

z;€G

Our selected value R} of hy, is

= arg min Z Z

hn€M gy, z;€G

over k, where 7/(g 2 (x;) is the conditional tail index estimator ?,(62) (x;) or 7,& )( x) based on observations

(X;,Y;) such that Ay /2 < |X; — z;| < b, and §g(x;) is the Hill estimator (see for instance de Haan
and Ferreira, 2006) of v(x;) based on those n; observations Y; such that | X; — z;| < b} /2 (calculated
with an effective sample size equal to {ngﬁj, where || denotes the floor function). A similar approach
is developed in El Methni et al. (2014). Those choices of h, and k, are expected to provide fairly
accurate estimates of both the intermediate conditional expectile and conditional tail index that are
the building blocks for our extrapolation procedures.
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4.2 Bias correction

In practice, our extrapolated estimators (3.5) and (3.8) are biased even if the estimator 7y, () therein
is chosen to be one of our bias-reduced estimators 7y, (). This is obvious from reading Equation (3.7).
A more careful analysis of the remainder term of this expansion reveals that

o\ el —kn/nlz) W @) 1 1
<n(1—ﬁn)> o)~ L@@ (@) 1) <q<1—k:n/n|m> qwsc))
© O(|A(m/kale)).

See Equation (7.1) in the proof of Lemma 8. Just as in Section 3.3, we propose to correct the bias
due to the remainder term 1/¢(1 — k,,/n|x). In addition, and although it is asymptotically negligible
compared to 1/¢(1 — k, /n|x), we introduce a bias correction for the remainder term due to 1/¢(8,|x)
(this offers, in our experience, a substantial improvement in finite-sample performance). Applied to
the class of estimators ’c?ykn (Bnl|x), this results in the following class of estimators:

e (Balz)

~(a)
_ oW S (1) (3@ oy (5@ 1 1) e @) T 1
~ i) (Hm” @ikl (e =)™ (g anu_kn/n\m)))’

where @7 (B,|) is the Weissman-type estimator of ¢(3,|x) deduced by extrapolating Z]\n(l — kp/n|x)
and estimating ~y(x) with "?,gi)(w) It is straightforward to show that AWBR(BM@U) and €, €n k, (BnlT)
have the same asymptotic properties. This principle can also be apphed to the construction of a
bias-reduced version of Eyz[,/kn(ﬂn@) as follows:

~(¢1)( )

(x) (k@ -

~W,BR _ W ~ (1) (2 (D)
e n|T) = €, nlx) | 1+my,/ (x x

These two versions of our estimators are therefore used in the sequel in place of €, k,, (Bnlx) and
Ekan (Bnlx). To illustrate the performance of our methodologies, we compare them with the naive

extrapolated versions @Kkn (Bn|x) and Aéxfkn (Bn|x) where the estimator 7, () is the local Hill estimator
calculated using the k, top observations Y; whose covariates X; are at a distance from x which is
not greater than h,, with the pair (h,, k,) chosen using the cross-validation procedure explained in
Section 4.1.

4.3 Results

Figures 2 and 3 give an overview of the performances of our estimators. A general comment is that the
simpler estimators ’e\}fbvkn (Bn|x) and ’éTVLan (Bn]z) which do not feature any bias reduction perform overall
quite poorly, especialiy for large values of ~(x). This is also the case for the non-extrapolated versions
of these estimators, justifying the use of the extrapolation procedure. Another general remark is that
the variability of each estimator increases as v(z) increases, as expected in view of the monotonicity
of the asymptotic variances vy and vs in Theorem 4.

Our estimators eWk (Bnl|x) and eW BR(6n|a:) seem to have fairly good performance overall. There is
not clearly a best estimator among the four versions that were tested; in the Pareto case, the estimator
~7VLVkBR(Bn|x) using %E:i) (z) seems to perform well but has a fairly high variance, while its counterpart

é\ZVkER( Br|x) has a lower variance but appears to underestimate the true extreme conditional expectile

for the highest values of y(z) (around x = 1/4). The hlgher finite-sample variability of eW BR(Bn|x)

comes from the fact that it is a bias-reduced version of ¢, k,, (Bn|T), which is constructed using the

- ~(a) . . . ~
multiplicative factor (fy,(g? (x)~1 — 1)71& @) This quantity becomes very large as the estimator 'y,g? (x)

gets closer to 1. Making an error in the estimation of v(z) is therefore more detrimental to the stability
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of EXV}fR (Bn|x) than it is to that of @ZV;CER (Bp]z). In addition, the versions of these estimators which

~(3)

use v, (z) instead seem to perform well for the highest values of (z) but still overestimate the true

n

value for the lowest values of y(z). In the case of the Burr distribution, the estimator €}%€R(ﬂn|x)

with ﬁ,gi) (x) performs very well and better than its counterpart 53/}5}%(5”@). The versions of these

estimators based on W,(gi) (z) maintain a respectable level of accuracy.

5 Real data example

We study here a data set on motorcycle insurance. The data was collected from the former Swedish in-
surance provider Wasa, and comprises data on motorcycle insurance policies and claims over the period
1994-1998. The data set, available from www.math.su.se/GLMbook and the R package insuranceData
and analyzed in Ohlsson and Johansson (2010), contains among others the claim severity Y (defined
as the ratio of claim cost by number of claims for each given policyholder) in SEK, and the exposure
X of the policyholder in years. Data for X > 3 being very sparse, we restrict our attention to the
case Y > 0 and X < 3. This results in n = 593 pairs (X;, Y;).

We first carry out, in Figure 4, visual checks of whether the heavy-tailed assumption makes sense
for this sample of data. The boxplot and histogram of the Y; both give descriptive evidence that Y
has a heavy right tail. To further confirm that the heavy-tailed framework is appropriate, we drew a
quantile-quantile plot of the weighted log-spacings within the top of the data against the quantiles of
the unit exponential distribution. Formally, let Y7, < Y3, < --- <Y, ,, denote the order statistics
of the sample (Y3,...,Y,). Let Z;,, = ilog(Yn—it1n/Yn—in), 1 < i < n—1, denote the weighted
log-spacings computed from the consecutive top order statistics. It is known that, if Y is heavy-tailed
with tail index v then, for low i, the Z;, are approximately independent copies of an exponential
random variable with mean 7 (see e.g. Beirlant et al., 2004, pp.109-110). The bottom panel of
Figure 4 therefore gives a quantile-quantile plot of the Z;, for 1 <i < |n/5] versus the exponential
distribution. The relationship in this quantile-quantile plot is approximately linear, which constitutes
further evidence that the heavy tail assumption on Y makes sense.

We therefore carry out our analysis of conditional extremes using the methodology described in Sec-
tions 4.1 and 4.2. Our cross-validation procedure (H being in this case a finer, regular grid of size 100
of the interval (hmin, 2], and G a regular grid of size 26 of [0, 2.5]) yields b} ~ 1.20 = (Xmax— Xmin)/2.5,
which motivates us to estimate an extreme conditional expectile at level 3, = 1 — 2.5/n ~ 0.996. To
simplify the presentation, we only calculate and represent our estimate /e\mfR(ﬂnm) of the extreme

(

conditional expectile using the estimator &’ki) (). We compare this estimate to the extreme conditional

(

quantile estimate g (3,|x) based on the estimator ;?ki) (). The cross-validation procedure on k,, then
selects k = 65. The results are represented in Figure 5.

It can be seen in this Figure that the extreme conditional quantile and expectile curves have a similar
behavior, with a slight increase on the interval = € [1.5,2.5]. However, extreme quantiles are around
25% greater than expectiles: in particular, the quantile curve always stays above the maximum lo-
cal observation, while there are 5 observations above the expectile curve. This can be explained by
the asymptotic proportionality relationship between extreme conditional expectiles and their quantile
counterparts: here our conditional tail index estimate varies between 0.34 and 0.42; and (3.3) sug-
gests that extreme conditional expectiles are asymptotically lower than conditional quantiles at the
corresponding level as soon as the conditional tail index lies below 1/2. Besides, the path of extreme
expectiles is much smoother than that of quantiles.

Finally, in order to give an overview of the uncertainty of our expectile curve, it is interesting to provide
confidence intervals. One way to do this is to use the asymptotic normality result of Theorem 2 to
produce pointwise Gaussian asymptotic confidence intervals. In practice however, this approach is
not advisable on this data set: the quantity \/k,h%,/log(k,/[n(1 — B,)]), which represents the rate
of convergence of our extrapolated estimators, is less than 4, which suggests that we are very far
from convergence to the asymptotic distribution. In addition, using the asymptotic normality requires
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estimating the density g at each point; this estimator is very close to 0 in those areas with low density
of data (for instance for x € [2, 3]), resulting in very wide confidence intervals. This is why we suggest
here a bootstrap methodology instead. The idea is to:

1. Simulate N = 1,000 samples of pairs ((X;1,Yi1),...,(Xin,Yin)) by, first, simulating the Xj ;,
1 < j < n from the empirical distribution of the X; (for X; < 3) and then, at each of these Xj j,
simulating Y; ; from the estimated conditional distribution function F,(-|X; ;);

2. Carry out on each of these samples the estimation of the extreme conditional expectile using the
procedure described above (with the same h} and k);

3. At each grid point xy, take the interval bounded by the 2.5% and 97.5% quantiles of the extreme
conditional estimates at this point as a pointwise confidence interval.

We get the bootstrap confidence intervals represented in Figure 5. As expected, the expectile estimates
are much more variable when x > 1.5 due to increased data sparseness.

6 Discussion

We provide in this paper what is, to the best of our knowledge, the first nonparametric method for
the estimation of extreme conditional expectiles. This is done by noting that the expectile is itself a
quantile of a different distribution, and then by using a combination of kernel smoothing techniques
for the estimation of this distribution function with Weissman-type extrapolation arguments. The
analysis of our real set of insurance data shows that the extreme conditional expectile estimator
provides a lower measure of conditional risk than extreme conditional quantiles, reflecting the fact
that the expectile risk measure is (for finite-variance distributions) typically less conservative than its
quantile counterpart. Let us reiterate here that this does not mean that conditional expectiles are a
“better” risk measure than conditional quantiles (or than any other risk measure that we might have
considered, such as the conditional Expected Shortfall), but they provide different information about
the data compared to quantiles.

There remains of course much to be done, in view for example of our limitation to the conditional
heavy-tailed setup. This assumption excludes several interesting applications in environmental science
(temperature and/or wind modeling, where a finite upper bound is often present) but also in economet-
rics (estimation of cost, production, allocative efficiency, and other related measures in productivity
analysis, see e.g. Daouia et al., 2010). In such applications, one would need to consider a statistical
model with a negative or zero conditional extreme value index v(x). The rigorous theoretical analysis
of estimation procedures devoted to this case and analogous to the ones we present in the manuscript
would require the development, in this general setting, of a second-order expansion of the difference
between high expectiles and their equivalent based on high quantiles, as this is key to the obtention of
the extrapolation error in Theorems 2 and 3. Such a result, as far as we are aware, is not yet available,
and its proof is a challenging endeavor that is beyond the scope of this paper.

It is also interesting to note that the methodology developed herein seems to apply to a wider class of
risk measures than expectiles. Within the more general M —quantile class of Breckling and Chambers
(1988), and under mild regularity conditions (see Jones, 1994), an equation analogous to Equation (2.3)
can be written to express an M —quantile as the quantile of another distribution having an explicit
link to the underlying distribution. It would therefore be interesting to extend our methodology to
the estimation of extreme conditional M —quantiles, and particularly to the estimation of extreme
conditional LP—quantiles obtained by replacing the L?—criterion defining conditional expectiles by
an LP—cost function. On a mathematical level, this would be especially useful since the technical
details of the theory of estimation of LP—quantiles are arguably quite involved (Daouia et al., 2019);
the presented program of proof is much easier to grasp and might result in simpler mathematical
arguments.

16



Non extrapolated direct estimator Non extrapolated indirect esti

@

------{omo © caW® O

----{amma»o @ © © ®

------{DmWOD® O 00
- - -~ | EEEPOCTO
- o

Indirect local Hill

2 2
w0 - © -
© ©
< - =<t
o o~
T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T
0 0.1 0.2 03 04 0.5 0.6 07 08 0.9 1 0 0.1 0.2 03 04 05 0.6 07 08 0.9 1
Bias reduced direct 2 Bias reduced indirect 2
o 4
o |
©
<
~
T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T
0 0.1 02 0.3 0.4 05 0.6 0.7 0.8 09 1 0 0.1 0.2 0.3 0.4 05 0.6 07 08 0.9 1
Bias reduced direct 3 Bias reduced indirect 3
o 2 B o8
o | o 8 § 8 g o |
g f 8 H
o | 3 o g 8§87 -
88T | i
o SEREEN o -
] e = *
I oo O L4l [

T T T T T T T T T T T T T T T T T 1T 171 T T T T T T T T T T T T T T T T T T 171
0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1

Figure 2: Simulation results in the case of the Pareto distribution, with 5, = 1 — 1/n. First row:

non-extrapolated estimators €, (8, |z) (left) and @, (8n|z) (Y, ()~ — 1)7%" @) (right). Second row:
’e}‘f k., (Bnlz) (left) and ’éxfkn (Bn|z) (right). In the first two rows, 7y, (x) is a local Hill conditional tail in-

dex estimation. Third row: Bias-reduced extrapolated estimators EKkJiR (Bnlz) (left) and 52/}51% (Bn|z)
(right) based on the conditional tail index estimator ﬁ,(gi) (). Last row: Bias-reduced extrapolated
estimators é\ZLVgiR(ﬁn\x) (left) and 5ZLV}£R(ﬁn|a:) (right) based on the conditional tail index estimator

~,(€i) (z). The red curve is the true extreme conditional expectile curve z — e(S,|x) to be estimated.
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Figure 3: As in Figure 2, but with a Burr distribution where p(z)

18



‘squtod ejep [G/u] dog oty uo pejndwod g oY) Jo IoyewIse [[IH oY) 0} [enbe odo[s & seY oUI[ PI[OS oY} oIoYM
‘sorrpuenb [erpueuodxe prepue)s snsioa ([¢/u] = 1> T 10§) (WiUg /wWitt—ur)8orr = Yy sSueds-Sof pejySem jo jo[d s[puenb-syuenb :mor wojjog i
o} Jo wrerdolsty :oued JuSur ‘mor doy, !f sorjLIeAds wre oy jo jordxoq :oued 9Jo[ ‘mo1 dQJ, ‘SISATRUR BIRP QOURINSUL 9[0ADI0JOW USIPOMG : 9INJIg

sa|ijuenb [ejuaucdxa pIepuels

S ¥ € 4 1 0
=
o,
o
=
@©
a
53
@
&
o
)
3
(=]
@
Ausass wie Rusass wiely
00000¢ 00005} 000004 00005 0 000002 000054 00000k 00005 0

—_— T =]

Z
Aausnbal4

< C 0O @O ® O a [ . Tu'e] OEU.EEAv ||||||||||||

0

19



Swedish Motorcycle Insurance
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Figure 5: Swedish motorcycle insurance data analysis. x—axis: exposure of policyholder, y—axis:
claim severity. Green curve: extreme conditional quantile estimate x — g ((,|z) using 7,(3 (z), red

curve: extreme conditional expectile estimate eW BR(ﬁn]a:) based on 'y( ) () and their pointwise 95%
bootstrap confidence intervals (dashed curves).
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7 Appendix

7.1 Preliminary results

The first lemma controls the relative oscillation of F(y,|-) in a neighborhood of x. It is a straight-
forward consequence of a combination of the definition of wy,, (y|x) in (3.1) with a first-order Taylor
expansion of the exponential function.

Lemma 1. Let y, — 00, hy, — 0 be such that wp, (yn|x)log(y,) — 0. Then uniformly in x' €
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B(x, hy),
Fly, )
F(yn|x)

In the next lemma and throughout, B(-,-) denotes the Beta function (see p.258 of Abramowitz and
Stegun, 1966, for details).

— 1 =0 (wh, (yn|x) log(yn)) -

Lemma 2. Assume that Ci(y(x)) holds. Then for all a € [0,1/v(x)),

B(a+1,~v(x) —a)

@ (ylap) —
P (yl) @)

g()y" Fyle)(1 + o(1)) as y — oo.

Proof. In the case a = 0, (O (y|z) = F(y|x)g(x) and there is nothing to prove. We focus on the case
a > 0. Note that H(t) = (t — 1)*1y;>1, defines an absolutely continuous function with nonnegative
derivative H'(t) = a(t —1)* 1>} almost everywhere and we have, for any b with a < b,

/ H(1)~bdt = a/ (t—1)"t~bdt = aBla,b—a) = bB(a+1,b— a)
1 1
by using the change of variables u = 1 —t~!. The result then follows by applying Lemma 1 in Daouia

et al. (2019) with this choice of H. O

The corollary below follows from Lemma 2. Statement (¢4¢) is obtained from Karamata’s theorem (see
Theorem B.1.5 in de Haan and Ferreira, 2006).

Corollary 3. Suppose C1(vy(x)) holds with y(x) < 1 and E[Y_ | X = x] < co. Then:

i) We have the asymptotic proportionality relationship

ii) The function E(-|x) is reqularly varying, i.e.

E(ty|z) 1@ and thus lim el —1/(ty)lx) _ @)

Yy >0, lim —
Vo5 5% Eie) 5% " e(1 = 1/t[x)

iii) The function E(-|x) is continuously differentiable with

vE (ylx) . yFylz) 1

lim =——"+* = lim =

y—ro0 E(y’m) Yoo F(y|:v) V(m)

Lemma 3. Assume that (Ly) and C1(y(x)) hold. Let y, — oo, hy, — 0 be such that wy,, (yn|x) log(yn) —
0. Then, uniformly in ' € B(x, hy) and for all a € [0,1/v(x)),

P (yn| )

(@) (yn |22)

Proof. For a = 0 we have, in view of Lemma 1 and condition (Lg),
VO (ynla') _ Fyalz)g(a’)

VO (ynlz)  F(ynlz)g(z)

uniformly in @ € B(x,h;), hence the first result. We turn to the second result. For any a €
(0,1/v(x)), we have, by an integration by parts,

P (yy |)
g(z)

—1=0(hy) + O(wp,, (yn|z) log(yn)).

=1+ 0(hn) + O (wh, (Yn|x) log(yn))

_ a/oo(z ) () d
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From Equation (3.1), we find

0o L (a) / 00 L
a/ (2 — yn)* 1 F(2|z) 2 4ra Wn @) g < W < a/ (2 = yn) "1 (2]a) 22n W@ gz
n Yn

This implies
[z = y) T o) (om0 1)z @y, 1a) g(a)

Jyu 2 = yn)* =1 (2]2)dz = @ (y,lz) g(2)
B e L G G
- Jou (2 = yn)* 7 F (2] ) d2

and thus, by the inequality |ef — 1] < |t[el*],
|¢(“)(yn|m’) glz) ) Sz = yn) " F (2]) 2 ho (Unl®) Jog (2)dz

Joo (2 = yn)* 1 F (2] @)dz

S whn (yn|',1:)

D) (yn|2) (')
With the change of variables z = ty,,, we find

/ (t—1)%" Mtwhn<ynlw>1og(tyn)dt
) F(ynl|z)

/Oo(t - 1)“—175(%'3:)&
1 F(yn|m)

Using Potter bounds (see Theorem 1.5.6 p.25 in Bingham et al., 1989) we find, for n large enough and
0 > 0 so small that a + 0 < 1/v(x),

— 1| < wn, (Ynl®)yn

(@ (yala') g(x)
V(@) (yn|2) g(z')

00 a1 F(tynlz)
/ (t—1) 1F((y|a:))t rn Wnl®) Jog (ty, ) dt f )11/ gy
1 Yn < (1 +log(yn)) ==

00 n - _ a 14=0=1/v(z) Jt
/ (t — 1y Elnl2) 4, L
1 F(yn‘w)
and the right-hand side is a O(log(yy)). Since wp,, (yn|x) log(y,) — 0, we get
Y (yala') g(x)
(@ (yn|2) 9(x')

Using condition (£p) again concludes the proof. O

— 1| = O(wn,, (yn|z) log(yn))-

Lemma 4. Assume that (K) and (Lo) hold. Let h,, — 0 be such that nhl, — cc.
i) Then

x 2
B [5a(2)] = o(2) + O(hn) and Var 5o )] = L2214 o))
it) If moreover (La) holds, then
B[l @ga(@)] =  mO(@)g@)+O0(hn)
Var [l (@)in(@)] = "o o).

Proof. Statement (i) is classical (see Parzen, 1962, for a proof). We show statement (iz). For n large
(1)

enough, the expectation E[m,,’ (x)g,(x)] may be written as

1 - X 1 —
—E|YK = mW (t)g(t) K T dt = / mW (@ — uhy)g(x — uh,) K (u)du.
h hn hn RP hn S

Assumption (Ls) entails m™ (z — wh,) = m™ (x) + O(h,) and g(x — uh,) = g(x) + O(hy) uniformly
on u € S, hence the second identity. The final asymptotic equivalent is obtained through similar
calculations. O
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Lemma 5. Assume that (KC), (Lo) and Ci(v(x)) hold. Let y, — oo and h, — 0 be such that
wh, (Yn|x) log(yn) — 0 as n — oco. Then, for any a € [0,1/~(x)) and b > 1,

a z—X
E {(Y—yn) Kb( I > ]1{Y>yn}]

= D (y|e) /3 K (w)du(l + O(hn) + O(wn, (yn|) log(ym))).

Proof. The result is immediate by noting that

E [(Y—yn>“K" <m;nx> 1{y>yn}] = /Rp /:O (z = yn)* K° (:Dh;t) F(2It)g(t) dt dz

— / DD (gl — hou) K () du
S

(with the change of variables t =  — h,u) and using Lemma 3. O

Lemma 6. Assume that (K), (Lo) and Ci(y(x)) hold. Suppose also that y(x) < 1/2 and that there
exists 6 € (0,1) with E[Y2*° | X = @] < oo. Let y, — 00, hy, — 0 and b, = Oy,(1 + o(1)), where
0> 0. Assume further that nhbF (yn|a) — oo, nhS > F(y,|x) — 0 and

\ PR E (yn|) w, (1= 0)(0 A 1)ynlz) log(yn) — 0.

Then if, for all j € {1,...,J}, ynj =7, V(@ )y (I4+o0(1) with0 <7 <7 <...<7T5<1, one has

Wy | 20 1o 2
onie (S 1) (el 1) | oo (o fihvio)
’J 1<5<J "

where V (x) is the symmetric matriz with entries

— ~(x 2\ @)
V}-,l(m):l 7 )Tl_ll 1( )<]> ! —1],j,le{1,...,J}2, j<l,

1—2v
—1/7(x)
Y@@ (g @)

(1= @) (0v 7@ -7 @)

y(@)r;

Vigs(x) =

( Vis1,41(z) = 01/7@),

, JEe{1,...,J},

PT‘OOf. Let B = (/81>° . 'aﬂ]7/6J+1) € RJ+1- One has:

(1

J T (0) T
WZ@ <W—l) + B+ (W—l)

J O (Y jlz) —E [0 (yn s |2) O (bnl@) — E |41 (bul)
W{Zﬂy ( zb(l)(yn,E!:c) }) + Br+1 ( (bn[|az) }) }
[% (ynjlw)} ]E[Ago)(bn|$):|

m{m ( [ o] 1) o (M) L

According to Lemma 5,

E |91 (bul)| = 9O (bal@) (1 + O(wh, (bul) log(ba)) + O(ha).
E (98 (ngl2)| = 0D (gns12)(1 + Owh, (4n512) 1083 g)) + Olha).
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Noticing that for n large enough, y,; > yn(1 — §), we obtain wp, (Ynjlx) < wh, (1 = 0)ynlx), Vj €
{1,...,J}. Similarly b, > 0y, (1 — ) and thus wp,, (by|x) < wp, ((1 — §)0y,|x). Moreover, log(yn. ;) =
O(log(yn)) for any j € {1,...,J} and log(b,) = O(log(yn,)). Therefore

= 7 (B (ygl2) E |5 (bu2)
nhin F(yn|z) {Zﬁj ( £(1)(yn7jiw) } - 1) + Byt (W - 1) } = o(1).

j=1

We now focus on the asymptotic distribution of

— I O Ynyle) — E |9 (g ) O (bn|) — E [ (by|)
Zn\/nth(ynm){Zﬁj( Jw(l)(yn£|m) o) + B4 ¢<0>(bn[|m) | .

J=1

We clearly have E[Z,] = 0. In addition, Var[Z,] = F(y,|2)8" B"™ 3, where B"™ is the symmetric
matrix-valued sequence having entries

(n) cov ((Y - ynv])K (%) ]l{Y>yn,j}’ (Y - yn,l)K (m;:{> ]l{Y>yn,l}> . .

B = - - R A
I hnw( )(yn,j‘x)q/}( )(yn,l‘w)

oo 0K ()t K () )
5,J+1 — hﬁw(l)(yn,j!w)w(o)(bn!w) y J Sy )

z—X
s V() 1)
[T i [ ©) (b | 2)]2

Let us first focus, for 7 <, on the term Bj(.fll) = Aﬁ)/[w(l)(yn,j|m)w(1)(yn,llw)]. Since yp,j > yn, for n
large enough, we find:

. 1 r—X
A_g,l) = TE |:(Y - yn:])(y - yn,l>K2 < hn > 1{Y>yn,j}:|

hin
1 x—X z—X
= B 0 K (555t | B [0 =K (555 ) 1]

x)w(l)(ym\x)(l—i—o(l)). It thus remains

According to Lemma 5, the second term is equal to hE ™) (Yn,j

)

to focus on the first term of Ay; which we rewrite as

x—X

1 1 x—X
e [(Y ~ Ynj) K ( ) ]1{Y>yn,,7-}} + (Wnj = yni) 3 E [(Y ~ Yng) K < I ) 1{Y>yn,j}} :

Using Lemma 5, we get

1 z—X
hT?LE {(Y - yn,j)2K2 < h, ) ]1{Y>yn,j}] = 7/’(2)(%,3‘

)| K51+ o(1))

and

yn,'_yn,) r—X —~v(x —~(x
et B | = ) (2520 ) B = (57 = 77 ) LB s i1+ o)

Besides, Lemma 2 provides, for any j,

Wy jlz) = 11(;”(;)g(m)TJf”(‘”)ynTjF(yn|x)(1 +o(1)),
x)? _o(m —
VO ko) = g o)y R F )1+ (1)
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Straightforward calculations then yield:

()
n _ K31 —y() 17 1
B = o [T = | o)
g(x) ~(z) (@) 7, F(yn|z)
We now deal with BJ('Z)H for j € {1,...,J}, which can be rewritten as

E[(Y - Z/n7a)K2 ( o > ]1{Y>ynjvbn}} —E [(Y — Ynj) K ( o ) ]1{Y>ynj}} E [K< o ) ]1{Y>bn}]
Mty (yn,j|2)1(©) (bn| ) '

Using Lemma, 5, the second term in the numerator equals hi?y™ (y,, ;&)1 (b,|2)(1 4 0(1)) and the
first term can be rewritten

x—X
E [(Y - yn,j)K2 <hn) ]1{Y>yn,jvz;n}]
= BBIKI [0 (s V bul) + (g V b = )0 s V bl) | (1 4+ 0(1).

Combining Lemma 2 with the relationship F(y, ; V by|x)/F(ys|z) = (6 \/Tj_v(m))*l/ww)(l +0(1)), and
noticing that

(9 v Tj—v(:w) (0 y Tj—w(w)) ~@) (9 1@ j—v(fc)) -1,

we get

(n
Bj) J)+1

¢( )(ynj\/bn|m)+(ynj\/bn_ynj)¢(0)(ynj\/bn|m) 2
= : : : : K|5(1 + o1
50 (s 200 (b 2) IR0 +ott)

(@ 1 1/7(@) - -
_ k@ (V™) A (v )t
g(x) y(@)r " @o-1@) Fyalz) '

Finally, using Lemmas 2 and 5, the variance term Byﬁl 741 1s clearly

Voo~ {E[K (5X) 1pysnn] } KR e 1
) th[} <{bn\£>]2(h S} @ e )

Therefore, Var[Z,] — |K 287V (x)8/g(x), where V() is given in the statement of the lemma. It
only remains to prove the asymptotic normality of Z,. We thus write Z, = Y " | Z; », where

i \/m ZJ:ﬂJ ) K (552) ll{myn;}(l)—(ig('f)— hd) K (2550 Uy ]

nhpFynle) K (“”ZX) Ly >, —E [K (EZX> ]1{Yi>bn}}
P Br+1 O (5 /) .

E[K2<

We prove that there is § > 0 such that nE|Z; ,|>*% — 0 as n — oo; the result then follows by the
Lyapunov central limit theorem (see Theorem 27.3 p.362 of Billingsley, 1995). For that purpose, note
that, if 71, ..., T, have finite (2 + J)—moments,

248 1/(2+9) ‘
} < Z{E|T |2+5}1/ (2+96) +E|T| < 2q maX {E|T ’2+6}1/(2+6)
=1
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by the triangle inequality for the standard norm in the space of random variables with finite (2 +
d)—moment. Therefore,

245 245

245 F(yalz)\ """ (V=) K (%55) Lyvsu ) K (%) 1o,
E|Z1 =0 | [ — max E +E
’ nhi, 1< D (g |) 4O (by| )

Combine now, for J small enough, Lemmas 2 and 5 with the asymptotic equivalents F(bplx) =
0= N F (g ) (1 + 0(1)) and Flyagl) = 73F(ynl2)(1 + o(1) to get

nE| 21" = O ([nh F(yl2)] "),

which clearly tends to 0 as n — oco. The result is proved. O

Lemma 7. Under the conditions of Lemma 6 and assumption (L2), and with V (x) given in Lemma 6,

nhPF - in(yn,ﬂm) . %n(bn|$) _ d m -
h5 F (yy| ){<E(yn,ja:) 1>1Sj§], <F(bn|a:) 1)} N <OJ+1, o) V( )) .

Proof. Set

e —m® ne (D) (g, -
~ m n m x)glx n,j|T n,j |
(@) — g(2) (@)gn () | (x)g(x) o Un (Ynjlz) = 1/1 (Ynjl2)

9, 2 n
o) =™ (x)g(x) 20" (yn,jl®)
yn,j yn,.]

We may write

nhiF (ynle) ZBJ ( olthgl2) _ 1) + /i F (ynlz) B4 (W — 1>

E(yn,j|z) (bn|)
wn (Yns) - = U (bale) | g(@)
nhh F(y.|z) Y  B; on AIng ) (1+ Rnj) " + \/nhhF (ynlx)Bri1 —1]=
Z T\ W (yn 1) ’ T\ O (b, n()
T ) —1 P g(m>
nhb F (y, |x) Zﬁj (L + Ruj) ™t = 1) + \/nhh F(yn|z) B4 @) 1).
j=1 "
A combination of Lemma 4 (i) and (i) and Lemma 6 directly entails
Vi€l T} Rus=Op [ —2— ) and 2@y _ o, [
J ] ) n,j — VP 11 —1=0Up
! \/nh? g(x) \/nhb
and the result then follows by applying Lemma 6. O

Lemma 8. Assume that Co(y(x), p(x), A(-|x)) holds. Suppose also that v(x) < 1, p(x) < 0 and
E[Y_| X =] < co. Let B, = 1, ky, — 00 be such that k,/n — 0 and n(1 — S,,)/kn, — 0. Then:

kn @) e(1 - kn/n|®)
<n<1—6>> o) LT B ka/nlz) £ O(A(R/Rale)]),

(y(z)™? _1)7(98) () 4 o)) v(x) W) 4o o
o) (m'7(z) +o(1)) = e(ﬂw)( () +o(1)) T — 1.

where B(t|x) = v(x)
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Proof. Write
( Fin )W’”) el — ka/nlz) _ < i )“‘“ a1 = kn/nlz) e(L—kn/nlz)  q(Bnl)
n(l—fn) e(Bn|T) n(1— By) q(Bn|x) q(1—Fky/nlz)  e(Bulz)
Following the proof of Theorem 4.3.8 in de Haan and Ferreira (2006), we get

() ™ = ol

Moreover, according to Proposition 1 in Daouia et al. (2020),

e(gz;g (v(@)™L = 1) (1 = B(Ba|z) + O(A((1 - B,) " |2)))) ,

(

e(l - n/nlfv)
q(1 = kn/nlz)
Since n(1 — B,) = o(ky,) and p(x) < 0, we find B(B,|x) = o(|B(1 — ky/n|x)|) and A((1 — B,) )
o(|A(n/kn|x)|), hence the result.

(7.1)
= (W) = 1) (1 + B~ ku/nlz) + O(|A(n/ky|)])).

Ol

Lemma 9. Assume that Co(y(x), p(x), A(-|x)) holds. Suppose also that v(x) < 1 and E[Y_ | X
x] < co. If ky, — o0 and k,/n — 0, then:

e(l1 —k,/(4n)|x) — e(1 — ky/(2n)|x)
e(1 —kn/(2n)|x) —e(l — ky/n|x)

Proof. With the notation of Lemma 8, Proposition 1 in Daouia et al. (2020), applied to the conditional
distribution of Y given X = «, provides:

— 2®) (14 o(L/e(1 — ku/nlz)) + O A(n/kal2)]))

(1) = 1@ ST = 14 Blrla) + 0(A((1 = ) o).

The result follows by using this asymptotic expansion and noticing/recalling that t +— |B(1—t"1|x)|
1/e(1 —t~!|x) and t — |A(t|z)| are regularly varying with respective indices —y(x) and p(x). O

7.2 Proofs of main results

7.2.1 Proof of Theorem 1
Let us denote o, = 1/y/nhh(1 — ay,), 2 = (21,...,2,t) and focus on the probability

s = #(ff Gl ) ool (82 ) <)

j=1

J
= P (ﬂ {en(amjl®) < e(an,jlz) (1 + zjon)} 0 {gn(an|®) < g(an|z) (1 + tan)}) :

j=1
By noticing that 1 — ay, j = E(e(an j|z)|x) and 1 — a,, = F(q(ay|z)|z), and using that for all y, «,
enlalz) <y e E,(ylz) <1—aand gu(a)z) <y < F,(ylz) <1 - a, we find that ®,,(2) is equal to

J ~
P (ﬂ {Bulelan ) (1 + zow)|e) < Ble(anglo)z) b 0 {Falatanle)(1 + to,)|2) < F(q(anm)}) .

j=1

Letting yn, = e(an|x), ynj = e(an jlx)(1 + zj0,) and b, = q(an|x)(1 + toy,), we have

o~

2 E i|L)|T

j=1

{ RhEF (yal) (W - 1) <\ F(ynla) (W - 1)})
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By Corollary 3 (iii), we may, for any j € {1,...,J}, use a Taylor expansion to obtain that there exists
0n; € [0,1] with:

B(yng|2) = 1= anj + 20nc(on|2)E (e(an @) + Onj2j0me(an @) ).
According to Corollary 3 (ii),

ZjO’n
v(x)

E(ynjlz) = 1 = an + zjowe(an,|2)E (e(anl@)|z) (1 +o(1) = (1 - an,) <1 bwend Gy 0(1))> :

Since \/nhh F (yn|x) = o, /v(x)~1 — 1(1 + o(1)) (see Corollary 3 (i)), we have

el ) - i a o)

Vi€ {l,...,J}, \/nhhF(y,|z) ( By |2) (z) ~(z)
n,j

By using the same arguments, we also get

F(q(an|z)|z) _ bt [1=7(x)
W - 1) = (14 0(1)).

nh F(y,|x
(1] )< @\ @)

Finally, yn ; = e(anjl®)(1 + zjo,) = T;’y(w)yn(l + 0(1)) (see Corollary 3 (i7)) and b, = q(an|x)(1 +

toy) = (v(x)~! = 1)7@) 7@y (1+0(1)) (by combining Corollary 3 (ii) and Proposition 1 in Daouia
et al. (2020)). Thus, for n large enough, wy, (yn jlx) < wp, (1 —d)e(1 — ky/n|x)|x) and wp,, (by|z) <
wh, ((1 — 8)g(an|x)|x). Moreover, log(yn ;) = O(log(yn)) and log(b,) = O(log(yn)). Noting that
log(yn) = O(|log(1 — a,)|) by the regular variation property of the tail expectile function ¢ — e(1 —

t~!x), Lemma 7 can then be applied (with § = 777@) (y(z)~ — 1)7(@) to conclude the proof. O

7.2.2 Proof of Theorem 2

The key is to write
e (Bal®)\ kn _ n(1 — kn/n|z)
log ( e(Bulz) ) = log (n(l - ﬂn)> Okn (@) = 7(2)) + log ( e(1 = kn/n[x) )

kn  17® e(1 = kn/n|z)
! logqn(l—ﬂn)] Bala) )

The conclusion now follows from our assumptions on 7, (x), Theorem 1 and Lemma 8, together with
a straightforward application of the delta-method. O

7.2.3 Proof of Theorem 3

We first briefly explain why @, (1 — ky,/n|z) is still \/ky,h—consistent under our assumptions which
are weaker than those of Theorem 1. Inspecting the proof of Theorem 1 reveals that

P(W(M_l> gt)zp<m<w—l> St(1+0(1))>

q(1 = kn/nlz) F(by|z) ()

with b, = q(1 — k,/n|z)(1 + t/\/kphb). Write then

Vil (E”(b’“"m) - 1) = VEkalh, (J’(”‘O)(b”m - 1) IR (j(“’) - 1> .

F(b,|z) PO (b))
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Inspecting the proof of Lemma 6 shows that under our assumptions,
7(0)
7 [ ¥n (bn|T) . _ P
Vhkalih <w<0>(bn|m) 1) = 02(1) + O (Vkuhh [ + on, (bal) log (b))
=0p(l)+ 0 (\/ knhb [he + [1og(kn/n)| X wp, (1 —68)q(1 — kn/n]a:)|sc)])
= Op(1).
Inspecting then the proof of Lemma 7 and applying Lemma 4 (i) shows that
Folbnz) <Ein(1 — kn/nlz) )
VI | ==/ 1] =0p(1 d knhlh | ————> — 1) = Op(1).
( Pt o) ) e(1) andso VIR o i) “
The final key point is to write

v, Balz) o _ (1 — kn/n|z)
bg( (/) ) = 1o () Ge) —te) 1o (=20 )

(e ()™ = 1)~ ®) Fa 1" g1 ku/nle)
! 1°g< (@) T~ 1)@ )Hog([n(l—ﬁn)] 1(Bale)

e(Bn|z)
The conclusion now follows from our assumptions on 7y, (x), the convergence of g, (1 —k,,/n|x), condi-

tion Ca(y(x), p(x), A(-|x)) and Proposition 1 in Daouia et al. (2020), together with a straightforward
application of the delta-method. O

©olog ((v(fv)l 1)@

7.2.4 Proof of Theorem 4

Asymptotic distribution of ﬁ,(ci)(:c) We start by focusing on the asymptotic distribution of

7 (en(1—kn/(4n)|z) — €, (1 — kn/(2n)|z) _o(®m) | _
Vonlin < o0 (L= kn/@0)]@) — 2 (1= Enjla) ) An B

where
B 5 (en(1—kn/(4n)lz) — €, (1 — k,/(2n)|x) e(l—kn/(2n)|z) —e(1 —kp/nlz)
An = Vi ( e (1= hn/(3n)|2) — € (L— hn/@n)|2) & (1= hn/(2n)[2) — & (1 — ku/n2) 1)
e(l—ky,/(4n)|lx) —e (1 — k,/(2n)|x)
e(l—ky/(2n)|x) —e(l — ky/n|x) ’
e (e k(n)[@) — e (1= kn/@0)@) o)
Bn =Vl ( (1= kn/Cn)[3) e (L= kofnlz) 2 ) '

According to Lemma 9, B,, — 0. We then focus on A,, and we note that, by Theorem 1 and some
straightforward algebra,

e(1—kn/(2n)|x) — e (1 — kn/nlz) ;
AT b)) e (1= Faniay = 1+ Or (1/VRBE)

Applying Lemma 9 again, we get

_ 9z e(1— kn/(4n)|z) en (1= kn/(4n)|x) _ o
e = R ey R e ki)~ 070
[ — e (1— hy/(2n)]e) 2 (1~ kn/(20)|z) )
N i e JAm)) — e (1~ kn/<2n>|w>A< e (L~ Fn/(2n)|) 1> (1+op(1))
- ORI e 0 ey (2 ey L) O or)
Y e(l—ky/n|x) en (1 — ky/n|x) B .
+ 2 knhne (1 —k,/(2n)|x) —e (1 — ky/n|x) ( e(l—ky/n|x) 1) (1 +0p(1))-
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By noticing that e (1 — jAk,/n|z) / (e (1 — My /n|z) — e (1 — 20k, /n|x)) — j77 @) (1 — 277@) =1 for
any A > 0, 7 = 1,2, we deduce that
en (1 —kp/(4n)|x)
e(l—ky/(4n)|x)
27(@) 1+ 27@®) 1 en (1 —kn/(2n)|z)
_ D - n n _ 1 .
An =V knhin (1 @ 1@ 1@ | | et —myenm) | Tl

en (1 = kp/n|x)
e(l—kp/n|x)

—1

-1

The conclusion now follows from a straightforward application of Theorem 1 and of the delta-method.

Asymptotic distribution of /i,ii) (z). The proof is entirely similar to the proof for ‘y\,(;)(w) and is
therefore omitted.

Asymptotic distribution of ﬁ,(ii) (z). Let us denote for convenience o, = 1—ky,/n, 0, = 1/7/ kb,
§ = ~(x)~! — 1, and focus on the probability

B,(z) =P (anl (F" Cnlanle)lz) 9) < z) —Pp (%n Enlan|z)|z) < (1 - an) (0 + zan)) .

1—a,

Equivalently ®,,(z) = P (e,(an|x) > ¢ (Bn]x)), where 8, =1 — (1 — ay,) (0 + z0,) , and so

oty = (o (BB 1) 5 g (Bl ) 0l (alle) 1))
" "\ elan|@) "\ a(Bnlw) elanle) " \e(an|r)
According to Theorem 2.3.9 in de Haan and Ferreira (2006), Equation (3.6) provides:

q(an|x)

= (0 + 20,) " (1 + O(JA((1 — a) " Y)))) -

Apply then Proposition 1 in Daouia et al. (2020) to the conditional distribution of Y given X = x to
get

q(Bnlx)

e(an|x)

20n

= (1= 2@ 5520+ o) (1 5L m (@) + 0(1)) + 0(1A((1 - ) o)) ).

e(an|x)

Recall that o, = 1//k,h}, and = v(x)~! — 1 to find
2
(k)

" \e(an|x) 1-9(z)

We can therefore rewrite ®,,(z) as the probability

P (1_7(@ [—a;l <€”(O‘”‘w) - 1) + o, <W"‘w) - 1)} (1+0(1)) — Amm“)(m) < z> .

z— My(x)mM(x) asn — oco.

7 () e(an|T) q(Bnlz) V()
/F\‘TL ATL n A?’L n .
In other words, the asymptotic distribution of o, (Cn(an|@)|2) -0, En(an|2) — 1| is that of
1—an e(an|x)
1-9(2) 1-5(@) Gulanle) 1-(@)
T2 2 _1 | elan|T) A m'Y(x)
) ) fo,t| - - V()
q(Bnl)
The conclusion follows from an application of Theorem 1 with J =1, 71 =1, 7 = v(x)"! — 1 and a
use of the delta-method. O
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