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The Sobol method in sensitivity analysis for
stochastic computer models

Gildas Mazo

MalAGE, INRA, Université Paris-Saclay, 78350, Jouy-en-Josas,
France

Abstract

Sensitivity analysis often accompanies computer modeling to under-
stand what are the important factors of a model of interest. In particu-
lar, Sobol indices, naturally estimated by Monte-Carlo sampling, permit
to quantify the contribution of the inputs to the variability of the out-
put. However, when the model is stochastic, the problem of carrying
out a sensitivity analysis remains open. There is no unique definition of
Sobol indices and their estimation is more difficult because a good bal-
ance between repetitions of the computer code and explorations of the
input space must be found. The problem of performing a sensitivity anal-
ysis for stochastic computer models with the Sobol method is addressed.
Two Sobol indices are considered, their estimators constructed and their
asymptotic properties established. An optimal balance between repeti-
tions and explorations is proposed under a limited computing budget. A
two-stage procedure is built: the first stage permits to find the optimal
balance and the second stage produces the Sobol estimates based on the
balance obtained in the first stage. The procedure is asymptotically oracle
and the optimal convergence rates are derived. The theoretical results are
tested with numerical experiments.

Keywords: Sobol; sensitivity; stochastic; random; model; efficient.
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1 Introduction

Sensitivity analysis often accompanies computer modeling to understand what
are the important factors of a model of interest [I5, [16]. In particular, Sobol
indices [I8},[19] permit to quantify the contribution of the inputs to the variability
of the output. The Sobol index S; is defined as

m 5 = VORIIN) 5oy,
ar f(X)
where Y = f(X) is the output of the computer model f evaluated at the input
X = (Xy,...,Xp). The larger S;, the more X, is important in the following
sense: if X; = x; were fixed, VarY would be reduced by at least S;x100%. As
a consequence, the Sobol indices satisfy S; + --- + .5, < 1, with equality in the
absence of interaction effects, which we shall not account for in this paper.

The estimation of Sobol indices is naturally performed by Monte-Carlo sam-
pling [0, 13| 18] 19], which permits to build estimators with statistical guaran-
tees [, [I0]. Sobol indices for multivariate, functional outputs [3, II] or func-
tional inputs [8] have been proposed as well.

Computer models employed to simulate physical systems/natural phenom-
ena are increasingly stochastic. That is, two runs of the computer with the same
input may lead to two different outputs. Examples can be found in epidemiol-
ogy [1L 2, T4, [I7] or ecology [20].

It is still unclear how sensitivity analysis should be performed when the
models are stochastic. First, there is no unique definition of Sobol indices [5].
Second, it is unclear how to account for noise in the inference. Monte-Carlo
sampling with repetitions is natural, but what is a good balance between the
number of repetitions and the number of explorations of the input space [20]?
Having efficient estimators would permit to achieve the same level of precision
but with less computations, an important practical issue. An approach based
on meta-models has been proposed [12], but it is difficult to control the induced
bias and the construction of the meta-model itself can be challenging.



The problem of efficient estimation of Sobol indices for stochastic computer
models is addressed. Two definitions of Sobol indices are given. Their esti-
mators, based on Monte-Carlo sampling with repetitions, are built and their
asymptotic properties established. It is shown that, when the computing bud-
get is fixed, an optimal number of repetitions can be defined and estimated.
A two-stage procedure is given for efficiently estimating Sobol indices, the first
stage serving to find the optimal number of repetitions that should be used in
the Monte-Carlo experiment of the second stage.

This paper is organized as follows. The sensitivity indices and their estima-
tors are defined in Section 2] The optimal number of repetitions is defined in
Section [3] where an estimator is also given. In Section[4] a two-stage procedure
is proposed that permit to efficiently estimate the sensitivity indices by exploit-
ing the results of Section [2| and Section [3] Numerical experiments are provided
in Section[5] to test and illustrate the theory. A discussion closes the paper. The
proofs are given in Appendix [A]

2 Stochastic sensitivity analysis

2.1 Definition of the sensitivity indices

In the case of a stochastic computer model, the output is
Y = f(X,2),

where Z is an unobserved random element that represents the “noise” of the
model. That is to say, even if X = x is fixed, the output, distributed as f(x, Z),
exhibits a residual variability due to the randomness of Z. In all this paper,
we assume that X and Z are independent. Note that f does not represent the
computer model, as seen by the user. For the user, the computer model is not
even a mapping, since to runs of the computer at the same input can lead to
two different outputs. Here, f is any mapping that, together with X and Z,
produces the output Y. The existence of Z and f such that Y = f(X,Z2) is
assumed.
Two kinds of Sobol indices can be built.

Definition 1. The Sobol indices of the first kind are defined as

o _ VarE(f(X, 2)|X;)
T Varf(X,Z)

forj=1,...,p.
Definition 2. The Sobol indices of the second kind are defined as

g _ VarB(E[/(X, 2)|X]1X;)
j Var E[f(X, Z)|X]

forj=1,....p.

The first index is built by substituting f(X, Z) for f(X) in . The second
by substituting E[f(X, Z)|X]. Thus, the index of the first kind is a direct
application of : one does as if Z were another input, even though it is not



observable. The index of the second kind is also an application of but to
the function x — E[f(z, Z)|X = z] with the noise smoothed out.

For estimation purposes, it is convenient to rewrite the indices as
, _ BE[/(X,2)|X]|Ef(X_, 2)|X_,] - (BE[/(X,2)|X))?

(2) S 2
EE[f(X, Z2)?|X] - (EE[f(X, 2)|X])

EE[f(X, 2)|X|E[f(X_;, 2)|X_j] — (EE[f(X, Z)|X])”

3) S;’l = 2
EE[f(X, Z)|X]* — (EE[f(X, Z)|X])

)

where X = ()?1, e )N(p) is an independent copy of X and

X =X, 0 X0, X5, X541, ., Xp),
for j = 1,...,p. Note that S’ and S7 differ only by the lower left term. In
particular, the upper left term is the same in both formula and is the only term
that depends on j, and hence the only term that permits to discriminate between
any two indices of the same kind. For this reason, it is called the discriminator
and is denoted by D;. Notice that 57 < .57

Example 1. Let Y = aX; + c¢Xoh(Z), where X1, X2, Z are independent stan-
dard normal variables, a,c are real coefficients and h is a function such that
Eh(Z)=0. Then

a2

/ ’/ "o 7
Sl—m,SQ—O, Sl =1 and52 =0.

Example [T]illustrates that the two kinds of sensitivity indices measure differ-
ent aspects of the sensitivity of a computer model. While the sensitivity indices
of the first kind depend on the coefficients of the model, those of the second
kind do not.

Example 2. Let f(X1,Xs,7Z) = sin(X;) + asin(X3)? + bZ*sin(X;), where
X1,X5,Z are independent uniform random variables on (—m,7) and a,b are
real coefficients. The Sobol indices of the first kind are given by

, brt /5 + b2 /50 + 1/2

V7 a2/8 + bt /5 + b2n8 /18 +1/2

and
’ a*/8

S5 = .
27 a2/8 + bt /5 4+ b2r8 /18 4+ 1/2
The Sobol indices of the second kind are given by
bt /5 + b?78 /50 + 1/2

S// —
L (1414 /5)2/2 + a2/8
and )
SI/ _ a /8
) =

(1+0b7%/5)2/2 +a?/8"

The model in Example [2| with ¢ = 7 and b = 0.1 was used to test sensitivity
analysis methods based on meta-models [I2]. When Z = X3 is a controllable
input, this model is a standard benchmark for deterministic models [6 [9]. Al-
though, in the examples above, Z is a scalar, it is easy to build other examples
in which Z is a random vector.



2.2 Inference

Estimation is based on Monte-Carlo sampling. The sampling scheme is given
in Algorithm [l The input space is explored n times and, for each exploration,
the computer is run m times to smooth out the noise. Thus, the total number
of calls to the computer is proportional to mn. Denote by T' = mn(p + 1) the
total number of calls.

Algorithm 1 Generate a Monte-Carlo sample

fort:=1ton do B
draw two independent copies X (¥, X ()
for j=0,1,...,pdo
for k=1 tom do . .
run the computer model at X(_Z; to get an output Yj(z’k)
end for
end for
end for

The data generated by the algorithm are
(i,k) 37 (4)
(}/7 ) X—j)7
forj=0,1,...,p,i=1,...,nand k = 1,...,m, with the convention 5((_1()) =

X (), By assumption, there are independent random elements (Z j(-i’k)) such that
(k) _ poxv @) (k)
(4) Vit = (X252

The estimators of the sensitivity indices are built by substituting empirical av-
erages for expectations in and , that is,
()

n m i,k m ik’ n m i,k 2
S A S Y R v — (L A, YY)

S =
Jim.m n m ik)2 n m k) 2
Ly A Y - (A A YY)
and
6
“ L 1y p k) gm k) (g 1y i)
o~ _ EZi:lEZk:l 0 EZ/«:1 j _(521:152k:1 0 )
jmm

n m i,k 2 n m ik 2
%Zi:l (% > ket Yo( )) - (% dic % D ket Yo( ' ))

To our knowledge (personal communication), when faced with stochastic
computer models, practitioners tend to use softwares for deterministic sensitiv-
ity analysis in which an average over repetitions is given to the program as a
substitute for the value of the output. Thus, the second estimator is used in
practice, albeit implicitly. The first estimator, to the best of our knowledge,
was not formally defined. The second estimator appeared in [7], where it was
studied only in the case m = n (to the best of our understanding).

In () and (6)), take m = 1 and assume Yj(l’l) = f()?(_zj)) instead of (). Then
the estimators reduce to those of Sobol [I8] [19] in the deterministic case. In the
later case, these estimators are sometimes called pick-freeze estimators [4].



In the rest of this paper, we assume that, for all  and all z,

(7) flz,2) < F(x)

for some F with E F(X)® < co. The existence of the bound F to control the
stochastic part of the model is needed to apply Lindeberg-Feller’s central limit
theorem. The condition E F((X)® < oo is the weakest moment condition needed
to be able to apply classical central limit theorems to all of the estimators in
this paper.

These conditions are verified for the model in Example [2} Indeed we have

f(X1, X5, Z) <sin(X1)(1 + |bln?) + asin(X5)2

For the model in Example [1} it suffices to take

—t  ifZ < —t,
h(Z) = Z if —t<Z<t,
t otherwise

for some threshold ¢ > 0.

We now establish asymptotic properties of the sensitivity estimators as the
number of explorations goes to infinity. The number of repetitions can be fixed
or go to infinity as well. In the later, m = m,, is assumed to be a sequence
growing with n. Denote by S’ (resp. S”) the (column) vector with coordinates
S5 (vesp. S7), j =1,...,p, and denote by §;”n (resp. §;{m) the vector with

: ar aqn
coordinates S}, ., (vesp. S7, ).

Theorem 1. Assume holds and let n — co. Then
S _g

: d —
Vn <§,, _gn [1 _ E Var[£(X,2)| X] }) — N(0,En),
n,m E Var[f(X,Z)|X]+m Var E[f(X,Z)| X]

for some nonnegative matrix Z,, of size 2p X 2p. If m = m, — o0 as n —
o0, then, elementwise, =2,, — = for some Z. Moreover, the convergence in
distribution above still holds with = in place of Z,,.

The result of Theorem [I] suggests that, when the number of explorations is
large enough,

= d , 1
S:Lm ~ N(S ’ E‘:'lm)
and
anr 4 " E Var[f(X, Z)|X] 1_
~ N 1 —Z2m
Sn.m <S [ T EVarlf (X, 2)|X] + m VarE[f (X, 2)|X] | " 72

for some variance-covariance matrices Z1,,, Za,, of size pXp and for any m. Since
Zm has a limit, these approximations hold for m large as well. This permits to
draw inferences about the Sobol indices for any number of repetitions.

When the number of repetitions is much smaller than the number of explo-
rations, the sensitivity estimators of the second kind underestimate the corre-
sponding Sobol indices. Fortunately, the bias is explicit and can be estimated
in practice. Note that the bias is proportional to E Var[f(X, Z)|X], which is



zero whenever f actually does not depend on Z. This term is a noise term: it is
expected to be large whenever the computer model is highly stochastic. When
m grows, the bias diminishes but it could be that the sensitivity estimator is
arbitrarily tightly concentrated around the wrong target. This phenomenon is
avoided by choosing a number of repetitions much larger than the square root
of the number of explorations, as stated in Corollary

Corollary 1. Let /n/m — 0. Then, under the assumptions of Theorem

S .=\ 4 =
vn </S\”7 B S”) — N(0,Z2).

3 Balancing explorations and repetitions

Clearly, to get the best estimators, one should do as many explorations and
repetitions as possible. However, in practice, each call to the computer model
is costly and the budget is limited. Denote the total available budget by 7" and
remember from Section |2|that T' = mn(p+ 1). Which, among all couples (m,n)
that satisfy T' = mn(p + 1), yields the best performance? The criterion often
used to optimize statistical methods, the mean squared error, is intractable for
Sobol estimators.
We propose to consider a more convenient criterion, given by

p
MRE =E > |Rjinm — Ry,

Jj=1

where R; is the rank of D; among Dx, ..., D, that is, R; =Y ¢, 1(D; < D;),
and ijm is an estimator of R;. Recall that Dy,...,D,, the upper-left terms
in (2) and (3)), determine the ranks of the sensitivity indices and that the ranks
of the sensitivity indices of the first and of the second kind are the same. Thus,
the MRE permits to find a unique solution to the balance problem for both
kinds of sensitivity indices. The MRE is an error which is small when one
succeeds in ranking the inputs of the computer model from the most to the
least important. That is, one seeks the input which, if fixed, would lead to the
greatest reduction of the output variance; then the second, etc. This is called
Factors Prioritisation in [16] p. 52].

The MRE is more tractable than the MSE because it depends only on the
discriminators, but it is still difficult to minimize it directly. Therefore, it is a
bound of the MRE that is used to find an optimal balance between explorations
and repetitions.

3.1 Defining an optimal number of repetitions

In what follows, the vector (X, )Z) of size 2p is denoted by X. Denote by Bjm’m
the upper-left term in and @, the estimator of D;. Let Y; be a shorthand

for Yj(l’l) = f()?(_lj)7ZJ(-l’1)), j=0,1,...,p and recall that )2'90) =xWM,



Proposition 1. Let Rjpm =Y+ 1(Dinm < Djnm). Then

B p 2D+
Z:Rj’nm R m1n(|D —Dy]?)T

p
x > (mVar E[Y;Y;/X]
j=1

+ E(Var[YyY;|X] — Var[Y;|X] Var[Y;|X])
+ %EVar[Y(ﬂX] Var[Y;|X]).

This bound provides us with some insights. It is small when the Sobol indices
are well separated and increases as the cube of the number of inputs. Denote
> VarE[YoY;|X] by i, >0 E(Var[YoY;|X] — Var[Yo|X] Var[V;|X]) by (2 and
>~; E Var[Yy|X] Var[Y;|X] by (5. Then ¢ > 0 for [ = 1,2,3 and the bound is
proportional to n=1(¢; +m ™1 + m~2(3), which decreases as n increases or m
increases. The fonction T~ (m¢; + (2 +m~1(3) is a convex function of m and,
forgetting at the moment that m is an integer, it is minimized at

) \/2 L EVar[Y,|X] Var[Y; |X]

 VarB[YoY;[X]

The number m™* can be interpreted as a noise-to-signal ratio for ranking the
Sobol indices. Indeed, recall that a variance can be decomposed into a variance
of a conditional expectation and an expectation of a conditional variance, where
the last represents a noise term and the former a signal term [I6, p. 12]. The
numerator in is the noise term: if the computer model is deterministic, then
the function f(X,Z) does not in fact depend on Z, and the numerator is zero.
The denominator is the signal term.

The optimal number of repetitions is naturally defined as the integer m! that
minimizes the upper bound in Proposition [I] over all compatible integers, that
is, over all integers m such that T'= mn(p + 1). For instance, for T' = 300 and
p = 2, the set of compatible integers is {1, 2,4, 5,10, 20, 25,50}. By convexity of
the bound, the optimal number of repetitions is either the greatest compatible
integer less than or equal to m*, denoted by Lm_*, or the smallest compatible
integer greater than or equal to m*, denoted by "m™

Proposition 2. The optimal number of repetitions m' is given according to the
following three cases.

(i) If m* <1 then m' = 1.
(i) If m* > T/(p+1) then m’ = T/(p+1).
(iii) If 1 <m* <T/(p+ 1) then

$ Tm™  if Lmo Tm T < mr2
m' = :
Lma* if Lma*Tm ™ > m*2,

Moreover, if Lm_* ="™m™ =m*, then m* = m/!.



Provided that the Monte-Carlo experiment is large enough so that m* <
T/(p+ 1), the noise-to-signal ratio m*, and hence the optimal number of rep-
etition m', does not depend on the size of the experiment. For instance, if it
happens that m* < 50, then the optimal number of repetitions will be the same
whether the size of the experiment is 7" = 300 or 7" = 3000000.

3.2 Estimation

The goal of this section is to build an estimator of the noise-to-signal ratio
based on the same outputs as those produced in Algorithm [I] In view of Propo-
sition 2] this will yield immediately an estimator for the optimal number of
repetitions.

Denote Var E[Y,Y;|X] by (1,5, E(Var[Y,Y;|X] — Var[Yp|X] Var[Y;|X]) by (2,

and E Var[Yp|X] Var[Y;|X] by Csj, 5 = 1,...,p. Thenm* = \/2;’21 Caif S0y G
and natural estimators for ¢; ; and (3 ; can be built using the same principles
as those that were used to build the sensitivity estimators. Thus, let

éSj‘nm:
1 & D ke LSS ) k)2
(9) *ZmeX( Zg"MP— Y F(XUL 2
k1=1 ko=1
e/ 1 & ? 1 — 2
k1 N
A (3 e apen) (35 s )
i=1 k1=1 ko=1
2
ay o iyo(L
n - m

I O SF S LR s

and

> ( > f(X“%Zél"“”)) LY R(RD, gk
1 ki1=1 m ko=1
L
m

Clojin,m =

n 2
(13) %Z (Tln S AX D, 2§ k))f(X(lg’Zj(i,k))>
=1 =

2
1 - 1 - i i,k 7 i,k
(14) <n§ mejf (xX®, 8P p(x), 2 >)>

k=1

3

so that m™* is estimated by

p p
(15) M = x| D Cgmm/ D Ctjmm-
j=1

It is easy to check that El,j;n,m > 0 and as,j;n,m > 0 so that m,, ,, > 0. Also,

notice that for m = 1, we have Zg’j;n,l = 0, so that m;, ; = 0. Asymptotic
properties are given in Theorem



Theorem 2. Assume holds and let n — oo and m — oco. Then

vn (m;ym - {m + Ctno(l)]) — N(0,0?),

for some constant C and variance .

The term o(1) is a sequence of constants indexed by m that goes to zero
as m — oo. The bias is subjected to the same phenomenon observed for the
sensitivity estimators of the second kind: as shown in Corollary [2} it can be
annihilated when the number of repetitions grow faster than the square root of
the number of explorations.

Corollary 2. Let n — co and m — oo such that \/n/m — 0. Then, under the
assumptions of Theorem@ va(my, ,, —m*) = N(0,07).

Theorem [2] is useful to study the statistical performance of the procedure
proposed in Section [4

4 A two-stage procedure to estimate sensitivity
indices

The goal is to estimate the sensitivity indices of Section [2] by using the results
of Section[3] It is assumed that the total budget available is T'. To estimate the
sensitivity indices, the following procedure is natural.

1. Generate a Monte-Carlo sample to get an estimate of the optimal number
of repetitions.

2. Use that estimate to generate another Monte-Carlo sample with which the
sensitivity estimators are built.

Although simple, the above procedure raises some questions. The sum of
the sizes of the two Monte-Carlo experiments must be 7. Thus, the size of the
second Monte-Carlo sample is smaller than it could have been if no share of the
budget was spent to estimate the optimal number of repetitions. To what extent
is the performance affected? How to calibrate the procedure? How should the
budget be splitted? These questions are addressed.

4.1 The procedure

Assume that only T = mn(p + 1) runs of the computer model are allowed.
Choose integers K, mg, ng such that mono(p + 1) = K < T. Algorithm [2] gives
the details of the procedure.

The integer K is the share of the total budget T dedicated to the estimation
of the optimal number of repetitions, which is performed in the first stage. The
estimator is with m = mgy and n = ng. In the second stage, the sensitivity
indices are estimated with the remaining budget T'— K. The estimators are
and @ with m = ﬁ"ﬂ;(’mo and n the integer satisfying T'— K = fhkmon(p +1).
(If this equation has no solution, take m near T?Lkmo such that the equation has
a solution.) We allow for the case K = 0. That is, the sensitivity indices are

10



Algorithm 2 Estimate the sensitivity indices in a two-stage procedure

Stage 1. Generate a Monte-Carlo sample with K runs of the computer model,
ng explorations and mg repetitions to get an estimate ﬁz}(’mo of mf. If K =0,
simply return my.

Stage 2. Generate a Monte-Carlo sample with T'— K runs and ﬁ"bkmo repe-
titions to estimate the sensitivity indices.

estimated directly with m = mg based on the whole budget T. If, moreover,
it happens accidentally that mg = m', then the best performance is to be
expected.

4.2 Theoretical analysis

As in Section [3] the statistical performance of the two-stage procedure is as-
sessed with respect to the MRE. Remember that X = (X1, X(1.1)) y (1Y) =
FxX®,z80) and YUY = p(x ),
are dropped for convenience. Put

_20p-D(p+1)?
“0") =i (1D, - Dy 1)
2<J

ZJ(-l’l))7 j =1,...,p, and the superscripts

p
x > (mVar E[Y;Y;|X]
j=1

+ B(Var[YpY;|X] — Var[Yo|X] Var[¥; X))

1
+ — B Var[¥p| X] Var[Y;[X])

so that the MRE in Proposition[I]is v(m)/T. The function v is convex and, over
all compatible integers m, attains a minimum at m = m'. Over the nonnegative
reals, it attains minimum at m = m* and v”(m*), the second derivative, is
positive.

Conditionally on Stage 1, the MRE obeys

1
MRE <
- T

Kv(m;mo).

This bound shall be compared to the least possible bound, given by v(m')/T,
which would be obtained by a hypothetical “oracle” who would know the true
value of the optimal number of repetitions.

For the sake of simplicity, we shall work with the noise-to-signal ratio. This
permits to avoid issues related to the fact that m' must be a compatible integer,
while still providing useful insights.

Define the excess-of-variance by

~ V(M ) — pu(m®)
EK,mo - iv(m*) ]
T

where mgmo is the noise-to-signal ratio produced by Stage 1. The excess-of-
variance, which is greater or equal to zero, is literally the excess of variance

11



incurred by our ignorance about m*. Thus, if K = 0 and mg = m”, then
Eo,m» = 0. The budget K is subject to a compromise: on the one hand it must
be large enough to get a good estimate of the noise-to-signal ratio, but on the
other hand it must be small enough to keep the remaining budget T' — K large
enough. The excess-of-variance has an asymptotic expansion given in LemmalT]

Lemma 1. Assume that K/T — c¢/(c+ 1) for some ¢ > 0 as mg — oo and
ng — oo. Take o > 0, C and the o(1) term from Theorem@ and put Vi =

Vo (e g — [m* +{C + 0(1)}/mo)) /o, so that Vic % N(0,1). Then

e 1) (O oV

2v(m*) mo | /mo

g o (ag) o ()~ ()
op op opy\ — ).

T-K m3 Mo+/To ng

At the first order of approximation, that is, when ng — oo and mg — oo,
the behavior of the excess-of-variance is controlled by the growth rate of K/T.
Indeed, all terms in the asymptotic expansion vanish except possibly K/(T —
K) = (K/T)(1— K/T)~". Since K/(T — K) — ¢, it holds that Ef ,,, — c. The
case ¢ = 0, which demands that K/T — 0, is called the oracle property and is
formally stated in Corollary

EKJ”O =

Corollary 3. Assume that K/T — 0. Then, under the assumptions of Lemma
Bk mg 5 0.

At the second order of approximation, that is, removing all the op(-) terms,
we see that the error increases with the curvature of v at m*. A high curvature
means that even a small deviation of the noise-to-signal ratio estimate from its
target can lead to a large error. It is also seen that the error depends on the
asymptotic bias and variance of the noise-to-signal ratio estimator, the former
being controlled by mg and the later by /ng. Since mgy and ,/ng are related
by the equation K = mgng(p + 1), this means that there is a tradeoff to find.
It turns out that it is exactly when \/ng and mg are proportional that the best
rate of convergence can be achieved for the excess-of-variance.

To see this, take the term (Cma1 +0VKn51/2)2 in the asymptotic expansion
of Lemma Assume mg = né/2+ﬁ, —1/2 < B < o0, so that \/ng/mg goes to
00, 0 or 1 whether 8 < 0, 8 >0 or 8 = 0. Since mgng(p + 1) = K, the taken
term is written, up to a multiplicative constant,

K—2/6+28) (CK=28/(+29) 4 6V)®  if B >0,
K—2(1426)/(3+26) (C 4 oV K2B/(3+25))2 if <0

In both cases, the fastest rate of decrease toward zero is K~2/3, attained for
B = 0, meaning that my is proportional to |/ng.

The above argument carries over to get the optimal rate for K. Let K = T<,
0 < a < 1. The rate K2/ is then T~2%/3 and must be balanced with the term
K/(T — K) ~ T ! in the asymptotic expansion. The sum of those two terms
is

T—29/3(1 4 T5/3-1)  if 5a/3 < 1,
Ta—l(T—50‘/3+1 + 1) if 5@/3 > 1.

12



In both cases, the fastest rate of decrease is T~%/°, attained for a = 3/5.
These results are stated in Theorem 3] for which a formal proof is given in

Appendix [A]
Theorem 3. Take K = T%/° mo = TY%(p+1)"3 and ng = T*/>(p+1)"2/3.
Then, under the assumptions of Lemma[1]

R " * 1 2/3 2
pats, 4V 1C W
’ 2v(m*)

where W ~ N(0,1). Moreover, if |C| > 0, then the rate T?/° is optimal: there
exist no 6 > 0,0 < a <1, -1/2 < 8 < oo such that

T2/5+6EK,mo _ OP(l)

with K proportional to T and mqg proportional to n(l)/2+5,

Theorem [3| give the answers to the questions raised at the beginning of
this section, albeit in an asymptotic framework. Asymptotically, to get the best
performance, the share of the budget to be spent in the first stage of Algorithm 2]
should be of order 73/® and the number of repetitions of order 7/5. This way,
the excess-of-variance is guaranteed to vanish at the rate 72/%, which is the
optimal one.

Remark 1. The coefficients a and B are not equally important. For instance, if
B >0 and o > 3/5, the logarithm of the rate is of order log(T)(—2a/(3+25) +
a—1). The gradient with respect to (o, B) at (3/5,0) is about (1.67,—0.27). This
means that a change in « is likely to have a greater effect on the performance
than a change in 3. In practice, this means that the choice of mg may not be
important.

5 Numerical illustrations

Two kinds of experiments are conducted.

In the direct experiments, the initial budget K is set to zero and various ini-
tial number of repetitions mg are tested. For each my, the biases, variances and
errors of the two kinds of sensitivity indices estimators are computed based on
nreplic replications. This allows to see the effect of the number of repetitions
on the sensitivity analysis.

In the calibration experiments, various calibration parameters (K, mg) are
tested to see their effect on the estimators. The results obtained can be com-
pared with the results of the direct experiment.

Two models have been considered: the linear model with normal inputs and
a randomized Ishigami model. These models have been chosen because the
sensitivity indices are explicit and hence the performance of the estimators can
easily be evaluated. For the linear model, the noise-to-signal ratio has been
calculated in Appendix

5.1 Linear model

The model is of the form Y = X; + X5 + 0Z, where X1, X5, Z, are standard
normal random variables and 3, o are real coefficients.

13



2 5 10 [20 [40 [mOn0:[40 [20 [10 [5 2
3200 | NA [ 0.25 [ 028|023 024 | NA 0.20 [ 0.22 [ 0.20 | 0.22 | NA
1600 | NA | 0.16 | 0.16 | 0.11 | NA | NA NA [0.10 | 0.09 | 0.12 | NA
800 | 0.16 | 0.15 | 0.09 | 0.08 | NA | NA NA | 0.04 | 0.06 | 0.08 | 0.13
400 | 0.13 [ 0.10 | 0.11 | NA | NA | NA NA | NA | 0.08 | 0.08 | 0.08
200 | 0.11 | 0.11 | 0.10 | NA | NA | NA NA [ NA | 0.06 | 0.05 | 0.11
100 | 0.19 | 0.13 | NA | NA | NA | NA NA | NA [ NA |0.05 | 0.08
50 | 0.18|0.08 | NA | NA | NA | NA NA | NA [ NA | 0.06 | 0.07

Table 1 MRE for various calibrations: K/p + 1) =

50,100, 200, 400, 800, 1600, 3200 and mo = 2,5,10,20,40,... The greatest
values depend on K and hence the values for ng have been given instead.
For instance, for K/(p + 1) = 200 = mgng, the available MREs are for
moy = 2,5, 10, 20,40, 100.

5.1.1 High noise context

Here 8§ = 1.2,0 = 4, leading to a noise-to-signal ratio m* ~ 5.8. The total
budget is T'/(p + 1) = 4200. The number of replication is 400.

The results of the direct experiment are given in Figure[T[] While the squared
bias of first kind is almost null, that of second kind is large for small mg. This
is in accordance with Theorem where it was noticed that the sensitivity
estimators of the second kind suffer from a bias term that vanishes as mg — oc.
The variances of both kinds are negligible with respect to the bias of second
kind, which is the most important contributor to the MSE of second kind. In
comparison, the MSE of first kind is quite small. The MRE is approximately
convex with a peak at around 10 and increases linearly for large values of my.
This shape is that which was found in Proposition [1| for the upper bound,
indicating that the bound is a good proxy for the MRE in this case. The MRE
attains it minimum at my = 10, close enough to 5.8, the number predicted by
the theory.

The results of the calibration experiment is given in Table [1| Table [2] and
Table |3l A heat-map in Figure[2]is given to help the reader to see the “spatial”
pattern of the errors. We see that the lowest MREs, around 6-8%, are reached
for myg of the same order or larger than ng and K/(p+1) less than 800, which is
around 1/5 of the total budget. By comparing Table [I] with Figure we see
that a MRE of 6-8% is close to the optimal performance. Happily, it appears
that a large spectrum of calibration parameters (K/(p+1), mg) yield low errors.
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sum of variances @ and errors of the
95% confidence intervals were calculated.

2 5 10 20 40 :m0 n0: | 40 20 10 5 2
3200 | NA | 0.02 | 0.02 | 0.02 | 0.02 | NA 0.02 | 0.02 | 0.02 | 0.02 | NA
1600 | NA | 0.01 | 0.01 | 0.01 | NA | NA NA | 0.01 | 0.01 | 0.01 | NA
800 | 0.01 | 0.01 | 0.01 | 0.01 | NA | NA NA |0.01 | 0.01 | 0.01 | 0.01
400 | 0.01 | 0.01 | 0.01 | NA | NA | NA NA | NA | 0.01 | 0.01 | 0.01
200 | 0.01 | 0.01 | 0.01 | NA | NA | NA NA | NA | 0.01 | 0.01 | 0.01
100 | 0.01 | 0.01 | NA | NA | NA | NA NA | NA | NA | 0.01 | 0.01
50 0.01 | 0.01 | NA | NA | NA | NA NA | NA | NA | 0.01 |o0.01

Table 2: MSE of the first kind for various calibrations.
legend.
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2 5 10 20 40 :m0 n0: | 40 20 10 5 2
3200 | NA | 0.39 | 039 | 0.32 | 0.32 | NA 0.31 | 0.28 | 0.27 | 0.25 | NA
1600 | NA | 0.40 | 0.39 | 0.32 | NA | NA NA |0.29 | 0.27 | 0.25 | NA
800 | 0.44 | 0.40 | 0.39 | 0.33 | NA | NA NA | 0.31 | 0.28 | 0.25 | 0.20
400 | 0.44 | 040 | 0.39 | NA | NA | NA NA | NA | 030 | 0.27 | 0.21
200 | 0.44 1041 | 038 | NA | NA | NA NA | NA | 033|029 |0.21
100 | 044 | 040 | NA | NA | NA | NA NA | NA | NA | 032|024
50 044 1 040 | NA | NA | NA | NA NA | NA | NA | 036 | 0.26

Table 3: MSE of the second kind for various calibrations. See Table [1] for the

legend.
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Figure 2: Heat-map corresponding to Table |1, Table [2| and Table
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5.1.2 Low noise context

Here g = 1.2,0 = 0.9, leading to a noise-to-signal ratio m* = 1. The total
budget is T'/(p + 1) = 500. The number of replication is 200.

The results for the squared biases, the variances and the errors are given in
Figure The squared biases of both kinds are negligible with respect to the
variances, which contribute the most to the MSE of both kinds. The MRE is
small when mg is small and its optimal value is reached for the smallest mg.
This agrees with the calculated value m* = 1.

Squared bias Variance

7| o firstkind
A second kind

o first kind
A second kind

0.00 0.05 0.10 0.15 0.20 0.25 0.30
|

0.00 0.05 0.10 0.15 0.20 0.25 0.30
|

S | %=0a s a I
T

5 10 15 20 25 5 10 15 20 25

(a) (b)

Errors

5] o MSE, first kind I
A MSE, second kifd
= + }ARE

0.00 0.05 0.10 0.15 0.20 0.25 0.30
|
§
—
_\n_

Figure 3: Sum of squared biases sum of variances @ and errors of the

sensitivity indices estimators. In 95% confidence intervals were calculated.

The results of the calibration experiment is given in Table [d Table [f| and
Table[6] A heat-map in Figure [d]is given to help the reader to see the “spatial”
pattern of the errors. Let us look at the MREs. As in the high-noise context,
a large spectrum of calibration parameters (K/(p + 1), mg) yield low errors, of
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2 5 10 20 | :mOn0: | 20 | 10 5 2
400 | 0.18 | 0.14 | 0.20 | NA | NA NA | 0.20 | 0.20 | 0.18
200 | 0.03 | 0.02 | 0.04 | NA | NA NA | 0.04 | 0.06 | 0.06
100 | 0.06 | 0.02 | NA | NA | NA NA | NA | 0.04 | 0.04
50 | 0.02|0.01 | NA | NA | NA NA | NA | 0.02 | 0.04
25 | NA | NA | NA | NA | NA NA | NA | NA | NA

Table 4: MRE for various calibrations.

2 5 10 20 | :mOn0: | 20 | 10 5 2
400 | 0.09 | 0.08 | 0.08 | NA | NA NA | 0.09 | 0.08 | 0.11
200 | 0.05 | 0.05 | 0.04 | NA | NA NA | 0.05 | 0.04 | 0.06
100 | 0.04 | 0.04 | NA | NA | NA NA | NA | 0.04 | 0.05
50 | 0.04 | 0.04 | NA | NA | NA NA | NA | 0.04 | 0.04
25 | NA | NA | NA | NA | NA NA | NA | NA | NA

Table 5: MSE of the first kind for various calibrations.

order 1-6% for K/(p+ 1) < 200. This is close to the optimal performance in

Figure

2 ) 10 20 | .mOnO0: | 20 | 10 ) 2
400 | 0.15 | 0.15 | 0.15 | NA | NA NA | 0.16 | 0.16 | 0.98
200 | 0.14 | 0.14 | 0.13 | NA | NA NA | 0.13 | 0.13 | 0.13
100 | 0.14 | 0.13 | NA | NA | NA NA | NA | 0.13 | 0.13
50 013|013 | NA | NA | NA NA | NA | 0.13 | 0.12
25 | NA | NA | NA | NA | NA NA | NA | NA | NA

Table 6: MSE of the second kind for various calibrations.
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Figure 4: Heat-map corresponding to Table @, Table [5| and Table @
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5.2 The Ishigami model

The model is Y = sin(X7) + Bsin(X32)? + 0Z%*sin(X;), where 3 =7, 0 = 0.1,
X1,X5,7Z ~U(—mn, ). This is the Ishigami model, a benchmark model in the
sensitivity analysis literature [0, [12]. The total budget is T'/(p + 1) = 500 and

the number of replications is nreplic = 200.

The results of the direct experiment are given in Figure The plots are
similar to the linear model in the low noise context: the bias is negligible with
respect to the variance which increases as mg increases. The MSEs and the
MRE follow the same pattern as the variances. Since the Ishigami is nonlinear,
the noise-to-signal ratio is cumbersome to calculate explicitely but Figure

suggests it must be one or two.
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95% confidence intervals were calculated.

Figure 5: Sum of squared biases sum of variances and errors of the

The results of the calibration experiment are given in Table [7] Table [§] and
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2 ) 10 20 | .mOnO0: | 20 | 10 ) 2
400 | 0.20 | 0.28 | 0.22 | NA | NA NA | 0.28 | 0.26 | 0.24
200 | 0.14 | 0.10 | 0.11 | NA | NA NA | 0.12 | 0.11 | 0.12
100 | 0.08 | 0.12 | NA | NA | NA NA | NA | 0.10 | 0.11
50 | 0.07 | 0.04 | NA | NA | NA NA | NA | 0.08 | 0.06
25 | NA | NA | NA | NA | NA NA | NA | NA | NA

Table 7: MRE for various calibrations.

2 5 10 20 | :mOn0: | 20 | 10 5 2
400 | 0.13 | 0.12 | 0.12 | NA | NA NA | 0.13 | 0.12 | 0.13
200 | 0.07 | 0.08 | 0.07 | NA | NA NA | 0.07 | 0.07 | 0.08
100 | 0.06 | 0.06 | NA | NA | NA NA | NA | 0.06 | 0.07
50 | 0.06 | 0.06 | NA | NA | NA NA | NA | 0.06 | 0.06
25 | NA | NA | NA | NA | NA NA | NA | NA | NA

Table 8: MSE of the first kind for various calibrations.

Table 9] A heat-map is given in Figure [6] to see the “spatial” pattern of the
errors. For the MRE, K/(p + 1) = 50 yields the lowest errors, of order 4-8%.
As seen in Figure this corresponds to the optimal performance.

5.3 Summary of the numerical experiments

It was confirmed that the sensitivity estimators of the second kind, that arising
from the attempt to smooth out the output of the computer model, are biased,
especially in a high noise when the number of repetitions is small. The variance
tends to increase when the number of repetitions increases because, since the
budget is fixed, this means that the number of explorations decreases. It was
observed two behaviors for the MRE curves: it is an increasing function of the
number of repetitions when the model has low noise and it has a U shape when
the model is noisy. The minimum was attained near the values predicted by
the theory and yielded near optimal performance. The Ishigami model appears
to be close to the linear model with low noise in that the MRE exhibit the
same behavior in both cases. The two-stage procedure of Section [4] seems to be
robust to the choice of the calibration parameters. Indeed, many values of K
and mg yielded a performance close to the optimum. This is in agreement with
Remark [I

2 ) 10 20 | . mOn0: | 20 | 10 ) 2
400 | 0.17 | 0.17 | 0.17 | NA | NA NA | 0.17 | 0.17 | 0.17
200 | 0.13 | 0.14 | 0.14 | NA | NA NA | 0.14 | 0.14 | 0.13
100 | 0.14 | 0.13 | NA | NA | NA NA | NA | 0.14 | 0.13
50 | 0.13 | 0.13 | NA | NA | NA NA | NA | 0.14 | 0.13
25 | NA | NA | NA | NA | NA NA | NA | NA | NA

Table 9: MSE of the second kind for various calibrations.
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6 Discussion

We have considered two sensitivity indices for stochastic models. Asymptotic
normality of the estimators, which depend both on the number of explorations
and the number of repetitions, has been established, and it was noticed that the
second kind, that which arises from smoothing out the computer model, suffers
from a bias term which vanishes only when the number of repetitions goes to
infinity.

Assuming a fixed computing budget, a definition of the optimal number of
repetitions has been proposed and an estimator has been built. The optimal
number of repetitions minimizes an upper-bound of the MRE, and this has been
exploited in a two-stage procedure to efficiently estimate the sensitivity indices.
The procedure is simple: in the first stage the optimal number of repetitions is
estimated and plugged into the sensitivity estimators in the second stage.

Although a share of the total budget must be sacrificed in the first stage,
we have shown that the proposed procedure is asymptotically oracle, that is,
performs as well as the hypothetical procedure in which the optimal number of
repetitions would be known. The optimal convergence rates have been given.
To test the procedure, simulation experiments were conducted, where the bias
of the sensitivity estimator of the second kind was confirmed. The two-stage
procedure appeared to be robust to the choice of the tuning parameters K and
myg and yielded a performance close to the optimum.

Research questions remain open. First, the sensitivity estimators of the two
stages could be aggregated to build estimators with a lower variance. Second,
higher-order Sobol indices could be studied in the light of the theory introduced
in this paper. Third, it would be interesting to look for other optimality cri-
teria or Monte-Carlo sampling schemes. Finally, the obtained results could be
extended to the multivariate case, that in which the output is a multivariate
vector.
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A Proofs

Proof of Theorem [1]

The proof is based on the results in Appendix |B| The Sobol estimators in
and @ are made of empirical averages of the form and with L = 2
and coefficients

o (10 - 0 v (10 0
Lmi—\g 1 ... 0/ “Sssmi—\g o0 ... 1
for the upper left (UL) terms,
vk _ (1 0 - 0
mi=lo 0 - 0
for the upper right (UR) term,
. 2 0 --- 0
mi =0 0 ... 0

for the lower left (LL) term of S and

Jim,m
e o 10 --- 0
mi —\1 (0 ... 0

for the lower left (LL) term of S (see Appendix. Therefore, denoting by

Jin,m
UL UL  ¢UR ¢LL ¢#LL
£m,i = ( 1ymgis .- 7€p;m,i7€m,i7 ';n,i7 717/1,7,' )
the corresponding summands, Lemma [3] in Appendix [B] yields
1 & d
\/ﬁ <TL Zém,i - Egm,l) - N(O7 Em)v
i=1

for some nonnegative matrix ¥, of size p+ 3, where the expectation is given by

EE[f(X, 2)|X]E[f(X-1. 2)|X 1]

| Ef(X,Z2)
Ef(X,2)?
EE[f(X,2)|X]* + EVar[fg,Z)\X]

(Some calculations are carried out in Appendix ) Define the function

(L1, o Tpy Tp41, Tpy2, Tpts)
2 2 2 2
[ T wp Tp —Tppp T1— Tpyg Tp — Tpiq
= s > s 5 .
Tp+2 = Tpyq Tp+2 = LTpp1 Tp+3 — Tpia Tp+3 = Tpy1
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Then clearly

and

L- EVar[f(X,2)|X|+m Var E[f(X,2)[X]

The result follows by the delta-method.
If m = m,, — oo, Lemma [3] still holds with the variance-covariance matrix
replaced by its limit.

S/
s(EE,,1) = (S” [ E Var[f(X,Z)|X] }) .

Proof of Proposition

Assume without loss of generality that D; < --- < D,. We first prove the
following Lemma. For convenience, the subscripts n and m are left out.

Lemma 2. Leti < j. Then
I Var D, + Var D,
P(Di*DjZO)SH
3|Di — D;|?
Proof. We have
P(D; — D; > 0) <P(|D; — Di| + |D; — D;| > D; — D;)

~ ~ 1
<P(ID; = Di|* +|D; = D|* > 5|D; = Dif*)

and the claim follows from Markov’s inequality.

We now prove Proposition [1} Recall that D; < --- < D,. We have

p p p
> E|Ri - Ri| =) _> E[1(D; < D;) — 1(D; < D;)|

i=1 i=1 j=1

» ~ ~
< Z Var D; + Var Dj

S 5Di-D;P
2(p
2D+ S~y B
m1n|D — Dy |2Z o

where the first inequality holds by Lemma [2] and because
L E[1(D; > Dy)| ifj<i,
E[1(D; < D;)| ifj>i.

It remains to calculate the variances. But this is done in Lemma [6] in Ap-
pendix [C] where it is found that

~ 1 1
Var D, :E{Var E[YY;|X] + %(EVar[YoYﬂX] — Var[Yy|X] Var[Y;|X])

1
+ — B Var[¥p|X] Var[Y; |X]}.
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Proof of Proposition

Denote by f(m) the upper-bound in Proposition By convexity of the function
f, if m* < 1, then f(1) < f(m) for all (compatible) integers m and hence
mt = 1. Likewise, if m* > T/(p + 1), then f(T/(p + 1)) < f(m) for all m and
hence m' = T/(p + 1). For (iii), note that m' must be either Lm_* or "m™.
Since Lm_* < ™m™, f(Lm*) > f(Tm™) is equivalent to Lm_*Tm ™ < m*?

Proof of Theorem 2|

We want to show

p
NG Zj‘lg‘g”—[m*+0+0<;)] — N(0,07),

Z?:l <17j m

for some C and ¢ > 0, as n — oo, m = m,, — oo. In view of @7, the
estimators (3 ; and (;,; can be expressed in terms of estimators of the form (20)

and , namely,

C31j 7Z§jmz ij gj.mz_gj.mz’ and,

2
Zl,j: Z§Jm1 < Zéjmz) ’

where f( s J = L....p, € q are all of the form , that is, they
are all elements of the set &, 1ntrouced in Appendlx Their coeflicients

are given by

2 0 10 10 2 0
E@) 10 2 |p 1 0 A0 1 0 %) I 0 1
gmi = g 0| Sma = [0 1] i T o 2 Srmi T Lo 1]
0 0 0 1 0 0 0 0
and
1 1 11
|; ~ 1 1 /\. 0 0
Jmt = g 0% mE T 10 0
0 0 0 0
Stack all the estimators in a vector §,,, ; of size 6p, that is, §,,, ; = (ﬁlmﬂ-, cibpmi)
where &, ; = (fj@m,..., J.mz)—'— for j =1,...,p. Let £ = n" 'Y 0" &,

Since, for each element of &, ;(4), the sum of the coefficients is less than
four, the condition in Lemma El in Appendix [B]is fulfilled because we assumed
f(X,Z) < F(X) with E F(X)® < oo. Therefore,

V(€ —EE,, 1) = N(0,%),
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for some variance-covariance matrix 3 of size 6p x 6p. A delta-method will yield
the result. Let x; = (x@b, a:-), j=1,...,p, and

J "
- @er. . .
s$(X1,...,%Xp) = > . .2 ,

j=1%;

so that s(§) = m*. Denote EE,,1 by 0, for simplicity. A Taylor expansion of
s around E§,, | yields

VA~ 5(8)) = VE ~ 8) 8(000) + 5(€ — 0,)  Er i V/(E — 61,

where 3, ,, is the Hessian matrix of s at a point between & and 0,,. The second
order term is op(1) by Cauchy-Schwartz’s inequality, the continuity of §, and
the fact that \/n(€ — 6,,) = Op(1). By Proposition |3 in Appendix |Bl there
exists @ such that 0,, — 6 and hence the first order term goes to N (0,5 X$),
where $ is the gradient of s at 6.

The image of 8, by s is not m* but the discrepancy can be controlled when
m — 0o. Elementary calculations show that

Y(l 1)2 Y(l 1)2

y 1)Y(1 2>Y<1 Dy @)

REVIRCE IeR _
E¢;. =E Yo ' Yo YJ Jr& +o i
Jim,1 Y(l 1)Y(1 2)Y(1 1)2 m

y 1>Y<1 2>Y<1 1>YJ<1 2)
(1 1>Y<1 1)

0;

for some constant C; € RP. It can be checked that s(01,...,0,) = m*. Thus,
for some constant C,

V(i = 5(0m)) =v/n(i* — 5(0) — (6 — 0) "5 + o([|0m — 6]))
=Vn(m" = [m" + C/m + o(1/m)]),

and hence the proof is complete with o2 = § Xs.

Proof of Corollary

With the same notations as those of the proof of Theorem [2| if /n/m — 0,
then /n(m* —m*) = /n(m* — s(0,,)) + O(y/n/m) — N(0,0?). The proof is
complete.

Proof of Lemma [1]

Denote m* + (C' + o(1))/mg by m},. We have the following Taylor expansions:
* * 1 * * —x

(16)  v(mk) = v(m") + 5 (mi —m")*" (k)

(7)  wlik) = v(mi) + (i —mi v’ (mi) + %(ﬁﬁ( —mi)*" (M),
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where mj, is between mj, and mj,, My is between m}, and m*. By using (17)),
we get

(e — mie) " ()T

(18) B = P + (T — K)v(m*) 2(T — K)o(m*) '

where

Let us find asymptotic expansions for the three terms in the right-hand side
of (I8). Since v” is continuous, M goes to m* in probability and T/(T — K) —
c+ 1 as ng — oo and mg — oo, the third term satisfies

(M —my)*v" ()T (c+1)o?ViEu" (m*) on (L
AT — Kyom) 20mime P< >

no
For the second term, use Taylor’s expansion of v' at m* to get
(M —mzp )V (mp )T (c+1)Cv"(m*)oVi o < 1 )
(T — K)v(m*) v(m*)mg+/no moy/Mo )
Finally, using (16)), we get
Tlo(mj) —v(m”)] + Kv(m")
(T = K)v(m*)
TV (mg)(mj —m*)? n K
 2(T — K)v(m*) T-K
GRS S
 2u(m*)md T-K ' °F m3 )’

The proof is complete.

Ex =

Proof of Theorem [3|
-1 -1/

With the given choice for K, mg and ng, the rates m2, my Ny ? and ngl are
all equal to T=2/%(p +1)2/3. The formula in Lemma simplifies to

v”(m*)(p—i— 1)2/3(C+0VK)2
2v(m*)

o V() (p+ DYC + oW)?

2v(m*) ’

T/? Ex¢mq = +op(1)

where W ~ N(0,1). The proof of the first statement is complete.
Let us prove by contradiction that the rate 72/ is optimal. Suppose there
are 6 > 0,0 <a<1and —1/2 < # < oo such that

T2/5+6 EK,mo = OP(I)

with K o« T and mg x né/ 2+ , where o denotes proportionality. There are

three cases to consider: /ng/mg — ¢ > 0, \/ng/mo — 0 or /ng/my — oo.
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Note that K /T must converge, and recall that the limit is denoted by ¢/(c+1) >
0. Note also that

2a(1428)
mg oc T73728 mgy/ng o< T20(148)/(3+28) 414 ng o T20/(3+28)

Put A = (c+ 1)v"(m*)/v(m*).
If \/ng/mo — ¢ > 0 then 8 =0 and, by Lemma we have

T2/5+5 T2/5+5K
T gy (TR
mo+/Mo T-K

where (U%) is sequence of random variables such that

(19) T By g =

for some W ~ N(0,1). Since both terms in the right hand side of are
positive and Uz goes to a positive random variable, we must have

2 20(1 + B) 2
S5 g and Z464+a—1<0.
51 3123 —0 amd o prota—ls

But this leads to a contradiction because the first inequality implies that the

second is false.
If \/ng/mo — 0, then 8 > 0 and

T2/5+5 9 K
T2/5+5
no Uk + T-K

2/54+68 13
T B e =

with AT
w
U2 4 ”2 .

We proceed as before. We must have

2 2a 2
- +6— <0 d =-+96 —-1<0.
5+ 5128 = an 5+ + S

But the first inequality implies that the second is false.
If \/mg/mg — oo, then —1/2 < 8 < 0 and

N T2/5+5 K
T2/5+5E e = U2 T2/5+5
K,mo m% K+ T*K
with AC?
C
2 4 AC?
2
Again, we must have
2 2a(1 + 28) 2
—4+6——-=<0 d —+96 -1<0
57T B12p O 4 ptotaesish

where the first inequality implies the second is false. The proof of the second
statement is complete.
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B A unified treatment of the asymptotics

All estimators in this paper have a common form, given by

(20) 3
i=1

with

L m p
(21) Em,i = H%ZH

1=1"" k=15=0
where YO(Z’k) =Yk = f(XO) Z(gz’k:))7 Yj(z’k) = f()}(f;,ZJ(-Z’k)) for j=1,...,p,
and by, 7=0,...,p,l =1,..., L, are nonnegative coefficients. The coefficients
are arranged in a matrix (b;,;) with L rows and p+ 1 columns, where b;;; is the
element in the I/th row and (j + 1)th column. This way, all estimators of the
form and , or, equivalently, all summands , can be identified with

a matrix. For instance, we have
il (4,k) Gry (1 0 -~ 0 0 0 -~ 0
Zl Z Y, k,zl Y. (O 0 010 .0

where the non-null columns are the first and the (j 4+ 1)th ones. This identity
is reduced to

i= 1 k’ 1 0 1

where it is implicitly understood that we have taken the first and (j + 1)th
columns only, the remaining columns being zero. Note that the identification of
an estimator to a matrix is done up to permutations between the rows. Thus,
we also have

1 1 Gik) 1 Gr) _ (0 1\ (1 0
ngZYogzyj—1o—o1'
Proceeding the same way, we get

I~ 1 k) (10 I~ 1~y 6m2 (20

IR R () B DD LG (i
and

I -[1E R
= il (IO
S (an) = (1))
=1 k=1

The above matrices can always be completed with rows full of zeros whenever
the dimensions of the matrices need to match (mainly for comparison purposes).

For each n, the random variables &, 1,...,&m,» are independent and iden-
tically distributed. Denote by &, (L) the set of all summands (2I). In other
words, Em,i(L) is the set of all nonnegative matrices of size L x (p + 1). This
set has useful properties, gathered in Proposition |3| for subsequent use.
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Proposition 3. Let L > 0 and take (bjy) ~ & € &Eni(L). The following
statements are true.

(Z) [f (b;’l) = 5, € gml(L)y then

bop 0 bpa
& ~ boir - by
= / ’
bO;l T bp;l
’ ’
bO;L U bp;L

belongs to Em,i(2L).
(i) There exists a real 0 such that E£ — 6 whenever m = m, — 00 asn — 0.
(11i) Under the assumption f(X,Z) < F(X) for all X and Z, it holds that
v 00 Tt b
€< |V FEExD) ;
j=0

where F;(X@) is F(X®) V1 if j =0 and F()?(f])) V1ifj>1.
Proof. The proof of (i) is trivial. Let us prove . Put

L p
a(k’l, . .,kL) = EH H ij(l,kl)bj;l.

1=1;=0

Then

(22) Bg=— > alky,... k).

(k1,..,k)E{L,...,m}L

This sum can be decomposed into a finite number of sub-sums such that each
sub-sum has a polynomial number of equal terms. The first sub-sum is built as
follows. Take (ki,...,kz) all distinct and m > L. Let X = (X1, X1 and
ZR) =z ZOR 20 for k= 1,..., m. Since XM and {Z(F) k =
1,...,m} are independent, and since the law of (Z(1F1) .. . Z(LFL)) is invari-
ant through any permutation of (ki,...,kr), the corresponding coefficients
a(ky,...,kr) are all equal. Thus, by summing over all permutations of (k1,...,kr)
for distinct k1,..., kL, we get that the sub-sum is

m(m—1)---(m—L+1)a(l,...,L).

For the second sub-sum, take (ki,..., k) such that exactly two of the indices
are equal. The same arguments can be used to get a polynomial in m with
degree at most L. Go on until all the sub-sums are calculated. An example is
given in the proof of Lemma [5]in Appendix [C] The result is a polynomial in m
with degree at most L, and hence, divided by m®, the expectation in must
converge to some constant (possibly zero).

To prove (fii]), simply remember that, by assumption, |[Y (%) | < F(X 1)) and
v < F(X™) for all k and all j. O
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Lemma 3. Take 57(,{)2 ~ (b;;lz))7 I=1,...,N in &y,i(L) fori=1,2,... and
m=1,2,... Assume
EF(X(U)Q POLAND ST i < 00
forall I =1,...,N. Let n — co. Then
T

1 - (1) (1) 1 - (N) (N) d
n|— - —E ey — / — F — i\] 0 § m),
\/‘ - ;fmﬂ fm,lv ) n ; 1 Sm,z §m71 ( 5 )

: : : . _ (D) (N) _
where ¥, is the variance-covariance matriz of §,, ; = ( miv s Emoi ). If m =
m, — 00, then X, — X elementwise for some variance-covariance matriz %

and the convergence in distribution still holds with 3 in place of X, .

Proof. Forany I =1,...,N, by Proposition (@, Eg’)iz belongs to &,.;(2L) and
has coefficients

bO;l T bp;l
(2 | bor - bpr
m,i boa - bpa
bO;L - bp;L

Thus, denoting >-7_, Zlel bj. by B, Proposition yields
2 _py (1)y26 y)*
E€?=E\/ F(X1V)* < (p+1)E<1\/F(X )) ,
j=0

which is finite by assumption. Therefore, ¥,,, exists and we can apply the central
limit theorem, which concludes the proof for m fixed.

Let m = m,, — 0co. According to Lindeberg-Feller’s central limit theorem
(see e.g. [21]), it suffices to show

(i) for all e > 0,

2
1 1 E. .l >ep—0
S J

- 1
E Ell— ,
i=1 ii \/ﬁgm",l
and

(i) there exists ¥ such that
z": Cov (\}ﬁﬁmmi) — X
i=1
Let us show (). We have

n 2
2.F H%ﬁ 1{|[m, ill > VAie} =B €, 1 P1{IEm, 1]l > vre}
=1

N
=EY D2 1{]€,0, ]l > ve).
I=1
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Write X = (X(l), )?(1)). By Proposition , there exists an integrable func-
tion G(X) such that

B (€016, | > VAEHX) <GP (1] > VieX)

By Proposition and Chebyshev’s inequality, the upper bound goes to
zero and is dominated by G(X), which is integrable. Thus, we can apply the
dominated convergence theorem to complete the proof.

Let us show that (i) holds. We have Y1, Cov(¢,, ;/v/n) = Cov(§,, ).

The element (I, J) in this matrix is given by Efmmlfuz E&gi,l Effan’l. But

since 5 1§(J) € &, the limit of Cov§,, ; exists and is finite. The proof is
complete O

C Explicit moment calculations

Explicit moment calculations are given for the summands in the proof of The-
orem [1} In this section, E f(X,Z) and EE[f(X, Z)|X]? are denoted by u and
D, respectively. Recall that the upper-left term in and is denoted by
D;. The moments are given in Lemma E| and Lemma The variances and

covariances are given in Lemma @ Let X = (X, X (1). Whenever there is a
superscript X added to the expectation symbol E or the variance symbol Var,
this means that these operators are to be understood conditionally on X. An
integral with respect to P(dx) means that we integrate with respect to the law
of X.

Lemma 4 (Moments of order 1). The moments of order 1 are given by

Egml - J7
Eanl - :u’7

E¢/LE = EVar F(xXW, ZzODy 4 p.
Proof. One has

1
E UL =— ZEf(X(l)v Z(l’k))f(X(l) Z(l k! ))

ml -3
k,k’
— Z/Ef (, 20 (5, ZF)) P(dx)
k,k’
=B f(XW, 200) (XY, Z(MY)

=D

VR

where the integral is taken with respect to the law of x = (z, &), and,

1 /
Bt =—3 > B AW, 200 f(x W), (1)
k, k'

:% EVar® f(X,Z) + E(EX f(X, Z))?

1
- EVar® f(X,Z) + D.
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The proof for £UR is similar. O
Lemma 5 (Moments of order 2). The moments of order 2 are given by
B = VarEX (X, 20:0) (X, 20WD) + D2
BV f(X®, Z00) (R, 700
— Var® f(XD, z0D) var® (X0, Z0D))
b BVarX X0, 200) VarX f(X), 704),
EEl0? = %EVarX FXO, Z200) L BEX f(xD, 2002,

Eg::ffL)2 _ m(m — 1)(m4_ 2)(m —3)

m

Ef(XW zOyp(x® z02) r(x D 703 p(x @) Z(14)

N (3)m(m —1)(m —2)

1 1,1)\2 1 1,2 1 1,3
. Ef(XM, z00)2p(x @, z02) (x D), Z(13))

m

(g)m(m -1

+ R p(x M, 1Dy
m# ’

4
m(m —1)/2
(2) — Ef(X(l), Z(l’l))zf(X(l),Z(1’2))2

+ E (XM, 2003 p(x M), Z02)

+

Proof. Let us first deal with £JY%. We have

1 = . >
Bl = — S0 BAW, 2080) px 0, 20k p(XC), 7)) p(R0), Z(04))

ml 4
m
k1,k2,k3,ka

where, in the sum, the indices run over 1,...,m. We split the sum into four
parts. The first contains the m? (m— 1)2 terms that satisfy k1 # k3 and ko # ky.
In this part, all the terms are equal to

- 2
(term 1) E (EX F(xXW, Z(l’l))f(X(_lj), ZJ('Ll))) .

The second part contains the m?(m — 1) terms that satisfy k; # k3 and ko = ky
and that are equal to

(term 2) E (XM, 200) f(X W, 20:2) (X, 200)2,

—j

The third part contains the m?(m — 1) terms that satisfy ky = ks and kg # ky
and that are equal to

(term 3) B, 2002 (XY, 20 p (XY, 27,

Finally, the fourth part contains the m? terms that satisfy k; = k4 and ko = k4
and are equal to

(term 4) Ef(x®, Z(l’l))Qf()N((lj), Z](.l’l))z.
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(One can see that the number of terms is m*.) Thus,

§(UL)2 =(term 1)

+ %[(term 2) + (term 3) — 2(term 1)]

+ #[(term 1) — (term 2) — (term 3) + (term 4)].

Furthermore, [(term 1) - (term 2) - (term 3) + (term 4)] is equal to

[ (& s 215 2))
—EX f(a, 20) f (2, 20 f @y, 20)
—EX fla, 200 f (G, 2 fag. 2)
+EX fla, 200 (8-, 23) dP(x)

1)
:/(Exf(%Z)) (B s, )
- (EX f(a:,Z)) E* f(&-5,2;)"
—EX f(z,2)? (EX f(ﬂNf—j»Zj))2
+EX f(z, Z2)*EX f(i_;, Z;)* dP(x)
:/Varx F(X, Z)Vafxf(Xfwzj)dP(X)'

Likewise, we find that [(term 2)+4(term 3)-2(term 1)] is equal to
EVar™ f(X, 2)f(X_;,Z;) — Var® f(X, Z) Var® f(X_;, Z;),
and term 1 is VarEX f(X, Z) f(X_;,Z) + D2.
We now deal with £/LL. We have

_ b

E 5// (LL)2 .

Z E f(XM, 200y p(x M) z(Wk2)) p(x ) 7(ka)y p(x (1) 7Lk,
k1,k2,k3 ks

The sum is split into five parts. The first part consists of the m(m — 1)(m —
2)(m — 3) terms with different indices; those terms are equal to

Ef(X(l), Z(l,l))f(X(l), Z(l’Q))f(X(l),Z(l’g))f(X(l),Z(lA)).

The second part consists of the (g)m(m — 1)(m — 2) terms with exactly two
equal indices; those terms are equal to

Ef(X(l), Z(171))2f(X(1)7Z(1’2))f(X(1)7Z(1’3)).

The third part consists of the (3)m(m—1) terms with exactly three equal indices;
those terms are equal to

B f(XW, 20Dy p(x ), 209).
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The fourth part consists of the m terms with exactly four equal indices; those
terms are equal to
Ef(X(l), Z(l’l))4.

The fifth and last part consists of the (g)m(m —1)/2 terms with exactly two
pairs of equal indices; those terms are equal to

Ef(X(1)7 Z(l’l))2f(X(1), Z(1’2))2.
(One can check that the total number of terms is m*.) O
Lemma 6 (Variances and covariances).
(i)
Var €9 = Var EX f(x®, z00) p(x 1) Z0Y)
* E[EVMX FXW, Z200) p(XL), Zf’”) — VarX f(x®, 20Dy varX p(x D, z0D)]

1 ~
+ = EVarX f(x, 200) VarX (XY, 2],

11

(C‘))V( Yb ey = L E f(x, Z0W) F(X ), 70 (R, 70
b L 0, 20020, 209) -

(iii)

Cov(€Vk, F(X, 2)%) = — B f(X D, Z00) (R, 70

(i)
+ mT_l Ef(X(l)’ Z(l,l))Qf(X(1)7 Z(l,z))f()zg1j)7 ZJ(.l’l)) D

(iv)

Varg, i = — Var f(X,Z)

(v)

1
Cov(eUR, f(X,2)?) = mf(X’ Z)3
m p—
+ E— Ef(X(U, Z(l,l))2f(X(1)’ Z(1,2)) — uk
(vi)
Cov(gln €)= o (XM, 200 (X1, Z0Y)

3m(m — 1) 1 1,1 1,2 v(1) ~(1,1)
+7Ef(X”Z( N2FX®, 202 p(x) Z50Y)

n m(m —1)(m —

D=2 g p(x®, 200)(x, 202)

1 1,3 o) ~(1,1)
FXW ZzON (XD Z)

(1 (1,1 (1) ~(1,1)

—EfXW, 200 (x5, Z;HY)

{Ef(X(l),Z(U))? + L‘l Ef(X(U, Z(l,l))f(X(l)’ Z(1,2))}
m m
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Proof. The proof follows from direct calculations. O

D Calculations for the linear model

Lemma 7. Suppose that f(X,Z) = Bo + Bp+1Z + Z?:l B;X; where X =
(Xl,...,Xp),Zk7Zik are independent, EX; = EZ = 0, EXJ2 =EZ? =1
EX;3 =0, EXJ4 = 3. Then the squared optimal number of repetitions is given
by

(m)? = O
’ (Bo + Bi)? — 285 + (32— B7)?
and the discriminator (the upper-left term in and (3))) is

B3+ B

Proof. We have
. A+ Bi+Ci+D;
mi == E B

with
A =B (X, 21)*f(X_i, Zn)?
Bi =B f(X,210)f(X_i, Z0) {(X, Z2) (X3, Zin)
Ci = —E f(X, 21)* f(X_s, Zu)) f(X_i, Zin)
D; = —E f(X_i, Z0)*f(X, 21 f(X, Z
E; =B - [Ef(X,Z1)f(X_i, Za))?

where X = (Xl,...,Xp),Zk,ZZ-;€ are independent, EX; = EZ = 0, EXJ2 =
EZ?=1,EX} =0, EX; = 3. We deal with the case

P
f(X,Z) = Bo +ﬁp+1Z+Zﬁij
j=1

We calculate the terms one by one as follows. We have

2 2

p
(A1) A;=E 504'25]')(;‘ Bo + BiXi + Z B X;

i=1 A<i#
2

p ~ ~

(Aj2) + | Bo+ Zﬂij §+1Zi21 =+ 5§+1Z%Zi21
2
(4;j3) + 82178 | Bo+ BiXi + Z BiX; |,
i<

where B (A2) = 8,1 + 8541 > 87, E(A3) = 5,1 X_F_, 7. Elementary but
somewhat tedious calculations yield

E (A1) =83 +381 +6636] +2(8+87) >, Bi+| > 8

J1<j#i Ji1<j#i
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Similar calculations show that B; = A1, C5 = —Aj1 — Ajs, Dj = —Aj1 — Ajs,
Ej = Ajl — (68 + 512)2 Thus,
4
(m)? = pi1
K3

(Bo + Bi)? — 285 + (50 B7)?
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