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We model the amplitude line shape and absolute phase of the infrared-visible sum-frequency signals
produced by a thiolated polycrystalline gold surface as a function of the visible wavelength. We
follow two hypotheses: in the interband scenario, the resonant features are attributed to interband
transitions, whereas in the effective surface state scenario, they stem mostly from the excitation of
surface transitions. We find that both scenarios lead to a satisfactory account of the experimental data
and that only free electrons may spill out of the gold bulk, as expected. For the interband scenario, the
balance between free and bound electron contributions to sum-frequency generation has to be adjusted
to fit the data. The surface transitions are shown to take their origin inside gold and we investigate the
surface states involved in such transitions, with a comparison to the silver surfaces. We finally provide
a work program dedicated to discriminate between the two scenarios. Published by AIP Publishing.
https://doi.org/10.1063/1.5047098

I. INTRODUCTION

In Paper I of this series,1 we have measured the experi-
mental effective nonlinear susceptibility of a polycrystalline
gold film in an infrared-visible Sum-Frequency Generation
(SFG) experiment while tuning the visible wavelength over the
visible range (435-705 nm) (two-color Sum-Frequency Gen-
eration, 2C-SFG). Using the vibrationally resonant response
of an adsorbed thiol monolayer, we could extract the absolute
phase and amplitude line shape of gold in these conditions.
In Paper II,2 we have developed a model for the simulation
of the nonlinear SFG response of a gold surface (or a metal
surface in general) in such experiments, taking into account
both free and bound electrons together. In this paper, we pro-
pose to build on this theory to account for the experimental
data.

Simulations of the silver and gold 2C-SFG response show
that they theoretically should have comparable amplitudes.2

This is not the case experimentally3 as the signals from gold
appear much more intense than those for silver, for a visible
wavelength of 532 nm, for example. The silver response is
well modelled by a free electron behavior and will serve as a
reference case for gold in the following. In order to explain
the experimental difference in magnitude between both met-
als, we have to take into account an additional phenomenon
specific to gold. We therefore separate the gold response into
a regular contribution, calculated in the same way as for silver,
and a corrective term, which accounts for the specificities of
gold but is absent for silver. We may follow two tracks: accord-
ing to the first one, hereafter called the interband scenario, we

consider that the difference solely originates in the presence of
gold interband transitions in the middle of the visible range. In
other words, the nonlinear response of gold in terms of surface
and bulk contributions is the only source of SFG photons in
the system. We evaluate the nonlinear response to the 2C-SFG
experiment in the theoretical frame of Refs. 4 and 5, where the
metal is described by its free and bound electron densities and
polarizabilities. We investigate three schemes for the nonlinear
optical response, which differ by their electron density profiles
as a function of depth and their associated coupling between
free and bound contributions. Second, we explore the possibil-
ity that the excitation of surface states is involved in the surface
enhancement of the gold response.6 As the properties of these
states may vary according to their nature7 and to the local crys-
talline order and orientation of the gold surface,8 we consider a
general description of such surface transitions with Lorentzian
profiles.

In this paper, we therefore simulate the experimental data
under these two assumptions. We show that both descrip-
tions may account for the experimental results. The sur-
face state hypothesis gives more accurate simulations but
involves several parameters adjusted by curve fitting. The
interband scenario only involves two adjustable parameters
and also provides a good approximation of the data after
adjustment of the balance between free and bound elec-
tron terms. After discussing the properties of the surface
states involved in the surface transitions for gold and sil-
ver, we finally propose a work program in order to dis-
criminate between both scenarios through dedicated SFG
experiments.
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II. REVIEW OF THE MODEL FOR THE NONLINEAR
RESPONSE OF GOLD

Two light beams, modeled by plane waves at frequen-
cies ω1 (visible, angle of incidence θ1) and ω2 (infrared,
θ2) propagate in air (medium 1, εair = 1) and coincide at
the surface of gold (medium 2, dielectric function εgold ≡ ε,
with εi = ε(ωi) = (ni)2, where n is the complex index
of refraction of gold), supposed isotropic. The SFG beam
(ω3 = ω1 + ω2) is detected in reflection at the phase match-
ing angle θ3: ω3 sin θ3 = ω1 sin θ1 + ω2 sin θ2. All beams are
p-polarized.

We briefly recall, here and in Appendix A, the previous
results on the simulation of the nonlinear response of gold.2

The SFG intensity in the far field is given by

Ip(ω3) =
8π3(ω3)2

c3cos2θ3

���χ
eff
I,ppp

���
2
Ip(ω1)Ip(ω2)

with

Ip(ωi) =
c

2π
���Ep(ωi)

���
2
. (1)

The effective nonlinear susceptibility χeff
I [superscripts (2) are

dropped in the following] accounts for the response of gold at
the interface, the response of the monolayer having been used
as an internal reference in order to calibrate that of gold. We
have seen2 that it encompasses several terms originating from
the bulk (χeff

bulk) and the surface (χeff
S), decomposed in paral-

lel and perpendicular contributions to the surface. Up to now,
we have considered that the surface term is defined solely as
the contribution of the bulk polarization confined in the inter-
face region and made essentially different from the pure bulk
contribution by the rapid variations of the material properties
between medium 1 and medium 2. However, it is also pos-
sible to consider a pure surface contribution, i.e., not related
to a bulk process.9 In the isotropic case, the surface symme-
tries alone do not form new nonvanishing dipolar terms in the
nonlinear susceptibility. Such an additional term would sup-
pose that there exists a surface process (i.e., not belonging
to the bulk) to generate it. The most obvious case would be
the involvement of surface states.7 In this scenario, specific
surface transitions between occupied and empty states would

give rise to a resonant additional source of SFG radiation. Sev-
eral publications have attributed the resonances they observed
by second harmonic generation (SHG) on a metal surface to
a surface state.10–12 Such a state could also stem from the
adsorption process of the thiol, i.e., from the Au-S link, sim-
ilar to the Pt–CO system13 (so-called interface or extrinsic
surface states, as recalled in the discussion below). Resonance
with a surface state will enable an additional nonvanishing
term to the surface nonlinear susceptibility, of dipolar nature
(χD

eff),

χ
eff
i = χ

eff
S + χeff

bulk + χeff
D ≡ χ

eff
gold + χeff

D . (2)

The effective nonlinear susceptibilities χeff relate to the local
nonlinear susceptibilities χ through the Fresnel coefficients,
which account for the transition between the far field and local
field.

Gold is first described in the following as the superposi-
tion of two electron populations, a free electron density (n0

f)
and a bound electron density (n0

b), with n0
f + n0

b = n0. The
interband contribution from the bound electrons shall not be
neglected when considering that, for a threshold around 2 eV,14

the SFG beam in our experiments is always able to excite
them. The bulk dielectric function of gold is therefore written
as5

εi ≡ ε(ωi) = 1 + 4παf
in

f
0 + 4παb

i nb
0, (3)

where αi
f (respectively, αi

b) represent the electronic polar-
izabilities of the free (respectively, bound) electrons at fre-
quency ωi, and separated into the two components by
εi − 1 = (εf

i − 1) + (εb
i − 1). The dielectric function of gold

is tabulated from the work of Olmon et al.15 In order to sepa-
rate the free and bound electron parts, we fit the free electron
behavior by a Drude model in the near infrared range and
find parameters ωP = 8.80 eV and Γ = 49.4 meV. In the
visible range, the bound electron dielectric function follows:
εb

i = 1 +εi−ε
f
i for i = (1, 3). For the infrared beam, the remain-

ing bound electron contribution ε2
b is supposed real5 but

unknown, we therefore perform our simulations for several val-
ues between 1.5 and 8 in order to estimate the influence of this
parameter.

FIG. 1. (a) Sketch of the experimental configuration. [(b)–(d)] Schemes of the distributions of the electron densities nf(z) [respectively, nb(z)] of free (respectively,
bound) electrons as a function of depth inside gold for schemes 1 (b), 2 (c), and 3 (d).
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The polarizabilities quantify the amplitude of the elec-
tronic response to the excitation by light, and the second order
nonlinear response is therefore proportional to a product of two
electronic polarizabilities. As the free and bound electronic
polarizabilities differ, their contributions to the SFG signal
must be evaluated separately, then summed up, immersed in
a medium which the dielectric function encompasses free and
bound parts together. We model the bound part by a continuous
dipolium model as in Ref. 5.

The properties of the bulk term have been described
before.2 The gold surface term χS is expressed in terms of
Rudnick-Stern coefficients (a for perpendicular and b for par-
allel to the surface); it depends on the dielectric functions at the
three involved wavelengths and on the bulk electron densities
n0

f and n0
b. As for the perpendicular surface component, its

amplitude, phase, and spectral evolution in the visible range
also depend on the relative profiles of the free and bound elec-
tron densities across the interface. We have shown that they
may be explicitly calculated without precise knowledge of
the actual profiles in the three schemes shown in Fig. 1. The
formulas are provided in Appendix A.

III. THE INTERBAND SCENARIO

In order to simulate the nonlinear response of gold, we
first consider the case where no surface state is present (i.e.,
χD

eff = 0). According to Eq. (A7), the key parameter of
the model is the balance between free and bound electron
contributions—in other words, the relative weights between
the two electron densities n0

f and n0
b 5. An absolute value for

parameter n0
f may be known from the atomic density of gold.

The bound electron contribution is considered here as a whole.
However, the valence electrons fall into two families: two elec-
trons in the band closest to the Fermi level (upper d-band)
experience interband transitions in the visible and near-UV
(close to the X and L points of the Brillouin zone, respec-
tively14), while the other eight electrons lie in bands with lower
energies16 (lower d-bands). A refined model explicitly sepa-
rating both contributions is currently under investigation, but
the impact on simulations should be low for gold. Counting
the electrons involved in the free and upper d-bands, we could
expect the ratio Rbf = n0

f/n0
b to lie around 0.5, even if values

down to 0.1 may be acceptable if all valence d electrons are
considered as a whole. However, n0

b is also influenced by the
actual joint density of states participating in the interband tran-
sitions; thus, a value smaller than n0

f may also be considered.
In addition, we use the bulk polarizabilities throughout the
calculations, including in the selvedge. It may be considered
that, in this region, the polarizabilities differ from the bulk as
a consequence of the change in the atomic coordination in the
topmost layers. In particular, we could expect an increase in the
bound electron polarizability due to lower constraints towards
the air side than towards the bulk gold side. Reversely, for the
topmost layer of gold atoms, their free electrons are involved in
the Au-S bond formation, which leads to a dramatic decrease
in the free electron polarizability in this region. In addition,
the infrared free electron polarizability may be overestimated
as a result of using a simple Drude model.5,17,18 This could
also impact on the balance between free and bound electron

terms in the total nonlinear surface susceptibility. As a con-
sequence, in the interface region, neither the actual electron
densities nor the polarizabilities are accurately determined. In
order to account for this situation, and as only the bulk prod-
ucts n0

f αf and n0
b αb are known from the dielectric function,

tuning parameters n0
f/b is an easy way to modulate the effec-

tive polarizabilities of each family of electrons while keeping
the products constant. As a consequence, in order to get a
broad screening of the line shapes of the amplitudes and phases
of the simulated full effective nonlinear susceptibilities under
the three schemes, we have chosen to screen the values of
Rbf over a wide interval between 0.1 and 40. In this frame,
the contribution from the free electrons is analogous to silver
and will serve as the regular contribution for gold. The inter-
band contributions on the other hand constitute the corrective
terms.

For schemes 1 and 2 (Fig. 2), the free electron contribution
is so high (comparing to all others) that changing the value of
Rbf in the range [0.1; 2] has almost no impact on the final
result. However, for Rbf above 5, the interband contribution
starts emerging from the free electron one and a transition to a
new regime shows up in two ways: the rise of a double peak in
the central region of the amplitude spectra and a sign change
at the high energy end. We checked that ε2

b has no influence
on the spectra, as expected.2 We note that the slope of the
growing amplitude of the free electron background (from blue
to red) remains bigger than for the experimental data and that
all phase curves converge at 700 nm, as was expected from the
analysis of the individual contributions.

Figure 3 shows the effective nonlinear susceptibilities of
gold for scheme 3, for which a dependency in ε2

b is observed.
The effect of both parameters ε2

b and Rbf appears in panels (a),
(c) and (b), (d), respectively. Increasing either of them changes
the balance between free and bound electron contribution in
favor of the latter. From the previous analysis, we know that the
zzz term remains rather flat, the maxima therefore come from
the peaks in the free electron xxz, xzx, and bulk terms, and
from the interband bulk term. The former favor a maximum
in the 600 nm range, whereas the latter induces a peak around
500 nm. The same phenomenon happens for the phases, which
remain constant at 700 nm for the reasons explained above and
increase at 400 nm towards a value depending on the balance
between the free electron (low phase) and bound electron (high
phase) contributions. Finally, when the bound electron terms
are extremely favored [e.g., for high Rbf in panel (d)], the over-
all effective susceptibility changes sign at 700 nm following
the phase of the interband zzz term.

We may now compare the simulations above to the exper-
imental data,1 refer to Fig. 4, which give access to the line
shape of the amplitude and absolute value of the phase of the
nonlinear effective susceptibility of a thiolated gold surface
as a function of the visible wavelength. In order to find the
best fit, we use a scaling factor S for the total effective non-
linear susceptibility of gold, leading to a simulation function
[Eq. (A7)]

χ
eff
sim = S

[
χ

eff,f
gold + Rbfχ

eff,b
gold

]
. (4)

We then choose the best values for parameters S, Rbf, and
ε2

b, leading to the simulations shown in Fig. 4 for schemes
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FIG. 2. Amplitudes [(a) and (b)] and phases [(c) and (d)] of the simulated effective nonlinear susceptibility of gold versus the visible wavelength (λvis) according
to schemes 1 [(a) and (c)] and 2 [(b) and (d)] for various values of Rbf from 0.1 to 40, increasing along the arrows. Infrared wavenumber is fixed at 2900 cm−1

and ε2
b = 1.5.

1–3. We clearly see that the three schemes account for
the trends in experimental data, even if some discrepancies
remain.

Schemes 1 and 2 give equivalent variations for the phase
curve, for which agreement with experiment is very good at
high energy (below 560 nm). Scheme 2 provides a better fit

FIG. 3. Evolution of the amplitudes [(a) and (b)] and phases [(c) and (d)] of the simulated effective nonlinear susceptibility of gold for scheme 3 with parameter
ε2

b increasing along the arrows from 1.5 to 8 with Rbf = 2 [(a) and (c)]and parameter Rbf increasing from 0.1 to 10 with ε2
b = 2 [(b) and (d)]. Infrared wavenumber

is fixed at 2900 cm−1.
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FIG. 4. Comparison of experimental (dots and squares) and simulated effective susceptibilities of gold for schemes 1 (red, Rbf = 30), 2 (black, Rbf = 40) [(a)
and (c)], and 3 [(b) and (d)] in amplitude [(a) and (b)] and phase [(c) and (d)]. The experimental points are reproduced with permission from Dalstein et al.,
J. Chem. Phys. 148, 134701 (2018). Simulated amplitudes are rescaled to match the experimental data. In (b) and (d), the parameters are Rbf = 2 and ε2

b = 2
(blue), and Rbf = 3 and ε2

b = 1.5 (green). The original experimental phase curve (squares) in (d) is shifted down by 40◦ (dots).

in amplitude, as the central peak is more pronounced than
for scheme 1. As for scheme 3, which depends on Rbf and
ε2

b, we have found several parameter sets which lead to
a reasonable fit in amplitude, for which both Rbf and ε2

b

range from 1.5 to 3. The best ones are displayed in Fig. 4.
The low values of ε2

b agree with the simple view of a very
weak polarizability for bound electrons in the infrared. It is
tempting to choose the scheme 3 as the best one to interpret
the experimental data. However, even if the simulated phase
follows a correct trend, as illustrated in Fig. 4(d), its abso-
lute value is around 40◦ lower than the experimental one.
In addition, the three schemes underestimate the phase at
700 nm.

The most surprising result from these simulations is the
high values required for parameter Rbf. For schemes 1 and 2,
such high values are needed in order to recover the line shape
of the amplitude (30 and 40, respectively). Even for scheme
3, Rbf has a closer value to the predicted one (0.5), but still
needs to be adjusted four to six times higher (corresponding
to an effective bound electron density lower than expected).
It looks like the free electron contribution was calculated too
high and the bound electron one underestimated. From scheme
1 to scheme 3, the mutual screening between both contributions
evolves from fully unscreened free electron to fully unscreened
bound electron terms. Comparison with the corresponding val-
ues of Rbf suggests that screening of the bound electron term
is too high, as it cannot compete enough with the free electron
contributions. However, it is not possible to consider a model
for which the screening of the bound electron terms would
be lower than for scheme 3. This means that the free electron
terms are rather systematically evaluated too high. This may

be due to the fact that we use the bulk polarizabilities through-
out the calculations, including in the selvedge. In this region,
the free and bound electron polarizabilities may differ from the
bulk as a consequence of the change in the atomic coordination
in the topmost layer.

The model is flexible enough to allow for some additional
fine tuning of the hypotheses chosen for the simulations. For
example, it makes it possible to decrease the value of the free
electron polarizability in the interface region only (i.e., for the
surface but not the bulk terms) in order to account for the fact
that the free electrons of the first gold layer are involved in
the Au–S bonds, while still controlling the balance between
free and bound electrons through the Rbf factor. We have also
performed simulations under these assumptions, with the ratio
of surface to bulk free electron density as an additional free
parameter. A variety of line shapes for the amplitudes and
phases may be obtained for several parameter sets, but the
overall dependence on the electron density ratios follows the
same trend as in Fig. 4 and shows no new phenomenon.

The choice of parameters and remaining discrepancies
between the simulations and the experimental data are dis-
cussed below, but at this stage, we note that the model devel-
oped in this work allows us to recover the trends of the experi-
mental curves with only one (schemes 1 and 2) or two (scheme
3) free parameters, without the need of a resonance with a
surface state.

IV. THE EFFECTIVE SURFACE STATE SCENARIO

We now turn to the electronic surface state scenario,
modeled by a nonlinear surface susceptibility χD. Since the
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existence of such a surface state is postulated at this stage, the
parameters must be determined by curve fitting to determine
its properties. There are several possibilities for the choice of
a fitting function: considering a Lorentzian profile, the SFG
process may become resonant with either the visible or the
SFG beam (single Lorentzian profile), a combination of both
(double Lorentzian profile) or with both beams simultaneously
(doubly resonant process). As explained in Appendix B, the
doubly resonant scheme is not favored because the infrared
photon may not induce a resonant transition inside a single
electronic state. The most general form for the resonant suscep-
tibility is therefore a sum of two Lorentzian functions, resonant
with the visible and SFG photons, respectively.

We first performed the same analysis as in Ref. 6 as
reported in the supplementary material. However, it has two
drawbacks. First, the constant nonresonant term in the sup-
plementary material, Eq. (S1), which seems essential for the
correct rendering of the experimental amplitudes, has no phys-
ical meaning. It has been introduced by analogy to the usual
data analysis of vibrational SFG spectra. In this case, however,
this term originates in the substrate contribution, usually of
an electronic origin, and indeed not resonant when scanning
the infrared frequency. In our case, this term is introduced
in addition to the resonant surface state. It therefore stems
from the other gold contributions to the SFG signals and,
as we have seen in Sec. III, those are constant neither in
amplitude nor in phase. Second, the experimental data rep-
resent the effective susceptibility of gold, which means that
they relate to the incoming electric fields through Fresnel
factors. Again, we have shown that these factors vary in ampli-
tude and in phase with the visible wavelength.1,2 In order to
improve these fits, we investigate the possibility to account
for the experimental data using a sum of two contributions:
one from the nonlinear properties of gold as calculated in
Sec. III and the other from the resonance with a surface state,
accounting for Fresnel reflectivity (i.e., through an effective
surface nonlinear susceptibility). The effective fitting function
is

χ
eff
fit = Aχeff

gold(Rbf = 0.4) + χeff
D = Aχeff

gold(0.4)

+ Fvis
Beiϕvis

ωvis − ωSS + iΓSS
+ FSFG

CeiϕSFG

ωSFG − ωSS + iΓSS
,

(5)

with eight unknown parameters in the general case. Having
explicitly factored, the Fresnel contributions legitimate here
the use of constant amplitudes and phases. The first term in
the sum refers to the calculations of Sec. III for the nonlin-
ear response of gold. It has no free parameter, except for a
scaling factor A, and the Rbf ratio. As explained earlier, this
ratio is supposed to remain close to 0.5. In order to account
for the fact that some bound electrons from lower energy elec-
tronic states additionally screen the bound electron response,
we slightly decrease the Rbf value in this part to 0.4. With such
a value, this A-term embeds the contribution from the bound
electrons, but it originates essentially from the free electrons.
As such, it represents the silver-like regular contribution for
gold. Conversely, in this effective surface state scenario, the

B and C terms account for the resonant corrective part, spe-
cific to gold. Under the previous assumptions, some amplitude
coefficients (A, B, or C) may vanish. In addition, there may
be some relationship between the phases and/or the ampli-
tudes: under the approximation of high energies discussed in
Appendix B, amplitude coefficients B and C may be close to
complex conjugate numbers.

As a matter of fact, we can check that an accurate fitting
of the experimental points is possible with such a function. We
fit the complex function deduced from the experiment (refer to
Fig. 4) by simultaneously fitting the real and imaginary parts
using a single parameter set. This avoids the risk to obtain mul-
tiple fitting parameter sets, as is the case for the general fit of
SFG spectra19 (i.e., without any phase information). In order
to fit over the widest range of visible wavelengths, we add to
our data one point at 401 nm taken from Ref. 6. We acknowl-
edge the fact that the additional constraint due to the presence
of this point makes convergence of the fits more difficult, but
the result is more accurate. It also allows us to discard some
parameter sets for which fitting is fine except for this point.
We understand that it is more constraining to fit the shape
of our experimental data than in Ref. 6, as we have fifteen
experimental points instead of four.

Depending on the origin of the surface state, there are
two possibilities for the additional term χeff

D. If the surface
state is intrinsic to gold, then its associated surface nonlin-
ear polarization is located inside the metal, where the electric
fields have to be evaluated. On the contrary, if it relates to
the adsorption process and the Au-S bond, it may rather be
considered as external to gold, in which case the associated
polarization and the electric fields have to be evaluated out-
side the metal. As mentioned in Ref. 2, for a given source of
nonlinear polarization, several different nonlinear susceptibil-
ities may formally be defined (depending on which medium
the electric fields and nonlinear polarization are evaluated), all
of them eventually leading to the same effective susceptibil-
ity and far field measurements. The situation is different here,
as the effective susceptibility of the surface state itself may
take two values, in accordance with the medium wherein the
nonlinear process actually takes place. Under the formalism
used throughout this study, the Fresnel factors and their dis-
persions for the external1 and internal2 cases have been studied
before.

As there are four nonvanishing tensor components at the
isotropic surface, we have to make some assumptions in order
to fit our data according to Eq. (5). We first assume that the
transition dipole moment related to the excitation of the surface
state is either parallel or perpendicular to the surface plane
(i.e., along x or z, respectively, according to Fig. 1), as both
have been described in the literature.10,12 A general case shall
correspond to a linear combination of both. In the parallel case,
the terms resonant with ω3 are xxz and xzx, and with ω1 are
xxz and zxx. In the perpendicular case, we have zxx and zzz as
resonant terms with ω3, and xzx and zzz with ω1. In order to
select the relevant terms, we recall that the dominant Fresnel
factors for a nonlinear polarization inside gold are zxx and xzx,
whereas for a polarization outside the metal they are zzz and
xxz. Table I shows the main relevant combinations of terms
in both cases. We therefore consider four tensor combinations

ftp://ftp.aip.org/epaps/journ_chem_phys/E-JCPSA6-149-042837
ftp://ftp.aip.org/epaps/journ_chem_phys/E-JCPSA6-149-042837
ftp://ftp.aip.org/epaps/journ_chem_phys/E-JCPSA6-149-042837
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TABLE I. Choice of relevant nonlinear susceptibility tensor components for
the surface state in Eq. (6).

Transition dipole Along x Along z

Resonance with beam ω3 (FSFG) ω1 (Fvis) ω3 (FSFG) ω1 (Fvis)
Inside gold xzx zxx zxx xzx
Outside gold xxz xxz zzz zzz

in the following, coupled to a choice of three possible χeff
gold

(i.e., schemes 1–3). Only schemes 1 and 3 are considered for
actual fitting as scheme 2 does not significantly differ from
scheme 1 for Rbf = 0.4, which leads to eight combinations for
the full effective fit function.

Among all the parameter sets found by curve fitting using
Eq. (5), without any constraints imposed on the parameters,
we have first selected the nine parameters showing the best
agreement both in amplitude and in phase. They span six of
the eight combinations above. Figure 5 shows the best fit for
each combination, with the parameters listed in Table II. We
have checked that the properties of the fitting functions based
on the three remaining parameter sets do not differ from the
six selected ones. The fits are of lesser quality than in Fig. S1,
supplementary material, in particular, for the phases at high
energy, the main problem being that the phases now have to
follow the evolutions of the Fresnel factors and of the gold
terms. However, the curves prove that such a fit may account
for the experimental data, in a more rigorous way than in Fig.
S1, supplementary material. There is no overall coherence on
most of the parameters: some sets show Lorentzian ampli-
tudes close to each other (ESS1, ESS3, ESS5, and ESS6) and
some exhibit a phase relationship between the two Lorentzians
(180◦ phase shift for ESS1, complex conjugate for ESS3,
in phase for ESS5). As for the characteristics of the surface
state, they also span a wide range of energies [between 11 600
and 19 800 cm−1 (1.44 and 2.46 eV), lower than in Table
S1, supplementary material] and widths (between 1200 and
4400 cm−1). As a consequence, the analysis does not allow
at this stage to choose the most probable combination for the
gold term, the location of the surface state, and the direction
of its transition dipole moment. We note that the curve (ESS3)
relates to Lorentzian resonances for which the approximation
of the high energies holds (B and C are close to complex
conjugates).

FIG. 5. Fit of the experimental effective nonlinear susceptibility of gold along
Eq. (5) in amplitude (a) and in phase (b). The parameters for each curve may
be found in Table II.

V. DISCUSSION
A. Comparison between scenarios

The analysis above proves that it is possible to account for
the major features of the experimental data under both inter-
band and effective surface state hypotheses. In the interband
scenario, the agreement between theory and simulation is only
partial, but there is only one free parameter to the model. For
the effective surface state scenario, a much better agreement is
obtained but most parameters stem from a direct curve fitting.
On the other hand, the first case is self-consistent, while the
second one still requires some analysis of the nature of the
surface states involved.

Simulations under the interband scenario show two peaks
in amplitude roughly corresponding to the interband excita-
tion at the visible and SFG frequencies. This double peak
is not clearly seen in the experimental data. In the effective

TABLE II. Fit parameters for the curves in Fig. 5.

Curves ESS1 ESS2 ESS3 ESS4 ESS5 ESS6

A-term Scheme 1 Scheme 1 Scheme 3 Scheme 3 Scheme 3 Scheme 3
B-term Fxzx(int.) Fzzz(ext.) Fxzx(int.) Fzxx(int.) Fzzz(ext.) Fxxz(ext.)
C-term Fzxx(int.) Fzzz(ext.) Fzxx(int.) Fxzx(int.) Fzzz(ext.) Fxxz(ext.)
A 2.54·10�3 5.24·10�3 2.95·10�2 3.88·10�2 5.50·10�2 2.79·10�2

B (vis) 2.469·106 3 526 7.205 105 9.636 105 5601 1.321·104

C (SFG) 2.331·106 769.8 8.931·105 2.848·106 3860 1.363·104

ω(SS) (cm�1) 11 604.5 19 132.3 17 084.0 14 570.6 19 817.6 18 798.8
Γ(SS) (cm�1) 1 213.4 1 419.7 2 496.8 4 396.0 1 645.9 2 472.7
ϕ(vis) (deg) 120.4 247.5 138.9 317.6 318.1 11.3
ϕ(SFG) (deg) 297.1 319.9 228.9 163.4 324.4 105.4

ftp://ftp.aip.org/epaps/journ_chem_phys/E-JCPSA6-149-042837
ftp://ftp.aip.org/epaps/journ_chem_phys/E-JCPSA6-149-042837
ftp://ftp.aip.org/epaps/journ_chem_phys/E-JCPSA6-149-042837
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surface state scenario, the double peak is also present, but
curve fitting, with an appropriate choice of parameters, allows
the interference between them to artificially show up as a
single peak. It is difficult to know whether this is an arti-
fact of fitting or whether it represents an actual phenomenon;
this illustrates the extreme flexibility of the surface state
scenario.

B. Selection of the best scenarios

We may refine the analysis using again the comparison
between gold and silver. We know that the SFG response of
silver is experimentally much lower than for gold. As the sim-
ulations for silver lead essentially to the same SFG intensities
[or even higher, see Fig. 6(b)] as for gold under the same
assumptions (i.e., regular contributions only), this gives the
evidence that the corrective terms specific to gold must exceed
the regular terms by a large amount.

In Fig. 6(a), we calculate the amplitude ratios of these con-
tributions for the effective surface state scenario. We clearly
see that only curve ESS1, and to a lower extent curve ESS2,
meets the criterion. The other parameter sets are discarded
because the amplitudes of the regular and corrective terms
match, and the final dispersion line shape they produce for the
total effective susceptibility of gold solely originates through
an interference process. In Fig. 6(b), we separate and com-
pare the calculated SFG intensities for the interband (schemes
1–3) and effective surface state scenarios (curves ESS1 and
ESS2) between regular and corrective terms. In the same way
as above, the former are too high for scheme 3 in the interband

FIG. 6. (a) Ratios of the amplitudes of the surface state contributions [B and
C-terms in Eq. (5)] to the regular A-terms for the six curves shown in Fig. 5. (b)
Comparison of the SFG regular and corrective intensities. Scaling is common
to all regular curves, except for scheme 3 (scaling for the corrective curve is
common to scheme 1).

scenario, which is not compatible with the comparison with
silver.

As a consequence, we finally retain only schemes 1 and 2
with high Rbf in the interband scenario, and curve ESS1 in the
effective surface state scenario, for which (Table II) the regu-
lar contribution also follows from scheme 1 (or equivalently
scheme 2). The comparison between gold and silver allows us
to exclude the hypothesis of scheme 3 for gold (i.e., spill out
of the bound electrons), and the same conclusion has also been
drawn before for silver itself.2 The two remaining schemes are
compatible with a conventional picture of the free electrons at
the interface, either spilling out or overlapping in space with
the bound electrons.

The interband and surface state scenarios each have their
advantages and drawbacks. As noted above, schemes 1 and 2
in the interband hypothesis need a strong adjustment of coef-
ficient Rbf in order to account for the respective weights of
interband and free electron terms. In addition, the phase evo-
lution shows some discrepancies with experimental data at low
energy, and the simulated amplitude at high energy is still too
high. This leads us to question the accuracy of the experimental
values. A fitting procedure was originally used to analyze the
vibrational spectra,1 which intrinsically leads to rather large
error bars on the parameters.19 As for the phases, it has been
shown20 that very similar fitting curves could be obtained
within a 30◦ interval, which constitute an intrinsic error bar
after experimental data analysis. Some approximations may
also distort the values of the parameters: as for the absolute
phases, for example, their origins stem from the vanishing
phase of vibration modes in the harmonic oscillator approxi-
mation, which is usually not questioned for methyl stretching
modes in alkanes. In addition, we used an average molecular
Fresnel factor in order to compare the relative intensities of
symmetric and antisymmetric stretches. However, even if its
phase spans±15◦ on the blue side of the spectrum as a function
of the tilt angle, this has no influence on the calculated phase
at 700 nm, as all curves converge to the same values (see Fig. 2
in Ref. 1). The phase being very sensitive to the Fresnel fac-
tors, we may also question the use of a real index of refraction
for the molecular monolayer in the infrared. As a matter of
fact, the molecules absorb light in the probed infrared region,
so there should be an absorptive part. For alkane chains, we
find in the literature an imaginary refractive index of 0.17 or
less.21,22 This value leads to a phase shift of −16◦, still too low
to explain to observed figures, but within the range of errors
obtainable from the fitting procedure.

In the effective surface state hypothesis, the choice of
curve ESS1 leads to interesting conclusions: the nonlinear
polarization resonant with the surface state is evaluated inside
gold and is therefore intrinsic to the surface properties of the
metal, not of the adsorbate or adsorbate-metal bond. In addi-
tion, its transition dipole moment lies preferentially along the
metal surface, as in Ref. 10. This gives us some properties for
this state which we may compare to the known surface states
and transition from the literature.

C. Origin of the surface state transition

The theoretical and experimental literature on surface
states in metals is abundant,7,8 and this topic is still an active
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field of research.23,24 They have to be taken into account as far
as surface processes are concerned since, for example, 22%
of the electrons in the surface layer of Ag(100) are found in
surface states or resonances.25 Intrinsic surface states appear
as special solutions of the Schrödinger equations for electrons
inside the metal, which, unlike the bulk solutions, exponen-
tially decay on both sides of the interface between the metal
and the exterior, thus maximizing their wavefunction at the
vicinity of the surface.7 They are often qualified as Shock-
ley and Tamm states, depending on their sp or d character,
respectively.26 Dispersion of the surface states depends on the
crystalline orientation at the surface and may be displayed in
a projection of the bulk band structure onto the corresponding
surface Brillouin zone, as a relationship between energy and
wave vector parallel to the surface. Their energy-wavevector
relationships impose that their energies lie inside the gaps
between the projected bulk bands, but they may also be degen-
erated with bulk states, in which case they couple to them
and become surface resonances27 (i.e., a particular bulk state
with enhanced wavefunction at the interface). In addition, the
intrinsic surface states are perturbed upon molecular adsorp-
tion at the surface, whereas this phenomenon also gives rise
to new extrinsic surface states through hybridization between
metal electrons and molecular orbitals.28 Finally, as a non-zero
electronic density outside the metal creates an image charge
inside the conduction electron gas of the metal, the Coulomb
interaction between the two charges may create new bound
states, usually above the Fermi level, called image states.28

Experimentally, all these states may be investigated on single
crystal surfaces by photo-emission and inverse photo-emission
spectroscopies for occupied and empty states, respectively.29

Other experimental methods include electroreflectance spec-
troscopy30 and reflection anisotropy spectroscopy (RAS).31

Several publications mention specific transitions between two
such states which may cause signal enhancements in SHG and
SFG.6,10–12 However, these publications do not consider the
interband scenario to account for their data, although Urbach
et al.10 separately detect the interband transition peak on
silver.

Interpretation of our results in terms of surfaces states is
essentially a matter of finding a resonant transition between
two states at the surface of gold, compatible with the expected
structure of the surface in our case, namely, polycrystalline
with a preferred (111) faceted orientation. This looks rather
paradoxical as surface states relate by essence to the high
degree of crystallinity of the interface and usually show up
on single crystals. For polycrystalline samples like ours, sur-
face states should be damped or smeared out as a consequence
of the small crystallite sizes and mismatch at their bound-
aries. In addition, the high level of SFG intensities on gold
in the blue-green region of the visible spectrum have been
experimentally observed for at least four surface orientations,
namely, (111), (110), (100), and (210),32 which supposes that
there should be a dedicated surface state transition for all of
them. However, it turns out that experimental evidence by both
direct and inverse photoemission and theoretical calculations
show that surface transitions in the 2-3 eV energy range seem
possible, at least on the low index (111), (110), and (100)
crystals.

On Au(111), a Shockley surface state with a parabolic
dispersion is well documented at the Γ̄ point of the projected
Brillouin zone,33,34 with a minimum located 0.4 eV below
the Fermi level (EF). However, there is no empty state at this
point allowing a vertical transition from there in the visible
energy range. Image states have been evidenced at Γ̄, but they
lie too high (around 4 eV above EF) to be accessible.35 How-
ever, calculations36 predict the possibility of a transition at
M̄ point, which is supposed to be responsible for the observed
enhancements of SHG signals at 2.5 and 1.25 eV.11,37 This tran-
sition relies on a Tamm state located between 1.4 and 1.7 eV
below the Fermi level24,38 and an empty state between 1.3 and
1.7 eV above it.36,38 Although the energy difference remains
higher than the experimental value, coupling of the occupied
state (described as a surface resonance instead of a true sur-
face state24,38) to bulk bands at L and X points, where bulk
interband transitions occur, may account for the experimental
evidence. On Au(110), the existence of surface states is pre-
dicted at X̄ [along (1̄10)] and Ȳ [along (001)] points.39 At X̄
point, a surface state lies between 1.5 and 2.5 eV above the
Fermi level,39,40 but there is no associated occupied state to
induce a direct transition (unless bulk states interfere). At Ȳ
point, a surface state just below the Fermi level41,42 may be
coupled to an empty state above, whose location varies dramat-
ically depending on the source from less than 1 eV to around
2 eV.39–41 It also depends on the atomic surface structure, as
the occupied state shifts up to above the Fermi level upon
(2 × 1) reconstruction.41 Reflection anisotropy spectroscopy
on the (2 × 1) reconstructed surface has evidenced a transition
around 2.5 eV, polarized along (1̄10).31,43 On Au(100), a state,
probably related to d-bands,44 is described at M̄ point at 1.6 eV
below EF

45 on both normal and reconstructed surfaces, but no
arrival state has been described for a surface transition. On the
contrary, a Shockley state is located around 0.2 eV below the
Fermi level on the reconstructed surfaces at X̄ point,46 while
an empty state has been calculated around 2 eV above EF.40

This leads to a surface transition with energies around 2.6 eV
in electroreflectance spectroscopy30 for the uncharged surface.
In a general way, Ref. 40 has evidenced several surface transi-
tions by electroreflectance for the three low index orientations
of uncharged gold surfaces in the 2-3 eV range and correlated
them to calculated surface state transitions. Most states men-
tioned here have their counterpart on the more studied copper
surfaces.47 Care must however be taken as selection rules apply
for direct optical transitions between these states, which after
careful inspection may appear polarization dependent or even
forbidden.10,12,48

It is interesting to compare these results to silver. On
Ag(111), the situation at Γ̄ point is analogous to gold: a Shock-
ley state just below the Fermi level,33,34 but no empty state
above except an image state around 4 eV,49 as on Cu(111).12

At M̄ point, the Tamm state is measured at 3.9 eV below EF.50

Above the Fermi level at M̄, the inverted bandgap of gold36

does not exist,49 excluding the existence of an empty surface
state. On Ag(110), the situation at Ȳ point is symmetric to
gold,39 with a Shockley state just below the Fermi level42

and an empty state calculated around 1.6 eV above it51 and
measured around 1.7-1.8 eV.49,52,53 This transition is respon-
sible for the clear surface state transition resonance in SHG
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experiments.10 Finally, on Ag(100), a Shockley state is evi-
denced just below (0.4 eV) the Fermi level at X̄ point,54,55

but, contrary to gold, the upper Tamm state lies further away
between 3.1 and 3.8 eV.49,55,56 As a consequence, there is no
clear surface transition specific to low index silver surfaces
in the visible range (1-3 eV), except on (110) faces.30,48 This
can be understood as the transitions on (111) and (100) faces
involve at least one state with a d-character. As compared to
gold, they shift for silver to higher energies in the same way
as the interband transitions for both metals. As such, the dif-
ference in the optical excitations of interband and surface state
transitions between silver and gold stems from the common
origin of their band structures.

The literature validates the existence of surface transitions
which may account for the observed high SFG signal from gold
on the three low index faces in the blue-green region. If we
consider the (111) orientation as typical for the structural and
optical properties of the polycrystalline gold surface (and also
for silver57), then the analysis above also explains why the SFG
signals from silver remain lower than for polycrystalline gold,
all the more since (111) is also the most used orientation for
SFG experiments on silver single crystals. Under this hypothe-
sis, the transition at M̄ point is the best candidate to account for
our SFG data. A polycrystalline surface may also be consid-
ered as the scene where all allowed transitions between surface
and bulk states may occur, without (or with little) wavevector
selection.58 In this view, all the above-mentioned transitions
may contribute to the experimental SFG (and SHG) enhance-
ments, with the consequence that each resonance contributes
for a small part of the processes (or equivalently involves a low
number of electrons), leading to a total resonant enhancement
less important than on a single crystal. This could explain why
the surface state resonances mix with the free electron back-
ground on our data, while Urbach et al.10 only monitor the
resonant signal by SHG on the Ag(110) single crystal. How-
ever, the fact that SHG on polycrystalline Ag remains the same
as on Ag(111) over a broad range of energies does not support
this hypothesis.59 Finally, the intrinsic widths of surface states
are rather small [estimated, for example, at 21meV FWHM
(170 cm−1) for the Au(111) Shockley state at Γ̄ point34]. This
seems to contradict the widths fitted in Table II (by at least
one order of magnitude), taking into account the negligible
experimental linewidth of the visible beam for our SFG setup
(around 10 cm−1). However, the experimental width measured
by SFG integrates all the vertical transitions over the wavevec-
tor space, which may lead to a rather large broadening as a
consequence of the relative dispersions of the initial and final
states. In addition, a surface resonance, as found at M̄ point
on Au(111), may decay towards bulk states and has a larger
width.8 Comparing a polycrystal and a single crystal on that
point should give interesting clues on the validity of the surface
state hypothesis.

Most surface states are calculated and measured on clean
surfaces in controlled conditions. Our SFG data deal with a
surface prepared and studied in air after modification by the
adsorption of the thiol layer in an aqueous solution. It has
been shown that surface adsorption dramatically modifies the
surface state bands, shifting either their energies or their dis-
persions,41 inducing a structure change (e.g., reconstruction)

which modifies full parts of the band structure60,61 or even
removing them (for example, with H2O,56 H2, O2

52). How-
ever, RAS measurements in an electrochemical environment
on Au(110) have shown that the observed surface transi-
tions may survive upon adsorption of pyridine62 or sulfur-
containing amino acids.63 Adsorption of a thiol molecule
on gold involves mostly electrons of the 6s band to create
the Au–S bond,64 and we may consider that it will mod-
ify mostly the Shockley surface states. As for the transi-
tion at M̄ point on the Au(111) surface, the lower state has
been shown to be a Tamm state, but we could not find any
clear information on the nature of the upper state. The influ-
ence of adsorption on this specific transition is therefore still
unclear and should be investigated, both theoretically and
experimentally.

VI. CONCLUSION AND PERSPECTIVES

We have shown that both the intrinsic properties of gold
as a material (the interband scenario) and a superposition of
those with surface-specific properties (the effective surface
state scenario) may account for the experimental SFG data
on gold. The possibility of a surface state created by adsorp-
tion of the thiol monolayer has been discarded, and the surface
transition dipole moment is most probably parallel to the inter-
face. The interband description requires to artificially boost the
interband response in order to compensate for overestimated
free electron polarizabilities, in particular, in the infrared. As
for the surface state scenario, it relies on the complex band
structure of gold, giving rise to surface states and resonances
when projected onto a surface orientation. Several transitions
have been evidenced which may account for the observed
behavior and for the discrepancies between gold and silver.
Incomplete information on these processes, in particular, for a
polycrystalline thiolated gold surface, does not allow to fully
assess the validity of this scenario. At this stage, there is there-
fore no way to choose between these hypotheses. However,
we have established that the free and bound electron densi-
ties overlap at the interface as a function of depth, with a
possible free electron spill out (but no bound electron spill
out).

In order to completely understand the surface processes
involved in the second order nonlinear response of metals, our
work provides a rather clear work program (as has been pro-
posed in the past by Jiang et al.65) which may discriminate
between the two scenarios above and help clarify the role of
surface transitions. We suggest to record absolute SFG inten-
sities for a fixed infrared wavelength and a few tunable visible
wavelengths and to favor intensity comparisons between sev-
eral interfaces recorded in the same conditions in order to avoid
introducing experimental artifacts. First, a direct comparison
between (110), polycrystalline and (111) orientations of bare
silver crystals should clearly allow us to monitor the role of the
(110) surface transitions and estimate the effect of polycrys-
tallinity. Polarization and the azimuthal rotation angle should
be tuned in order to control the characteristics of the transition
dipole moment. Second, an absolute SFG intensity compari-
son between Ag(110) and several Au single crystal orientations
would show whether the high gold signal has the same origin
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as for Ag(110). Third, the absolute comparison between bare
and thiolated surfaces on the same crystal would also quan-
tify the changes induced by surface adsorption. For the three
experiments, the interband scenario should be responsible for
a regular behavior (as a function of the visible wavelength)
for a given metal, whereas the excitation of surface transi-
tions will induce intense resonant signals on single crystals,
with a strong dependence on the parameters (surface orien-
tation, polarizations, angles, and surface coverage). Finally,
ultrafast SFG setups could also provide additional informa-
tion on the lifetimes of the processes involved in the resonant
surface transitions (electron-hole pairs created by the inter-
band transitions close to the surface,66,67 surface states34)
and their link to the SFG signal enhancements in the visible
range.

SUPPLEMENTARY MATERIAL

See supplementary material for the fitting of experimen-
tal data with one surface state and a constant nonresonant
background, without Fresnel correction.

APPENDIX A: EFFECTIVE NONLINEAR
SUSCEPTIBILITY OF GOLD

We recall here the results of Ref. 2
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with terms abf
s1 (respectively, abf

s3) vanishing except for
scheme 1 (respectively, scheme 3)
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Parameters bf/b equal −1, whereas the values for parameters
af/b, the Fresnel factors Fijk, and the bulk terms for free and
bound electrons, may be found in Paper II of the series,2

and the associated effective nonlinear susceptibilities in the
literature.4,68,69 They all bear a prefactor 1

2n0
f/be

.

The total effective nonlinear susceptibility of gold may
therefore be written as

χ
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APPENDIX B: FORM OF THE FIT FUNCTION
FOR THE SURFACE STATE

The general formulation for the nonlinear second-order
susceptibility may be found in the textbooks.70 For a system
initially in the ground state g, we may write (with ω1 = ωvis,
ω2 = ωIR and ω3 = ω1+ ω2 = ωSFG)
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Considering that the IR photons at the energies involved in the
experiment may not excite any resonant transition in gold, the
terms which may become resonant with the excitation of an
electronic transition correspond to lines 1 and 2 for the SFG
beam and 1 and 5 for the visible beam, while term 1 may
become doubly resonant.

For a doubly resonant process to occur, it should involve
the surface state (m ≡ SS) and a second state of higher energy
(n ≡ e). Under the hypothesis of a single surface state at the
gold surface, we have n = e = SS, which means that the IR pho-
ton induces the m→ n transition inside the same surface state.
Considering that this state has no vibrational structure, this IR
transition must remain purely of electronic nature. The surface
state having a dispersion relationship in the (k,E) space, the
IR photon must change the electronic momentum k in order
to induce a jump in energy. Under the usual approximation

ftp://ftp.aip.org/epaps/journ_chem_phys/E-JCPSA6-149-042837
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of a photon with negligible momentum, this direct transition
is impossible. A mediated transition, through a phonon, a
defect, or an impurity, is in principle conceivable. For a fcc
monoatomic crystal, there are no optical phonons,71 and con-
sidering a low-defect interface, the mediated transition cross
section shall be negligible. As a consequence, the IR photon
may not allow the doubly resonant process to occur and such
a process will be neglected.

For a process singly resonant with ω3, we have

χ
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and for a resonance at ω1

χ
(2)
jik (ω3;ω1,ω2) =

N
2~

µi
SS←g

ω1 − ωSSg + iΓSSg

∑
m

µ
j
g←mµ

k
m←SS

ω3 − ωmg + iΓmg

−
µk

g←mµ
j
m←SS

ω3 + ωmSS + iΓmSS
. (B3)

We now consider the possibility to excite the surface state with
the SFG and the visible beams, simultaneously. In the (ppp)
configuration, (i,j,k) stand either for x or z, and for an in-plane
isotropic symmetry as considered here, the only nonvanishing
coefficients are xxz, xzx, zxx, and zzz. In addition, exciting
the surface state requires that the electric field is aligned along
the transition dipole moment, i.e., either in-plane (x) or normal
to the surface (z). The χ(2) components resonant with the SS
transition will therefore differ whether it is excited by the SFG
or the visible photon, and the simultaneous excitation requires
to compare the (ijk) coefficient in (B2) with the (jik) coefficient
in (B3).

At this stage, we may make a rather rough approximation
in order to compare the amplitudes of both terms. We limit
the summation over m to high energy states only (called α),
considering that there are indeed resonant states in the UV for
the system, i.e., far from and higher than the photon energies
involved in the SFG process. We thus neglect ω1, ω2, ω3, and
the widths in front of their energies ωα. The ω3-resonant term
becomes

χ
(2)
ijk (ω3;ω1,ω2) ≈ −

N
2~

µi
g←SS

ω3 − ωSSg + iΓSSg

×
∑
α

1
ωα

(µk
SS←αµ

j
α←g + µj

SS←αµ
k
α←g),

(B4)

and the ω1-resonant term becomes

χ
(2)
jik (ω3;ω1,ω2) ≈ −

N
2~

µi
SS←g

ω1 − ωSSg + iΓSSg

×
∑
α

1
ωα

(
µ

k
α←SSµ

j
g←α + µj

α←SSµ
k
g←α

)
.

(B5)

Putting both terms together, we see that the numerators are con-
jugate complex numbers, thus the fit function for the surface
state must have the following form:

χ =
BeiϕSFG

ωSFG − ωSS + iΓSS
+

Ceiϕvis

ωvis − ωSS + iΓSS
, (B6)

with B = C and ϕvis = –ϕSFG.
As explained in the text, the approximation of high

energies used here is not fully enforced, so amplitudes and
phases obtained from curve fitting may deviate from this ideal
picture.
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