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A SPECTRAL COCYCLE FOR SUBSTITUTION SYSTEMS AND
TRANSLATION FLOWS

ALEXANDER I. BUFETOV AND BORIS SOLOMYAK

ABSTRACT. For substitution systems and translation flows, a new cocycle, which we call spectral
cocycle, is introduced, whose Lyapunov exponents govern the local dimension of the spectral mea-
sure for higher-level cylindrical functions. The construction relies on the symbolic representation

of translation flows and the formalism of matrix Riesz products.

1. INTRODUCTION

This paper is devoted to the spectral theory of substitution systems and translation flows and
continues the work started in [I7, [I8]. We focus on the local properties of spectral measures,
such as local dimension, Holder property, and closely related questions of singularity and absolute
continuity. Our main construction is that of a new cocycle, which we call the spectral cocycle.
This spectral cocycle is related to our earlier work, in particular, to the matrix Riesz products,
used in [I7] to obtain Hoélder continuity of spectral measures for typical suspension flows over
non-Pisot substitution systems.

Our cocycle is defined over a skew product whose base is a shift transformation on a symbolic
space arising from the realization of the Teichmiiller flow and the fibre is a torus of dimension
equal to the number of intervals in the associated interval exchange. Our main result, see (3.7,
BI3) below, is a formula relating the pointwise dimension of the spectral measure and the point-
wise Lyapunov exponent of the cocycle. As a corollary, we obtain an inequality for the Lyapunov
exponent at almost every point and a sufficient condition for singularity of the spectrum. Analo-
gous results are obtained for suspension flows over S-adic systems, including classical substitution
systems as a special case.

In the Appendix, which is independent of the rest of the paper, we explain how a modification
of the argument from [I§] proves Holder continuity of spectral measures for typical translation
flows in the stratum H(1,1).
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2. BACKGROUND

2.1. Translation flows. Let M be a compact connected orientable surface. To a holomorphic
one-form w on M one can assign the corresponding vertical flow hzr on M, i.e., the flow at
unit speed along the leaves of the foliation R(w) = 0. The vertical flow preserves the measure
m = i(w A w)/2, the area form induced by w. Let k = (k1,...,Kk,) be a nonnegative integer
vector such that k1 + -+ 4+ k, = 2p — 2. Consider the moduli space M, of pairs (M,w), where
M is a Riemann surface of genus p and w is a holomorphic differential of area 1 with singularities
of orders K1, ...,Kk,. The moduli space M, is called the stratum in the moduli space of abelian
differentials.

The Teichmiiller flow g, sends the modulus of a pair (M, w) to the modulus of the pair (M,w’),
where w’ = e*R(w) + ie*TF(w); the new complex structure on M is uniquely determined by the
requirement that the form w’ be holomorphic. Veech [45] proved that the space M, need not
be connected; let H be a connected component of M,, and let v be a probability measure on
‘H, invariant and ergodic under the Teichmiiller flow gs. For v-almost every Abelian differential
(M,w), Masur [32] and Veech [43] independently proved that the flow h;" is uniquely ergodic.

There are many equivalent definitions of translation surfaces, see, e.g., [33, 52]. The form w
provides a flat metric on M \ X, where ¥ is the set of singularities, the zeros of w. Moreover, at
the zero of order ; one gets a cone singularity, with the total angle 27 (x; + 1).

2.2. Interval exchange transformations and suspensions over them. There is a deep
connection between translation flows and interval exchange transformations, discovered by Veech
[42] [43]. We recall it briefly; for more details see, e.g., the surveys by Viana [49], Yoccoz [50],
and Zorich [52]. Let A = {1,...,m} be a finite alphabet, with m > 2, and 7 an irreducible
permutation of A, ie., m{1,...,k} # {1,... k} for & < m. Given a positive vector A € R,
the interval exchange transformation (IET) f(\, ) is defined as follows: consider the interval
I=10,>"",X\;), break it into subintervals

L=LOm) = [ N) 1<i<m,

J<i J<i
and rearrange the intervals I; by translation according to :
T x4+ Z )\j—Z)\j, x € I,
w(7)<m(3) Jj<i
For m = 2 the IET is just a circle rotation (modulo identification of the endpoints of I), and it
can be viewed as the first return map of a linear flow on a torus T?. Similarly, for m > 3 by
a singular suspension (with a piecewise-constant roof function, constant on each subinterval I;),
the IET can be represented as a first return map of a translation flow on a suitable translation
surface to a carefully chosen Poincaré section, a line segment I, see [42] [43]. Conversely, given a
translation surface, one can find a horizontal segment I in such a way that the first return map
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of the vertical flow to I is an IET. Precise connection between the two systems is given by the
zippered rectangles construction of Veech [43].

2.3. Rauzy-Veech-Zorich induction and the corresponding cocycles. A fundamental tool
in the study of IET’s and translation flows is the Rauzy-Veech algorithm, also called Rauzy-Veech
induction, introduced in [42], 39]. Let 7 be an irreducible permutation, and suppose that (A, ) is
such that A, # Ar—1(,). Then the first return map (what is sometimes called “inducing” whence
the term “induction”) of f(A, ) to the interval

(o i A = min{An1 (s A} )

i=1

is an irreducible IET on m intervals as well, see, e.g., [49] (0, BI]. If A\, < Ar=1(m), We say
that this is an operation of type “a”; otherwise, an operation of type “b”. The Rauzy graph is
a directed labeled graph, whose vertices are permutations of A = {1,...,m} and the edges lead
to permutations obtained by applying one of the operations. The edges are labeled “a” or “b”
depending on the type of the operation. The Rauzy class of a permutation 7 is the set of all
permutations that can be reached from 7 following a path in the Rauzy graph. This defines an
equivalence relation on the full permutation group. For almost every IET (with respect to the
Lebesgue measure on R, that is, for almost all length vectors), the algorithm is well-defined for
all times into the future, that is, we never get into a “draw” A\, = Ar=1(m), and obtain an infinite
path in the Rauzy graph, corresponding to the IET. Veech [43] proved that, conversely, every
infinite path in the Rauzy graph arises from an IET in a such a way.

In the ergodic theory of IET’s it is useful to consider an acceleration of the algorithm. Zorich
induction [51] is obtained by applying the Rauzy-Veech induction until the first switch from a
type “a” to a type “b” operation, or vice versa. Sometimes other versions of the algorithm and
accelerations are used, e.g., the one considered by Marmi, Moussa, and Yoccoz [31].

Let (N, 7) be obtained from (A, 7) by a step of the Rauzy-Veech induction, and let f; = f(\, 7).
Write I; = I;(\,7) and let J; = I;(N,7’) be the intervals of the exchange f; = f(X,n’). Denote
by r; the return time for the interval J; into J under f7, that is, r; = min{k > 0 : ff(JZ) c J}.
From the definition of the induction procedure it follows that r; = 1 for all 7 except one, for which
it is equal to 2. Represent I as a Rokhlin tower over the subinterval J and its induced map f;,
and write

(2.1) I'= | | FE(T).

i=1,....m, k=0,....,r;—1

By construction, each of the “floors” of our tower, that is, each of the subintervals ff(JZ-) is a
subset of a unique subinterval of the initial exchange, and we define an integer n(i, k) by the
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formula

(2.2) FT) C L.

Let Bf(\, m) be the linear operator on R™ given by the m x m matrix [n(i,5)]. This matrix is
easily shown to be unimodular. Given a Rauzy class R, the function Bf : R x ® — GL(m,R)
yields the Rauzy-Veech, or renormalization cocycle. If, instead, we apply the Zorich induction
algorithm, the same procedure yields the Zorich cocycle.

One can consider the Rauzy-Veech and Zorich induction algorithm also on the set of zippered
rectangles; these can be represented as bi-infinite paths in the Rauzy graph. A remarkable fact is
that, after an appropriate renormalization, the Rauzy-Veech map (A, ) — (X, 7’) and the Zorich
map (A, m) — (A, 7”) can be seen as the first return maps of the Teichmiiller flow on the space
of zippered rectangles, with respect to carefully chosen Poincaré sections, see, e.g., [49, Section
2.10] and [50] Section 11.3].

Remark. The zippered rectangles construction provides natural bases for the absolute and
relative homology groups Hy (M \ X, R) and Hy(M, 3, R); in particular, R™ may be identified with
H{(M,%,R). The Rauzy-Veech cocycle can then be represented as acting on the cohomology
groups H'(M \ ¥,R) and H*(M, X, R), as shown by Veech [43] (see also [49, Section 2.9]).

2.4. Markov compacta and S-adic systems. The Rauzy-Veech and Zorich induction and co-
cycles already provide a powerful symbolic framework for the study of IET’s and translation flows,
which was used by many authors. However, to get a symbolic representation, or measurable con-
jugacy for these systems, an additional step is needed, which was done by Bufetov [I5], using the
theory of Markov compacta. For the background on Markov compacta and Bratteli-Vershik trans-
formations, see the original papers [406] [47] [48]. A Markov compactum is the space of infinite paths
in a Bratteli diagram. When the Bratteli diagram is equipped with a Vershik ordering, one gets
a “transverse,” or “adic” map, which is now usually called the Bratteli-Vershik transformation.
We will call a Bratteli diagram with a Vershik ordering a Bratteli- Vershik diagram.

More recently an essentially equivalent framework of S-adic transformations was developed,
see [11), 12, 13] and references therein. We use it in [I8] and in this paper as well; therefore, we
do not present the background on Markov compacta here.

Let A = {1,...,m} be a finite alphabet; denote by AT the set of finite (non-empty) words
in A. A substitution is a map ¢ : A — AT, which is extended to an action on AT and AN by
concatenation. The substitution matriz is defined by

(2.3) S¢(i,j) = number of symbols ¢ in the word ((j).

Notation 2.1. Denote by 2 a set of substitutions  on A with the property that all letters appear
in the set of words {((a) : a € A} and there exists a € A such that |((a)| > 1.
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Let a = ((n)n>1 be a sequence of substitutions on A. Substitutions, extended to AT, can be

composed in the usual way as transformations AT — AT. Denote
C[n}:zglo...ogn’ nzl

Given a sequence of substitutions a, denote by X, C A% the subspace of all two-sided sequences
whose every subword appears as a subword of ¢! (b) for some b € A and n > 1. Let T be the left
shift on A%; then (Xa,T) is the (topological) S-adic dynamical system. We refer to [T} 12 13] for
the background on S-adic shifts. A sequence of substitutions is called primitive if for any n € N
there exists k € N such that S,,---S, 1, is a matrix with strictly positive entries. This implies
minimality of the S-adic shift, see [11Il, Theorem 5.2]. (Note that in [II] this property is called
weak primitivity, however, in [12] [I3] the term “primitive” is used, as we do.) In many cases a

stronger property holds, and it will be one of our basic assumptions:

(A1) There exists a finite word Cw = Cy, - - - G, n the alphabet A which appears in the sequence
a infinitely often, for which the substitution matriz S, is strictly positive.

Property (A1), of course, implies primitivity. It also implies unique ergodicity of the S-adic
shift, see [11, Theorem 5.7]; in fact, this goes back to Furstenberg [23, (16.13)].

We will also assume that the S-adic system is aperiodic, i.e., it has no periodic points. (A
minimal system that has a periodic point, is obviously a system on a finite space, and we want
to exclude a trivial situation.) Checking aperiodicity may require some work, even for a single
substitution.

Further, we need the notion of recognizability for the sequence of substitutions, introduced in
[13], which generalizes bilateral recognizability of B. Mossé [35] for a single substitution, see also
Sections 5.5 and 5.6 in [38]. By definition of the space X,, for every n > 1, every x € X, has a

representation of the form
(2.4) x=TF ({M (z')), where 2’ € Xgna, 0<k< ¢ (o).
Here o denotes the left shift on AN, and we recall that a substitution ¢ acts on A% by
C(...a—y.apay...) =...C(a—1).C(ap)¢(a1) ...
Definition 2.2. A sequence of substitutions a = ((j);>1 is said to be recognizable if the repre-
sentation (2.4) is unique for all n > 1.
The following is a special case of [13, Theorem 4.6] that we need.

Theorem 2.3 ([13]). Leta = ({;);>1 € AN be such that every substitution matriz S¢; has mazimal
rank m and X, is aperiodic. Then a is recognizable.

There is a canonical correspondence between (one-sided) Bratteli-Vershik diagrams with m
vertices on each level and sequences of substitutions a = (;);>1 on the alphabet A = {0,...,m—
1}, discovered by Livshits [30].
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Theorem 2.4 ([I3, Theorem 6.5]). Let o € AN be a recognizable sequence of substitutions. Then
the S-adic shift (Xa,T) is almost topologically conjugate, hence measurably conjugate in case the
system is uniquely ergodic, to the corresponding Bratteli- Vershik system.

2.5. Symbolic representation of IET’s and translation flows. Let H be a connected com-
ponent of a stratum and R the Rauzy class of a permutation corresponding to H. Veech [43]
constructed a measurable map from the space V(R) of zippered rectangles corresponding to the
Rauzy class R, to H, which intertwines the Teichmiiller flow on H and a renormalization flow F;
that Veech defined on V(R). Section 4.3 of [15] gives a symbolic coding of the flow P, on V(R) on
a space of 2-sided Markov compacta with a Vershik ordering. Using the canonical correspondence
with sequences of substitutions, we obtain a map

(2.5) Zn: (VR),v) = (Q,P)

to a probability space of 2-sided sequences of substitutions ((;)jez € A% defined almost every-
where. Here v is the pull-back of v, an invariant and ergodic map under the Teichmiiller flow
on H. The first return map of the flow P; for an appropriate Poincaré section is mapped by
Zx to the shift map o on (2,IP). This correspondence maps the Rauzy-Veech cocycle over the
Teichmiiller flow into the renormalization cocycle associated with the sequence of substitutions.
More precisely, the substitution ¢; in the symbolic representation of [I5] can be “read off” the
Rokhlin tower (21), [22) of one step of the Rauzy-Veech induction:

(2.6) ¢G: i n(i,0)...n(i,ry — 1), i=1,...,m.

Thus we obtain
BR()HT‘-) = [n(%])]?szl = SZ :

1

We will be using the following notation for this cocycle:
(2.7) A(a) :== 521? Ala,n) ;= A(c"1a)-... - A(a),

where a = (Cj)]o-’;l is the positive side of a sequence of substitutions from (2.

A zippered rectangle R € V(R) determines a suspension flow over an IET, isomorphic to
the translation flow on a flat surface. The symbolic coding Zy induces a map defined for a.e.
R € V(%R), from the corresponding flat surface M(R) to a suspension over the S-adic space Xa.
Moreover this map takes the IET into the S-adic system (X,,7"), whereas the piecewise-constant
The
justification for transition from the Bratteli-Vershik coding of [I5] to the S-adic framework is
provided by Theorems 2.4] and 23] in view of the fact that the matrices of the Rauzy-Veech
cocycle are unimodular, see [43], [44], hence have maximal rank. We denote by Q. the projection

roof function of the suspension is determined by the left side of the sequence (@')9:_00-

of Q to the “positive side” and by PP | the projection of the measure P to ;. The property (Al)
holds for P -almost every a € Q,, see Veech [43].
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2.6. Cylindrical functions. Suppose that the S-adic system (X,,T) is uniquely ergodic, with
the unique invariant probability measure by u. Consider the partition of X, into cylinder sets
according to the value of zo: Xa = |],c4lal. Denote by (X5, he, /i) the suspension flow over
(Xa,p, T), corresponding to a piecewise-constant roof function determined by 5 € R’'. We have
a union, disjoint in measure:
x5 = Jlal x [0,54],
acA

and define a Lip-cylindrical function by the formula:
(2.8) fla,t) =) Dy () - tha(t), with 1 € Lip[0, s4),
acA

where Lip is the space of Lipschitz functions.

3. STATEMENT OF MAIN RESULTS

3.1. Definition of the spectral cocycle. We proceed to the main construction of the paper.
Let ¢ be a substitution on A with a substitution matrix having non-zero determinant. Consider
the toral endomorphism £ +— Sé{ (mod Z™), £ € T™ = R™/Z™, induced by the transpose
substitution matrix. Suppose that

Definition 3.1. Define a matriz-valued function #; : R™ — M, (C) (the space of complex m xm
matrices) by the formula

J—1

(81) () = (&Gl = (D eXp(—2ﬂikZ:1£uz)>(b7c)eA2, £ €R™.

J<ICO)], ub=c

Note that . is Z™-periodic, so we obtain a continuous matriz-function on the torus, which we
denote, by a slight abuse of notation, by the same letter: M : T™ — M, (C).

Remark 3.2. The matrix .#; already appeared (with a different notation) in [I7, (4.15)] in the
framework of generalized matrix Riesz products. It is also closely related to the Fourier matrix
B(k) from the recent papers of Baake et al. [, [0l [7]. More precisely, B(k) is the restriction of
A to the line { = k5, k € R}, where § is the Perron-Frobenius eigenvector of S’é. This leads
to a cocycle on the line R, used to study the diffraction spectrum of a single substitution, see
Section [4.3] below for a more detailed discussion.

Example 3.3. Let A ={1,2,3},

C(1) = 121321, (¢(2) =2231, ((3) = 31123.
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Denoting zj := e~ 5 < 3, we obtain

1+ 2120 + 212223 21 + 232023 2229
M(61,62,83) = M (21, 22, 23) = 2323 1+ 2 22
23 + 2123 2223 1+ 232923

Observe that .#Z:(£) is a matrix-function whose entries are trigonometric polynomials in m
variables, with the following properties: (i) .#(0) = St, (ii) all the coefficients are 0’s and 1’s,
(iii) in every row, any given monomial appears at most once, (iv) the maximal degree of the
entries in j-th row equals |((j)| — 1, (v) the substitution is uniquely determined by .#:. The most
important property is

(3'2) ///CloCz (f) = ///Cz (5216)%@ (g)a

which is verified by a direct computation.
Consider the skew product transformation G : Q4 x T™ — Q4 x T™ defined by
G(a,&) = (0a,S; € (mod Z™)), where a = ((;)n>1 and £ €T =R"/Z™.
Definition 3.4. Let .#(a,§) = #;,(§), where a = ((n)n>1. Then
(3.3) Mo((2,),n) = M (G @, ) - - M (a,€)

is a complex matriz cocycle over the skew product system (Qy x T™, P X vp,, G), where vy, is the
Haar measure on T™.

The following is immediate from definitions and (3.2)):

Lemma 3.5. (i) The spectral cocycle is an extension of the Rauzy-Veech cocycle in the form (2.7),
namely,

A, ((a,0),n) = A(a,n).
(ii) We have
Mo ((a,8),n) = M ().

It follows from (ii) that the spectral cocycle behaves consistently with a “telescoping” operation
of replacing a finite sequence of substitutions by their composition; in particular, applying the
Zorich acceleration algorithm we obtain the spectral cocycle that is an extension of the Zorich
cocycle.

Introduce the pointwise upper Lyapunov exponent of our cocycle, corresponding to a given
vector 7 € C™:

. 1 -
(3.4) X:§5:: lim sup — log ||.#,, ((a, ), n)Z]|.
n—oo N

1S
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We also consider the pointwise upper Lyapunov exponent (which is independent of the matrix
norm):
i 1
Xa¢ = limsup ~log ||.7,,((a,£),n)|.
n—oo N
Let A be the Lyapunov exponent of the Rauzy-Veech cocycle, which exists by ergodicity of the
Teichmiiller flow:

1
(3.5) A= li_)m - log [[A(a,n)|| for Pi-a.e. ac Qy.

Observe that for all £ € T™ the entries of the matrix .Z,((a,&),n) are not greater than the
corresponding entries of the positive A(a,n). It follows that

Xj;g <\ for P,-ae. ac ;.
Notice that
(3.6) Xge>0 forallaeQy and & €T,

because of the special property of substitutions ; appearing in the Rauzy-Veech induction [43] [44];
one can check with the help of (2.6 that

|det 4, (§)| =1,£ € T™, forall j € N,

and the norm of m x m matrix is not smaller than the m-th root of the absolute value of its

determinant.

3.2. Statement of results. Our main result is a formula expressing the lower local dimension of
spectral measures in terms of the Lyapunov exponents of the spectral cocycle. Recall that, given
a probability measure-preserving flow h; on a space X and a test function f € L?(X) the spectral
measure o is a finite positive Borel measure on R defined by

y(=) :/ M dop(w) = (fohs f), tER,
where (-, -) denotes the inner product in L?.

We are interested in fractal properties of spectral measures. One of the commonly used local
characteristics of a finite measure v on a metric space is the lower local dimension defined by

d(v,w) = lim inf 287 Br@).
r—0 log r

Alternatively, it can be thought of as the best possible local Holder exponent, i.e.:
d(v,w) = supfa > 0: ¥(B,(w)) = O(r™), r -0},

For example, the lower local dimension is zero at a point mass and is infinite outside the compact
support of a measure.
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Next we define the class of test functions under consideration. Recall that H is a connected
component of the moduli space of Abelian differentials on a surface of genus ¢ > 2, equipped
with a probability measure v, invariant and ergodic under the Teichmiiller flow g,. We fix a
symbolic representation of the Teichmiiller flow as described in Section Under this symbolic
representation, the vertical flow on the flat surface becomes the suspension flow over an S-adic
system. So, for v-a.e. flat surface (M, w), corresponding to a pair (a, 5), with a € Q and §€ R,
almost every point on M is mapped into a pair (x,t), where x € X, (the S-adic space) and
t € [0, s5,]. Our test functions will be Lip-cylindrical functions of the form (2.8]) in this symbolic

representation.

Theorem 3.6. Let v be a probability measure on H, invariant and ergodic under the Teichmiiller
flow gs. For v-almost every Abelian differential (M, w) the following holds. Let (M,w) correspond
to a pair (a,5), with a € Qy and 5§ € R, Let f(x,t) = > ,c 4 Lj)(7) - Ya(t) be a Lip-cylindrical
function and oy the spectral measure of f for the suspension flow (X5, 711, he), which is measurably
isomorphic to the vertical translation flow on (M,w). Fiz w € R (the spectral parameter), let
&€ T™ be such that

¢ = w§ (mod Z™),
and set
7= ({p\a(w))aeA-

Suppose that the upper Lyapunov exponent of the spectral cocycle at (a,&), corresponding to the
vector Z is positive: X:g >>0. Then

2Xae 7
(3.7) d(of,w) =2 — Tﬁ
If X:g > <0, then
d(af,w) > 2.

Fix € R?'. Theorem shows that the cocycle .Z,,(w§,n) controls the behaviour of spectral
measures for the suspension flow (X, 71, h;). Here and below we consider w3 as a point on the
torus (mod Z™).

As a special case of Lip-cylindrical functions, consider simple cylindrical functions, of the form
f(z,t) = pcaballig (), that is, Ya(w) = bal[g,)- Then

—~ _ e—27riwsa
(38) 7= (wa(w))aeA = <ba(1 Irico )

) =: ng, for w # 0,
acA

-,

and for w = 0 we have Z=T(b) = b. Let €j be the j-th unit coordinate vector in C™.
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Corollary 3.7. Suppose that we are under the assumptions of Theorem [3.6, and let 5 € R
Consider the suspension flow (X3, 11, hy).
(i) Let w € R\ U,ea(sa' - Z). For any b e C™ there exists j <m such that

C ot +
card{c eC: Xa s Po (o) < Xa,wg} <1,
and hence for all perturbations of b along the j-th direction, except possibly one, the simple cylin-

drical function f corresponding to it, satisfies

+

.
a,ws

d(Uf,w) =2-

: +
s ASSUING X o> 0.

(ii) For Lebesgue-a.e. be C™, the simple cylindrical function f corresponding to b satisfies

+
a,ws

2
d(of,w) =2— for Lebesque-a.e. w € R, such that X:wg' > 0.

Recall that X:w§ > 0 by (4. It would be interesting to determine under what conditions the

Lyapunov exponents X: vz are strictly positive.

Corollary 3.8. Suppose that we are under the assumptions of Theorem [3.6, and let 5 € R
Then for a.e. a the following hold.

(i) we have
(3.9) X;wg < %)\ for Lebesgue-a.e. w € R,
but
(3.10) Xz_li—,w§' > %)\ for op-a.e. w € R.

(ii) If the flow (X5, 71, he) has a non-trivial absolutely continuous component of the spectrum,

then X;wg‘ = %)\a for Lebesgue-a.e. w € R.

Remark 3.9. In the paper [I8] we proved Holder continuity of spectral measures for almost every
translation flow in the stratum #(2), essentially via showing that there exists ¢ > 0 such that

(3.11) Xi s <A—e¢ forallw#0, for ae. 5

Although this is much weaker than the estimate in ([8.9]) for a single w, the difference is that (3.11])
is obtained for all non-zero spectral parameters, rather than for Lebesgue-almost all.
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3.3. Higher-level cylindrical functions. Cylindrical functions used so far in this paper do not
suffice to describe the spectral type of the flow completely. Rather, we need functions depending
on an arbitrary fixed number of symbols. Fix ¢ > 1. Cylindrical functions of level ¢ depend on
the first ¢ edges of the path representing a point in the Bratteli-Vershik representation. In the
S-adic framework, we say that f is a Lip-cylindrical function of level £ if

(3.12) Pl t) =) Leapg (@) -0 (1), with o) € Lip[0, 5],
acA
where
59 = (s8)aca = St
This representation depends on the notion of recognizability for the sequence of substitutions,
see Definition 22], as will be explained in the next section. The following is an extension of

Theorem to the case of higher-order cylindrical functions.

Theorem 3.10. Let v be a probability measure on H, invariant and ergodic under the Teichmiller
flow gs. For v-almost every Abelian differential (M, w) the following holds. Let (M,w) correspond
to a pair (a, ), witha € Qy and § € R, Let f(z,t) =3 c 4 Letny (a:)-w,(f) (t) be a Lip-cylindrical
function of level £ and oy the spectral measure of f for the suspension flow (%i, i, he). Fizw € R,
let € € T™ be such that
&= ws(® (mod Z™),
and set
7= (P (@))aca-
Suppose that the upper Lyapunov exponent of the spectral cocycle at (a,&), corresponding to the

vector Z is positive: ng >>0. Then

2xF, -
(3.13) d(of,w) =2 — %f .
Ifng > <0, then

d(of,w) > 2.

This theorem has corollaries that are exact analogues of Corollaries B.7] and B8 for the higher-

level cylindrical functions.

4. SUSPENSIONS OVER S-ADIC SYSTEMS

The results of the previous section are deduced from more general results, obtained for suspen-
sions over an individual S-adic system, satisfying some natural assumptions. As a special case,
we obtain results for classical substitution systems.

Suppose we are given a sequence of substitutions a = ((;);>1 € A. We continue to use the
notation S¢ for the substitution matrix of ¢, see ([Z3)). Observe that S¢o¢, = S¢;S¢,. In this
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section we do not assume that detS; # 0, allowing degenerate substitution matrices. We will

sometimes denote
Sj =S¢ and sl .= S¢in-

We will also consider subwords of the sequence a and the corresponding substitutions obtained

by composition. We write
Sq=Sn---S¢ for q=¢,...¢.

We will be using matrix 1-norm; recall that it equals the maximal absolute column sum of the

matrix. IhUS,
S = max |((a)],
H CHl e |C( )|

by the definition of the substitution matrix.

Recall that, given a sequence of substitutions a, we denote by X, C A% the subspace of all
two-sided sequence whose every subword appears as a subword of ( M(b) for some b € A and
n > 1. Let T be the left shift on A?%; then (X,,T) is the (topological) S-adic dynamical system.
We restate our basic standing assumption in the current notation:

(A1) There is a word q which appears in a infinitely often, for which Sq has all entries strictly

positive.

For random sequences of substitutions, a stronger condition (A1’), which provides a certain
regularity of appearances of the “good word” q, holds by the Ergodic Theorem, see Lemma
below:

(A1) For any € > 0 there exists ng = ng(e) such that for all n > ng the word q, with Sq

strictly positive, appears as a subword of Cjp1—c)|+1C|n(1-¢)|+25 - - - > Cn-

As explained in Section 2.4 condition (Al) implies that (Xa,7") is minimal and uniquely
ergodic. Let p be the unique invariant Borel probability measure for the system (X,,T). Consider
(.’{g, 1L, ht), the suspension flow over (Xa, i, T'), corresponding to a piecewise-constant roof function
determined by 5 € R'?. The second basic assumption is the existence of the Lyapunov exponent
for the non-stationary Markov chain:

(A2) The following limit exists:
1
(4.1) Aa = lim —log ||SM]| < co.
n—,oo n

Definition 4.1. Given a substitution ¢, we consider the complex matriz-valued function (&)
defined on R™ and on the torus T™ by formula (31)). For a sequence of substitutions a = ((p)n>1,
let

Ma(&,1) = M, (Sppnn&) - My (S, )My (€), n > 1.
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Under the assumption det(S¢;) # 0, j > 1, the matriz Ma(§,n) may be viewed as a complex
matriz cocycle on the torus T™ over the non-stationary toral endomorphism E¢, : T™ — T™ at
time n, where E¢(§) = S’ég (mod Z'™).

Similarly to the previous section, we consider the pointwise upper Lyapunov exponent of our
cocycle, corresponding to a given vector 2’ € C™:

. 1 .
(4.2) X:fé': limsup — log ||.#a(&,n)Z]|,
7 n—oo N

as well as
1
X+g = limsup — log ||.#Za(&,n)||.
a, n—oo N

Note that #,(0,n) = Sé[n,l], and for all £ the absolute values of the entries of .#,(£,n) are not

t

Clnm1- Therefore,

greater than those of S
ng < \a, forall & eT™.
where A, is defined in ([@1]). We need to add one more requirement on the sequence a.

(A3) We have
.1
(43) Tim L log(1 +[S,) = 0.

In the case of a “random” S-adic system, as in the previous section, these properties are deduced
with the help of the next lemma. Let 0, be a shift-invariant subspace of 2V (see Notation ZT]),

with an invariant measure P .

Lemma 4.2. Suppose that the following properties hold:

(C1) the system (Q4,0,P 1) is ergodic;

(C2) the function a — log(1 + [|S¢, ||) is integrable;

(C3) there is a word q admissible for sequences in Q., such that all entries of the matriz Sq
are positive and P4 ([q]) > 0.

Then conditions (A1"), (A2), and (A3) hold P 1 -almost surely.

For the proof, note that property (A2) for P -a.e. a follows from (C1l) and (C2) by the
Furstenberg-Kesten theorem on the existence of Lyapunov exponent. The a.s. validity of (A3) is
immediate from the Birkhoff-Khinchin Ergodic Theorem and (C2). Finally, the property (A1l’)
for P -a.e. a is a consequence of (C1), (C3), and the following standard fact.

Observation. Let (X, T, ) be an ergodic measure-preserving system and A C X is measurable,
with w(A) > 0. Then for p-a.e. x € X, for every e > 0, there exists ng = no(z) such that

Vn>mng, 3ken(l—e),nNN: TFzec A,
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To verify the latter, it suffices to note that by the Ergodic Theorem, for a.e. x we have
n o #{ke[0,n—1NN: TFz € A} — p(A), asn — .
Now we state the main result for S-adic systems.

Theorem 4.3. Let a = ((j);>1 € AN be a sequence of substitutions satisfying the conditions
(A1), (A2), and (A3), such that the S-adic shift (Xa,T) is aperiodic and a is recognizable. Let
5 € R and consider the suspension flow (X3, hy, 1) over the uniquely ergodic system (Xa, T, ).
Let f(z,t) = 3 ;e Ly (2) - 9;(t) be a Lip-cylindrical function and oy the corresponding spectral
measure. Fiz w € R and let

€ = ws (mod Z™), %= (;(w))jea-

Suppose that ng > 0. Then

2xF, .
(4.9) d(of,w) =2 — =22,
Aa
Ifng > <0, then
(4.5) d(o,w) > 2.

Notice that if X: ez> 0, then also A\, > X: ¢z> 0,80 the formula in ([£4) is well-defined.

As a special case, we can consider a single primitive aperiodic substitution ¢, and Theorem [4.3]
applies to suspension flows over the classical substitution dynamical system (X, T'), see Sec-
tion for more details.

The next two corollaries are very similar to the ones from the previous section, but since here
the setting is an individual S-adic system, we state them explicitly. Recall that simple cylindrical
functions have the form f(x,t) = > c 4 ball[q)(z), that is, 1o (w) = ba1l|gs,- Then by B.8):

—2TiWSs, )

2miw

Z= (TZa(W))aeA = <ba(1 —c > B —=:T,b, forw £0,
ae

-,

and for w =0 we have Z =T (b) = b. Let €j be the j-th unit coordinate vector in C™.

Corollary 4.4. Let a = ((j);>1 € AN be a sequence of substitutions satisfying the conditions
(A1), (A2), and (A3), such that the S-adic shift (Xa,T) is aperiodic and a is recognizable. Let
5€ R and consider the suspension flow (xi, hi, 1) over the uniquely ergodic system (Xa, T, ).
(i) Let w € R\ Uea(ss' - Z). For any b € C™ there exists j < m such that
card{c eC: x* < X:wg} <1,

a,ws, [y, (E—i—ce}-)
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and hence for all perturbations of b along the j-th direction, except possibly one, the simple cylin-

drical function f corresponding to it, satisfies

J’_

.
a,ws

d(of,w) =2~ , assuming X _.> 0.

a

(ii) For Lebesgue-a.e. be C™, the simple cylindrical function f corresponding to b satisfies

J’_
Xa,w§'

d(of,w) =2— for Lebesque-a.e. w € R, such that X:wg' > 0.

a

Corollary 4.5. Let a = ((j);>1 € AN be a sequence of substitutions satisfying the conditions
(A1), (A2), and (A3), such that the S-adic shift (Xa,T) is aperiodic and a is recognizable. Let
seRT. Then

(i) we have X;wg' < %)\a for Lebesque-a.e. w € R, but X;wg‘ > %)\a for of-a.e. w € R.

(i) of X;wg < %)\a for Lebesgue-a.e. w € R, then for any cylindrical function f on X2, the
spectral measure oy is purely singular;

(iii) ifX:,wg‘ < %)\a for Lebesque-a.e. w € R, and moreover, w +— det (///a(wg, E)) 18 not constant
zero for all £, then the flow (%i,[l, ht) has purely singular spectrum.

Corollaries 4l and L5 will be proven in Section[7l A sufficient condition for det (. (w5, £)) # 0
is det(Sl) # 0, since then det (Mo (w5, 0)) is a non-trivial trigonometric polynomial.

4.1. Recognizability and higher-level cylindrical functions. As already mentioned, we
need higher-order cylindrical functions to describe the spectral type of the flow. Recognizability

of a implies that
(4.6) Po={T"(¢Ma]): a € A, 0<i<|c(a)]}

is a sequence of Kakutani-Rokhlin partitions for n > ng(a), which generates the Borel o-algebra
on the space X,. We emphasize that, in general, ¢"”/[a] may be a proper subset of [¢["(a)].

Using the uniqueness of the representation (2.4]) and the Kakutani-Rokhlin partitions (£6l), we
obtain for n > nyq:

p(la)) = > S (a,b) p(cMp)), a€ A,

be A

hence
(4.7) fio = S i, where fi, = (u(¢"00)),c 4
is a column-vector. Similarly to (£.7), we have that

(48) fin, = Sn—l—lﬁn—l—la n = ng.
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Let ¢ € N. It follows from recognizability that the suspension flow (%i,ﬂ, ht) is measurably
isomorphic to the suspension flow over the system (C14(X,.,), % o T o (¢!¥)~1), with the induced
measure, and a piecewise-constant roof function given by the vector

50 = (5aca = (5115

(If we think about the suspension flow as a tiling system, this procedure corresponds to considering
“supertiles” of order £.) We have a union, disjoint in measure:

x5 = |J ¢“la x [0,58).

acA

Note that this works correctly in terms of total measure of the space: by (A7) we have
(X3) = (jio, 3) = (Sjir, 5) = (jig, 59).
Correspondingly, define f to be a Lip-cylindrical function of level ¢ if
fla,t)y=¢ 1), 2, 0<t<sP),

for some 1, € Lip[O,st(f)], a < m. The union of cylindrical functions of all levels is dense in
Lz(%f:), see Lemma [Z.1] below, hence the maximal spectral type of the flow may be expressed in
terms of their spectral measures.

For a generalization of Theorem [£3] to the case of cylindrical function of level ¢ we need a
version of condition (A2):

(A2-0)
. 1
lim —log||S¢s1 ... Seanll = Aa-

n—oo n

Observe that condition (A2-¢) follows from (A2) if the substitution matrices are invertible, in
view of the inequalities

(St Seqnll - ISt - Sell ™ < 1ISes1 - Seanll < NS+ -S)TH - ISt - - - - Sesanll-

Theorem 4.6. Let a = (1 (2,... be a sequence of substitutions defined on A = {1,...,m},
satisfying the conditions (A1'), (A2-f), and (A3), such that the S-adic shift (Xa,T) is aperiodic
and a is recognizable. Let 5 € R'!' and consider the suspension flow (X3, hy, 1) over the S-adic
system (Xa, T, ). For £ € N let f(x,t) =3 e 4 Letig(2) 'zbj(.g) (t) be a Lip-cylindrical function of
level £ and oy the corresponding spectral measure. Fiz w € R and let £ € T™ be such that

¢ =ws® (mod Z™).
Further, define

7= (01 (W))jen.
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Suppose that ng >>0. Then

2xF, .
(4.9) d(op,w) =2 — —22
Aa
Ifng > <0, then
(4.10) d(of,w) > 2.

This theorem has corollaries that are exact analogues of Corollaries [£.4] and for the higher-
level cylindrical functions.

4.2. Case of a single substitution. As a special case of an S-adic system, we can consider
a = ((u)n>1, where ¢, = (, a fixed primitive aperiodic substitution on \A. Thus we obtain results
on the spectral measures of substitution R-actions as corollaries. We note that suspension flows
in this case have been studied as tiling dynamical systems on the line, with interval prototiles of

length s,, a € A, see [10} [19] 41].
Assuming det(S¢) # 0, consider the toral endomorphism

(4.11) E¢ : &€= S¢€ (mod Z™M),

which preserves the Haar measure. Then the matrix-function from Definition ] becomes
(1.12) M) = M ((B)™E) - (€)= M (€)

and forms a complex matrix cocycle over the endomorphism (EII)). All the conditions (Al’),

(A2), (A3) clearly hold, so we obtain Theorems [£3] .6l and the corollaries, specialized to the
case of a single substitution. Observe that now

Aa = log 0y,

where 6; is the Perron-Frobenius eigenvalue of the substitution matrix. In the case of a single
substitution we denote the pointwise upper Lyapunov exponents by X&-

We note that in [I7, Prop.7.2] a lower bound for the local dimension of o is obtained for sub-
stitution Z-actions, which is similar in spirit to the lower bound in (£4]) in the single substitution
case.

Now suppose that S¢ has no eigenvalues that are roots of unity. Then the endomorphism E¢
of the torus T™ induced by Sé is ergodic, and Furstenberg-Kesten Theorem [24] yields that the
top Lyapunov exponent exists and is constant almost everywhere:

1
Ix(Ae) = li_)m ;log | A (& n)|| for ae. & € T™.

Corollary 4.7. Suppose that the toral endomorphism E¢ is ergodic. Then
(i) the top Lyapunov exponent of the spectral cocycle satisfies x (M) < %log 01;
(ii) if x(Ae) < %log 01, then for a.e. 5€ R}, the flow (%Z_:, i, ht) has purely singular spectrum.
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This corollary is immediate from Corollary Indeed, the condition on the determinant in
part (iii) of that corollary holds automatically, since det(S¢) # 0 by assumption. Note that, even
in the ergodic case, Corollary is stronger, since it makes a claim about the flow under every
piecewise-constant roof function, and not just almost every, as follows from Corollary [£.7] and
Fubini’s Theorem. It would be interesting to find explicit examples of purely singular spectrum
using Corollaries and (471

Remark 4.8. (i) Corollaries 4] and provide information about dimension of spectral mea-
sures and pointwise Lyapunov exponents, as well as a sufficient condition for singularity, for a
(geometric) substitution tiling on the line corresponding to the substitution ¢ and the tile lengths
given by an arbitrary vector § € R’". It is not hard to show that if 5§ and § belong to the same
stable manifold of E, that is, if

(4.13) lim E7(5-35)=0,

n—oo

then the corresponding pointwise Lyapunov exponents are equal: szg = szg,, for any w € R,
and hence we have an equality for the dimension of spectral measures. In fact, by a theorem
of Clark and Sadun [19, Theorem 3.1] the two suspension flows (%?, i, hy) and (.’{? [, he) are
topologically conjugate, provided (ZI3]) holds.

(ii) The Pisot case, when all the eigenvalues of S¢, other than 6y, lie inside the unit circle,
has attracted much attention of the researchers. It is still an open problem, whether in the
general Pisot case the spectrum is pure discrete, but it is known that there is a large discrete
spectrum, dense on the line. Sadun [40] called a substitution “plastic” if arbitrary changes of tile
lengths (vector § € R") result in a topologically conjugate system, up to an overall scale. Pisot
substitutions are plastic by the Clark-Sadun [I9, Theorem 3.1], and more generally, “homological
Pisot substitutions” of [9].

4.3. Self-similar suspension flow; comparison with the work of Baake et al. Consider
the self-similar suspension flow over a substitution, when the vector § defining the roof function
is given by the Perron-Frobenius eigenvector of S’é. In particular, this is the case of translation
flows along stable/unstable foliations for a pseudo-Anosov diffeomorphism. Then one gets

(4.14) Me(win) o= M (07 W3) - M (1w3) - M (w5).

Baake et al. [4, [0l [7] studied the diffraction spectrum of substitution systems in the self-similar
non-constant length case, with a goal of proving that the spectrum is pure singular. There is a
well-known connection between the diffraction and dynamical spectrum of a system, see [21], 26| [§],
so that the questions are closely related. Baake et al. work with (£.I4]) as a cocycle on R over the
infinite-measure preserving action w — 61w. They represent the diffraction measure as a matrix
Riesz product, using a weak-star limit of (£I4]), appropriately normalized and viewed as a matrix
of densities of absolutely continuous measures. (We note that a similar generalized Riesz product
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expression for the matrix of spectral measures for a substitution Z-action was given in [I7, Lemma
2.2].) Building on this expression, Baake et al. obtain functional equations for the absolutely
continuous components of the diffraction measures, which under certain conditions, expressed
in terms of the upper Lyapunov exponents of (4.14]), imply triviality of these components and
hence singularity of the spectrum. Earlier this approach was used in the constant length case,
in particular, for the Thue-Morse substitution and its generalizations [28, [5]. In comparison, our
proof of singularity is based on growth estimates of twisted Birkhoff integrals, which then yield
pointwise dimensions of spectral measures incompatible with a non-trivial absolutely continuous
component.

To be more specific, in the paper [4] estimates for the upper Lyapunov exponent of ([{I4]) at
almost every w € R were used to establish singularity of the diffraction measure for a non-Pisot
substitution on a two-letter alphabet, defined by 0 — 0111, 1 — 0, and in [6] this was extended
to the family of substitutions 0 — 01%, 1 — 0, with k& > 4. In the paper [7] a general primitive
substitution is considered. [7, Theorem 3.24] may be restated as a claim that if szg < %log 01,
for Lebesgue-a.e. w € R, then the diffraction measure is singular. This can be deduced from
Corollary [4.5)(ii). In the special case of self-similar flow, Corollary .5[(i) is proved in [7, Theorem
3.29] directly.

The almost sure existence of the Lyapunov exponent for (£.I4]) is not clear, except in the Pisot
case and in the constant length case, see [7]. Considering the cocycle ([£I2)) on the torus we au-
tomatically obtain the existence of the Lyapunov exponent in the ergodic case almost everywhere
on T™, but, of course, the set {w§ (mod Z™): w € R} for a fixed § has Haar measure zero.

It should be mentioned that Queffelec [38] made extensive use of generalized matrix Riesz
products to represent spectral measures for constant length substitutions. Various classes of
Riesz products appeared in the description of the spectral type of measure-preserving systems in

other contexts, see e.g. [29, [14], 20 [1].

The rest of the paper is organized as follows. In the next section we obtain estimates relating the
growth of twisted Birkhoff integrals to the local behaviour of spectral measures. It is completely
general and applies to any measure-preserving flow. In Section [l we prove Theorems 3] and [.0]
and then derive Theorems and B0 Section [7] contains the remaining proofs. Finally, in the
Appendix, Section [§ we verify Holder continuity for a.e. translation flow in #H(1,1).

5. SPECTRAL ESTIMATES

Let (Y, i1, h) be a measure-preserving flow. For f € L?(Y,u), R >0, w € R, and y € Y let

2

R
Gr(fow) = R and S (f,w) = / &2 f (hyy) dt,

L2(Y) 0

R .
| e iy a

0
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so that
Galf.w) = B [ 154(7.0) dn(s)
Let oy be the spectral measure for the flow, defined by

/Re%i“t dop(w) = (fohtf),,, tER.

It is well-known that

(5.1)  Gr(f,w)= /R Kp(w—7)dos(7), where Kp(y) =R (Ln(wRy)

2
s
Y

and Kr(0) := R, is the Fejér kernel for R, see e.g., 25, 2.2]. The following lemma is a minor
variation of a result by A. Hof [25] 2.2], and is a special case of [I7, Lemma 3.1].

Lemma 5.1. Suppose that for some fized w € R, a >0, fived R > 1, and f € L*(Y, 1) we have
Gr(f,w) < CiR™“.

Then
o(Br(w)) < Cym?2%r®,  forr = (2R)™".

Proof. Note that |sinx| > (2/7)|z| for |z| < 7/2, hence Kr(y) > 4R/ for |y| < (2R)~!. Thus,
(1) implies o¢(B L (w)) < Zf—;G r(f,w), and the desired estimate follows. O

The next lemma is also inspired by [25], however, there is a difference, since we are interested
in estimates for a fixed w, whereas A. Hof considers uniform Hdélder continuity on an interval.

Lemma 5.2. Suppose that for some fived w € R, o € (0,2), 79 € (0,1), and f € L*(Y, 1) we have

(5.2) of(Bp(w)) < Cor®,  for all r € (0,70).
Then
2
(5.3) Gr(f,w) < C3R'™%, forall R>ry*",
where one can take
Cy = Co(1+ ) + 721
m2(2 — ) 2

The “borderline case” of o = 2 is considered in the next lemma. The result is similar, but with

a logarithmic correction.

Lemma 5.3. Suppose that for some fized w € R, o € (0,e7 1), and f € L*(Y, ) we have
(5.4) of(Br(w)) < Cor?, for all r € (0,rg).
Then

(5.5) Gr(f,w) < C3R'InR, forall R> max{ry ergz},
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where one can take

Cs = Co(1+ 2~ 2) + 72| |12

Observe that

R, yl < &;
Kr(y) < L 1
TZRy2’ lyl R
It follows that
1 doy(T)
5.6 G <R- B =5 :
(5.6) r(f,w) < R-04(By/g(w)) + 2R /T_w>1/R (w—1)2

2

Proof of Lemma[52. Let R > r, >~*. By (G2), the first term in (G.6) is not greater than Cy R' =,
2

since R~ < TOQT“ < rg. The integral in the second term can be rewritten, and then estimated, as

or(T R?
/|T—w|>1/R% N /0 Uf({T PR > I _w|_2 > t}) dt

N 2/ of({r: R*>|r—w[?>a7%}) e de
1/R
N 2/ of({r: R <|r—w| <a})a™ de
1/R
< 2 [ (B a s
1/R
2—a
R "2 o
= 2 / +/ 2—a Jf(Bw(w)) 33_3 dx.
1/R R "7
The first integral in the last line may be estimated from above by
r2t ,
o0 2 —a
2/ o1 (By(w)) a3 dr < 202/ 293 dop — @i
I/R l/R 2 _

In the second integral, we simply use that o is a positive measure of total mass | f ||§ to obtain

2 [ opBa)a e <2 g [ ot e =11 E
R —2

R "2 -

Combining these together with (5.6]) yields (&.3)). O
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Proof of Lemma[Z3. Let R > max{ry ', e"0 2}. By (B4), the first term in (5.6]) is not greater than
CyR™! < CoR'log R, where we used R > To L'> ¢, The integral in the second term of (B.6]) can
be estimated as follows (the change of variable is the same as in the proof of Lemma [(.2)):

do(T >
/|T—w|>1/R (w i(T))z = 2/1/R Uf(Bx(w))x_g o

1/VIogR 00
= 2 / +/ 0 (By(w)) 23 da.
1/R 1/VIog R

Note that y/log R < rg, so the first integral above can be estimated from above using (5.4]):

~ 1 ~
o(Bz(w))x 3 dr < 202/ a1V dz = 2Cy log R.

1/ylog R
J!
1 1/R

/R
For the second integral, we have
2 [© opm)atar <2 [ ade=2f13 g
1/VIog R 1/Vlog R
Combining these together with (5.6]) yields (5.5). O

The following remark is (essentially) taken from [25, 2.5].

Remark 5.4. (i) For all w € R we have of({w}) = limg_oc R 'GR(f,w), since R"'Kp tends to
zero uniformly outside any neighborhood of 0, and R~'Kx(0) = 1.

(ii) Let dof = hdx+d(of)sing be the decomposition of the spectral measure into the absolutely
continuous and singular parts. Then

Rlim Gr(f,w) = h(w) for Lebesgue-a.e. w € R.
—00

6. PROOF OF THE THEOREMS

6.1. Twisted ergodic integrals and the spectral cocycle. Using the results from the previ-
ous section, we can obtain local bounds on the spectral measure from estimates of the growth of

twisted ergodic integrals

R .
(6.1) Sg)(f,w) = /0 e 2T £ o hy (y) dr.

Recall that we consider suspension flows over an S-adic system, with a roof function determined
by 5= (sj)jea € R}. Let f be a Lip-cylindrical function. This means, by definition, that there
are functions v; € Lip([0, s;]) for j € A, and f = ZjeA fj, where

0, else.

fila,t) = { bi(t), t€[0,s;], if o = j;
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By definition, (x,t) = hi(z,0), with ¢ € [0, s5,], hence

R
SEOGl = | [ o byt 0)dr]

R+t '
= ‘/ e 2T £ o ho(z,0) dT‘.
t
It follows that

(6:2) S (frw) = SV ()| £ 20l - Sma

where spax = max;je4 ;.
For a word v € AT denote by E(v) € Z™ its population vector whose j-th entry is the number
of j’s in v, for j < m. We will need the tiling length of v = vg...vy_1 defined by

—

(6.3) [ols = (F(0),8) = sup + -+ Sup_y-

Fix € X, and denote [0, N — 1] = zg...2y—1. For R > spin = minjc4s;, let N > 1 be
maximal such that R := |z[0, N —1]|; < R. Then |R — R| < spax, hence

(6.4) SO w) = SEV (L) < 1 e - s

The combined error term in ([6.2) and (64]) is at most 3||f||, - Smax, so it suffices to get bounds
on the growth of |Sg’0)(f,w)|, with R = |z[0, N — 1]] 5

Let ¢ : A — C be an arbitrary function (this is just a vector in C™, but it is sometimes
convenient to view it as a function in the alphabet). For v =vg...vy_1 € AT let

N-1

(6.5) @i(v,w) = Z o(v;) exp(—2miw|vg . .. vj|3).
=0

In view of
fohs(x,0) =g, (T — (Sug + -+ Sz, 1)), for Sgg+---+8z, , <7< Sy, + -+ Sz,

a calculation yields

~

(66)  SFO(fw) = ([0, N~ 1],w) for R=[z[0,N ~1][;, where o(j) =1;(w).
In view of (6.5, for any concatenation of two words uv we have

(6.7 O (10, 0) = B (u,0) + ¢ 2 85 (1, 00)

Denote
i(v,0) = B (v,0),

where 0;(i) = 1 whenever ¢ = j, and else 0. Observe that

(6.8) oi(cMp),w)]| g = [0l )]

(a,b)€ A2 bed’
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where [@g(g["](b),w)] (ab)ed? is a matrix-function, and @ := (¢(a))ee and the right-hand side of
(68) are column vectors. Suppose that

b,j b.j )
G(b) :Ulj"'“\é(b)p be A j>1,
and let
69  M@)eo= 3 e [-2mie (KMl e
J<ICa(®)]: ubm=c

We then obtain, as in [I8, Section 3.3]:

(6.10) 2O = M) M),

The formula ([6.9) may be rewritten using

(6.11) ¢ ™) e = ¢ Wy dl), §) =

7j—1
= (S b)), 8) = (h ™), (SIS = Z((s["—”)tg)uz,n.
k=1

Equations (6.9), (6.10), and (6.11]), together with the Definition 1] of the cocycle, imply

(6.12) [@f:((["}(b),w) = Ma(&,n), neN, for £ =ws (mod Z™).
(a,b)eA2

6.2. Prefix-suffix decomposition and its consequences. By the definition of S-adic sequence

space, for x € X5 and N > 1, we have

(6.13) [0, N — 1] = upCu (u)¢P (ua) ... ¢ () (0g) - . (P (w) o (01w,

where uj,v;, j =0,...,n, are respectively proper suffixes and prefixes of the words (;41(b), b € A.
The words u;,v; may be empty, but at least one of wu,,, v, is nonempty; furthermore, we have

14 in | (B) < N <2 (1 (p)].
(6.14) Iggg\é BMI<N< Igglc (0)]

We will need upper and lower bounds for IV in terms of n. Denote by C' = Cy ¢ > 1 a generic
constant, which may depend only on a, £, and ¢, but may differ from line to line. It follows from
condition (A2) that for every € > 0 there exists C' = Cy . such that

(6.15) CePa=9) < ISV, < CePate)i forall j e N.

Recall that [¢["(b)| is a column sum of the matrix S, Thus, EI4) and [EI5) yield, for every
e>0and neN:

(6.16) N < 2]%13% \C["H](b)’ _ 2HS[n+1]H1 < Ceatem.
S

The lower bound for N is obtained in the next lemma, with the help of condition (A1’).
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Lemma 6.1. For every v € X, and € > 0 there exists C = Ca > 1, such that for all N > 1:
(6.17) N > ¢ tePa=en,
where n € N is from (6.13).

Proof. We have N > minye4|¢™(b)| by @I4). Recall that [¢["(b)| is a column sum of the
matrix S[". We have S+ = Sl Sj+1 for all j € N. Every substitution matrix S; = S¢; has non-
negative integer entries, with at least one positive entry in each column. Thus minye 4 |¢V T (b)| >
minye 4 [CV)(b)| for all j. By assumption, the matrix Sq has only strictly positive entries, with
la| = |¢], hence

(6.18) Is¥l), = rnax CHI(v)] < Ibnivlg ICUHA(D)|,  whenever a=(r...¢qC e -
€

Let ¢ > 0 be such that (A — &')(1 —€&') > (Aa — €). By the assumption (A1’), we have
that there exists ng = ng(¢’,a) such that for all n > ngy the word q appears as a subword of
Cln—ne’|+15 Cln—ne’ |42 - - - s Gn- Then by ([GI8) and (GI5) we have
N > Ibnljll ‘C[n}(b)’ > C—le()\a_al)n(l—g’) > C—le()\a—a)n7 for n > no(a,a),
€
and by increasing the constant C' we can make sure that (6.17) holds for all N € N. O

Recall that X: €z is the pointwise upper Lyapunov exponent of the cocycle at £ , corresponding
to a given vector Z; see (L.2) for the definition.

Lemma 6.2. For every ¢ : A — C and every € > 0, we have for all x € Xy and N > 1,
(6.19) |95 (2[0, N — 1],w)| < O, NXaezte)/a
where § = w§ (mod ™), Z = (¢(a))aca, and Cy = C1(a,§,¢,€).

)

Proof. All constants in the proof may depend on a, &, @, and &, but not on n and N. In view of
LemmalG.], it is enough to show that for every ¢ : A — C and every ¢ > 0, we have for all x € X,
and N > 1,

|<I>§ (z[0 ‘ C’e(xaﬁ 5+€)

where n and N are related by (IBEZI) and £ = w§ (mod Z™). By (IBEI{I) and (6.0)), we have

030, N — )] £ 3 (1050 ug)w)| + |85 (.0

J=0

2> IS541lly - max| @5 (CUI(B),w)).

7=0
Here we used that [u;], [vj] < maxse|G1(8)] = [Sj41],- Now, by @20), 612, and €F),

(6.20)

IN

(6.21) |©5(x[0, N — 1],w)] <2 [ISjzally - l-#a(, )z,
j=0
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By the definition of the upper Lyapunov exponent,
+ .
|- #a(&, )21, < CeWaez=/Di - for all j>0.

Now we obtain from (G.2I]) and (@3], for appropriate constants:

n
[@5(al0, N 1], w)] < €' 3 P 2eNasso/2 < oreliasstor,
§=0

completing the proof. O

6.3. Proof of the lower bound in Theorem We will obtain wuniform estimates of
|Sg’t)( f,w)| (which, of course, imply the L?-estimate) from above, and then apply Lemma 5.1
By ([66) and (GI9), we have for e > 0, N > 1, and R = |z][0, N — 1]|z > N Smin:

(z,0) _ s
1S5 (fw)l = [@3(z[0, N —1],w)]
C . N(Xlg,g‘i'e)/)‘a

IN

C+ (R sin) X,

IN

Recall that Z = (0q(w))ac.a, Where 1, are the “components” of the test function f, given by (),
and £ = w§ (mod Z™). In view of (6.2 and (6.4]), the last inequality yields, for € > 0:

S (F,w) < C - 1 llag - (B/$1min) X2 3] fllog - S, for all R > i,
Now Lemma [Tl implies that for all € > 0,

of(Br(w)) < C- max{rz_z(X:»E»EJrE)/)‘a,rz}, for all 0 <7 < (28min) ",

whence
2X+ .
(6.22) d(of,w) > min{2 - %" 2},
a
as desired. O

6.4. Proof of the upper bound in Theorem [4.3l. We need to prove the reverse inequality to
[622), assuming X:@ = > 0, which is equivalent to showing that, for every & > 0,

of(Br(w))

+
2Xag s
r2=7+€ ’

(6.23) lim sup 3

r—0

Suppose that (23] is false for some & > 0. Then o (B, (w)) < r277F for all r > 0 sufficiently
small. Thus we are in a position to apply Lemma 5.2 which yields

> 1, where v =

Gr(f,w)=R"! / 1S (f,w)? dfi(e, t) < C' - RI(048),
x5
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or equivalently,
(6.24) [ 1850 ditet) < 0B,
x3

for all R > 0 sufficiently large. In order to get a contradiction, it is enough to get an appropri-
ate lower bound for ]Sg’t)( f,w)| which holds on a set of positive measure, and this measure is
estimated from below. This will be our goal.

By the definition of the pointwise upper Lyapunov exponent of the cocycle at &, corresponding
to a vector Z, for any € > 0 there exists an infinite set N' C N such that
+

Hf//a(&n)a’l > G(Xaf’g_e)n, VYneN.

In view of (6.12]), replacing N by a subsequence if necessary, we obtain that

+

(6.25) Jbe A: ‘@i((”(b%w)‘ > eXaez=" vy e N,

Lemma 6.3. Suppose that the sequence of substitutions a satisfies (A1) and (A2). Then for any
e > 0 there exists ng = no(a,e) such that for all b € A,

(6.26) ,u(C[”] [b]) > e Pateln > ng.
Proof. Recall that jig = SI"7,,, see ([@7T). Thus,

1= [lGolly = 18" finlly < IS™] - iinl,
and the assumption (A2), or (@3], yields, for n sufficiently large:
(6.27) liinlly = (ISM) 7! = emGatein,

Recall also that fi,, = Sp41jint+1 for n > ng, see ([L8]). Now it follows from the assumption (A1)
that

fin € SqRT,
for n sufficiently large, where Sq is a fixed matrix having strictly positive entries and R’ is the
cone of non-negative vectors. Therefore, the ratios of components of i, are uniformly bounded,

and hence (6.27) yields the desired (6.20)). O
Fix b € A from ([625]). We will take
R=R,=c"®)|, neN.

S?

This will be our sequence R,, — oo for which we will obtain a lower bound for G, (f,w). For
n €N and 7 € [0, R,,) consider the set

(6.28) Evri= U h({@.0): 2 ecpl}) c 2

tel0,7]
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(recall that {h;}ier is our suspension flow). From recognizability of a it follows that the union in
([62])) is disjoint, and we obtain by the definition of the measure ;i and Lemma

(6.29) i(Eny) =1 u(CM[p]) > 7. emGaton,
Suppose that (z,t) € E, ;. Recall that (6.2]) and (6.4]) imply
S (f,w0) = ST )] <31l - Sma,
where R = [z[0, N — 1]] and N € N is maximal for which R < R,. By (60),
O(f,w) = &5 (20, N — 1], ).
By construction, there exist words u, v, w such that

uY = §M(b), vw = z[0, N — 1], where max{|ulz, |w|z} < T,

hence
max{|ul, [v]} < 7/Smin-
By @©.1),
S0 (fw)| > @50, N = 1],w)] = 3] fllg - Smax
(6.30) > [05(¢l(0),w)| — |8 (u,w)| = [F(w,w)| = 3] fllc - Smax-

By Lemma [6.2] for n € N sufficiently large:
(6.31) ‘CDS u w)‘ <(Cy- |u|(Xa€ #+e)/Aa < 51 'T(X:»§»5+€)/)‘a,

and similarly for ‘<I>§ w w)| Recall that the constants depend on a, ¢, §, &, gp, but not on N, n, or

R. By the hypothesis of positivity of the Lyapunov exponent, assume that Xa§ > > ¢ > 0 without

loss of generality. Then by (6.30), ([6.31]), and (6.259]), for n € A sufficiently large:
S8 (f,w)| 2 ePerm 90 - 0et A B s

We obtain for n € A sufficiently large:

(6.32) S0 (f,0)| > (1/2) - eDaez=om,

assuming

XS, —¢€

752
T =1Cy-€exp | nAg - —/=——
< Xa52+€>
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for an appropriate small constant co > 0. It follows from (6.32]) and (6.29]) that

J = /3€a|5glt)(f,w)l2dﬂ(w,t) > (1/4) - s (B, 1)

> (1/4)- 20ae 2= o ~(ateln
+
@ + Xagz ™€
= —=.exp n<2 L—€ +)"7—)\+E)
4 [ (Xa,ﬁ,z ) a X:@E—I—s ( a )
C9 +
= exp [n(2Xa7§75— E/)} 7

for some & > 0, which tends to zero whenever € tends to zero. Recall that
Ry = [¢P(B)] < smasc - |IS"]|1 < et
for large n, hence
T > %2 R,/ Cate)  yhere 4 = 6T

for n sufficiently large, contradicting ([6.24)), if &’ > 0 is sufficiently small. The proof of the theorem
is complete. ]

6.5. Proof of Theorem Let z € Xj,, and recall that by the recognizability assumption, we
have the unique representation () for n = ¢, that is, z = T°Cl(2’) for some 2/ € X ¢, and
0 <i < [¢l(x})|. For a Lip-cylindrical function of level ¢,
¢ . ¢ . ¢
flz,t) = Z Letiyq) () - Q,Z)j(- )(t), with 1/)](- ) e Lip|0, 85- )],
jeA
holds
fo hT(Cm(x’),O) = 1/)(6) (1= |2'[0,n = 1]| 1), for |2'[0,n —1]| ) <7 < |2'[0,7]] 40

z,
This implies

SEIEIO () = 5" (@[0,N —1],w) for R=|'[0,N ~ 1|y, where p(a) =0 (w),

which is the analogue of (6.6]). After that, the proof proceeds exactly as in Theorem [£.3] O

Proof of Theorems[3.0 and[310. As written in the statement of Theorem and explained in
the Introduction, for v-almost every Abelian differential (M, w), there is a pair (a, §), with a € Q.
and § € R, such that the vertical translation flow on (M,w) is measurably isomorphic to the
suspension flow (X3, i, k). This follows by a combination of [I5, Section 4.3] and Theorem 24l
To this end, we need to verify recognizability of the sequence of substitutions a almost surely, with
respect to the measure P 1, the projection of the push-forward of v by the symbolic coding to the
positive coordinates. Theorem provides sufficient conditions for recognizability, which hold
in our case (almost surely). Indeed, the substitution matrices S¢;, arising from the Rauzy-Veech
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induction, are unimodular [43], hence have maximal rank. Aperiodicity of X, (almost surely)
follows from the fact that admissible words in €2 arise from walks in the Rauzy graph, which
is aperiodic, so that the number of admissible words of length n tends to infinity with n. Every
admissible word appears in a € €1, with probability one.

Thus, we are position to apply Theorem 3] provided the conditions (A1), (A2), and (A3)
hold for P 4-a.e. a € Q, and this is a consequence of Lemma Note that (C1) and (C3) in
the latter lemma follow by the fundamental results of Veech [43], and condition (C2) holds by a
theorem of Zorich [51]. This concludes the derivation of Theorem B.0]

Theorem follows from Theorem in exactly the same way. O

7. PROOF OF OTHER RESULTS

Proof of Corollary[44} (i) The claim follows from (4.4]) and the following elementary fact:
For any sequence of complexr m x m matrices {An}nZL there exists a coordinate basis vector
€;j such that

lim sup(n ! log || A,&;]|) = limsup(n~" log || A,||).
n—o0 n—o0

(ii) Since ., is continuous on T™, the pointwise upper Lyapunov exponents are measurable
functions, and hence the sets

{(w,g)ERx(Cm: Xt ﬂ<x:’w§}

a,ws'wb

are measurable for all € R’". Part (i) implies that for a.e. w, the set {E eCm: x*t T e

o 7 < Xaws
a,ws,[y,b a,ws
has Lebesgue measure zero, and so the desired claim follows by an application of Fubini’s Theorem

and Theorem O

We will need the following

Lemma 7.1. Let a be a primitive sequence of substitutions on A and 5 € R'!'. Then the collection
of Lip-cylindrical functions of level £, for all £ € N, is dense in L*(X3, [i).

Proof. By the recognizability of a, the sequence
{T'(¢a) : ac A 0<i<[(@}, €206,

is a sequence of Kakutani-Rokhlin partitions that generates the Borel o-algebra on the substitution
space, see [13]. It follows that the collection of functions of the form

(71 fa@ = > L@ vl ®), where ) € L2[0,500.,,], €2 fo.

a€A 0<i<(¢l(a)|
is dense in L? (%Z_: ,11). Here ¢l4(a); is i-th letter of ¢/(a). The function f in (ZI)) can be expressed
as

Fla,t) =Y Taa(z) -0 (1),

acA
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where for all a € A,
e0t) = vfa(t = M @Li - 1)
whenever
(@)1 —1]|; <t < [(@)1,d], 0<i<|(P(a) -1,

Here we are using the notation

37

v[l,i] =vy...v; for ve A", n>i.

Clearly, w((f) €L? [O, IC [ (a)] g], a € A, hence f is an L?-cylindrical function of level £. It remains to
approximate w((f), a € A, by Lipschitz functions to obtain a desired approximating Lip-cylindrical
function of level £. O

Corollary 7.2. Let a be a primitive sequence of substitutions on A and 5 € R'. If for every
Lip-cylindrical function f of level £, for all ¢ sufficiently large, the spectral measure oy is singular
with respect to the Lebesque measure, then the flow (X3, 1, hy) has purely singular spectrum.

Proof. This is immediate from Lemma [7I] and the following standard result (the proof for Z-
actions is in [38, Chapter 2]; the proof for R-actions is similar): given a finite measure-preserving
system, if f, — f in L?, then the spectral measures oy, converge to oy in total variation. O

Proof of Corollary[{.5 (i) Suppose that X;wg > %)\a for w € A C R, where £'(A) > 0. By
Corollary @A4Y(ii), there exists a non-zero function f € L? such that d(of,w) < 1 for w € A. But

then B
lim sup 701[( r(@))

=400, weEA,
r—0 2r

contradicting the well-known fact that lim,_,q V(Bgr(w)) < oo Lebesgue-a.e. for any finite positive

measure v, see e.g. [34, Theorem 2.12(i)].
To prove the second statement, note, see e.g. [22, Prop. (10.12)], that oy, being a measure on
the line, has upper Hausdorff dimension at most one, i.e.

dimy(of) = inf{s: d(of,w) < s for op-a.e. w} < 1.
It follows that d(o¢,w) < 1 for o¢-a.e. w, and hence X:w§' > %)\a for oy-a.e. w.
(i) Let f € L?(X5) be Lip-cylindrical such that x| . < 2\, for Lebesgue-a.e. w € R. We want
to show that o is singular. Indeed, let oy = h - L1 + (0f)sing, with h € L1(R), be the Lebesgue
decomposition. Then by Theorem

2 max{0, X:,wg,z*} 2 max{0, Xz—;wg}

dof,w) > 2— >2— 1
_( I ) o Aa o Aa -
for Lebesgue-a.e. w € R. But this implies
o B w

r—0 2r
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for Lebesgue-a.e. w € R, hence h = 0 a.e.
(iii) Let f be a Lip-cylindrical function of level ¢. By Theorem [1.6],

2 max{0, X:wg(e)}
Aa .

Under the assumption det .#,(w$s, £) # 0, it follows that {w € R : det #,(ws, £) = 0} is countable,
since it is the set of zeros of a non-trivial trigonometric polynomial. Thus, we have for a.e. w, by

d(afvw) 22—

the definition of the cocycle,
Mo n) = Ma(wF 0+ 0) - Ma(wS, 07,

and hence X:wg(t’) = X'+ < Aa/2. Then we deduce as in part (ii) that o is purely singular, and

a,ws

Corollary implies the desired claim. O

8. APPENDIX: ON THE HOLDER PROPERTY FOR THE SPECTRUM OF TRANSLATION FLOWS IN
GENUS TWO

Here we return to translation flows on flat manifolds, see Section 1.1, and consider the vertical
flow h;". Katok [27] proved that the flow h; is never mixing. Under additional assumptions on
the combinatorics of the abelian differentials, weak mixing for almost all translation flows has
been established by Veech in [44] and in full generality by Avila and Forni [2] (for genus > 2).
Weak mixing means that spectral measures for test functions of mean zero are continuous, and it
is a natural question (raised by Ya. Sinai in a personal communication) whether one can obtain
quantitative estimates for the modulus of continuity for the spectral measures. The first result in
this direction was obtained in [I8]; here we extend it to obtain the following.

Theorem 8.1. There exists v > 0 such that for almost every, with respect to the Masur-Veech
measure, abelian differential (M,w) on a surface of genus 2, the following holds. For any B > 1
there exist constants C = C(w, B) and 19 = ro(w, B) such that for any Lipschitz function f on
M, for all z € [B~',B] and r € (0,79) we have

of(fz —rz+r]) <C|fllL-r.

Proof. As is well-known, the moduli space of abelian differentials on a surface of genus 2 is a
disjoint union of two strata: H(2), corresponding to w with one zero of order two, and H(1,1),
corresponding to w having two simple zeros. Theorem [B.J] was proved in [18] for the case of H(2),
and here we indicate how a modification of the proof yields the result for the stratum #H(1,1).
The translation flow on the surface can be realized as a suspension flow over an interval ex-
change transformation (IET), see Section Let H be a stratum of the moduli space of abelian
differentials on a surface of genus g > 2. The symbolic representation of a.e. translation flow as a
suspension over a Bratteli-Vershik system was obtained in [I5], see Section for more details.
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Now let us restrict ourselves to the stratum #(1, 1), which corresponds to the Rauzy class of the
IET with permutation (5,4,3,2,1). By the Avila-Viana Theorem [3], the Rauzy-Veech cocycle in
this case is known to have a simple Lyapunov spectrum 61 > 0y > 03 =0 > 04 = —05 > 05 = —04.
However, according to Veech [44], see also [2], the vector of “heights” for the suspension flow
over the IET necessarily belongs to the subspace H(w), which is invariant under the cocycle
and depends only on the permutation. In fact, the space H(w) is the sum of the stable and
unstable subspaces for the cocycle (orthogonal to the central space with respect to the natural
inner product). Thus the restriction of the cocycle to the sequence of invariant subspaces H ()
has only non-zero Lyapunov exponents 61 > 6y > —0y > —01.

It is important to note that the Masur-Veech measure on the stratum H (1, 1) is taken under this
correspondence to a measure absolutely continuous with respect to the product of the measure
P, on Q4 (see Section for the definition) and the Lebesgue measure on the set of possible
height vectors in the subspace H(m) defining the suspension. Thus the desired statement follows
from a modified [I8 Theorem 4.1] on suspension flows over random BV-transformations.

Everything in the statement of [I8 Theorem 4.1] remains unchanged, except that the assump-
tion (a) on the Lyapunov spectrum: 61 > 6 > 0 > 03 > ... is replaced by

(a') the Lyapunov spectrum satisfies

91>92>0:93>...,

and in the conclusion “Lebesgue-a.e. vector §,” which determines the roof function, is replaced by
“Lebesgue-a.e. vector 5 in the subspace spanned by the stable and unstable Oseledets subspaces”
(thus excluding the zero exponent). The proof carries over verbatim. The only additional obser-
vation needed is that the equation [I8, (9.1)] still holds, since the the decomposition of the vector
§ with respect to the Oseledets basis [36] does not contain the term from the central subspace.
We thus continue with the proof using the coordinates with respect to the two positive Lyapunov
exponents to exclude the “bad set,” without any further changes. O
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