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Open boundary conditions for internal gravity wave modelling
using polarization relations

Patrick Marsaleix *, Caroline Ulses, Ivane Pairaud, Marine Julie Herrmann,
Jochem Willem Floor, Claude Estournel, Francis Auclair

Laboratoire d’Aérologie – CNRS et Université de Toulouse, 14, Avenue Edouard Belin, 31400 Toulouse, France

This paper proposes an original approach of the open boundary condition problem, within the framework

of internal hydrostatic wave theory. These boundary conditions are based on the relations of polarization

of internal waves. The method is presented progressively, beginning with a simple case (non-rotating

regime, propagation direction normal to the open boundary), ending with a more general situation (rotat-

ing regime, multimodal & multi-dimensional propagations and variable background field). In the non-

rotating case and as far as we assume that the direction of propagation is locally normal to the open

boundary, the so-called PRM (polarization relation method) scheme can be seen as a three-dimensional

version of the barotropic Flather boundary conditions. The discrete form of the scheme is detailed.

Numerical stability issues proper to leap-frog time stepping are in particular discussed. It is shown that

errors on phase speed prescribed in the boundary conditions can notably deteriorate radiation properties.

The normal mode approach is introduced to identify coherent structures of propagation and their corre-

sponding phase speed. A simple and robust multi-dimensional propagation scheme can easily be derived

from polarization relations. The rotating case is more difficult but it is possible, to some extent, to get

around the dependency of phase speed on wave frequency and to keep the non-rotating formulation

of the PRM conditions almost unchanged. The PRM scheme being applied to field anomalies, the question

of the background reference state is addressed. The latter can be used to introduce incoming waves across

the open boundaries or, alternatively, to represent the low-frequency variability of the model itself. The

consistency of the pressure and tracer boundary conditions is finally discussed.

1. Introduction

There are basically two ways to prescribe the boundary condi-

tions in regional and coastal oceanic circulation models: radiation

boundary conditions or absorbing boundary conditions. The FRS

method (Martinsen and Engedahl, 1987) is an absorbing condition

frequently used by oceanic modellers and still subject to new

investigations (Lavelle and Thacker, 2008). This method has inter-

esting radiation properties, however, a particular attention should

be paid to the reference state toward which the modelled inner

solution is relaxed. Indeed, though it is numerically stable, the

FRS condition will not produce a realistic behaviour in the case

of an outgoing flux if the reference state does not match the mod-

elled inner solution. In order to counteract this, several authors

suggested to use a nudging layer with a large time constant (Marc-

hesiello et al., 2001). In a way, this type of boundary condition is

similar to the FRS condition. The difference between the FRS meth-

od of Martinsen and Engedahl (1987) which imposes a strong con-

straint on the boundary solution, and that of Jensen (1998) and

Marchesiello et al. (2001), who imposes a weak constraint, is that

the region near the boundary in the latter cases acts like a zone

of nudging towards an imposed boundary condition. Since this

kind of hybrid radiation-absorbing boundary condition seems to

be widely used, using sponge or nudging layers does not exempt

modellers from improving the performances of radiation

conditions.

In free surface ocean models, internal and external modes are

generally computed separately (Blumberg and Mellor, 1987;

Shchepetkin and McWilliams, 2005). Authors, therefore, distin-

guish between the boundary conditions schemes for the external

mode (barotropic conditions) and for the internal mode (3D or

baroclinic conditions). The Flather radiation boundary condition

(Flather, 1976), or characteristics condition (for a detailed descrip-

tion, see Blayo and Debreu, 2005) is frequently used for the exter-

nal mode. Beside its interesting stability and conservation

properties (Marsaleix et al., 2006), it is indeed a way to include effi-

ciently a forcing term, and is consequently particularly appropriate

for tide simulations (Oey and Chen, 1992).
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When applied to the internal mode, the efficiency of such radi-

ation conditions is less obvious, and, within the framework of baro-

clinic studies, absorbing boundary conditions were proposed as an

alternative (Carter and Merrifield, 2007). One of the main reasons

for that is related to the fact that internal waves phase speed is dif-

ficult to estimate precisely, whereas surface waves phase speed is

unambiguous ðc ¼
ffiffiffiffiffiffi

gh
p

Þ under the hydrostatic assumption. The

internal waves phase speed depends not only on the stratification

but also on the propagation mode. Moreover, the phase speed asso-

ciated with a given baroclinic mode is related to the signal fre-

quency. Finally, the possible mode coupling induced by the

bathymetric slopes limits anyway the thrust of the modal approach

in terms of the propagation speed. Orlanski (1976) proposed a

method based on the analysis of the solution near the open bound-

aries in order to compute a local and time-evolving value for the

wave phase speed. However, further studies demonstrated the

weakness of the performances (Palma and Matano, 1998) as well

as the unstable nature (Treguier et al., 2001) of the Orlanski type

methods. Consequently, radiation conditions based on a fixed

phase speed, a-priori representative of the main propagation mode

(the first baroclinic mode), may appear as a reasonable option

(Kourafalou et al., 1996).

Whether the phase speed is defined a-priori or computed using

the Orlanski method, the radiation conditions for the internal

mode are usually based on a Sommerfeld type wave equation.

Although Nycander et al. (2008) recently proposed a set of charac-

teristic conditions for the barotropic and baroclinic modes, studies

dealing with a three-dimensional version of the barotropic Flather

condition are, to our knowledge, rather scarce. This may be due to

several technical problems, the resolution of which constitutes the

scope of our study.

We actually propose a set of open boundary conditions based

on the relations of polarization of internal waves. This approach

has some similarities with the upper boundary condition for atmo-

spheric limited-height models proposed by Bougeault (1983) and

Klemp and Durran (1983). The method is presented progressively.

We start with a simple case, that is, a single wave propagating in a

non-rotating ocean in the direction normal to the open boundary

(Section 2). The stability of different possible numerical schemes

is discussed in Section 3.

More general cases are then addressed. It is known that the dis-

persive nature of internal waves is barely compatible with simplis-

tic hypothesis on phase speed, generally found in usual 3D

boundary schemes (Bennett and Chua, 1994). This problem can

be partly solved by higher order schemes (Higdon, 1994) but we

note that Nycander and Döös (2003) recommended against using

the second-order Higdon’s condition. As discussed in Section 4,

the modal approach (Jensen, 1998, 1993) is a reliable alternative.

Currently used radiation conditions assume that the waves

propagate in a direction normal to the open boundaries and are

therefore not relevant for realistic multidirectional studies.

Approximate boundary conditions for multidirectional propaga-

tions have been proposed by Engquist and Mayda (1977). Raymond

and Kuo (1984) developed a method based on a Sommerfeld con-

dition for multidirectional cases, however, several authors (Marc-

hesiello et al., 2001; Barnier et al., 1998) questioned its stability

in some cases. A stable method aimed at adapting Flather condition

to three-dimensional cases is presented in Section 5. Finally, the

definition of the reference state can also be an obstacle when

adapting Flather condition to three-dimensional cases. The impact

of this question is double: it concerns the potentially active nature

of the boundary condition in the case of incoming flux, and can be a

source of errors in the case of outgoing flux if the low-frequency

evolution of the ambient stratification is not correctly taken into

account. Those two points are detailed in Section 6. Numerical

tests are performed in order to estimate the performances of the

3D Flather condition developed in this paper. The limitations of

this method, in particular those induced by the rotating case, are

discussed in Section 7. The consistency of pressure and tracer

boundary conditions is finally discussed in Section 8.

2. Basic schemes

2.1. The non-rotating case

In this study, we use the regional and coastal oceanic circulation

model SYMPHONIE. This model, fully described in Marsaleix et al.

(2008), uses the Boussinesq and hydrostatic approximations. In the

first case, and for the sake of clarity, we use a simple configuration

where propagation is in the Oxz vertical plane. Practically, this

means that we neglect hereafter the Coriolis term (note that the

latter will be considered in Section 7) as well as the derivative with

respect to y in the model equations.

First, we consider the equation proposed by Gill (1982, Section

6.4):

ou0

ot
¼ � 1

q0

op0

ox
ð1Þ

where ðu0; p0Þ are the horizontal current and pressure perturbations

associated with the wave. The total current and pressure are

ðu; pÞ ¼ ðu0 þ uref ; p
0 þ pref Þwhere ðuref ; pref Þ corresponds to an ambi-

ent reference state evolving at a much smaller frequency than the

perturbations. Then we consider a simple gravity wave propagating

in the positive x direction:

ðu0;p0Þ ¼ ðu0; p0Þ � cosðxt � kxÞ ð2Þ

This wave must leave the domain through the open boundary lo-

cated downstream the propagation, where we propose to apply a

boundary condition that satisfies (1) and (2):

p0 ¼ q0 cu0 ð3Þ

where c ¼ x=k is the phase speed. A similar reasoning applied to

the waves propagating in the negative x direction provides the

boundary condition at the other open boundary: p0 ¼ �q0c u’.

Replacing p0 by the barotropic pressure gq0g, u
0 by �u and c by the

surface wave phase speed in the long wave approximation,
ffiffiffiffiffiffi

gh
p

,

where h, g and �u correspond, respectively, to the bathymetry, the

free surface elevation and to the mean transport, this condition is

analogous to the classical Flather barotropic condition,
�u� ðg=hÞ1=2g ¼ 0 (Johns et al., 1983) with no relaxation term. Eq.

(3) can also be seen as a simple deduction of the relation of polar-

ization proposed by Gill (1982, p. 263, Eq. 8.5.3). In the following,

this scheme will be referred as a polarization relation method

(PRM).

We note that uref is not necessarily negligible compared to typ-

ical phase speeds c and thus Eq. (1) could have included an advec-

tion term involving the reference field, namely ou0

ot
¼ �uref

ou0

ox
� 1

q0

op0

ox

(Morel et al., 2008). This would have led to replacing the boundary

condition (3) by p0 ¼ q0ðc þ uref Þu0. However, we did not retain this

formulation, as it is not compatible with the normal modes ap-

proach proposed in Section 4, where it is presumed that only p0

and u0 depend on z. Thus, using the PRM method requires that

uref � c to be valid.

2.2. Numerical implementation

The ocean model is based on a C-grid (Arakawa and Lamb,

1977). Fig. 1 shows the discrete distribution of the variables near

the open boundary involved in the boundary condition defined

by Eq. (3). In anticipation of the following sections dealing with

fully three-dimensional cases, Fig. 1 also indicates the position of
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the Oy-component of the current: v. Regarding the Ox direction, the

momentum equation for the u component is computed between

i ¼ 3=2 and i ¼ M � 1=2, and i ¼ 1=2 and i ¼ M þ 1=2 correspond

to the open boundaries. For now, the pressure at i ¼ 1 and i ¼ M

is considered as located on the open boundary. This raises the

question at which point the boundary condition (3) should be ap-

plied: should one compute p0ði ¼ MÞ or u0ði ¼ M þ 1=2Þ? As p0 is not

a prognostic variable of the model, a straightforward reasoning

would rather lead to compute an open boundary current. However,

we chose the solution recommended by Marsaleix et al. (2006) for

the barotropic condition, i.e. we apply the boundary condition at

the pressure point. This recommendation stems from consider-

ations associated with the model energy balance. This balance is

obtained by multiplying (1) by u0 and by integrating the resulting

equation over the whole domain. In practice, the discrete form of

this balance is
P

i¼1;M�1u
0
iþ1=2

ou0
iþ1=2

ot
Dx ¼ �

P

i¼1;M�1u
0
iþ1=2

p0
iþ1

�p0
i

q0Dx
Dx,

where the right-hand term is equal to the sum of a term of poten-

tial energy production, PEP (details in Marsaleix et al., 2008), and of

a residual term corresponding to the energy flux through the open

boundary:
P

i¼1;M�1u
0
iþ1=2

ou0
iþ1=2

ot
Dx ¼ PEP �

p0
M
u0
M�1=2

�p0
1
u0
3=2

q0
. Applying the

boundary condition on p0
M and p0

1 enables the control of the discrete

form of the energy flux through the open boundary and, therefore,

to control the stability of the model. In particular, it clearly appears

that the boundary conditions p0
1 ¼ �q0cu

0
3=2 and p0

M ¼ q0cu
0
M�1=2 en-

sure that the net energy flux through the open boundaries,

p0
1u

0
3=2 � p0

Mu
0
M�1=2, is systematically negative, which prevents the

energy from increasing artificially inside the domain. Besides, we

note that several authors (Shulman, 1997; Shulman et al., 1998)

have demonstrated the interest of optimized Flather type condi-

tions constraining the flux of energy through the open boundary.

Following a method proposed by Trefethen (1982), Nycander

and Döös (2003) have demonstrated that a time lag between pres-

sure and current (pressure being evaluated at t and current at

t � DtÞ enforces the numerical stability of the Flather condition

when a leap-frog scheme is used to update the inner grid model

equations (see also Marsaleix et al., 2008). We thus applied the fol-

lowing discretization:

p0t
1 ¼ �q0cu

0t�Dt
3=2 ð4aÞ

p0t
M ¼ q0cu

0t�Dt
M�1=2 ð4bÞ

Accuracy and robustness of (4) are discussed in the following

section.

3. PRM based modelling of internal gravity waves

3.1. Description of the numerical experiment

The PRM boundary conditions given by (4) are now imple-

mented in order to study the propagation of internal gravity waves

through a continuously stratified, non-rotating, ocean. We use a

simple two-dimensional Oxz numerical domain with a constant

depth of 5000 m. The initial density field, horizontally homoge-

neous, is such that the Brunt–Väisälä frequency, N ¼
ð�gq�1

0 dq=dzÞ0:5, is equal to 1:4� 10�3 s�1. The analytical theory

(Gill, 1982) gives the vertical shape of baroclinic modes of propaga-

tion, as well as their respective phase speed. We use this informa-

tion to replace radiation conditions at upstream open boundaries

by Dirichlet conditions clamped onto incoming wave fields. Practi-

cally, the condition (4a) is replaced by a current boundary

condition

u0t
1=2 ¼ u0 cos

pz
h

� �

sinðxt � kx1=2Þ; ð5Þ

with u0 ¼ 0:01 ms�1, the pressure p0t
1 being thus computed through

the inner domain equations. The frequency has been fixed to

x ¼ 1:45� 10�4 s�1 in order for the experiment to be representa-

tive of internal waves excited by semidiurnal tides. The phase

speed, corresponding to the internal wave Mode 1, is

c � 2:2 ms�1. Since boundary condition (4) is applied to variable

anomalies (and not to global variables) the background reference

state, ðuref ; pref Þ must be defined. For this first experiment, it is

maintained constant throughout the simulation, and it is given by

the initial fields. The main model parameters are given in Table 1.

Details concerning numerical schemes of the model can be found

in Marsaleix et al., 2008.

Along the downstream open boundary, the pressure anomaly is

given by Eq. (4b). We can note, however, that applying a boundary

condition on p0
M does not exclude to define a boundary condition

for u0
Mþ1=2, which is actually required for computation of the advec-

tive and diffusive fluxes in the momentum equation at the grid

point node i ¼ M � 1=2 (hereafter referred to as the flux condition).

The flux condition can be an important issue in boundary layer

modelling (Chini and Leibovich, 2003). Here, as we do not expect

advection and diffusion to be the dominant processes, boundary

value for u0
Mþ1=2 should hardly affect the momentum equation com-

puted at i ¼ M � 1=2. The latter should consequently be much

more sensitive to the boundary conditions on the pressure anom-

aly p0
M through the pressure gradient force. To remain consistent

with the following sections of this paper, we chose to compute

u0
Mþ1=2 with Sommerfeld conditions. A sensitivity test is moreover

presented in a following section in order to clarify the influence

of the flux condition.

Along these lines, tracer equations at the grid nodes i ¼ 1 and

i ¼ M require the knowledge of the outer domain temperature

i

j

M-2 M-1 M

N-2

N-1

Nj

1 2 3
1

2

3

i
O x

y

Fig. 1. Horizontal location of the state variables on the C-grid. Black circles:

pressure on inner grid points. White circles, pressure on open boundary grid points.

Black triangles pointing to the right, Ox current component, u, on inner grid points.

White triangles pointing to the right, Ox current component, u, on open boundary

grid points. Black triangles pointing upward, Oy current component, v, on inner grid

points. White triangles pointing upward, Oy current component, v, on open

boundary grid points.

Table 1

Model parameters for 2D Oxy simulations, small and large domains.

Dx 3000 m

Horizontal extent L ¼ 3000 km(large domain) L=2 ¼ 1500 km(Small

domain)

Dz 167 m

Bathymetry Flat, 5000 m

Internal time step 216 s

Turbulence closure Gaspar et al. (1990)

Initial state u ¼ 0; N ¼ 1:4� 10�3 s�1

Background field

ðuref ; pref Þ
Initial state

Coriolis parameter f ¼ 0

Duration of

simulations

15 days
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and salinity in the case of entering flux (Marsaleix et al., 2006). In

the frame of the following experiments, the latter are simply given

by the initial fields. Until Section 8 the pressure boundary condi-

tions (4) remains independent of the local values of the tempera-

ture and salinity, but we note that a method is proposed in

Section 8 to make them be consistent with each other.

Two domains are investigated (Table 1). The reference domain

is 3000 km long and the simulation is 15 days long. The initial cur-

rent is set to zero. As previously mentioned, internal waves (baro-

clinic Mode 1) are excited at the upstream boundary,

corresponding to the grid node i ¼ 1=2. Then the waves can prop-

agate through the domain with the expected phase speed

c ¼ 2:2 ms�1. Considering the time required by waves to cross

the entire domain (roughly 16 days) this simulation is not affected

by wave reflection processes on the downstream open boundary.

To clearly investigate boundary condition radiation properties, a

second, smaller configuration is investigated. It is basically identi-

cal to the reference simulation except that the numerical domain is

1500 km long, (half of the reference domain), so that the internal

waves reach the downstream open boundary after about 8 days.

The radiation properties of the boundary conditions are computed

based on the global kinetic energy of the residual current. The lat-

ter is defined as the difference between the current computed over

the smaller domain, u0
small, and the current of the reference simula-

tion, u0
large, after 15 days, practically

Z 0

�h

Z L=2

0

u0
large � u0

small

� �2

2
dzdx; ð6Þ

where �h is the bottom depth and ð0; L=2Þ are the horizontal loca-

tions of the upstream and downstream boundaries of the small do-

main. In the ideal case of perfect boundary conditions, this residual

energy is zero. As previously mentioned, the choice of the phase

speed can have a major impact on the baroclinic radiation condi-

tions. The following numerical test consists in evidencing the sensi-

tivity of radiation properties to errors on this phase speed. An

ensemble of simulations has thus been performed with phase speed

value used in Eq. (4b) ranging from 0 to 13.9 m/s (this upper value

corresponding to an upper limit for Sommerfeld-type conditions

considered in the next section). Fig. 2 shows the global kinetic en-

ergy of the final residual current as a function of the value of the

phase speed specified in the boundary condition (4b): the low resid-

ual energy values correspond to relatively good radiation properties

and conversely high residual energy values correspond to relatively

bad radiation properties. Curves are normalized by E0, the residual

kinetic energy (6) obtained with a zero phase speed. This case cor-

responds to the fully reflective ‘‘clamped” condition p0
M ¼ 0. Besides,

we have checked that E0 is actually equal to the global kinetic en-

ergy of the second half of the reference domain, namely

E0 ¼
R 0

�h

R L

L=2

u02
large

2
dzdx. Fig. 2 shows, as expected, that the residual

energy is minimum (about 1:1� 10�3 � E0Þ when the phase speed

used in the boundary conditions is close to the theoretical value

of 2:2 ms�1. We also see that a 10%-error on phase speed increases

the residual energy up to 4� 10�3 � E0.

3.2. Comparison with Sommerfeld radiation conditions

We now compare the PRM condition (4) to a classical Sommer-

feld scheme of the form ou0=ot � cou0=ox ¼ 0. As recommended by

Blayo and Debreu (2005), we applied these conditions to the cur-

rent anomaly rather than to the global current. By doing this, we

also maintain some consistency with the PRM conditions (4). We

use the discrete form recommended by Orlanski (1976). At the

downstream open boundary, the PRM condition is thus replaced

by the following boundary condition on the current:

u0tþDt
Mþ1=2 � u0t�Dt

Mþ1=2

2Dt
¼ �c

0:5ðu0tþDt
Mþ1=2 þ u0t�Dt

Mþ1=2Þ � u0t
M�1=2

Dx
ð7Þ

The phase speed c can be fixed to an a priori value, or computed

according to the Orlanski’s (1976) method, that consists in revers-

ing (7) at the neighbouring node and previous iteration where the

current velocity field is known. Namely:

c ¼ �
u0t
M�1=2 � u0t�2Dt

M�1=2

u0t
M�1=2 þ u0t�2Dt

M�1=2 � 2u0t�Dt
M�3=2

� Dx

Dt
ð8Þ

Eq. (8) normally comes with a numerical stability condition,

0 < c Dt
Dx

< 1. As far as the simulation parameters of Table 1 are con-

cerned, this is equivalent to 0 < c < 13:9 ms�1.

In a first implementation, the numerical experiments are based

on (7) with a constant phase speed rather than on (7) and (8). As

for the PRM scheme, an ensemble of simulations, each simulation

differing from the others by the phase speed value used in (7), is

now performed, in order to evidence the sensitivity of the radiation

properties to errors on the phase speed. The latter ranges from 0 to

13:9 ms�1, the lower and upper bounds of the aforementioned sta-

bility criterion. We also follow the same approach based on two

domains with different spatial extent, and the kinetic energy of

the residual current is systematically computed. Fig. 2 shows that

the results are similar to those obtained with conditions (4). The

minimum residual energy, corresponding to c ¼ 2:2 ms�1, is about

2:1� 10�3 � E0.

These tests include one simulation with phase speed computed

according to the Orlanski’s method (8). We note that the radiation

properties of these boundary conditions (Fig. 2, straight dashed

line) are rather disappointing since residual energy is about

0:07� E0. The simple Sommerfeld scheme remains better than

the Orlanski scheme as long as the fixed phase speed used in (7)

belongs to [1.5,4] ms�1, which represents quite a large relative er-

ror on the phase speed (30% and 80%, respectively, for the lower

and upper bounds). Fig. 3 shows an example of celerity computed

by Eq. (8) (solid line) and the same calculus but applied at an inner

grid point, far enough from downstream boundary not to be per-

turbed by reflected waves (dashed line). The phase speed com-

puted next to the boundary is far from equal to the expected

theoretical value of 2:2 ms�1. Although the instability problem re-

ported by Treguier et al. (2001, p. 22,127) does not appear on Fig. 3,

the phase speed computed next to the open boundary exhibits

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  2  4  6  8  10  12  14

m.s-1

x
E

0

Fig. 2. Residual kinetic energy as a function of the phase speed (in ms�1). Curves are

normalized by the residual kinetic energy obtained with a zero phase speed. Solid

line, PRBM scheme. Dotted line, Sommerfeld equation. The straight line indicates

the level of the residual energy obtained when the phase speed is computed

according to the Orlanski method.
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abrupt changes of regime (negative values bounded by zero alter-

nate with series of non zero values), revealing the complexity of

dealing simultaneously with incoming and reflected waves. But

the coexistence of incoming and reflected waves is not the only

reason explaining the relative failure of the boundary conditions

(8). Indeed, phase speed computed at the inner grid node (Fig. 3

dashed line) also shows large errors. The periodic occurrence of a

division by zero every time (8) is computed on a wave crest, actu-

ally leads to a ‘‘blow-up” which is only partially controlled by the

stability criterion.

3.3. Sensitivity to the flux condition

We now return to the PRM condition and test the influence of

the flux condition. As previously mentioned, the advection and dif-

fusion terms require a boundary condition (the flux condition) for

u0
Mþ1=2, in addition to the PRM condition for p0

M . Here, this flux con-

dition is simply given by the Sommerfeld condition (7) with an a-

priori phase speed, equal to that used for the PRM condition. The

numerical experiment of Section 3.1 is repeated but the Sommer-

feld condition used for the flux condition is now replaced by a zero

velocity condition, i.e. u0
Mþ1=2 ¼ 0. We note that this condition cor-

responds to a vanishing c in (7). The PRM condition (4) is applied to

p0
M using a phase speed equal to the optimal value, i.e. c ¼ 2:2 ms�1.

The residual energy is unchanged (about 1:1� 10�3 � E0Þ, showing

that the flux condition has little influence on the model solution.

This expected result is largely explained by the fact that the ampli-

tude of the forcing current at the upstream boundary (5) is rela-

tively small ðu0 ¼ 0:01 ms�1Þ. The same experiment is thus

repeated but using (5) with a stronger forcing current

ðu0 ¼ 0:1 ms�1Þ. The flux condition is given by the Sommerfeld

equation. An ensemble of simulations is performed with a phase

speed value ranging from 0 to 13:9 ms�1 in the flux condition,

while the phase speed appearing in the PRM condition (4) is kept

constant and equal to the optimal value c ¼ 2:2 ms�1. Fig. 4 shows

the global kinetic energy of the residual current, as defined in (6),

as a function of the phase speed used in (7). The curve is normal-

ized by E0, the residual energy obtained with a fully reflective con-

dition (i.e. u0
Mþ1=2 ¼ p0

M ¼ 0Þ. As expected the minimum residual

energy (about 1:2� 10�3 � E0Þ, is obtained when the phase speed

used in the flux condition is close to the theoretical value

c ¼ 2:2 ms�1. Now the sensitivity to the flux condition is more vis-

ible since the residual energy is about four times larger than the

minimum residual energy when the flux condition uses c ¼ 0.

However, the radiation properties of the boundary conditions re-

main correct even in this worst case. When the phase speed is

equal to its maximum value ðc ¼ Dx=Dt ¼ 13:9 ms�1Þ, the Sommer-

feld condition is equivalent to a zero-gradient condition. We note

that in this case, the residual energy is still close to the minimum

residual energy and thus we conclude that a zero-gradient condi-

tion may be a reasonable choice for the flux condition.

3.4. Truncation error

We now examine the discretization of the PRM condition. We

note that the current and the pressure involved in (4) are evaluated

neither at the same grid node nor at the same time. As underlined

by Nycander and Döös (2003), this shortcoming has a little adverse

effect on the model solution as long as the grid resolution and the

time step are, respectively, much smaller than the length scale and

the period of the outgoing waves. Generally, in this type of model,

the time step is much smaller than the period of internal gravity

waves, but the grid spacing is not negligible compared to the

length scale of internal waves, notably if high baroclinic modes

of propagation are expected to be present in the solution. A discret-

ization estimating the pressure and the current at the same grid

node and at the same time is now proposed and then compared

to (4). This new discretization is based on a linear extrapolation
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of the inner grid velocity field, illustrated by Fig. 5. The new

scheme is then given by:

p0t
1 ¼ �q0cð1:5� u0t�Dt

3=2 � 0:75� u0t�2Dt
5=2 þ 0:25� u0t

5=2Þ ð9aÞ
p0t
M ¼ q0cð1:5� u0t�Dt

M�1=2 � 0:75� u0t�2Dt
M�3=2 þ 0:25� u0t

M�3=2Þ ð9bÞ

The previous numerical test is repeated. The residual energy is com-

puted for an ensemble of simulations, each simulation differing

from the others by the phase speed value used in Eq. (9). The results

(given in Fig. 6) are compared to the same experiment performed

with the PRM conditions (4). Fig. 6 shows significant improvement

of radiation properties when the phase speed used in (9) is close to

its theoretical value 2:2 ms�1. Indeed, the minimum residual energy

is 5� 10�6 � E0, that is about two hundred time smaller than the

minimum residual energy obtained with (4). However, we noticed

that this new scheme is less stable than (4) for high values of the

prescribed phase speed. The stability condition for (4) and (9) (i.e.

the highest permitted prescribed phase speed) is shown in Fig. 7.

These curves were obtained from an ensemble of runs using differ-

ent model time steps Dt. For a given Dt, increasing values of the pre-

scribed phase speed in (4) or (9) have been tested until the inner

solution becomes unstable (critical values given by Fig. 7). For a

wide range of time steps, Fig. 7 shows that (4) remains stable as

long as the prescribed phase speed does not exceed Dx=Dt. When

Dt becomes close to its maximum theoretical value, the highest

prescribed phase speed is a bit smaller. We note that the highest

possible time step is given by Dtmax ¼ 0:5Dx=c1 where c1 ¼
2:2 ms�1corresponds to the phase speed of the first baroclinic mode

(see Nycander and Döös, 2003 for further details on the C.F.L. con-

dition). In the case of (9), the condition of stability is globally ob-

tained for c < Dx=ð1:5DtÞ, in other words, the highest prescribed

phase speeds permitted by (9) are roughly 1.5 times smaller than

those allowed by (4). Indeed, as the first inner current grid point

is particularly sensitive to boundary instabilities, the RHS of (9b)

is likely dominated by u0t�Dt
M�1=2 under unstable conditions, leading

(9b) to be equivalent to p0t
M ¼ 1:5q0cu

0t�Dt
M�1=2 in this special case, i.e.

1.5 times the RHS of (4). Thus we conclude that the scheme (9) is

a better option than the scheme (4) (since the former is more accu-

rate than the latter) as long as we use a time step that satisfies the

following stability condition: Dt < Dx=ð1:5c1Þ.
Our conclusions are however tempered by the fact that results

obtained with (9) show relatively small differences with those ob-

tained with (4) when phase speed differs significantly from its the-

oretical value. The benefit of the improved discrete form (9)

becomes negligible if we make a large error on phase speed. Thus,

in the following section, we focus on an accurate determination of

the phase speed which appears as a key parameter.

4. Normal modes approach

4.1. Description

This approach, deduced from the theory of long waves propa-

gating through a continuously stratified ocean (see Gill, 1982 (p.

159); Blayo and Debreu, 2005), is rather well adapted to the basic

equations of our hydrostatic ocean model.

First of all, a vertical normal mode decomposition of the model

fields leads to w0 ¼ ŵðzÞ~wðx; tÞ, u0 ¼ ûðzÞ~uðx; tÞ and p0 ¼ p̂ðzÞ~pðx; tÞ
where w0, the vertical velocity anomaly, is related to the horizontal

current through the continuity equation:
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line): ût
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Mþ1=2 , namely ût

M ¼ 0:75ût
Mþ1=2þ

0:25u0t
M�3=2 ¼ 1:5u0t�Dt

M�1=2 � 0:75u0t�2Dt
M�3=2 þ 0:25u0t

M�3=2 .

 0

 0.005

 0.01

 0.015

 0.02

 0.025

 0.03

 1.6  1.8  2  2.2  2.4  2.6  2.8

m.s-1

x
E

0

Fig. 6. Residual kinetic energy as a function of the phase speed (in ms�1). Curves are

normalized by the residual kinetic energy obtained with a zero phase speed. The

open boundary conditions are given by the extrapolation method (9b) (dotted line)

or by the basic scheme (4b) (solid line).

 0

 0.2

 0.4

 0.6

 0.8

 1

 0.1  0.2  0.3  0.4  0.5  0.6  0.7  0.8  0.9

Fig. 7. Maximum permitted phase speed as a function of the time step. Solid line,

the PRM condition is given by (4). Dashed line, the PRM condition is given by (9).

6



ou0

ox
þ ow0

oz
¼ 0 ð10Þ

Taking (1) and (10) into account, the hydrostatic equilibrium,
op0

oz
¼ �gq0, and the hypothesis that q0, the density anomaly, is

mainly driven by vertical advection of the background density field

q, i.e. oq0

ot
þw0 dq

dz
¼ 0, we obtain (see Gill, 1982, for details):

d
2
ŵ

dz
2
þ N2

c2e
ŵ ¼ 0 ð11Þ

with surface and bottom boundary conditions ŵz¼0 ¼ ŵz¼�h ¼ 0. N is

the Brunt–Väisälä frequency. Eigenvalues and eigenfunctions of this

problem give the possible values of phase speed ce and their corre-

sponding vertical mode. Although an analytical solution is available

in this constant N case, more general density profiles require a

numerical solution. This can be performed on the model grid itself.

If n is the number of vertical levels, including the two levels at the

surface and at the bottom, where the boundary condition ŵ ¼ 0 is

applied, we can theoretically obtain the baroclinic phase speeds cq
of the first n� 2 modes ðq ¼ 1; n� 2Þ, arranged in decreasing order,

and their corresponding vertical velocity profile ŵqðzÞ. The number

of modes accessible to the model is normally much smaller since a

correct representation of the periodic signals requires a minimum

number of grid nodes per wavelength. As far as the grid character-

istics of Table 1 are concerned, Marsaleix et al. (2008) showed that

the first seven baroclinic modes of propagation can reasonably be

modelled. Fig. 8 shows the first three baroclinic vertical velocity

profiles and the associated phase speeds, obtained from a numerical

solution of (11). We note that these results are confirmed by the

analytical solution: ŵq ¼ sin qpz
h

� �

, cq ¼ 2:2=qms�1. Taking (1) and

(10) into account, vertical profiles for other variables are defined

as ûqðzÞ ¼ p̂qðzÞ ¼ dŵq=dz.

The next step consists in a decomposition of the form,

u0ðx; z; tÞ ¼
P

q¼1; n� ½ûqðzÞ~uqðx; tÞ� þ e, where n� 6 n� 2 is the num-

ber of the last normal mode retained, ~uq are the amplitudes of

the projection,

~uqðx; tÞ ¼
Z 0

�h

û2
qðzÞdz

� ��1

�
Z 0

�h

ûqðzÞu0ðx; z; tÞdz ð12Þ

and e is a residual current. The normal mode method enables to

adapt the phase speed in the boundary conditions (3) to each of

the vertical modes composing the full solution. In practice, the

PRM boundary condition (3) becomes:

p0 ¼ �
X

q¼1;n�
q0cqûq~uq ð13Þ

Concerning numerical implementation, we use the same extrapola-

tion form as in Eq. (9). As an example, the horizontal velocity ~uq at

the open downstream boundary is given by

Z 0

�h

û2
qðzÞdz

� ��1

�
Z 0

�h

ûqðzÞ 1:5� u0t�Dt
M�1=2 � 0:75� u0t�2Dt

M�3=2

�

þ0:25� u0t
M�3=2

�

dz: ð14Þ

4.2. Limitations of the linear theory

The experiment of Section 3.1 is repeated but the downstream

boundary condition is now given by the modal condition (13). Ver-

tical profile and phase speed of baroclinic modes are estimated

according to (11). Considering that the forcing wave at the up-

stream boundary corresponds to Mode 1, we start with a simple

configuration of (11) for which the current is projected on the first

mode only ðn� ¼ 1Þ. As the PRM condition is theoretically limited to

cases of small wave amplitude cases, we performed an ensemble of

simulations in order to evidence the sensitivity of the radiation

properties of (13) to u0 the amplitude of the forcing current at

the upstream boundary (5). As in Section 3, the kinetic energy of

the reflected current is computed according to (6) and then nor-

malized by E0, the kinetic energy of the reflected current obtained

with the fully reflecting boundary condition. Fig. 9 shows that the

radiation properties remain satisfactory (reflected energy lower

than 10�3 � E0Þ as long as u0 is lower than 0:4 ms�1 (about 15%

of the wave phase speed). Beyond this value, the boundary condi-

tion does not perform correctly (results not shown). When

u0 ¼ 0:01 ms�1, the maximum vertical displacement of isopycnals

at mid-height of the water column is about 15 m. When

u0 ¼ 0:4 ms�1, the amplitude of the internal wave is of the order

of 600 m, quite a strong value if one considers internal wave ampli-

tudes observed in the Bay of Biscay, a region of the North Eastern

Atlantic known for the strength of its internal tides (Pichon and

Correard, 2006).

We observed that changing the Brunt–Väisälä frequency had an

impact on the maximum amplitude u0 that can be applied without
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unreasonable deterioration of the radiation properties. In our

numerical experiments (results not shown), higher phase speeds

enable larger amplitudes, leading us to conclude that the PRM con-

dition performs well as long as the amplitude u0 remains one order

of magnitude smaller than the wave phase speed.

Simulations also show that high values of u0 tend to excite high-

er baroclinic modes through non-linear processes and unsurpris-

ingly tests reveal that boundary condition (13) performs better if

current is projected on several modes rather than on Mode 1 only

(Fig. 9).

4.3. A multimodal propagation test

In this section, the waves excited at the upstream boundary in-

clude the first three baroclinic modes, namely u0t
1=2 ¼ P

q¼1; 3u
q
0

cos qpz
h

� �

sinðxt � kx1=2Þ. As these modes do not propagate at the

same speed, ðc1 � 2:2 ms�1; c2 � 1:1 ms�1; c3 � 0:7 ms�1Þ, and as

the duration of the reference simulation is limited in order to avoid

wave reflections on the downstream boundary, highest (slowest)

modes are excited sooner. The amplitudes are defined as:

u3
0 ¼ u0

u2
0 ¼ 0 if t < 8 days; u2

0 ¼ u0 if t P 8 days ð15Þ
u1
0 ¼ 0 if t < 16 days; u1

0 ¼ u0 if t P 16 days

so that the three modes simultaneously reach after 24 days the

middle of the reference (large) domain (Fig. 10), which also corre-

sponds to the downstream boundary of the small domain. Then,

the simulation lasts 8 more days, the additional time required for

the fastest mode (Mode 1) to cross the second half of the large do-

main and reach the downstream boundary. The amplitude u0 is set

to 0:01 ms�1. The residual energy obtained with boundary condi-

tions following the normal mode approach, (13), is now compared

to the residual energy obtained with the global approach (9). Con-

cerning the latter, an ensemble of runs has been performed with

c, the phase speed appearing in (9), ranging from 0 to 3 ms�1. The

residual energy has been computed for the global residual current

but also for its modal components. As expected, we can see in

Fig. 11 that the residual energy of the separated modes is minimum

when the celerity used in Eq. (9) is equal to the theoretical phase

speed of the corresponding mode. The global residual energy is

not satisfying because none of the single celerity values really suits

the three modes simultaneously. The global minimum, obtained

somewhere between c1 and c3 (c ¼ 1:65 ms�1 in our case), repre-

sents 5% of E0, the residual energy obtained with fully reflective

conditions (that is with c ¼ 0Þ. Use of boundary conditions based

on the normal mode approach leads to a residual energy which is

two orders of magnitude smaller, namely about 5� 10�4 � E0. This

result is obviously very promising but not as small as in the exper-

iment shown in Section 3.3, for which the residual energy is about

Fig. 10. Amplitudes (in ms�1) ~uiðx; tÞ, of the normal mode decomposition, u0 ¼ ûiðzÞ~uiðx; tÞ, over the first half of the large domain, during the first 24 days. a: Mode 1, b: Mode

2, c: Mode 3.
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5� 10�6 � E0. This can be explained by the fact that the modal

decomposition is not perfect and leads to a non-zero residual cur-

rent, e, which is not radiated by boundary conditions (13).

4.4. Effect of the bottom slope

The hypothesis that each mode propagates independently from

the others with a given phase speed, requires a constant bathyme-

try. If not, bottom slope is likely to induce a coupling effect be-

tween modes. A probable consequence is a decrease of radiation

properties of boundary condition (13). We now present a numeri-

cal experiment, similar to the previous one, but including a gradi-

ent of bathymetry in the vicinity of the open boundary of the small

domain. The bathymetry is given by:

h ¼ h0 0 < x < L=2� 16Dx

h ¼ h0 � aðx� ðL=2� 16DxÞÞ L=2� 16Dx < x < L=2
ð16Þ

where x ¼ 0 and x ¼ L=2 ¼ 1500� 103m, respectively, correspond

to the upstream and downstream boundaries, a is the bottom slope

at the downstream boundary (other parameters are given in Table

1). Bathymetry is thus constant ðh ¼ h0 ¼ 5000mÞ in the upstream

part of the domain and varies linearly in the last 48 km of the down-

stream part of the domain. The bathymetry of the large domain,

used for the simulation of reference, is the same as the one used

for the small domain for 0 < x < L=2. The domain is flat for

x > L=2, i.e.:

h ¼ h0 � a16Dx x > L=2 ð17Þ

At the upstream boundary, the first 3 baroclinic modes are excited

according to the procedure described in Section 4.2. An ensemble of

simulations is performed in order to evidence the sensitivity of the

radiation properties of (13) to the bottom slope a. For a given value

of a, three runs are carried out. The first run is the reference simu-

lation over the large domain. The second run is computed over the

small domain, boundary condition (13) being applied at the down-

stream boundary. The kinetic energy of the reflected current is com-

puted according to (6). The latter is normalized by E0, the kinetic

energy of the reflected current obtained with a fully reflecting con-

dition applied at the downstream boundary of the small domain

(the third run), p0
M ¼ u0

Mþ1=2 ¼ 0.

Fig. 12 shows the evolution of the normalized energy of the re-

flected current as a function of a. As expected, the smallest value,

5� 10�4 � E0, is obtained for a ¼ 0. The kinetic energy of the re-

flected signal increases with a but remains smaller than

10�2 � E0 as long as a < 0:05. In other words, the radiation proper-

ties of (13) are satisfactory for a wide range of topographic slopes.

For larger values of a, possibly encountered in coastal zones (for in-

stance over shelf breaks), the radiation properties rapidly worsen.

When a > 0:07, results (not presented) are more difficult to

analyse, as a new regime of propagation is evidenced by the refer-

ence (large domain) simulation, waves being partly reflected by

the bottom slope, as it approaches the critical value. Thus, the en-

ergy of the waves reaching the top of the slope significantly de-

creases as a gets close to 0.1 and the computation of the kinetic

energy of waves reflected by the open boundary condition of the

small domain at x ¼ L=2 becomes meaningless.

5. Cases of multi-dimensional propagation

5.1. Basic equation

The schemes presented in the previous subsections are based on

the assumption that the wave propagation is horizontal and locally

perpendicular to the open boundaries. This is obviously not a real-

istic hypothesis, which has potentially negative effects on the effi-

ciency of the open boundary conditions, since ignoring the angle of

incidence at which waves cross the open boundary is similar to

using a wrong apparent phase velocity in the direction normal to

the boundary. As far as Sommerfeld type conditions are concerned,

the Orlanski scheme seems well adapted to the computation of the

normal phase velocity but we saw in Section 3 that the accuracy of

the Orlanski scheme is in fact strongly limited. We also note the

existence of Orlanski type methods (Raymond and Kuo, 1984;

Marchesiello et al., 2001) apparently better suited to multi-dimen-

sional wave propagation.

We now test a multi-dimensional version of the PRM scheme

proposed in the previous subsection. First of all, we note that the

multi-dimensional problem is simplified by the normal mode ap-

proach of Section 4. Indeed, when decomposing the solution in

normal modes propagating horizontally in a two-dimensional

space, the problem of the vertical propagation naturally disap-

pears. Thus, let us consider a wave that propagates in an arbitrary

horizontal direction. We consider the open boundary that is per-

pendicular to the Ox axes, which points outward. The pressure

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  0.5  1  1.5  2  2.5  3  3.5

m.s
-1

x
E

0

Fig. 11. Residual kinetic energy as a function of the phase speed (in ms�1). Curves

are normalized by the residual kinetic energy obtained with a zero phase speed.

Solid line, with full current; *, using current Mode 1 component only; x, with Mode

2 component only; +, with Mode 3 component only.

 0

 0.01

 0.02

 0.03

 0.04

 0.05

 0.06

 0  0.01  0.02  0.03  0.04  0.05  0.06  0.07

x
  E

0

α

Fig. 12. Residual kinetic energy as a function of the bottom slope a used in (16) and

(17).

9



anomaly is given by p0 ¼ p0 sinðkxþ ly�xtÞ and since only waves

leaving the domain are considered, we have k > 0. We continue to

neglect Coriolis accelerations and, thus, current components are

simply deduced from the momentum Eq. (1) which is now associ-

ated with a momentum equation for the y component of the cur-

rent, namely ov0=ot ¼ �ð1=q0Þop0=oy. We obtain (Gill, 1982, p.

263, Eq. 8.5.3) ðu0; v0Þ ¼ kp0

q0x
; lp0

q0x

� �

so that we have p02 ¼ ðq0cUÞ
2,

where c ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x2=ðk2 þ l
2Þ

q

is the horizontal phase velocity and

U ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

u02 þ v02
p

is the modulus of the current anomaly. At this stage,

we may simply deduce that j p0 j¼ q0cU but we also know that u0

and p0 share the same sign (since k > 0Þ and consequently the

ambiguity on the pressure sign is easily removed if the current

anomaly is known. We finally obtain a boundary condition for

the pressure anomaly, p0 ¼ q0c signðu0Þ � U, where signðu0Þ is de-

fined as follow: signðu0Þ ¼ 1 if u0 > 0; signðu0Þ ¼ �1 if u0 6 0.

On the second boundary perpendicular to the Ox axes, but with

the latter pointing inward, outgoing waves are characterised by

k < 0 and the boundary condition is given by p0 ¼ �q0c signðu0Þ
�U. In a similar way, the pressure anomalies on boundaries

perpendicular to the Oy axes, are computed according to

p0 ¼ �q0c signðv0Þ � U.

5.2. Discretization

Let us consider the boundary normal to the Ox direction on

which a boundary condition for p0t
M is computed. A value for the

Ox current component, u0, at pressure grid point ðM; jÞ, is given

by the extrapolation of the inner current values, as in Eq. (9b). A

similar extrapolation of the tangential component, v0, but taking

into account the distribution of the state variables on the

C-grid (Fig. 1), leads to: 0:5� ð2� v0t�DtM�1; j�1=2 � v0t�2Dt
M�2; j�1=2 þ 2�

v0t�Dt
M�1; jþ1=2 � v0t�2Dt

M�2; jþ1=2Þ.
Concerning the boundary condition suggested in Section 5.1, we

note the possibility of a discontinuity, in extreme cases for which

the direction of propagation is parallel to the open boundary. In

such situations, small fluctuations of a quasi-zero normal current

are likely to abruptly change the sign of the pressure anomaly. In

order to counter this possible source of numerical instabilities,

we constrain the tangential current to vanish (*) when the normal

current becomes close to zero. This is equivalent to prescribing a

zero pressure anomaly in the case of a parallel propagation. As far

as the two boundaries, normal to the Ox axes, are concerned, we en-

sure that the tangential current v is small enough compared to the

normal current. Practically, we impose v2 < bu2 (*), where b is a po-

sitive number. The tangential current is not modified as long as the

angle of propagation with the normal direction, h ¼ tan�1ðv=uÞ, does
not exceed the limit angle hmax ¼ tan�1

ffiffiffi

b
p� �

, (i.e. �hmax < h < hmaxÞ
and, conversely, v is progressively attenuated as h approaches p=2
or �p=2. A ‘‘controlled incidence angle” scheme is finally expressed

as:

p0 ¼ �q0c signðu0Þ � ðu02 þminðbu02; v0
2ÞÞ1=2 ð18Þ

where minðbu02; v02Þ ¼ v02 if bu02
P v02 and minðbu02; v02Þ ¼ bu02 if

bu02 < v02. The larger b is, the less the tangential current is con-

strained. In that case the boundary condition aims at permitting a

wide range of propagation directions, but the risks: of developing

the aforementioned instabilities are high. In contrast, Eq. (18) tends

to be equivalent to the basic scheme (9) when b is small; the

scheme is more stable but radiation properties are partially lost if

the direction of the wave propagation is sensibly different from

the Ox direction. If b ¼ 1 waves are correctly radiated as long as

their angle of propagation with the normal direction does not ex-

ceed 45�. Analogously, the boundary conditions at the boundaries

normal to the Oy axes are given by:

p0 ¼ �q0c signðv0Þ � ðv02 þminðu02;bv02ÞÞ1=2 ð19Þ

5.3. Numerical tests

The numerical experiment is similar to the one of Section 3 but

we now use a three-dimensional domain in order to simulate

internal waves crossing the outgoing boundaries with an oblique

angle of incidence. A non rotating regime is still assumed. The spa-

tial extent of the new domains and the duration of simulations are

indicated in Table 2.

Among the four boundaries, two of them (Ox and Oy axes point-

ing locally outward) use a radiation condition while the two others

are fixed to the value of the entering waves. As in Section 3, the lat-

ter, corresponding to baroclinic propagation Mode 1, are given by:

u0 ¼ Ru0 cos �pz
H

� �

sinðxt � kxx� kyyÞ
v0 ¼ Rv0 cos

�pz
H

� �

sinðxt � kxx� kyyÞ
ð20Þ

with ðkx; kyÞ ¼ x
c
ðcosðhÞ; sinðhÞÞ, ðu0; v0Þ ¼ AðcosðhÞ; sinðhÞÞ where h

is the angle made by the wave propagation with the Ox axes. The

period is fixed to 12 h, the phase speed is 2:2 ms�1, current ampli-

tude is A ¼ 0:01 m and R is a function representing the propagation

of the frontal wave: R ¼ 1 if ðkxx� kyyÞ=ðk2x þ k
2
yÞ

1=2
6 ct and

R ¼ 0 if ðkxx� kyyÞ=ðk2x þ k
2
yÞ

1=2 > ct. Lastly, ðt; x; yÞ, respectively,
measures time from the beginning of the simulation and the dis-

tances along Ox and Oy axes, whose origin corresponds to the up-

stream corner of the propagation (Fig. 13a). The angle of

propagation h is fixed to 45�. As for the two-dimensional experi-

ment of Section 3 we use two domains: on the one hand, a large do-

main providing a reference solution, shown by Fig. 13a and b, that is

not affected by the possible wave reflections over the downstream

boundaries and on the other hand, a small domain revealing the

radiation properties of the boundary conditions (19) and (18).

The numerical experiment consists in measuring the energy of

the residual current (defined as in Section 3) for an ensemble of

simulations, each simulation differing from the others by the value

of the b parameter used in (18) and (19). Practically, b ranges from

0 to1 (i.e. hmax ¼ tan�1ð
ffiffiffi

b
p

Þ ranges from 0 to 90�). The residual en-

ergy, shown by Fig. 14, is normalized by E0, the residual energy ob-

tained for the fully reflective downstream boundary condition

p0 ¼ 0. The less favourable case corresponds to b ¼ 0, with a resid-

ual energy of about 0:015� E0. As mentioned previously, this par-

ticular case makes the boundary condition (18) and (19) equivalent

to the unidirectional scheme (9). The residual energy diminishes,

as b increases, and falls down to a minimum value of the order

of 2:9� 10�5 � E0 for bP 1, that is tan�1
ffiffiffi

b
p� �

> 45	. This result

is consistent with the 45� angle at which modelled waves actually

cross the open boundaries. This minimum residual energy can be

compared to the numerical test with a normal boundary propaga-

tion, presented in Section 3.3 (we obtained 5� 10�6 � E0Þ. The per-

�
The value used by the boundary condition, not the one used by the inner

equations.

Table 2

Model parameters for 3D Oxyz simulations, small and large domains.

Dx� Dy 3000� 3000 m

Horizontal extent 900� 900 km (large domain) 300� 300 km (small

domain)

Duration of

simulation

80 ha

Other parameters As in Table 1

a Time required for waves to reach the downstream boundary of the large

domain (Fig. 13a).
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formances are comparable, but as expected, the normal boundary

propagation case is better since it is not penalized by additional

computations induced by the tangential boundary current.

The case of the parallel propagation can be viewed as an asymp-

totic regime, beyond which the waves can be considered as enter-

ing the domain and consequently the boundary conditions

considered as active conditions. In this latter case, the boundary

condition performance largely depends on a correct definition of

the reference state, ðuref ; pref Þ, mentioned in Section 2.1.

6. The reference state

6.1. Low-frequency signal

In the previous sections, the reference state was presented as a

way to distinguish low- and high-frequency motion. We assumed

that the high frequencies are composed of (incident) gravity waves,

whose free propagation out of the domain is the primary purpose

of the PRM boundary conditions. However, the efficiency of the

boundary conditions does not only depend on the radiation prop-

erties of the scheme proposed in the previous sections, but also

on whether the low-frequency component of the model solution

is faithfully represented by the reference state. In an embedded

modelling approach, a simulation over a larger domain can be per-

formed in order to provide the external forcing terms at the open

boundaries of the nested model. In the case of a one-way nesting

method, the solution in the larger domain is computed first, en-

abling an a posteriori calculation of its low-frequency component

in order to define ðuref ; pref Þ. An example of such an approach is

the Northern Aegean Sea model of Kourafalou and Tsiaras (2006)

forced by the daily averaged outputs of a larger and coarser model

of the Eastern Mediterranean Sea (Sofianos et al., 2006) in the

frame of the MFSPP project (Pinardi et al., 2003). In this kind of

configuration, the radiation properties of the boundary conditions

depend, among other factors, on the consistency between the

Fig. 13. (a) Surface currents ðms�1) after 80 h computed with the large domain. Solid lines indicate the spatial extent of the small domain. The dashed line indicates the

location of the vertical section used to compute (b). (b) Vertical section (location shown in (a)) of currents ðms�1Þ after 80 h.
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Fig. 14. Residual kinetic energy for a multi-dimensional propagation case (angle of

incidence equal to 45�), as a function of the limit angle hmax ¼ tan�1ð
ffiffiffi

b
p

Þ, in degree,

where b is the parameter appearing in (18) and (19). The curve is normalized by E0 ,

the residual kinetic energy obtained for the fully reflective condition p0 ¼ 0.
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low-frequency component of the model solution and its reference

counterpart. However, inconsistencies may indeed occur, notably

in case of outgoing circulation. This can be avoided by using a

nudging layer inside which the model solution is slowly relaxed to-

ward the reference field. The time scale associated with the restor-

ing force should be large enough to avoid interference with gravity

waves and spurious frontal patterns near the open boundaries

(Marchesiello et al., 2001).

6.2. High-frequency signal

Conversely, we can also consider the case where the reference

field is used to introduce incident waves into the domain. As a mat-

ter of fact, if radiation schemes are primarily designed to let distur-

bances out rather than imposing incoming waves, a major interest

of Flather type schemes is also to provide an efficient way to force

regional or coastal models with external fields, the latter being for

instance obtained from a larger scale model (Oey and Chen, 1992;

Nycander and Döös, 2003). Concerning this particular problem,

Sommerfeld type conditions are generally not very convincing. Dif-

ferent schemes, based on the sign of the Orlanski’s phase speed (8),

have been proposed to distinguish outgoing and incoming pro-

cesses in order to replace, in this latter case, the wave equation

by a stronger constraint, for instance a Dirichlet condition (Miya-

koda and Rosati, 1977). Discontinuities of regimes, mentioned in

Section 3.3, can be avoided by combining a wave equation with a

relaxation term toward the external field (Marchesiello et al.,

2001) but this is a weak constraint that does not necessarily pre-

vent discrepancies between the model fields and their external

counterparts (Blumberg and Kantha, 1985) nor guarantees the con-

sistency of the boundary conditions with external fields (Marsaleix

et al., 2006).

The following experiment tests the ability of the PRM condition

to let the outgoing waves radiate out and, simultaneously, the

incoming waves enter into the domain. As in Section 3, we use a

two-dimensional Oxy numerical domain with a constant depth of

5000 m (see also Table 1). The boundary conditions are computed

using the multimodal scheme (13). The experiment is summarized

by Fig. 15. Incoming waves are excited at the two open boundaries.

In order to distinguish waves propagating in the positive x direc-

tion from those propagating in the opposite direction, the former

are excited according to baroclinic Mode 2, whereas the latter

are given by baroclinic Mode 1. Thus, at the x ¼ L=2 boundary

the reference field is given by uref ¼ u0 cos pz
h

� �

sinðxtÞ where, as

in previous sections, the amplitude of the horizontal current is

set to u0 ¼ 0:01 ms�1 and the period, 2px�1, equals 12 h. Assuming

that incoming waves travel in the negative x direction at the phase

speed of Mode 1, c1 ¼ 2:2 ms�1, the reference pressure is simply

pref ¼ PbðzÞ � q0c1uref , with pbðzÞ the background pressure field at

rest. At the x ¼ 0 boundary, incoming waves travelling in the posi-

tive x direction at the phase speed of Mode 2, c2 ¼ 1:1ms�1, are gi-

ven by uref ¼ u0 cos 2pz
h

� �

sinðxtÞ and pref ¼ PbðzÞ þ q0c2uref . Because

Mode 1 travels faster than Mode 2, the latter is excited first (8 days

before Mode 1) so that the two modes reach the outgoing bound-

aries after 16 days. The simulation is extended 8 more days, during

which boundary conditions have, at the same time, to radiate out

outgoing waves and excite incoming waves. The interest of this

experiment is to show that the PRM conditions can simultaneously

act as passive and active conditions (see Marchesiello et al., 2001,

for a detailed study of these two concepts), in contrast with Orlan-

ski type conditions which require the choice of one of the two

regimes.

The results are compared with a reference solution. The latter is

provided by two runs, separately computing the propagation of the

two modes over a numerical domain that is large enough to avoid

any spurious reflection at the downstream boundary (Fig. 15).

These two reference runs impose the incoming waves at their up-

stream boundary through a Dirichlet condition.

The full velocity field computed over the small domain is pro-

jected over its two first baroclinic components. Each of these two

components is then compared to the corresponding reference solu-

tion. As in the previous sections, errors are given by the kinetic en-

ergy of the residual current computed according to (6). Here, the

errors are 1� 10�4 � E1
0 and 2� 10�3 � E2

0 for Modes 1 and 2,

respectively, where, similarly to Section 3.1, E1
0 and E2

0 are the ki-

netic energy computed over the second half of the large domain,

for Modes 1 and 2, respectively, (Fig. 15). These small errors indi-

cate that the PRM condition performs as well as the Dirichlet con-

dition as far as the forcing of incoming waves is concerned and, at

the same time, maintains its good radiation properties.

7. The rotating case

7.1. Limitations of the rotating case

The boundary conditions proposed in the previous sections are

based on a rather restrictive hypothesis. While the hydrostatic re-

gime is consistent with the basic equations of our model, omission

of the Coriolis effects is more problematic. At frequencies close to

the inertial frequency, the wave propagation features are sensibly

different from what we hitherto assumed. The wave propagation

is notably partially vertical, while its angle with the vertical axes

0
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Fig. 15. Middle panel, small domain using PRM boundary conditions, forced by a baroclinic Mode 1 wave at x ¼ L=2 and a baroclinic Mode 2 incoming wave at x ¼ 0, as

obtained from the reference fields. Top panel, large domain providing the reference solution for the baroclinic Mode 2 wave. Bottom panel, large domain providing the

reference solution for the baroclinic Mode 1 wave.
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depends on the frequency. The apparent horizontal phase speeds

are higher than those predicted by the non-rotating theory based

on Eq. (11). Most of all, their dependency on the frequency limits

the utility of the normal mode approach in correctly identifying

the constant phase velocity for each baroclinic mode. As far as

the multi-dimensional approach of Section 5 is concerned, we as-

sumed that the anomalies of the current were parallel to the wave

propagation, whereas a normal current component is now ex-

pected in the rotating regime. The limitations of the boundary con-

ditions introduced in Section 5 are actually well evidenced by the

relations of polarization in the rotating regime (Gill, 1982, p. 263,

Eq. 8.5.3):

~u ¼ kxþ ilf

x2 � f 2
~p

q0

~v ¼ lx� ikf

x2 � f 2
~p

q0

ð21Þ

These relations are consistent with, on the one hand, a pressure

anomaly of the form p0 ¼ p0p̂ðzÞ expðiðkxþ ly�xtÞÞ and on the

other hand, the basic equations given in the previous sections tak-

ing now the Coriolis force into account:

ou0

ot
� fv

0 ¼ � 1

q0

op0

ox
;

ov0

ot
þ fu

0 ¼ � 1

q0

op0

oy
ð22Þ

The physical solution is given by the real part of Eq. (21), that is:

~pðx;y;tÞ¼p0 cosðkxþ ly�xtÞ

~u¼ p0

q0

kx
x2� f 2

cosðkxþ ly�xtÞ� lf

x2� f 2
sinðkxþ ly�xtÞ

� �

ð23Þ

~v¼ p0

q0

lx
x2� f 2

cosðkxþ ly�xtÞþ kf

x2� f 2
sinðkxþ ly�xtÞ

� �

from which it can be deduced that:

~p2 ¼ q2
0

x2 � f 2

k
2 þ l

2
~u2 þ ~v2
� �

� p2
0

f 2

x2 � f 2
ð24Þ

If we introduce the horizontal phase speed c ¼ x
ffiffiffiffiffiffiffiffiffi

k2þl2
p and the

constant:

c ¼ xfp0

q0cðx2 � f 2Þ

� �2

; ð25Þ

Eq. (23) is also equivalent to ~p2 ¼ q2
0c

2 1� f 2

x2

� �

ð~u2 þ ~v2 � cÞ. In cases

where x2 � N2 the horizontal phase speed c is related to the celer-

ity ce, computed from Eq. (11) for the non-rotating regime, accord-

ing to (Gill, 1982, p. 299):

c ¼ ceð1� f 2=x2Þ�1=2 ð26Þ

Eq. (24) is finally equivalent to ~p2 ¼ q2
0c

2
e ð~u2 þ ~v2 � cÞ, in other

words we have:

j~pj ¼ q0ceð~u2 þ ~v2 � cÞ1=2 ð27Þ

Eq. (27) is relatively similar to boundary conditions proposed in

Section 5. An advantage of (27) is that it relies on ce, a celerity that

does not depend on frequency (even though c does), but we must,

however, note two difficulties.

The first one comes from the appearance of c, a constant that is

obviously not easy to determine.

Secondly, we note that it is now more complicated to clarify the

ambiguity concerning the sign of ~p at the left hand side of (27). In

the non-rotating regime, the sign of the pressure anomaly was sim-

ply deduced from the sign of the boundary-normal current. In the

rotating case, the Eq. (23) show that this option is not valid any-

more, except if the propagation remains normal to the boundary.

We propose to overcome these two problems by defining new

variables:

u� ¼ u0 � f

Z t

t0

v0dt
0
; ð28aÞ

v� ¼ v0 þ f

Z t

t0

u0dt
0 ð28bÞ

If ðu�; v�Þ are introduced into the basic Eq. (22) we obtain:

ou�

ot
¼ � 1

q0

op0

ox
ð29aÞ

ov�

ot
¼ � 1

q0

op0

oy
ð29bÞ

The polarization relations (23) become:

~pðx; y; tÞ ¼ p0 cosðkxþ ly�xtÞ
~u� ¼ p0

q0

k
x cosðkxþ ly�xtÞ

~v� ¼ p0
q0

l
x cosðkxþ ly�xtÞ

ð30Þ

They can be used to propose a set of open boundary conditions. As

far as we consider the open boundary that is perpendicular to the

Ox axes, which points outward, a similar reasoning to the one devel-

oped in Section 5.1 (namely that the outgoing waves are character-

ised by k > 0Þ leads to:

p0 ¼ þq0c signðu�Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

u�2 þ v�2
p

ð31Þ

At the other boundary (Ox pointing inward) the boundary condition

is given by p0 ¼ �q0c signðu�Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

u�2 þ v�2
p

. Analogously, boundary

conditions at the boundaries perpendicular to Oy are given by

p0 ¼ �q0c signðv�Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

u�2 þ v�2
p

.

The interest of the boundary condition (31) is its compatibility

with multidirectional propagation (as explained in Section 5) but it

has the inconvenience of depending on c which according to (26)

depends on the a priori unknown frequency. We note however that

the latter may be known in advance in some cases (see for instance

the simulation of M2 internal waves by Pichon and Correard,

2006).

7.2. Determination of the phase speed

The uncertainty in c is the main shortcoming of the boundary

condition (31). At this stage, one could be tempted to estimate

the phase speed by means of the Orlanski method, as in Eq. (8).

However we have seen in Section 3.2 that this method did not pro-

vide convincing results. One reason is the possibility of a numerical

instability when the denominator of (8) becomes too small. A sec-

ond reason is that the Orlanski method is not adapted to the even-

tuality of reflected waves. Indeed, if we assume that the velocity

field u consists of an incident wave u1 cosðkx�xtÞ and a reflected

wave u2 cosðkxþxtÞ, then the phase speed deduced from � ou=ot
ou=ox

leads to x
k

u1�u2
u1þu2

, that is not equal to x=k, unless the reflected wave

is zero (i.e. u2 ¼ 0Þ. In contrast, the general principle of the Orlanski

method (i.e. using the inner solution to identify some parameters

of the wave propagation) does seem suited to the identification

of the wave frequency. Indeed, considering again the case of the

combination of an incident wave and a reflected wave,

u ¼ u1 cosðkx�xtÞ þ u2 cosðkxþxtÞ, we see that � o
2u=o2t
u

equals

x2 whatever u1 or u2. We note that this calculation can become

inaccurate when u approaches zero, but because theoretically u

and v cannot both vanish at the same time, the frequency can be

alternatively obtained from � o
2v=o2t
v

. In practice, to eliminate the

inaccuracy when either u or v approaches zero we propose com-

puting x using a weighted average of these two options, namely

x2 ¼ �ðW1
o
2u=o2t
u

þW2
o
2v=o2t
v

ÞðW1 þW2Þ�1, where the weights, W1

and W2, are respectively u2 and v2. We obtain:

x2 ¼ �uo2u=o2t þ vo2v=o2t

u2 þ v2
ð32Þ
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The resulting frequency can now be used to compute the phase

speed from Eq. (26).

7.3. Discretization

We note that the boundary condition (31) is a generalization of

the multi-directional condition given in Section 5. They actually

become equivalent if the effects of rotation are ignored. In this par-

ticular case, according to (28), we simply have u� ¼ u0 and v� ¼ v0.

The options of discretization proposed in Sections 2.2, 3.4 and

5.2 can be applied, including the stabilising procedure in case of

nearly tangential propagation as stated in (18) and (19). When ef-

fects of rotation are not neglected, the time integral terms appear-

ing at the RHS of (28), Sv ¼ �f
R t

t0 v
0dt

0
and Su ¼ f

R t

t0 u
0dt

0
, have to be

taken into consideration. The latter can be computed using a first

order scheme such as:

Stu ¼ St�Dt
u þ fu

0t
Dt ð33aÞ

Stv ¼ St�Dt
v � fv

0t
Dt ð33bÞ

At this stage, we have tested two options. The first one is a straight-

forward discretization of (28) and (33), namely:

u� ¼ u0 þ Sv ð34aÞ
v� ¼ v0 þ Su ð34bÞ

In the second option (note that we are still considering the case of

the boundary perpendicular to OxÞ, we keep (34a) but we constrain

v� to satisfy the tangential momentum Eq. (29b). Indeed, because of

truncation errors, (34b) and (33a) may be numerically inconsistent

with (29b). This requirement can be recovered by replacing (34b) by

v�t ¼ � 1
q0

R t

t0
op0

oy
dt

0 þ v�t0 discretized according to:

v�t ¼ v�t�Dt � 1

q0

op0

oy
Dt ð35Þ

where the tangential pressure gradient, op0

oy
, has been computed on

inner grid points contiguous to the open boundary, i.e. at

i ¼ M � 1 and at i ¼ 2 on Fig. 1.

7.4. Numerical tests

The boundary condition (31) is tested in the case of multi-direc-

tional wave propagation at latitude 45�N. The basic parameters of

these simulations are summarized in Table 3.

Waves corresponding to the baroclinic Mode 1 are excited with

a period of 12 h, by a generating force acting in the centre of the

domain. This generating force, introduced in the momentum equa-

tions of the model, is derived from a potential function, W, defined

as:

W ¼ 0:5 cos
pz
h

� �

sinðxtÞe� d
2Dx

where d is the distance from the central point of the domain and Dx

the horizontal size of a grid cell. We note that e�
d

2Dx, and conse-

quentlyW, becomes negligible a few grid points away from the cen-

tre of the domain. As in the previous sections, two domains are

used: a large domain which provides a reference solution, and a

small domain.

Fig. 16a and b show the reference solution after 4 days, which is

the time required for waves to reach the open boundaries of the

large domain. Fig. 16c shows the corresponding solution computed

with the small domain and PRM conditions including the rotating

effect. Fig. 16b and c show a good agreement and, as a matter of

fact, the kinetic energy of the current reflected on the open bound-

aries of the small domain, computed as in the previous sections, is

particularly small (about 2� 10�3 � E0Þ. We note that Fig. 16c has

been obtained with the second option, using (35), as described in

Section 7.3. The solution obtained with the first option, using

(34b), developed unrealistic small-scale patterns near the bound-

aries and is consequently not presented. Fig. 16d was obtained

with the non-rotating boundary condition described in Section 5.

Its relative disagreement with Fig. 16b shows that the omission

of the rotating effect significantly damages the radiation properties

of the PRM condition. The Sommerfeld condition is neither con-

vincing even if, as in the case of Fig. 16e, the phase speed used in

(7) is set to the phase speed of the baroclinic Mode 1 at the 12 h

period, i.e. c ¼ ceð1� f 2=x2Þ�1=2 � 3:1 ms�1.

8. Consistency with boundary conditions for temperature and

salinity

In this study, the boundary conditions for pressure have been

treated independently from the tracer boundary conditions. We

have shown, within the limits of the numerical tests presented in

this paper, that this option seems relevant. Consistency between

the tracers and the pressure conditions can, however, easily be en-

sured. In other words, it is possible to ensure that the pressure

computed by the boundary conditions, and the pressure that

would be derived from the boundary temperature and boundary

salinity, through the equation of state, are identical. This can be

done by using the hydrostatic equilibrium to relate the pressure

and density anomalies, q0 ¼ �1
g
~pðx; y; tÞ op̂ðzÞ

oz
, and then the two addi-

tional constraints converting the latter into temperature and salin-

ity perturbations. These two constraints may consist of, on one

hand, a linear state equation of the type q0 ¼ aT 0 þ bS0 (where T 0

and S0 are temperature and salinity anomalies) and on the other

hand, on an assumption that the tracer variations are due to the

vertical displacements, hw, of the reference field, namely

ðT 0; S0Þ ¼ hw
oTref
oz

;
oSref
oz

� �

. If the density anomaly is known, the vertical

displacements are given by hw ¼ �q0

a
oTref
oz þb

oSref
oz

, from which the temper-

ature and salinity anomalies are easily deduced.

9. Conclusions

We have presented an open boundary condition scheme based

on polarization relations for internal waves. In simple cases of non-

rotating regime and boundary-normal propagation, the so called

PRM scheme can be seen as a three-dimensional version of the

well-known Flather barotropic conditions. The discretization,

based on considerations of numerical stability and energy conser-

vation, relates the open boundary pressure to inner domain cur-

rents. An additional boundary condition is required in order to

compute advective and diffusive momentum fluxes. The latter

has little influence on radiation properties as long as the current

is weak enough. Numerical tests, reproducing a classical baroclinic

Mode 1 propagation of internal waves in a continuously stratified

ocean, show that the PRM radiation properties are similar to those

of usual Sommerfeld conditions if not better, particularly when the

latter estimate phase speed according to the Orlanski’s method.

The PRM conditions also have the advantage, over the wave

Table 3

Model parameters for 3D Oxyz simulations in the rotating case.

Dx� Dy 3000� 3000 m

Horizontal extent 1500� 1500 km(large domain) 300� 300 km(small

domain)

Duration of

simulation

4 daysa

Coriolis parameter f ¼ 1:028� 10�4 s�1

Other parameters As in Table 1

a Time required for waves to reach the open boundaries of the large domain.
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equation type conditions, of being easily compatible with multidi-

rectional wave propagation and of providing an efficient forcing

scheme when incoming waves are introduced as a reference state

of the boundary conditions.

In the case of the non-rotating regime, the dispersive nature of

internal waves is well treated by the normal mode approach that

permits each mode to radiate separately with a proper phase

speed. The PRM condition is theoretically limited to waves of small

amplitude but our numerical tests showed that it performs reason-

ably well when amplitudes are comparable to those observed in

the Bay of Biscay, a region well known for the strength of internal

waves (Gerkema et al., 2004). This potentially weak point can

Fig. 16. Surface Ox velocity component after 4 days. (a) Reference solution over the large domain. The black square indicates the open boundaries of the small domain. (b)

Same as the previous figure but enlarged over the small domain area in order to facilitate the comparisons with the next figures. (c) Small domain with PRM conditions of

Section 7, (d) small domain with PRM conditions of Section 5, (e) small domain with Sommerfeld conditions.
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anyway be reduced by ensuring, when possible, that open bound-

aries are not too close to the area of wave generation (Chini and

Leibovich, 2003). The bottom slope induces a coupling effect be-

tween modes that possibly limits the scope of the modal approach.

However, our numerical tests show that radiation properties re-

main correct for a wide range of bathymetric situations and we

note that strong bathymetry variations are anyway expected to re-

flect internal waves.

The modal approach leads to a Sturm–Liouville type problem.

Its solution is possibly prohibitive. As far as our numerical tests

are concerned, its computing cost could be comparable to that of

the simulation itself. But on the other hand the variations of the

background density field are in many cases slow enough so that

it is not necessary to recalculate the vertical modes and their cor-

responding phase speed at each time step and consequently the

computing cost of the modal approach can be significantly re-

duced, until being small compare to that of the full model solution.

The case of the rotating regime is more complicated, but it is

possible to retain the formulation derived from the equations of

the non-rotating regime, provided that a set of pseudo-velocity vari-

ables is suitably defined and used instead of the current field. The

uncertainty on the wave phase speed is obviously a weak point of

this scheme but it can be overcome if the frequency of waves can

be identified.

The numerical experiments presented in this study are encour-

aging. However, the relevance of the PRM conditions in more gen-

eral cases, e.g. bores, fronts or large scale flows such as Rossby

waves, still needs to be demonstrated.
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