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Abstract

We consider a class of mean field games in which the optimal strategy of a representative
agent depends on the statistical distribution of the states and controls.

We prove some existence results for the forward-backward system of PDEs under rather
natural assumptions. The main step of the proof consists of obtaining a priori estimates on
the gradient of the value function by Bernstein’s method. Uniqueness is also proved under
more restrictive assumptions.

Finally, we discuss some examples to which the previously mentioned existence (and
possibly uniqueness) results apply.

1 - INTRODUCTION

The theory of Mean Field Games (MFG for short) has been introduced in the independent
works of J.M. Lasry and P.L. Lions [31} 32, 33], and of M.Y. Huang, P.E. Caines and R.Malhamé
[25] 26]. It aims at studying deterministic or stochastic differential games (Nash equilibria) as
the number of agents tends to infinity. The agents are supposed to be rational (given a cost to
be minimized, they always choose the optimal strategies), and indistinguishable. Furthermore,
the agents interact via some empirical averages of quantities which depend on the state variable.

At the limit when N — 400, the game may be modeled by a system of two coupled partial
differential equations (PDEs), which is named the MFG system. On the one hand, there is
a Fokker-Planck-Kolmogorov equation describing the evolution of the statistical distribution
m of the state variable; this equation is a forward in time parabolic equation, and the initial
distribution at time ¢ = 0 is given. On the other hand, the optimal value of a generic agent at
some time ¢ and state x is noted u(t,x) and is defined as the lowest cost that a representative
agent can achieve from time ¢t to T if it is at state z at time ¢. The value function satisfies a
Hamilton-Jacobi-Bellman equation posed backward in time with a terminal condition involving
a terminal cost. In the present work, we will restrict our attention to the case when the costs
and the dynamics are periodic in the state variable, and we will work in the d-dimensional torus
T? (as it is often done in the MFG literature for simplicity). We will take a finite horizon time
T > 0, and will only consider second-order non-degenerate MFG systems. In this case, the MFG
system is often written as:

1.1a) — Owu(t,x) — vAu(t,x) + H(t,z,Vyu(t,z)) = f(x,m(t)) in (0,7) x T,
1.1b) om(t,z) — vAm(t,z) — div(Hp(t, z, Vyu(t,z))m) =0 in (0,7) x T,
1.1c) w(T, z) = g(x,m(T)) in T9,
1.1d) m(0,x) = mo(z) in T%.

*Laboratoire Jacques-Louis Lions, Univ. Paris Diderot, Sorbonne Paris Cité, UMR 7598, UPMC, CNRS,
75205, Paris, France. zkobeissi@math.univ-paris-diderot.fr



We refer the reader to [10] for some theoretical results on the convergence of the N-agents Nash
equilibrium to the solutions of the MFG system. For a thorough study of the well-posedness of
the MFG system, see the videos of P.L.Lions’ lecture at the Collége de France, and some lecture
notes [9].

There is also an important literature on the probabilistic aspects of MFGs, see [12] 29] for
some examples and [I3] [14] for a detailed presentation of the probabilistic viewpoint.

For applications of MFGs, numerical simulations are crucial because it is most often impos-
sible to find explicit or semi-explicit solutions to the MFG system. We refer to [2] for a survey
on finite difference methods and to [3] for applications to crowd motion.

Most of the literature on MFGs is focused on the case when the mean field interactions only
involves the distributions of states. Here we will consider a more general situation in which the
cost of an individual agent depends on the joint distribution u of states and optimal strategies.
To underline this, we choose to use the terminology Mean Field Games of Controls (MFGCs) for
this class of MFGs; the latter terminology was introduced in [11]. Within this framework, the
usual MFG system (ILT)) is replaced by the following MFGC system,

(1.2a) — Owu(t,x) — vAu(t,x) + H(x,Vyu(t,z), u(t)) =0 in (0,7) x T¢,
(1.2b) om(t,x) — vAm(t,x) — div(Hp(z, Vyu(t, ), p(t))m) =0 in (0,7) x T,
(1:20)  plt) = (Tas —Hy (-, Vaut, ), u() ) #mi2) in [0, 7],
(1.2d) w(T, z) = g(x,m(T)) in T¢,
(1.2¢) m(0,x) = mo(z) in T

We would like to point out two of the main difficulties that one may encounter when studying
(L2)) and which are not present in the study of (LIJ).

1) The joint law of states and controls satisfies a fixed point relation described by (L2d).

2) The HJB equation (L2al) is non-local with respect to V,u. Consequently, it is much more
difficult to obtain uniform a priori estimates on u and the its derivatives.

Difficulty [1)|is in general not straightforward and one needs to make assumptions for the fixed
point in g to have a unique solution when (V,u, m) are given. An example in which this fixed
point relation does not admit any solution is given in [I] Remark 4.3.

Let us provide a simple illustration for describing difficulty by comparing the results
obtained when we apply the maximum principle on parabolic equations to ([.1a) and ([I.2al)
respectively: if u satisfies (IIal) where f and g are assumed to be uniformly bounded with
respect to m, then w is uniformly bounded; under the same assumption on g, if u is a solution to
(L2al) and H is not uniformly bounded with respect to u, we can only say that u is bounded in
absolute value by a constant depending on p. The other estimates used in the usual arguments
of existence in MFG sytems suffer the same lack of uniformity with respect to p. Conversely,
the estimates of p depend on V,u. It is not obvious a priori how to combine the estimates on
p and (u,m) in order to obtain uniform estimates on u. Consequently, compactness results are
harder to obtain for (L2)) than for (LIJ).

The main assumption of this paper, namely [FP1] and [FP2| described below, is an original
structural assumption designed to address difficulty . In particular, it implies that the map

W = (Id, —H, (-, Vyu(t, -),,u))#m,

is a contraction in a convenient metric space, when (¢,u,m) are given.
Moreover, we also assume that the Hamiltonian H (z,p, ) behaves like a power function
when p tends to infinity. See paragraph for more details.



The main objective of this work is to discuss existence of the solutions of the MFGC system
(L2) within this framework. We will also give a uniqueness result under a short time horizon
assumption. We refer to [I] for a numerical application with multiple solutions. Indeed, unique-
ness does not hold in general for arbitrary time horizon. It can be obtained though, under a
monotonicity assumption which is investigated in the companion paper [28]. In [28], existence
and uniqueness of solutions of the MFGC system are proved under the above-mentioned mono-
tonicity assumption and with Hamitonian having similar growth as in the present paper. This
monotonicity condition implies that the agents favor moving in a direction opposite to the main-
stream. Such an assumption is adapted to some models coming from finance or economy; and
may be unrealistic in several situations, in particular in models of crowd motions. This explains
why here we introduce a new structural assumption and refrain from assuming monotonicity or
investigating uniqueness in the general case.

Related literature

In the first articles devoted to MFGCs, [20, 21], D. Gomes and his collaborators have given
several existence results for MFGCs in various cases, using the terminology extended MFGs
instead of MFGCs. For instance, [2I] contains existence results for stationary games (infinite
horizon) under the assumption that some of the parameters involved in the models are small.
We refer to |7, 11, [15] (13} 28] for other existence and uniqueness results for MFGC systems.

Uniqueness is a major issue in MFG theory, it has been proved for (L)) in [33} B5] under an
assumptions called the Lasry-Lions monotonicity on the coupling function f and the terminal
cost g in the case of non-local coupling. This assumption has been extended to MFGC and
discussed in [20, [13] 28] in which uniqueness is proved. It translates the fact that the agents
prefer directions opposite to the mainstream direction; therefore it is not adapted to a large
class of MFGC systems like crowd motion models in which an agent is more likely to go in the
mainstream direction.

The latter example of population dynamic is the typical application we had in mind when
writing the assumptions in the present paper, see paragraphs and To our knowledge,
existence results for such MFGC systems have not been discussed in the literature before. Unique-
ness should not hold in general but under a short-time assumption. We refer to [I] in which the
MFGC system is discretized using a finite-difference scheme and simulations are provided where
the approximating discrete MFGC system admits several different solutions.

For other applications of MFGCs we refer to [11] for an model of optimal trading, [8] [16]
22, 241 27)] in the case of competition between firms producing the same goods, or [4] for energy
storage.

Organization of the paper

Section [2] describes the notations, assumptions and main results in this paper. In Section B, we
address difficulty [1)| which consists of inverting the fixed point relation in p (IL2d) and providing
estimates on the resulting flow of measures. Section Ml is devoted to proving a priori estimates
on the solutions to (L2]) and addresses difficulty . Section [l contains the proofs of the main
results. Finally, we discuss several applications in Section [l Namely, we study

e the Bertrand and Cournot competition for exhaustible ressources and introduce an exten-
sion to negatively correlated ressources (for instance gold and other raw materials);

e a model of price impact for high-frequency trading by Almgren and Chriss in which we
discuss the possibility for the bid and ask prices to be different;

e a first-order flocking model;

e a crowd motion model.



2 - NOTATIONS AND ASSUMPTIONS

2.1 Notations and definitions

The spaces of probability measures are equipped with the weak* topology. We denote by
P (']I‘d X Rd) the subset of measures p in P (Td X Rd) with a second marginal compactly sup-
ported. For p € Py (R x R?) and ¢ € [1,00), we define the quantities Ag(p) and Aso(u)
by,

(2.1) Ag(p) = (/Rded | dpa (96,06)> :

Aoo(u) = sup{]a\ ) (1‘,0&) € supp,u} :

2l

Jensen inequality states that,

(2.2) Agi (1) < Agy (),

for any 1 < ¢q1 < g2 < 00,

For R > 0, we denote by P r (]Rd X ]Rd) the subset of measures p in Py (]Rd X ]Rd) such
that A (1) < R. The probability measures p involved in (L2) and (24]), have a particular form,
since they are the images of a measure m on T? by (I, «), where « is a bounded measurable
functions from T? to R%: in particular they are supported on the graph of a.. For m € P (']I‘d), we
call P,, (']I‘d X ]Rd) the set of such measures. For y € P, (']I'd X Rd), we set a” to be the unique
element of L (m) such that u = (I3, ") #m. Here, Az(11) and Ao () defined in ([2.1)) are given
by

Ag(p) = Ha“HLE(m),

(2.3)
Ao (1) = [l oo (1) -

If X is a normed space and | - |x is its norm, for n > 1 we denote by C°(X;R") the
set of bounded continuous functions from X to R"; it is endowed with the norm |v| =
supgex |v(w)|x-

We define C%! ([0, T] x T?R) as the set of the functions v € CY ([0, 7] x T%R) differentiable
at any point with respect to the state variable, and such that its gradient satisfies Vv €
CY ([0, 7] x T4 R?). This is a Banach space equipped with the norm [[v[|co. = [|v]| o + | V20| so-

For § € (0,1) and n > 1, we denote by 38 ([O, T] x T R") the parabolic space of Holder
continuous functions which is commonly defined by

5 ve CU[0,T] x T4 R™),3C > 0 s.t. V(t1,x1), (ta, 22) € [0,T] x T,
0P ([O,T] X ']Td;R") - 5
vy, z1) — v(ta, z2)] < C (Jz1 — w2* + |t — ta]) 2

This is a Banach space equipped with the norm,

|’U(7f1 xl) — U(t2,$2)|
= vl +  sup ’ 7
2

B
¢z’ (b 2)#(t2.22) (g — 2|2 + [t — ta])

o]

The space C%’Hﬁ([o, T] x T4 R) is defined as the set of the functions v € C%1(]0, 7] x T4 R)
such that Vv € C5h ([0, T] x T4, ]R") and which admits a finite norm defined by,

ty,z) —v(t
ol 156 1p = 0l + IVarll 5, + sup jo(t1, @) vl(+z,x)\_
@’ oz (t1,2)#(t2,2)€[0,T]x T [t] —ta] 2



We set C'12 ([O, T] x T R) to be the set of functions which admit first derivative with resepct
to time and second derivatives with respect to the state variables, such that these derivatives are
continuous with respect to time and state.

Throughout the paper, what we call a solution to (IL2)) is precisely defined by the following
definition.

Definition 2.1. The triple (u,m, ) is a solution to (L2) if u € C12([0,T] x T?) is a pointwise
solution to the Hamilton-Jacobi-Bellman equation (L2a)) with terminal condition ([L2d)), m €
o ([O,T] X ']I'd;]R) is solution to the Fokker-Planck-Kolmogorov equation (L2D)) in the sense of
distribution with initial condition (L26), and p € C° ([0,T]; P (T x RY)) satisfies (L2d) at
any t € [0, 7).

A simple way to overcome difficulty is to assume that the Hamiltonian H and some of
its derivatives admit uniform bounds with respect to u. In this case, the well-posedness of the
MFGC system with a possibly degenerate diffusion is investigated in [I1]. Here we avoid such
an assumption for (I2)) but we introduce the following approximating system which satisfies it,

(2.4a) — oM (t, ) —vAUM (t,2) + H(z, Vu™ (t,z), p* (1)) = 0 in (0,7) x T,
(2.4b) om(t,x) — vAMM (t, ) — div(Hy(z, VouM (t,2), p? (£))m™M) = 0 in (0,7) x T¢,
(24c) pM(t) = [Is, Tns (—H,p (-, Vou (8, ), p (1)) ] #mM (2) in [0, 77,
(2.4d) wM(T,z) = g(x,m™ (T)) in T4,
(2.4¢) mM(0) = my,

where M is a positive constant and T is a truncation map defined by

v if |v| < M,

Tulv) = %v otherwise.
|v]
The latter definition can be naturally extended to the case when M = oo by taking T\, = Idpa.
In this case systems ([.2]) and (2:4) coincide. A solution to (2.4)) is defined by replacing (L.2]) by
(24) in Definition 211

If M < oo and (uM,mM,,uM) is a solution to ([Z4), uM(t) is compactly supported in
Bra(0, M) the closed ball in R? centered at 0 with radius M, for any ¢ € [0,T]. Consequently, uM
and m™ should satisfy estimates depending on M and uniform with respect to u. Therefore,
compactness results for (24)) should be less demanding than for (L2) and difficulty |2)| should

vanish.

2.2 Assumptions

Let us start with some reasonable assumptions about the regularity and the boundedness of the
Hamiltonian, the terminal cost and the inital distribution of agents. We introduce two constants:
Co > 0and gy € (0, 1).

Al H = H(x,p, p) is convex with respect to p, and differentiable with respect to (z,p); Hp is
locally Bo-Holder continuous with respect to p; H and H,, are continuous with respect to
on Poo.r (’]I‘d X Rd) for any R > 0, where P r (’]I‘d X Rd) is defined in paragraph 2.1l and
equipped with the weak* topology.

A2 g: T x P (']I'd) — R is continuous, and we suppose that = +— g(z,m) is in C*+F (']I'd),
with a norm bounded uniformly with respect to m, i.e.

lg(-,m)||g2+s0 < Co,  Ym € P(T).



A3 mg € P(T9) is absolutely continuous with respect to the Lebesgue measure on T¢ and we
also name my its density (abuse of notation). Assume that mg € C%(T¢) and is positive
(see Remark below to drop out the positivity assumption).

These assumptions are not restrictive when looking for solutions with the regularity given in
Definition 2.1l However, they can be relaxed if we are interested in weaker solutions of systems
(T2).

In this paper we consider nonlocal coupling through the controls. More precisely, we assume
that these interactions involve the quantity Ay, (p) defined in (2.1)).

Let us introduce the assumptions used to address difficulty [1)| which consists of solving the
fixed point relations in p given in (IL2d) and ([24d), when (u,m) are fixed and have the same
regularity as in Definition 21l We introduce A\g € [0, 1), for all (x,p,m) € T¢ x R% x P (Td), and
py ity u? € Py, (']I‘d X Rd), we assume that,

FP1 |Hy(z,p, )| < Co(1+ [p|971) + MoAg, (1)

FP2 |Hy(z,p, u') — Hy(z,p, p?)| < >\0H04“1 —~ oc“Q(

L9 (m)

These structural assumptions for MFGC are new in the literature and participate to the orig-
inality and novelty of the results presented in this paper. Moreover they do not seem to be
restrictive as it is explained in what follows.

We recall that the optimal control of a representative agent is given by a = —H), (x, Vu, p1).
Since Ay, (1) is homogeneous to the norm of a control, we cannot expect the dependency of Hy,
upon p to involve an exponent larger than one. Moreover if m is the first marginal of u, taking
the L%(m)-norm in [EP]] makes Ay (1) appear in both sides of the resulting inequality; this
explains the form of the right-hand side in [FP1l and the necessity of choosing ¢ smaller than
1. Similar arguments can provide insights on [FP2] by noticing that if A,, was seen as a norm

on P, (']I‘d X ]Rd) then would be the associated distance. We refer to Remark

’a“l — ot

L0 (m)

4.3 in [I] for a concrete example of a MFGC system which does not admit solution if A\g = 1.
As in a large part of the literature on MFG or HJB equations, we consider Hamiltonians that

are power-like functions in p at least asymptotically. Let ¢ € (1, 00) be this asymptotic exponent,

and ¢’ the conjugate exponent of ¢ defined by ¢’ = q%’l. Namely, we assume that H satisfies the

following inequalities, for all z € T4, p € R, m € P (']I'd), and p € Py, (']I‘d X Rd),

B1 |H(z,0,1)| < Co+ Ay (1), with Ay > 0.
B2 [H, (2, p,1)] < Co (1+ |2 + Agy (1)),

B3 Hy(z,p,p) - p — H(z,p,pu) > Cy*t (|p|q — My, (,u)q/> — Cp, where \; is a nonnegative

constant satisfying 0 < \; < (1_0%
0

One may notice that the dependencies of H upon p and p involve different exponents (which
happen to be equal when ¢ = 2). Indeed the Legendre transform applied to a power-like function
make the exponent change into its conjugate. Since H is defined as the Legendre transform of
the Lagrangian L, the exponent in the dependency of L upon « should be ¢’. Moreover, Ag, (1) is
homogeneous to the norm of a control, therefore L should at most involve Ay, (1)? . Going back
to the Hamiltonian by the Legendre transform, the exponent on Ay, (i) stays the same which
explains the right-hand side in [BIHB3l One may find the abovementionned growth conditions

on L in [2§].
Assumption [B3 is a convexity property of H with respect to p. In MFG without coupling
through the controls, such an assumption is common, the only difference is that the term in



Agy (1) does not appear. This assumption will be particularly useful to obtain energy integral
estimates by taking advantage of the duality properties of the forward-backward systems ([.2al),
(L2D) and (24al), ([2.4D). The inequality satisfied by A; is needed in the calculation for getting
these estimates. Let us mention that the right-hand side in this inequality comes from the
estimates in Lemma [3.I] and that the constant Cy can be identified with the one in [FP1l

In order to obtain classical solutions of the HJB equations (L.2al) and (2.4al), we need Holder
continuity of (¢,z) — H (z,Vyu(t,x),u(t)). While the space regularity of the latter map is
straightforward here, its time regularity may be more demanding and we need assumptions
which allow one to compare H at different measures u', % € Poo (Td X ]Rd). Assumption [FP2]
is not enough since it requires p! and p? to share the same marginal with respect to T¢.

T For R > 0, there exists a constant Cr > 0 such that
H x7p7,u1 _H xapauz SCR ml_m2 60+ aul_alﬂ ’
|H ( ~
o
[Hy (2,0 0") = Hy (2,0 0%)| < O (|| =m?| 2 + o = || ).

for (z,p,m’, ') such that (z,p) € T¢ x R? with [p| < R, m’ € P (T?) N C°(T?) with
m! > R pt € P, (']I'd X Rd) with o' € 0 (']I‘d X ]Rd) and Ha“iH <R,i=1,2

One may notice that when p! and 2 have the same first marginal with respect to T¢ the second
inequality in [T is implied by [FP2l If one is only interested in weak solution to (L.2)), [T] can be
removed.

Remark 2.2. Letting Cr depends on H(mz)le was motivated by models of population dy-

[e.e]

namics which are discussed in paragraphs and |64} The drawback of this assumption is that
we have to assume that the initial distribution of agents mq is positive.

All the results in this paper hold if we do not assume mq to be positive in[A3] and we remove
the condition m* > R~ in [Tl

2.3 Main results

We recall that assumptions [FP1] and [FP2] are designed to address difficulty [1), and [T to obtain
time regularity of the fixed point p in [L2d or Z24d More precisely, we state the following lemma
that will be proved in Section [Bl

Lemma 2.3. AssumelAdl [FP1], [FP2 andMl Takep € 58 ([0,T] x T%R?) andm € 38 ([0, 7] x T9)
such that m > R~ and m(t) € P (T?) for t € [0,T], where B € (0,1) and R > 0 are constants.
For any t € [0,T], there exists a unique u(t) € P (']I'd X Rd) satisfying

WM (8) = [y Tor (~Hy (5p(t, )1 (1)))] #m(2),

88
where M € (0,00]. Moreover, the map (t,z) — ot O)(z) is in C 2 8P ([0,T) x T4 R?), and its
associated norm can be estimated from above by a constant which depends on ||pHC§ 49 Hm||0§ 45
and the constants in the assumptions.

In Section @ we prove the a priori estimates stated in the following lemma.

Lemma 2.4. Assume[ATHAS]| B2, B3] [FPT], [FP2| and[Tl. If (u,m, u) is a solution to ([2.4) for
M € (0,00], then

o |Vaull, <C A+ lully) and |lull < C 1+ ||Vaulll), where C is independent of M and
depends only on the constants in the assumptions,



& M 1S positive,

o uc OlF52H6 ([0,T] x T9),

o meC2P([0,T] x T4R),

o (t,x) — oV (2) is in ot ([0, 7] x T%RY),

where B € (O,ﬂg), Moreover, Hm_lHoo and the norms associated with the last three items above

depend only on |lul| ., HmalHoo, B and the constants in the assumptions.

These estimates are weaker than their equivalents for MFG systems without interaction
through controls. In particular, w is not uniformly bounded in ||-|| -norm. However, we believe
that our estimate of |V u|| ., is the best that we can achieve in our framework since its right-
hand side should be at least linear with respect to ||ul|.,. To our knowledge, such an estimate
for systems of MFG with nonlocal dependency on V,u (or more generally for MFG systems in
which we do not have a uniform a priori estimate on ) is new in the literature.

Here, these a priori estimates are not sufficient to address the difficulty and to obtain
existence of solutions. However, existence can be obtained under several different kinds of as-
sumptions; below, we supply a list of existence results under various assumptions:

Theorem 2.5. Assume[ATHA3] [BINB3|, [FP1l, [FP2| [Tl There exists a solution to (L2)) if one
of the following assertions is satisfied

a) o < ¢ and |H(z,0,u)] < Cp <1—{—Aq0 (,u)g), where q is a constant satisfying ¢ < ¢
(Proposition [5.7),

b) qo < q and A\ + Cole < (170# where A\ and \o are respectively defined in B3l and [B1],

0

the Cy on the left-hand side comes from C’al in B3l and the Cy on the right-hand side
comes from [EP1] (Proposition[5.3),

c) |H(z,0,p1)] <Cy <1 + Ay (,u)qlfl), for any (z,p) € T4 x P (T4 x R?) (Proposition [5.3),
@) [Hy(@,p, 1) < Co (144 Ipl + Mgy (1)7 ), Jor any (2,p, 1) € TxREXP (T4 x RY) (Propo-
sition [2.4),

e) T < Ty, where Ty is a constant depending on the constants in the assumptions (Proposition

[2.8).

An other additional assumption under which existence holds is the monotonicity condition
addressed in [28].
We also give a uniqueness result under a short time horizon assumption.

Theorem 2.6 (Uniqueness with short time horizon). Assume[AT] [A2] [A3] [B1], B2, B3] [FP1],
[FP2l, and that the following three assumptions are satisfied,

e H,, is locally Lipschitz continuous with respect to p,
e g satisfies
(25) Hg(’ml) - g('?m2)HCI+B < C(]qu (mlym2) )

for any m*,m? € fP(']I‘d), where q1 € [1,00) and Wy, is the qi-Wassertein distance on
measures,



e the two inequalities in [T hold when we replace Hml — mQHSE by We, (ml,mQ).
There exists Ty > 0 such that if T < Ty then there is at most one solution to (L.2]).

We believe that this uniqueness result can be easily extended to more general Hamilto-
nians, but that the short-time assumption is essential. Indeed numerical examples in which
non-uniqueness occurs are presented in [I]. In these examples, we consider groups of agents who
start from some crowded areas at time ¢t = 0, and travel through the domain to arrive at some
target areas. Imposing a short time assumption in such an example results in the agents not
trying to reach the targets at all. Indeed in this case the kinetic cost makes it more expensive
for them to cross the domain very quickly before the end of the game than to do nothing and
just wait passively at their starting point. For this reason we were not interested in finding less
restrictive assumptions in Theorem This theorem should be only seen as an example of
uniqueness result with a short time horizon assumption. In particular we wanted the proof in
paragraph [0.4] to stay simple.

Remark 2.7. i) In this work, we only consider MFGC systems in the d-dimensional torus
T?.  However, we believe that our existence results (Theorem [Z3) hold under the same
assumptions on the Euclidean space R, and that the method introduced in [28] to pass
from T? to R% can applied here.

ii) We did not include the case ¢ = 1 in this work (i.e. when the Hamiltonian is Lipschitz
continuous in p). In this case, systems (L2) and (2Z4) coincide when M is large enough,

therefore there exists a solution to (L2) under assumptions [ATHAJ], [BIIB3| [FP1], [FP2l

and [T, by the same arguments as in Lemma [51.

3 - THE FIXED POINT RELATION IN & AND THE PROOF OF LEMMA 2.3

We recall that (L2) and (2.4]) conincide when M = oo. Here, we take M € (0, o).

The following lemma takes advantage of the structural assumptions [FP1] and [FP2l to solve
the fixed point relations ([L2d) and (2Z4d) which consists of difficulty [1)] It also states a priori
estimates on p which will be of great use in the next section to obtain a priori estimates on wu
and its derivatives.

Lemma 3.1. Assume[AT], [FPT and[EP2] Take p € C° (T%R?), and m € P(T?). The following
two assertions are satisfied.

(i) There ezists a unique p™ € P(T? x R?) such that

(3.1) M = [1q, Ty (—Hy (- p(-), ™)) ] #m.

For any q € [1,00], it satisfies

(3.2) Az (W) <+ ?0,\0 (1 + H'mquLmaxwo@(m)) '

(it) The map (p,m) — ™ given by B, is continuous from C° (T% R?) x P(T) to P(T¢xRY).
We recall that the spaces of measures are equipped with the weak-* topology.

Proof. (i) Let us define the following map,
(T4 R?) - €° (T R?)

Qlpm) * T s R?
o —
x = T (—Hp (z,p(x), (Ig, ) #m)) .



This map is well defined by (AI). It is A\g-Lipschitz continuous by [FP2] and the fact that
Ty is 1-Lipschitz continuous, we recall that A\g < 1. Therefore it admits a unique fixed
point by the Banach fixed point theorem. If ™ € P (’]I‘d X Rd) satisfies ([B.I) then ot is
the only fixed pomt of <1>( m)” Conversely, if we denote by « the fixed point of (I)é‘z/{,m)’ then
™ defined by pM = (I, o) #m satisfies (31). This implies that (3I) admits a unique
fixed point that we name p™ in what follows. From [FP1, uM satisfies,

Ag (uM) = Ha“M

La(m)

La(m)
< Cp (1 + H\p\quLa(m) + oAz (1)

for § > qo, where we obtained the last line by using the triangle inequality for the L9-norm,
and (2.2). This implies 2] for any ¢ > go. Then we extend this result to 1 < g < gg by
combining (2.2)) and (3.2]) applied to gq.

(13) Let (p",m™)nen € (CO (’]I‘d X Rd) ;CP(Td))N be a convergent sequence to (p,m) in C° (’]I‘d; Rd) X
P (’]Td). We define ;i as before, and (MN ")n cy the fixed points satisfying

(3.3) PN = (I, Tar (= Hp (-, p" (), n™™))] #m”
for n € N. The sequence (p"), o is bounded in O (']I'd; Rd), thus ([B.2]) with ¢ = oo yields

that (MN ")n oy are uniformly compactly supported. The sequence (,uN ”) is compact in

P (']Td X Rd) endowed with the weak-* topology. Let g be the limit of a subsequence

< e (1 1) + ra )

(,uN ‘p(")) neN? for ¢ : N = N an increasing function. By continuity of H, and T/, we can

pass to the limit in (B3] taken at ¢(n) when n tends to infinity, this gives that g satisfies

the same fixed point relation as p. By uniqueness of this fixed point, we deduce that 1 = p.

This implies that the entire sequence (,uN ’") tends to u.

Therefore the map (p,m) — p™ is continuous from C° (']I'd; ]Rd) x P (']I'd) to P (']I'd X Rd).
O

In particular if ¢g < ¢/, (2:2)) and (B.2) yield

(3.4) Aapli) < A () < 720 (L4 Il

and then we use the inequality (a + b)? < Ggq_l + ( 1,?;(/_1 which holds for a,b > 0 and for any
6 € (0,1), to obtain

q Cq
(3.5) Ago ()7 < m

If g € [1, 00] without restriction, we obtain

(0 + (1 =0 Ipl ) -

! Cq !
<20 p1—4 1 - p)l-v q)
T (0 (=0 )

These latter three inequalities will be of great use in Section [] for getting a priori estimates.
Given (u,m) as regular as in definition 1] we can use Lemma [B1] to prove that the fixed
point relations ([L2d) and (2.4c) are well-posed, and that if (u,m, ) is a solution to (L2]) or (2.4)
then p is continuous with respect to time. However, we need a better regularity in time to get
classical solution of the HJB equations ([2al) and (24a). In Lemma B2 we use [T to obtain an
estimate of the distance between two fixed points of (B.1)) associated with different (u,m). We
will be particularly interested in using this estimate on a solution to (2.4)) at different times.

(3.6) Ago (1)1

10



Lemma 3.2. Assume[AT], [FPT], [EP2] and[Tl Take p',p* € C° (T4 RY), and m!, m? € P (T?) N
o (']I'd;]R) some positive probability measures. We define p', u> € P (']I‘d X ]Rd) as the fixed point
in (i) in Lemma[31] associated with (pl,ml) and (p2,m2), respectively. There exists a constant
C such that

(3.7) o' = o] <o (It =22+ flm! = m?]2).

where C depends on HpiHoo, (ml)flu , fori=1,2, and the constants in the assumptions.
o0

Proof. We define i1 by 1 = <Id,0z“1) #m?. The triangle inequality and the fact that Ty is a

contraction imply that for any = € T¢,

o (@) = o @)| < |Hy (2.9 (@), 1) = Hy (2.9%(@), 1)
< |Hp (w,pl(w),,ul) - H, (av,p1 x), [
+ [Hp (2,p' (@), 1) — Hy (2,p" (2), %)
+|Hy (z,p"(2), p?) — Hp (z,p*(2), u?)].

The measures u! and ji are the image measures by the same function <Id, a“l), of m' and m?

respectively. From [T] we obtain

| Hy (2.0 (2), ') = Hy (2,p*(x), )| < Crllm* —m?|| 2,

where R = max ({’pi{’w, (mi)_l" ) and Cpg is the constant defined in [Tl We recall that

Ao (,ul) can be estimated from above by a quantity which only depends on HpZHOO and the
constants in the assumptions, by (3.2)).
Since 11 and p? have the same marginal with respect to T¢, [FP2] yields that,

1, (25 0),7) — Hy (054 (0),02)| < o — 0¥

o0

Then H, is locally y-Holder continuous by [Adl so,

‘Hp (9”7p1(9”)al~62) - H, (9”7172(9”)7“2)‘ < Cle —pQHQ,
for some constant C'. Combining the latter four inequalities, we obtain,

o' — | < 0 (It =PI+ o =m0 ! —

)
o0

which implies (B7) up to replacing C with (1 — X\g) ™" max (C, Cg). O

Lemma 23] is a straightfoward consequence of Lemmas [B.I] and B.2

4 - A PRIORI ESTIMATES AND THE PROOF OF LEMMA [2.4]

Here we take M € (0, 0], and (u, m, u) a solution to (2.4 defined in Definition 211 We will look
for estimates independent of M which allow us to address difficulty These a priori estimates
imply compactness results and play an essential role in the proofs of existence in Section

11



4.1 A priori estimates on u

When we consider MFG without interactions through controls and with bounded coupling func-
tion and terminal cost, we can apply the maximum principle on parabolic differential equations
to (A3) below and get an a priori estimates of ||u||, which only depends on the constants in the
assumptions. However, for MFGC systems and more generally for HJB equations with non-local
interactions in V,u, it is not possible to get such a strong a priori estimate directly from the
maximum principle. Instead we get (£1)) and (£2) which involve non-local quantities depending
on V u.

Lemma 4.1. Under assumptions[Adl [A2] [BI], [FP1], [FP2] and g0 < ¢/, for 6 € (0,1) u satisfies,

q' LT
@D ful < Colt+7) + 20 (91_Q'T+<1—0>1“1 | \qurqdmu,w)dt)’
0 JTd

(1= 2o)

where Ay is defined in[BIl More generally, for any qo € [1,00] u satisfies,

)\20(]/ A p
T (07T + (1= 0)" " Va2, )

Proof. Here, we can rewrite (Z4al) in the following way,

(4.2) [ull o < Co(1+T) +

1
(4.3) — Owu(t,x) — vAu(t,x) + [/o H,(x, svxu,,u(t))ds] -Vau(t,z) = —H(x,0, u(t)),

for (t,z) € (0,T) x T¢. The maximum principle for parabolic second-order equation applies to
u and —u,

T
(4.4) [ulloo < NlulT; )l +/0 1 (-0, 1(8) | ot

Moreover, |H (z,0,u(t))| < Co + AaAg, ()7 and |u(T,z)| < Cy come from [BIl and A2
respectively. We combine the latter inequalities with ([B.5) and (3:6) to get (A1) when ¢y < ¢/,
and (L.2) respectively. O

The non-local term in (@) involving V,u corresponds roughly speaking to an energy. More-
over this is a quantity that naturally appears in MFG literature thanks to duality properties in
the forward-backward systems (LII), (I2]), or ([24). More precisely, the FPK equations is the
dual equation of the linearized HJB equation with respect to u. Lemma provides an a priori
estimate of this quantity.

Lemma 4.2. Under assumptions[Adl, [A2] B3] [FP1], [FP2|, and qo < ¢/, the following inequality
1s satisfied,

T
(4.5) / |Vou|tdm(t, z)dt <
0 Td

’ -1 ’
A CE ) ACET
1-— 1+7)+ —/—77——
( (1=0)=1(1 - Ao)q/> (COHHH‘X’ AU g e )

(1_9)q’—1(/1—xo)q’ .
s

for any 0 € (0,1) such that \; <

12



Proof. We multiply [24al) by —m and (2.4h)) by u; we add up and integrate over (0,7") x T? the
resulting quantities; after performing some integrations by part, we obtain

T
/ / [Hp (x, Vau(t, ), w(t) - Vou — H (x, Vyu(t, x), p(t))] dm(t, z)dt
0 Jrd
— [ w2y @) - [ glam())dm ()
Td Td
that we can combine with [B3l and [A2] to get,
T T ’
00—1/ / Voul? dm(t, z)dt < ull, + Co(1 +T) +00—1A1/ Ay (u())7 dt.
0 Jrd 0

We integrate ([30) over (0,7,

T / qu / / T
/ Ago ()7 dt < —C0—; (01—‘1 T+ (1—-6)¢ / / ]qu\qdm(t,x)dt> :
0 (1= Xo)? 0o Jrd

where we can choose 6 € (0,1) such that \; < (1_9)(1;#

0

in[B3l The latter three inequalities imply (3H]). O

, since \; satisfies the inequality

Roughly speaking, Lemma ET] with ¢y < ¢’ and Lemma provide opposite inequalities
which may become complementary under a smallness condition on the parameters, implying a
uniform estimate on ||u|| . This condition is explicitely given in the following corollary.

Corollary 4.3. Under Assumptions[AT], [A2], [B1], B3] [FP1] [FP2, ¢y < ¢/, and A\ + Cols <

%, u 18 bounded by a quantity which only depends on the constants in the assumptions.

0

Proof. Combing (A1) and (£1) results in,

/ ’ -1
A2 G A CY
1—
<wa10—Mw%< Ao a7 | e+ Co

-1

1—60)7"11—x)?

g@&<( s °’—M>|mu+@
CO

[ulloo <

where 6 € (0,1) may be chosen such that Ay + Cple < W’ and Cy is a positive

0
constant depending on the constants in the assumptions and 6. This implies

-1
1—60)71(1—x)?
(1= 0)7( M)_M> e

|| ||oo 02< Coq

&

/_ / -1
where Cgo (M — )q) < 1, which concludes the proof. ]

Let us mention that in the assumption A; + Cpyly < (lfc%)q in Corollary 4.3l the constant

0
Cy in the left-hand side comes from the C 1'in B3] and the Cj in the right-hand side comes
from [FP1l

13



4.2 A priori estimates on m

In order for the HJB equations (L.2a)) and (2.4a)) to admit classical solutions, we want ;o to be
regular in time. Since m is the marginal of ;1 with respect to T¢, we first prove that m is regular
in the following lemma. Moreover, we also prove that m stays positive, which is required in
Lemma 23] to obtain time regularity on u.

Lemma 4.4. Under assumptions [Adl [A3] [FP1], [FP2, m is in Cg’ﬁ ([O,T] X Td;R) for B €

(0,Bo) and its C58 ([O,T] X ']I'd,]R) -norm can be estimated from above by a constant which de-
pends on ||mo|| sy, [|Vatllo, B and the constants in the assumptions.

Furthermore, m is positive everywhere and admits a positive lower bound which only depends
on HmalHoo, |IVaull,, and the constants in the assumptions.

Proof. The distribution of agents m satisfies the second-order parabolic FPK equation (2.40),
which is supplemented with a Sg-Holder continuous initial condition. Theorem 2.1 section
V.2 in [30] states that m is uniformly bounded by a constant which depends on ||my|, and
|Hp (-, Vau, p)|| .- This, (EP1) and [B.4) yield that mH, (-, Vyu, u,m) is bounded by a con-

stant which depends on ||myg|| ., ||Vzul o, and the constant of the assumptions. Finally, Theorem

6.29 in [34] yields that m € 0P ([0,T] x T¢) for B € (0,5p), and its associated norm can be
estimated from above by a constant which depends on |[mol|s,, [|Vaullo, 8 and the constants
in the assumptions.

We define T, = inf ({t € 0,77, m(t)*lHoo <epU{T}), for0<e< HmalHoo. In particular
T. is positive, since we proved in the latter paragraph that m is continuous. On [0,7.] x T¢ we
define the function n by n = m™!, it satisfies the following partial differential equation in the
sense of viscosity,

2
on —vAn —div (an) + 2a - Vyn = —QI/M,
n
supplemented with the initial condition n(0) = mg', where a(t,z) = —H, (x, Vu(t, z), u(t)) for
(t,z) € [0,T] x T We define 7 as the unique weak solution of the following partial differential
equation defined on [0, 7] x T¢,

(4.6) Ot — vAT — div (i) + 2a - V7 = 0,

supplemented with the initial condition 71(0) = mg'. Theorem 2.1 section V.2 in [30] states that
n is bounded from above by a constant which depends on Hmal HOO, lla|| ., and T'. Moreover, n
is a subsolution of the restriction of (&6) to [0,7:] x T?, with the same initial condition as 7.
Therefore, by a comparison argument for second-order parabolic equations in divergence form
(Theorem 9.7 in [34] for instance), n and n satisfy n < m. This implies that there exists C' a
positive constant independent of T, such that ||n| < C. We conclude the proof by taking
e =271C7! and recalling that ||, can be estimated from above using [FP1l and (3.4). O

4.3 A priori estimates on derivatives of u

Bernstein methods are useful tools when studying HJB equations or MFG systems. They allow
one to obtain a priori estimates on V,u by considering the partial differential equations satisfied
by some well-chosen functions depending on u and V,u. See for example the video of the lecture
of P.L. Lions on November the 23rd 2018 [35], in which Bernstein estimates are derived for MFG
systems without interactions through controls. More precisely, P.L. Lions used the function
defined by \qu]2 e, for small . Here this method might work only if we knew a uniform
estimates on ||u||,, and if ¢ = 2. After significant changes in the latter method, we can derive
an estimate on u which is weaker than the one for MFG without interactions through controls.
Namely, we state that |V u| ., is bounded by a quantity that depends linearly on ||ul,, by
studying the functions w and ¢ defined in (£I1]) below. To our knowledge, such estimates for
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systems of MFG with nonlocal dependency on V,u (or more generally for MFG systems in which
we do not have a uniform a priori estimate on u) are new in the literature. We believe that this
result may hold for more general HJB equations with nonlocal dependency on V u.

Lemma 4.5. Under assumptions[Adl [A2], B2 B3| [FP1] and[EP2, there exists C > 0 depending
only on the constants of the assumptions, such that

@) IVt < € (14 o, ).

t<s<
for any t € [0,T).

Proof. In what follows, we only prove that (£7) holds for ¢ = 0, however the proof does not use
additional information available at t = 0 (the initial condition on m for example), so it can be
repeated for any ¢ € [0,7] and the constant C' in (£1) does not depend on t.

Here we wish to differentiate (2.4al) with respect to x; however we did not assume in Definition
2.1 enough regularity on u for such an operation to have sense pointwisely on (0,7") x T¢.
Especially the time derivative of V,u and the third derivatives of u with respect to x are not
required to exist. This leads us to introducing p € C*° ([—%, %)d) a non-negative mollifier such
that p(z) = 0 if |z| > 1 and [ p(z)dz = 1. We introduce p® = 6-%p () and u’(t) = p° * u(t),
for any 0 < § < 1 and ¢ € [0,T], where x denotes the convolution operator.

Thus u® depends smoothly on the state variable and its partial derivatives in space at any
order have the same regularity in time as u, moreover it solves the following partial differential

equation with final condition,

(4.8) { — 9l (t,m) — vAUC (8, 2) + p° * (H (-, Vau(t, ), u(t))) (x) =0 in (0,T) x T
| W (T,2) = % (g, m(T. ) (@) -

Let us take the gradient with respect to the state variable of the latter equation and the scalar
product of the resulting equality with Vu’,

1 2
(49) ~ 30 ‘qu‘s‘ — Vi A (qu5> + V' - D2 0 H, <m Vatld, M)
+ Voul - HS (2, Vau, p) = Vaul - RO(t, z),
where H? and R are defined by
H(z,p,p) = p° % (H(-,p(), ) (@),
R5(t, T) = D:?:,:vuéHp <$, V:Bu(S, ,U’> - pé * (D:?J,:BUHP (s Vau, :U’)) :
By simple calculus, we notice that

2
[ 2 4 é
Vs |Vou ‘ = 2D2 W'V,

2 2
A ‘qu‘s‘ = 2V,ud - A <V$u5) + 2 ‘Dixu‘;‘ ,
that we can combine with (£3]) and obtain

(4.10) — %at (vgguéf Vpud

2 2 2
- 58[val +v DLl 4 592 [0

- H, <x, qu‘s,u)
= —V,ul - HS (2,Vu, ) + Voul - RO(t, z).
We define the functions ¢ and w® by
e(v) = exp (exp (= (a+blull 1)), for vl < flull,
(4.11) 9
|

wo(t,z) = e(u’ (T —t,x)) ‘Vg[;u‘S (T —t,x),
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where @ > 1 and b > 0 are constants that will be defined below. The derivatives of ¢ are given
by

(a+b||u||;olv) (P(U)a

" (v) = b |juf| ;2e (ebllullle) (1 + e‘(“’“b”“”;”)) ¢ (v),

"(v) = —b||ul|te”
(41 ¢'(v) = —bllull5

which implies that ¢ and ¢’ satisfy,

efa+b

L<p(v) <e®
¢’ (v)|
¢(v)

(4.13)

bllull e < < bllullg e

Roughly speaking, we introduced a and b in order to have HSDHOOHSD_luoo and ||SD,||OOH(90,)_1HOO

as close as possible to 1. This will be achieved by taking a large enough, and b small enough.
For simplicity of the notations, we will omit to write the argument of ¢ since it is always u?.
The derivatives of w® verify the following equalities,

2 /
— 0y ‘Vmu‘s‘ = g’ + %w‘sﬁtu‘s,

2 /
oV, Va;u‘s‘ = V,uw’ — %wévxué,

/ / ", 12 2
= Auw® — £w‘SAu‘s + 2£Vmw‘S S Vul — M <w6> .

2
pA ‘Vmu‘s‘ 3
® 2 ¥

We multiply (@I0) by 2¢ and use the latter equalities in the resulting relation,
/ 2
(4.14) O’ — vAw’ + V,ul - H, (x, Vul, ,u) — 21/£wa6 - Vud + 2up ‘D?E JCu‘S‘
@ b
/

= £w‘s —0pu® — vAU® + YV ul - H, (m, qu‘s,u)] —

"y 9 12 2
Pl —2(4) <w5>
¥

o
— 20V’ - H (2, Vau, 1) + 20V’ - RO(t, x).
We can rewrite the first line of (48] in the following way,
—ou’ — vAuW® = —H <x, qu‘s,,u> - Q°,
where Q? is defined by,
QO (t, ) = H° (x, Vou(t), u(t)) — H (:g Vol (t,z), ,u(t)) .

This and (£14) imply that

¢

2
(4.15) o’ — vAW + V' - H, (m, Vil ,u> — 2u ‘
¥

Vo - Vaul + 2up ‘wau‘s
"o — 9 ()? 2
Lo 2(e) ()
P
— 20V’ - H (2, Vau, 1) + 20V’ - RO(t, x) — ¢

ot o) n o)

2
Vmu‘s‘ Q(t,z).

In the following we will estimate from above the right-hand side of the latter expression. We
notice that the second term of the right-hand side is negative since

(4.16) P'o—2(¢) >0,
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We notice that R? and Q° are uniformly convergent to 0 as § tends to 0, so we can assume that,

< - -
2e||Vaull o + |9l I Vaull5

(4.17) HR(SHOO + HQ(SHOO

for § small enough and depending on € > 0.
The first term in the last line of (&IF) can be bounded using [B2]

@18) =20V HY 0,V ) < 2009|1490+ A Gut))

In fact we are going to use the latter inequality to obtain (4I9) below, only by noticing that

using (3.0, the right-hand side involves only terms with exponents in Hw‘sHoo or HwOHOO not
larger than %
Then we use [B3] on the first term of the right-hand side of ({5 since ¢’ < 0,
/ / 1+4 / ’ ,
L) [qué - H, <x,qu5,,u> —H (x,qu‘s,u)] < —C’al i (w5> 2—}—C’0Mw5+C’61)\1Mw5AqO (u(t))?
12 12 12

q
SD 2

q
The term involving — (w5)1+2 is a key element in this proof. On the one hand, it will allow us

to cancel the term in w®Ay, (u(t))q,. On the other hand, we will use the fact that it has a larger
exponent than any of the remaining terms.

From (3.6) and (£13]), we obtain
‘(pl‘ ! —1 —a+b Cq/ o i, q
—A )T <b “+70(91q 1—9)—¢ 02)
o (u(0) < Blullge =g + (=0 wll|2,)
where 6 € (0,1) will be defined below. Then (4.I3]) implies,
e
SDH%

> bllul e e i

Combining the latter six inequalities, (4.I5]), and the fact that Hw‘SHOO < HwOHOO, we obtain the
following partial differential inequality,

/

(4.19) o’ — vAW + V' - H, (m, Vi, ,u> — QV%wa‘S VR

b¥er At
(1—60)1=9(1 - \)?

—a 1+4 1 i
< =05 blulte e 8 () T ol e ]

—1 o452
+e+Cupo <1 + Hu”oo> (1 + Hw HOOQ )

where C, p ¢ is a positive constant which only depends on the constants in the assumptions and

in (a,b,0). We systematically used the inequality HwOH; <1+ Honf on every term of the
form HwOH; with 0 < r < %.

1
Let us mention the following result: the function y™ defined by y™ = max <y0, K~ # Ilf ||§o>
is a super-solution of the following differential equation,
y'(t) = —Kyt)* + f(1)
y(0) =yo

posed on [0,7], where k and yq are positive constants and f is a bounded positive function.
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This and ||[w(0)||, < eCZ which comes from [A2] and (£I3), yield that a super-solution to
(£19) is given by

2

a+b 2+q

)\108/6%6%6_
(1—-60)7-1(1 - )7

)

[ 1tq
WP+ Cua 1+ ) (14 a3 +¢)

q
where we replace Cy 39 with Cpp9 + (eC’g)HQ.

From a comparison argument for parabolic second-order equation, w® is not larger than the
latter expression. This result holds for w® by letting § and ¢ tend to 0, thus w® verifies the

following inequality,

1)

—a+b
q

q 2 Le
o < 2o N+ oo 1+ ) (14 ) 2°).

T (1=-0)7"11 - N\)?

By B3l we can choose a > 1 large enough, b > 0 and # € (0,1) small enough such that

/ q —atb
A CJ e?bez® . .
m < 1. This implies

4 Itg
(4.20) w27 < Capo (1+ Jlullo) (1 + HwOH;Q) ,

' g, —atb\ —1
. . MCE Tle2beze
where we increased Cy ¢ into <1 =07 —1(1=2g)7 Cap.p-

1
We make out two cases: the first case is when HwOHO?o < 2Cgp,0 (1 + ||ull).- The second

case is when HwOHEO > 2000 (1 4+ ||ull). In the latter case, (£20) implies that HwOHi;L% <

1 1 1+q . . . .
§HwOH§O 1+ HwOHOO? ), which implies that HwOHOO < 1. Therefore, in any of the two latter

cases we obtain )
[w]|2, <1+ 2C0p0 (1+ ull) -

This and (£13) yield (£7) when ¢ = 0, this concludes the proof. O

Now, we can combine the estimates obtained in this section with classical results on parabolic
second-order equations and get further estimates of w and its derivatives and on m.

Lemma 4.6. Assume[Adl [A2][B2] B3] [EP1], [FP2| and[Tl The function u is in 15248 ([0,T] x T%)

. . . 8
for any B € (O,Bg), where By was introduced in the assumptions. Its C'F22TB porm can be
bounded by a quantity depending only on ||ul|, B, and the constants in the assumptions.

Proof. LemmaldDlstates that |V u| ., is bounded by a quantity which depends on |||, and the
constants in the assumptions. So is Ay, (x) by ([B:2). Then u is the solution of the heat equation
with a right-hand side equal to —H (z, Vu, 1) which is bounded in L. Classical results (see for

example Theorem 6.48 in [34]) state that for any 5 € (0, 1), the C 33196 norm of u is bounded
by a constant which depends on the L°-norm of the right-hand side, the terminal condition,
and .

Lemma (44 yields that m is in C8 ([0, T x T4) for B € (0,5y), is positive, and that both
its 05 ([0, 7] x T%)-norm and its lower bound depend on ||ul|,
of the assumptions.

Therefore, Lemma 23 yields that [(¢,z) — o#®(2)] € 532860 ([0, 7] x T4 RY).

From [Ad] H is locally Lipschitz continuous with respect to (z,p). This and [T] imply that
[(t,z) — H (t,Vau(t,x),u(t))] € 552560 ([0,T] x T?). Thus u is the solution of the backward

mal HOO, (3, and the constant
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heat equation with a right-hand side in C 550,680 supplemented with terminal condition in €27,
Classical results (see for instance Theorem 4.9 in [34]) yield that w is in C’H'@’Q*'ﬁﬁ“, and its
O+ 24660 _porm depends on ||g(-, m(T))|| c2+5, and the ¢ % norm of the right-hand side.
We recall that § is any constant in (0, 5y). The proof of the lemma is complete.

BB
Following precisely the dependencies in the above estimates, we obtain that the C' 1+73%,2+660
norm of u can be estimated from above by a constant which depends on |lul| ., ||mg* HOO, B, and
the constants in the assumptions. O

The conclusions of Lemmas AT 4] and are summarized in Lemma 24

5 - EXISTENCE AND UNIQUENESS RESULTS UNDER ADDITIONAL
ASSUMPTIONS

5.1 Solving the MFGC systems for M < oo

Lemma 5.1. Under assumptions[ATHA3] [B2], B3|, [FP1], [FP2] [T] and M € (0,0), there exists
at least one solution to (2.4]).

Proof. For (u,m) € C% ([0,T] x T R)xC° ([0, T]; P (T%)), we define u™ € C° ([0, T]; P (T* x R?))
by
pM (@) = [1g, Tar (—Hyp (- Vaul(t, ), 1™ (1)))] #m(t) in [0, T,

using Lemma 23 Then we define v

equation with a final condition,

as the viscosity solution of the following backward HJB

M M M M B
(5.1) {‘at“ (t,x) —vAuM(t,z) + H(z, Vou (¢, z), ™ () = 0

M(T ) = g(x,m(t)).

We can rewrite the first line of the latter system in the following way,
1
_atuM —vAuM + quM : / Hy (.%', SV$UM7ILLM(t)) ds = —H (.%',O,MM(t)) )
0

where the right-hand side is bounded using A (u(t)) < M, Bl and (22). The maximum
principle for second-order parabolic equation provides that u™ is bounded. Here, the proof of
Lemma [£5] can be repeated to prove that |V u|| ., is bounded by a constant which depends on
M and the constants in the assumptions. Then with the same argument as in Lemma A6, u™
is bounded in C%+§71+5—norm, for all g € (0,1).

We define m™ as the solution in the sense of distributions of the following Fokker-Planck-
Kolmogorov equation with an initial condition,

omM (t,x) — vAmM(t, z) + div (b(t,x)mM) =0 in (0,T) x T¢,
mM(O) = mo,

with b(t, ) = —H,, (z, VouM (t,2), p™ (t)) which is a continuous function with respect to (¢, ).
Using the same arguments as in Lemma 4], we get that m & ot (T4 R) for B € (0, ).

Moreover, Hu\|Cl+§ 148 ||m|| , are bounded by a constant which depends on M, § and the
2 El
constants in the assumptions. The map (u,m) — ™ is continuous from C?! ( [0,T] >< T4 R )
O ([O, T);P (Td)) to C° ([0, T);® (Td X Rd)) by Lemma B3Il The map (m, MM) M is contin-

uous from C? ([0, T]; P (T¢)) x C° ([0, T]; P (T x RY)) to C%! ([0, T] x T%R) by the stability of
the solutions of viscosity. The map (u ,,uM ) — m™ is continuous from C%! ([0, T] x T4, R) X
C0 ([0, T];P (T x R)) to GO ([0, T]; P (T?)) by linearity of the FPK equation.
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Thus the map (u,m) — (v, m*) is continuous from C%! (0, 7] x T%R)xC° ([0, T]; P (T¢))
to itself. Its fixed points are exactly the solutions to (Z4]). The image of this map is a subset
of a convex compact set. Therefore, there exists a fixed point by Schauder theorem, see [19]
Corollary 11.2.

Using the same arguments as in the proof of Lemma K6 such a fixed point u satisfies

we Cls2+8 ([0,T] x T%R) for any 8 € (0,52). -

Considering M < oo in (Z4) consists of enforcing the condition Ay (p(t)) < M, ie. the
fact that the support of u(t) is embedded in the compact set T¢ x Bga (0, M), for t € [0,T].
Therefore, the interactions through controls are uniformly bounded. Lemma [E.]relies on that to
state the existence of solutions to (2.4]). For M = oo, we can not obtain such a uniform estimate
by combining only the results of Section Bl However if such an estimate exists, the result of
Lemma [5.J] holds for M = oo and yields the existence of solutions to (IL2]). More precisely, if
a solution to (2.4) satisfies Ao (u(t)) < M for any ¢ € [0,T], then it is also a solution to (L2]).
This is summarized in the following Corollary.

Corollary 5.2. Under the same assumptions as in Lemma[5 1], if, for any M > 0, any solution
(u,m,p) to Q) satisfies ||ul|, < C, or |[|Vyul| < C, for some C > 0, then there exists at
least one solution to (2.

Proof. By Lemma [l we define (u,m,pu) as a solution to (24]) for M € (0,00) that will be
defined later. By Lemma [2.4], assuming that |||, is bounded is equivalent to assuming that
|Vaull o, is bounded. Therefore, without loss of generality, we can assume that ||V ull, < C.

From [FPT] and (3:4]), we obtain

|Hp (2, Vou, )|, < Co (1+CT1) + % (14+Crh).
— 0

We define M = 1+Cj (1 + C’q_l)—{—% (1 + C’q_l), then the truncation Ty leaves —H,, (-, VuM, ,u)
unchanged. Hence (u,m, u) is a solution to (L.2). O

5.2 Existence results when ¢, < ¢

When ¢g < ¢/, we can use integral energy estimates. More precisely, inequalities (£1]) and (£3)
hold. Therefore, the assumptions under which we can prove existence should be weaker than in
the case go > ¢’ in which we have less estimates at our disposal.

In particular, Corollary B3] provides a uniform estimate on |||, under suitable assumptions.
Corollary then yields the existence of a solution to (I.2)): hence we may state the following
theorem:

Proposition 5.3 (Ezistence of solution with small non-linearities). Under assumptions[ATHASJ],

[BIHB3| [FP1l, [FP2, [T, q0 < ¢/, and A\ + Coa < (1_0#, there exists at least one solution to
0

(@2).

Instead of assuming that the multiplicative parameters are small like in Proposition B3t we
suppose in Propositions below the exponent for the interactions through controls is in fact
smaller than the one appearing in [B1l

Proposition 5.4. Assume[ATHAS] [B2], B3] [FP1] [FP2] [T], qo < ¢, and that H satisfies
’H(‘Tv 07:“)’ < Co <1 + AQO (/1')6) )

Jor (x, 1) € T x P (T? x RY), where g € [0,¢') is a constant. There exists a solution to (L2).
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Proof. Let (u,m, u) be a solution to (24]) for M € (0,00). From[A2] ([£4) and the new assump-
tion, we obtain that,

T ~
|MWS%u+n+%/z%wmﬁw
0

oy

q

d-q T ’
g%u+n+ar7(/z%m@wﬁ>,
0

where the second line is obtained by a Holder inequality, since g < q'. Let us recall that the
q

inequality (a + b)¢ < ai + b holds for any a,b > 0. The latter two inequalities and ([3.5) with
0 =1 imply
2 3

oy

q

T
wagc+c</ WM@@VWWJWO ,
0 Td

where C' > 0 is a constant which depends on the constants in the assumptions. This and (.35
yield that, )
9

lullse < C +Cllull,

_d
up changing the value of C'. Let us make out two cases: the first case is when |lul|, < (2C) 4.

ql
The second case is when |ju||., > (2C)« -7, which implies [|u||, < C + 3| ul|,. In any of the two
cases, u is uniformly bounded with respect to M. The desired result then stems from Corollary

O

5.3 Existence results which do not need the assumption ¢y < ¢

Here, we do not make the assumption gg < ¢’. We can still obtain an existence result in the
same spirit as the one provided in Proposition 54l In the following proposition, the exponent
for the interactions through controls is assumed to be smaller than the one appearing in [B1] or
in Proposition (.41

Proposition 5.5. Assume[ATHA3] B2 B3| [FP1], [FP2| M, and that H satisfies
(5.2) [ (2,0,0)] < Co (14 Agy ()7 ™)

for any (z, ) € T4 x P (T4 x RY). There ezists a solution to (L2).

Proof. Take (u,m,p) a solution to (Z4) for M € (0,00). Let us combine (E3)), B.6) for § = 1,
(@), (52), and the inequality (a + b)% < a7 +be which holds for a,b > 0; this yields

1
(5.3) — ou —vAu+ Vyu - / H, (z,sVu(t,z), pu(t))ds < C <1 + max HU(S)HOO> )
0 <s<

for a constant C' > 0 which depends only on the constants in the assumptions. We recall that
|w(T)||,, < Co by [A2] We consider y,y_ € C*([0,T];R) defined as y(t) = Ct + Coe®t and
y_(t) = —Ct — Cpe? such that they are solution to the following differential equations

{ Y (1) = C(1+y4 (1))
y+(0) = Co,
y_(t) = C(=1+y_(1))
y-(0) = —Co.



By a comparison argument for second-order parabolic equation we obtain,
—CT — CoeT <y (T —t) < ult,z) < yy(t) < CT + CoeT,

for (t,x) € [0,T] x T¢. Therefore u is uniformly bounded with respect to M. The desired result
then stems from Corollary O

In Propotitions [5.4] and (.5, we changed the exponent appearing in [BIl In the following
proposition, we assume a smaller exponent than the one appearing in [B2l instead.

Proposition 5.6 (Existence with more restrictive assumptions on H,). Assume [ATHA3] [B1],
B3|, [FP1], [FP2] [T, and the following inequality,

(5.4) [Ho(,p, )] < Co (14 [p] + gy ()7 7).,

for any (x,p, ) € T x R% x P (Td X Rd). There exists at least one solution to (L2)).

Proof. Take (u,m,pu) a solution to ([24), for M € (0, 00).
First step: we prove the following inequality,

t<s<T

(5.5) IVau(@)lS, < C (1 + sup IIU(S)HOO> :

for any ¢ € [0,T], where C' > 0 is a constant depending only on the constants in the assumptions.
We will only prove this inequality for ¢ = 0, however the proof does not use the additional
information available at ¢ = 0 (the initial condition on m for example), so it can be repeated for
any t € [0,7] and the constant C in (5.5]) does not depend on t.

We introduce ¢, w®, a,b,d and € as in the proof of Lemma Using (5.4) instead of [B2] we
obtain

2T o) <201 [ )

From this and (8.2)), one may notice that the right-hand side of the latter inequality only involves
terms with exponents in Hw‘SHOO or HwOHOO nor larger than 3 (1+ (¢ — 1)(¢’ — 1)) = 1. This and
the same arguments as in the proof of Lemma 4.5l between ([{.I8]) and ([4.19)), lead to the following
inequality,

/
o’ — vAW® + V- H, <x, Vzu‘s, ,u) — 21/£Vzw5 v
2

N

nCE
(1—0)1=9(1 - \)?

+ée+ Ca,b,@ <1 + HuH;ol) (1 + HwOHOO) ’

_ 1+ q
< —Cgbllull e e 3 (w) wll|

+bllullge

instead of ({I9]), where the novelty is the exponent on HwOHOO at the last line which changed

from % to 1. Then following the same steps as in the proof of Lemma until the end, we
obtain that,
IVaull3g < Capo (1+ [lull)-

This concludes the first step of the proof.
Second step: obtaining a uniform estimate on u.
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Using [BT] (3:6) with 6 =  and (5.5), we obtain that,

[H (@,0, u(t))] < Co (1+Agq (u()”)

qu+12q,—1
<20 + 7(01 )7

<C (1 + max IIU(S)IIOO) ;

t<s<T

1+ [IVeu(t)lS)

where the constant C' from the previous step may have been increased. This implies that u
satisfies the same partial differential inequality as in the proof of Proposition .5l namely (5.3)).
Therefore the same arguments as in Proposition apply and we conclude that there exists a
solution to (L2)). O

Remark 5.7. Note that the exponent ¢' —1 actually appears in several applications: for instance,
the price impact model described in paragraph in the quadratic case (i.e. ¢ = 2) withe =0
(i.e. when the bidding and asking prices are equal), satisfies the assumptions in both Propositions
and [0.6 with an exponent exactly equal to ¢’ — 1.

5.4 Existence and uniqueness results with a short-time horizon assumption

Under a short-time horizon assumption, existence and even uniqueness of solutions are well-
known in the MFG literature. Indeed, when the time horizon is small, one may obtain strong
a priori estimates under non-restrictive assumptions. These estimates combined with Corollary
yield existence of solution to (L2)) as stated in the following proposition.

Proposition 5.8 (Eristence with short time horizon). Assume [All, [A2HB1], [B2HEP1], [FP2]
and [Tl There exists Ty > 0 such that, if T < Ty then there exists a solution to ([L2)).

Proof. Take (u,m,u) a solution to ([24) for M € (0,00). We combine (£3), [FP1, (3.46), (£7),

and the convex inequality (a + b)? < 2971 (a9 + b%), and we obtain

1
(5.6) — du — vAu+ Vyu - / H, (z,sVau(t,z), pu(t))ds < C <1 + max HU(S)Hgo> )
0 <s<

where C' is a positive constant which depends only on the constants in the assumptions. We
recall that ||u(T)|,, < Co by [A2l Let us consider the following differential equation,

y'(t) =C(1+y9)
y(0) = Co.

oo

There exists Ty > 0 such that the latter differential equation admits a bounded solution on
[0,Tp]. We suppose that T < Ty, then (t,z) — y(T — t) is a super-solution to (5.6]). Hence by
a comparison principle, we get that u < y. The same argument applies in order to prove that
u > —y. Therefore u is uniformly bounded with respect to M, and there exists a solution to
(C2) by Corollary O

We will now prove Theorem which states that uniqueness is achieved under a short-time
horizon assumption. We believe that this uniqueness result can be easily extended to more general
Hamiltonians, but that the short-time assumption is essential. Indeed, numerical simulations in
[1] show that uniqueness does not hold for the discrete MFGC system obtained by approximating
(L2) with finite differences; we believe that uniqueness does not hold for (L2]) either. Theorem
should be interpreted only as a simple example of uniqueness result with a short-time horizon
assumption.
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Proof of Theorem [2.d. We suppose that Ty < Ty, where Ty was defined in Proposition (5.8 so
that a solution to (IL2) satisfies uniform estimates on ||u|| ., ||u'||c1.2 and |[m’||co by Lemma (A6

for i = 1,2. Take (u!,m!, u!) and (u?, m?, u?) two solutions to (L2Z). We define u = u! — u?,
1 2

m=m!—m?and a = o — at".

In this proof C' > 0 is a constant which may differ from line to line and depends only on the
constants in the assumptions, ||u*|o1,2 and ||m*|| o, for i = 1, 2.

Bo .
‘Oo respectively

We can repeat the proof of Lemma replacing Hm1 — mzufg and le — pz‘

with Wy, (ml, m2) and H pl — pQHfg everywhere and we obtain that,

(5.7) la(®)llue < € (IVaut) g + Way (m (1), m*(1)))

for any ¢ € [0,7]. Let us consider X! and X2 two random processes defined by
dX} = o (t, XV)dt + V2vdW,

dX? = o (t, X2)dt + v 2vdW,
Xp = X5 =X°,

where XY is a random variable on T¢ with law m® and W is a Brownian motion independent of
X0, The respective laws of (th,a“l (t,th)) and <X152,04“2 (t,Xf)) are p'(t) and p?(t). Then
we obtain,

1

t 1 2 a a
/a“ (S,Xg)—a“ (S,Xf)ds }
0
t 1
§/ IEHO/‘I (S,XSI)—()/‘2 (S,Xf)
0

a7 -
t 1 1

S/ EHO(M (s,XSl)—o/‘ (s,XSQ)
0

E (X} - X7|"]% -k |

“ ds

o1
q1

LR Ha“l (s,XSQ) — o (s,XSQ)

1
a1 47
]lds,

where we used the triangle inequality for the L% -norm twice. By the first additional assumption
of the theorem and [A1] ot s Lipschitz continuous with respect to x and its Lipschitz constant
depends on HuZH coa and A (,ul). Using the estimates from the proof of Proposition B8 it only
depends on the constants in the assumptions. This, the latter inequality and (5.7]) imply

1

E Hth - th‘ql] a < C’/OtE HXsl — Xg‘ql] o ds+CT sup (vacu(t')Hoo + Wy, (m'(#),m*(t))).

0<t/<T

This and Gronwall’s inequality yield that,
a
sup E[| X/ — Xﬂql] @ < CT sup (||Vou(t)|o + Wy (m' (1), m?(2))).
0<t<T 0<t<T
From now on, we assume that 7 < 5, so that (1 — CT) > 3. Since Wy, (m!(t),m?(t)) <
1
E [|X} — X2|" ], we obtain:

(5.8) sup Wy, (m'(t),m*(t)) < CT sup |Viu(t)| -
0<t<T 0<t<T

Hence u satisfies the following equation,

{ —Ou —vAu=—H (m, unl,,ul) + H (m, unQ,uz) ,
w(T,x) = g(z,m"(T)) — g(z,m*(T)).
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The right-hand side of the first line can be estimated in absolute value from above as follows:

|H (:U,Vmul,,ul) —H(m,qu2,,u2)| < C sup vau(t/)H

b
0<t'<T &

by, (5.7) and (E8). Since u(T,-) € C1+8 (T?), Theorem 6.48 in [34] yields that u € O35+ ([0, 7] x T%)
and it satisfies:

sup [|Vou(t)|l o < ||Va (9C,m (7)) = g(,m*(T)) ||
te[0,7

+0T8 b (1) + o' () = g Tllensa)

This, (25]) and (5.8) yield,

sup [|Vou(t)], < CTZ sup || Vou(t)]|...
te[0,T) t€[0,T)

Thus if we suppose furthermore that T < Cf%, then V,u = 0, so m = 0 by (58), then ! = p?
by (5.7), and finally u! and u? solve the same Hamilton-Jacobi-Bellman equation with the same
terminal condition, so by uniqueness u = 0.
Therefore, we proved the uniqueness for T < T} where T7 is defined by 17 = min Ty, <C % ,C _1) .
O

6 - APPLICATIONS

Here, we are going to work on T%, while it would be more realistic to work in the whole space R¢
for the applications considered below. We would like to recall that the existence results contained
in the present work hold for MFGC systems on R? using the method introduced in [28] to pass
from the torus to the whole Euclidean space. Therefore, the conclusions of this section may be
adapted to treat the same applications on R%.

6.1 Exhaustible ressource model with nonpositively correlated ressources

This model is often referred to as Bertrand and Cournot competition model for exhaustible
ressources, introduced in the independent works of Cournot [I7] and Bertrand [6]; its mean
field game version in dimension one was introduced in [24] and numerically analyzed in [16]; for
theoretical results see [8] 22, 27, 23]. We consider a continuum of producers selling exhaustible
ressources. The production of a representative agent is (Qt)te[o,T]; the agents differ in their
production capacities X; € T (the state variable), that satifies,

dXt = —qtdt + Vv 2Vth,

where v > 0 and W is a Brownian motion. Each producer is selling a different ressource and has
her own consumers. However, the ressources are substitutable and any consumer may change her
mind and buy from a competitor depending on the degree of competition in the game (which is
characterized by ¢ in the linear demand case below for instance). Therefore, the selling price per
unit of ressource that a producer can make when she sales ¢ units of ressource, depends naturally
on ¢ and on the quantity produced by the other agents. The price satisfies a supply-demand
relationship, and is given by P (¢,q), where g is the aggregate demand which depends on the
overall distribution of productions of the agents. A producer tries to maximize her profit, or
equivalently to minimize the following quantity,

T
E [/ —P(q,q;) - qedt + g (X7) |,
0
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where g is a terminal cost which often penalizes the producers who have non-zero production
capacities at the end of the game. In the Cournot competition, see [I7], a producer is controling
her production ¢g. Like the MFG version of the Bertrand and Cournot competition introduced in
[16], here we consider the Bertrand formulation [6], where an agent directly controls her selling
price « = P(q,q). After inverting the latter equality, the production can be viewed as a function
of the price and the mean field. Mathematically this corresponds to writing ¢ = @ (o, @).

In [I6], the authors considered a linear demand system depending on gy, = [ q(x)dm(z),
and a price satisfying & = Pin(q, @jin) = 1 — ¢ — £Gj,- In this case, the running cost L' and its
Legendre transform H'™ are defined by

€ 1

Llin — 2 -
(O[,,u) « + 1+€OZOZ 1—|—€a,
2
. 1 5 1
H—hn — -
(p, 1) 4<p+1+€a 1+€> 7

where o, p € R, pp € P (T x R) and @ is defined by @ = [;. p @dpu(y,@). Therefore the system of
MFGC has the following form,

4

1 € 1
—vAm —di = T a— =Y
orm — vAm 1V<2 <V u+1+€a 1+€>m> 0

at) = —/T% (Vmu—i— () - 1;) dm(t, z),

1 £ 1 \?
—diu — VA Z a— =0
v — vAU + <qu+1+506 1+€> )

(6.1)

u(T,x) = g(x),

for (t,x) € [0,T] x T. Roughly speaking, ¢ = 0 corresponds to a monopoly in which a producer
does not suffer from competition, and she plays as if she was alone in the game. Conversely,
¢ = oo stands for all the producers selling the same ressource and the consumers not having any
preference.

Here, Theorem @ implies the following existence result.

Proposition 6.1. If mg and g satisfy [A2] and [A3], there exists a solution to (6.1 for any
e € (0,00).

To prove it, we may take ¢ = 2, qo = 1, A\g = ﬁ, A =1, and Cy = 1 in [EPT} then
we check the assumptions of Theorem @ In this case, the inequality in [B3] has the form

2
1< (%) , and is satisfied for any ¢ € (0, c0).

Here, the Lagrangian L™ satisfies a monotonicity assumption, but the latter existence result
does not take advantage of it. We refer to [28] for a uniqueness result and an other existence
result for the solution to (6.I]) using this monotonicity assumption. Generalizations of (6.1]) to
larger dimensions with more general Hamiltonians and prices are also discussed in [28] under the
monotonicty assumption.

In what follows, we provide a simple example of a generalization of (6.I]) in which the mono-
tonicity assumption does not hold and the results in [28] do not apply anymore. However, the
results in the present work may hold in some cases even without the monotonicity assumption.

Let us consider a model in which every producer sells d different kinds of ressources. The
price of each ressource depends on the mean field like in (6I)). Namely, we take Q@ = Ma — «
which is now a d-dimensional vector and where M € R%*? is a given matrix. This leads to the
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following MFGC system,
1
— 0w — vAu + 1 (Vau+ Ma)? = f(z,m),

oym — vAm — div <% (Vzyu+ Ma@) m> =0,

(6.2) 1 -1

a(t) =— (Id + —M> Vau(t,z)dm(t, z),
2 R4

u(T,z) = g(z),
m(0,x) = mo(z),

\

Proposition 6.2. Assume[AZ2, [A3], that M has an operator norm smaller than 1, and that f
s continuous, and differentiable with respect to x with continuous derivatives. There exists a

solution to (6.3).
M

The proof consists in taking ¢ = 2, gqo =1, Ay = 1, Cy = % in [FP1l and Ao = *5—, where
|M]| is the operator norm of M; and we check the assumptions of Theorem Z5][d)]

The monotonicity assumption discussed in [28] is equivalent to assuming that M is a positive
semi-definite matrix. Here, we do not make such an assumpion.

What we have in mind in the latter example is the case where the prices of the different
ressources may be negatively correlated, like cars and oil (if the production of cars increases,
then the demand for oil also increases and the price of oil rises while the price of cars decreases),
or pesticides and medicines, or gold and other raw materiels. To our knowledge, such a general-
ization of the exhaustible ressource model to negatively correlated ressources is new in the MFG
literature.

More generally, we believe that our results hold for the following MFGC system under various
different sets of assumptions that we will not detailed here,

(— Ou —vAu+ H (z,Vyu+ Q(t,z, 1)) = f(t,z,m(t)),
Om — vAm — div (Hp (z, Vau + Q(t,z, ) m) = 0,

(6.3) p(t) = (Lo, = Hy (-, Vau(t, ) + Q(t, -, (1)) #m()

u(T7 .%') = g(.%', m(T)),

(m(0, ) = mo(x),

where Q : [0,7] x T¢ x P (']I‘d X ]Rd) — R? is a vector characterizing the mean field interactions.

6.2 Price impact models with bid and ask prices

The price impact model without bid and ask prices is inspired by the Almgren and Chriss’s model
[5], and was introduced in the MFG literature in [II] and [I5] where existence and uniqueness
results are proved when the admissible controls stay in a compact set. Here we consider an
extension with bid and ask prices.

We suppose that a continuum of agents are trading an asset, the state of a representative
agent is X; the amount of this asset she owns. Her control « is the quantity she buys (if a > 0)
or sell (if @ < 0). The state space is the one-dimensional torus T, and X; is given by,

dXt = Oétdt + O'th,

where W is a Brownian motion, and ¢ > 0 is a real constant. We define S; as the asking price
of the asset, and € (u(t)) as the difference between the bidding and asking prices, where pu(t) is
the law of (X¢, o). The agent buys at the bidding price Sy + € (1), thus her cash is given by

th = — (OétSt + e (,U,(t)) + f(Oét)) dt,
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where { is a differentiable function standing for the transaction cost. The price S; evolves
accordingly with the amount of transactions at time ¢, it satisfies the following SDE,

ds, = A (u(t)) dt,

where A (u(t)) = /1er (a)du(t, x, a),

The wealth of a representative agent is given by V; = Vj+ XSt + K; and it satisfies the following
SDE,

(6.4) dVy = (Xi A (p(t) — £(aw) — € (u(t)) ) dt + 0 S, dW.

The objective function that she will try to maximize is given by,

5 [vr - /OTf<Xt>dt—g<XT> ,

where f and g are penalization costs for holding stocks. Here, the Lagrangian and Hamiltonian
are given by,

LP (2,0, 1) = £(0) + e () — A (1),
H" (@, p, 1) = h (p+& (1) + zA (1),

for (z,a,u) € T xR x P(T x R), where h is the Legendre transform of ¢.

The linear-quadratic case with € = 0 is treated in [13]. Here, taking ¢ = 0 corresponds to
assuming that the bidding and asking prices coincide. In this case the optimal control is given by
—hy(p) and does not depend explicitely on p. If € # 0, the optimal control depends explicitely
on p and L is not separable in o and p, this prevents us from using the results in [13].

Let us give an example of choices for the functions £ and & under which our result apply and
a solution of the MFGC price impact model exists.

Proposition 6.3. Assume [A2], [A3], that f is C', and that ¢ and ¢ are respectively given by
1

la) = % and e (p) = §<foR |2 dp (x,a))Q, where 0 < € < 1. There exists a solution to

(@C2) with H.

This existence result is a consequence of where the assumptions are satisfied for
q=q =2, A =¢, A\ =1%and Cp =1 in[FPIl We would like to insist on the fact that Theorem
provides the existence of solutions for a wild class of Hamiltonian, larger than the one of
the latter proposition and which goes beyond the linear-quadratic case.

Let us mention that we would be interested in defining the bidding price by (1 + £)S;, where
€ > 0. The associated MFGC system cannot be using the conclusions of the present work because
the mean field interaction at time ¢ would depend not only on p; but on () s€[04]- However,
we believe that existence holds under similar assumptions as here, and we plan to prove it in
forthcoming works.

6.3 First-order flocking model with velocity as controls

Cucker and Smale proposed a form of Vicseck model in [I8] to illustrate the behavior of flocks of
birds. This model is of second-order in the sense that the state of an agent is given by a couple
(x,v) standing for her position and velocity respectively, and the equation of evolution of her
state involves considering her acceleration.

A game version of this model in which an agent controls her acceleration has been introduced
in [36], the authors derived a MFG formulation in the infinite horizon case. Here we are interested
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in the finite horizon problem which was studied in [15, 13]. This model is still of second-
order. More precisely the state of an agent is given by (Xi, V;)c(o,7] respectively her position
and velocity, two random processes which satisfy the following system of stochastic differential
equations,

dX,; = Vidt,
d‘/;g = (Itdt + O'th,

where a; is the individual’s acceleration vector and her control, W is a d-dimentional Brownian
motion, and o € R4 is a positive definite matrix. The cost that a representative agent tries to
minimize is given by

/TM+1
0 2 2

where p(t) € P (']I'd X Rd) is the joint distribution of states and velocities of the agents, ¢ is a
C' nonincreasing function, and f is a C'' function modeling the spatial preferences of the agents
(for instance, we can take f significantly smaller in some areas which corresponds to where the
food is).

Here we consider an alternative viewpoint in which an agent directly controls her velocity.
This is a first-order model since the state of an agent is now given by a vector of T%, and the
acceleration does not appear anymore in the dynamics of a given agent, which is given by

dXt == Oétdt + O'th.

2
E

/Td (v = Vi) ¢ (Jo = X{|) du(t, =, 0)| + f(Xt)dt] :

Here, the cost that an agent tries to minimize is given by

E[/TM+1
, 2 T3

First-order physical models are generally easier to study than second-order models. However the
price we paid here to go from a second-order model to a first-order model is to consider a MFGC
system instead of a MFG system without interaction through the controls.

fpue? (']I‘d X ]Rd) and m € P (']I'd) are such that m is the marginal of y with respect to T¢,
we define A(z, p) and Z(x, p) by,

A= [ G (o= o) du(y. ).

2

[, G=a)e (e xi]) dutt.2.)
Tdx R4

+ f(Xt)dt] .

Za) = [ ola =) dm(y).

for € T?. We define the Lagrangian of the first-order flocking model by,

Jof®

LN (@0, p0) = 1=+ 2 |20, ) — Al ) + f(2),

for (z, o, p) € T4 x RY x P (']I‘d X Rd), and the Hamiltonian by,
1 2 2
—2Z(x,u)A(z, 1) - p— |A(zx, )— x),
sz (P 22 A p = A wl) - 1@
for p € R?, such that H*™ is the Legendre’s transform of LFM.

Proposition 6.4. Under assumptions [A2] and [A3], there exists Ty > 0 such that if T < Ty,
there exists a unique solution to (L) with H™.

H™(z,p, p) =

Hereafter, we present an other model for crowd motion which is very similar to the first-order
flocking model discussed above. The main difference between these two models is the normaliza-
tion constants. However, the assumptions and conclusions of this work are more adapted to the
following crowd motion model and we can derive more existence results for it. We believe that
these results can be adapted to the first-order Cucker-Smale system.
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6.4 A model of crowd motion

This model of crowd motion has been numerically studied in [I] in the quadratic case, and has
some similarities with the first-order flocking model presented in the previous paragraph. For
(z,p) € TY x P (T4 x R?), we define V (z, 1) and Zg,(z, p1) by

1
Z(IO(x’ :U’)

Zgo(x, 1) = (/Td k(w,y)q"’dm(y)> % ;

V(w,p) = /deRd ak(z,y)du(y, a),

where go € (1,00], ¢ is the conjugate exponent of qo, k : T¢ x T — R, is a nonnegative C'!
kernel, and m € P (Td) is the marginal of 1 with respect to T?. The quantity V(z, ) is called
the average drift.

The state of a representative agent is given by her position X; € T¢ and she controls her
velocity oy,

dXt = Oétdt + V 2Vth.

Her objective is to minimize the cost given by,

r 9 N a 1-— 9 ’
. U a ‘O‘t —AV(Xpu0)| +— lag|” + F(X)dt + g(X7) |,
0

where —1 < A < 1 and 0 < 0 <1 are two constants standing for the preference of an individual
to have a similar (resp. opposite) control as the mainstream when A>0 (resp. A< 0), fand g
are respectively the running cost and the terminal cost which encode the spatial preferences of
the agents, and a/,b’ > 1 are exponents.

Here, we take ¢ = min(a, b). In this model we define the Lagrangian by,

0 ~ a 1— 0 ’
(6.5) L(x,0p) = = |a =WV (z,p)| +—p o]

and the Hamiltonian as its Legendre transform. If a = b= 2, H is given by

2 2 _
PP S v 20L=0)

V(@)

If 6 = 1, H satisfies
1 ~
H(z,p,p) = —Ip|* = Ap- V(z, p).
For other choices of the parameters a,b and 8, H does not admit an explicit form.

Proposition 6.5. Assume that g and mq satisfy[A2] and[A3l respectively. There exists a solution
to (L2)) where H is the Legendre transform of L given in (GI), under one of the following
assertions,

a) qo < ¢ and a #b,
b) qo < ¢ and one of the following assertions is satisfied,
i) 0 < 0o,
ii) 0 >1— 6,
iii) ‘X‘ < o,
where 6y, Ao € (0,1) are constants coming from Theorem
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c) =1,
d) k(x,y) is constant,
e) T < Ty, where Ty is a positive constant coming from Theorem .

Proof. We refer to the appendix, Lemma for the proof that H satisfies [ATHA3] [BTHB3]
[EPTHEP2] and [Tl The existence results [c)] [d)] and [¢)] are direct consequences of Theorem

@ and Eﬂ respectively.
We define L(a, V') by

~ 0 ~_ja 1-0 /
L(o,V) =2 la=AV| +— o]

9

for a,V € R, H (p,V) as the Legendre transform of L with respect to its first argument, and
a(p, V') as the unique control which achieves the maximum in the definition of H (it is unique
because L is strictly convex with respect to «).

Proof of . Take V € R? and a = (0, V), since a achieves the maximum in the definition
of H(0,V), we know that

~ |a'—2 ~ b2
oze(a—w( (@- W)+ (1-0)]a2a,

which implies

a’'—1

(6.6) H(a_Xv —(1-)|al’ ",

and then

(/! =2)(¥' 1) o —2)(p' —1)

(a=2)(b'—1) / ~ (
(6.7) (9“1(1 -0 Yal 7T +(1-0)a 2) a=M"11-0)*Ya o1
The two latter equalities yield VlirJrrl |a(0, V)| = +00. We make out two cases:
— 400

(a'=2)(t'~1)
a’—1

e if a > b then we have <b -2 and |a| = |[V'|). Therefore, (6.17) yields

2

b1 @ =20 -1
| s = 0 (V)
+o0o

andb’—l—%z%>l,soweobtain

ol = 0 (Iv]=1).

which yields
70.v) = 9 (V1) + 9 (VI=).

with @’ < ¥, and %b’ <UV,and b=q.

e if a < b then we have W_j)# >b —2 and a = AV + 9 (IV]). Therefore, (6.1) yields

b/727(al—2) b —1) ~
1+ +O V] o/ 1 a=\V.

We notice that o — 2 — (“/_2,)(17/_1) — V=d 0, and we obtain

a’ —1 a'—1

a=\V+ 0 (\VP*%) AV + 0 <\V]ZT_11>.
+o0 +o0
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This implies
HO0,V)= O <\vyfi'i“’> +0 (),
+oo +oo

with ' < @/, and %a’ <d,and a=q.

We conclude by (A1) and Theorem 2.5lfa)]

Proof of

Here, we assume that a = b since the case a # b is addressed in Eﬂ
Take V € R%, and a = «(0,V). In this case, H(0,V) admits an explicit form given by

~a

Al 0(1—6)2 + (1 —60)6°
a’ ((1—8)a1 4 ga-1)

H(0,V) = —‘

v

Therefore, taking X, 6 or (1 — @) small enough allows one to conclude by (&) and Theorem

b}

O
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A - VERIFICATION OF THE ASSUMPTIONS FOR THE MODEL OF CROWD
MOTION

We start by establishing some properties of the function V' in the following lemma.

Lemma A.1. The function V is C' with respect to x and it satisfies

(A1) IV G i)lloo < Ago (1)

where p € P (T? x RY).
Forme® (']I'd) and pt, u? € P, (']I‘d X Rd), the following inequality is satisfied,

1 2 1 2
(A-2) IV o) =V )l < o =]
For R > 0, there exists Cr > 0 a constant such that,
(A3) IV o) =V () < O ([ =+t =)

for (mi,,ui) such that m' € ’.P(']I'd) nco (']I'd) with m* > R, b € ’.P(']I'd X ]Rd) with o' €
o (']I‘d X Rd) and Ha“iH <R, i=1,2.

Proof. The function V has at least the same regularity as k with respect to the state variable
since V' is the convolution product of k with a probability measure. Then (AJ)) and (A2) are
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straightforward using Hélder inequality. Let us take the same notation as in (A.3), for € T¢
we get

|V (2, ph) =V (2, 0%)] < m /w k(z,y) (a“l(y) - 04“2(1/)‘ dm’ (y)

1 2
" Z (o) /’]I‘d k(z,y) ‘O‘“ (y)‘ im! (y) —m*(y)| dy

1 1 2
T - [, K [0 ) dm )
Zago (z, 1t Zqo (z, 1?) ‘ Td
1 2
e Y e
S Ry Mt g N
S Z H_z H.
i Zgo (., pt) Ha L0 (m?) | 7 (DU,,u ) 0 (m’M )|
L 1
Moreover, we know that Z, (ac, ,ul) % ( de 0,y) quy> “ > 0 where the right-hand side
does not depend on x, and
1 /
) = Z )| < g (5 (2 ) ) |2 ~ Zy (w42
0
! Z, o k(0,y)%0dy|m' —m?
< — 0 —
< 7 (min o (e ) Aiuw ylmt — 2]
1
< R < / k(o,y>q6dy> ! = m?
Q() Td o0
I+
The latter two chains of inequalities imply (A.3) with Cr =1+ R i + qi,Rz. O
0

Here, we assume 6 € (0,1). Indeed, H admits an explicit form when § = 0 or § = 1, then
checking [ATHA 3] [B1B3l [FPIHFP2| and [T]is straightforward.

Lemma A.2. Assumptions[Adl, BINB3l [EP1] [EFP2], and [T are satisfied when L is defined in
(G.5).

Proof. We define E, H and a as in the proof of

Checking [AT], Bl and B2l

The Legendre transform of a function is convex, therefore H is convex with respect to p.
Since L is strictly convex, H is differentiable with respect to p. Moreover, a = —H,, thus H,, is
continuous by the Maximum theorem. Then H(z,p, pu) = p- Hp (x,p, ) — L (z, —H, (z,p, 1) , 1),
so H is continuous. Finally, H is differentiable with respect to x by the envelop theorem and

(A'4) H, (x,p,,u) =L, (x’ _Hp (m,p,,u),,u),

for (z,p, ) € T? x R x P (T4 x RY).
Using the growth properties of L, we can prove that there exists Cy > 0 such that

(A.5) |[Hp (t,2,p, 1) < Co (1+ [p|™" + Ay (1)
(A.6) H (2,0, )] < Co (14 1pl7 + Ay (1))
(A7) [ (82,0 0)| < Co (1+ [l + Ay ()7 ).

for any (z,p,p) € T¢ x R x P (]Rd X Rd). We refer to [28] Lemma 2.5 for a complete proof.
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One may prove that the function h : z € R? — |2|% € R satisfies h(z)—h(y) — Vh(y)-(y—z) >
Crlly — z|max(a’2) for ¢, 2 € R? such that |y| < R, |z| < R, where C > 0 is a constant. This
implies that for R > 0 there exists Cr > 0 a constant such that L satisfies

L (x,aQ,,u) —L (w,al,u) — (a2 — al) - L, (w,al,u) > Cgl ‘a2 — a1|max(q,’2) ,

for (a',a? ) € R% x RY x Pog (T? x RY), such that |o’| < R and Ag, (1) < R. This implies

(a2 — al) . (La (ﬂ:,a2,,u) — L, (m,al,,u)) > 2C§1 |a2 - al‘max(qlz) .

Take p* € R? and of = —-H, (:c,pi,p), i = 1,2. Recalling the conjugacy relation p' =
—L, (ac, o, u) we obtain that H), is locally Holder continuous with respect to p.

Checking B3l
Take (p,V) € R?? and a = a(p, V), the optimal control a satisfies

(A.8) p=—-DyL(a,V) = —bla—AV|* 2(a = AV) — (1 — 0)|a| 2a,
If (p, V') # (0,0), this implies

—p+ M|a — AV|¥ 2V

(Ag) - ~ B , ’
Olaa — A\V]¥ 24 (1 - 0)|ce|” 2
and
- _ (1 — v —2
(A.10) a— AV p+ A1 =)l V

S Ola— AV]Y 2 4 (1= 0)|at 2
From (A.8)), we deduce that
Tiral—1 1 Y1 1
blev— 3V > Ll or (1- )t = Ll
We recall that o = —H)(p, V'), hence

Hy(p,V)-p—H(p,V) = L(e,V)
_9 b/
UII

)

0 ~ o 1
:—/|O£—)\V|a +
a

o i [P pl”
— zaalga—l’ 2bb’(1 _ e)b—l )

which implies [B3l
Proof that o is differentiable with respect to V' at (0,0).
Take V € RY that will eventually tend to 0 and & = (0, V). From (A.8) we obtain

a’'—2

oze(a—iv (@- W)+ (1-0)]a2a,

Let us recall inequalities (6.6]) and (G.7]).
e if a > b then % < b =2, and we obtain the following expansion as |V tends to 0,
a= AV +o(|V]).

e if a = b we obtain,

- a—1
(A.11) o=\ 0 — V.
g1 4 (1—0)"
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o if a < b then W—a?,)# > b — 2, and we obtain the following estimate as |V| tends to 0,

o= of|V]).
Therefore the derivatives of a with respect to V' in any of the above three cases are:

XId ifb<a

- aa—l

A 1
fo—1 + (1 —-0)"

0 if b > a.

(A.12) Dy a(0,0) = I; ifb=a

Proof that the operator norm of Dya = (8Vj ai)1<ij<d e R¥? s not larger than \.

Here, the norm of a square matrix A € R? is defined by [|A]| = supxg %. Let us
introduce

a—\V

—_— B=1I;+(d —2)vivi,
(a AV

vl = ]'anV;ﬁO

Vg = la;ﬁo%, C=1;+ (b/ — 2)?)2?};.
We recall that if v; # 0, then vwiT is the orthogonal projection onto Ruv; for i = 1, 2.
If @ = AV = 0 then (p,V) = (0,0), we see on (AI2) that Dy e is a positive semi-definite
matrix with eigenvalues in [—\, A]. Therefore, we can now assume that (a, V) # (0,0).
Let us assume temporarily that o’ # 2,0 # 2, — AV % 0, # 0. Then we differentiate the
i-th component of (A.8) with respect to V7,

0=0 ‘a - Xv‘“/_z (00 = 2015

d
~ |a'—4
O —2) ‘a AV

2 (avj af — X‘;laj) <ai - XVZ) <ak - XVk>

d
+(1=0)al” 20ya + (1 - 0)(¥ = 2)|a|” ™D dysafalal.
k=1

This implies

~ |a'—2 ~ Y2
oza‘a—w B (Dye—Xla) + (1= 0)|al’ 2CDya,
and thus
-1
~ 1—0)|af” 2
(A].?)) Dva =A Id + %3_10
0 (a AV

We can check that this last equation holds in the general case for any (a, V') # (0,0),a’,V'.

o If (a/ —2)v; =0 (i.e. B=1y) or (t/ —2)vg =0 (i.e. C = 1), then (AI3) yields that Dy
is a positive definite matrix with eigenvalues in (—\, \).

o If (' —2)vy # 0, (b —2)vy # 0 and vy, vo are aligned, Then B and C' commute and B~1C
is a positive definite matrix. Then (A.13) yields that Dy« is a positive definite matrix
with eigenvalues in (=X, ).
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The last case consists of assuming that (a’ — 2)v; # 0, (V) — 2)vg # 0, and vy, v are
(1-0)|af” 2
«9|a7XV|a/_2
Span(vy,vs) and {vy, v} are stable by Dy a, B,C. The restriction of Dy a to {vy,vo}+
is positive definite with eigenvalues in (—A\, \).

Let us denote by Z,E,é € Max2(R) respectively the restriction of Dya, B and C to
Span(vy,va). We notice that

linearly independent. We define k by k = > 0. The two orthogonal subspaces

B =1+ (@ —1)7" = 1) viof,

thus the eigenvalues of B~! are 1 and (a/ — 1)~! < 1 since o > 2. The eigenvalues of C
are 1 and ()’ — 1) > 1. Lemma [A:3] below yields that M = (I; + kB~'C)(I; + kCB™1) is
a positive definite matrix with eigenvalues not smaller than 1. This implies
JAX|? = 22 (M1 X, X)
< N2

This concludes the proof that the norm of Dy« is not larger than .

Proof of [FP2l _
Take (p, V!, V?) € R3 and ' = —H, (p, V) ,i = 1,2, then

Hy(0.V0) = By . V2)| < sup {IDvalp. sV + (= )Va)} V! =V
s€|0,

<AVE-v?|.

Combining the latter inequality and (A.2)), we conclude that [FP2]is satisfied.

Proof of [FP1l
Let (p,V) € R?? we take o = —H, (p, V).

e We suppose b’ > a’, we make out two cases: the first case is when |a| < |p|®~'; the second

1
case is when |a| > [p|*~! = |p|¥—T which implies

—p+ Mo — AV |92y
Olac — AV |9 =2 4 (1 — 0)| |t/ 2

Ip|
< - =
(1 -0)|alt'2
<(1-

| <

+ AV
0ol

using (A.9). We recall that 1 — % =b—1, hence

(A.14) |, (0, V)| = lad < (1= ) p 1 4+ AV

e We suppose that b’ < a/, we make out two cases: the first case is when | — XV\ <|pl*h

~ 1
the second case is when |ac — AV| > |p|«=T which implies

o] < —p+ Mo — AV |72y
COla = AV]@2 4+ (1 - 0)|aft 2
< #, F AV

Ola — AV |@'—2

a

'_2
<O pl' e AV,
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where we used (A9). From the equality 1 — =2 = a — 1, we deduce

(A.15) |Hy (p, V)| = |a <07 p|*~ " + AIV].
This concludes the proof of [FP1l
Proof of [Tl.
We proved above that a is locally Lipschitz continuous with respect to V and we recall that

L is C'. Therefore H is also locally Lipschitz with respect to V. This and (A.3) implies that [T]
holds. U

Lemma A.3. Let B,C € Mays (R) be two positive definite matrices with eigenvalues (1,7) and
(1,s) respectively, and 0 < r < 1,s > 1. Then for any k > 0 the matriz M defined by

M =I;+ k(BC + CB) + k*BC*B,
1s positive definite with eigenvalues not smaller than 1.

Proof. We can assume that B, C have the following form:

(10 A N
C_<O s>’ B_U<O T>U,W1thU€(92(R),

since the eigenvalues of M are invariant by taking the conjugate of B and C by the same
orthogonal matrix. The same argument and noticing that C' commutes with <(1) _01>, imply

that we can assume that U admits a positive determinant, and thus we can write it as

U — [ ©osx sin y
~ \—siny cosy)/’

with x € [0,27). In this case, M is given by

M = I;+ k(BC + CB) + k*BC*B
(1 0 10 1 0\, r(1 0 5 (1 0\, 7(1 O 10
I+ kU (O S)U(O T)M(O T)U <0 S>U+k (O T)U <0 32>U(O )

We name M the matrix in the last line of the latter calculation, M and M have the same
eigenvalues. Let us compute M

= cos? x(1 + k)% + sin? x (1 + ks)? —k(s—1)[1+ 7+ kr(1+ s)]cosysinx
 \—k(s—=1)[1+7r+kr(1+s)]cosysinx cos? x(1 4 krs)? + sin? x (1 + kr)? ’

its trace is given by
tr(M) = cos® x(1 + k)% + sin® x (1 + kr)? + cos? (1 + krs)? + sin® (1 + ks)?,

and its determinant by

det(M) = (14 k)21 + krs)?cos® x + (1 + kr)2(1 + ks)?sin* x
+2(1 4+ k) (1 + kr)(1 4 ks)(1 + krs) cos? y sin® x

= [(1 + k) (1 + krs) cos® x + (1 + kr)(1 + ks) sin® X]Q )
The eigenvalues of M are the roots of the following second-order polynomial function,

X2 — tr(M)X + det(M),
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its smallest root is

1 — — —
2
: <tr(M) —\Je2(T) - 4det(M)> ,
which is not smaller than 1 if and only if
o — — 2
tr2(M) — 4det(M) < <tr(M) - 2) .

Therefore, it is sufficient to check that tr(]\7 ) < det(]\7 ) + 1 to conclude. We define the function
f:R—=Rby

f@) =+ k) +krs)*a® + (1 + kr)*(1 4+ ks)*(1 — z)°
+2(1 4+ k) (1 +kr)(1 + ks)(1 + krs)z(1 — ) cos® x(1 + k)*
+sin? x(1 + kr)? 4 cos® x (1 + krs)? +sin® x(1 + ks)* + 1.

This is a second-order polynomial in z with

F0)=((1+kr)>—1) (1 +ks)>—1) >0
f)=(1+k)>=1) (1+krs)>—1) >0,
(@) =2[(1 + k)1 + krs) — (14 kr)(1 + ks))?.
If (1+k)(1+krs)— (1+kr)(1+ ks) =0, then f is linear and thus f(z) > 0 for all z € [0,1].

If (1+k)(1+Fkrs)— (1+Ekr)(1+ ks) # 0, then the minimum of this polynomial function on
R is obtained at x,;, defined as

0+ k)2 4+ (14 krs)? — (1 4+ ks)? — (1 — kr)?

i T T+ B (L krs) — (L+ kr) (1 + ks) ]2
=)A= sHE2+2(1 —r)(1 - s)k

C2[+ k) +krs) — (1 +kr)(1+ks))? ~

)

since 0 <7 < 1,s > 1and k> 0. Thus f has no local minimum on [0, 1], then f(z) > 0 for all
x € [0,1] since f(0) >0 and f(1) > 0.

Since det(M) — tr(M) + 1 = f(cos? x) > 0, this concludes the proof of the lemma. O
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