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—— Abstract

The class of synchronous relations, also known as automatic or regular, is one of the most studied
subclasses of rational relations. It enjoys many desirable closure properties and is known to be
logically characterized: the synchronous relations are exactly those that are defined by a first-order
formula on the structure of all finite words, with the prefix, equal-length and last-letter predicates.
Here, we study the quantifier alternation hierarchy of this logic. We show that it collapses at level
33 and that all levels below admit decidable characterizations. Our results reveal the connections
between this hierarchy and the well-known hierarchy of first-order defined languages of finite words.
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1 Introduction

We study classes of relations on finite words, within the class of rational relations. Synchronous
relations [8] —also studied as regular relations [3] and automatic relations [5]— form a subclass
of rational relations enjoying many desirable properties. Indeed, synchronous relations form a
well-behaved class from many standpoints. Contrary to rational relations, they enjoy crucial
effective properties such as closure under intersection and complement. As a consequence,
most paradigmatic problems are decidable for synchronous relations, in the same way as
they are for regular languages. Further, they admit clean characterizations both in terms of
automata and logic, providing yet more evidence of the connections between logic, formal
languages and automata. Due to this good behavior, this class finds various applications in
verification [6, 1], automatic structures [5], the theory of transducers and database theory [2].

Synchronous relations contain natural relations such as equality, prefix, or equal-length.
In fact, any letter-to-letter transduction, alphabetic morphism or length-preserving rational
relation lies within synchronous relations [4].

Synchronous relations are those that are accepted by multi-tape finite automata. A
k-tape automaton over an alphabet A can be naturally seen as an NFA over the alphabet of
k-tuples A = (A U{L})* that reads k input words wy, ..., w;, € A* simultaneously, from left
to right, the i-th transition reading the tuple from A composed of the i-th letters of each
word w; (or L if ¢ > |w;|). Synchronous relations can also be described as finite unions of
the componentwise concatenation of a length-preserving rational relation with a recognizable
relation —two other well-studied classes of relations [4].

On the other hand, relations can be defined by logical formulse interpreted on words
in A*: a formula ¢ with free variables z1,...,z; defines the k-ary relation of all tuples
(w1, ..., wg) such that ¢ holds with the interpretation z; — w; (1 < i < k). Eilenberg, Elgot
and Shepherdson [9] showed that a relation is synchronous if, and only if, it can be defined
in this way by a first-order formula using the prefix, equal-length and last letter predicates.
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This characterization opens the possibility of exploring classes of synchronous relations
specified by fragments of first-order logic. In the present work, we study the quantifier
alternation hierarchy in this logic, that is, the classes of relations defined by formulese with
a bounded number of alternations of existential and universal quantifier blocks. This is a
natural way of providing small, well-behaved classes (closed under boolean combinations) of
synchronous relations. We show that the hierarchy collapses at level X3 and we give clean
combinatorial characterizations for its different layers, namely 31, its boolean closure B, Yo
and BYs. These characterizations reveal strong links with the classical ¥;- and 3o- fragments
of the first-order theory on finite words with the order < relation and letter predicates.
Interestingly, the notion of subwords, which plays a central role in the characterization of
Y1[<] and BXq[<], must be replaced here by the more subtle notion of synchronized subwords.

We also show that these characterizations are decidable: given a synchronous relation,
one can decide whether it is defined by a formula in 3; [resp. BX, X5, B¥s]. Our results
provide therefore a complete decision procedure for the alternation hierarchy of synchronous
relations.

Section 2 introduces technical preliminaries. Our main results are all stated in Section 3,
and their proofs are given in the ensuing sections: Section 4 for the collapse of the hierarchy,
Section 5 for what concerns the X;- and BXi-fragments and Section 6 for the Y5- and
BY-fragments.

2 Preliminaries

For any set A and a € A* we denote by @(i) its i-th component, an element of A. If w € A*
is a word, we denote by |w| its length and, for any 1 <i < j < |wl|, by w[i] the letter of w
in i-th position, and by w[i..j] the factor w[é]---w[j] of w between positions i and j. To
simplify notation, we let wli..j] = ¢ (the empty word) whenever 1 < < j < |w| does not
hold. If u,v are words, we let u M v be the longest common prefix of u and v.

We will consider relations of a fixed arity k > 2, over a fixed alphabet A with at least
two letters. Let L be a symbol not in A, and let A} = AU {L}. We will often work with
the alphabet A’j_, the direct product of k copies of A | .

Synchronous relations

Given wy, ..., wi € A*, we define the synchronized word w of the tuple (w1, ..., wy), written
W=w; @ @w, to be the word in (A*)" such that:

|w| = max(|wy], ..., |wk|); and

for every i € {1,...,|w|} and j € {1,...,k}, we have w[i](j) = w;[¢] if i < |w,|, and

wl[i](j) = L otherwise.
For example, abba ® ¢ ® de = (a,c,d)(b, L,e)(b, L, L)(a, L, L). We let SW), be the set of
all k-synchronized words, that is, SWj, = {w1 ® --- @ wg : wy,...,wx € A*}. For § =
{s1,...,sn} C{1,...,k} so that s; < --- < s,, we define the projection wg: SWj — (A"} )*
as mg(w1 ®@ - @ wy) = ws, @ --- @ ws, . In the case S is a singleton S = {i}, note that
ws : SWi — A*, and we simply write m;. If R C (A*)k is a k-ary relation, the synchronized
language of R, denoted by Lg, is the language {w1 ® -+ @ wy: (w1,...,wy) € R} C (AK)*.
The relation R is said to be synchronous if Ly is regular. The set of synchronous relations is
denoted by Sync.
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MSO over finite words

In the classical setting introduced by Biichi (see [20]), languages over alphabet A are described
by formulee interpreted over the set of positions of a finite word, using the binary word
ordering predicate < and the unary letter predicates a (a € A) —where a(i) holds if the
word carries letter a in position 4. Biichi’s Theorem [7, 20] states that a language is regular
if and only if it is definable by a closed monadic second order formula in this logic, written
MSOJ<, {a}aen], or MSOI<] if A is understood. If ¢ is a closed formula in MSO[<], we
let |¢| be the language in A* it defines, and if F is a set of formule, |F| denote the class
{lel: o € F}.

First-order formule in Biichi’s logic define a strict subclass of regular languages, that of
star-free languages (see [19, 12, 20, 21]). The quantifier alternation hierarchy within FO[<]
forms a strict infinite hierarchy, and it has been the object of intense study (see [17, 18] for
an overview). In the sequel, we will only use results regarding the X;, B3, X5 and B3
fragments of FO[<], possibly enriched with the constant predicate max, which stands for
the last position in a word (see below in this section and Section 6). Recall that B designates
the boolean closure; that 3 is the set of existential formulee, of the form Jz; - - - 3z, ¢ with
¢ quantifier-free; and that 35 consists in the formulee of the form 3z - - -3z, ¢ with ¢ in
B3;. The class II; consists of the negations of the formulae in 3; (eg., IT; are all formulae
of the form Vz; - --Vz, ¢ with ¢ quantifier-free). We will sometimes write FO[<](A*) (or
fragments thereof) when we want to make explicit the alphabet A we work with.

FO over the structure of all finite words

We now turn to the signature introduced by Eilenberg et al. [9] to discuss synchronous
relations over A*, namely o = [=, eq, ({4)qca].- These predicates are interpreted as follows:
(w1, ws) = o <y if and only if wy is a prefiz of wo;
(w1, ws) = eq(x,y) if and only if wy and wy have equal length;
w = £y (z) if and only if the last letter of w is a.
Every formula ¢ with free variables z1, ...,z defines a k-ary relation written |/¢||, namely:

lloll = {(wy,...,wg) € Ak (wr, ... wg) E o}

For convenience, we write z < y for (z < y) A ~(y < ), and L, for L . For example,
o(r1, 22, 23) = (x5 S 1) A (T3 S 22) AVz (3 < 2 = (2 X 21 Az X x2)) defines the set
l|| of all triples (w1, ws,ws) such that ws = wy Mws

Types and type sequences

For a letter @ = (ay,...,a;) € A% the type of a is the subset of {1,...,k}? type(a) =
{(4,7) + a; = a; # L}. The type of a synchronized word w = a;---a, is given by
type(w) = ();<;<, type(a;). For example, type(a, L,a,b) = {(1,3),(3,1),(1,1),(3,3), (4,4)}
and type((a, L,a,b)(L, 1,b,b)) = {(3,3), (4,4)}.

In particular, if w € SWy, the successive values Ty D T5--- D T, taken by the types
of the prefixes of w form the type sequence of w, written type-seq(w). In such a sequence,
we say that T; is an end type if either ¢ = n, or (j,j) € T; \ T;41 for some j < k —that is,
ifw=w ®- - ®wyg, T; is an end type in type-seq(w) if the length of the longest prefix
of w of type T; is equal to |w;| for some j. If T is a type, we let Ap be the set of T'-
compatible letters, Ar = {a € A% : T C type(a) C T*}, where T* = {(i, ) : (i,4),(j,7) € T};
and let A_ 7 = {a € A¥ : T = type(a)}. If T’ is a type such that T C T’, we also let
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A p={ac Ak : T =T Ntype(a)}. Hence, if wa € SWj, and w has type T [resp. T'], then
type(wa) = T if and only if @ € Ay [resp. T C T" and a € Aps 7).

It follows that, if T = (71, ...,T}) is a type sequence and K (T) is the set of synchronized
words w such that type-seq(w) = T, then

K(T) = A_,T1A§"1 ATl,TzA;z U AT"_thA;n~ (1)

Note that this product of languages is deterministic, that is, given w, we can determine
type-seq(w) and its unique factorization in the product (1) by reading w from left to right:
the first letter determines 77, the next factor is the longest written in A, the first letter
out of Ap, (together with T7) determines T5, etc.

If w = wy - -w, is this factorization, with w; € Ar,_, 7,A}, for each i (ATﬂTlA’ﬁ for
i = 1), we say that w; is the i-th type factor of w, written type-factor;(w).

Synchronized subwords

We denote by T the (scattered) subword relation on A* (sometimes called subsequence):
if u,v € A*, we have u C v if there exists a strictly increasing function p: {1,...,|ul} —
{1,...,|v|}, called the witness function, such that, for all i € {1,..., |ul}, u[i] = v[p(?)].

Given w = w1 ® - @wy, and @' = w] @ - - - @ wy,, we say that w is a synchronized subword
of @', denoted by w C, w’ if and only if w C w’, with a witness function p which is

type preserving: type(w[l..7]) = type(w’[1..p(¢)]) for all 1 < i < |w]; and

end preserving: p(|w;|) = |wj| for all j € {1,...,k}.

» Lemma 1. For u,u’ € SW;, with type sequences T and T', we have t T, @' if and only if
T is a subsequence of T' with a witness function t: {1,...,|T|} — {1,...,|T’|} so that, for
every i, the i-th type factor of u is a subword of the t(i)-th type factor of @', and they further
have the same last letter if T; is an end type of T.

Proof. Suppose first that « Cg @’ and let p: {1,...,|u|} = {1,...,]|@'|} be a witness function.
Let 7 and T be the type sequences of @ and @' and let @ = 1y - - - Uy, @' = @} - - - !, be the
type factorizations of u and @’. For each 1 <14 < n, if v; = 4y - - - u;, then T; = type(v;) =
type(u'[1..p(|0;])]), so T is a subsequence of T". Let t(i) be such that T} = Ti. Since p is
type-preserving, the factor u; is a subword of ﬂi(i). Both have the same last letter if T; is an
end type for u, since p is end-preserving.

Conversely, suppose that T; = T} i) and that u; C ﬂ:&(iy with witness function p; (with

domain {1,...,|u;|}). Let p be the function on {1,...,|u|} obtained by ‘concatenating’
the pi: p(|ty -+ Ui—1| + h) = [u} - Uy, |+ pi(h). 1t is directly verified that p witnesses
uC, . <

Given a quasi-order < over a domain X, the <-upward closure of an element x € X is
the set T<z = {2’ € X 1z 2 2'}. If S C X, we also let 1< = (J,cg T< =. Finally, S is
<-upward closed if S =1<S. Henceforward, we write fw and 15 as short for t-w and 1T S;
and we write T,w and 1,5 as short for T w and T, S.

A well-quasi-order (wqo) is a quasi-order (X, =) such that for every infinite sequence
(2;)ien of elements of X, there exist ¢ < j so that 2; < x;. A crucial observation is that, if
< is a wqo, then any set has a finite number of <-minimal elements.

It is a classical result (Higman’s lemma [10], see also [11, chap. 6]) that the subword
order on A* is a wqo. Unsurprisingly, the same holds for the synchronized subword order.

» Proposition 2. For every k, (SWy,Cs) is a well-quasi-order.
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Proof. If (w,), is an infinite sequence of elements of SWj, we can extract an infinite
subsequence of elements with the same type sequence T = (Ty,...,Ty,) (since there are only
finitely many type sequences). Similarly, we can further extract an infinite subsequence
where, for each end type T;, all the i-th type factors end with the same letter.

On this subsequence, C; coincides with the intersection of the subword order applied to
each of the n type factors. The result follows since the subword order is a wqo and wqo’s are
closed under intersection. <

Bounded subword and synchronized subword classes

It is well-known [20] that |3;[<]| is the set of languages of the form 1S, where S is a set of
words (which can be assumed to be finite by the wqo property). Similarly, |B3;[<]| is the
set of finite unions of languages of the form 1S\ 1S’, where S, S’ are finite sets of words. For
h € N, let ~;, be the equivalence relation on A* defined by w; ~p, ws if and only if w; and
wy have the same subwords of length at most h. Then we also know [13, 20] that |BX;[<]|
is the set of finite unions of ~j-classes, also known as the set of piecewise testable languages.
We introduce analogous definitions for synchronized subwords. If h € N, we let ~, be
the equivalence relation on synchronized words, defined by wy =~ ws if wy and ws have the
same set of synchronized subwords of length less than or equal to h. We let V}, be the set of
equivalence classes of ~j, and V}, be its Boolean closure. Finally, we let V = Unen Vh.

3  Summary of results

We start with an overview of our main results. Their proofs are discussed in the next sections.
Theorem 3 refines the already mentioned 1969 result of Eilenberg et al. [9], which states that
the relations definable in |FOJo]|| are exactly the synchronous relations.

» Theorem 3. For any alphabet having at least two letters,

[Zafolll & [IBE[oll & %ol & [IBZ2[0]l & [[Zs[o]]l = [FOlo]]| = Sync.

=

The characterizations of the 31 [o]- and the BX [o]-fragments are in terms of synchronized
subwords, rather than ordinary subwords as in the case of word languages.

» Theorem 4. For any relation R, R € ||X1[0]|| if and only if Lr = 1sLrg.
» Theorem 5. For any relation R, R € |BX1[0]| if and only if Lp € V.

We note the following corollary of Theorem 4, which follows from the wqo property of
the synchronized subword order (Proposition 2).

» Corollary 6. For every formula ¢ € 3q[o] with k free variables, there exists a finite set
S C SWy, such that L, = 159.

In contrast, the characterizations of the 3s[o]- and the BX3[o]-fragments reduce to the
corresponding logical fragments for word languages.

» Theorem 7. For any relation R, R € ||Xa[o]|| if and only if Lr € |Za[<]|.
» Corollary 8. For any relation R, R € |BXx[o]|| if and only if Lr € |BX3[<]|.

These characterizations can then be used to prove the decidability of the membership
problems for the different fragments of FO[o].
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» Theorem 9. Given a fragment F € {31[o], BX1[o], X2[o], BX2[0]} and a synchronous
relation R (say, an automaton accepting Lr), it is decidable whether R € ||F||.

» Remark 10. The decidability of membership in ||X3[o]|| and ||BXz[c]|| follows directly from
the decidability of |Za[<]| [15] and |BXa[<]| [16], see also [17].

4 Collapse of the alternation hierarchy

Here we prove Theorem 3. The equality ||[FOJ[o]|| = Sync was proved in [9]. The collapse
at level X3 is established by a folklore argument, in which the runs of a classical (1-tape)
automaton are first-order encoded using additional tapes.

Specifically, let R be a k-ary synchronous relation and let A be a DFA accepting the
language Lg, with state set Q. We fix 0,1, two distinct letters of A, which will be used to
encode the runs of A. If w € SW, and if ¢ € Q, we let u, be the word of length |w| which
carries letter 1 at each position ¢ such that A is in state g after reading the 7 first letters of
w, and carries letter 0 everywhere else.

A 3j[o]-formula ¢ with free variables z1,..., 2, defining R is obtained as follows. A
tuple of variables Y = (y4)qeq is quantified existentially, and the rest of the formula, in
B30, verifies that the words u, (¢ € Q) assigned to these variables encode the run of
A as above. More precisely, each of these words must have length |w]| (verified in II3[o])
and at every position, exactly one of them carries a 1 (verified in IT;[c]). Moreover, the
first letter of each u, must be 1 exactly when ¢ is the state reached from the initial state
when reading the tuple of first letters of the words assigned to z1, ..., zx; the notion of first
letter, or rather of length 1 prefix is ITs[o]-definable. Similarly, the last state must be one of
the final states of A, which is readily verified using (without any quantifier) the last letter
predicates ¢,. Finally, the compatibility of the u,’s with the transitions of the run of A on w
can be encoded with a Ils[o]-formula. Thus Sync is contained in ||33[o]]]

We now turn to the proof of the strictness of containments in Theorem 3. We observe
that a unary relation on A is nothing but a language in A*. In that case, the notion of
type is trivial, and w C, w’ if and only if w E w’ and they have the same last letter. In
view of Theorems 4 and 5, it follows that a* is in |[BX1[o]|| but not in ||X;1[c]||. The other
containments are strict because they are in the classical framework. This completes the proof
of Theorem 3.

5 3,[o] and its boolean closure

We prove Theorems 4 and 5, and we exhibit a decision procedure for membership in (8)%[o].

5.1 Characterization of ¥, [0]

The proof of Theorem 4 is a consequence of the following three properties:
if ¢ is a formula of 3;[c], then L, is C,-upward closed (Lemma 12 below);
the relation defined by the Cs-upward closure of any synchronized word is X1 [c]-definable
(Lemma 13 below);
C; is a well-quasi-ordering on SW}, (Proposition 2 above).
We first show how these three properties imply Theorem 4.

Proof of Theorem 4. If R is X;[o]-definable, then L = 1sLg by Lemma 12. Conversely,
suppose that Lr = T5Lg and let S be a Cs-minimal subset of Ly, so that 1,5 = 1,Lg. Since
Cs is a wqo by Proposition 2, S is finite, say, S = {ws, ..., W, }. By Lemma 13, for every
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1 <i <'m, there exists a formula ¢; € X4 [o] such that L,, = T,w;. Letting ¢ = V1§i§m D
we see that Ly, = U, <<, TsWi = 155 = TsLr = Lg, and hence R = [|¢| € [|Z1[o]]|. <

Before we prove Lemma 12, we establish the following technical lemma.

» Lemma 1l. Let w=w1 ® --- Q wy, and W' = w] ® --- @ w}, such that w Ty w'. For all
u € A*, there exists u' € A* such that w@u C, w' Q@ u'.

Proof. Let p: {1,...,|w|} = {1,...,|w’|} be the witness function for w C; w’. Let 51 =
max;<y |u M w;| and £ < k be such that |u M w,| = s;. Finally, let s = min(|w|, |u|), and
u[s1+1..82) = aq - - - ap,. Thatis, u = (uMwy) (a1 - - am) uls2+1..|u|], with the understanding
that u[sy + 1..|u|] = € if |u] < |w].
For 1 <i<m,let n; = p(s1 +i) —p(s1) — 1, and npm41 = |@0'| — p(s2). Let also z be an
arbitrary letter of A. We then define
/

' =wy[l.p(s1)] 2" ag - 2" am 2" ulse + 1.ul].

Ezample. Let w = w1 @ wa, W' = wj ® wh and u be defined as follows.
1 2

1 2 3 4 5 6 7 p(1) P(2)p(3) p(4) p(5)p(6) ?'(7)
wi=ababba wi=aabbabbbbaba
t=2>wy=:abbiabd wh=:a abbbiabab
u=:abbbaab Ww=aabbbzzbaazzb
,,,,,,,,,,, : e
u M wsy u Mwsy ng n2=nz=0 ny

Now let p’ be the function defined on {1, ..., max(|w|, |u|)}, which extends p by letting
P (|| +j) =|w'|+jfor 1 <j < |u|—|w|. We show that p’ is a witness for w @ u Cs w' @ u’.
By construction, p’ is increasing and (w®u)[i] = (w'®@u’)[p/(2)] for every i < max(|w],|u|) =
| @ u|. We must now show that, for each such 4, type((w @ u)[1..i]) = type((w’ @u)[1..p'(1)]),
and that p’(Ju|) = |u'|. For convenience, we write w,, for w ® u and w,, for w' @ u'.
If 1 < i < s, then p'(i) = p(i), the u-component of each letter of w,[1..i] coincides
with its ws-component, and the uw/-component of each letter of @/, [1..p(7)] coincides with
its wj-component. It follows that type(w,[1..7]) is the equivalence relation generated
by type(w[l..4]) U {({, k + 1)}. Similarly, type(w,, [1..p(¢)]) is the equivalence relation
generated by type(w’[1..p(7)]) U {(¢,k + 1)}. Since type(w][l..i]) = type(w’'[1..p(3)]), we
have type(w,[1..i]) = type(w,,[1..p(¢)]). In particular, we have u[i] = we[i] = wy[p’(7)] =
W [p'(3)]. If i = |u|, then sy = ¢ and, by definition, v’ = wj[1..p(¢)]. It follows that
u'| = p(i) = p'(2).
If 51 < i < s9, again we have p’(7) = p(7). Moreover, type(w,[1..7]) = type(w][1..i]) U {(k +
1,k+1)} since the u-component differs from any other component on at least one position
less than or equal to ¢. For the same reason, type(w,, [1..p'(¢)]) = type(@’'[1..p(3)]) U {(k +
1,k+ 1)} = type(wy[1..7]). Also, by definition of the n;, we get u[i] = v/'[p(i)] and, as
above, if ¢ = |u|, we find that p(:) = p(|u]).
If s9 <@ < |u|, then p/'(i) — |@0'| =i — |w| = |u[s2 + 1..7]|. In particular, p'(|u]) = |@'| +
|u[se + 1..4]| = |[o/|. Moreover, type(w,[1..1]) = {(k+ 1,k + 1)} = type(w), [1..p'(3)]). =

» Lemma 12. If ¢ is a formula in X, [o], then L, is Cs-upward closed.

Proof. First observe that if the synchronized words w = w1 ® - - - Qwy, and W' = Wi ®- - - Qwy,
satisfy w C; @', then, for all i, € {1,...,k}, we have:

w; = w; if and only if w] < w;-;

|wi| = |w;| if and only if |wi| = |wj[;
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if |w;| = |w}] > 0, then w; and w; have the same last letter.

We now proceed by induction on the number of quantified variables of . If ¢ is quantifier-free,
these three properties show that L, is Cs-upward closed.

If ¢ is not quantifier-free, we have ©(y1,...,yx) = 3z ¥(y1, ..., yx, z) for some ¢ € X [o].
Let w,w" € SWj, such that w Cs w’ and w = . Then there is u € A* such that w ® u = 1.
By Lemma 11, there also exists v’ € A* such that w ® u Cs w’ @ v'. Since ||9)|| is Cs-upward
closed by induction, @’ ® v’ = ¢, and hence w’ = . This completes the proof. <

» Lemma 13. Ifw is a synchronized word, then the relation defined by 15w is 31 [o]-definable.

Proof. Let w = w1 ® -+ @ wy € SWy. We define a formula (21, ..., 2;) (dependent on w)
whose synchronized language is T,w, using existential quantification on a set consisting of
one variable for each w; and one for each position within w;. Formally, let X = {z; ; :1 <
i <k,1<j<|w}. Then o(z1,...,2,) = 3X.4(21,..., 2k, X), where ¢ is the conjunction
of the following formulee for every i € {1,...,k}:

(1) 2 = @i jw,;

(2) for every 1 < j < |w;|: @i j < T j41;

(3) for every 1 < j < |w;l: gwi[j] (xi,j)§

(4) for every 1 <4’ <k and j < min{|w;|, |wi|}: eq(z; ;, zi ;);

(5) for every 1 <4’ <k and j < min{|w;|, |wy|} such that w;[1..5] = wy[1..5]: z;; = x4 ;.

Let W' = w] ® --- @ w),. First assume that @’ € T,w: we want to show that @’ € L.
Let p be a witness function for w Cs w’. For each 1 < i < k and 1 < j < |wyl, let the
word w}[1..p(j)] be assigned to variable z; ;. It is readily verified that (wf,...,w)) satisfies
©(z1,...,2;) and hence w € ||¢||.

Conversely, suppose that @’ € L,. There exists an assignment « for the variables in ¢
such that (w, o) F . We define a function p: {1,...,|w|} — {1,...,|w'|} as follows.

If 1 < j < |wl, there exists 1 < ¢ < k such that j < |w;|, and we let p(j) = |a(z; ;)|
Condition (4) in the definition of ¢ shows that p is well-defined. Condition (2) shows that it
is increasing and Condition (3) shows that w[j] = @w’[p(j)], so that p is a witness function
for w C w’. Finally, Conditions (5) and (1) show that p is type- and end-preserving, thus
establishing that it is a witness for w C, w’. <

5.2 Characterization of B3[0]

The following lemma establishes one of the implications of Theorem 5.
» Lemma 14. For every ¢ € BX[o], L, € V.

Proof. It is a folklore result that ¢ is logically equivalent to a finite disjunction \/?=1 i AL,
where ¢; € X1[o] and ¢} € II;i[o] for every i. By Corollary 6, there exist finite sets S;
and S (1 < < n) of synchronized words such that Ly, = 1S; and Ly = 15S;. Let
S=U_,S;US! and let h = max{|u| : u € S}.

If w,w’ are synchronized words such that w =, w’, then w and w’ have the same
synchronized subwords of length at most h, and hence the same synchronized subwords in
each S; and each S (since these sets contain only words of length at most h). If w € L,
then for some 4, w contains a synchronized subword in §; and none in S;. The same holds
therefore for @', and w’ € Ly, - Thus w' € Ly, which completes the proof. <

To establish the converse implication, we consider & € N and L € Vy, so that L is a finite
union of ~j-classes [w1]p, ..., [Wn]n, and we show that L = L, for some ¢ € BX[o].



D. Figueira, V. Ramanathan, and P. Weil

For each 1 < i < n, let S; be the set of synchronized subwords of w; of length at most h,
and S/ be the complement of S; within the set of synchronized words of length at most h.
Both are finite and, by Lemma 13, there exist 3;[o]-formulae 1; and )} such that L, = 1,S;
and Lyy = 15S;. Then, for each 1 <i <n, [w;]p = 158 \ 15S; = Ly, r-y; and hence, L = L,
with ¢ = V,; ¥i A —;. This completes the proof of Theorem 5, since ¢ € BX;[o].

5.3 Deciding membership in ||3;[0]||

In view of Theorem 4 and of the properties of regular languages (namely the decidability of
equality), membership decidability for ||31[o]|| reduces to proving the following proposition.

» Proposition 15. Given a regular language L C SWy, its upward-closure TsL is reqular
and computable.

We begin with some preliminary definitions, which will also be used in the next section. For
SCSWy, let 1Y S ={w e SW,:3u €S uL wand u,w have the same last letter}. Let A
be a deterministic automaton accepting L, with state set ) and initial state qg. For p,r € Q,
we let A(p,r) be the same as A, with p as initial state and {r} as final states.

We say that a state sequence § = (q1,...,qn) € Q™ is T-compatible in A if ¢; is reachable
from go by reading a word in A_ 1, A%, g2 is reachable from ¢; by reading a word in
At 1,A%,, etc. In addition, we require g, to be a final state of A. Observe that, given T,
the set of T-compatible state sequences is finite and computable.

If § is T-compatible, we let L(T, d,1) be the intersection of the language accepted
by A(¢i-1,qi) with Ar,_, 7, A% (A7, A% if i = 1). In particular, if w € SWj and
type-seq(w) = T, then w € L if and only if there exists a T-compatible sequence ¢ such that
w € L(T,q,1)--- L(T,q,n) (uniquely determined, due to determinism). Note that the n
factors of w thus determined are its type factors. In particular, L = JL(T,q,1) - -- L(T, q,n),
where the union runs over all type sequences T and all T-compatible state sequences ¢ of A.
This is a finite union, all of whose terms are explicitly computable.

Proof of Proposition 15. For L, A, T, G, i as above, let E(T, q,1) be E(T, q,1) =1L(T,q,i)N
A%, if T; is not an end type or L(T\, q,i) = TZL(T, q,1) N A%, otherwise. We now show that

1L =|JL(T,q.1) - L(T,q,n).

Since the operation L(T,q,1) E(T, q,1) is computable, this implies Proposition 15.

The proof is essentially an application of Lemma 1. Suppose first that w € 1,L, that is,
there exists 4 € L such that & C, w. Let T = type-seq(u) = (T1,...,T,) and let g be the
T-compatible state sequence determined by reading # in A. By Lemma 1, T C type-seq(w),
with a witness function ¢ so that, for each 1 <4 < n, the i-th type factor u; of u is a subword
of wy(;), the t(i)-th type factor of w (with an additional last letter condition if T} is an end
type). Therefore u; is also a subword of Wy (;_1)41 - - - Wy(;), with the same last letter condition
in the case of end types. Since @; € L(T,q,1), this means that We(i—1)41 " Wy(q) € E(T, q,1)
and hence w € E(T, q,1)--- E(T, q,n).

Conversely, suppose that w € E(T, q,1)--- E(T, q,n) for some type sequence T and T-
compatible state sequence ¢. For each 1 <i < n, let u; € L(T, ,4) such that u; C w;, with
witness function p; (and so that p;(Ju;|) = |w;| if T; is an end type). By construction of the
L(T,q,1)’s, the word & = @y - - - @, is in L, with type factors @1, ..., @,. Moreover i C, w for
the witness function obtained by ‘concatenating’ the functions p;: p(i) = p1(i) for i < |uy|,
and p(|ty - @i—1| + h) = |1 - - - wi—1| + pi(h) for every 1 <i <nand 1 < h < . <



10

The Quantifier Alternation Hierarchy of Synchronous Relations

5.4 Deciding membership in |BX;[0]||
As a first step, we note the following.
» Lemma 16. If T is a type sequence, then K(T) is BX[o]-definable.

Proof. Let S7 be the set of C;-minimal elements of K(T), a finite set by Proposition 2. Then
K(T) C 1,S7. Moreover, if & € 1,S7, then T C type-seq(u) by Lemma 1. It follows that
K(T) =187 \U{tsS7 : TCT', T # T'}. The statement then follows from Theorem 4. <

Since there are finitely many type sequences T and each K (T) is computable, membership
of a language L in ||[BX;[o]| is equivalent to the membership of each L N K (T) in || BX:[0]]|.
We now fix a type sequence T = (T1, ..., T},). Our next step is a technical characterization
of | BE1[o]| for languages within K (T). For each 1 <i < n, let F; = BE4[<, max] (A7) if
T; is an end type in T, and F; = BX,[<](AY,) otherwise. Let also Gy = {A_ 1, A} NH: H €

|F1l} and, for i > 2, G; = {Ar,_, A}, NH: H € |Fl}.

» Lemma 17. A regular language L C K(T) is in |BX1[o]| if and only if, for each T-
compatible state sequence q, L(T,q,i) € G; for each 1 <i < n.

Proof. For convenience, we write L(q,4) for L(T,q,i). First assume that every L(g,i) €
Gi, that is, there exists a BX[<]-definable language H(q,7) C A}, such that L(g,i) =
Ar,_, 7,A% N H(G,i) (or,if i =1, L(g,1) = A_ 1, A% N H(g,1)). Then H(g,1) is the finite
union of languages of the form H(q,,5) = 15(q,4,7) \ 15°(q, i, ) (or 1¢S(q,,5) \ 15" (g, 1, )
if T; is an end type), for 1 < j < ng,;, where the 5(g,%,7)’s and S’(q,4,j)’s are finite
sets. Then L(g,i) is the union of the L(g,i,j) = Ar,_, 7,A% N H(q,i,j) (or, if i = 1,
L(g,1,j) = A, A% N H(g,1,5)). If 7= (j1,...,jn) is such that 1 < j; < ng; for each
1<i<mn,let L(q,7) = L(q,1,71) - - L(g,n, jn). Then L is the (finite) union of the L(q, ).
Now let

S(3,7) = {w € K(T): forallic{l,...,n},type-factor,(w) € S(q,4,;)} and

S'(g,7) = {w € K(T): for some i € {1,...,n},type-factor;(w) € S'(g,4,7:)}
Then, L(q,7) = K(T) N (18(3,7) \ 18'(,7)) € ||BZ1[o]||. It follows that L € ||BX[o]].

Conversely, suppose that for some g and some i, L(q,i) ¢ G;. In view of Theorem 5, we
want to show that L is not ~,.-saturated for any r > 1. Let r be now fixed. We only need to
exhibit words w € L and @’ ¢ L such that w ~, w'.

Let ~! be the relation on A7, given by u ~8 0 if 4 ~, ¥ and, either the first letters
of uw and v are both in Az, | or neither is. By means of contradiction, suppose L(q,1)
is the finite union of the ~i classes [u1], ..., [tn]. Then each @; € Ar,_, r,A}, and, by
definition of ~%, [u;] = Ar,_, 1,A%. N [u;], where [u;] denotes the ~-class of ;. Therefore
L(g,i) = Ar,_, ;A% N M, where M is the union of the [u;]’s. Since M € [BX;[<](Ar,)|,
this shows that L(g,i) € G;, a contradiction. (In the case where T; is an end type, we need
to reason with the intersection of ~¢ with the same-last-letter equivalence.)

Now, since L(q,i) is not ~!-saturated, there exist words ;, i, € Ar,_, 1A%, such that
u; ~p u; (and if T; is an end type they have the same last letter) and exactly one of them is in
L(q,1). Say u; € L(q,1), so that u; € L(A(qgi—1,¢;)) and @, € L(A(g;—1,q;)) for some g; # qj.
Assuming wlog that A is minimal for L, there exists a word 7 and states p, p’ of which exactly
one is accepting, such that y € L(A(g;,p)) NL(A(¢},p")). Let & € L(g,1)---L(g,i — 1),
w = Ty and @' = Zu,y. Then exactly one of w, @’ is in L. Since L C K(T), this implies
that y € A% Ar, 1, A% - Ar, 1, AL (A%, if i = n). Consequently, @ and w’ have

the same type sequence T, with the same type factors except for the i-th one. Moreover,
type-factor;(w) = w;u’ and type-factor,(w’) = uju’, where u’ is the longest A%, prefix of u.
Since w; ~ u};, u;u' ~, uiu’. Then w ~, w' is a consequence of Lemma 1. <
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In view of Lemma 17 and since each L(T, g, 1) is computable (Section 5.3), the decidability
of ||BX1[o]|| will be established if we show that membership in each G; is decidable, which is
the object of the following lemma.

» Lemma 18. Let A be an alphabet and B C A. Then, it is decidable whether a reqular
language is in Wp = {BA*NL: L € BX[<](A)}.

Proof. The result follows directly from the following characterization of Wpg, which we
prove below: a regular language K € Wg if and only if K C BA* and for every b € B,
bV IK ={ue A*: bu € K} € |[BE;[<](A)].

If K € Wg, then K = BA* N L for some L € |BX;[<](A)|. Therefore, K C BA* and,
for every b € B, b1 K = b~'L € |BX;[<]| (since BX;[<] is closed under left quotients).

Conversely, suppose that each b*K (b € B) is a BX;[<]-languages. Then there exists r
such that each of these languages is ~,-saturated. Say that u ~§+1 v if w ~,41 v and, either
u,v have the same first letter in B or both their first letters are in A\ B. Suppose there
exist words u, v such that u ~Z ; v and u € K. Then u € BA* and v has same first letter
as u, say b, so that u = bu’ and v = bv'. In particular, u’ ~, v/. Since v/ € b"'K and b~ 'K
is ~,-saturated, it follows that v/ € b~'K and hence v € K. Therefore, K is the union of
the Nﬂl—classes of a finite set of words u;,...,u, and if L is the union of the ~,i-classes
of the same words, then L € |BX;[<]| and L N BA* = K. That is, K € Wg. <

6 3[c] and its boolean closure

For any alphabet A, an A-monomial is a language of the form Aja;Ajas--- Aja,A;, 4,
where Ay, As,...,Ant1 € A and ay,a9,...,a, € A. An A-polynomial is a finite union of
A-monomials.

» Remark 19. It is known [14] that ¥4[<](A) sentences define exactly the set of A-polynomials.
A non-trivial consequence is that the set of A-polynomials is closed under intersection.

Not every A’i—polynomial respects the structural properties (on the positions of L) of
synchronized words. For example (a, L)*(b,b)(a,a)* is a polynomial over A% for A = {a, b}
and k = 2 but it does not define a relation. In order to characterize subsets of SW;, which
are polynomials, we introduce the notion of | -consistency.

If a = a; ®--- ® ay is a synchronized letter in A%, we denote by 7(a) the set {i €
{1,...,k}: a; = L}. A non-empty subset A C A is said to be L-consistent if all the
7(a) (a € A) take the same value. If that is the case, we let 7(A) = 7(a) (for any a € A).
Finally we say that a monomial Aja, A% ...a,A% (over A¥) is L-consistent if and only if
every non-empty A; is L-consistent and the sequence 7(A), 7(a1),7(A1),. .., 7(an), 7(A,)
is C-increasing (where the term 7(A4;) is skipped if 4; = ).

We denote by P the set of all L-consistent polynomials, that is, of finite unions of
1 -consistent monomials. The following statement follows directly from this definition.

» Lemma 20. Let L = /_13&1[1}‘ . Zznflj‘l be an A’j_—monomz’al. Then L C SWy if and only
if L € P. Moreover, if L is L-consistent and S C {1,...,k}, then mg(L) is a L-consistent
monomial as well.

We can now proceed with the proof of Theorem 7. We first show that a X3[o]-
definable k-ary relation R satisfies Lr € P. Indeed, without loss of generality, R is
defined by a Xs[o]-formula ¢ with free variables S = {z1,...,2;}, of the form ¢ =
Jzy ... 3w, Y(x1,. .., Tpy 21, .-, 25), With ¢ € TIi[o]. In particular, ||¢] is a (n + k)-ary

relation and R = wg(||1]]). Lemmas 20 and 21 therefore establish that Lg € P.

11
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» Lemma 21. If R € ||T1,[0]| then Ly € P.

Proof. Since R € ||II;[o]||, it is the complement of a 3 [o]-definable relation. By Corollary 6,
we have Lp = SWj, \ 1,8 for some finite set S. Since P is closed under intersection (see
Remark 19), we only need to show that SW}, \ 14w € P for a single synchronized word .

Let T = (T4, ...,T,) = type-seq(w). By Lemma 1, we see that 4 € Ly if and only either
(1) T  type-seq(), or (2) T C type-seq(u), with witness function ¢ and w; Uy(;) for some
1 <i<nor, (3) again T C type-seq(u) with witness ¢, where w; and ;) do not have the
same last letter for some i such that 7; is an end-type for w.

The first condition means that @ € | J K(T"), where the union runs over type sequences 7"
such that T [Z T'. We saw in Section 2 that this union is in P. The second condition places
u in Ci = A*,T1A;“l i .ATz‘—%Ti—lA;’i_l Lz ATi,Tz‘JrlA;’H_l . 'ATnthnA;’,g where Li is the set
of words in A7, _17,A%, that do not have w; as a subword. Then L; is IT; [<]-, and hence
3y[<]-definable. As a consequence, L; € P and, by associativity, C; € P. Finally, the third
condition places w in Cf = A_ A% -+ Ar_, 1 (A} | Li Ay A% Ar, 1, AT
where L = (Ar, \ Ar,_,)A%, N AL B;, with B; the set of letters of Ar, different from the last
letter of w;. Here too, L; € P and hence C] € P. <

The following lemma then concludes the proof of Theorem 7.
» Lemma 22. If R is a relation such that Ly is a L-consistent polynomial, then R € || 3z[o]||.

Proof. By definition of P, the proof reduces to the case where Lp is a L-consistent monomial,
say Lp = Aja A} ---a, A%. We now construct a 3s[o]-formula o, with set of free variables
Z ={z,...,2,}, which defines R.

Let wy,...,wx € A* be such that w = w; ® -+ ® wx = ay - - a, (they exist due to
L-consistency). Let X = {z;; :1<i<k,1<j<|wl}andY = {y1,...,yx} be sets of
variables. We first let 11 (X, Z) be the conjunction of the following formulee for 1 <14 < k: (1)
for every 1 < j < |wil: @i ; < 2ij11; (2) Tijw, = 25 (3) for every 1 < j < |wil: Loy, 15)(2i5);
(4) for every 1 < ¢’ < k and j < min{|w;|, |wi|}: eq(x; j, z: ;). Notice that u € SWj, satisfies
X ¢ (X, Z) if and only if w is a subword of Z with witness function given by p(j) = |z ;|
forany 1 < h < k.

The variables in Y are meant to represent the k components of a prefix of @, which is
expressed by ¥2(X,Y), the disjunction over all subsets H of {1,...,k} (H represents the
components of « which are shorter than that prefix) of the formulee

N wn = znnealynz) A\ (gn < 20) Aea(un ) A N\ Fr(r 2 ya Aea(r,yn)-
heH hyigH heH,igH
Next, for @ € A*¥ and A C A% and recalling that 7(a) = {h : m,(a) = L}, we define
Ya(Y) = Nigr(a) Crn@(n) and 9 4(Y) = Ve g9a(Y). Once y is a prefix of u and w is
a subword of @ with witness function p, if for some 1 < j < n, we have |y| = p(j), then
y satisfies ¢z,. We now only need to verify that if |y| sits between p(j) and p(j + 1) (for
some 0 < j < n), then y satisfies ¥4, This is done by the formula 3 (X,Y) = /\?=0 Xjs

where Xo(X,Y) = (Angr(in) 0 < #n1) = 64,V Xal5Y) = (Apgeia Tnn < 91) —
Y4, (Y), and for every 0 < j < n,

XY = A @y <un) An < zn) | = v, (V).
h¢T(A;)
Finally, R is defined by the 3s[o] formula ¢(Z) = IX¢1 (X, Z) AVY (2(X,Y) As3(X,Y)).
<
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