N

N
N

HAL

open science

THE DISCRETE LAPLACIAN OF A 3-SIMPLICIAL COMPLEX
Baalal Azeddine, Hatim Khalid

» To cite this version:

Baalal Azeddine, Hatim Khalid. THE DISCRETE LAPLACIAN OF A 3-SIMPLICIAL COMPLEX. 2019. <hal-

02105789)

HAL Id: hal-02105789
https://hal.science/hal-02105789v1

Preprint submitted on 21 Apr 2019

HAL is a multi-disciplinary open access archive
for the deposit and dissemination of scientific re-
search documents, whether they are published or not.
The documents may come from teaching and research
institutions in France or abroad, or from public or pri-
vate research centers.

L’archive ouverte pluridisciplinaire HAL, est des-
tinée au dépot et a la diffusion de documents scien-
tifiques de niveau recherche, publiés ou non, émanant
des établissements d’enseignement et de recherche
francais ou étrangers, des laboratoires publics ou
privés.

Auto':izition
HAL Authorization


https://hal.science/hal-02105789v1
https://about.hal.science/hal-authorisation-v1/
https://about.hal.science/hal-authorisation-v1/
https://hal.archives-ouvertes.fr

THE DISCRETE LAPLACIAN OF A 3-SIMPLICIAL COMPLEX

BAALAL AZEDDINE AND HATIM KHALID

ABSTRACT. In this paper, We introduce the notion of oriented tetrahedrons
especially tetrahedrons in a connected oriented locally finite graph. This
framework then permits to define the Laplace operator on this structure of
the 3—simplicial complex. We develop the notion of xy—completeness for the
graphs, based on the cut-off functions. Moreover, We study essential self-
adjointness of the discrete Lapalacian fron the y—completeness geometric hy-
pothesis.
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1. INTRODUCTION

The impact of the geometry on the essential self-adjointness of the Laplacians is
studied in many areas of mathematics on Riemannian manifolds; see ([C], [EL],[M1])
and also on one-dimensional simplicial complexes; see ([AT],[CTT],[FLW],[M2],[T]).
Indeed, Laplacians on Riemannian manifolds and simplicial complexes share a lot
of common elements. Despite of this, various geometric notions such as distance
and completeness in the Riemannian framework have no immediate analogue in the
discrete setting. Combinatorial Laplacians were originally studied on graphs, begin-
ning with Kirchhoff and hisstudy of electrical networks [K]. Simplicial complexes can
be viewed as generalizations of graphs, we can form complex, a 3-simplicial complex
whose faces and tetrahedrons correspond to the cliques of the graph. In this arti-
cle, we take a connected oriented locally finite graph and we introduce the oriented
tetrahedrons, so we can regard it as a three-dimensional simplicial complex. This
work presents a more general framework for the Laplacians defined in terms of the
combinatorial structure of a simplicial complex. The main result of this work gives a
geometric hypothesis to ensure essential self-adjointness for the discrete Laplacian.

Key words and phrases. infinite graph, 3-simplicial complex, difference operator, Laplacian on
forms, essential self-adjointness.
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We develop the y-completeness hypothesis for 3-simplicial complex. This hypoth-
esis on locally finite graphs covers many situations that have been already studied
in [AT]. The authors prove that the x-completeness is satisfied by graphs which are
complete for some intrinsic metric, as defined in [FLW] and [HKMW].The paper is
structured as follows: In the second section, we will first present the basic concepts
about graphs or rather one-dimensional simplicial complexes and about structure
of 2-simplicial complex that called triangulation. Next, we introduce the notion of
oriented tetrahedrons. This special structure of 3-simplicial complex.We permit to
define the Gauss-Bonnet operator T' = d+§ acting on triplets of functions, 1-forms,
2-forms and 3-forms. After that, we define the discrete Laplacian by L = T2 which
admits a decomposition according to the degree L = Ly ® Ly ® Lo ® L3.In the
third, the fourth and fifth sections, we study the closability of the operators which
are used in the following sections. Next, we get started with refer to [AT] for the
notion y-completness of the graphs and we develop this geometric hypothesis for
the 3-simplicial complex in Definition. In the case of complete manifolds, there is
a result of Chernoff ; see [C], and we also have for the discrete setting; see [AT],
which conclude that the Dirac operator is essentially self-adjoint. As a result, they
prove essential self-adjointness of the Laplace-Beltrami operator. So, we take this
idea to make the relationship between T and L about the essential self-adjointness,
when the 3-simplicial complex is x-complete. We can extend the results in this
paper to more general 3-simplicial complex, where the oriented 3-simplex are not
necessarily tetrahedrons. Particularly we can give a more general expression of the
operator d2.

2. PRELIMINARIES

2.1. The basic concepts. A graph K is a pair (V, E), where V is the countable
set of vertices and E the set of oriented edges, considered as a subset of V' x V.
When two vertices  and y are connected by an edge e, we say they are neighbors.
We denote z ~ y and e = (z,y) € E. We assume that F is symmetric, ie. (z,y) €
E = (y,z) € E. An oriented graph K is given by a partition of £F: E=FE~ UE"
such that (z,y) € E~ < (y,x) € ET. In this case for e = (x,y) € E~, we define
the origin e~ = x, the termination e* = y and the opposite edge —e = (y,z) € ET.
Let ¢ : V — (0,00) the weight on the vertices. We also have r : E — (0,00) the
weight on the oriented edges with Ve € E, r(—e) = r(e). A path between two
vertices x, y € V is a finite set of oriented edges e!,...,e", n > 1 such that e] = z,
et =yand,ifn>2Vj,1<j<n—1 = e+j=e—j+ 1. The path is called
a cycle or closed when the origin and the end are identical, ie. e] = e , with
n > 3. If no cycles appear more than once in a path, the path is called a simple
path. The graph K is connected if any two vertices = and y can be connected by
a path with e = z and e} = y. We say that the graph K is locally finite if each
vertex belongs to a finite number of edges. The graph K is without loops if there
is not the type of edges (z,z), ieVz € V. = (x,z) ¢ E. The set of neighbors of
x € V is denoted by V(z) = {y € V : y ~ x}. The degree of x € V is by definition
deg(x), the number of neighbors of z. The combinatorial distance deomp on K is

deomp(x,y) = min{n, {e;}1<i<n C E a path between the two vertices x and y}

Let B be a finite subset of V. We define the edge boundary 0B of B by g B =
{e € E such that {e",e"} N B # 0 and {e",e"} N B® # 0}. In the sequel, we
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assume that K is without loops, connected, locally finite and oriented. An
oriented triangular face of K is a surface limited by a simple closed path of lenght
equals 3, considered as an element of E3 , i. e = is an oriented triangular face
= w = (e1,e2,e3) € E3 such that {e;}1<;<3 C F is a simple closed path. Let F be
the set of all oriented faces of K. In the sequel we will represent the oriented faces
by their vertices For a face w = (z,y,2) € F. Let us set w = (z,y,2) = (y, 2z,z) =
(z,z,y) € F = —w = (y,,2) = (v,2,y) = (2,y,2) € F. A triangulation T is
a 2-simplicial complex such that all the faces are triangular. To define weighted
triangulations we need weights, let us give s : F' — (0,00) the weight on oriented
faces such that for all @ € F, s(—w) = s(w). The weighted triangulation(T, ¢, r, s)
is given by the triangulation T' = (V, E, F'). We say that T is simple if the weights
of the vertices, the edges and faces equals 1. For an edge e € E, we also denote
the oriented face (e, e™,z) by (e,z), with z € V(e7) NV (e™). The set of vertices
belonging to the edge e € F is given by

F.={x eV (e,z) e F} =V(e )nV(eh)

An oriented tetrahedron of K is a volume limited by four oriented triangular faces
of F, considered as an element of V4, i. e  is an oriented tetrahedron = Q =
(z,y,2,v) € VL. Let Az be the set of all oriented tetrahedron of K. We consider
the pair (T,Aj3) as a 3-simplicial complex, we denote it by A. We can denote
also A = (V, E, F,A3). Odd pemutation means we exchange the position of any
two vertices an odd number of times. FEven permutation means we exchange the
position of any two vertices an even number of times. For a (Q, I:I) € A2 we have
: Q=11 <= IIis obtened from Q by an even permutation. Q = —II <= I is
obtened from Q by an odd permutation. To define weighted 3-simplicial complex we
need weights, let us give ¢ : Az — (0,00) the weight on oriented tetrahedrons such
that for all Q € Az, t(—Q) = t(2).The weighted 3-simplicial complex (V,c,,s,t)
is giving by the 3-simplicial complex A = (V, E, F, As). We say that A is simple if
the weights of the vertices, the edges, the tringular faces and tetrahedrons equals
1.The set of vertices belonging to the tetrahedron where (x,y, z) € F is an oriented
triangular face is giving by:

As(z,y,2) ={v eV (z,y,2,v) € Az} =V(z) NV (y) NV (2).
2.2. Functions spaces. We denote the set of 0—cochains or functions on V' by:
cV)={f:Vv->C}

and the set of functions of finite support by C.(V).
Similarly, we denote the set of 1—cochains or 1—forms on E by:

C(E)={¢:E— C,p(—€) = —p(e)}
and the set of 1—forms of finite support by C.(E).
Moreover, we denote the set of 2—cochains or 2-forms on F' by:

CF)={¢: F = C,¢(-w) = —p(w)}
and the set of 2-forms of finite support by C.(F).
Further, we denote the set of 3—cochains or 3—forms on E by:

C(A3) ={p: A3 = C,p(—Q) = —p(Q)}
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and the set of 3—forms of finite support by C.(As).
Let us define the Hilbert spaces [2(V), [2(E), I2(F) and C(A3) as the sets of cochains
with finite norm, we have

P(V) = {f € CV): Y el)lf(@)? < oo} ,

zeV
with the inner product

(f.9)een =Y cla)f(2)g().

zeV

P(B) ={p € C(E);Y_r(e)lp(e)]* < oo},

ecE
with the inner product

(@, ¥)i2(m ZT

eGE

P(F) = {¢ €C(F); Y s(@)lo(@)]” < OO} ;

weF
with the inner product

<¢1?¢2>12(F) = % Z s(x,y,z)gbl(m,y,z)¢>2(x,y,z).

(z,y,2)EF

P(Ag) = 4 p € C(As); D c(@)Ip(Q) < o0,

with the inner product

<p17p2>12(A3) = i Z t(m,y,z,v)pl(x,y,z,v)i)Q(x,y,z,v)
(z,y,2,v)EA3
The direct sum of the spaces 12(V), I2(E), I?(F) and [?(A3) can be considered
as a new Hilbert space denoted by H, that is H = [2(V) @ [2(E) @ I>(F) @ [2(A3),
with the norm VF = (f, ¢, p,v) € H,

IFIZ = Iy + 18117 ey + 191y + 191Eay)-

2.3. Operators. We give in this part the expressions of the operators introduced
on graphs and on triangulations which are already well known and we also give
other operators acting on 3-simplicial complex.
The difference operator.

d’: C(V) — C.(E)
by

Vf e Ce(V),d(f)(e) = f(eT) = fle7).
The co-boundary operator. It is the formal adjoint of d°, denoted §°

6" : C(E) — C,(V)
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acts as

Vo € Cu(E), 6°(¢)(x) = (ix) S re)ple).

The exterior derivative. It is the operator d'.

e,et=x

d' : C.(E) — C.(F),
V) € Co(E), d' () (2, y, 2) = b(x,y) + 9 (y, 2) + (2, 2).
The co-exterior derivative. It is the formal adjoint of d', denoted &°.

6 Cu(F) — Cu(E),

which satisfies

(d", @)z (r) = (¥, 0 0)i2(k), V(, ¢) € Ce(B) x Co(F).
Operators acting on a 3-simplicial complex.
The operator d2.

d*: Co(F) — Ce(As),
given by Vo € C.(F)

& (p)(w,y, 2,0) = 9y, 2,0) + (v, 2,2) + (x,y,v) + (2,9, 7).
The formal adjoint of d2, denoted §2.

6% : Co(As) — Co(F)
wich satisties

(A0, 9)12(aq) = (0, )12 (), Y(0,¥) € Co(F) x Ce(As).
Lemma 1. The formal adjoint
62 : Cu(As) — C.(F)

is given by

V’(/J € CC(A3)752(w)(y7ZaU) = # Z t(x7y7zav)¢(xay7zvv)'

$(U:5,9) LN )
Proof. Let (¢,1) € C.(F) x C.(As3)
We have
(A%, )12 (ng) = (0, 8°Y )12 ()
And

<d2§0;¢>12(A3) = i E t(xvyaZ7U)d2g0(x’y7Zav)&(z‘?yvz7v)
(%,y,2,v)EA3

(z,y,2,0)EA3
The expression of d? contributing to the first sum is divided into four similar
parts.So we obtain

<d2907w>12(A3) = é Z t(LE,y,Z,’U)(P(y,Z,’U)?ZJ(JZ,y,Z,’U)
(z,y,2,v)EA3
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=5 X |ewzv) Xty 09y, 2,0)

(y,z,v)EF r€A3(y,z,v)
We have __
<90352'¢)>12(F) = % Z s(y,z,v)ap(y,z,v)éQw(y,z,v)
(y,z,0)EF
Then
1
52(1#)(%2,@) = Z t(x,y,z,v)z/)(x,y,z,v).
s(y,2,v)
z€A3(y,z,v)

O

2.3.1. Gauss-Bonnet operator on A. By analogy to Riemannian geometry, we use

the decomposition of the operators in [EL] to define the Gauss-Bonnet operator.
Let us begin by defining the operator

d:C.(V)DC.(E) D C.(F)® C.(A3) O
by
v(fv ¢a P, ¢) € CL(V) S3) OL(E) D Cc(F) D CC(A3)7

d(f’ ¢7 SD’ Il/}) = (07 d0f7 d1¢7 d2w)7
and § the formal adjoint of d. Thus it satisfies

(d(f1s b1, 01:91)s (f2r @25 02, %2)) = ((f1, 015 01,91)), 6(f2, 2, 2, ¥02)) s
for all (f1,01,01,¥1), (f2, 2, P95 12) € Ce(V) @ Ce(E) ® Ce(F) @ Ce(As).
Lemma 2. Let A = (K, F,A3) be a 3-simplicial complex. Then
§:Co(V) @ Ce(E) ® Ce(F) ® Ce(Az) O

is given by

5(f, 0, 0,0) = (8°9, 8" p,6%,0),
V(f,0,0,0) € Co(V) @ Co(E) & Co(F) & Co(As).

Proof. Let (f,¢,0,v), (f1,¢1,1,%1) € Ce(V) & Ce(E) ® Ce(F) & Ce(As).
We have

<d(f1’¢>17<ﬁ1’1/)1)7 (fv ¢’¢7¢)>H = <(f17¢17<p1’1/)1))75(f’ d)’(p?w»H
And <d(f1,¢1,g01,1/)1), (f7 ¢7<P’7/})>H = <(07d0f17d1¢17d2§01)3 (fa@b,@adj»H
=0, fiz(vy + (d°f1, D)iz(p) + (d b1, )iz (py + (%01, V)2 (ay)
= (f1,8°®)i2v) + (D1, 8" D)2y + (1,8 W)z (r) + (Y1, 0)12(Ag)
= <(f1’¢17@1’¢1)7 (50¢761¢’62¢70)>H

Hence

<(f13 ¢17 90137/]1)7 (60(7257 61903 52¢70)>H = <(f1a ¢1a 90177!)1))3 5(f7¢) QD,'IZJ»H
Then

5(f, 0, 0,%) = (6°,6" ¢, 6%,0).
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Definition 1. Let A = (K, F, As3) be a 3-simplicial complez, the Gauss-Bonnet
operator defined as

T=d+06:C(V)®CE) D C.(F) D Ce(A3) O
given by
T(f, ¢, 0,0) = (8°0,d°f + 6% 0, d' & + 6%, d*).

for all (f,0,p,9) € Ce(V) ® Co(E) @ Co(F) @ Ce(Asz).Moreover, the matriz
representation of T' is given by

0 & 0 o0
A 0 & o0
= 0 d' o0 42
0 0 d> 0

Lemma 3. If A = (K, F,As) is a 3-simplicial complex then d*d* = §*6% = 0.
y I p P

Proof. Let f € C.(V), we have that

(A f) (@, 2,0) = d (g, 2,0) +d f(v, 2,) + d) f(z,9,0) + d' f(2,9,2)

= f(y,2) + f(z,0) + f(v,y) + f(v, 2) + f(z,2) + f(@,0) + fz,y) + f(y,v)

+f(v,2) + f(z,9) + [y, 2) + f(, 2).

Then

(d )z, y, %,0) = 0.

Since d2d* = 0 and the operator §'02 is the formal adjoint of d2d’.

Then
§'6* =o0.
O

Before giving an important result for f € C(V), we define the three operators
~: C(V) — C(E)

by f— f
~: C(V) — C(F)

by f—>;‘ and

R

L O(V) — O(As)

by f —>7” where

fl&r = U +1()
= 1/ . . 1,
feys) = 3(F@n+fea+E)=3d @),
Feman = 3 (Toa+T@an+7 @)+ )
= idQ?(a:,y,z,v).

The exterior product of two 2-forms defined as
/\dIC(F) XC(F) —>C(A3),
is giving by
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(U Aap) (,y,2,0) = @y, 2,0)(V(2,y,2) + ¥ (z,2,0) - ¥ (z,y,0))
o (v,2,2) (Y (y,v,2) + ¥ (y,2,2) — ¥ (y,0,2))
o (z,y,0) (¥ (2,2,y) + ¥ (2,y,v) — ¥ (2,7,0))
+¢(2,9,2) (Y (v,2,9) + ¥ (v,y,2) = ¥ (v,2,3)).

Lemma 4. (Derivation property) Let (f,¢) € C (V) x C (F)

& (To) (@920 = 4F (0.9020) @ @ 2000+ § (47 M) (00 500),

Proof. Let (f,¢) € C (V) x C(F)
\LVe have - - - -
dQ(fq;)(x,y,z,v) :fgp(ylz,v)+fcp(v,z,x) f (ZIJ Y, )+f<p(zv~yax)

+
= [y, 2, 0)(y, 2, 0)+ [ (v, 2,2)p(v, 2, )+ f (2,4, 0)(x, y, )+ f (2, y, ) (2, Y, T)

Since 7”(3: Y, 2,V) = 411<f(y,z,v)+7“(v,z,x)+7(x,y,v)+7(z,y,:r)>
nJ

Then f (y,2,v) = 4f (2,9,2,0) = [ (v,2,2) = f (@,9,0) = f (2,9,2)

7 (0,22) =4 (@,9,2,0) = T (0,20) = ] (,,0) = ] (2,,2)

F(@y,0) = 4f (2.9,29) = f (.2,0) = f (0.2,2) = f (2,9,2)

F(2r9,@) = 4f (2,9, 2,0) = F (9, 2,0) = f (0,2,2) = f (@,9,0)

Thus d2(f) (2,9, 2,v) = 4F (2,9, 2,9) [p(4, 2,v) + 9(v,2,2) + P2, ,v) + o (z,y, )

4 ) v )
oy, z,0) | f (2,9,2) + f (2, 2,0) - }<x,y,v>} +o(v, 2 x)[
+o(z,y,v) 7‘ 7 7” } [
— 4] @y, 2 0) P (09,2045 [0l 2,0) [01F (9. 2) + @' (,2,0) — d (o, )}

+o(v,2,2) |dU (y,0.2) + d'F (4, 2.2) = 4 F (g v,2) | +(e,y,0) [d1F (,2,) + 41 (229,0)

' f (2,0) + oz, 9,2) [0 (0,2,9) + ' (0,,2) — 4 F (0,7,2)]
Then

@ (?w) (,9,2,0) = 47 (2,9, 2,0) A (@, 9,2,0) + 5 (2 At 9) (@9, 2,0).

Remark 1. Let (f,¢) € C (V) x C(F)
We have

& (To) (@.9:200) = 47 (0.9020) @ o 2000 + 3 (47 M) 0 500),

Since f (z,y,2) = 2d' f(z,y,2) then d f(z,y,2) = 3F (2,1, 7).
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Thus
& (790) (2,12, 0) = AT (0,9, 2,0) % (2,5, 0) + (7 Aa <P> (2,9, 2,0).

Lemma 5. (Derivation property) Let (f,¢) € C (V) x C (A3)

#(76) ae) = (T0a0Polant o 3 ks )ole o)

125 (y, z,v) i
[0 F (0, 2,0) + d'F (w,9,0) + 4 F (2,9,0)]

Proof. Let (f,¢) € c(V) x ¢(As)
er have N
62 <f¢) (y,Z,U) =L Z t(x,y,z,v) (f¢> (m,y,z,v)

s(y,z,v
( )zeAz(y,z,v)

= 4s(y1,z,v) Z t(m,y,z,v)¢(m,y,z,v) |:f (y,z,v)—l—f(’u,z,m)—i—f(x,y,v)—i—f(z,y,ac)
z€A3(y,z,v)

= mf(yvzvv) Z t(x7y7Zav)¢($ay7zav)+4s(y{z7v) Z t(xvyazvv)¢(xayvzav)
o z€A3(y,2,v) ) T€A3(y,2,v)

T+ T @) + F o)

Since f (2,9, 2) = 3d' f(w,y, 2)
Then

5 <?¢) (y,z,v) = i?(y,z,v)éw(yaz»v)-i-# Z H@:9,2,0)6(z,y, 2,v)

125 (y’ & U) z€A3(y,z,v)

[0 F (0,2,0) + d'F (,9,0) + &' (z,9,)]
O
2.3.2. Laplacian. Through the Gauss-Bonnet operator T', we can define the discrete
Laplacian on T . So, Lemma 2.8 induces the following definition.

Definition 2. Let A = (K, F,A3) be a 3—simplicial complex, the Laplacian on A
defined as
L=T":Ce(V) & Ce(E) ® Ce(F) & Co(A3) O

s given by
L(f, ¢, ¢,9) = (6°d°f, (d°8° + 6'd") ¢, (d'0" + 6°d?) ¢, d>6%4p)
Jor all (f, ¢, 0,1) € Co(V) @ Co(E) ® Co(F) ® Ce(A3).

Remark 2. We can write
L:LO@Ll@L2®L3'

where Lg s the discrete Laplacian acting on functions given by

Lo (f) () = 8°d°f () = —— 3" r(e)dF (),

¢ (33) e,et=x
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with f € C.(V). And where Ly is the discrete Laplacian acting on 1—forms given
by

Li(p) (wy) = (6" +0'd") ¢ (xy)
= % Z r(e)cp(e)—ﬁ Z r(e) ¢ (e)
1’6 =y e,et=x
+ s(z,y,2) d! (e) (z,y,2) .
" (337 y) Ze%ﬂ/) ! : ’

with ¢ € C.(E). And where also Ls is the discrete Laplacian acting on 2—forms
given by

Ly (y,z,0) = (d'6" +6%d*) ¢ (y,2,v)
= §'¢(y,2)+0'¢(2,0) + 6" (v,y) + 5°d*¢ (y, z,v)

with ¢ € C.(F). And where also L3 is the discrete Laplacian acting on 3—forms
given by

L (z,y,2,0) = d*6°Y (z,y,2,0)
= %P (y,2,0) + 6% (v, 2,2) + 9P (2,5, ) + 5 (2,9, )

S Z t(u,y,z,v)w(u,y,z,v)—kﬁ Z t(w,v,z,x)

5 (y,z7v) u€A3(y,z,v) wEA3(v,z,z)
1
¢(wava27$)+m Z t(b7x7y7v)w (b,.’E,y,’U)+ m
e ns Gy s
Z t(aazayvx)¢ (mz,y,x).
a€As(z,y,2)

with 1 € Co(As).

Remark 3. The operator Ly is called the full Laplacian and defined as L1 =
Ly + Ly , where LT = d°° (resp.L{ = §td! ) and Ly = Ly + L3 , where
Ly =d'é* (resp.L3 = 62d? ).

3. CLOSABILITY

On a connected locally finite graph, the operators d°, §%.d" and 6 are closable
(see [AT] and [YC] ). The next lemma proves the closability of the operators d?
and 6% on a 3—simplicial complex.

Lemma 6. Let A = (k,F,A3) be a weighted 3—simplicial complex. Then the
operators d? and 6% are closable.

Proof. e Let (¢,)nen be a sequence from C.(6F) and ¢ € [?(A3) such that
nh_)rrgo (Ilenlliz(ry + 1420, — @lli2(as)) = 0. Then for each face @, ¢, (@)

converges to 0 and for each tetrahedron €, d?¢,, (Q) converges to ¢ ().
But by the expression of d? and local finiteness of A , for each tetrahedron

Q, d*p, (Q) converges to 0. Thus we have that ¢ = 0. Then the operator
d? is closable.
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e Let (¢,,)nen be a sequence from C.(F) and ¢ € [?(A3) such that
lim (||¢n||12(A3) + |62, — 90”12(@) = 0. Then for each face tetrahe-

n—00
dron Q, ¢, (Q) converges to 0 and for each face w, 52¢n (w) converges to
¢ (w). But by the expression of 6% and local
finiteness of A | for each face w, 52¢n (w) converges to 0. Thus we have
that ¢ = 0. Then the operator 2 is closable.
|

The smallest extension is the closure (see [S],[RSv1]), denoted d° = d°,;, (resp.

=60 o d=dl. 5 =6 d>=d, 6 =062, T =Tmin, L= Lmin) has

min’

the domain
Dom (d?nm) = {f € 12 (V) 73 (f")neN ; fn eC (V) ’T}LH;O ”fn - f||l2(V) =0,
lim d°f, exists in I* (E)}

f is independent

min min

because d° is closable. The largest is d° . = (50)*, the

for such an f, one puts d°, f = lim d°(f,). We notice that d°

of the sequence (fy,)

max

(resp. 60 .. = (do)*, the adjoint operator of d° , ). We

max min

denote d!. = ((51)*, the adjoint operator of &} (resp. P (dl)*, the adjoint

max min mazx
1 2

operator of d. . ). We also denote d2,,, = (52)*, the adjoint operator of 9§, (vesp.

0 = (d2)*, the adjoint operator of d? ;).

min

neN
adjoint operator of &°

min

Proposition 1. Let A = (K, F, A3) be a weighted 3—simplicial complex.then
Dom (Tynin) < Dom (dy,;,) ® (Dom ((50 ) N Dom (dy,;r,)) &

min

(Dom (51 ) N Dom (d2 )) @ Dom (52 )

min min min
Proof. Let F = (f,p,¢,%) € Dom (Ain) .o there exists a sequence
(Fn)p = ((fns s 81, V) C© Ce(V) & Ce(E) ® Co(F) @ Ce(A3)
such that lim F, = F in H and (TF,), .y converges in H. Let us denote by Io

= (f()a Po> ¢0,7/)0) this limit.
Therefore
ITF, = lolF = 16%, — ol + 11 (d°+67) (fus b)) — 20ll72 ()

+H (dl + 62) (@nvwn) - ¢0Hl22(F) + HdQ(bn - 7*#OHlQQ(Ag)

Hence 0°p,, — fo and d?¢, — 1, respectively in 12 (V) and [ (A3). So, by
definition,

fO = 5(7)nin905 QZJO = d}mnd)v p e Dom (69nm) N Dom (drlmn)
and ¢ € Dom (,,;,) N Dom (d?,;,,). Moreover, we have

1(d° +6") (£, ) 7o) = 14 F 1oy + 1167 Sl )

Vn € N, V(f,¢) € Ce(V) x Co(F). Since ((d°+6") (fa, gbn))”converges in
[? (E) ,then by completeness of 1? (E). (d° (f”))n and (51 (gbn))n are convergent
in [2 (E) . Thus, we conclude that ¢ € Dom (51 ) and f € Dom (do
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Further, we have

1 (@ +8) (2,0) ey = Nalage + 10%003 ey, Y0 € N,¥(p,4) € CulE) x

C.(A3).

Since ((d* + %) (¢, ¢n))nconverges in [? (F), then by completeness of I* (F). (d' (gpn))nand

(52 (@bn))n are convergent in [? (F'). Thus, we conclude that ¢ € Dom ((fnm) and
¢ € Dom (d},;,,). Then
F = (f.p,0,%) € Dom (dy,;,) @ (Dom (5?mn) N Dom (d},;,)) & (Dom (5;””) N Dom (d2,;,))
@®Dom ((fmn)
Thus
Dom (Tin) < Dom (dgnm) ® (Dom (J?nm) N Dom (dinm)) @ (Dom (571,”") N Dom (dfnm))
@®Dom (6727“”) .

O

Proposition 2. Let A = (k, F, A3) be a weighted 3—simplicial complex. then
Dom (Lyin) € Dom (60 d® ) (Dom (do 50 ) N Dom (51 d? )) @

min“min min“min min“min

(Dom (d1 5t ) N Dom (cﬁmn mm)) @ Dom (dfnméfnm) )

min® min

PTOOf. (1) We ha,Ve (Lo)mzn g 5ETL’LTL min and (Ll)mzn - ( mmégwn + 67%’741774 'NLZTL)

see [YC proposition 3.3]
(2) Since for any ¢,© € C. (F). We have

(L2¢,O)y(py = ((d'6" +6°d?) 6,0)1,(r)
= <d151¢79>12(1ﬁ) + <62d2¢7®>l2(F)
= (0'¢,6"O),(p) + (d*¢,d*O) 1y (as)-

Using the same meyhod as in [YC proposition 3.3.i] we obtain that
(LQ_)min = mzn(s}mn and (L;)mz 53mnd$mn
Now we need to show that (L), .., € (Ly )min + (L;r)mm.
let ¢ € Dom ((L2),,;,), So there exists a sequence (yp,,),, € C. (F) such
that ¢ = ILm ¢, in 12 (F) and (L, ), cy converges in 12 (F). Thus, we
obtain e

(L3 +L3) (o) liocr) = 1L (00) o) + IL3 (20) o (), ¥ € N.

Then (ngon)n and (L2+<,0n)n are convergent in [? (F'). Moreover, by the
closability of L; and L. We conclude that
@ € Dom ((L;)mm) N Dom ((L;') Then

(LQ)mln < (Lg)mvn + (L;)min :
(3) We will show that (L) Cd?. o2 Since, for any 9,0 € C. (A3), we

min — mzn min*
have

(Lo, O)1,(aq) = (d26%1, O) 1, (ag) = (67, 6°O) 1, ()
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Using the same method as in [YC proposition 3.3.i] we obtain that (Ls), ;. C
2

d?nindmin'

then

Dom (Lyin) € Dom ((50 d® ) &) (Dom (do 50 ) N Dom (51 d! )) <)

(Dom (d, o1 )ﬂDom(52 d2.in)) @& Dom (d; 52 ).

O

4. GEOMETRIC HYPOTHESIS

In this section, we give the geometric hypothesis for the 3—simplicial complex
A. First we recall the definition of y—completeness given in [AT] for the case of
graphs and also for the case of triangulations. A graph K = (V, E) is x—complete
if there exists an increasing sequence of finite sets (By,)nen such that V = nLeJNB”

and there exist related functions y,, satisfying the following three conditions:
) X, €Cc(V),0<x, <1
ii) v € B, = x,(z)=1
ili) 3C > 0 such that Vn e N, x € V
c(%r) > r(e)|dx, (e)]* < C.

eCE,et=x

Morever, a triangulation T' = (K, F') is x—complete, if
1- K is y—complete.
2- AM >0, Vn € N, e € F such that

Lo S s(e,x)|d,, (e, ) +d°,, (eT,2) | < M.

e
( )I€F(e>

Definition 3. A 3—simplicial complex A = (T, As) is x—complete, if
Cy) T is x—complete.
C3) AN >0,Vn €N, (y,z,v) € F such that
1

5(y,2,0) Z t(y,z,v7x)|d1>~<n (y,z7m)+d1)~<n (37Uﬂ$)+d1>~<n (v,y7m)|2 <
H z€A3(y,z,v)
N.

Proposition 3. Let A be a 3—simplicial complezx of bounded degree, i.e IX > 0,
Vo € V, deg(x) < A. Then A is x—complete 3—simplicial complex.

Proof. Let us consider A an infinite 3—simplicial complex. Given y € V, let B,, be
a ball of radius n € N centered by the vertex p. B, = {x € V, deomp(pt, ) < n}.
We set the cut-off function y,, € C.(V) as follow:

Xn () = (w \/0) A1, ¥n € N*.

-ifxe B, = x,(x)=1and z € B, = x,, (z)=0.
- For (z,y) € E, we have that
%X, (@) | = P (1) ~ X (2)] )
< E|dcomb (,Uﬂ y) - dcomb (p,, IE) | =
Then Vu € V, > A%, (z,y) > < 25
(a:,y)EF,(Ly)i:u
Thus V(z,y) € B, > [d°, (z,u) +d°x, (y,u)|* < 2
’U.GF(z’y)
So, the triangulation T' = (K, F') is x—complete.
- For (y, z,v) € F, we have that
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ld' X, (y, 2,0) | = |§<n (Y, 2) + Xn (2:0) + X (v, 9) | = [X0 (¥) + X0 (2) + X5 (V) |
S E| comb (,u7 y) + dcomb (ILL, Z) + dcom,b (M, ’U) |
Then
z€A3(y,2,v)
Hence A is y—complete 3—simplicial complex. O

5. ESSENTIAL SELF-ADJOINTNESS

In [AT], the authors use the xy—completeness hypothesis on a graph to ensure
essential self-adjointness for the Gauss-Bonnet operator and the Laplacian. In this
section, with the same idea we will prove the main result, when the 3—simplicial
complex is y—complete. Let us begin from

Proposition 4. Let A = (K, F,A3) be a x—complete 3—simplicial complex then
the operator d* + §° is essentially self-adjoint on C, (F) @ C. (A3).

2 =062, and 2, = 02,... Indeed, d* + 6% is

Proof. Tt suffices to show that d?

a direct sum and if F' = (p,¢) € Dom ((d2 + (52)maz) then ¢ € Dom (dimx) and
¢ € Dom ((ﬁnw)

By hypothesis, we have ¢ € Dom (d2 ) and ¢ € Dom (6 thus

min
F € Dom ((d2 + 62)min)'
1) Let ¢ € Dom (d
ll — Xn<P||l2(F) + Hd2 (90 - X~n<,0> le(As) — 0 when n — o
We know that

Vp e N,3n,, Vo > ny, lo — xpellzry < > sy, 2) e (z,y,2) ?
(z,y,2)EFE

mzn)

mm) we will show that

So lim [l¢ = x,¢llezr) =0
From the derivation formula in lemma 4, we have

d? (@ - ﬁw) (z,y,2,v) = d? (@ (1 - le)) (z,y,2,v)
— 2 (f?n)so) (2,9, 2,0)

1—xn)d o (z,y,2,0) + 3 (d* (1= X,) Aa @) (2,9, 2,v)

(
(1 ) (z,y,2,v)+

|
NN

%[d ( —Xn)(l‘ Y,z )+d1 1—Xn)(m,z,v) (1_5(71)(‘%":%7])]90( 727U)

+% dl (1 - Xn) (yvvv Z) + d* ( Xn) (yv Z, ) d* (1 - 5(11) (y,v,m)] ¥ (U’ Z,l‘)
+1[d (1= %) (z,2,9) +d (1= &) (2,9,0) —d (1= &,,) (2,2,0)] @ (2,5, 0)
+1[d" (1= x,) (v, 2,7) + d* (1—Xn) (v,y,2) —d" (1 = X,) (v,2,2)] ¢ (2,9, 2)
=4 (1 - xn) o (z,y,2,0)+5 [d'X, (z,2,9) + d' X, (z,v,2) — d'X,, (2,0,9)]

¢ (y,2,0) + 5 [d'X, (Y, 2,0) +d'X,, (4,2, 2) = d'%, (4, 2,0) ] @ (v, 2, 2)
+% :dlin (Z, y,m) + dlf(n (z,v,y) - dljv(n (z,v,x)] ® (:C,y,v)
+1[d'%, (0,9, 2) + d'%,, (v,2,9) — d'%,, (v,2,2)] @ (2,9, 2).

Since d?¢ € 2 (A3), one has lim || (1 — Xi) d*ol12(a,) = 0.
On the other hand,
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>ty zv) e (y, z0) Pldx, (@, 2,y)+d' X, (2,0, 2)—d' X, (z,0,y) |* =

(@5, 50)€Rs

> ey, z0)?

(y,2,0)€F

15

r€A3(y,2,v)

N XY s(yz0)le(y.z))?
(y,z,0)EF*(n)

We conclude that this term tends to 0 as n — co. Applying the same

process to other terms.
2) Let ¢ € Dom (52 ), we will show that

max

6 = Xnolli2(as + |2 (¢ - Xgn¢> li2(7) — 0 when n — oo.

We have that

[o—xndlizag =21 X t@y.2,0) [1-x, (2,9, 2,0) Plé (2,y, 2,0) |?

(w,y,2,v)€A3
< > t(z,y,2,0) ¢ (z,y,2,v) |> — 0 when n — oo.
(z,y,2,0)EA3
By the derivation formula in lemme (5), we have
02 (6= %0) (.20) =8> ((1-X,) 6) (4. 20)
1

z€A3(y,z,v)

[dl (1 - 5(79 (U7 Zy ‘T) + dl (1 - Xn) ($,y,’U) + dl (1 - 5(71) (Z,y,l?)]
= i (1 - XNn) (y,z7v) 62¢ (ywzvv)—*—m Z t(x7y727v)¢($7y7z7v)

z€A3(y,z,v)
[dlfgn (x,2,v) +d'y,, (v,y,2) +d'y, (z,y, z)]

We know that lim || (1 - )?n> 6%¢| = 0. Because 6%¢ € I? (F). For the

seconde

term, we use the definition 3 and the Cauchy-Schwarz inequality. Fix

(y,2z,v) € F, then

x€A3(y,2,v)

Ns (y,2,v) >ty zv,@) |0y, 20, 2) P
€A} (y,2,v)(n)

Therefore,

> sy, z,0)

(y,2,0)€F

1

N > t(y, z,v,2)|d(y, z,v,x)|? this term tends to 0.

(y,2,v)€Fz€A;(y,2,v)(n)

s (@5, (2,2,0) + A%, (0,9,2) + d'X,, (2,9, 2))

‘ 2

O

Corollary 1. Let A = (K, F, A3) be a x—complete 3—simplicial complex then the

operator L3 @® Lz is essentially self-adjoint on C. (F) @ C.. (A3) .

Proof. First we have that L3 & Lz = (d*> + 62)2 and L@ L3 (C. (F) @ C.. (A3)) C
C.(F) @ C.(A3). As proposition 13 in [AT] we prove that d? + ¢° is essentially

self-adjoint if and only if L§ @ Lj is essentially self-adjoint.

O

=1 (1 - XiL) (y,z,v) 52¢) (yazvv)—*—m Z t(xvyaz7v)¢(mvy7z7v)

z t(a:, Y,z U)¢($, Y, =, ’U) [d15<n (.7}, 2, U) + dlf(n (U7 Y, 33) + dlf(n (JJ, Y, Z)]

<

<



16 BAALAL AZEDDINE AND HATIM KHALID

Theorem 1. Let A = (K, F,A3) be a x—complete 3—simplicial complex then the
operator T is essentially essentially self-adjoint on C. (V) & C.(F) & C. (F) &
C. (As).

Proof. o We will show that Dom (Tpnin) = Dom (d%,;,)®(Dom (8%,;,,) N Dom (d2,;,.)) @

(Dom (§3nm) N Dom (d2,;,,)) ® Dom (5fmn) .

Let F' = (f7 2 ¢a 71[}) € Dom (d(r)mn) D (Dom (5?mn) N Dom (d}nzn)) ®
(Dom (5},“7,) N Dom (d2,;,,)) ® Dom (53,””)

Then there exist (fy), € C. (V) and (¢,,),, € C. (A3) such that:

fo— finl?(V)and d°f, — d°,.f in L?(E).

¥, — v in 12 (Az) and 6%, — 62,0 in L (F).

On the other hand, let ¢ € Dom ((59nm)ﬁDom (d2,;,) and ¢ € Dom ((ﬁm»n)ﬁ
Dom (d,;,,). From [YC theorem 5-3 first step] we have

le = Xnlliz(m) +118° (¢ = %) llzvy + 14" (¢ = %) l2() — O, when
n — oo. By thexy—completeness of A, we consider the sequence (ﬁ(i))
C C. (F). It remains to show that !

l6 =X llizmy+ 16" (6 = 56) liamy +1? (& = %,0) llizcay) — 0, when
n — 00.

The first and the third terms has already been shown in Proposition 4.
For the following we need a derivation formula of §* taken in [YC]. Let e €

E, for each (f,¢) € C. (V) x C. (F) we have 6" (?qﬁ) (e) = f(e) 8t (e) +
i X, 8 (6:0) (@0, (¢7.2) + dx, (eF,2)) 6 e,2).

zeFe

Thereore, by derivation formula, we get

5 (6= 300) (€)= (1= %) 6 ()89 () 5y T 5 (e02) (A0, (67) + P, ()
xeFe

¢ (e,x)

as a consequence, because §' ¢ € 12 (E), we have lim || (1 — %,,) 8" ¢z () =
n—oo

0. For the second term, we combine the property 2) of y—completeness for
a triangulation with the Cauchy-Schwarz inequality to obtain for all

reV, )
> s(e ) (A%, (z,e7) + A%, (z,eT)) ¢ (e,x)| < X s(e)[d, (z,e7)+
zEF, zEF,

dOXn (z, €+) |2
s(e,x) | (e,x) |

e€supp(dOx,,), TE€F.

< Mr(e) > s(e,z)|¢ (e, ) [

e€supp(d®x.,), ¢€F.

So,

2
Y | 2 s(en) (dx, (@) + dx, (2,65 d(e,0)| < XM
eckE TzEF, ecE

> s(e,x) ] (e, ) .

e€supp(d®x,,), €F,
<M > s(e,r) ¢ (e,z)|*> — 0 when n — oco.
e€supp(dx,,)
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Hence F,, —» Fin H, TF,, — T,,;,F in H, where F,, = (fn,f(ngp,xzn@wn)

and

TminF (fa ' d)a 77[}) = (69nin<)07 d?mnf =+ 671nin¢7 d71nzn<)0 + 5$mnw7 d%mnd)) .
So F € Dom (Tiin)-

Then
Dom (Tmin) = Dom (db;,) ® (Dom (59,””) N Dom (dy,;,,)) &
(Dom (6717“»”) N Dom (dfmn)) @ Dom (63,”»”) .
e To show that T is essentially self-adjoint, we will prove that Ty,q2 = Thin-

By the first step, Theorem 1 in [AT] and Proposition 4 it remains to show
that:

Dom (Tynaz) € Dom (d?nax) D (Dom (59mz) N Dom (d}mz)) D
(Dom (61 ) N Dom (dgmm)) @ Dom ((53nm) .

Let F' = (f,p,0,%) € Dom (Tinas) then TF € H. This implies that
o c?(V),df+6'¢p cl?(E), d'o+6*) € ?(F) and d>¢ € I? (A3). As
consequence, by the definition of 4°,,. and d., . we have ¢ € Dom ((50 )n

max max
Dom (d1 ) . Moreover, by x—completeness of A, there exists a sequence

max

of cut-off functions (x,,),, € Cc (V). Then, the parallelogram identity with
lemma 2 — 8 in [YC] we get [|d° (x,.f) + 8" (5,0 ) = 4% S Py +

H(Slxzn(bH?Q(E).We have d° (x,,f)+0" (in(b) converges in [? (E) from theorem
5 — 3 seconde step in [YC]. Now, By the definition of 6} . and d?,,,. We
have ¢ € Dom ((51 ) N Dom (d2 ) Moreover, by x—completeness of A,

max max

there exists a sequence of cut-off functions (x,,), € C¢ (V). Then, the par-
allelogram identity with Lemma 3 in we get ||d* (f(nf) + 62 (X%ﬂ/’) HlQQ(F) =

1! anNHlZZ(F) + ||52XEn¢H122(F)- It remains to prove that d' ()@fj +6° (XEM/J)
converges in [? (F). From lemma 4 and 5, we get

d! (inf) = fndlf_‘_ % (dOXn Ndise f~) :
52 (X§n¢) (y,zav) = %in (y,z,v) 52¢ (ya Z,U)-Fm Z t(x,y,z,v)

z€A3(y,z,v)
w(% Y, =z, U) [dlxn (’U, 2 .’E) + dljzn ({E7 Y, U) + dlj(n (Za Y, .’E)]
We put
K, (y,z,v) = m E t(z,y, Z,UW(%,%Z,U) [dlj(n (v,z,x)—l—dl)}n (a:,y,v)
z€A3(y,z,v)

+d1>~<n (Z7 Y, $)] .
Therefore, we have

I (F =% F)+0% (8 = 50) Ny = I (1= G (@17 +6%0) 47, +
(=5 (@ 7+ )

~ 2
d'yx,
12(F) f n

2
+ ||Kn|l2(F)‘|
)

Because d' f+6%¢ € 2 (F), we have Jim. I (1 — in) (dler 521/)> Iy =

Kpll72my <4 +

0
By proposition 4 we have lim ||Kn||l22(F) = 0. Moreover, by the hypoth-
n—oo

esis 2 of y—completeness we have
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||fd1>~(n||122(F) = é Z S(yvzav)‘f(y, Zafv)dlin (ya Z7U) |2

(y,2,v)EF
= % Z S(y,z,v)|f(y,z,v)|2|5<n (yaz)+>~<n (Z,U)+)~(n (Uay)‘Q
(y,2,0)EF
= %( Z) s(y, 2,0) £ (y, 2, 0)PIx () + x (2) + x (v) |2
Y,2,0)EF
< ( Z) s(y, 2, )| f(y, 2)P|d°x,, (y,0) + dx,, (2,0) |2
y,2,v)EF
= X fwaP X Isy.2,0) (%, (y:v) + d°, (2,0)) |?
(y,2)EE VEF(y, 2
<M ¥ r(y2)|f(y,2)?

(y,2)EER
Where E,, = {(y7 z) € E,Jw € supp (dlfgn) such that @ € F, .) }
This term tends to 0.
So
Dom (Tynae) € Dom (dp,,,) ® (Dom ((5?71%) N Dom (d},,)) ®
(Dom ((51 ) N Dom (dﬁmm)) & Dom ((ﬁmx) .

max

then the operator T is essentially essentially self-adjoint on C. (V) &
C.(E)®C.(F)®C.(A3).
O

Theorem 2. Let A = (K, F, Ag) be a x—complete 3—simplicial complex. Then the
operator T' is essentially self-adjoint on C. (V) @ C. (E) & C. (F) ® C.. (A3) if and
only if L is essentially self-adjoint on C. (V)@ C. (E) ® C. (F) ® C. (As).

Proof. Since T(C, (V)®C.(E)®C. (F)®C.(A3)) CC.(V)®C. (E)DC.(F)®
C. (A3), using the same technique in the proof of Proposition 13 in [AT], the result

holds.

O

Corollary 2. Let A = (K, F, A3) be a x—complete 3—simplicial complex then the
operator L is essentially self-adjoint on C. (V) ® C. (E) @ C. (F) @ C. (A3).

[AT]

[YC]

TYC]

[BG]

[BGJ]
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