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Abstract

The problem of integrated volatility estimation for an Ito semimartingale is considered under
discrete high-frequency observations in short time horizon. We provide an asymptotic expansion for
the integrated volatility that gives us, in detail, the contribution deriving from the jump part. The
knowledge of such a contribution allows us to build an unbiased version of the truncated quadratic
variation, in which the bias is visibly reduced. In earlier results to have the original truncated realized
volatility well-performed the condition 8 > m on B (that is such that (%)B is the threshold of
the truncated quadratic variation) and on the degree of jump activity o was needed (see [21], [13]).
In this paper we theoretically relax this condition and we show that our unbiased estimator achieves
excellent numerical results for any couple («, 3).

Lévy-driven SDE, integrated variance, threshold estimator, convergence speed, high frequency data.

1 Introduction

In this paper, we consider the problem of estimating the integrated volatility of a discretely-observed
one-dimensional It6 semimartingale over a finite interval. The class of It6 semimartingales has many
applications in various area such as neuroscience, physics and finance. Indeed, it includes the stochastic
Morris-Lecar neuron model [10] as well as important examples taken from finance such as the Barndorfi-
Nielsen-Shephard model [4], the Kou model [18] and the Merton model [23]; to name just a few.

In this work we aim at estimating the integrated volatility based on discrete observations Xy, ..., Xy, of
the process X, with t; = z% Let X be a solution of

¢ ¢ ¢
X =Xo +/ bsds +/ asdWy +/ / v(Xs-) zia(ds,dz), teRy,
0 0 0 JR\{0}

with W = (W,);>0 a one dimensional Brownian motion and fi a compensated Poisson random measure.
We also require the volatility a; to be an It6 semimartingale.
We consider here the setting of high frequency observations, i.e. A, := % — 0 as n — oco. We

want to estimate I'V := % fOT a?f(X,)ds, where f is a polynomial growth function. Such a quantity has
already been widely studied in the literature because of its great importance in finance. Indeed, taking
f =1, IV turns out being the so called integrated volatility that has particular relevance in measuring
and forecasting the asset risks; its estimation on the basis of discrete observations of X is one of the
long-standing problems.
In the sequel we will present some known results denoting by IV the classical integrated volatility, that
is we are assuming f equals to 1.

When X is continuous, the canonical way for estimating the integrated volatility is to use the realized
volatility or approximate quadratic variation at time T:

n—1
(X, XJ# =) (AX;)?,  where AX; = X,
=0

— X,

i+1

Under very weak assumptions on b and a (namely when fOT b2ds and fOT atds are finite for all ¢ € (0,77),
we have a central limit theorem (CLT) with rate y/n: the processes /n([X, X]% — IV) converge in the
sense of stable convergence in law for processes, to a limit Z which is defined on an extension of the
space and which conditionally is a centered Gaussian variable whose conditional law is characterized by

its (conditional) variance Vp := 2 fOT atds.
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When X has jumps, the variable [X, X]% no longer converges to IV. However, there are other known
methods to estimate the integrated volatility.
The first type of jump-robust volatility estimators are the Multipower variations (cf [5], [6], [14]), which
we do not explicitly recall here. These estimators satisfy a CLT with rate \/n but with a conditional
variance bigger than Vi (so they are rate-efficient but not variance-efficient).
The second type of volatility estimators, introduced by Jacod and Todorov in [16], is based on estimating
locally the volatility from the empirical characteristic function of the increments of the process over blocks
of decreasing length but containing an increasing number of observations, and then summing the local
volatility estimates.
Another method to estimate the integrated volatility in jump diffusion processes, introduced by Mancini
in [20], is the use of the truncated realized volatility or truncated quadratic variance (see [14], [21]):

n—1

IV =Y (AX)*1ax, <o
1=0

where v,, is a sequence of positive truncation levels, typically of the form ( %)'B for some 8 € (0, %)
Below we focus on the estimation of IV through the implementation of the truncated quadratic variation,
that is based on the idea of summing only the squared increments of X whose absolute value is smaller
than some threshold v,,.

It is shown in [13] that IV has exactly the same limiting properties as [X, X ] does for some « € [0,1)

and 3 € [55—, %) The index « is the degree of jump activity or Blumenthal-Getoor index

2(2—a)
a = inf {r €10,2] : / |z|" F(dx) < oo} ;
lz[<1

where F'is a Lévy measure which accounts for the jumps of the process and it is such that the compensator
@ has the form fi(dt,dz) = F(z)dzdt.

Mancini has proved in [21] that, when the jumps of X are those of a stable process with index a > 1,
the truncated quadratic variation is such that

(V5 — 1) & (2760, 1)

This rate is less than y/n and no proper CLT is available in this case.

In this paper, in order to estimate IV := OT a2 f(Xs)ds, we consider in particular the truncated

quadratic variation defined in the following way:

n—1

Qn = Z f(th‘)(Xti+1 - Xti>2(pAg (XtH»l - Xti)’
1=0

where ¢ is a C'*° function that vanishes when the increments of the data are too large compared to the
typical increments of a continuous diffusion process, and thus can be used to filter the contribution of
the jumps.

We aim to extend the results proved in short time in [21] characterising precisely the noise introduced by
the presence of jumps and finding consequently some corrections to reduce such a noise.

The main result of our paper is the asymptotic expansion for the integrated volatility. Compared to earlier
results, our asymptotic expansion provides us precisely the limit to which n®2=%)(Q,, — I'V) converges
when (1)#(2=%) > \/n, which matches with the condition 3 < m

Our work extends equation (1) (obtained in [21]). Indeed, we find

Z, 1

Qu—1v=2n (Lo, [ tu=oau [ )8 +or(Lye-)
n _\/ﬁ n o R‘P 0 Y s s P n )

where Z, £ N(O,2fOT atf%(X,)ds) stably with respect to X. The asymptotic expansion here above
allows us to deduce the behaviour of the truncated quadratic variation for each couple («, 3), that is a
plus compared to (1).

Furthermore, providing we know « (and if we do not it is enough to estimate it previously, see for example
[28] or [24]), we can improve the performance of the truncated quadratic variation subtracting the bias
due to the presence of jumps to the original estimator or taking particular functions ¢ that make the bias
derived from the jump part equal to zero. Using the asymptotic expansion of the integrated volatility we
also provide the rate of the error left after having applied the corrections. It derives from the Brownian
increments mistakenly truncated away, when the truncation is tight.



Moreover, in the case where the volatility is constant, we show numerically that the corrections gained
by the knowledge of the asymptotic expansion for the integrated volatility allows us to reduce visibly
the noise for any 8 € (0, %) and a € (0,2). It is a clear improvement because, if the original truncated
quadratic variation was a well-performed estimator only if 5 > ﬁ (condition that never holds for
a > 1), the unbiased truncated quadratic variation achieves excellent results for any couple («, 3).

The outline of the paper is the following. In Section 2 we present the assumptions on the process X.
In Section 3.1 we define the truncated quadratic variation, while Section 3.2 contains the main results
of the paper. In Section 4 we show the numerical performance of the unbiased estimator. The Section
5 is devoted to the statement of propositions useful for the proof of the main results, that is given in
Section 6. In Section 7 we give some technical tools about Malliavin calculus, required for the proof of
some propositions, while other proofs and some technical results are presented in the Appendix.

2 Model, assumptions

The underlying process X is a one dimensionale It6 semimartingale on the space (2, F, (F;)¢>0, P), where
(Ft)e>0 is a filtration, and observed at times ¢; = -, for i = 0,1,...,n.
Let X be a solution to

¢ ¢ ¢
X =Xo —|—/ bsds +/ asdWs +/ / Y(X,-) z i(ds,dz), teRy, (2)
0 0 o JR\{0}

where W = (W});>0 is a one dimensional Brownian motion and /i a compensated Poisson random measure
on which conditions will be given later.
We will also require the volatility a; to be an It6 semimartingale and it thus can be represented as

t t t t t
at:ao—i—/ 65d3+/ deWS—i—/ anWSJr/ / ifszﬂ(ds,dz)—i—/ / s 2 fia(ds, dz).  (3)
0 0 0 0 JRr\{0} 0 JRr\{0}

The jumps of a; are driven by the same Poisson compensated random measure ji as X plus another
Poisson compensated measure fio. We need also a second Brownian motion W: in the case of "pure
leverage” we would have & = 0 and W is not needed; in the case of "no leverage” we rather have @ = 0.
In the mixed case both W and W are needed.

2.1 Assumptions

The first assumption is a structural assumption describing the driving terms W, W, it and fis; the sec-
ond one being a set of conditions on the coefficients implying in particular the existence of the various
stochastic integrals involved above.

A1l: The processes W and W are two independent Brownian motion, u and uo are Poisson random
measures on [0,00) x R associated to the Lévy processes L = (L;)i>0 and Lo = (L?):>0 respectively,
with L; = fot Jg zii(ds,dz) and L7 := f(f Jg zii2(ds,dz). The compensated measures are ji = ju — fi
and fig = pg — fiz; we suppose that the compensator has the following form: [(dt,dz) := F(dz)dt,
fiz(dt,dz) = Fy(dz)dt. Conditions on the Levy measures F' and F, will be given in A3 and A4. The
initial condition Xg, ag, W, W7 L and L5 are independent. The Brownian motions and the Lévy processes
are adapted with respect to the filtration (F;);>0. We suppose moreover that there exists X, solution of

(2)-

A2: The processes b, l~), a, a, 7, y are bounded, ~ is Lipschitz. The processes b, a are cadlag adapted,
v, ¥ and 4 are predictable, b and a are progressively measurable. Moreover it exists an F; -measurable
random variable K; such that

Ellbesn — 0e*| 7] < Ke|hl; Vp > 1, E[J K] < co.

We observe that the last condition on b holds true regardless if, for example, by = b(X;); b: R = R
Lipschitz.
The next assumption ensures the existence of the moments:

A3: For all ¢ > 0, [, [2|?F(dz) < oo and [, [2|?F2(dz) < oo. Moreover, E[|Xo|?] < oo and
E[|aol?] < oo.

A4 (Jumps):



1. The jump coefficient 7 is bounded from below, that is inf,er [v(2)| := Ymin > 0.

2. The Lévy measures F' and F5 are absolutely continuous with respect to the Lebesgue measure and

we denote F'(z) = F;iz), Fy(z) = %'

3. The Lévy measure F satisfies F(dz) = |Z§|(1—i)adz, where o € (0,2) and g : R — R is a continuous
symmetric nonnegative bounded function with §(0) = 1.

4. The function g is differentiable on {0 < |z| < n} for some 7 > 0 with continuous derivative such
that supg.|.|<, [%] < co.

5. The jump coefficient + is upper bounded, i.e. sup,cp [Y()| := Ymaz < 0.
6. The Levy measure Fy satisfies [, |2|>Fa(2)dz < oc.

The first and the fifth points of the assumptions here above are useful to compare size of jumps of X and
L. The fourth point is required to use Malliavin calculus and it is satisfied by a large class of processes:
a- stable process (g = 1), truncated a-stable processes (g = 7, a truncation function), tempered stable
process (§(z) = e 1 X > 0).

In the following, we will use repeatedly some moment inequalities for jump diffusion, which are gathered
in Lemma 1 below and showed in the Appendix.

Lemma 1. Suppose that A1 - A4 hold. Then, for allt > s,

1)for all p > 2, E[|la; — as|P] < c|t — s|; for all ¢ > 0 sup,e(o 7y Ella:|?] < oo.

2) for allp > 2, p e N, E[|la; — as|P|Fs] < |t — s].

3) for allp > 2, E[| X; — XS|P]% <cJt— s|%; for all ¢ > 0 sup;cpo,n) E[| X¢]?] < o0,

4) for allp > 2, peN, E[|X; — X,|P|Fs] < cft —s|(1+ | Xs[P).

5) for allp > 2, p € N, supy,¢po,1) E[| Xstn[P[Fs] < e(1 + | X5[P).

6) for allp > 1, E[|X¢ — X¢P]» < |t — 5|3 and E[|X¢ — X|P|F,]7 < |t — |2 (1 + | X,[P),
where we have denoted by X€ the continuous part of the process X, which is such that

t t
X¢— X¢ ::/ auqu—i—/ bydu.

3 Setting and main results

The process X is observed at regularly spaced times t; = iA,, = % for i =0,1,...,n, within a finite time
interval [0,T]. We can assume, WLOG, that T = 1.

Our goal is to estimate the integrated volatility IV := % OT a?f(X,)ds, where f is a polynomial growth
function. To do it, we propose the estimator @, based on the truncated quadratic variation introduced
by Mancini in [20]. Given that the quadratic variation was a good estimator for the integrated volatility in
the continuous framework, the idea is to filter the contribution of the jumps and to keep only the intervals
in which we judge no jumps happened. We use the size of the increment of the process Xy, , — X;, in
order to judge if a jump occurred or not in the interval [t;,t;11): as it is hard for the increment of X
with continuous transition to overcome the threshold A? = (%)B for 3 < 1, we can assert the presence

2

of a jump in [t;, tiv1) if [ Xy, — Xy, | > AL,
We set

n—1

Q" = Z f(Xti)(Xt1',+1 - Xti)zgpAﬁ (Xti+l - Xti)’ (4)

1=0

where X X
ts - ti
PaB (Xti+1 - th) = 90(173)7

with ¢ a smooth version of the indicator function, such that ¢(¢{) = 0 for each ¢, with |{| > 2 and
»(¢) =1 for each ¢, with || < 1.
It is worth noting that, if we consider an additional constant & in ¢ (that becomes ¢, N (X
Xi,, =X,
QD(Z;;ITZZ i+l
Xy, | < kAL 0 for |Xy,,, — Xy,| > 2kAZ. Hence, for shortness in notations, we restrict the theoretical
analysis to the situation where k = 1 while, for applications, we may take the threshold level as kA?
with k& #£ 1.

X,,) =

i+l i

)), the only difference is the interval on which the function is 1 or 0: it will be 1 for | X}



3.1 Main results

The main result of this paper is the asymptotic expansion for the truncated integrated volatility.

We show first of all it is possible to decompose the truncated quadratic variation, separating the con-
tinuous part from the contribution of the jumps. We consider right after the difference between the
truncated quadratic variation and the discretized volatility, showing it consists on the statistical error
(which derives from the continuous part), on a noise term due to the jumps and on a third term which is
negligible compared to the other two. From such an expansion it appears clearly the condition on («, )
which specifies whether or not the truncated quadratic variation performs well for the estimation of the
integrated volatility. It is also possible to build some unbiased estimators. Indeed, through Malliavin
calculus, we identify the main bias term which arises from the presence of the jumps. We study then
its asymptotic behavior and, by making it equal to zero or by removing it from the original truncated
quadratic variation, we construct some corrected estimators.

We define as Qi the jumps contribution present in the original estimator @,,:

5 n—-1 tit1
QF = nf=) 37 / / BRSOl BTN N Al (5)
o Jti R\{0

or((£)*)

(%)F
Theorem 1. Suppose that A1 - A4 hold and that 8 € (0, %) and o € (0,2) are given in definition (4)
and in the third point of A4, respectively. Then, as n — oo,

Denoting as Op((%)k) a quantity such that L 0, the following decomposition holds true:

n—1
= e _xey2y (Lype-aps L
Qn*;f(Xti)(Xti_H th‘,) +(n) Q;,+&E = (6)
n—1 tiga 1 )
= Z f(Xti>(/ anWS)2 + (*)5(2_“)62,{ + &, (7)
i=0 t; n

where &, is both op((£)P2=)) and, for each &> 0, op((+)1-F=ING-9),

n
To show Theorem 1 here above, the following lemma will be useful. It illustrates the error we commit
when the truncation is tight and therefore the Brownian increments are mistakenly truncated away.

Lemma 2. Suppose that A1 - A4 hold. Then, Ve > 0,

n—1
S FXU)(XE, — X202 (g (Kursy = Xu) = 1) = 0p((2)'=07)
=0

Theorem 1 anticipates that the size of the jumps part is ()%= (see Theorem 3) while the size of
the Brownian increments wrongly removed is upper bounded by (%)1_‘”8_6 (see Lemma 2). As S € (0, %),
we can always find an € > 0 such that 1 — a8 — e > §(2 — a) and therefore the bias derived from a tight
truncation is always smaller compared to those derived from a loose truncation. However, as we will see,
after having removed the contribution of the jumps such a small downward bias will represent the main
error term if a8 > %

In order to eliminate the bias arising from the jumps, we want to identify the term Qi in details. For
that purpose we introduce

n—1
JEPE 3 F(X )02 (X ) (X, )R, (®)
i=0
where d(¢) = E[(S{)%0(S9C)]; (S#)i>0 is an a-stable process.
We want to move from Q; to Qn The idea is to move from our process, that in small time behaves like
a conditional rescaled Lévy process, to an « stable distribution.

S|

Qn ::(

Proposition 1. Suppose that A1 - A4 hold. Let (S{);>0 be an a-stable process. Let g be a measurable

lg(z)]
1+|z|P

bounded function such that ||gl|,,,; = sup,cg( ) < oo, for some p > 1, p > « hence

9()] < llgll oy (J2]” + 1) (9)
Moreover we denote ||g|.. = sup,eg |9(x)|. Then, for any e >0,0<h < 3,

e
pol

[Elg(h™= Ln)] = Elg(S)]| < Ceh [log(M)] |9l + Ceh® llgll 27~ lgll 2y [og(h)]+ (10)



1 1+l oy —lia_
+Cha gl g™ 2 Mgller 7 [log(h)[1{as1y,

where C¢ is a constant independent of h.

Proposition 1 requires some Malliavin calculus. The proof of Proposition 1 as well as some technical
tools will be found in Section 7.
The previous proposition is an extension of Theorem 4.2 in [9] and it is useful when ||g| . is large, com-
pared to ||g|[,,;- For instance, it is the case if consider the function g(z) := |2[*1)5)< s for M large.
We need Proposition 1 to prove the following theorem, in which we consider the difference between
the truncated quadratic variation and the discretized volatility. We make explicit its decomposition into
the statistical error and the noise term due to the jumps, identified as Qn

Theorem 2. Suppose that A1- A4 hold and that B € (0, %) and o € (0,2) are given in Definition 4 and
in the third point of A4, respectively. Then, as n — oo,

n—1

Qnigﬂma = TR ()G + 6 (11)

where &, is always op((£)PC=2)) and, adding the condition B > 1, it is also op((L)(1—2A~ Nz -9),
Moreover Z, £, N(0 ZfT al f?(Xs)ds) stably with respect to X .

We recognize in the expansion (11) the statistical error of model without jumps given by Z,,, whose
variance is equal to the so called quadricity. As said above, the term Qn is a bias term arising from the
presence of jumps and given by (8). From this explicit expression it is possible to remove the bias term
(see Section 4).

The term En is an additional error term that is always negligible compared to the bias deriving from the
jump part ()%= (@, (that is of order (£)#(2=2) by Theorem 3 below).
The bias term admits a first order expansion that does not require the knowledge of the density of S¢.

Proposition 2. Suppose that A1 - A4 hold and that 8 € (0, %) and « € (0,2) are given in Definition 4
and in the third point of Assumption 4, respectively. Then

n—1
A 1 o a ~
Qn = 0 3 S| wlul' =) + &, (12)
i=0
with (e
_ ) 4AT(2—a)cos(%F) ZfO[ 75 La<2 1
Ca = 1 . ( 3)
5 if a=1.
&, = op(1) and, if a < 3, it is also nP2~ O‘)OP(( y(A—ah= 5)/\(%77) = Op((1)(%’2&”157%)“1’%75)).
We have not replaced directly the right hand side of (12) in (11), observing that (%)5(%&)5” =&,
because (2)#2=2E, is always op((2)??~)) but to get it is also op((1)(1~*F=9(5-9) the additional

condition a < % is required.

Proposition 2 provides the contribution of the jumps in detail, identifying a main term. Recalling we are
dealing with some bias, it comes naturally to look for some conditions to make it equal to zero and to
study its asymptotic behaviour in order to remove its limit.

Corollary 1. Suppose that A1 - A4 hold and that o € (0, ) Be (i, (5= N3). If ¢ is such that
Jg lul'™*@(u)du = 0 then, Vé > 0,

——Zf (X )af, = 2 4+ op(()37), (1)

with Z,, defined as in Theorem 2 here above.

It is always possible to build a function ¢ for which the condition here above is respected (see Section
4).
We have supposed a < % in order to say that the error we commit identifying the contribution of the
jumps as the first term in the right hand side of (12) is always negligible compared to the statistical error.
Moreover, taking § < ﬁ we get 1 — af > % and therefore also the bias studied in Lemma 2 becomes
upper bounded by a quantity which is roughly o]p(ﬁ).

Equation (14) gives us the behaviour of the unbiased estimator, that is the truncated quadratic variation



after having removed the noise derived from the presence of j Jumps Taking o and [ as discussed above
we have, in other words, reduced the error term &, to be op((+ )2 =€), which is roughly the same size as
the statistical error.

We observe that, if a > % but v = k € R, the result still holds if we choose ¢ such that

[ o) fal () #)du =0,
R

where f, is the density of the a-stable process. Indeed, following (8), the jump bias Qn is now defined as

n—1
<i>3-ﬁ<2-a>;f%)k?d(knﬁ—i)=<; )iote “>§f XeI [ ok ) o)z =
e Zf AL [ () falpul) R du =

where we have used a change of varlable.

Another way to construct an unbiased estimator is to study how the main bias detailed in (12) asymp-
totically behaves and to remove it from the original estimator.

Theorem 3. Suppose that A1 - Aj hold. Then, as n — oo,

Q5o [ ctlul' = [ (X)X s (15)

Moreover

T
Qu =1V = 4 (e, [ pllal~du [ X)X )ds o)), (16)

where Z, £, N(0, 2f0 atf%(X,)ds) stably with respect to X.

It is worth noting that, in both [15] and [21], the integrated volatility estimation in short time is dealt
and they show that the truncated quadratic variation has rate \/n if 3 > 5 2 35=ay

We remark that the jump part is negligible compared to the statistic error if n=! < n~ 72 and so
8> ﬁ, that is the same condition given in the literature.

However, if we take («, ) for which such a condition doesn’t hold, we can still use that we know in
detail the noise deriving from jumps to implement corrections that still make the unbiased estimator
well-performed (see Section 4).

We require the activity o to be known, for conducting bias correction. If it is unknown, we need to
estimate it previously (see for example the methods proposed by Todorov in [28] and by Mies in [24]).
Then, a question could be how the estimation error in o would affect the rate of the bias-corrected estima-
tor. We therefore assume that &, = o+ Op(a,,), for some rate sequence a,. Replacing &, in (16) it turns
out that the error derived from the estimation of a does not affect the correction if a, (L)%= < (%)%7
which means that a, has to be smaller than (%)%_5(2_“). We recall that 8 € (0,3) and « € (0,2).
Hence, such a condition is not a strong requirement and it becomes less and less restrictive when a gets
smaller or 3 gets bigger.

4 Unbiased estimation in the case of constant volatility

In this section we consider a concrete application of the unbiased volatility estimator in a jump diffusion
model and we investigate its numerical performance.

We consider our model (2) in which we assume, in addition, that the functions a and -y are both constants.
Suppose that we are given a discrete sample X, ..., X;, with t; = iA, = % fori=0,...,n

We now want to analyze the estimation improvement; to do it we compare the classical error committed
using the truncated quadratic variation with the unbiased estimation derived by our main results.

We define the estimator we are going to use, in which we have clearly taken f = 1 and we have introduced
a threshold k in the function ¢, so it is

n—1

Qn = Z(XtH—I - Xti)2§0kA§L (th‘+1 - th) (17)
=0



If normalized, the error committed estimating the volatility is E; := (Q, — 02)yv/n.
We start from (12) that in our case, taking into account the presence of k, is

On = car® k2 / ()l du) + &, (18)
R

We now get different methods to make the error smaller.

First of all we can replace (18) in (11) and so we can reduce the error by subtracting a correction term,
building the new estimator Q¢ := Q, — (£)%2=Y ey k2=( [ p(u)|u|'~*du). The error committed
estimating the volatility with such a corrected estimator is Eo := (QS — 02)y/n.

Another approach consists of taking a particular function ¢ that makes the main contribution of Qn
equal to 0. We define ¢(¢) = ¢(¢) + cp(€), with ¢ a C* function such that ¢ (¢) = 0 for each ¢, || > 2
or [¢| < 1. In this way, for any ¢ € R\ {0}, ¢ is still a smooth version of the indicator function such that
&(¢) =0 for each ¢, |¢] > 2 and ¢(¢) =1 for each ¢, |¢] < 1. We can therefore leverage the arbitrariness

~ 11—«
in ¢ to make the main contribution of @,, equal to zero, choosing ¢ := —%7 which is such that
R
Julp + &b (u))ul'~du = 0.
Hence, it is possible to achieve an improved estimation of the volatility by used the truncated quadratic
_ Xy, Xy,
variation @, . = Z?:ol (Xty1 — Xe)?(p+ 51/))(%). To make it clear we will analyze the quantity

E3 = (Qn.c— 0?)y/n.
Another method widely used in numerical analysis to improve the rate of convergence of a sequence is
the so-called Richardson extrapolation. We observe that the first term on the right hand side of (18)
does not depend on n and so we can just write Qn Q +&,. Replacing it in (11) we get
Zn 1 A
Qn = 0> +T+WQ+&1 and
Zion 1 1

— 42 A
Q2n =0"+ m + 2ﬁ(27o¢) n5(27a) Q + 52n7

Qn _2[3(2—&) Q2n

o= as improved

where we have also used that (%)ﬁ@’o‘)gn = &,. We can therefore use
estimator of o2.

We give simulation results for E;, F5 and Ej3 in the situation where ¢ = 1. The given mean and the
deviation standard are each based on 500 Monte Carlo samples. We choose to simulate a tempered stable
process (that is F' satisfies F(dz) = E \1|+“*) in the case @ < 1 while, in the interest of computational
efficiency, we will exhibit results gained from the simulation of a stable Lévy process in the case a > 1

(F(dz) = B |1+a)~

We have taken the smooth functions ¢ and ¢ as below:

1 iffel <1

p(r) = SRR i1 < Ja] < 2 (19)
0 if |x| > 2
0 if|[z]<1lor|z|>M
dn(@) = FTFEPT i1 < 2] < 3 (20)
L A A if 2 < |z| < M;

choosing opportunely the constant M in the definition of 15, we can make its decay slower or faster. We
observe that the theoretical results still hold even if the support of ¢ changes as M changes and so it is
[- M, M] instead of [-2, 2].

Concerning the constant k in the definition of ¢, we fix it equal to 3 in the simulation of the tempered
stable process, while its value is 2 in the case @ > 1, # = 0.2 and, in the case @ > 1 and 8 = 0.49, it
increases as a and +y increase.

The results of the simulations are given in columns 3-6 of Table 1a for 8 = 0.2 and in columns 3-6 of
Table 1b for 8 = 0.49.

It appears that the estimation we get using the truncated quadratic variation performs worse as soon
as « and 7y become bigger (see column 3 in both Tables la and 1b). However, after having applied
the corrections, the error seems visibly reduced. A proof of which lies, for example, in the comparison
between the error and the root mean square: before the adjustment in both Tables 1a and 1b the third
column dominates the fourth one, showing that the bias of the original estimator dominates the standard
deviation while, after the implementation of our main results, we get Fs and Fs3 for which the bias is
much smaller.



a | v | Mean Rms Mean | Mean a | v Mean Rms Mean | Mean
Ey Ey Ey E3 Ey Ey Es FEs
0.1 1 3.820 3.177 0.831 0.189 0.1 1 1.092 1.535 0.307 | -0.402
3 5.289 3.388 1.953 | -0.013 3 1.254 1.627 0.378 | -0.372
051 15.168 9.411 0.955 1.706 05| 1 2.503 1.690 0.754 | -0.753
3 14.445 5.726 2.971 0.080 3 4.680 2.146 1.651 | -0.824
091 13.717 4.573 4.597 0.311 09 |1 2.909 1.548 0.217 0.416
3| 42.419 6.980 13.664 | -0.711 3 8.042 1.767 0.620 | -0.404
1.2 11 32.507 11.573 | 0.069 2.137 1.2 |1 7.649 1.992 -0.944 | -0.185
3| 112.648 | 21.279 | -0.915 | 0.800 3| 64.937 9.918 -1.692 | -2.275
15| 1 50.305 12.680 | 0.195 0.923 1.5 |1 25.713 3.653 -1.697 | 3.653
3| 250.832 | 27.170 | -5.749 | 3.557 3| 218.591 21.871 | -4.566 | -13.027
1.9 | 1| 261.066 | 20.729 | -0.530 | 9.139 1.9 | 1] 238.379 14.860 | -6.826 | 16.330
3 | 2311.521 | 155.950 | -0.304 | -35.177 3 | 2357.553 | 189.231 | 3.827 | -87.353
(a) B=0.2 (b) B =0.49

Table 1: Monte Carlo estimates of Ey, Es and E3 from 500 samples. We have here fixed n = 700; 8 = 0.2
in the first table and 8 = 0.49 in the second one.

We observe that for @ < 1, in both cases 8 = 0.2 and g = 0.49, it is possible to choose opportunely
M (on which ’s decay depends) to make the error F5 smaller than E5. On the other hand, for o > 1,
the approach who consists of subtracting the jump part to the error results better than the other, since
FE5 is in this case generally bigger than Fs, but to use this method the knowledge of v is required. It is
worth noting that both the approaches used, that lead us respectively to Fs and FE3, work well for any
Be(0,35)
We recall that, in [15], the condition found on £ to get a well-performed estimator was
1 21

p>3 L (21)
that is not respected in the case § = 0.2. Our results match the ones in [15], since the third column
in Table 1b (where 8 = 0.49) is generally smaller than the third one in Table la (where 8 = 0.2). We
emphasise nevertheless that, comparing columns 5 and 6 in the two tables, there is no evidence of a
dependence on 5 of Ey and Es.
The price you pay is that, to implement our corrections, the knowledge of « is request. Such corrections
turn out to be a clear improvement also because for « that is less than 1 the original estimator (17)
is well-performed only for those values of the couple («, 3) which respect the condition (21) while, for
o > 1, there is no 8 € (0, 3) for which such a condition can hold. That’s the reason why, in the lower
part of both Tables 1a and 1b, E is so big.
Using our main results, instead, we get F» and E3 that are always small and so we obtain two corrections
which make the unbiased estimator always well-performed without adding any requirement on « or 3.

5 Preliminary results

In the sequel, for § > 0, we will denote as R;(A?) any random variable which is F;, measurable and such
that, for any ¢ > 1,
Ri(A))

de>0: H

La
with ¢ independent of i, n.
R; represent the term of rest and have the following useful property, consequence of the just given
definition:

Ri(A}) = AYR(A)). (23)
We point out that it does not involve the linearity of R;, since the random variables R; on the left and
on the right side are not necessarily the same but only two on which the control (22) holds with A% and
A9 respectively.

In order to prove the main result, the following proposition will be useful.
We define, for i € {0,...,n — 1},

tit1 B tit1
AX] = / / v(X,-) z ii(ds, dz) and AX] = / / v(Xy,) z pi(ds,dz).  (24)
ts R\{0} ti R\{0}



We want to bound the error we commit moving from AX/ to Af(g] , denoting as 071 (AF) a quantity such
that E;[lor: (AK)]] = R;(AF), with the notation E;[.] = E[.|F,].

Proposition 3. Suppose that A1- A4 hold. Then

(AX])ops (AX;) = (AXY) 20,05 (AX]) + 01 (AFP7 D), (25)
tir1 tit1 - ~
( / asdW)AX] o (AX;) = ( / asdW)AXY 005 (AX]) + 0 (AJEHD), (26)
t; ti
Moreover, for each € > 0 and f the function introduced in the definition of Qy,
n—1 n—1
o o 1—aB—&N(5—¢
D F(Xe)(AXY o5 (AX) = 3 FOX)(AX Vo0 (AXY) +0p(A7 7779, (a7
i=0 i=0

n—1

tit1 tit1 ~ s (1—aB—&)A(2—8)
§ f(Xti)(/ asdW)AX] o5 (AX;) = E :f(Xti)(/ asdWo)AXY ¢ s (AX])+op(Ay 2=y,
t t

i=0 i=0

(28)
Proposition 3 will be showed in the Appendix.
In the proof of our main results, also the following lemma will be repeatedly used.
Lemma 3. Let us consider AX; and AX{ as defined in (24). Then
1. For each q > 2 Je > 0 such that
BIAX! 10 xr1canzy 71F0] = RA(ALHO-) = Ry(ALF). (29)
2. For each q > 1 we have
E[AX]1 9| F,] = Ri(ALHAla—)y, 1
18571 4g s prcang) 1] = BAE0) (31)

Proof. Reasoning as in Lemma 10 in [2] we easily get (29). Observing that AX';’ is a particular case of
AX/ where v is fixed, evaluated in X;,, it follows that (30) can be obtained in the same way of (29).
Using the bound on AX; obtained from the indicator function we get that the left hand side of (31) is
upper bounded by

CquE[l{%ﬁﬁleJlgmg} [ Fi] < AR (A)F),

where in the last inequality we have used Lemma 11 in [2] on the interval [t;,¢;41] instead of on [0, h].

From property (23) of R; we get (31). O

6 Proof of main results

We show Lemma 2, required for the proof of Theorem 1.

6.1 Proof of Lemma 2.
Proof. By the definition of X¢ we have

n—1
| FXe)(XE,, — XE) (pps (AX;) = 1)] <
=0
n—1 tit1 tiy1
<ed |f(Xn) (|/t asdW|* + | f bsds|*) [ ap (AX;) — 1] =t [I3 1] + [135].
i=0 i Li

In the sequel the constant ¢ may change value from line to line.
Concerning 13, using Holder inequality we have

i+1

n—1
B3| < ¢ > Elf(Xe,)|Ed| asdW, [P Eif|o 00 (AX;) — 1])7], (32)
1=0

t
|
t;

10



where E; is the conditional expectation wit respect to F,.
We now use Burkholder-Davis-Gundy inequality to get, for p; > 2,

1 1

i+1 i+1 P11
|/ asdW P75 < E |/ Q2ds| %17 < Ri(AF )P = Ri(A

Sl

); (33)

where in the last inequality we have used that a? has bounded moments as a consequence of Lemma
1. We now observe that, from the definition of ¢ we know that ¢ s (AX;) — 1 is different from 0 only

if [AX;| > AZ. We consider two different sets: |[AX/| < 1A and |AX/| > JAZ. We recall that
AX; = AXS + AXJ and so, if [AX;| > Af and |AX/| < IAE then it means that |AXC\ must be more
than 1 Aﬁ Using a conditional version of Tchebychev 1nequahty we have that, Vr > 1,

E;[|[AXE]"
RATS

Pi(AX]] > 3AD) < < R, (34)

where P; is the conditional probability with respect to F;,; the last inequality follows from the sixth point
of Lemma 1. If otherwise |AX/ | > lAﬁ then we introduce the set N; ,, := {\AL | <3 A, Vs € (tl,t1+1]}.
We have P;({|AX/| > AL} N (Nin)©) < Pi((Nijn)©), with

i+1
) < c/ / 2)dzds < cAL=B, (35)
t

’Ym1n

Pi«Ni’n)C) = ]P’i(ﬂs S (ti,ti+1} : |ALS| >

where we have used the third point of A4. Furthermore, using Markov inequality,
1
IP,»({|AXZ-J| = QAQ} N Nip) < B|AX] "N, JALPT < Ri(APHHP0=)) = Ry(ALF),  (36)

where we have used the first point of Lemma 3, observing that 1y, , acts like the indicator function in
(29) (see also (219) in [2]). Now using (34), (35), (36) and the arbitrariness of r we have

PAIAX] > Af) = Bi(AXI] > AL IAXY| < JA0) + PA(IAXi] > AL IAXY| > SA) < Ri(AL).

(37)
Taking p big and ¢ next to 1 in (32) and replacing there (33) with p; = 2p and (37) we get, Ve > 0,

WO B <m0 Y B R () Ri(AL )] < (1 ZE\th IR(1)

n

Now, for each € > 0, we can always find an e smaller than it, that is enough to get that (l)fiiiﬁ_ goes

to zero in L' and so in probability. Let us now consider I35. We recall that b is uniformly bounded by a
constant, therefore

tit1
(/ bsds)? < cAZ. (38)
t;

Acting moreover on ¢, s (AX;) — 1| as we did here above it follows

nI O 5] <m0 3 I (X Ri(A) R(AL ] < (1)l ZEIf (X.,)

Ri(1)]
and so I3, = op((L)!7*F~¢), O

6.2 Proof of Theorem 1.
We observe that, using the dynamic (2) of X and the definition of the continuous part X¢, we have that

tit1
X, = X, = (X7, — X7) / [ ) a(as, ). (39)
R\{O}

Replacing (39) in definition (4) of @, we have

n—1 n—1
Qn =Y FXG)XE,, = X0+ F(X)(XP,, = X0 (pan(AX) — 1)+
i=0 1=0



n—1 4

+2Z FX)(XE,, = XE)NAX)ops (AX) + ) F(X0)(AXY o (AX:) =) 17 (40)

i=0 j=1

Comparing (40) with (6), using also definition (5) of Q,,, it follows that our goal is to show that I} +
13 = &,, that is both o]p(AB(2 a)) and op (A(l A=z~ 6)) We have already shown in Lemma 2 that
Ip =op(AL*P9)  As(1—aB - A (3-8 <1l-—aBf—¢Eand B(2—a) <1—af — & we immediately
get I3 =&,.

Let us now consider 3. From the definition of the process (X7) it is

n—1 tit1 tit1
23 (X))l / beds + / A dWJAX] s (AX;) =1 I§, + 13
i=0 ti t;

We use on I3, Cauchy-Schwartz inequality, (38) and Lemma 10 in [2], getting

n—1 n—1
n —a)\ & 1 % g 2—a 1
B0 < 23 BlS(X)IR(ALP ) R(A2)H] < AT 72 ST B IR:(1),
i=0 =0

where we have also used property (23) on R. We observe it is % +5- 0‘2—6 > % if and only if 3(1— %) > 0,

1
that is always true. We can therefore say that I3 = op(A7) and so

I, = op(AgE N9, (41)
Moreover,
B[l 73, ] 1opresl s
aee AT B (X IRAD), (12)

that goes to zero using the polynomial growth of f, the definition of R, the fifth point of Lemma 1.
Moreover, we have observed that the exponent on A,, is positive for 5 < %ﬁ, that is always true.
2

Concerning 175, we start proving that I3, = oP(Aﬁ(Q‘O‘)). From (26) in Proposition 3 we have

n—1

I3y 2 = o7 N 2 B(2—a)+1
AE(Q_Q) = Ag(z_a) ZO f(th)AXz Pas (AX’L )/t asdWs + W ZO f(Xti)OLl (An( ) )

(43)
By the definition of o;: the last term here above goes to zero in norm 1 and so in probability. The first
term of (43) can be seen as

n—1

tit1 tit1
Z F(Xi)AX] o8 (AX])] / ar,dW, + / (as — ag,)dW,). (44)
t t

i i

2
AB(Q a)

On the first term of (44) here above we want to use Lemma 9 of [11] in order to get that it converges to
zero in probability, so we have to show the following:

2 2 oy gy B P
W Z]Ei[f(Xti)AXi @AQ(AXZ' )/ ay, dWs] = 0, (45)
n i=0 t;
N tit1 P
e ZE AKX anaw?) 5o, (46)
ti

where EZH = ]E[|‘Ft1]
Using the independence between W and L we have that the left hand side of (45) is

tit1
Aﬁ(z @) Zf X, Ei[AX] @Aﬁ(AX )JE [/t ay, dW,] = 0. (47)

K

Now, in order to prove (46), we use Holder inequality with p big and ¢ next to 1 on its left hand side,
getting it is upper bounded by

n—1 tit1 L _ ~ .
AT S PGB o dW R EIAX o (AR <
t

i=0

12



n—1 1 n—1
< A2 37 F2(X, ) Ri(A) Ri(ATTT ) < AL-2sG-w2s-as—c] LS PR, (49)
i=0 i=0
where we have used (33), (30) and property (23) of R. We observe that the exponent on A,, is positive
if 3 < 57— — € and we can always find an € > 0 such that it is true. Hence (48) goes to zero in norm 1
and so 1n probablhty
Concerning the second term of (44), using Cauchy-Schwartz inequality and (30) we have

~ 5 tita _ ~ tit1
EJAX 0ps AXDI [ [as — a]JdWi|] < E[|AX o ,00 (AXY)?]2E il f las — ag,)JAW, 2|2 <
ti
1180 ¢ tit1 1,8 ) [eY
Ri(Az"E0 >>Ei[/ las — ay, [2ds)} < AFTECTOR(1)A, < AZTECYURA), (19)
ti

where we have also used the second point of Lemma 1 and the property (23) of R. Replacing (49) in the
second term of (44) we get it is upper bounded in norm 1 by

o 15y

n
=0

1
A2
n

E[| f(X¢,)|Ri(1)], (50)

that goes to zero since the exponent on A, is more than 0 for 8 < 2 =) a), that is always true. Using
(43) - (46) and (50) we get

I3 p
We now want to show that I3, is also o[pa(A(2 E)A(l op- ))
Using (28) in Proposition 3 we get it is enough to prove that
1 n—-1 B N tit1 P
REPDCALECNIES D | eaw o (52)
n 1=0 i

where the left hand side here above can be seen as (44), with the only difference that now we have A;
instead of AL~ We have again, acting like we did in (47) and (48),

— tit1
: Z AKX/, (AXY) / AR (53)
72L i=0 t;
and
5 tit1 ~ 1 n—1
,_e) ZE YA 262, (AKX / W) < AR ST (X Ri(1), (54)
i 1=0

that goes to zero in norm 1 and so in probability. Using also (49) we have that

n—1 t: n—1
) ~ _ i+1 B —a gl
NE = YR f(Xe)AX] pps (AXY) / las = arJAW,[) < APV ST R(X)IRAD,  (55)
i=0 t i=0

i

that, again, goes to zero in norm 1 and so in probability since the exponent on A, is always positive.

Using (52) - (55) we get 5y = OP(AE_G) and so

I3, = op(AF 7072079, (56)
From Lemma 2, (41), (42), (51) and (56) it follows (6).
Now, in order to prove (7), we recall the definition of X7:

tita tit1
Xtcwl _Xtci :/ bsds +/ asdWs. (57)
t t

7 7

Replacing (57) in (6) and comparing it with (7) it follows that our goal is to show that

n—1 tit1 n—1 i+l tit1
AP+ A=) f(Xti)(/ beds)® +2 f(th.)(/ bsds)(/ asdWy) = &p.
i=0 ti i=0

t
t; i

13



Using (38) and property (23) of R we know that

E[|A" 1 = a1 1
ey < g > EIA(X)IR(AY)] < AL D3 B (X)IRA(D) (59)
and
IE[IA"H

il «

Azt 52 /(X0 Ri(1)], (59)
i=0

that go to zero since the exponent on A,, is always more than 0, f has both polynomial growth and the

moment are bounded.

Let us now consider A%. By adding and subtracting b, in the first integral, as we have already done, we

get that

tit1 tit1 n—1 tit1 tit1
An = Z Coit AGy =2 Z F(X) / btids)(/f audW,)+2 3 f(Xti)(/t [bs—bti]ds)(/f aydIWV).
=0 i Li i=0 7 Li

Using Lemma 9 in [11], we want to show that

n—1
=0

and so that the following convergences hold:

n—1 n—1
1 P 1
Eil¢ni] =0 [Cni] = 0; (61)
AT X A} ;
1 n—1 b 1 n—1
2

We have
n—1 9 n—1 tit1

E;[Cni] = W Z f(Xti)AnbtiEi[/ asdWs] =0
; n i=0 ti

and so the two convergences in (61) both hold. Concerning (62), using (33) we have

n—1 tit1 n—1
1-28(2—a) € 2 2 2 2-28(2—a) € 2 2
AL S PGB [ 0V’ £ A0 8 S P0G )

and
tit1

n—1 n—1
1-2(3-9) C 2 2 2 142¢ € 2 2
A, 72— X, )by E; AW )P < A= X,)by Ri(1),
PIULALS ([ adwy < a; PIUCALEID
that go to zero in norm 1 and so in probability since A,, is always positive. It follows (62) and so (60).
Concerning A% o, using Holder inequality, (33), the assumption on b gathered in A2 and Jensen inequality
it is

tiga N
E[l43 () b= by RaD) <
n—1 tig1 ) . n—1 tit1 1 1
< BT [T B~ bR < e X BIFIAL [ At RADL
=0 g i=0 i
So we get
E[|A3,l] i+i-B2-a)c =
e <A § L EISXIR@] (63)
Al < ot S o im. (61

Since it holds for ¢ > 2, the best choice is to take ¢ = 2, in this way we get that (63) and (64) go to 0 in
norm 1, using the polynomial growth of f, the boundedness of the moments, the deﬁnition of R; and the
fact that the exponent on A,, is in both cases more than zero, because of 8 < 57—

From (58), (59), (61), (63) and (64) it follows (7).

—a’
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6.3 Proof of Theorem 2

Proof. From Theorem 1 it is enough to prove that

S [ - L5 o - Ze e o
i=0 " ti T iz o v
and

Q1= u+ =y

1-¢ —af—¢
Agﬁ IN1—ap ))

where &, is always OP(AEL(Q_O‘)) and, if 5 > . We can rewrite the

last equation here above as

T, then it is also op(

Qr{ = Qn + OIP’(l) (66)
and, for g >

=y a’
~ A 1 L _HA(l—aB—¢
Q= Qu+ —gop(AF 9, (67)

Indeed, using them and (7) it follows (11). Hence we are now left to prove (65) - (67).

Proof of (65).
We can see the left hand side of (65) as

n—1 tita tit1 n—1 tita
S f(th.)[(/ 0y dWV,)?% — / ads) + 3 f(Xti)/ @ —aXlds = MS 1 B,.  (68)
i=0 ti ti i=0 ti

We want to show that B,, = &,, it means that it is both oP(Aﬁ@‘“)) and OP(ASL%%)A(PW%)). We write
a? —a;, = 2ay,(as — ar,) + (as — ay,)?, (69)

replacing (69) in the definition of B, it is B,, = B} + BY. We start by proving that B = OP(AEL(%Q)).
Indeed, from the second point of Lemma 1, it is

n-l tit1 n—1
E(|B3| < ¢ Ellf(Xe,) Eillas — ar, *)ds] < cAZ Y E[If (X))
=0 b i=0
It follows
n—1 —
B[ B3] 1-B(2—a) L E[|B§| 1,61
APCa) = <A, ZOE |fI(X:,)]  and o Azt EZO [1F1(Xe)] (70)

that go to zero using the polynomial growth of f and the fact that the moments are bounded. We have
also observed that the exponent on A, is always more than 0.
Concerning BT, we recall that from (3) it follows

as — a, :/ Budu—l—/ duqu—I—/ &uqu—i—/ / Au 2 fi(du, dz)+/ / A 2 fia(du, dz)
ti ti ti t; JR\{0} t; JR\{0}

and so, replacing it in the definition of Bf, we get BY := IT' + I3 + I + I} + IF.
We start considering I7* on which we use that b is bounded

n—1

i1 s
B[ 7] <2ZE|thl |atl|/ /cdu)ds 1<t ZE|th lae, |1

It follows 1
BIIN _ 1opae 1
W < An g z_: EHJC(Xn) i ] and (71)
E[lI? 1. 1 n—1
U] gl E[|f(X,,)llac, ], (72)
AT G

that go to zero because of the polynomial growth of f, the boundedness of the moments and the fact
that 1 — 8(2 — «a) > 0.
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We now act on I3 and I¥ in the same way. Considering I3, we define ¢, ; := 2f(Xy, )a, f:f“ (f audW,)ds.

We want to use Lemma 9 in [11] to get that
I p 13 P
AB=a) —0  and AG-ON—af—) 0 (73)

and so we have to show the following :

n—1 n—1
1 P 1
W Z Ez[(n,z] — 07 l Z Cn i 7 (74)
n =0 AR =0
1 n—1 P
2
WZE’L[TLZ]%O (75)
*76) Z ]E (76)
By the definition of (, ; it is E;[(, ;] = 0 and so (74) is clearly true. The left hand side of (75)
(77)

n—1 tit1 s
AP NT P2(X el B / ( / @, dW,)ds)?].
t t;

n
=0 i

Using Fubini theorem and Ito isometry we have

Bl audWds? =Bl e - 9aaw ) =Bl [ (e - s < R, (79

i

Because of (78), we get that (77) is upper bounded by
n—1

— —Q 1
NS S P (Xl Ri(1),
=0

that converges to zero in norm 1 and so (75) follows, since 2 —28(2 — &) > 0 for 8 < 31—, that is always

true. Acting in the same way we get that the left hand side of (76) is upper bounded by

arrsil Zﬁ X,)a2 Ri(D),

that goes to zero in norm 1. The same holds clearly for I3 instead of I3'. In order to show also

IZ P IZ P
area 0 Aad iy 0 (79)

we define (,; = 2f(Xy,)as, fl_’“ ft Jg Fuzit(du, dz))ds. We have again E; [n.i] = 0 and so (74) holds
with Cn,z in place of ¢,;. We now act like we did in (78), using Fubini theorem and Ito isometry. It

follows
i+1 i+1
/ / /fyuzu (du,dz)ds)?] = / / ir1 — 8)Vszfi(ds, dz))?] =

— K / Tt — 5)752ds( / 22F(2)d2)] < Ri(A3),

having used in the last inequality the definition of fi(ds,dz), the fact that [, 2F(2)dz < oo and the
boundedness of 4. Replacing (80) in the left hand side of (75) and (76), with ¢, ; in place of ¢, ;, we have

(80)

n—1 n—1 n—1
s - —a — —a 1
ey O Bl < AT 3T (X a Ri(A]) < AT LS 2 (X ek (1)
n =0 =0 =
an A1 ZE (2] < A”Qe Zf2 (X¢,)ai Ri(1).
=0

n =0
Again, they converge to zero in norm 1 and thus in probability since 2 — 28(2 — ) > 0 always holds
Therefore, we get (79). Clearly, (79) holds also with I? replacing I7; the reasoning here above joint with
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the sixth point of A4 on F5 is proof of that.
From (70), (71), (72), (73) and (79) it follows that

By =&, (81)

Concerning M@ := 27—01 CAn i, Genon - Catalot and Jacod have proved in [11] that, in the continuous

framework, the followmg conditions are enough to get /nM% — N(0,2 fo f?(X,)a*ds) stably with
respect to X:

o Ei[(u] =0;

o SRR, D2 [ f2(Xo)akds ;
3D Dy EM,A = 0;

o S Eillni(Wi,, — W)l 5 0;

b ZZL: [Cn ’L(Wt1+1 )} _> 0.

Theorem 2.2.15 in [14] adapts the previous theorem to our framework, in which there is the presence of
jumps.
We observe that the conditions here above are respected, hence

T

M@ = I where Zn 2 N(0,2 / fA(Xy)alds), (82)
vn' 0

stably with respect to X. From (81) and (82), it follows (65).

Proof of (66).

We use Proposition 3 replacing (25) in the definition (5) of Q7. Recalling that the convergence in norm
1 implies the convergence in probability it is clear that we have to prove the result on

n—1

nPEmO N F(X ) (AXY s (AX) =
i=0
— 2 AX/ AX/ 1
= nPCm N (X ) (X)) AR (%)2%8(7 (Xe,)AR), (83)
=0 (X)) Aj v( X)) A
where we have also rescaled the process in order to apply Proposition 1. We now define
9in(y) = y" 0 s (Y7 (Xi,)AR), (84)
hence we can rewrite (83) as
1 N n—1 AX{] .
(370 3 ) g L) = Bl
V(th)AT(z
1 n—1
HEEPC S F(X,)9% (X0, JElgin(S7)] Z A3+ Qo (55)
i=0

where ST is the a-stable process at time ¢ = 1. We want to show that Zn_l 1, converges to zero
in probability. With this purpose in mind, we take the conditional expectation of A7, and we apply
Proposition 1 on the interval [t;,t;11] instead of on [0, k], observing that property (9) holds on g; n for

p = 2. By the definition (84) of g; », we have ||g; n|l. = Ri(Ai(B_%)) and ||gin|l. , = Ri(1). Replacing

pol
them in (10) we have that
AX] o 28— 1
B [gin (————)] = E[gin (S]] < cealin] log(An)[R(AL ™))+
V(X0 AR

FeealAd | log(AR)|Ri(AZP" D057y 4o AR log(An)|Ri(AZP G579y
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To get Y iy ! AY,; := op(1), we want to use Lemma 9 of [11]. We have

n—1 n—1

T lyz- o 1+2(8— li@-a-e(p-1
Z B [AT]] < ( ﬁ) P )Z | F(Xe)IV? (Xe,) ]| log(An)[An© B=2) 4 At )(B-3)
. =0
5 o€ _l o —e€ —¢ 10
+Aﬁ+(3 )(B )1>]R()§(A B+Aa +A§ 1a>)| g(A |Z|th HV(Xt)IR() (86)

=0

where we have used property (23). Using the polynomial growth of f, the boundedness of the moments
and the fifth point of Assumption 4 in order to bound =, (86) converges to 0 in norm 1 and so in probability

L_e
since A2%log(A,,) — 0 for n — oo and we can always find an € > 0 such that A;; * does the same.
To use Lemma 9 of [11] we have also to show that

n—1 o J
(3)3725(270‘) > XY (X)E;s [(gl,n(LiL) ~ Elgi.0(S9)])?] 5 0. (87)
" i=0 Y( X)) AR

We observe that Ey((gsn(—2%r) ~ Egi n(S)])?] < cBalg?,,(—25 )]+ cBa[Elgi o (5)]2). Now, using
V(X)) AL V(X )AL
equation (30) of Lemma 3, we observe it is

AX/ A, - . A _
Eilg; ,( o] = S BlAX) e, (AXY)] = e Ri(ATUT), (88)
(X)) Ax Y4 (Xt;) " Y4 (X,
where ¢ acts as the indicator function. Moreover we observe that
1 1
Bloan(SP)) = [ 20(0F P1(Xe))fa ) = dl(X)AE ), (59)

with f,(z) the density of the stable process. We now introduce the following lemma, that will be shown
in the Appendix:

Lemma 4. Suppose that Assumptions 1-4 hold. Then, for each (, such that {, — 0 and for each € > 0,
A60) = 1612 [ ul! = plu)du+ of(Gu |~ +1G,*29) (90)

where ¢ has been defined in (13).

Since £ — 8 >0, v(Xti)A,%_ﬁ goes to zero for n — oo and so we can take ¢, as v(Xti)Aé_ﬁ, getting
that
a =B L-B)(a—2
Elgi.n(S7)] = dr(Xe)AF ") = Ri(aw= 7). (1)

Replacing (88) and (91) in the left hand side of (87) we get it is upper bounded by

n—1 n—1
SOE(AD)?] = (1) 200§ £2(X, )y (X, ) (R (ALFA-0)) - Ry(ARP 3 H27208)) o
1=0

=0

3

n—1

AaﬁM Z FHX )7 (X)) Ri(1), (92)

that converges to zero in norm 1 and so in probability, as a consequence of the polynomial growth of f
and the fact that the exponent on A, is always positive. From (86) and (92) it follows

Z AT =o0p(1 (93)

and so (66).

Proof of (67). 3
We use Proposition 3 replacing (27) in definition (5) of Q.. Our goal is to prove that

nﬁ(?*&) Z f(th)(AXij)2<pA§ (AX{]) _ Qn + OIP(A'ELE_25+aﬁ_€)/\(1_2ﬁ_€))~
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On the left hand side of the equation here above we can act like we did in (83) - (85). To get (67) we are

1_ aff—é& —2B—¢€ .
therefore left to show that , if 8 > 1, then Y/ ! A7, is also OP(Agf 2B+ap-an(l-2p )). To prove it,
we want to use Lemma 9 of [11], hence we want to prove the following:

1 n—1 b
n—1

S— AR ) (95)

A2z —2B+ab—8) Lo
Using (86) we have that, if o > 1, then the left hand side of (94) is in module upper bounded by

AB ‘| log(A 38—af—4+é—e 184
W”Z(]'f 2(Xi)|Ri(1) = Ay ‘log(An”ﬁZOLf(Xti)

*(X4,)

R;(1),

that goes to zero since we have chosen f > = > ﬁ Otherwise, if & < 1, then (86) gives us that
the left hand side of (94) is in module upper bounded by

AP log(A 2ﬁf%+e =
WHZU )|V (X)) Ri(1) = Ay 1o |*Zz:0|f X)) (X)) | R (1),

that goes to zero because 8 > E > Z'

Using also (92), the left hand side of (95) turns out to be upper bounded by

A 148205428 NafAL L Z fQ(th) 4(X;,)R;(1), that goes to zero in norm 1 and so in probability
since we have chosen B 5 (95) and so (11).

O

6.4 Proof of Proposition 2

Proof. To prove the proposition we replace (90) in the definition of Qn It follows that our goal is to
show that

1.2 « i- —é - a—2—¢ &
4 I3 o= ()00 DS OO0 2 () + 18F 2 (X )2 ) = &,
=0

where &, is always op(1) and, if o < 3, it is also WQP(A(iie)/\(l p- )).

We have that I7* = op(1) since it is upper bounded by
A“ —1-28+apB—é(L-p) ZR

that goes to zero in norm 1 and so in probability since we can always find an € > 0 such that the exponent
on A, is positive.
Also I} is op(1). Indeed it is upper bounded by

n—1
2 _1- af—2(L— —ap)—e(t-p1
Az 1-28+aB—-2(;—B)+2(1—aB)—é(;—B) 1 Z Ri(].) 0(1) (96)
"izo
We observe that the exponent on A, is 1 —af — é(1 — 3) and we can always find € such that it is more

than zero, hence (96) converges in norm 1 and so in probablhty
1-¢
In order to show that I = WOP(A )= o]p(A2 —E-hE- )) we observe that

I AZ-I-Freed-p 1 ok
1 < S ;
NEE T n 2 Ri)oll)
n =0
4

If @« < 5 we can always find € and € such that the exponent on A, is more than zero, getting the

3
1-¢ —af—€
convergence wanted. It follows I = WOP(Agf IN1-ap )).

To conclude, I} = WOP(A}L*W*%) = op(AL7267). Indeed,

Sophe

n—1
I3 2 1-ltapté-2(L—B)+2(1-aB)—¢(L-5) 1

The exponent on A, is 20 —af+€— é(é — ) and so we can always find € and ¢ such that it is positive. It
follows the convergence in norm 1 and so in probability of (97). The proposition is therefore proved. O
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6.5 Proof of Corollary 1

Proof. We observe that (14) is a consequence of (12) in the case where Q. = 0. Moreover, 8 < i implies

- 1_z
that AL=2A=€ is negligible compared to A2 °. It follows (14). O

6.6 Proof of Theorem 3.

Proof. The convergence (15) clearly follows from (12).
Concerning the proof of (16), we can see its left hand side as

n—1 n—1
1 1

and so, using (11) and the definition of IV7, it turns out that our goal is to show that

n—1 1
1
S S - [ ) adds = on(AFC ). (98)
i=0 0
The left hand side of (98) is
n—l tit1 n—l ot
S i) [ —adds+ 3 [ @) - F(X))ds = B+ R
i=0 ta i=0 7t

B,, in the equation here above is exactly the same term we have already dealt with in the proof of
Theorem 2 (see (68)). As showed in (81) it is &, and so, in particular, it is also oﬂ»(Ag(%a)).
On R,, we act like we did on B, ,considering this time the development up to second order of the function
f, getting }
f"(Xt,)
2
where X;, € [X;,, X,]. Replacing (99) in R,, we get two terms that we denote R: and R2. On them we
can act like we did on (69). The estimations gathered in Lemma 1 about the increments of X and of a
have the same size (see points 2 and 4) and provide on B} and R? the same upper bound:

f(XS) :f(Xt1)+f/(th)(XS _Xt1)+ (XS—th‘)27 (99)

n—1 tit1 n—1
E[IRA) < ¢ Elf"(Xe.) /t Eillas||Xs — X, [*Jds] < eA% Y B f" (X0, Ri(1)],
i=0 g =0

where we have used Cauchy Schwartz inequality and the fourth point of Lemma 1. It yields R? =

o]p(Ag(Q_a)), which is the same result found in the first inequality of (70) for the increments of a.

To deal with R. we replace the dynamic of X (as done with the dynamic of a for B?). Even if the
volatility coefficient in the dynamic of X is no longer bounded, the condition sup,cp, 4., E;[|as|] < o0
(which is true according with Lemma 1) is enough to say that (78) keep holding.

Following the method provided in the proof of Theorem 2 to show that B = &, we obtain R = &, and

therefore RL = op(An™)). Tt yields (98) and so the theorem is proved. O

7 Proof of Proposition 1.

This section is dedicate to the proof of Proposition 1. To do it, it is convenient to introduce an adequate
truncation function and to consider a rescaled process, as explained in the next subsections. Moreover,
the proof of Proposition 1 requires some Malliavin calculus; we recall in what follows all the technical
tools to make easier the understanding of the paper.

7.1 Localization and rescaling

We introduce a truncation function in order to suppress the big jumps of (L;). Let 7 : R — [0,1] be a
symmetric function, continuous with continuous derivative, such that 7 =1 on {|z| < in} and 7 =0 on
{|z| = 3n}, with 5 defined in the fourth point of Assumption 4.

On the same probability space (Q, F, (F;),P) we consider the Lévy process (L;) defined below (2) which
measure is F(dz) = Vgl(%lﬂg\{o}(z)dz, according with the third point of A4, and the truncated Lévy

process (L]) with measure F7(dz) given by F7(dz) = g|(,:|)1:—((f) Ir\{0}(2)dz. This can be done by setting
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L, = fot Jg zii(ds, dz), as we have already done, and L] := fot Jg 207 (ds,dz), where fi and 7 are the
compensated Poisson random measures associated respectively to

J(A) ;:/ // La(t, 2)ud(dt,dz, du), A C[0,T] x R,
[0,1] JR J[0,T]

= / / / 1A(t7 Z)1u<‘r(z),ug(dt7dzv d’U/), AC [OaT] xR,
[0,1] JR J[0,T] B

for u9 a Poisson random measure on [0, T]| xR x [0, 1] with compensator 9 (dt, dz, du) = dt|zg|(17i)a g\ {0} (2)dzdu.
By construction, the restrictions of the measures p and u” to [0, k] X R coincide on the set
{(u, z) such that u < 7(2)}, and thus coincide on the event

Qp = {wEQ;;ﬁ([O,h] X {zGR: |z| > g} X [0,1]):0}.

Since p9([0,h] x {z € R:|z] > 2} x [0,1]) has a Poisson distribution with parameter
e
/ / / T dudzdt < ch;

>0 Jo [zt
we deduce that

P(QS) < ch. (100)
Then we have

P((L)i<n # (L7)i<n) <P(Q},) < ch. (101)

To prove Proposition 1 we have to rescale the process (L;):c[0,1], We therefore introduce an auxiliary
Lévy process (L{!)se[0,1) defined possibly on another filtered space (Q, F,(F;),P) and admitting the de-
composition L} := fot Jg 2" (dt, dz), with t € [0,1]; where 4" is a compensated Poisson random measure

il = pl — ", with compensator

Al (dt,dz) = dt |<|1h+a) (zh# ) 1gy 0y (2)dz. (102)

By construction, the process (L?)te[o,u is equal in law to the rescaled truncated process (h_%L;t)te[O,l]
that coincides with (hiéLht)te[O,l} on .

7.2 Malliavin calculus

In this section, we recall some results on Malliavin calculus for jump processes. We refer to [8] for a
complete presentation and to [9] for the adaptation to our framework. We will work on the Poisson space
associated to the measure p” defining the process (L?)te[o,l] of the previous section, assuming that h is

fixed. By construction, the support of u”* is contained in [0,1] x Ej, where Ej, := {z ER: 2| < gh%},
with 7 defined in the fourth point of A4. We recall that the measure p* has compensator

g(zh?)

—h _
n'(dt,dz) = dt PR

T(zh ) gy g0y (2)dz := dtFy,(2)dz. (103)

In this section we assume that the truncation function 7 satisfies the additional assumption

/| ?) z)dz < oo, Vp > 1.
(2)

We now define the Malliavin operators L and ' (omitting their dependence in k) and their basic properties
(see [8] Chapter IV, sections 8-9-10). For a test function f : [0,1] x R — R measurable, C? with respect
the second Variable with bounded derivative and such that f € N,>1LP(a"(dt,dz)), we set p'(f) =

fo Je F( h(dt,dz). As auxiliary function, we consider p : R — [0,00) such that p is symmetric, two

times dlfferentlable and such that p(z) = z* if z € [0, 1] and p(z) = 22 if 2 > 1. Thanks to the truncation
7, we do not need that p vanishes at infinity. Assummg the fourth point of Assumption 4, we check that

p, p' and p% belong to Np>1LP(F}(2)dz). With these notations, we define the Malliavin operator L on
the functional pu"(f) as follows:

L (f)) = %uh(p’f’ + p%f’ +pf"),
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where f’ and f” are derivative with respect to the second variable. This definition permits to construct
a linear operator on the space D C Ny>1LP(F),(2)dz) which is self-adjoint: V®,¥ € D, EOLV = ELOY
(see Section 8 in [8] for the details on the construction of D).

We associate to L the symmetric bilinear operator I':

L(®,V) = L(P,V) — PL(V) — WL(D).
If f and g are two test functions, we have
D" (), 1" (9) = u"(pf'9")- (104)
The operators L and I" satisfy the chain rule property:
LF(®) = F'(®)L® + %F”((P)I‘(CI)7 D), [(F(®),V) = F'(®)[(P, V).
These operators permit to establish the following integration by parts formula (see [8] Theorem 8-10
p.103).

Theorem 4. Let ® and ¥ be random variable in D and f be a bounded function with bounded derivatives
up to order two. If T\(®, ®) is invertible and T=1(®,®) € N,>1LP, then we have

Ef/(®)¥ =Ef(®)Ho(T), (105)

with
Ho (V) = 20T (D, ®)LO — T(®, T (D, d)). (106)

The random variable L} belongs to the domain of the operators L and I'. Computing L(L}), T'(L}, L})
and ‘H L?(l) it is possible to deduce the following useful inequalities, proved in Lemma 4.3 in [9].

Lemma 5. We have
supE[H ()P <Cp  Vp2>1,

1
supIE|/ / \z|uh(d8,dz)HL;f(1) PG Vp > 1.
n 0 Jliz|>1

With this background we can proceed to the proof of Proposition 1.

7.3 Proof of Proposition 1

Proof. The first step is to construct on the same probability space two random variables whose laws are
1

close to the laws of h~= Ly, and S§. We recall briefly the notation of Section 7.1: u" is a Poisson random

measure with compensator i (dt, dz) defined in (102) and the process L} is defined by

t t
Lh = / / zji(ds, dz) = / / . zil(ds, dz) (107)
0o JR 0 J|z|<h @ %

with i = p" — . Using triangle inequality we have
_1 a -1 «
[Elg(h~ = Ly)] — E[g(ST)]| < |E[g(h~ = Ly)] — E[g(L1)]| + [E[g(LT) — g(ST)]|- (108)
By the definition of L? it is
[Elg(h™= L)) — E[g(L})]| = [Elg(h~~ Ln) — g(h~ = L})]| < 2 [lgll o P(25) < ¢ gl b, (109)

where in the last inequality we have used (101). In order to get an estimation to the second term of (108)
we now construct a variable approximating the law of S{ and based on the Poisson measure p" :

t
gt [ it s, (110)
0 Jizl<h—a

n

2

where g, is an odd function built in the proof of Theorem 4.1 in [9] for which the following lemma holds:
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Lemma 6. 1. For each test function f, defined as in Section 7.2, we have

1 1
L]ttt = [ [ e, (111)
0 J]z|<gh™ @ 0 Jjw|<gh @

where i (dt,dz) is the compensator defined in (102) and

ha
At (dt, dw) = puCLI

|w|1+a

is the compensator of a measure associated to an a- stable process whose jumps are truncated with
the function T.

2. There exists €9 > 0 such that, for |z| < eoh’é,
lgn(z) — 2| < c2?he + cz|tTn if a £ 1,
9(2) — 2| < c2?hllog(el)| o =1.
3. The function gy, is C' on (—eoh_%,eoh_%) and for |z| < eoh_%,
90(2) = 1| < clzlh® +clz|*h  ifa#1,
194 (2) — 1] < clalhllog(J2lh)] i a=1.

The second and the third point of the lemma here above are proved in Lemma 4.5 of [9], while the first
point is proved in Theorem 4.1 [9] and it shows us, using the exponential formula for Poisson measure,
that gy, is the function that turns our measure p into the measure associated to an a-stable process

1
truncated with the function 7. Thus (L?’h)te[o’l] is a Lévy process with jump intensity w Tlf:ﬁl %) and

we recognize the law of an a-stable truncated process. We deduce, similarly to (109),
a,h «
[E[g(LT")] = Elg(S)] < cllgllo - (112)

Proposition 1 is a consequence of (108), (109), (112) and the following lemma:

Lemma 7. Suppose that Assumptions 1 to 4 hold. Let g be as in Proposition 1. Then, for any € > 0
and for p > «,

—€

[Elg(LY) — g(L3™)]| < Cehllog(h)]| llgll o + Ceh™ llgllse » ™ llgll 2oy~ 1og(h)|+

1
,;4,

i 1+l o = —e
+Ch gl 5 gl T [log(h)|1as.

Proof. The proof is based of the comparison of the representation of (107) and (110). Since in Lemma
6 the difference gj,(z) — z is controlled for |z| < egh™a, we need to introduce a localization procedure

consisting in regularizing 1{uh([0 1]X{26R:|Z|>60h_% }):0}' Let Z be a smooth function defined on R and

with values in [0, 1], such that Z(z) = 1 for < § and Z(x) = 0 for # > 1. Moreover, we denote by ¢ a
smooth function on R, with values in [0, 1] such that ((z) = 0 for |2| < 1 and ((z) =1 for |z| > 1 and we
set

! zh& ! zha !
Vi [ s = [ o s [ s
o JR €0 0 {%eoh @ <|z|<eoh a} €0 0 {|z|250h a}

wh.=1(™h).

From the construction, W" is a Malliavin differentiable random variable such that W" # 0 implies
w([0,1] x {z eR: |z > eoh*é}) = 0. It is possible to show, acting as we did in (100), that P(W" #
1) < P(u" has a jump of size > %eoh_é) = O(h). From the latter, it is clear that the proof of the lemma

reduces in proving the result on [E[g(LM)Wh] — E[g(LS")W™"]|. Considering a regularizing sequence (9p)
converging to g in L' norm, such that Vp g, is C! with bounded derivative and |gp|l. < [lg]lo, We
may assume that g is C* with bounded derivative too. Using the integration by part formula (105) and
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denoting by G any primitive function of g we can write E[g(L?)W"] = E[G(L?)’HL? (Wh)] where the
Malliavin weight can be written, using (106) and the chain rule property of the operator I, as

r(w", Lt)

Hon(Wh =Wht, (1) - — 221
L}f( ) Ll( ) F(L}IL,L?)

(113)

Using the triangle inequality, we are now left to find upper bounds for the following two terms:

Ty := [Elg(L") W]~ E[G(LT ") H Ly (W],

Ty = |B[G(LY™ Y Hyy (W) = E[G(LY)H (W]

Let us start considering T. Using the Lipschitz property of the function G and (113) we have it is upper
bounded by

r(w", Lt)

Ellg(La)[[LS" = L[ Hn (W) < Ellg(La)|[LS" = LYW Hpp (1] +Ellg (L) LS h—LhHW
1>

=

=: Tz,l + T2,2,

where L; is between L™ and L. We focus on Ty1. Using the definitions (107) and (110) of L? and
L™ it is

Toa <Elol [ [ (0002125 s, a2) 45 O < Bl E)| [ [ )20 s g (0 4

|z|<1

1
FE[g(E)| / / o 0002) = 2 s ) W) (114)

where we have used that g; is an odd function with the symmetry of the compensator i and the fact
that on Wj, # 0 we have p”([0, 1] x {z eER: |z > eoh’i}) = 0. For the sake of shortness, we only give

the details of the proof in the case o # 1. In the case a = 1, one needs to modify this control with
an additional logarithmic term. For the small jumps term, from inequality 2.1.37 in [14] and the second

point of Lemma 6 we deduce E| fol Jiz<a(on(z) — 2)il(ds, dz)|1] < Cy, (h+h=)%, Yg;, > 2. Using it and
Holder inequality with ¢; big and ¢, close to 1 we have

Eflg(E1)] / /|  (002) = 2 s ) [ (OWH) < Oy o 6 By (D W <

~ 1 1
< Cyy (b4 h=)E[|g(Ly) [P W) 52 B[ My (1)]9272] 7272, (115)
where in the last inequality we have used again Holder inequality, with ps big and p; close to 1. Using
1

the first point of Lemma 5, we know that E[|#,,(1)[%2F2] %272 is bounded, hence (115) is upper bounded

by
1 - 1
CargapaP 1900 + ququzh"E[|g(L1)Wh|p1 ©Jar, (116)
where we have bounded | g(ﬁ1)| with its infinity norm and used that 0 < W’ < 1. We remind that we are

considering ¢ and p; next to 1, hence we can write gap; as 1 + €. We now introduce r in the following
way':

Ellg(Ly)|" W T = E[|g(L1)| MO |g(Ly) | THIOIWh T < |g||7, Ellg(Lq)| A0 Wwh)

. . )
9115 gl BIL A+ | Ly [P)HFOO=mI A o

<cllglli llgllyo + gl llgllyo EBIL PO+t
(117)
where we have estimated g with its norm oo and we have used the property (9) of g and that 0 < Wh < 1.
We observe that Ly is between L and L™ hence |Ly| < |L?| 4 |L&"|. Moreover we choose r such that
p(1+4¢€)(1 —r) = «; therefore r =1 — In this way we have that (117) is upper bounded by

p(log-f) ’

(1+5

_a N
|9l po " log(h™ =), (118)

cllglles

where we have used that E[|L;|*W"] < clog(h™=), that we justify now. Indeed, using Lemma 2.1.5 in
the appendix of [14] if « € [1,2] and Jensen inequality if « € [0, 1), we have

1 1
E[|L1[*W"] < (LY + [L&|%)W"] < cB]| / / _ s, )]+ / / PRCTACREIE
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1 1
e / / 2l (ds, d2)) + cE / / g ()| B" (ds, dz)].
0 Jiglz|<eoh ™ 0 Jiglzl<eoh™w

We observe that, using Kunita inequality, the first term here above is bounded in LP and, as a consequence
of the second point of Lemma 6, the second term here above so does. Concerning the third term here
above (and so, again, we act on the fourth in the same way), we have

1
cE[/ / ) |z|%a" (ds, dz)] < c/ e Yz < e log(h_é) < c|log(h)], (119)
0 Ji<|z|<egh™ « 1<|z|<egh™ o
where we have also used definition (102) of j".
Replacing (118) in (116) we get
1 [e3
T ~ 1 e - —€ _ 1

Blo(all || [ ()=o) a2 o (W] S g ot Conh® i gl (™),

(120)
where we have taken another €, using its arbitrariness. The constants depend also on it.
Let us now consider the large jumps term in (114). Using the second point of Lemma 6 and the following
basic inequality

1 1 1
2|01l (ds, dz) < 2|0t ds,dz 2|uh(ds, dz
L LR ! H L FIH
0 J1<|z|<egh™ o 0 J1<|z|<egh™ o 0 J1<|z|<egh™ o

for § > 1, we get it is upper bounded by

1 1
Blo@ol [ [ @Eel e nt s [ el s o . (2
0 Ji<|z|<egh™ @ 0 Ji<|z|<eh™ =

We now use Holder inequality with ps big and p; next to 1 and we observe that, from the second point
of Lemma 5, it follows

1
E| / / el (ds, d2)H o (D)7 < G,
0 Ji<|z|<eoh™ @

Hence (121) is upper bounded by

1
CopBllg(@oP| [ (] bl s )W < (122)
0 J1<|z|<eph™ o

L 1 1 A L 1
<Cloloh®l [ [ Rrtds Gt Bl Lo [ [ s e W,
0 J1<|z[<eoh™ o 0 J1<|z[<eoh™ «

(123)
Concerning the first term of (123), we use Lemma 2.1.5 in the appendix of [14] with p; = (1+¢€) € [1,2]
and the definition of F}, given in (103), getting

1 1
E| / / 1|z|“m<ds,dz>|”e1lieSE[/ / eI g (ds, dz)] e <
0 J1<|z|<egh™ « 0 J1<|z|<egh™ o

1 €

< ¢ |z|eFe -l T < ch™ T = ch ¢, (124)
_1
1<|z|<egh™ «

where we have used the arbitrariness of € in the last equality.
On the second term of (123) we act differently depending on whether or not « is more than 1. If it does,
we act as we did in (117), considering p; = 1 + ¢ < a and introducing r, this time we set it such that the
following equality holds:

pl+e)1—r)+(1+¢) =a. (125)

We also use the property (9) on g, hence it is upper bounded by

1
€.

1
1 r 1—r - e)(l—r €
Contt® gl ol B+ BP0 [ t@saewi e z)
0 J1<|z|<eoh™ @

Now on the first term here above we use that 0 < W" < 1 and Lemma 2.1.5 in the appendix of [14] as
we did in (124) in order to get

1
EH/ / zlu (ds, d2) | )T < e (127)
0 J1<|z|<egh™ a
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Moreover we observe, as we have already done, that |L1| < |L"| + |L%"| and that, from the second point
of Lemma 6, there exists ¢ > 0 such that |gs(2)| < ¢|z|; so we get

1
]E[|]i1|10(1+6)(17r)‘/ / ) |Z|,uh(ds,dz)|1+ewh] e
0 Ji<|z|<eoh™ @

1
< C+EH/ / . |Z|,uh(ds’dz)|P(1+e)(lfr)+(l+e)}1}re <
<Jz|<eoh™ @

1
< o / el ) T < e log(hm¥) < ¢ log(R)], (128)
<|z|<eoh™ & I+e

having chosen a particular r just in order to have the exponent here above equal to o and so having found
out the same computation of (119). We have not considered the integral on |z| < 1 because, as we have
already seen above (119), the integral is bounded in LP and so we simply get (127) again. From (125) we
obtain r =1+ % — >ira- Replacing it and using (127) and (128) we get (126) is upper bounded by

1
— + -
|g||pozl: P70

1 1+%*% *,l+% 1 1+l,%
Cpoh# lglloe ™ " gl " (e [log(R)]) = Cp,h= flglloc ™ 777

log(h)[.  (129)

If otherwise « is less than 1, then the second term of (123) is upper bounded by

1 1 1 11
Cpah* gl El / / | Vel (s d2) P WP < Gy gl bR = G .. (130)
1<|z|<eoh” &
where we have taken p; = 1 + ¢ and we have used the fact that 0 < Wh <1 and that, for a < 1,
. ‘/ J | lelu” (ds, d2)] T < e
1<|z|<eoh™ o
Using (123), (124), (129) and (130) it follows
1
Blo(Ll [ [ | (gn(2) = 2" (ds, d2)] [y (OW" ] <
0 Ji1<|z|<eoh™ @
- Ly b
< Cph gl oo + Cpoh= llgllcs * 77 Nlgllor 05 | log(h)| Las1. (131)

Now from (114), (120), and (131) it follows

€ 1 17g € 1 1 < te —€
To1 < Corgops '™ [9ll o+ Corapa® 91155 7 gl 20y 1108 (1) [+ Cpgupu ™ g 5575 Hg\lpoz |(10g()h)\1a>1-
132
Concerning T272, it is already proved in Theorem 4.2 in [9] that
Ty < chllgll., - (133)
Let us now consider Ty. Using (104) and (106) we can write
—WhL(LY) wh Lhrwh
Hon(Wh) = A/ Lh— L(——).
w W= Tar et T e
With computations using that L is a self-adjoint operator we get
. DL, L) DL — LY L
Ty = [E[g(LS"MyW — Elg(LY™) =2 2= wh)| < E[|g(L L S et 2 LT 134
= [Ela(LE )W) — Bl (L) bt W < Bl Ll S s . (13)
Using equation (104), we have
Pk — Lo Lh) = / / 21 — g (=) (ds, d2).
lz[<3h™ o
Using the third point of Lemma 6 we deduce the following on the event W" = 0:
(L —L$", L] < c/ / B |z|+h|2|®) " (ds, dz) <c/ / B |z|+h|2| ) (ds, dz)+
\ |<eoh‘* \ \<1

—|—c/ / h(ds,dz) / / \z|—|—h|z| Yl (ds, dz) <
1<|z|<eoh™ 3 1<|z|<egh™ @
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1
< C/ / p(2)p"(ds, dz)(h= + h) —|—c/ / h(ds dz)/ / ) (h#|2| + hl|z|*) " (ds, dz) =
0 0 Ji<|zl<eoh™®

— o(h® 4 B)D(LY, L) + oD (LD, LhY( // (|| + Blal )" (ds, 42), (135)

1<|z|<eoh™ @
where we have used that z is always less than 1 in the first mtegral and that, since p is a positive function,

we can upper bound the integrals considering whole set R. Moreover, we have used the definition of
[(LY, L%). Replacing (135) in (134) we get

T < e(h= + hE[lg(Ly)[] + CE[|9([A/1)|/ /< - hié(hi|z| + hlz|*) " (ds,dz))] =: Tyq + Ti2. (136)

Concerning 77 1, we have

~ 1 - 1 —a 2
T11 < ch|gll + ch=E[lg(L1)]] < ch|gll + ch= [lgllss * llgll 2 [log(h)], (137)

where in the last inequality we have acted exactly like we did in (117) and (118) with the exponent on g
that is exactly equal to 1 instead of 1 + € and so we have chosen r such that p(1 — r) = . Let us now
consider TLQ. We observe that it is exactly like (122) but with p; = 1 instead of p; = 1 + ¢, with the
only difference that computing (124) now we get ¢ log(h~= ) instead of ¢h~¢ and in the definition (125)
we choose r such that p(1 —r) + 1 = a. Acting exactly like we did above it follows

~ T
Ti2 < Cpuh|log(W)]llglle + Cpalt™ g7 7 llgllor 7 1og(h)]Las1. (138)
Using (132), (133), (137) and (138), the lemma is proved. O
It follows Proposition 1, using also (108), (109) and (112). O

A Appendix

In this section we will prove the technical proposition and lemmas we have used.

A.1 Proof of Lemma 1

Proof. We start proving 1. From the dynamic (3) of a it is

Efja; — a]7] <IE|/ budul?] +E\/ G dW 7] +E|/ GV [P+

// Au 2 fi(du, dz)|P] +E|// Au 2 fia(du, dz)|P] =
R\ {0} R\{0}

In the following, since we will act on the two Brownian motions W and W in the same way, we will not
report I3 anymore. Also considering the Poisson random measures, we will deal only with I in detail,
underlining that on I5 the same reasoning applies. We use Burkholder - Davis - Gundy inequalities on
the stochastic integral and Kunita inequality on the jump part, in addition to a repeated use of Jensen
inequality to get

5
DL

Jj=1

t s s
Lt Iy <t — s / Elfbu["]du + E[] / <au>2du\%1+E[/ / 5l |2 P, d2)] +
s ¢ ¢ JR\{0}

'/ / 27i(du, dz)| 8] < cft — sP + |t — |5 / E |, ) du-+
]R\{O} t

" / E[ul"]ds( / o FPECHE) 1515 / E[F?)ds( / PNERICIOE

<eflt—sfP 4]t —sfF + [t — s + |t — s|5) < clt - s,

with the inequalities above holding true also because all the coefficients in the dynamic of a are supposed
to be bounded. The reasoning here above joint with A3 also yields that, for all ¢ > 0, sup,~, E[|a:|?] < oo
The proof of 2 follows the same lines as the proof of 1 above. B

As we proved in point 1 that the volatility has bounded moments, it is possible to get points 3 and 4
from Theorem 66 of [26] and Proposition 3.1 in [27]. The fifth point is showed in [2], below Lemma 1,
and the last one in Section 8 of [12]. O
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A.2 Proof of Proposition 3
Proof. In order to show (25), we reformulate (AX;’)ZgaAg (AX;) as

(139)

20X (AX] — AXY o0 (AX]) + (AX] )20 (AX]) = 3 1),
k=1
Comparing (25) with (139) it turns out that our goal is to show that Zizl i) = oLl(Ag(%O‘)H)). In
the sequel will prove that Zizl E[|I7(3)]] < cALP™ T the same reasoning applies to the conditional
version, that is S p_, Ei[[I7(1)]] < Ry(AJC=TY),
Let us start considering I7(i). We know that AX; = AX¢ + AX/, where we have denoted by AX¢ the
continuous part of the increments of the process X. We study

I{I(’L) = I?,l —|—I?,2 = I?(i)l{lAXHE?)AE} +I{l(i)1{|AX1\<3A§}’ (140)

having omitted the dependence upon i in I{'; and I7', in order to make the notation easier. Concerning
It,, we split again on the sets {|AX/|>2Af} and {|AX/| <2AJ}. Recalling that ¢(¢) = 0 for
I¢| > 2AL, we observe that if [AX/] > 2Af then I is just 0. Otherwise, if [AX/| < 2A%, then it
means that [AX¢| must be more than A2, so we can use (34). In the sequel the constant ¢ may change
value from line to line. Using the bound on (AX{)? and the boundedness of ¢ we get

1_ T
(174 )) < AR ax, 5308 jax7 <2n8}] < ATPIAXT| > A7) < AT (141)
Hence 1 )
n s—B)r—1+ap
e Bl < e, (142)

that goes to 0 for n — oo since for each choice of 8 € (0,1) and a € (0,2) we can always find r big

2
enough such that the exponent on A,, is positive.
We now consider I’y on the sets {lAX/| > 4AL} and {|AX/| < 4AS}. Using the boundedness of ¢ we
have

B[l faxszaan)] < CE[(AXiJ)Q1{\Axi|<3A2,\AXg’\z4AZ}]-

We observe that also in this case |AX;| < 3AS and |AX/| > 4A% involve |AX¢| > AS. Moreover
(AX7)? < c(AX)? 4+ ¢(AXE)? < A28 + ¢(AXE)?, hence

(1721 axy5aa8)] < CATP(AXT] > A7) + B[(AXT) 11 A xesa8)] <

< AT B((AXD)PEP(AXE] 2 A)F < Al RTINS, (143)

where we have used Cauchy Schwartz inequality, (34) and the sixth point of Lemma 1. Therefore we get

1 r(5—pB)—14+« s(5—PB)—B(2—«

that converges to 0 for n — oo since we can always find r > 1 such that the exponent A, is positive.
In order to conclude the study of I7(i), we study I{l’QI{‘AX”st}.

E[lIT211faxs<ans)] S cl¢'ll ALPE[(AX])?|AX; — AX£]|1{|Axi|§3A5,\AX;’|§4A§}]7 (145)

where we have used the smoothness of . Using Holder inequality and the sixth point of Lemma 1 it is
upper bounded by

SINTE

_ cip1d 1 -8 1
AL E[|AX; |p]p]E“(AXzJ)qu{\AXi|§3AQ,|AXiJ\§4A§}]q <cA ]E“(AXzJ)qu{\AXi|§3Aﬁ,|AXiJ\§4AZ}]q'

(146)
Now, since our indicator function 1 |AX71\§3A§,|AXZJ|§4A§} is less then 1{|AX;]|§4A§} , we can use the

first point of Lemma 3. Through the use of the conditional expectation we get

1+8(2g—a) 1+8(2g—a)

E“(AXiJ)qu{\Axi|§3A£,|Axg\g4Aﬁ Jo <cAn * ER(D]<cAn . (147)

28



Replacing (147) in (146) and taking ¢ small (next to 1), we obtain EHI?-,2|1{|AX.J\<4A§}] < CA’,%IJ’_BJFl—OJB—E.

It follows
E[|Iﬁ2|1{|axg|<m£i}]

1 _p—¢

that goes to 0 for n — oo since we can always find an € as small as the exponent on A,, is positive, for
B0, 3)

Let us now consider 15 (7).
I3(i) = 13 (i) Loaxyicoay + I3(i) Laxysean) = 121 + Iz, (149)
Concerning the first term of (149), we have

EHIgl” < A;ﬁ ||80/||OOE[(AX51)2‘AX1J - AX{I|1{|AX{\§2AZ}] <

< A EIAXY ) 1 gax s coai) PEIAXY — A/, (150)
where we have used the smoothness of ¢ and Cauchy-Schwartz inequality. Using again the first point of
Lemma 3, we have that

1+8(4—a) aB

<A, 7 ER(1)] <eAPPTE L (151)

Nl

1
E[(AX{’)‘ll{‘AXﬂngﬁ}]? = E[Ei[(AX{I)41{|AX5|§2A£§}H
We now introduce a lemma that will be proved later:
Lemma 8. Suppose that A1 -A4 hold. Then

1. Yq > 2 we have _
EAX] - AXY )] < eA2, (152)

2. for q € [1,2] and a < 1, we have

1
T3

- 1
E[|[AX] — AX/|9)7 < cA? (153)
Replacing (151) and (152) in (150) we get
_g+1 -7 ] 343_aB
B[|I3,[] < e, TPt opn gt (154)
Hence E[|15,]
2,1 1-p+f
ALHAC—a) R (155)
that goes to 0 for n — oo since the exponent on A,, is positive for § < ﬁ7 that is always true with
2

« and @ in the intervals chosen.
We now want to show that also I35 is OLI(AEL(Z_OL)J’_l). We split I3, on the sets {|AX';]| < 2A£} and

{|A)~(1J| > QAQ}. We observe that, by the definition of ¢, I35 is null on the second set. Adding and
subtracting AX? in 1;21{|A)~(t,|<m5} we have
B[ 132014 ax71<2a0)] < B(AX] - AXT)|opp(AX]) = @Ag(AXZJ)|1{|A;zg\gmﬁ,mxgbmg}H
+EE[(AXY 007 (AXY) = 00 (AX))1 a5 <00y (156)

On the second term of (156) we can act exactly as we have done in I3, with AX/ instead of AX{ (and
so using (30) instead of (29)). We get

+8-

Sl
3

]E[(AX{])2|¢A§ (AXzJ) —Pa8 (Axfl)‘l{\Akg\ggAﬁ}] <cA (157)

Concerning the first term of (156), by the definition of ¢ we know it is

E[(AX{ - AX])?| - @Aﬁ(AX{JN1{\AX{]|S2AEL,|AX1»J|>2A£}} < EB[(AX] - AX])] < Al (158)

where in the last inequality we have used (152). Using (156) - (158) it follows

aB
2

3 _aB 3 —
EllBal) = BNl (ja5s1cong)) S A7 +ea2 = AT, (159)
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3,3 a8
considering that A2 is negligible compared to A,%Jrﬁ 2 since g < ﬁ Hence
2
]E[ 3 ] l,B+Lﬁ
W <cAj o (160)
that goes to 0 for n — oo.
Concerning I7 (i), we have .
B[ ()] < cBI(AXY — AR/ < cA2, (161)
where the last inequality follows from (152). Hence I§ (i) = oy1 (A’B(2 ¢ +1), indeed
E[l13 ()] 12840
ALTAEa) < A (162)
that goes to 0 for n — oo considering that the exponent on A, is positive for g < ﬂ, condition that is
always satisfied for 8 € (0,1) and « € (0,2).
Let us now consider 17 (7). Usmg Cauchy-Schwartz inequality it is
E[I )] < cBI(AX] — AXYPPE(AZ! e, (AX)]E < candd 50 —ead™ % (163)
where we have used (152) and the first point of Lemma 3. It follows
E[|I7(: 1_gipap
THO I 6

A1+B(2_0‘) - ’

that goes to 0 for n — oo since the exponent on A, is more than 0 if 8 < rig), that is always true.
2
Using (139), (142), (144), (148), (155), (160), (162) and (164) we obtain (25).

In order to prove (27), we use again reformulation (139). Replacing it in the left hand side of (27)
it turns out that our goal is to show that

=

n—

4 ~ ~
SO IR ) F(Xe) = op(AF N9 (165)

=0 k=1

Using a conditional on F;, version of (149), (154) and (159) we have

] <

S B 6)S(%.)

Since (1 — §) is always more than zero and, Vé > 0 we can always find € smaller than it, we get

n—1

STIRE)F(Xe) = opi(AF ) = opa (AN, (166)

i=0

From a condltlonal version of (161) we get that >, ' 17(i) f(X,,) is upper bounded in L' norm by the

L' norm of L 3" " R;(A2717¢) = %Z?:Ol R;(AL=¢) and so
n—1
> BOS(X) = o (A9, (167)
i=0

Using a conditional version of (163) we get that > 1 ' I7(3) f(Xy,) is upper bounded in L norm by the
s
L' norm of 37 Ri(A2+ﬁ =1 Sy Ri(A%Jrﬁ 27, hence

n

n—1
ST F(Xe) = o (AN, (168)
=0
Concerning I7'(i), we consider I7';(7) and I'5(i) as defined in (140). Using a conditional version of
(141) on I (i) it follows that nz =€ 0 I1 (1) f(Xy,) is upper bounded in L' norm by the L! norm of
1 —n-1 (3-B)r+2-1-3+& _ 1 (5-B)r+28—5+¢
7w 2o Ri(Ax )

== Z?:()l Ri(Ay? ), that goes to zero because we can find r

big enough such that the exponent on A,, is positive, hence

Z 7 = 001 (A7) = o (AFTONATAB-D) (169)
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Acting as we did in the proof of (25), we consider I{'5 (i) on the sets {|AX/| > 4AS} and {|AX/| < 4AZ}.
Again, from (143) and the arbitrariness of r > 0 it follows

n—1

n_(; L_On(1-ap-¢
Z Ilﬁ2(z)1{\AX£7|Z4Aiyi}f(Xti) = OLI(A% M )). (170)
i=0

When |[AX/| < 4A% we act in a different way, considering the development up to second order of ¢ s,
centered in AX/:

112()1{‘AXJ|<4M}_[(AXJ) AchpM(AXiJ)A;ﬂ+(AXiJ) (AX()2 (Xu)A H{\AX <3A% |AX7|<and) =

= ()11 ax,<aa? jax7j<ans) T 12 (D11 ax 1 <3n8 jaxs|<and)s
where X, € [AX/, AX;]. Now, acting like we did in (145), (146) and (147), taking g next to 1 we get

Ei[|j§l(i)1{\AXi|§3A§,,, \AX7;’\<4AQ}H < Ri(A:L+ﬁ(2—a)—e+1—2B) _ Ri(Ai_aB_6)~

Since for each € > 0 we can find an e such that € — e > 0 it follows, taking the conditional expectation

I
_

n

n(; —af—€ (l_g)/\(l_ B—€)
$()1{ax, <888, jax7 (<cang }F(Xe) = 001 (A7207F) = opa (A32 7779y

I
=

Concerning ff(i)l{‘AX”QAB |AX7|<anf}> We 1o longer consider the indicator function because it is
(AXY)’AX ZSDAB(AX )AZB +(AXY)?AX @AB(AX A, (1{|Ax |<8AL, |AX]|<4A7} T 1)

and the second term here above is different from zero only on a set smaller that {\AX | > BAB} or
{|AXJ| > 4AP} | on which we have already proved the result (see the study of I (i) in (169) and I7'5(i)
n (170)). We want to show that

|
—

n

(i) f(X2,) = os(AlE 07579y, (172)

Il
=]

i
We start from the reformulation

I () = AXEALPIAXY (s (AXY) — ¢ (X)) + (AX] — AXY)%0l,, (AX) )+

+2AX] (AX] — AX/ TN (AX]) + (AX] )2ips ( (AX])] Z 7 (i)

and we observe that, after have used Holder inequality and have remarked that ¢’ s acts like @5, we

can act on f{’l as we did on I¥, on f?z as on I3 and on IA{”LS as on I}. So we get, using also Holder
inequality and the sixth point of Lemma 1,

™o [ T 3-8 n(: 1 n(: 1 n(: 1
EillI71 () + IT'2 () + 175 (0)]] < Ri(AZ™ ") (B[ I3(3)|%) 7 + E[I3 (9)]9] 7 + E[|I7(1)|*] ). (173)
Now, taking ¢ next to 1, we need the following lemma that we will prove later:

Lemma 9. Suppose that A1 - A4 hold. Then, Ve > 0,

BI04+ [ 0) + |0 < Ri(ad ™% ), (174)
with 13 (3), IT(i) and I} (i) as defined in (139).
From (173) and (174) it follows
n—1
SO () + 15 (0) + T3 (D] F(Xe,) = 000 (A2 75) = op1 (A2 ~N72979), (175)
i=0

On Z?;OI jf4f(Xti) =: Z?;Ol Cn,i we want to use Lemma 9 in [11]. By the independence between L and
W we get

n—1

i Bl = L AR (AR Py AXEAX] —0 (76)
n =0

5
n =
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and
n—1

TN PX)APENAR] ) R (AR NE(AXD)?] < AT, (177)
1=0

Nl=

A

where we have also used the sixth point of Lemma 1 and the first point of Lemma 3. Using (176) and
(177) we have

n—1

. o
Z—rﬂf(Xti):op(A;g )A(L—ap ))
1=0

that, joint with (175) and the fact that the convergence in norm 1 implies the convergence in probability,
give us (172). Using also (166) - (171) we get (165) and so (27).

In order to prove (26), we reformulate AX/ ¢ ,s(AX;) as we have already done in (139) getting

ti+1 ti+1
( / audW,)AXY 000 (AX;) = ( / asdW,)(AX])[pas (AX) — pps (AX)]+
t t

i i

tit1 tit1 ~ ~
+ / audW,) (AX])[pas (AXY) — 9 s (AX)] + ( / G dW,)(AX] — AR )ppn (AXY)+ (178)
t t

tiy1 B N 4
+(/ asdWo)(AX] )pps(AX]) = Z (4).

t
Comparing (178) with (26) it turns out that our goal is to prove that W Z?zl IEIHI;”(Z)H — 0,

for n — oo (again, acting as we do in the sequel it is also possible to show that Z?Zl ]El[|1:j"(z)|} <

RZ(Aﬁ(l2 70‘)“). Let us start considering ff(z) Using Holder inequality, its expected value is upper
bounded by

tit1

E| asdW [P TP B[ AX] 72|05 (AX:) — 0 (AX])[P2] 75 (179)

|
t;

We now act on IE[|AX;]|T’2|§0A£(AX¢) — Pps (AX{)V’?]% as we did in the study of I7(4):
IAX{I‘M“PA,@ (AX;) — Pas (AXiJ)|p2 = ‘AX{I‘pQ‘@Aﬁ (AX;) — Pas (AXiJ)|p21{|AXi\Z3AZ}+

HAXT P2 |p 5 (AX;) — @Aﬁ(AX{I)|p21{|AXi|<3A5§} = I + 1.

Concerning fﬁl, if | AX/| > 2A8 it is just 0, otherwise we can act exactly as we have done on Iy, taking
p2 = 2. Hence, Vr > 1,

~ 1 r(i— 1 r(l_

Let us now consider fﬁz. If |AXY | > 4AP8 | we act again like we did on I, taking po = 2. It yields again
7 1 B+5(5-5)
E[|117L,2|1{|AX{7\24A5}]2 ScAn 242 . (181)

If |JAX/| < 4AP we use the smoothness of ¢ and Holder inequality getting

1

E{ 7ol xscanzy] < ATPEIAXY P20 QP IAXEP L p | cantyaxs cang)] <

1

1
< ALPE[AX{P2 PR E[| o (O 1 AX] P2 L iaxi<sas jaxy <ang} 77 (182)

with ¢ a point between AXY and AX;.
5
Now we observe that, if |[AX?| > %, then taking ps ¢ = 1 + € we have

ﬁ“"r(%* ) 141»5
n

Ell¢' (O [aX 1 }]lie <cA

B
{|Axi|<3A£,\Ax;’\<4AZ,|AX§\2§TTL

where we have used the bound on |AX/| given by the indicator function, the boundedness of ¢’ and
(34). Otherwise, by the definition of ¢, we know that |¢'(¢)| # 0 only if |¢| € (AZ,2A8). Then

A8 <[] < |AX;] + |AX/| < 2]AXI| + |AXE| < 2]AX]| + Af hence |[AX/| > 2AS > %ﬁ and so we
can say it is

1

+ < cE[[AX/ M1

Elle' QI lax] 1

Y]t .
AX;|<3AZ |AXT|<4AP |AXC|<Bn ] An <IAXT|<4AB, ]
i i 4 4 i
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Using the second point of Lemma 3, passing through the conditional expected value we get it is upper
bounded by
Aifﬁ(lJrefa)E[Ri(l)] < CA;JrB(H»efoz)'

Hence

[B+r(3 =8~ HB( o)l thy |\ [+8(Le—a)] o

\ /\

E[W(O|1+6\AXiJ\Hel{mxi|<3A§,,|AX{\<4A£}] cAn
(183)

The last equality follows from the fact that, for each choice of 8 € (0, %) and « € (0,2), we can always

find r > 1 and € > 0 such that B+ 7r(3 —B) —e>1+B(1+€—a).

Replacing (183) in (182) and using the sixth point of Lemma 1 we have that

n L [3—B+1+B(1+e—a)] > (3—af—e) 5 3 _af—e
E[lIfallfjaxyi<ansyl? < Ay " =cAn 7= eng (184)
the last equality follows from the choice of both py and ¢ next to 1. Using (180), (181) and (184) we get
E[IAX]7lp g (AX:) = pag (AX/)|P2]7 < cAlFEETAINE=0R7d _ onmef=e - (155)

Replacing (33) and (185) in (179) it follows

E[| I} (i)[] < cAZ P, (186)
hence -
HI”(')I] 125

Since we can always find an € > 0 such that 1—28—¢€ > 0, the expected value above goes to 0 for n — oo.
Concerning 3 (i), we split again on I2 L= 13 )1{|AXJ‘<2A13} and I3 ' = = I )1{|AX;|>2A§}

~ ~ tit1 B
E[l12:0) = B[y (DL jaxyj<oasy] < cALPE[| /t as dW||[AX][|AX] — AX{IH{\AX;’\SQAE}] <

tit1 5
< cA;BE[I/ asdW,P|AXY P1e 5 x0 1 con) FEIAX] — AXY )2 <
t;

N‘H

i+1
< A E |/ a,dW, [ B[ AX] |2 1{IAXJ|<2A‘*}}

where we have used Cauchy-Schwartz inequality, (152) and Holder inequality. Now we take p big and ¢
next to 1, using (33) and the first point of Lemma 3 we get

E[|5,[] < Ay PTATETREm0 (188)
and so .
=n 1— 2,B+——e
A£+5(2,Q)E[|I2,1” Aq 2 (189)

It goes to 0 for n — oo because we can always find an € > 0 such that the exponent in A,, is positive. Let us
now consider I3’y = I£21{|A)2J|§2A5} + .[57:21{|AX:I‘>2A£}. From the definition of ¢, IQQI{‘AXJDQAQ} =
0. '

E[|I3 2|1{\AXJ|<2M} |/ asdW||AX] [l@ a8 (AX) — ppn(AX] )|1{|A5<g\g2A§,\Axg|>2Aﬁ}]+

tit1 B
E[l /t asdWL[|AXT = AX][loan (AXY) — @05 (AX)1a 712208 1ax7 15287 }) <

2 af

tit1 N N
<A F L / audW||AXY — AXY|| = s (AXD)],
123

where we have acted exactly like we did in I~§,1, using that AX/ is less then 2A%. We have also used
that, by the definition of ¢, evaluated in AX; it is zero. Now we use Holder inequality, (33) and the
boundedness of ¢ to get

2—

~ _aB tit1 ~ aB 1 ~
E[|I3,)] < cAn 2 ]E[|/ asdW, P[P E[|[AX] — AX/ |97 < AL 2+ cAZE[|AX] — AX/|9)a.
ti
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Now, if @ < 1 we use (153), with ¢ = 1 + €, getting

7 —o8_. 14l _aB_ .
(T3] < cAn 2“4 eAd T Al T (190)
Therefore, for o < 1, we have
1 n 128428 ¢
W]EHI?,Q” <cA, L (191)

We can find an € > 0 such that the exponent on A, is positive hence, if v < 1, then I3, = o1 (A1+ﬂ(2 a))

Otherwise, if & > 1, we use (152) having taken ¢ = 2. We get

™ 2_%_5 3+1 2
E[[135]] < cAn +cAZT =cAZ.

It follows that, for @ > 1, it is
1

5—B(2-a)
A1+g(2 Q)EHI o] <cAn . (192)

We observe that the exponent on A,, is more than 0 if 8 < 2 = a), that is always true for S € (0, ) and
€ [1,2).

To conclude, we use on I3(i) Holder inequality, (33), the boundedness of ¢ and then we act as we did on

IQ’Q, using (153) or (152), depending on whether or not « is less than 1. In the case oo < 1 we get

1

~ 1
Zﬁmzawwwm<*————wA”’ﬂ“—wﬂkm*wf, (193)

- A}fﬁ(z*a)

that goes to 0 for n — oo since we can always find ¢ > 0 such that the exponent on A, is positive.

Otherwise it follows )

A1+B(2—a)

Zn. 1 3 2 B2 o
E[|1 (z)|]§WCA ST (194)

The exponent on A,, is positive if 5 <

(i) = o (ARTPE),
From (187) - (194) and the reformulation (178), it follows (26).

2 e a), that is always true since we are in the case @ > 1. Hence

Replacing reformulation (178) in the left hand side of (28), it turns out that the theorem is proved
if

n—1 3
Z% ) (X1,) = opa (AL N9, (195)

i=0 k=1
Using a conditional version of equations (186), (188), (190), (193) and (194) (adding in the last two
B(2 — «) in the exponent of A,,) we easily get (195) and so (28). O

A.3 Proof of Lemma 4
Proof. By the definition of d((,), as in law we have that Sy = —S¢, we get d(¢,) = d(|¢,|) and thus we

can assume that ¢, > 0. Using a change of variable we obtain

d(Cn):E[(S?)Qso(silén)]:/RZ%(ZCn)fa(Z)dzz(Cn)"g/R (u) fo(+)du (196)

Cn

We want to use an asymptotic expansion of the density (see Theorem 7.22 in [17], with d = 1 and 0 = 1)
which states that, if z is big enough, then a development up to order N of f,(z) is

N
Ca a —«
et |4§j (117" + o=l =), (197)

for some coefficients a;. We therefore take M > 0 big enough such that, for £ > M, we can use (197).
Hence the right hand side of (196) can be seen as

-3 2 _. Jn
[ e @) [ e 99

Jul>Co M Cn

We have that, Vé > 0, I = o((;¢). Indeed, using that ¢ and f, are both bounded, we get

In . R
—iggW/ Pdu < o, (199)
Cn [u|<Cn M
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that goes to zero because we have assumed that ¢, — 0. I3 is

|Gl ] du. (200)

_3 2 Ltaj, [-1-ag -3 2 u
() /M” WRp(u)ea(C) O ul 1 du + (Ga) /lu% () ~
The first term here above can be seen as
—2 11—« _ a—2 11—« — 1— (1
co [t (G e [t = (60" [ ol ") ol(G) )

Indeed, using that ¢ is bounded, we have

L) % / ] =2 ()] < ()2 / W Cdu < (). (201)
[u|<¢n M

(Cn) lu|<¢u M

that goes to zero for n — oo.

Replacing (199), (200) and (201) in (198) and comparing it with (90), it turns out that our goal is to show
that the second term of (200) is O(Q(l_é)/\(?a_z_é)). Using on it (197) with NV = 2, which implies |f,(2) —
szﬁ| < e for |z] > M and some ¢ > 0, we can upper bound it with ¢((,)%* 2 f\uISCnM |u|t*2%du .
By the definition of ¢ we have

—Cn M Cn M
/ ]2 o) s = / (—u) 2 () du + / W) < e+ eGP (202)
|u|><n -2 2

Therefore we get that the second term of (200) is upper bounded by
22 tc.

( 20—2— e) (C’r(l—€)/\(2oz—2—€)>'

The first term here above is clearly o while the second is o(¢;; ¢), hence the sum is o
The lemma is therefore proved. O

A.4 Proof of Lemma 8
Proof. We observe that, Va € [0, 2], we have

E[AX/—A%][?) = / B (X ds. ) / B X Plel (s, d2)] <

tit1
< c/ E[| X, — X;,|?
t

i

tit1
/ |2|>F(2)dz < ¢ Ands < cA?, (203)
R ¢

i

where we have used Ito isometry, the regularity of v and the third point of Lemma 1.
We have in this way proved (152) and showed that (153) holds with ¢ = 2. For ¢ > 2, using Kunita
inequality and acting like we did here above we get

E[AX] —AX{|4] <1E/’+1/ W(X))|2|9Fi(ds, d2))+E[( /+/ X2z 2E(ds, dz))3] <

tit1

E[| X, — Xy, |%ds = cA2+cA2 T < cA2

n’

i1 tit1 g a_
< c/ E[|X5—Xti|q}ds+E[(/ | Xo— Xy, [2ds)2] < cA%+cA) 1/
ti ti i
where we have also used Jensen inequality.
In order to prove (153) we observe that, if & < 1, then we have

t1+1 t1+1
E[|AX! -AX]|] <E] \ / X )—v(Xy,))zi(ds, dz) || +E[ | / X, )—v(Xy,)]zi(ds, dz)]).
|z|>2M |z|<2M
(204)
The first term in the right hand side of (204) is upper bounded by

ti+1 ti+1
Il El / / Xoe — Xy, |2 F(2)dzds] < / / E[|X._ — X, ] ds|z|F(2)dz <
t; |z]>247 t; |z|>2A8

tiv1 4

<c AZ (/ |2|F(2)dz)ds < cA
|z|>2A8

ti

Sl

; (205)
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where we have used the compensation formula, the regularity of v, Cauchy-Schwartz inequality in order
to use the third point of Lemma 1 and the boundedness of the integral for |z| > 2A”. Moreover, acting
in the same way, the second term in the right hand side of (204) is upper bounded by

tit1 tit1
WieBl[ [ e-XulalF@ddd <c [ A
2 |z|<247 t;

i

SINTE

( / 2|=9dz)ds < AP0 (206)
|z|>2A8

using again compensation formula, the regularity of v and Cauchy-Schwartz inequality in order to use
the third point of Lemma 1. We have also used the third point of A4 and computed the integral on z.
Using (204) - (206) we get
~ § a
E[|AX] — AXY|] < A EHP0—o] _ oAz (207)

since o < 1 and so (1 — a)) > 0. We now use interpolation theorem (see below Theorem 1.7 in Chapter 4
of [7]) getting

E[lAX — Af('JI"ﬁ <E[IAXY - AXY |’ (BIAX] - AX])2)
with 1 =0+ 52 hence § = 2 — 1. Using (203) and (207) it follows

+

[N

)

~ 1 3 1 1
E[|AX] — AX/|7]5 < eA2’ALY =A™ = Ay

where we have also replaced 6. O]

A.5 Proof of Lemma 9

Proof. We want to use a conditional version of the interpolation theorem, therefore we have to estimate
the norm 2 of I¥(7), I3 () and I} (i). Observing that ¢ is a bounded function and using Kunita inequality
we get

B2 < EAX7 [ < Bl [ / (X[ B, d2) 4+ e / [ h RS, ) <

4 ; o 4ds] + cE; 2|2 F(2)dz)? o 2ds)?
c</R|z| F(z)dz)Ez[/t (X )| ds] + M(/R| 2F(2)dz) </t (X )Pds)?) <

< Ri(An) + Ri(A}) = Ri(An), (208)
where in the last inequality we have also used the polynomial growth of v and the fifth point of Lemma
1.

Concerning the norm 2 of I§ (i), we use the conditional version of the first point of Lemma 8 for ¢ = 2 to
get ~

Eif|I3(1)%] < E;JAXY — AXY|") < Ri(AD). (209)
We now consider I} (7). Using Cauchy-Schwartz inequality and a conditional version of both the first
point of Lemma 8 for ¢ = 2 and (30) in Lemma 3, where ¢ acts like the indicator function, we have

1 ~ 1 ~ ~ 1 348 (4—q
Ei(| I} (i)2)F < E(|AX] — AXY 'PE[AXY o0 (A < Ri(AFTTO), (210)

Using interpolation theorem it follows, Vj € {2,3,4},

E[| 1] ()| 7 < E[lI7 (i )\]Q(Ei[\fﬁ(i)IQ]%)l’ey (211)

with 6 such that 141re =0+ 157, hence 0 = 1i€
From a conditional version of (149), (154), (159) and equatlons (208) and (211) it follows

343_aB 1 3 _aBy(]_ 2 _e 3 _aB_ e —a
B3 6)|") ™ < RiATTTF P R(AR) = Ryt TR gy a1 W(H(w )ﬁ)»
212

Since 2 + 28 — af is always more than zero we can just see the exponent on A, ; as % + 38— % — €.
From a conditional version of (161), (209) and (211) it follows

Bl 25 (0) )=
In the same way, using a conditional version of (163), (210) and (211) it follows
%)

< Ri(A2)°Ri(A,)' 0 = Ry(ALF) = Ry(AL ), (213)

2¢ (3 _aB aﬁ 2Be
B [|17 (i) |1 +e] o+ (A 2 (3+28 2)):R(A2+ﬁ Pt

The result (174) is a consequence of (212), (213), (214) and that 2 is always more than 2 + 3 — %B O

(214)
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