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Motivations

• More rigorously identified sudgrid dynamics effects  
 

• Quantification of modeling errors (UQ) 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Ensemble forecasts and data assimilation



• Stochastic transport 

• Stochastic Navier-Stokes : SALT vs LU 

• Unresolved velocity parametrization

Contents
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Part I 
Stochastic transport
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Resolved
large scales

White-in-time
small scales

Idea of SALT & LU : 
Adding random velocity

 5

Large scales:  

Small scales: 

Variance 
tensor: 

w

�Ḃ
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Memin, 2014
Resseguier et al. 2017 a, b, c 
Cai et al. 2017
Chapron et al. 2018  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Cotter and al. 2019

Holm, 2015
Holm and 
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Dynamics: 
e.g. advection of tracer Θ
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Dt
= 0
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Part II 
Stochastic Navier-Stokes 

SALT vs LU
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Comparison
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LU SALT

Scalar
(e.g. SQG)

Navier-Stokes

Vorticity

Kinetic energy 
conservation

Helicity  
(& 2D enstrophy)

conservation

Identical

2 differences

2 differences



Navier-Stokes LU
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Pressure

Navier-Stokes LU
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Pressure

Stochastic 
transport 
of Ito drift
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Pressure

Stochastic 
transport 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Conserve (Ito) kinetic energy
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Navier-Stokes SALT
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Pressure

Stochastic 
transport of 

Stratonovich drift

Navier-Stokes SALT
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Pressure

Stochastic 
transport of 

Stratonovich drift

Navier-Stokes SALT
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Additional term

Conserve (Stratonovich) helicity

Dw⇤

Dt
+r(� � Ḃ)Tw⇤ = �1

⇢
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Part III 
Unresolved velocity 

parametrization 
for both SALT & LU
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EOF decomposition 
(stationary but heterogeneous        ) 
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Large scales:  

Small scales: 

Variance 
tensor: 
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�Ḃ
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E{�dB (�dB)T }
dt
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nX

i=1
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<latexit sha1_base64="P76uoFf63UH7r/8X+TFasoqD35o=">AAACEnicbVC7TsMwFHXKq5RXgJHFokKCpUoQEoxVWRiLRB9SE1WO47RWbSeyHaQqyjew8CssDCDEysTG3+C0GUrLkSwfnXOvfe8JEkaVdpwfq7K2vrG5Vd2u7ezu7R/Yh0ddFacSkw6OWSz7AVKEUUE6mmpG+okkiAeM9ILJbeH3HolUNBYPepoQn6ORoBHFSBtpaF94QcxCNeXmyjxFRxzl0AtjncFFp5XnQ7vuNJwZ4CpxS1IHJdpD+9u8g1NOhMYMKTVwnUT7GZKaYkbympcqkiA8QSMyMFQgTpSfzVbK4ZlRQhjF0hyh4Uxd7MgQV8VsppIjPVbLXiH+5w1SHd34GRVJqonA84+ilEEdwyIfGFJJsGZTQxCW1MwK8RhJhLVJsWZCcJdXXiXdy4Zr+P1Vvdkq46iCE3AKzoELrkET3IE26AAMnsALeAPv1rP1an1Yn/PSilX2HIM/sL5+AfTwnuU=</latexit><latexit sha1_base64="P76uoFf63UH7r/8X+TFasoqD35o=">AAACEnicbVC7TsMwFHXKq5RXgJHFokKCpUoQEoxVWRiLRB9SE1WO47RWbSeyHaQqyjew8CssDCDEysTG3+C0GUrLkSwfnXOvfe8JEkaVdpwfq7K2vrG5Vd2u7ezu7R/Yh0ddFacSkw6OWSz7AVKEUUE6mmpG+okkiAeM9ILJbeH3HolUNBYPepoQn6ORoBHFSBtpaF94QcxCNeXmyjxFRxzl0AtjncFFp5XnQ7vuNJwZ4CpxS1IHJdpD+9u8g1NOhMYMKTVwnUT7GZKaYkbympcqkiA8QSMyMFQgTpSfzVbK4ZlRQhjF0hyh4Uxd7MgQV8VsppIjPVbLXiH+5w1SHd34GRVJqonA84+ilEEdwyIfGFJJsGZTQxCW1MwK8RhJhLVJsWZCcJdXXiXdy4Zr+P1Vvdkq46iCE3AKzoELrkET3IE26AAMnsALeAPv1rP1an1Yn/PSilX2HIM/sL5+AfTwnuU=</latexit><latexit sha1_base64="P76uoFf63UH7r/8X+TFasoqD35o=">AAACEnicbVC7TsMwFHXKq5RXgJHFokKCpUoQEoxVWRiLRB9SE1WO47RWbSeyHaQqyjew8CssDCDEysTG3+C0GUrLkSwfnXOvfe8JEkaVdpwfq7K2vrG5Vd2u7ezu7R/Yh0ddFacSkw6OWSz7AVKEUUE6mmpG+okkiAeM9ILJbeH3HolUNBYPepoQn6ORoBHFSBtpaF94QcxCNeXmyjxFRxzl0AtjncFFp5XnQ7vuNJwZ4CpxS1IHJdpD+9u8g1NOhMYMKTVwnUT7GZKaYkbympcqkiA8QSMyMFQgTpSfzVbK4ZlRQhjF0hyh4Uxd7MgQV8VsppIjPVbLXiH+5w1SHd34GRVJqonA84+ilEEdwyIfGFJJsGZTQxCW1MwK8RhJhLVJsWZCcJdXXiXdy4Zr+P1Vvdkq46iCE3AKzoELrkET3IE26AAMnsALeAPv1rP1an1Yn/PSilX2HIM/sL5+AfTwnuU=</latexit><latexit sha1_base64="P76uoFf63UH7r/8X+TFasoqD35o=">AAACEnicbVC7TsMwFHXKq5RXgJHFokKCpUoQEoxVWRiLRB9SE1WO47RWbSeyHaQqyjew8CssDCDEysTG3+C0GUrLkSwfnXOvfe8JEkaVdpwfq7K2vrG5Vd2u7ezu7R/Yh0ddFacSkw6OWSz7AVKEUUE6mmpG+okkiAeM9ILJbeH3HolUNBYPepoQn6ORoBHFSBtpaF94QcxCNeXmyjxFRxzl0AtjncFFp5XnQ7vuNJwZ4CpxS1IHJdpD+9u8g1NOhMYMKTVwnUT7GZKaYkbympcqkiA8QSMyMFQgTpSfzVbK4ZlRQhjF0hyh4Uxd7MgQV8VsppIjPVbLXiH+5w1SHd34GRVJqonA84+ilEEdwyIfGFJJsGZTQxCW1MwK8RhJhLVJsWZCcJdXXiXdy4Zr+P1Vvdkq46iCE3AKzoELrkET3IE26AAMnsALeAPv1rP1an1Yn/PSilX2HIM/sL5+AfTwnuU=</latexit>

Reference: 
Cotter, Crisan, Holm, Pan, Shevchenko 2018

EOF
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Large scales:  

Small scales: 

Variance 
tensor: 

w

�Ḃ

a = a(x,x) =

E{�dB (�dB)T }
dt

�dBt =
nX

i=1

⇠i(x) dWi(t)
<latexit sha1_base64="jc1DeoBNMevPEHMC7xsBS3GiJJM="></latexit><latexit sha1_base64="jc1DeoBNMevPEHMC7xsBS3GiJJM="></latexit><latexit sha1_base64="jc1DeoBNMevPEHMC7xsBS3GiJJM="></latexit><latexit sha1_base64="jc1DeoBNMevPEHMC7xsBS3GiJJM="></latexit>

iid  
Brownian 

motion
weighted

EOFs learned  
on data

�Ḃ
<latexit sha1_base64="P76uoFf63UH7r/8X+TFasoqD35o=">AAACEnicbVC7TsMwFHXKq5RXgJHFokKCpUoQEoxVWRiLRB9SE1WO47RWbSeyHaQqyjew8CssDCDEysTG3+C0GUrLkSwfnXOvfe8JEkaVdpwfq7K2vrG5Vd2u7ezu7R/Yh0ddFacSkw6OWSz7AVKEUUE6mmpG+okkiAeM9ILJbeH3HolUNBYPepoQn6ORoBHFSBtpaF94QcxCNeXmyjxFRxzl0AtjncFFp5XnQ7vuNJwZ4CpxS1IHJdpD+9u8g1NOhMYMKTVwnUT7GZKaYkbympcqkiA8QSMyMFQgTpSfzVbK4ZlRQhjF0hyh4Uxd7MgQV8VsppIjPVbLXiH+5w1SHd34GRVJqonA84+ilEEdwyIfGFJJsGZTQxCW1MwK8RhJhLVJsWZCcJdXXiXdy4Zr+P1Vvdkq46iCE3AKzoELrkET3IE26AAMnsALeAPv1rP1an1Yn/PSilX2HIM/sL5+AfTwnuU=</latexit><latexit sha1_base64="P76uoFf63UH7r/8X+TFasoqD35o=">AAACEnicbVC7TsMwFHXKq5RXgJHFokKCpUoQEoxVWRiLRB9SE1WO47RWbSeyHaQqyjew8CssDCDEysTG3+C0GUrLkSwfnXOvfe8JEkaVdpwfq7K2vrG5Vd2u7ezu7R/Yh0ddFacSkw6OWSz7AVKEUUE6mmpG+okkiAeM9ILJbeH3HolUNBYPepoQn6ORoBHFSBtpaF94QcxCNeXmyjxFRxzl0AtjncFFp5XnQ7vuNJwZ4CpxS1IHJdpD+9u8g1NOhMYMKTVwnUT7GZKaYkbympcqkiA8QSMyMFQgTpSfzVbK4ZlRQhjF0hyh4Uxd7MgQV8VsppIjPVbLXiH+5w1SHd34GRVJqonA84+ilEEdwyIfGFJJsGZTQxCW1MwK8RhJhLVJsWZCcJdXXiXdy4Zr+P1Vvdkq46iCE3AKzoELrkET3IE26AAMnsALeAPv1rP1an1Yn/PSilX2HIM/sL5+AfTwnuU=</latexit><latexit sha1_base64="P76uoFf63UH7r/8X+TFasoqD35o=">AAACEnicbVC7TsMwFHXKq5RXgJHFokKCpUoQEoxVWRiLRB9SE1WO47RWbSeyHaQqyjew8CssDCDEysTG3+C0GUrLkSwfnXOvfe8JEkaVdpwfq7K2vrG5Vd2u7ezu7R/Yh0ddFacSkw6OWSz7AVKEUUE6mmpG+okkiAeM9ILJbeH3HolUNBYPepoQn6ORoBHFSBtpaF94QcxCNeXmyjxFRxzl0AtjncFFp5XnQ7vuNJwZ4CpxS1IHJdpD+9u8g1NOhMYMKTVwnUT7GZKaYkbympcqkiA8QSMyMFQgTpSfzVbK4ZlRQhjF0hyh4Uxd7MgQV8VsppIjPVbLXiH+5w1SHd34GRVJqonA84+ilEEdwyIfGFJJsGZTQxCW1MwK8RhJhLVJsWZCcJdXXiXdy4Zr+P1Vvdkq46iCE3AKzoELrkET3IE26AAMnsALeAPv1rP1an1Yn/PSilX2HIM/sL5+AfTwnuU=</latexit><latexit sha1_base64="P76uoFf63UH7r/8X+TFasoqD35o=">AAACEnicbVC7TsMwFHXKq5RXgJHFokKCpUoQEoxVWRiLRB9SE1WO47RWbSeyHaQqyjew8CssDCDEysTG3+C0GUrLkSwfnXOvfe8JEkaVdpwfq7K2vrG5Vd2u7ezu7R/Yh0ddFacSkw6OWSz7AVKEUUE6mmpG+okkiAeM9ILJbeH3HolUNBYPepoQn6ORoBHFSBtpaF94QcxCNeXmyjxFRxzl0AtjncFFp5XnQ7vuNJwZ4CpxS1IHJdpD+9u8g1NOhMYMKTVwnUT7GZKaYkbympcqkiA8QSMyMFQgTpSfzVbK4ZlRQhjF0hyh4Uxd7MgQV8VsppIjPVbLXiH+5w1SHd34GRVJqonA84+ilEEdwyIfGFJJsGZTQxCW1MwK8RhJhLVJsWZCcJdXXiXdy4Zr+P1Vvdkq46iCE3AKzoELrkET3IE26AAMnsALeAPv1rP1an1Yn/PSilX2HIM/sL5+AfTwnuU=</latexit>

Reference: 
Cotter, Crisan, Holm, Pan, Shevchenko 2018
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Large scales:  

Small scales: 

Variance 
tensor: 

w

�Ḃ

a = a(x,x) =

E{�dB (�dB)T }
dt

�dBt =
nX

i=1

⇠i(x) dWi(t)
<latexit sha1_base64="jc1DeoBNMevPEHMC7xsBS3GiJJM="></latexit><latexit sha1_base64="jc1DeoBNMevPEHMC7xsBS3GiJJM="></latexit><latexit sha1_base64="jc1DeoBNMevPEHMC7xsBS3GiJJM="></latexit><latexit sha1_base64="jc1DeoBNMevPEHMC7xsBS3GiJJM="></latexit>

iid  
Brownian 

motion

  PCA on : �Xk(x) = XHR

tk,tk+�t
(x)�XLR

tk,tk+�t
(x)

<latexit sha1_base64="ja2Uypjq7PeBHq+9a4ITujjOdFE="></latexit><latexit sha1_base64="ja2Uypjq7PeBHq+9a4ITujjOdFE="></latexit><latexit sha1_base64="ja2Uypjq7PeBHq+9a4ITujjOdFE="></latexit><latexit sha1_base64="ja2Uypjq7PeBHq+9a4ITujjOdFE="></latexit>

weighted
EOFs learned  

on data

�Ḃ
<latexit sha1_base64="P76uoFf63UH7r/8X+TFasoqD35o=">AAACEnicbVC7TsMwFHXKq5RXgJHFokKCpUoQEoxVWRiLRB9SE1WO47RWbSeyHaQqyjew8CssDCDEysTG3+C0GUrLkSwfnXOvfe8JEkaVdpwfq7K2vrG5Vd2u7ezu7R/Yh0ddFacSkw6OWSz7AVKEUUE6mmpG+okkiAeM9ILJbeH3HolUNBYPepoQn6ORoBHFSBtpaF94QcxCNeXmyjxFRxzl0AtjncFFp5XnQ7vuNJwZ4CpxS1IHJdpD+9u8g1NOhMYMKTVwnUT7GZKaYkbympcqkiA8QSMyMFQgTpSfzVbK4ZlRQhjF0hyh4Uxd7MgQV8VsppIjPVbLXiH+5w1SHd34GRVJqonA84+ilEEdwyIfGFJJsGZTQxCW1MwK8RhJhLVJsWZCcJdXXiXdy4Zr+P1Vvdkq46iCE3AKzoELrkET3IE26AAMnsALeAPv1rP1an1Yn/PSilX2HIM/sL5+AfTwnuU=</latexit><latexit sha1_base64="P76uoFf63UH7r/8X+TFasoqD35o=">AAACEnicbVC7TsMwFHXKq5RXgJHFokKCpUoQEoxVWRiLRB9SE1WO47RWbSeyHaQqyjew8CssDCDEysTG3+C0GUrLkSwfnXOvfe8JEkaVdpwfq7K2vrG5Vd2u7ezu7R/Yh0ddFacSkw6OWSz7AVKEUUE6mmpG+okkiAeM9ILJbeH3HolUNBYPepoQn6ORoBHFSBtpaF94QcxCNeXmyjxFRxzl0AtjncFFp5XnQ7vuNJwZ4CpxS1IHJdpD+9u8g1NOhMYMKTVwnUT7GZKaYkbympcqkiA8QSMyMFQgTpSfzVbK4ZlRQhjF0hyh4Uxd7MgQV8VsppIjPVbLXiH+5w1SHd34GRVJqonA84+ilEEdwyIfGFJJsGZTQxCW1MwK8RhJhLVJsWZCcJdXXiXdy4Zr+P1Vvdkq46iCE3AKzoELrkET3IE26AAMnsALeAPv1rP1an1Yn/PSilX2HIM/sL5+AfTwnuU=</latexit><latexit sha1_base64="P76uoFf63UH7r/8X+TFasoqD35o=">AAACEnicbVC7TsMwFHXKq5RXgJHFokKCpUoQEoxVWRiLRB9SE1WO47RWbSeyHaQqyjew8CssDCDEysTG3+C0GUrLkSwfnXOvfe8JEkaVdpwfq7K2vrG5Vd2u7ezu7R/Yh0ddFacSkw6OWSz7AVKEUUE6mmpG+okkiAeM9ILJbeH3HolUNBYPepoQn6ORoBHFSBtpaF94QcxCNeXmyjxFRxzl0AtjncFFp5XnQ7vuNJwZ4CpxS1IHJdpD+9u8g1NOhMYMKTVwnUT7GZKaYkbympcqkiA8QSMyMFQgTpSfzVbK4ZlRQhjF0hyh4Uxd7MgQV8VsppIjPVbLXiH+5w1SHd34GRVJqonA84+ilEEdwyIfGFJJsGZTQxCW1MwK8RhJhLVJsWZCcJdXXiXdy4Zr+P1Vvdkq46iCE3AKzoELrkET3IE26AAMnsALeAPv1rP1an1Yn/PSilX2HIM/sL5+AfTwnuU=</latexit><latexit sha1_base64="P76uoFf63UH7r/8X+TFasoqD35o=">AAACEnicbVC7TsMwFHXKq5RXgJHFokKCpUoQEoxVWRiLRB9SE1WO47RWbSeyHaQqyjew8CssDCDEysTG3+C0GUrLkSwfnXOvfe8JEkaVdpwfq7K2vrG5Vd2u7ezu7R/Yh0ddFacSkw6OWSz7AVKEUUE6mmpG+okkiAeM9ILJbeH3HolUNBYPepoQn6ORoBHFSBtpaF94QcxCNeXmyjxFRxzl0AtjncFFp5XnQ7vuNJwZ4CpxS1IHJdpD+9u8g1NOhMYMKTVwnUT7GZKaYkbympcqkiA8QSMyMFQgTpSfzVbK4ZlRQhjF0hyh4Uxd7MgQV8VsppIjPVbLXiH+5w1SHd34GRVJqonA84+ilEEdwyIfGFJJsGZTQxCW1MwK8RhJhLVJsWZCcJdXXiXdy4Zr+P1Vvdkq46iCE3AKzoELrkET3IE26AAMnsALeAPv1rP1an1Yn/PSilX2HIM/sL5+AfTwnuU=</latexit>

Reference: 
Cotter, Crisan, Holm, Pan, Shevchenko 2018

EOF
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Large scales:  

Small scales: 

Variance 
tensor: 

w

�Ḃ

a = a(x,x) =

E{�dB (�dB)T }
dt

�dBt =
nX

i=1

⇠i(x) dWi(t)
<latexit sha1_base64="jc1DeoBNMevPEHMC7xsBS3GiJJM="></latexit><latexit sha1_base64="jc1DeoBNMevPEHMC7xsBS3GiJJM="></latexit><latexit sha1_base64="jc1DeoBNMevPEHMC7xsBS3GiJJM="></latexit><latexit sha1_base64="jc1DeoBNMevPEHMC7xsBS3GiJJM="></latexit>

iid  
Brownian 

motion

  PCA on : �Xk(x) = XHR

tk,tk+�t
(x)�XLR

tk,tk+�t
(x)

<latexit sha1_base64="ja2Uypjq7PeBHq+9a4ITujjOdFE="></latexit><latexit sha1_base64="ja2Uypjq7PeBHq+9a4ITujjOdFE="></latexit><latexit sha1_base64="ja2Uypjq7PeBHq+9a4ITujjOdFE="></latexit><latexit sha1_base64="ja2Uypjq7PeBHq+9a4ITujjOdFE="></latexit>

Flow from high-
resolution velocity

Flow from low-
resolution velocity

weighted
EOFs learned  

on data

�Ḃ
<latexit sha1_base64="P76uoFf63UH7r/8X+TFasoqD35o=">AAACEnicbVC7TsMwFHXKq5RXgJHFokKCpUoQEoxVWRiLRB9SE1WO47RWbSeyHaQqyjew8CssDCDEysTG3+C0GUrLkSwfnXOvfe8JEkaVdpwfq7K2vrG5Vd2u7ezu7R/Yh0ddFacSkw6OWSz7AVKEUUE6mmpG+okkiAeM9ILJbeH3HolUNBYPepoQn6ORoBHFSBtpaF94QcxCNeXmyjxFRxzl0AtjncFFp5XnQ7vuNJwZ4CpxS1IHJdpD+9u8g1NOhMYMKTVwnUT7GZKaYkbympcqkiA8QSMyMFQgTpSfzVbK4ZlRQhjF0hyh4Uxd7MgQV8VsppIjPVbLXiH+5w1SHd34GRVJqonA84+ilEEdwyIfGFJJsGZTQxCW1MwK8RhJhLVJsWZCcJdXXiXdy4Zr+P1Vvdkq46iCE3AKzoELrkET3IE26AAMnsALeAPv1rP1an1Yn/PSilX2HIM/sL5+AfTwnuU=</latexit><latexit sha1_base64="P76uoFf63UH7r/8X+TFasoqD35o=">AAACEnicbVC7TsMwFHXKq5RXgJHFokKCpUoQEoxVWRiLRB9SE1WO47RWbSeyHaQqyjew8CssDCDEysTG3+C0GUrLkSwfnXOvfe8JEkaVdpwfq7K2vrG5Vd2u7ezu7R/Yh0ddFacSkw6OWSz7AVKEUUE6mmpG+okkiAeM9ILJbeH3HolUNBYPepoQn6ORoBHFSBtpaF94QcxCNeXmyjxFRxzl0AtjncFFp5XnQ7vuNJwZ4CpxS1IHJdpD+9u8g1NOhMYMKTVwnUT7GZKaYkbympcqkiA8QSMyMFQgTpSfzVbK4ZlRQhjF0hyh4Uxd7MgQV8VsppIjPVbLXiH+5w1SHd34GRVJqonA84+ilEEdwyIfGFJJsGZTQxCW1MwK8RhJhLVJsWZCcJdXXiXdy4Zr+P1Vvdkq46iCE3AKzoELrkET3IE26AAMnsALeAPv1rP1an1Yn/PSilX2HIM/sL5+AfTwnuU=</latexit><latexit sha1_base64="P76uoFf63UH7r/8X+TFasoqD35o=">AAACEnicbVC7TsMwFHXKq5RXgJHFokKCpUoQEoxVWRiLRB9SE1WO47RWbSeyHaQqyjew8CssDCDEysTG3+C0GUrLkSwfnXOvfe8JEkaVdpwfq7K2vrG5Vd2u7ezu7R/Yh0ddFacSkw6OWSz7AVKEUUE6mmpG+okkiAeM9ILJbeH3HolUNBYPepoQn6ORoBHFSBtpaF94QcxCNeXmyjxFRxzl0AtjncFFp5XnQ7vuNJwZ4CpxS1IHJdpD+9u8g1NOhMYMKTVwnUT7GZKaYkbympcqkiA8QSMyMFQgTpSfzVbK4ZlRQhjF0hyh4Uxd7MgQV8VsppIjPVbLXiH+5w1SHd34GRVJqonA84+ilEEdwyIfGFJJsGZTQxCW1MwK8RhJhLVJsWZCcJdXXiXdy4Zr+P1Vvdkq46iCE3AKzoELrkET3IE26AAMnsALeAPv1rP1an1Yn/PSilX2HIM/sL5+AfTwnuU=</latexit><latexit sha1_base64="P76uoFf63UH7r/8X+TFasoqD35o=">AAACEnicbVC7TsMwFHXKq5RXgJHFokKCpUoQEoxVWRiLRB9SE1WO47RWbSeyHaQqyjew8CssDCDEysTG3+C0GUrLkSwfnXOvfe8JEkaVdpwfq7K2vrG5Vd2u7ezu7R/Yh0ddFacSkw6OWSz7AVKEUUE6mmpG+okkiAeM9ILJbeH3HolUNBYPepoQn6ORoBHFSBtpaF94QcxCNeXmyjxFRxzl0AtjncFFp5XnQ7vuNJwZ4CpxS1IHJdpD+9u8g1NOhMYMKTVwnUT7GZKaYkbympcqkiA8QSMyMFQgTpSfzVbK4ZlRQhjF0hyh4Uxd7MgQV8VsppIjPVbLXiH+5w1SHd34GRVJqonA84+ilEEdwyIfGFJJsGZTQxCW1MwK8RhJhLVJsWZCcJdXXiXdy4Zr+P1Vvdkq46iCE3AKzoELrkET3IE26AAMnsALeAPv1rP1an1Yn/PSilX2HIM/sL5+AfTwnuU=</latexit>

Reference: 
Cotter, Crisan, Holm, Pan, Shevchenko 2018

EOF
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Spectral Density 

(homogeneous but non-stationary and tuning-free       )
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Small scales: 

Variance 
tensor: 

w

�Ḃ

a = a(x,x) =

E{�dB (�dB)T }
dt
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MU ADSD

Reference: 
Resseguier, Pan & Fox-Kemper 2019

�Ḃ
<latexit sha1_base64="P76uoFf63UH7r/8X+TFasoqD35o=">AAACEnicbVC7TsMwFHXKq5RXgJHFokKCpUoQEoxVWRiLRB9SE1WO47RWbSeyHaQqyjew8CssDCDEysTG3+C0GUrLkSwfnXOvfe8JEkaVdpwfq7K2vrG5Vd2u7ezu7R/Yh0ddFacSkw6OWSz7AVKEUUE6mmpG+okkiAeM9ILJbeH3HolUNBYPepoQn6ORoBHFSBtpaF94QcxCNeXmyjxFRxzl0AtjncFFp5XnQ7vuNJwZ4CpxS1IHJdpD+9u8g1NOhMYMKTVwnUT7GZKaYkbympcqkiA8QSMyMFQgTpSfzVbK4ZlRQhjF0hyh4Uxd7MgQV8VsppIjPVbLXiH+5w1SHd34GRVJqonA84+ilEEdwyIfGFJJsGZTQxCW1MwK8RhJhLVJsWZCcJdXXiXdy4Zr+P1Vvdkq46iCE3AKzoELrkET3IE26AAMnsALeAPv1rP1an1Yn/PSilX2HIM/sL5+AfTwnuU=</latexit><latexit sha1_base64="P76uoFf63UH7r/8X+TFasoqD35o=">AAACEnicbVC7TsMwFHXKq5RXgJHFokKCpUoQEoxVWRiLRB9SE1WO47RWbSeyHaQqyjew8CssDCDEysTG3+C0GUrLkSwfnXOvfe8JEkaVdpwfq7K2vrG5Vd2u7ezu7R/Yh0ddFacSkw6OWSz7AVKEUUE6mmpG+okkiAeM9ILJbeH3HolUNBYPepoQn6ORoBHFSBtpaF94QcxCNeXmyjxFRxzl0AtjncFFp5XnQ7vuNJwZ4CpxS1IHJdpD+9u8g1NOhMYMKTVwnUT7GZKaYkbympcqkiA8QSMyMFQgTpSfzVbK4ZlRQhjF0hyh4Uxd7MgQV8VsppIjPVbLXiH+5w1SHd34GRVJqonA84+ilEEdwyIfGFJJsGZTQxCW1MwK8RhJhLVJsWZCcJdXXiXdy4Zr+P1Vvdkq46iCE3AKzoELrkET3IE26AAMnsALeAPv1rP1an1Yn/PSilX2HIM/sL5+AfTwnuU=</latexit><latexit sha1_base64="P76uoFf63UH7r/8X+TFasoqD35o=">AAACEnicbVC7TsMwFHXKq5RXgJHFokKCpUoQEoxVWRiLRB9SE1WO47RWbSeyHaQqyjew8CssDCDEysTG3+C0GUrLkSwfnXOvfe8JEkaVdpwfq7K2vrG5Vd2u7ezu7R/Yh0ddFacSkw6OWSz7AVKEUUE6mmpG+okkiAeM9ILJbeH3HolUNBYPepoQn6ORoBHFSBtpaF94QcxCNeXmyjxFRxzl0AtjncFFp5XnQ7vuNJwZ4CpxS1IHJdpD+9u8g1NOhMYMKTVwnUT7GZKaYkbympcqkiA8QSMyMFQgTpSfzVbK4ZlRQhjF0hyh4Uxd7MgQV8VsppIjPVbLXiH+5w1SHd34GRVJqonA84+ilEEdwyIfGFJJsGZTQxCW1MwK8RhJhLVJsWZCcJdXXiXdy4Zr+P1Vvdkq46iCE3AKzoELrkET3IE26AAMnsALeAPv1rP1an1Yn/PSilX2HIM/sL5+AfTwnuU=</latexit><latexit sha1_base64="P76uoFf63UH7r/8X+TFasoqD35o=">AAACEnicbVC7TsMwFHXKq5RXgJHFokKCpUoQEoxVWRiLRB9SE1WO47RWbSeyHaQqyjew8CssDCDEysTG3+C0GUrLkSwfnXOvfe8JEkaVdpwfq7K2vrG5Vd2u7ezu7R/Yh0ddFacSkw6OWSz7AVKEUUE6mmpG+okkiAeM9ILJbeH3HolUNBYPepoQn6ORoBHFSBtpaF94QcxCNeXmyjxFRxzl0AtjncFFp5XnQ7vuNJwZ4CpxS1IHJdpD+9u8g1NOhMYMKTVwnUT7GZKaYkbympcqkiA8QSMyMFQgTpSfzVbK4ZlRQhjF0hyh4Uxd7MgQV8VsppIjPVbLXiH+5w1SHd34GRVJqonA84+ilEEdwyIfGFJJsGZTQxCW1MwK8RhJhLVJsWZCcJdXXiXdy4Zr+P1Vvdkq46iCE3AKzoELrkET3IE26AAMnsALeAPv1rP1an1Yn/PSilX2HIM/sL5+AfTwnuU=</latexit>
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<latexit sha1_base64="P76uoFf63UH7r/8X+TFasoqD35o=">AAACEnicbVC7TsMwFHXKq5RXgJHFokKCpUoQEoxVWRiLRB9SE1WO47RWbSeyHaQqyjew8CssDCDEysTG3+C0GUrLkSwfnXOvfe8JEkaVdpwfq7K2vrG5Vd2u7ezu7R/Yh0ddFacSkw6OWSz7AVKEUUE6mmpG+okkiAeM9ILJbeH3HolUNBYPepoQn6ORoBHFSBtpaF94QcxCNeXmyjxFRxzl0AtjncFFp5XnQ7vuNJwZ4CpxS1IHJdpD+9u8g1NOhMYMKTVwnUT7GZKaYkbympcqkiA8QSMyMFQgTpSfzVbK4ZlRQhjF0hyh4Uxd7MgQV8VsppIjPVbLXiH+5w1SHd34GRVJqonA84+ilEEdwyIfGFJJsGZTQxCW1MwK8RhJhLVJsWZCcJdXXiXdy4Zr+P1Vvdkq46iCE3AKzoELrkET3IE26AAMnsALeAPv1rP1an1Yn/PSilX2HIM/sL5+AfTwnuU=</latexit><latexit sha1_base64="P76uoFf63UH7r/8X+TFasoqD35o=">AAACEnicbVC7TsMwFHXKq5RXgJHFokKCpUoQEoxVWRiLRB9SE1WO47RWbSeyHaQqyjew8CssDCDEysTG3+C0GUrLkSwfnXOvfe8JEkaVdpwfq7K2vrG5Vd2u7ezu7R/Yh0ddFacSkw6OWSz7AVKEUUE6mmpG+okkiAeM9ILJbeH3HolUNBYPepoQn6ORoBHFSBtpaF94QcxCNeXmyjxFRxzl0AtjncFFp5XnQ7vuNJwZ4CpxS1IHJdpD+9u8g1NOhMYMKTVwnUT7GZKaYkbympcqkiA8QSMyMFQgTpSfzVbK4ZlRQhjF0hyh4Uxd7MgQV8VsppIjPVbLXiH+5w1SHd34GRVJqonA84+ilEEdwyIfGFJJsGZTQxCW1MwK8RhJhLVJsWZCcJdXXiXdy4Zr+P1Vvdkq46iCE3AKzoELrkET3IE26AAMnsALeAPv1rP1an1Yn/PSilX2HIM/sL5+AfTwnuU=</latexit><latexit sha1_base64="P76uoFf63UH7r/8X+TFasoqD35o=">AAACEnicbVC7TsMwFHXKq5RXgJHFokKCpUoQEoxVWRiLRB9SE1WO47RWbSeyHaQqyjew8CssDCDEysTG3+C0GUrLkSwfnXOvfe8JEkaVdpwfq7K2vrG5Vd2u7ezu7R/Yh0ddFacSkw6OWSz7AVKEUUE6mmpG+okkiAeM9ILJbeH3HolUNBYPepoQn6ORoBHFSBtpaF94QcxCNeXmyjxFRxzl0AtjncFFp5XnQ7vuNJwZ4CpxS1IHJdpD+9u8g1NOhMYMKTVwnUT7GZKaYkbympcqkiA8QSMyMFQgTpSfzVbK4ZlRQhjF0hyh4Uxd7MgQV8VsppIjPVbLXiH+5w1SHd34GRVJqonA84+ilEEdwyIfGFJJsGZTQxCW1MwK8RhJhLVJsWZCcJdXXiXdy4Zr+P1Vvdkq46iCE3AKzoELrkET3IE26AAMnsALeAPv1rP1an1Yn/PSilX2HIM/sL5+AfTwnuU=</latexit><latexit sha1_base64="P76uoFf63UH7r/8X+TFasoqD35o=">AAACEnicbVC7TsMwFHXKq5RXgJHFokKCpUoQEoxVWRiLRB9SE1WO47RWbSeyHaQqyjew8CssDCDEysTG3+C0GUrLkSwfnXOvfe8JEkaVdpwfq7K2vrG5Vd2u7ezu7R/Yh0ddFacSkw6OWSz7AVKEUUE6mmpG+okkiAeM9ILJbeH3HolUNBYPepoQn6ORoBHFSBtpaF94QcxCNeXmyjxFRxzl0AtjncFFp5XnQ7vuNJwZ4CpxS1IHJdpD+9u8g1NOhMYMKTVwnUT7GZKaYkbympcqkiA8QSMyMFQgTpSfzVbK4ZlRQhjF0hyh4Uxd7MgQV8VsppIjPVbLXiH+5w1SHd34GRVJqonA84+ilEEdwyIfGFJJsGZTQxCW1MwK8RhJhLVJsWZCcJdXXiXdy4Zr+P1Vvdkq46iCE3AKzoELrkET3IE26AAMnsALeAPv1rP1an1Yn/PSilX2HIM/sL5+AfTwnuU=</latexit>

KE Spectrum



Absolute Diffusivity 
Spectral Density 

(homogeneous but non-stationary and tuning-free       )

�

w w

Large scales:  

Small scales: 

Variance 
tensor: 

w

�Ḃ

a = a(x,x) =

E{�dB (�dB)T }
dt

Absolute Diffusivity 
Spectral Density A() = E()⌧()

<latexit sha1_base64="PWsXr/FeIgTZ1EgDJzZiB731GGc="></latexit><latexit sha1_base64="PWsXr/FeIgTZ1EgDJzZiB731GGc="></latexit><latexit sha1_base64="PWsXr/FeIgTZ1EgDJzZiB731GGc="></latexit><latexit sha1_base64="PWsXr/FeIgTZ1EgDJzZiB731GGc="></latexit>
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MU ADSD

Reference: 
Resseguier, Pan & Fox-Kemper 2019

           (filter)    (white noise)�Ḃ =
<latexit sha1_base64="1L0eoLDZQus/4Lt3o4EVUB1V/3g="></latexit><latexit sha1_base64="1L0eoLDZQus/4Lt3o4EVUB1V/3g="></latexit><latexit sha1_base64="1L0eoLDZQus/4Lt3o4EVUB1V/3g="></latexit><latexit sha1_base64="1L0eoLDZQus/4Lt3o4EVUB1V/3g="></latexit>

⇤<latexit sha1_base64="v//LS0nZAWkEUMFOPunsLTcwR08=">AAAB6XicdVDJSgNBEK2JW4xb1KOXxiCIh6EnRDO5Bb14jGIWSIbQ0+lJmvQsdPcIYcgfePGgiFf/yJt/Y2cRVPRBweO9Kqrq+YngSmP8YeVWVtfWN/Kbha3tnd294v5BS8WppKxJYxHLjk8UEzxiTc21YJ1EMhL6grX98dXMb98zqXgc3elJwryQDCMecEq0kW7PUL9Ywrbr1pyKi7Dt4FoVVwzBtfJF9Rw5Np6jBEs0+sX33iCmacgiTQVRquvgRHsZkZpTwaaFXqpYQuiYDFnX0IiETHnZ/NIpOjHKAAWxNBVpNFe/T2QkVGoS+qYzJHqkfnsz8S+vm+rA9TIeJalmEV0sClKBdIxmb6MBl4xqMTGEUMnNrYiOiCRUm3AKJoSvT9H/pFW2HcNvKqX65TKOPBzBMZyCA1WowzU0oAkUAniAJ3i2xtaj9WK9Llpz1nLmEH7AevsERUWNMA==</latexit><latexit sha1_base64="v//LS0nZAWkEUMFOPunsLTcwR08=">AAAB6XicdVDJSgNBEK2JW4xb1KOXxiCIh6EnRDO5Bb14jGIWSIbQ0+lJmvQsdPcIYcgfePGgiFf/yJt/Y2cRVPRBweO9Kqrq+YngSmP8YeVWVtfWN/Kbha3tnd294v5BS8WppKxJYxHLjk8UEzxiTc21YJ1EMhL6grX98dXMb98zqXgc3elJwryQDCMecEq0kW7PUL9Ywrbr1pyKi7Dt4FoVVwzBtfJF9Rw5Np6jBEs0+sX33iCmacgiTQVRquvgRHsZkZpTwaaFXqpYQuiYDFnX0IiETHnZ/NIpOjHKAAWxNBVpNFe/T2QkVGoS+qYzJHqkfnsz8S+vm+rA9TIeJalmEV0sClKBdIxmb6MBl4xqMTGEUMnNrYiOiCRUm3AKJoSvT9H/pFW2HcNvKqX65TKOPBzBMZyCA1WowzU0oAkUAniAJ3i2xtaj9WK9Llpz1nLmEH7AevsERUWNMA==</latexit><latexit sha1_base64="v//LS0nZAWkEUMFOPunsLTcwR08=">AAAB6XicdVDJSgNBEK2JW4xb1KOXxiCIh6EnRDO5Bb14jGIWSIbQ0+lJmvQsdPcIYcgfePGgiFf/yJt/Y2cRVPRBweO9Kqrq+YngSmP8YeVWVtfWN/Kbha3tnd294v5BS8WppKxJYxHLjk8UEzxiTc21YJ1EMhL6grX98dXMb98zqXgc3elJwryQDCMecEq0kW7PUL9Ywrbr1pyKi7Dt4FoVVwzBtfJF9Rw5Np6jBEs0+sX33iCmacgiTQVRquvgRHsZkZpTwaaFXqpYQuiYDFnX0IiETHnZ/NIpOjHKAAWxNBVpNFe/T2QkVGoS+qYzJHqkfnsz8S+vm+rA9TIeJalmEV0sClKBdIxmb6MBl4xqMTGEUMnNrYiOiCRUm3AKJoSvT9H/pFW2HcNvKqX65TKOPBzBMZyCA1WowzU0oAkUAniAJ3i2xtaj9WK9Llpz1nLmEH7AevsERUWNMA==</latexit><latexit sha1_base64="v//LS0nZAWkEUMFOPunsLTcwR08=">AAAB6XicdVDJSgNBEK2JW4xb1KOXxiCIh6EnRDO5Bb14jGIWSIbQ0+lJmvQsdPcIYcgfePGgiFf/yJt/Y2cRVPRBweO9Kqrq+YngSmP8YeVWVtfWN/Kbha3tnd294v5BS8WppKxJYxHLjk8UEzxiTc21YJ1EMhL6grX98dXMb98zqXgc3elJwryQDCMecEq0kW7PUL9Ywrbr1pyKi7Dt4FoVVwzBtfJF9Rw5Np6jBEs0+sX33iCmacgiTQVRquvgRHsZkZpTwaaFXqpYQuiYDFnX0IiETHnZ/NIpOjHKAAWxNBVpNFe/T2QkVGoS+qYzJHqkfnsz8S+vm+rA9TIeJalmEV0sClKBdIxmb6MBl4xqMTGEUMnNrYiOiCRUm3AKJoSvT9H/pFW2HcNvKqX65TKOPBzBMZyCA1WowzU0oAkUAniAJ3i2xtaj9WK9Llpz1nLmEH7AevsERUWNMA==</latexit>

Residual 
non-stationary 

ADSD

�Ḃ
<latexit sha1_base64="P76uoFf63UH7r/8X+TFasoqD35o=">AAACEnicbVC7TsMwFHXKq5RXgJHFokKCpUoQEoxVWRiLRB9SE1WO47RWbSeyHaQqyjew8CssDCDEysTG3+C0GUrLkSwfnXOvfe8JEkaVdpwfq7K2vrG5Vd2u7ezu7R/Yh0ddFacSkw6OWSz7AVKEUUE6mmpG+okkiAeM9ILJbeH3HolUNBYPepoQn6ORoBHFSBtpaF94QcxCNeXmyjxFRxzl0AtjncFFp5XnQ7vuNJwZ4CpxS1IHJdpD+9u8g1NOhMYMKTVwnUT7GZKaYkbympcqkiA8QSMyMFQgTpSfzVbK4ZlRQhjF0hyh4Uxd7MgQV8VsppIjPVbLXiH+5w1SHd34GRVJqonA84+ilEEdwyIfGFJJsGZTQxCW1MwK8RhJhLVJsWZCcJdXXiXdy4Zr+P1Vvdkq46iCE3AKzoELrkET3IE26AAMnsALeAPv1rP1an1Yn/PSilX2HIM/sL5+AfTwnuU=</latexit><latexit sha1_base64="P76uoFf63UH7r/8X+TFasoqD35o=">AAACEnicbVC7TsMwFHXKq5RXgJHFokKCpUoQEoxVWRiLRB9SE1WO47RWbSeyHaQqyjew8CssDCDEysTG3+C0GUrLkSwfnXOvfe8JEkaVdpwfq7K2vrG5Vd2u7ezu7R/Yh0ddFacSkw6OWSz7AVKEUUE6mmpG+okkiAeM9ILJbeH3HolUNBYPepoQn6ORoBHFSBtpaF94QcxCNeXmyjxFRxzl0AtjncFFp5XnQ7vuNJwZ4CpxS1IHJdpD+9u8g1NOhMYMKTVwnUT7GZKaYkbympcqkiA8QSMyMFQgTpSfzVbK4ZlRQhjF0hyh4Uxd7MgQV8VsppIjPVbLXiH+5w1SHd34GRVJqonA84+ilEEdwyIfGFJJsGZTQxCW1MwK8RhJhLVJsWZCcJdXXiXdy4Zr+P1Vvdkq46iCE3AKzoELrkET3IE26AAMnsALeAPv1rP1an1Yn/PSilX2HIM/sL5+AfTwnuU=</latexit><latexit sha1_base64="P76uoFf63UH7r/8X+TFasoqD35o=">AAACEnicbVC7TsMwFHXKq5RXgJHFokKCpUoQEoxVWRiLRB9SE1WO47RWbSeyHaQqyjew8CssDCDEysTG3+C0GUrLkSwfnXOvfe8JEkaVdpwfq7K2vrG5Vd2u7ezu7R/Yh0ddFacSkw6OWSz7AVKEUUE6mmpG+okkiAeM9ILJbeH3HolUNBYPepoQn6ORoBHFSBtpaF94QcxCNeXmyjxFRxzl0AtjncFFp5XnQ7vuNJwZ4CpxS1IHJdpD+9u8g1NOhMYMKTVwnUT7GZKaYkbympcqkiA8QSMyMFQgTpSfzVbK4ZlRQhjF0hyh4Uxd7MgQV8VsppIjPVbLXiH+5w1SHd34GRVJqonA84+ilEEdwyIfGFJJsGZTQxCW1MwK8RhJhLVJsWZCcJdXXiXdy4Zr+P1Vvdkq46iCE3AKzoELrkET3IE26AAMnsALeAPv1rP1an1Yn/PSilX2HIM/sL5+AfTwnuU=</latexit><latexit sha1_base64="P76uoFf63UH7r/8X+TFasoqD35o=">AAACEnicbVC7TsMwFHXKq5RXgJHFokKCpUoQEoxVWRiLRB9SE1WO47RWbSeyHaQqyjew8CssDCDEysTG3+C0GUrLkSwfnXOvfe8JEkaVdpwfq7K2vrG5Vd2u7ezu7R/Yh0ddFacSkw6OWSz7AVKEUUE6mmpG+okkiAeM9ILJbeH3HolUNBYPepoQn6ORoBHFSBtpaF94QcxCNeXmyjxFRxzl0AtjncFFp5XnQ7vuNJwZ4CpxS1IHJdpD+9u8g1NOhMYMKTVwnUT7GZKaYkbympcqkiA8QSMyMFQgTpSfzVbK4ZlRQhjF0hyh4Uxd7MgQV8VsppIjPVbLXiH+5w1SHd34GRVJqonA84+ilEEdwyIfGFJJsGZTQxCW1MwK8RhJhLVJsWZCcJdXXiXdy4Zr+P1Vvdkq46iCE3AKzoELrkET3IE26AAMnsALeAPv1rP1an1Yn/PSilX2HIM/sL5+AfTwnuU=</latexit>

KE Spectrum
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SQG

Hyper- 
viscosity

Reference flow: 

deterministic 

SQG 

512 x 512

Forcing

Db

Dt
= �↵HV �

4b

� 1

⌧
(b� F )

u =
⇣
cst.r?��1/2

⌘
b

<latexit sha1_base64="yhOZpH2IkJRV5NWZzEjy5wz3h4k="></latexit><latexit sha1_base64="yhOZpH2IkJRV5NWZzEjy5wz3h4k="></latexit><latexit sha1_base64="yhOZpH2IkJRV5NWZzEjy5wz3h4k="></latexit><latexit sha1_base64="yhOZpH2IkJRV5NWZzEjy5wz3h4k="></latexit>
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u =
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⌘
b

<latexit sha1_base64="yhOZpH2IkJRV5NWZzEjy5wz3h4k="></latexit><latexit sha1_base64="yhOZpH2IkJRV5NWZzEjy5wz3h4k="></latexit><latexit sha1_base64="yhOZpH2IkJRV5NWZzEjy5wz3h4k="></latexit><latexit sha1_base64="yhOZpH2IkJRV5NWZzEjy5wz3h4k="></latexit>
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SQG

Hyper- 
viscosity

Reference flow: 

deterministic 
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512 x 512

Forcing

Db

Dt
= �↵HV �

4b

� 1

⌧
(b� F )

u =
⇣
cst.r?��1/2

⌘
b

<latexit sha1_base64="yhOZpH2IkJRV5NWZzEjy5wz3h4k="></latexit><latexit sha1_base64="yhOZpH2IkJRV5NWZzEjy5wz3h4k="></latexit><latexit sha1_base64="yhOZpH2IkJRV5NWZzEjy5wz3h4k="></latexit><latexit sha1_base64="yhOZpH2IkJRV5NWZzEjy5wz3h4k="></latexit>



Reference VS confidence intervals at 95% and at 50% for the EOF method.
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Ensemble : 
uncertainty quantification
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Conclusion
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Conclusion

• LU conserves kinetic energy / SALT conserves helicity 

• Both EOF and ADSD small-scale velocity 
parametrization lead to accurate uncertainty 
quantification 
(to address filter divergence)

 18 V. Resseguier - valentin.resseguier@scalian.com


