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SCALING LIMIT OF SUB-BALLISTIC 1D RANDOM WALK AMONG
BIASED CONDUCTANCES: A STORY OF WELLS AND WALLS

QUENTIN BERGER AND MICHELE SALVI

ABSTRACT. We consider a one-dimensional random walk among biased i.i.d. conduc-
tances, in the case where the random walk is transient but sub-ballistic: this occurs
when the conductances have a heavy-tail at 400 or at 0. We prove that the scaling limit
of the process is the inverse of an a-stable subordinator, which indicates an aging phe-
nomenon, expressed in terms of the generalized arcsine law. In analogy with the case of
an i.i.d. random environment studied in details in [ESZ09a, ESTZ13], some “traps” are
responsible for the slowdown of the random walk. However, the phenomenology is some-
how different (and richer) here. In particular, three types of traps may occur, depending
on the fine properties of the tails of the conductances: (i) a very large conductance (a
well in the potential); (ii) a very small conductance (a wall in the potential); (iii) the
combination of a large conductance followed shortly after by a small conductance (a
well-and-wall in the potential).

1. INTRODUCTION

Random walks in random environment have been studied extensively over the past forty
years, both from a physical and a mathematical perspective. In dimension one, they were
introduced in the mathematical literature by Solomon in [Sol75], who gave a criterion
for transience/recurrence, and identified three possible regimes: recurrent, transient with
positive speed, transient with zero speed.

The behavior of recurrent random walks in (genuine) random environment has been
further studied by Sinai in [Sin82], who showed a strong slowdown of the walk, with an
unusual scaling (logn)?. The limiting law has then been identified in [Gol86, Kes86], and
the scaling limit of the process is an interesting singular diffusion in random environment,
see [FINO2]. The case of transient sub-ballistic random walks in i.i.d. random environment
has been considered in [KKS75], and then in [ESZ09a, ESZ09b, ESTZ13]. In particular,
the scaling limit of the walk is the inverse of an a-stable subordinator, and the random
walk is shown to exhibit an aging phenomenon, i.e. the two-time correlation function
converges when both times tend to infinity with a fixed ratio, the limit being a non-trivial
function of the ratio (aging has been extensively studied in the physics literature, in the
context of out-of-equilibrium glassy disordered systems, see [BCKM98]| for an overview).

In the present paper we consider the case of a one-dimensional random walk among i.i.d.
random conductances: in this case, the random walk is recurrent. One central question
in Physics (see e.g. [NJBT10]) is to understand the effect of an external field of intensity
A (producing a bias in the conductances) on the behavior of the walk. In particular, as
soon as A > 0, the walk is transient to the right. Under some integrability condition
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2 Q. BERGER AND M. SALVI

of the conductances, the walk is ballistic; this regime has been studied for instance in
[LD16, FS18] (see also references therein). Here we investigate the regime where the
random walk among biased random conductances is sub-ballistic: we show that its scaling
limit is the inverse of an a-stable subordinator, confirming the universality of the aging
phenomenon, cf. [BACO08, Zin09].

As mentioned above, a similar behavior is observed for sub-ballistic transient random
walks in i.i.d. environment. We show however that as soon as the independence hy-
pothesis on the environment is dropped (conductances introduce automatically a strong
dependence between neighbours), the trapping mechanism for the walk changes dramati-
cally and might become more irregular. We also point out that convergence to the inverse
of an a-stable subordinator has also been shown for walks among biased random conduc-
tances in dimension d > 2 in [FK18]. The one-dimensional case, though, presents once
more a wilder zoology of possible trapping mechanisms. In particular, we might have three
different kind of traps, given either by a very large conductance, either by a very small
conductance or by a combination of the two. The kind of traps that contributes the most
to the slowdown of the walk is given by the fine properties of the tails of the conductances
at +o0o and at 0. The distribution of the depth of such traps (this is roughly the amount
of time that the walk will spend on the trap) has to be studied in terms of the product of
random variables with regularly varying tails, which might exhibit unexpected behaviors.

1.1. General setting of the paper. Let (X,,),ecn be a discrete-time random walk on an
environment w given by a sequence {c; }.cz of random conductances that are i.i.d. under
measure P. For a fixed realization of w, we call P¥ the law of the random walk (X,,)nen
which starts at the origin and has transition probabilities
PXp =241 Xy=2)= —2— PXpp=a-1]|X,=1)=
Cz—1+Cy

Cr—1
Cz—1+ Cg .
In the usual language of random walks in random environment, where the probability

of jumping from z to z + 1 is called w;, we have w, = —Clx“!‘cx' For x € 7Z define
1—wg — Cr—1

Pz =50 ==%: since the {c; }zez are independent, we get that Ellog po] = 0 (provided
that log ¢y is integrable). As a consequence, Theorem 2.1.2 in [TZ04] tells us that (X, )n>0
is P¥-a.s. recurrent for P-a.e. w.

We stress that while in the seminal paper by Solomon [Sol75] (and in many other works)
the {w; }zez are taken i.i.d., this is clearly not true anymore in the case of conductances.
On the other hand, the conductance model boasts the important feature of being reversible
with respect to the measure 7(x) = ¢,—1 + ;. We refer to [Bisl1] for an extensive account
on the random conductance model, which has been widely studied in the literature.

Now, we introduce an external field of intensity A > 0, which corresponds to a tilt of
the conductances:

;\:emcx. (1.1)

The process (X, )nen on these tilted conductances is called random walk among Biased
Random Conductances (which we abbreviate as BIRC). In the BiRC setting, for x € Z we
have p; = pz()\) := e "*c,_1/c; (here and in the rest of the paper, we drop the dependence
of py on A). We get that E[log pg] = —\ < 0 (provided that logcg is integrable), so that
(Xn)nen is P¥-a.s. transient to the right for P-a.e. w, see [TZ04, Thm 2.1.2]. Additionally,
the asymptotic velocity v(\) = lim,, 400 X, /n exists and is P ® P“-a.s. equal to

C

—-A

V) =z with  E[S] = 1+ 2E[colE[L/eol ;.
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cf. [TZ04, Thm. 2.1.9]. Hence, for A\ > 0, v(A) > 0 if and only if E[cy] < +oo and
E[1/co] < +o00. The zero velocity regime can therefore occur for two different reasons: the
conductances have some heavy tail at 400 or they have some heavy tail at 0.

In our previous work [BS19], we consider the sub-ballistic regime, where E[cy] = +o0
or E[1/¢p] = 400, and we find the correct order for the scaling of X,,. More precisely, we
assume that there are some a0, g € [0, +00] with a := min(ag, as) < 1, such that

logP(co > t) logP(cp < €)

Phew logt Goc> 50 loge @0 (12)
In Theorem 1.1 of [BS19] we prove that for each A > 0
log X
lim —82% — ¢ P® PY —a.s.

n—oo logn

The main goal of the present paper is to make this result much more precise, and prove
the convergence of X,, rescaled by n® (properly corrected by a slowly varying function)
to the inverse of an a-stable subordinator. In [ESZ09b, ESTZ13] the authors prove this
type of result for one-dimensional random walks in random environment, where the tran-
sition probabilities {w; }zez are i.i.d. Their study is based on the analysis of the so-called
potential of the environment: the walk is slowed-down by large regions with an atypical
value of the potential. As we shall see, this is in sharp contrast with our setting, where
the trapping parts of the environment are determined by one or at most two abnormal
values of the conductances, see the discussion in Section 1.3.

1.2. Main assumption and main result. Having only (1.2) is not sufficient for de-
scribing a functional limit theorem for the BiRC. In the present paper we will make the
following stronger assumption.

For two functions f and g, we write that f(t) ~ g(¢) if lim;—, f(¢)/g(t) = 1.

Assumption “Traps”. There exist some slowly varying functions Loo (), Lo(-) and some
Qoo, g > 0 such that, fort > 1 and e < 1,

Pleg > 1) = Loo(t) 172 and  P(eg <€) = Lo(1/e) e, (1.3)

with a := min{ag, s} < 1. If @y = aoo, we additionally assume that v — Lso(e?),
v = Lo(eV) are regularly varying with respective indices Yoo, Y0, i.€. there are slowly varying
functions @o, poo such that Loo(x) = poo(logx)(logz)?>, Lo(x) = po(logz)(logx)r. We
suppose that Yoo # —1,v # —1.

As it will be clear below, large values of p, will be associated to “traps” responsible for
the slowdown of the random walk (X,,),en: it is therefore crucial to obtain the tail behavior
of pg, in order to be able to quantify the depth of the traps. Assumption “Traps” serves
that purpose, and is the condition that enables one to obtain the behavior of P(pg > t) as
t — +oo. Indeed, Corollary 5 in [Cli86] gives the the following proposition:

Proposition 1.1. Assume that Assumption “Traps” holds. Then, there is a slowly varying
function ¥ (-) such that

P(po > t) =P(ePc1/co > t) ~ ()t ast — +o0. (1.4)
The function v (t) is asymptotic to e** times:
E[e§]Lo(t)1{gleg]< oo} T E[1/c§]Loo(t)1(E[1/co1< 100} if Elcf] < 400 or E[1/cf] < +o00;

o P ESOIEIA) (log £) Lo (1) Loo (1) if Elcd] = +00 and E[1/c§] = +oo.
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In view of Assumption “Traps”, we have that v — 1 (ev) is reqularly varying if ag = Qoo-

We stress that in the case ap = a0, the fact that Loo(et), Lo(e!) are regularly varying
is crucial to obtain Proposition 1.1-—however, the case L., /o(t) = exp(4(logt)?) with a €
(0,1) has to be excluded. Some more comments on the tail of py are made in Appendix B.

We are now ready to state our main theorem:

Theorem 1.2. Suppose that Assumption “Traps” holds, and recall (1.4). Then, on the
space D([0,1]) of cadlag functions [0,1] — R with the uniform topology, we have the
following convergence in distribution, as n — +o0o: under P ® P¥

X .
lun] ) sin(ma) 1
<n“/1/1(n) u€el0,1] — TaE[¢Y] ((Sa) (u))ue[oﬂ ’
Here (S (u))u>0 is an a-stable subordinator satisfying E[e™'«®)] = e~ " and ¢ = ¢\ (w)
is the random variable defined in (7.1) (if E[c§], E[1/c§] = +o0, we get that ( = 2).
This scaling limit is similar to that found in [ESTZ13] (and [Zin09]), but we stress that
the trapping mechanism is different. Note also that the inverse of an a-stable subordinator

is easily shown to exhibit an aging phenomenon expressed in terms of generalized arcsine
laws: for any fixed h > 1, we have

sin(mao 1/h
lim_ B((52)71(00) = (52) 1) = 0 [Ty 0y, 0

t—+o00 ™

see e.g. [Ber99] (arcsine laws are shown for last-passage times, but the proofs easily adapt
to the above statement). An analogous aging result for the random walk (X,),en should
hold: using the same techniques as in [ESZ09a], one could prove that, for any sequence
Jn — +oo and any h > 1, P(|X |, — Xn| < jn) converges as n — +oo to the right-hand
side of (1.5). Our proof actually shows some localization property of the walk, which is
typically “stuck” at a trap, with a value of p, of order d, (see (2.2)) which is regularly
varying with index 1/c; this is the key idea to prove aging result.

Remark 1.3. In [BS19], we also considered the biased range-one Mott random walk in the
sub-diffusive regime. This process is the simplified version of the Variable-Range Hopping
model used in Physics (cfr. [FGS18]), and essentially corresponds to a random walk among
random conductances with a different type of bias. In [BS19] we identify the correct scaling
exponent for the walk as a specific function of the field intensity A (in contrast with the
BiRC where the scaling a does not depend on \). The techniques developed in the present
work would allow us to push this result further and obtain the scaling limit of the range-one
Mott walk, but the result would be less interesting since in that model the conductances are
bounded from above and hence only one kind of trap is present.

In dimension d > 2, the rescaled sub-ballistic BiRC also converges to the inverse of a
stable subordinator, as proven in [FK18]. In that case, the sub-ballistic behavior is due to
very large conductances, the walk being trapped between the two endpoints of the edge.
On the other hand, small conductances do not represent a problem for the walk, which
will typically go around them. In dimension d = 1 however, the lattice geometry forces
the walk to pass through each edge of the positive half line, so the walk can be slowed
down both by large conductances (as in the higher dimensional case) and by very small,
hard-to-overjump, conductances. Furthermore, in a particular range of the parameters, a
new kind of trap arises, as the combination of a small conductance followed shortly after
by a large conductance. The fine properties of the tails of ¢y at 400 and at 0 dictate which
kind of traps represent the biggest contribution to the slow-down.
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1.3. The different types of traps. In his seminal work, Sinai [Sin82] described the
notion of traps in the environment via “valleys” in the potential function V', defined by
V(z) =37 logp; for x € Z4 (V(0) = 0 and a minus sign is added for € Z_). In the
case of i.i.d. w;, the potential V is itself a random walk, and valleys in the potential V'
are due to large regions where the sum of log p;’s is abnormally large, cf. [KKS75] (see
also [ESTZ13]). In that setting, if H denotes the height of a valley in the potential (for
a precise definition, see [ESTZ13, Sec. 3]), then a key result by Iglehart [Igl72] gives that
P(H > v) ~ Cre™"", for some specific k and some explicit constant C7.

This is in sharp contrast with what happens in the BiRC setting: as already noticed in
[BS19, § 1.3], we have here V (z) = log co — A\x — log ¢, (for = > 1), and valleys are caused
by isolated large values of V() —V (z—1) = log p,. Hence, Proposition 1.1 is crucial in the
understanding of the depth of traps, and the tail behavior of ¢y and 1/¢q plays a key role
in the deviations for log p,, and it gives rise to a much richer phenomenology than in the
case of i.i.d. w;’s. In particular, the probability of observing a large valley in the potential
behaves as P(log pg > v) ~ 1¥(e?)e”*". The extra slowly varying function v (-) depends on
the fine asymptotics of the tails (1.3) of ¢y and 1/¢g, cf. Proposition 1.1, and may be ruled
by different types of mechanisms that need to be treated separately. Propositions 1.4-1.5
below consider the distribution of c_1, ¢y conditionally on having py = e *c_1/cy > t, as
t — +oo: this enables us to understand whether large values of p, are typically due to
large values of ¢;—1 (wells), small values of ¢, (walls), or a combination of a large value of
cz—1 and of a small value of ¢, (well-and-walls), see Figure 1 for an illustration.

We will distinguish two cases.

Assumption “Simple Traps”. The distribution of the conductances satisfy Assumption
“Traps”, and E[c§] < oo or E[1/cf] < oo.
Assumption “Well-and-walls”. The distribution of the conductances satisfy Assump-
tion “Traps”, and Elcf] = 0o and E[1/cf] = oo.

We state here some results that will be proven in Appendix B. Let us introduce some
notation. If E[c¢f] < +oo, then ¢_; is a r.v. with c.d.f. F; | (u) = ﬁE[cﬁll{C_Ku}]. If

—1 —

E[1/cf] < +oo, then 1/¢g is a r.v. with c.d.f. Fy /¢ (u) = WEH/C% 1{1/co<ul]-

Proposition 1.4. Suppose that Assumption “Simple Traps” holds. Then the distribution
of (c—1,1/cy), conditionally on py > t, converges as t — +oo to the r.v.

(1-DB)-(¢-1,+0) + B - (+00,1/c), (1.6)

where B is a Bernoulli r.v. independent of ¢_1,1/¢y, with parameter g € [0,1]. IfE[1/cj] =
+00, then ¢ = 0; if E[cf] = 400 then ¢ = 1; if E[c°], E[1/c]] < +00 (0 = aoo = ) then

q = limy_, E[cg]Lo]EEt[)cgEL[fﬁg} T (we assume that this limit exists, to avoid working with

subsequences).

Proposition 1.4 tells that under Assumption “Simple Traps”, only two types of traps
can occur: conditionally on having a large trap (we postpone the precise definition of traps
to Definitions 3.1 and 8.1, but one can just think of having p, large), then either

(i) B=0, cz—1 <1, ¢; < 1, corresponding to a wall in the potential V;

(i) B=1, ¢z—1 > 1, ¢; < 1, corresponding to a well in the potential V.
If g =0 (e.g. if E[1/¢§] = +00), then B = 0 and only walls can occur. If ¢ = 1 (e.g.
if E[c§] = +o00) then only wells can occur. If ¢ € (0,1) (e.g. if @ = as = ap with
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Lo(t) ~ cLoo(t) for some constant ¢ > 0), then both walls or wells may occur, with
respective probability 1 — ¢ and ¢, but not simultaneously.

Proposition 1.5. Suppose that Assumption “Well-and-walls” holds. Then the distribu-
tion of (c_1,1/cp), conditionally on py > t, converges as t — 400 to the r.v. (+00,+00).

Proposition 1.5 tells that under Assumption “Well-and-walls”, only one type of traps
can occur: conditionally on having a large trap (say p, large), then we necessarily have
(iii) c¢z—1 > 1, ¢, < 1, corresponding to a well-and-wall in the potential V.

It turns out that under Assumption “Well-and-walls”, also “k-distant” well-and-walls traps

may occur, with k& > 1: they consist of the combination of a large conductance c,_1
(k)

followed shortly after by a small conductance c,.x (this makes py’ = pg - pesr =
e M e, ) Jepyr large).
>1 0(1) 0(1) <1 >1 <1

L VRN ol
pooe o JE— e e oo f——e n ] pe o -
z—1 z x+1 z—1 =z x+1 r—1 = x+1

a well a wall
a well-and-wall

FIGURE 1. The three types of traps are represented above, together with the shape of the
potential x — V(x) associated to each type of trap (recall V(z) =logco — Az —loges ). A
trap, which roughly speaking is a large value of log pr, can occur in three different ways
(from left to right): under Assumption “Simple Traps”, we have either (i) cz—1>>1, ¢z <1
well-shaped trap, or (ii) cx—1<1, cx K1 wall-shaped trap; under Assumption “Well-and-
walls”, we have only (iii) cz—1>>1, cx <1 well-and-wall-shaped trap.

1.4. Organization of the paper and overview of the proof. Let us present briefly
how the rest of the paper is organized. In Section 2, we give some preliminary results: we
define first-passage times T),, and then state the convergence of the passage-time process
towards an a-stable subordinator, see Theorem 2.1. We prove then that the random walk
cannot backtrack more than C'logn and conclude the section by showing how Theorem 1.2
follows from Theorem 2.1.

The rest of the paper is devoted to the proof of Theorem 2.1: in Section 3 we give the
precise definition of simple traps and list some important properties. In Section 4 to 7,
we prove Theorem 2.1 under Assumption “Simple Traps” (we detail the scheme of the
proof below). In Section 8, we define well-and-wall traps, list their properties and adapt
the proof of Theorem 2.1 to Assumption “Well-and-walls”: on the one hand we need to
additionally deal with k-distant traps, but on the other hand some simplifications occur
(due to the fact that ¢ = 2 in Theorems 1.2-2.1).

Some technical results are collected in the Appendix: in Appendix A we recall useful
formulas for resistor networks; in Appendix B we deal with the tail of pg and prove some
consequences, such as Propositions 1.4-1.5; finally in Appendix C we collect the proofs of
the properties of the traps presented in Sections 3 and 8.

Let us now sketch how the proof of Theorem 2.1 works in the case of Assumption “Simple
Traps”, i.e. we give a summary of Sections 4-7.
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Part 1: Section 4. First, we divide the interval [0,n] into blocks of size C'logn
and show that the main contribution to the first-passage time T,, comes from so-
called trapping blocks, which contain a (unique) large value of p, (see Section 3
for a definition). In Proposition 4.1, we show that with high P ® P“-probability,
Tn =3 ez, T(Bj) where J, is the set of indices of trapping blocks, and T'(B;) is
the crossing time of such a block.

Part 2: Section 5. Our second step consists in identifying the trapping mechanism
on trapping blocks. We show that, if BB is a (good) trapping block, then the time to
cross the block B is dominated by the time to overcome the deep trap where p, is
very large: we prove in Proposition 5.1 that T'(B)/p, ~ 75 with high probability.
Here, 75 is a random variable associated with the environment in the block B
around zx. In particular, to overcome a trap, one needs to account for

- the number of attempts to cross the edge (z,x + 1);

- the time between two attempts at crossing the edge (z,x + 1);

- the number of times the random walk falls anew in the trap.
This is why we write 73 as 03 Zle E; (cfr. (5.1)), where 05 = 6p(w) is the average
time between two attempts to cross (x,z 4 1); G is the geometric random variable
of parameter pp = pp(w) counting the number of times we fall anew in the trap (pg
is the probability of never returning to z, starting from x + 1); (E};);>1 are i.i.d.
exponential random variables of parameter 1, which approximate the geometric
number of attempts to cross (z,x + 1), renormalized by p,. Let us stress here that
if c;—1 > 1 (well), then 03 ~ 2, while if ¢, < 1 (wall), then pg ~ 1. In the case
“Well-and-walls” of Section 8, we will therefore show that T'(B)/p, ~ 2ep, where
ep is just one exponential random variable of parameter 1.

Part 3: Section 6. We prove that the crossing time of all good blocks is dominated
by the crossing times of the blocks with values of p, > ed,, cf. Proposition 6.1,
up to an error 7 (that can be made arbitrarily small by taking e small). Here
dy, is roughly the order of the deepest trap between 0 and n, cf. (2.2). The main
technical difficulty is that one needs to exclude the possibility that many smaller
traps with p, < ed, would slowdown a lot the random walk: in particular, we
need to have a (uniform) control on the tail of 75 conditionally on having p, large
(cf. Lemma 6.3), in order to be sure that the sum of 73 on blocks with p, < ed,
cannot be large.

Part 4: Section 7. Finally, we prove the convergence for the first-passage time re-
duced to blocks with p, > ed,,. We show that the positions, depths and crossing
times 75 of blocks with p, > ed,, converge to a Poisson Point Process, with an
explicit intensity, cf. Proposition 7.2: this allows us to show that T,,/d,, converges
to a stable distribution. We then conclude proof of Theorem 2.1 by proving the
convergence of the whole process to an a-stable subordinator.

2. PRELIMINARIES: RELATION BETWEEN (X,,)neN AND FIRST-PASSAGE TIMES

A classical way of analyzing the properties of the random walk (X,,),en is to study its
first-passage times. Let
T, :=inf{j > 1,X; =n} (2.1)
be the first-passage time to n of the walk. Recall Proposition 1.1 and define the sequence
dn, up to asymptotic equivalence, by

P(po > dn) ~ (dn)d,* ~1/n  asn — oo, (2.2)
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so that d,, corresponds to the order of maxi<,<p p,. We see that d,, is a regularly varying
function with index v = 1/a. The core of the paper is the proof of the following result.

Theorem 2.1. Suppose that Assumption “Traps” holds. Then, on the space D([0,1]) of
cadlag functions [0,1] — R with Skorohod M;-topology, we have the following convergence
in distribution, as n — +o00: under P ® P“ we have

TLunj WQ]E[CO‘} 1/
( dp, )ue[o,l} — (sin(wa)) (Sa(u))ue[o:l]'

where (S (u))u>0 is an a-stable subordinator which statisfies Ele %] = ¢~ " and ¢ is

a r.v. defined in (7.1).

We use here Skorohod M;-topology, which is weaker than the Ji-topology (roughly
speaking, it allows for intermediate jumps), since it will be sufficient for our purpose. We
refer to [Whi02] for a detailed account on the Mj- and J;-topologies on D.

Before showing how to derive Theorem 1.2 from Theorem 2.1, we need the following
proposition, which slightly improves Proposition 2.1 in [BS19]: we prove that the walk
(X;)j>0 cannot backtrack more than C'logn before reaching distance n. We will use this
property several times in the proof of the main theorem, but it already tells us that the
map n +— T}, is the inverse of the map j — X, up to an error of at most a constant times
log n.

Proposition 2.2. There exists C > 0 such that the following holds: define the events
An = Njso{lX1+; = « — Clogn} that the random walk does not backtrack more than
C'logn after having reached x. Then P ® P¥—almost surely there exists ng € N such that,
for all n > ng, Ag holds for all0 <z < n.

Proof We have that (A7)¢:= {X,, <z — Clogn, for some m > T,}, and then

M M
_ ] 1 1\-1
PU((A2)) < PY (Tamcrogn < +00) = Im (3 5)( X ) (2.3)
j=z J j=x—C'logn J
where P is the law of the random walk in random environment w, starting from x. For
the equality we have used (A.5). Keeping only the conductance at position z — C'logn in

the second sum and recalling (1.1), (2.3) can be bounded by

o
Pw((A;L)c) < e—AClogncx_Clogn Ze—)\(j—x)i —. e—AClognK;z(w) )

P K
Then, we may use that for any z,n, P(K? > t) = t~*+to() (see [BS19, Lem. 2.5]), to
get that P-a.s., for n large enough, maxo<z<n K} < n3/%. As a consequence, for n large
enough we have that P¥(Jy, <, (A7)¢) < nlt3/@e=2Clogn  For O large enough this is
summable, so Borel-Cantelli gives that P ® P¥-a.s., for n large enough, A" holds for all
0<x<n. O

Proof of Theorem 1.2 From Theorem 2.1 and Proposition 2.2, we are able to prove
Theorem 1.2. Let us denote Y, := inf{j: T; > n}, i.e. the unique integer such that
Ty, —1 < n < Ty,. By construction, X,, <Y, for all n € N, and Proposition 2.2 tells that
a.s., for n large enough, X; > Y; — 1 — C'logn for all 0 < j < n. This shows that we only

w(g)

have to prove the convergence of ( Y\un) Juefo,1] @8 n — +00.
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Now, define for any u > 0
_ Tlun)
=
the inverse map of 7,. Let f,, be an inverse of d,, i.e. a sequence of real numbers such
that dy, = n (we may assume that n +— d,, is defined on R, ): note that by (2.2), we have
that n®p(n)~! ~ f, as n — +oo. Then, we can write Y|un| in terms of 7};1:

Tn(u) : and T N u) :=inf{s > 0 : T,(s) > u} (2.4)

Ylun)
fn
Now, we may apply Theorem 2.1 with f, in place of n, together with Corollary 13.6.4
of [Whi02] which says that the inverse map from non-decreasing functions of (D, M) to
non-decreasing functions of (D, || - ||~ ) is continuous at strictly increasing functions. Since
(Sa(w))u>0 is a.s. strictly increasing, see [Ber99], we obtain the following convergence in
distribution as n — +o00, under P ® P

=inf{j/fn : Tj > un} =inf{s >0 : %Tl_sfnj >up = 7};1(u)

1 sin(ma) 1
(7}n (U))ue[o,l] = W[CO‘] ((Sa) (U))ue[(),l]-
Note that we also used the scaling relation (¢S ())u>0 @ (Sal(cu))u>0 to express in a

simpler way the inverse of (cSy(u))y>0 With ¢ = (Sinﬁa)E[Ca])l/a.

This concludes the proof since 7};1(u) = Yun)/ fn, With fn ~n%/(n) asn — +oo. [

3. DEFINITION OF SIMPLE TRAPS AND THEIR PROPERTIES

In this section (and up to Section 7), we suppose that Assumption “Simple Traps” holds,
that is E[c§] < 400 or E[(1/c—1)%] < +00. We recall that under these hypothesis there
will be only well-traps or wall-traps, but never well-and-wall traps, cf. Proposition 1.4.

3.1. Definition of simple traps. By definition (2.2) of d,,, the maximal depth of a trap
between 0 and n will be of order d,,. We give here the definition of simple n-traps, that is
traps with near-maximal depth that are either well-shaped or wall-shaped. We will drop
the “n-” in the name whenever possible.

Definition 3.1. Let g, := (logn)'/*. A site z is a simple n-trap if p, > dpe=%. It is
¢ of well type if cx—1 > dne_qi,
¢ of wall type if é > dpen.

We call Wy, := {ps > dn,e~ 1} the event that there is a trap in x.

For n € Nwelet C,, := [C'logn], with C' > 0 the constant in Proposition 2.2. We divide
Z in disjoint n-blocks, where an n-block is a box of the form {jC,,, jCp+1, ..., (j+1)C,—1}
for some j € Z. A n-triblock is a sequence of three consecutive n-blocks: we denote
Bj :={(j—1)Chp,...,(j +2)Cp, — 1} the j-th triblock, and we let k,, := [n/C,] be the
number of n-triblocks between 0 and n.

Definition 3.2. For a givenn € N, we define a trapping environment as Iy, := Ugial Wy,
that is, an environment with a simple n-trap in the first n-block. A n-triblock B; is called
a trapping n-triblock if 7% w € T, (with 0°w := (Weta)wez). We define J, = {j €
{0,..., ky} : 9% w €T} the set of indices of the trapping triblocks.

Definition 3.3. A trapping n-triblock with a n-trap at site x is said to be good if
(i) ¢z <etin, ¢, g > e,
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(i) for all y # x — 1,z in the n-triblock, ¢, < e%d" and c, > e~ 44n.
We denote

Cn—1
L, = U (Wx N {ca, i < et} ﬂ {c, € [e_4qn’e4Qn}})
z=0 _Cn§y<20n
y#r—1,x

3.2. Properties of simple traps. In this section we collect some important properties
of simple traps and of trapping triblocks:

1. Traps are isolated, in fact distant by at least ne™®% (Lemma 3.4);

2. Traps are not too deep: they cannot be deeper than d,e? (Lemma 3.5);
3. All trapping triblocks are good (Lemma 3.6);

4. Traps are the only annoying parts of the environment (Lemma 3.7).

We now state the lemmas corresponding to these four properties, and postpone their
proofs to Appendix C—they will be treated together with the analogous statements in the
case “Well-and-walls”.

Lemma 3.4. Let D,, be the event
D, = U We MW, .

—n<lz<y<n
|z—y|<ne~5n

Then P-a.s. Dy, occurs for only finitely many n.

The proof of Lemma 3.4 can be found in Section C.1 of the Appendix. As a consequence
of Lemma 3.4, we have a.s. that |J,| < %" for n large enough.

Lemma 3.5. P-a.s., there is some ng such that for all n > ng

M, := sup pg <d,e®.

—n<z<n
The proof of Lemma 3.5 can be found in Section C.2 of the Appendix.

Lemma 3.6. Let G,, be the event
z+2C,

Gui= U Wen( U Aen ks > ufe gl e},
—n<z<n y=x—2Cp,

Then P-a.s. G, occurs only for finitely many n.

The proof of Lemma 3.6 can be found in Section C.3 of the Appendix.

The last property mentioned above may be more mysterious. Let us define a general-

ization of p,: for all x € Z and k € N, set
_ Cx—1
pa(ck) =€ A1) 220 — Pz Px+k - (3'1)

Cotk

As it will be clear in the next sections, high values of p;’“) are also responsible for the
trapping of the walk. What we mean by property 4 is that, under Assumption “Simple
Traps”, high values of pé’“) are only observed in the presence of a well or of a wall (that
is, they cannot come from the combination of an almost-well and an almost-wall). This is
to ensure that triblocks that are not trapping triblocks (according to Definition 3.2) will

not slowdown the walk for a long time.
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Lemma 3.7. Let e, = q,j‘s with some 6 > 0, and let
o= | JF > ene™2d } nwen we,, . (3.2)
—n<zn k>1

Then, if 6 is sufficiently small, we have that P(H,) — 0 as n — +o0.
The proof of Lemma 3.7 can be found in Section C.5 of the Appendix.

4. REDUCTION TO LARGE TRAPS

For a triblock Bj, we define its crossing time:

T(Bj) :=T(j12)c, — Tjc, » (4.1)

which is the time it takes for the random walk, started at the beginning of the middle
n-block of Bj, to exit B; from the right. In view of Proposition 2.2, provided that n is
sufficiently large, the walk X; remains in B; for all ¢ between times Tj¢, and T{;19)c,- In
this section we prove that the time 7}, to reach distance n is close to the crossing time of
all trapping n-triblocks, so that the other blocks can be neglected.

Proposition 4.1. Let ¢, := q,j‘s with § small enough, as defined in Lemma 3.7: we have
that

with P-probability going to 1.

Z T(B ‘ > 5 (1— a)/2> < 621_@/2'

Before we start the proof, recall the definition (3.1) of py . Recall also

Proposition 1.1: using Potter’s bound (cf. [BGT89, Thm. 1.5.6]) we easily have that there
is a constant ¢ > 0 such that for any £ >0

(B) . o=A(k+1) Ca=1 cz 1
Cotk’

P(p) > t) < ce R/ Zp(t)t=™  forall t > 1. (4.2)
Proof of Proposition 4.1 We write that a.s., for n large enough
kn
To— Y T(Bj) = > (Tis1)c, — Tica) g j-1¢5,)Lan - (4.3)
JETn J=0

Here, we let A? := {X1,,, +i > (j —1)Cy for all i > 0} be the event that the random walk
does not backtrack from the j-th n-block to position (7 — 1)C),: Proposition 2.2 tells that
P ® P“-a.s., for n large enough, lA? =1 for all 0 < j < k,. We also used that there

cannot be two consecutive good blocks, see Lemma 3.4. Let us now remark that thanks
to formula (A.9)

E°[(Tiiyne, — Tic,)lar] = Eje, [Tij41)c,1ar]

jCn—1 (j+1)Cn—z (G+1)Cn—=1(j+1)Cp—=
NI SN SIS Sl Sl
=(j—1)Cn k=jCn—=z z=jChn

Here we have first set all conductances to the left of (j — 1)C,, equal to 0 thanks to the
indicator of A7 (so the p,(zk) are equal to 0 for z < (j — 1)Cy,), and then we have dropped

the indicator. Thanks to Lemma 3.7, we have that with high P-probability all the pgk)
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involved in the sum (i.e. for j,j —1 ¢ J,) are smaller than e,e=**/2d,,. Going back to
(4.3), we therefore get that on the event HS (recall H,, is defined in (3.2)),

n
Ew[Tn—ZT( j}<n+2 Z sz etz )

JE€ETn —Cn k=0
n Chn
(k k
<n+2 Z Zp >1{pgk>§8ne,kk/2dn} +2 >0 )l )1{109)9,%/2%}, (4.4)
—Cn k=0 2=—Chp k=ln
where we set £, := (loglogn)? and take the integer part when dealing with non-integer

indices.
We first deal with the first sum in (4.4). Let us set R} := Zk * 0 pz . We have that

In

i _
> ot )1{p,(zk)§€ o2y S Belirnct,end,) = R
k=0

For any fixed 1 — a < ¢’ < 1, we can bound

n/30n

( Z R > ) <3¢ ]P’( S Ry > (Zjdn) (4.5)

j=—Chn/3tn

where we used a union bound for the last inequality, splitting the sum ZZ:_Cn R? as
- -1  p . = .

Ziio ! Z?L—Cn/%n R3j0,+o. Now, we notice that the Ry, for j € {—Cy/30,,...,n/30,}

are independent. Also, thanks to (4.2) and a union bound, we have that P(Rf > t) <

est.(t)t~*. Them, using a Fuk-Nagaev inequality (see [Nag79, Thm. 1.1]), we have that

there is a constant ¢ such that for any m > 1 and any y < x

(ZR:;]@ >, H;ax Ry, <y) (cmiw(y)y_Ol)x/y.

7j=1
We therefore get that there are constants ¢, ¢, ¢” > 0 such that

n/30,

( )6, n  lhey —a (En)y_l/(?’é%)
P(j ;/se e =50, 3ty dn) = (CEWW”M") (Enendn) )
< (éntalen o 2paaye) T < e O,

For the second inequality, we used Potter’s bound to get that ¢({,e,dy) is bounded by
a constant times £9(g,)'T*=1/2¢)(d,,). We also used that (3£,) 2 < (,)~1=9/2 for n
large enough (recall &, = ¢, % with ¢, = (logn)'/4). For the last inequality, we used the
definition (2.2) of d,, to get that for n large enough the term inside the parenthesis is
smaller than a constant times £,(g,)1~*7%/2 which can be made arbitrarily small by
taking n large.

Going back to (4.5), and using that £,, = o(e%(en)_(l_él)m) we get that

S / 1) -(1=8)/2
P((Y RE>(e0)7dy) < o3 . (4.6)
z=—Cyp,



SCALING LIMIT OF SUB-BALLISTIC 1D RW BIRC 13

We can treat the second term in (4.4) similarly. Setting V) := Z,f;zn pgk), we get that

Cn

k n . In
Z ok )1{pi’“>gewnmdn} < Ve lurconernirg,y = Ve
kzén

Ny, /2

Similarly as above, with C), playing the role of ¢,, and e~ playing the role of &, (note

that C,, = o(e*"/?)), we obtain that for n large enough

n
i/ - _Lle(1=8")Atn /4 _ 1. \—(1=6")/2
IP)( Z V> e J/Aﬁn/2dn) < e Lel < e 5 (en) )/ . (4.7)
z=—Cp,

Going back to (4.4), by a union bound we get that for any 1 — o < ¢’ < 1,

IP(E“ (1o = Y T(B))] > 3(en) du H;) < 2dem3E TR g (4.8)
JEIn

Using Markov’s inequality, we get that on H¢

1 1
P 0 T > ) < 7072 L7, - Y 1),
JEIn JETn

which thanks to (4.8) is smaller than e for large enough (recall &' > 1 — «),
with P-probability going to 1. Since P(H,) — 0 by Lemma 3.7, we get the conclusion of
Proposition 4.1. O

5. CROSSING TIMES OF TRAPPING TRIBLOCKS

Notice that Lemma 3.4 gives that to each trapping block B can be associated a unique
site x5 such that xp is a n-trap. We denote pg := p,, the depth of the trap associated
with x5.

In this section we show that, for a trapping block, the random variable T'(B)/pg can be
well approximated by another random variable 75, given by

G(ps)
™ =T13(Ww) =03 Z E;. (5.1)
j=1

Let us explain each term appearing in (5.1):

pB = Py, +1(Tey > Tryvc,) is the probability, starting from x5+ 1, of never returning
to xp (this is also the escape probability from g + 1, recall the non-backtracking
property of Proposition 2.2). Notice that this only depends on the environment to
the right of xg + 1 that is in B.

G(pg) is a geometric random variable of parameter pg. This will be coupled with the
random variable that counts the number of times we cross the edge (zg + 1,zg)
from the right to the left, that is, the number of times we fall anew in the trap.

0 = 0p(w) is equal to E¥[O,], where O, is 1 plus the time that it takes for X; to go
from xp — 1 to x5, and @ is w with all conductances to the left of x5 — C,, replaced
by 0 (recall again the non-backtracking property of Proposition 2.2). Notice that
05 depends only on the environment to the left of 3 that is in B.

(Ej)j>1 is a sequence of i.i.d. exponential random variables of parameter 1, independent of
G(pg) and 3.
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We have written 75 as (5.1) in order to make explicit where the different terms come
from, but one realizes (for instance computing the characteristic function) that a geometric
sum of independent exponential r.v.s is itself an exponential random variable. We can
therefore rewrite 75 as

0
5= eg, (5.2)
p5

where eg ~ Exp(1) is independent of pg and 6.

Proposition 5.1. Let B = B; be a good trapping n-triblock (recall the Definition 3.3
of I'n). There exists a coupling between (X;)jen and 1 such that for any § € (0,1)

T n _ _
sup P“(’ﬁ - TB) > 6, An) <27 4 ¢6 2650‘1”,081 (5.3)
werly, PB

where Ay, is the event that (X;)jen never backtracks more than Cy.

We proceed in three steps:

Step 1. We decompose T'(B) into several pieces, see (5.4): a) the time it takes to arrive
at position xp, b) a geometric number G = G(pg) of i.i.d. times to go from x5 to z5 + 1
(G —1 corresponds to the geometric number of times we fall anew in the trap), c) the time
it takes from zg + 1 to exit the triblock to the right.

Step 2. We control easily the terms a) and c¢), which bring a small contribution to T'(B).

Step 3. We control the main term b), by saying that the time it takes to exit the trap

is another geometric r.v. with parameter roughly 1/pp (the number of trials one needs to
cross the edge (zg, x5+ 1) from left to right), multiplied by the time it takes between two
trials (which is roughly 1+ Ey _[Ty,] = 65 by the law of large numbers).
5.1. Step 1. For simplicity we suppose that B = {—C,,...,2C, — 1}, that the random
walk starts in 0 (we write P := Pg’) and we simply call x = zg. We notice that under
the event A, the walk never visits points to the left of —C),, so that we can replace each
w in (5.3) by the environment w where all conductances c¢; with j < —C,, are set equal
to 0 and the other conductances stay as before. For each w € T',, we will therefore try to
bound

quTp(f) —TB‘ > 5,An) < P@(‘T[ES) —7'3‘ > 5).

Let us introduce some further notation. We call G := 1+ #{¢: X, 1 =x+1, X, = x}.
We notice that G is a geometric random variable of parameter pg appearing in (5.1). Let
7D .= Tyy1 — T, and t; = T;41. When G > 2, we iteratively define, for 2 < i < G,

t; = inf{E >t Xp1=2, Xp=x+ 1}
T(i) =t; —t;_1.

We interpret T() as the time it takes for the walk to escape from the trap for the i-th
time. We can now decompose T'(B) in the following way:

G
T(B) =T, + Y T+ Tpi120, (5.4)
=1
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where TxH,gcn is the time it takes for (X;)jen to 80 from x + 1 to 2C),, conditioned on
never returning to z. In light of (5.4), for any w € I';, we can bound

P@(‘T[E?—TB‘>5)§D1+D2+D3, (5.5)

where

TS _ G ) 5 T 5
D1 — pv (i > 7>7 D2 — Pw(‘ Zl:l o TB’ > 7)7 D3 _ Pw( z+1,2Cy > 7) ]
pg 3 PB 3 PB 3

5.2. Step 2. The first and last term are fairly easy and are treated in the same way. For
D1, we use Markov’s inequality to get that

Dy < 35 pg' E¥[Ty).

Formula (A.8) and (A.4) gives an explicit expression for E¥[T}]. In particular, by Def-
inition 3.3 of a good block (in particular since ¢, € [e74, e%] for all y < z — 1 and
cz—1 > en) we get that E“[T,] < ¢/Cpre®®. Hence, for n large enough,

D, < cé_lequpgl .

For the term D3, we use the same idea:
1 1@ 1 1 1
D3 <36~ pg' E¥[Thy190,] = 36 1PBIZTBE§E}+1[Tzcnl{Tzcn<Tz}] (5.6)

Then, we can use that Here we have used that Fy 1 [Toc, 1{n,. <1,}] < E% [Tyc,], where
thanks to the indicator function we have replaced @w by @ (in which the conductances
to the left of x + 1 have been replaced by 0), and then dropped the indicator function.
Then, formula (A.8) together with Definition 3.3 of a good block gives that ES, ;[The,] <
dCpe®n . We finally get that

Dy < 6 gt Credtn Jpp < 6 pite0rn (5.7)

For the last inequality, we used the formula (A.6) for pg, together with the definition of a
good block to get that ps > ce™89 (and took n large enrough so that C, < ).

5.3. Step 3. It remains to deal with the term Dj in (5.5), which is the most technical

part of this section. For i = 1,...,G, we decompose T as follows
G;—1
TO =7, + (Y 0.0,) +1, (5.8)
j=1

where Y1 = 0 and Y :=inf{l > t,_1 : Xy =z + 1} — t;_1 for i > 2; G; is a geometric
random variable with parameter 1/(1 + p;) and {©.(j,)};ien are i.i.d. copies of ©,. In
fact, we can describe TW, with i = 2,..., G, as follows (the discussion is similar for i = 1):
at time ¢;_q1 the random walk is in  + 1 and in a time Y; it reaches z for the first time
after ¢;_1. Then it jumps to the right with probability 1/(1+ p,) (in which case we either
go to iteration ¢ 4+ 1 or never return to x) or to the left with probability p,/(1 + pg). In
this second case, ©,(1,7) represents this one step plus the time it takes for (Xy) to go from
x — 1 back to . Then (X;) “tries” again to jump to x + 1 with probability 1/(1 4+ p,) (in
which case we either go to iteration i 4+ 1 or never return to x) or goes back to x — 1 with
probability p,/(1 + psz), etc... This continues until the random walk manages to reach
x + 1. Since each attempt of jumping from x to x + 1 is independent from the others, the
number of attempts is geometric. The ©,(j,4) are i.i.d. by the Markov property.
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Thanks to the representation (5.8), and using i.i.d. exponential r.v. (E;);>1 of parame-
ter 1 coupled with G; (by G; = [E1log $£2-1), we can bound

G Gi—1 .
_ T+ > 70 0.(4,1) +1 )
Dy < P (;:1:) - OsE;| > 3)
€] Gi—1 .
) T+ > 7 O4(4,7) + 1 5 )
< pw J= _ ) e < ol0gn W 10gn Y .
_P(;_l:‘ - 0sE:| > 3.G <e )+P(G>e ). (5.9)

For the second summand of (5.9), recall that 1+ G is a geometric variable with param-
eter pg: we have that P*(G > el%n) < exp(—ppe!’®). Now, we have already seen that
pp > ce®in | so that for n large enough we get

PY(G > e < exp (—et). (5.10)

We control now the first term in (5.9) via the triangular inequality and a union bound
(recall that T; = 0 by definition): we get that it is bounded by
Gi—1

Ty41 5 1 , 5
10gn poo (2272 o 0 ~10g0) 4 o100 pio ’7 0,(j.1) — 0z E ‘ > Q6100 (511
¢ ( o5 6" )+ <p3j; (5. 1) =05 1| > e ) (5.11)

We deal with the two summands of (5.11) in the following claims.

Claim 5.2. There is a constant ¢ > 0 such that, for all w € T, for all v > 0, we have

PQ(TQ +1
PB

> v) <cvlpgleltim, (5.12)

Claim 5.3. There is a constant ¢ > 0 such that, for all w € T,, for all v > 0, we have

Pe(

We prove these two claims just below. Thanks to Claims 5.2 and 5.3, we obtain, together
with estimates (5.9) and (5.10)-(5.11), that (using also that §—1 < §~2)

Gi—1
1 n p— pa—
— g ©(j,1) — HBEl‘ > v) <e " 4 ce?Viny *pst. (5.13)
P8 -

Jj=1

DQ S 2e—eq" + C, 5_2e5oq"pgl,

for some constant ¢ > 0. This concludes the proof of Proposition 5.1.

Proof of Claim 5.2 We will use Markov inequality, and therefore proceed to the cal-
culation of the expectation of Yo. By definition, E¥[Yy] = EY | [T:| T, < Tac,] =

B [Ty, ey 3/ Pi1 (T < Tac, ). We use formulas (A.11) and (A.1), which yield

QCn—l QCn_l )\

_ 1 C
E¥[Ys] = < > 7 (y)Py(Tos1 < Toc,)Py(Te < Toc,) <Y = Pul(Te < Toc,)

T y=z+1 y=z+1 %

Forally=x+1,...,2C, — 1, we can use again (A.1) and bound

A 20p—1 —1_,-)\j 2Cn—1-y —\j
c c di—y ¢ e > = e
Yy _ Yy \Ny—=x) &i=y J 8qn £~j=0 _ 8
C*,\Py(Tx<T2Cn)—*e (=) =ce ,
X

2C,—1 —1__xi — @& —1
Cx Z]:x Cj e~V Cx Cx
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for some ¢’ > 0, where for the first inequality we have used the fact that in good blocks
et < cj < el for all x < j < 2C, and in the denominator we simply kept the term
j = x. We therefore obtain

E¥[Ty +1] <2 C,ef1n < e!0m
for n large enough. This gives the claim by Markov inequality. O
Proof of Claim 5.3 We abbreviate O = 0.(j,1), and recall that g = E“ [@g(cl)]. By

the triangular inequality, we bound the left hand side of (5.13) by
@ =1 _p 1 ’ v @ ’ _ _ —1’ v
P ( JZ; (@x PR GBPB ) > 2) + P (93 FEy (91 1)pB > 2), (5,14)

For the second term in (5.14), recall that we coupled Fy with G; by G = [Ej log 11‘;’)81:
this gives that |Ey — (G1 — 1)/ps| < (2 + E1)/pg, so that the second term in (5.14) is
bounded by P¥(E; > cvaHgl) for some constant ¢ > 0. Thanks to Lemma 5.4 below,
this is smaller than exp(—c’vpge™5%) < v~ pg' b0

We are left with the first term in (5.14). We study the mean and variance of the
i.i.d. random variables @;(Ej )
Oy, in the following lemma.

Gi1—1

, which by definition are distributed as the random variable

Lemma 5.4. We have, for allw € T,
05 = EX[0,] < /ed | (5.15)
Var®(0,) < ¢C2elban (5.16)

Let us first conclude the proof of Claim 5.3 before we turn to the proof of Lemma 5.4.
We have that the first term in (5.14) is

P@( g12—1<@(])_9 )‘>B )<P@(g >e2q” )—1—62‘1" M
= x B 2,03 > 1 PB PB U2pl2,>,/4

S e,eqn + CIIGZanU72pEI . (517)
In the first line we have used Chebychev inequality and the independence of the @g(cj ),

while in the second line we used the fact that G; is a geometric of parameter 1/(1 + pg)
for the first term and the bound (5.16) for the second term. O

Proof of Lemma 5.4 Recall that O, is 1 plus the time it takes for the random walk,
starting in « — 1, to reach . By formula (A.10) and by the definition of a good triblock
we easily obtain bound (5.15).

For studying the second moment of ©,, we call N;, with j € {-Cp,...,z — 1}, the
random variable counting the number of visits to point j before touching x, so that ©, =
1+ Z;:icn Nj and

rz—1
(0.)<2C, Y NI (5.18)
J==Ch
Let us describe the distribution of the random variables N;: (i) N; is equal to 0 with
probability P¥ (T, < T;) (when the random walk reaches x before ever visiting j); (ii)
Nj is equal to a random variable Y'(j) with the remaining probability, where Y (j) is a
geometric random variable with parameter ¢(j) = P#(T, < Tj) (once j is reached for
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the first time, the random walk returns to j before touching = with probability 1 — ¢(j)).
Hence, we get that E“[N7] < E°[Y (5)%] < 1/q(4)*.

We notice that, on good blocks, because of formula (A.5), ¢(j) > ce 8 for any j < x—1.
Therefore the second moment of N; is bounded by 1/¢(j)? < c/e!%", so that taking the
expectation in (5.18) we get Var®(0,) < ¢’C2el% as desired. O

6. REDUCTION TO A FINITE NUMBER OF TRAPS
First of all, by a union bound and then Proposition 5.1 with § = &2 < |7, |71 < 1, we

|Tnlps;
get that for a.e. w, for n large enough (so that all trapping blocks are good, by Lemma 3.6)

— d e_Qn
Pw(‘ > T(Bj) = ) ps;78| > dne q") <) P“(‘T(Bj) — pB,78,| = TJ | )
jejn ]Gjn ]Gjn n
- d,e In\ —2
<9 _e—4n + 50qn, <n7> N

Then, by Lemmas 3.4 and 3.5, we get that |7,,| < ¥ and maxjez, pB; < dpelr for n
large enough, so that

Pw() Z T(B;) — Z pzszBj‘ > dne‘qn> < dd-teT0an (6.1)
Jj€In JETn

Together with Proposition 4.1, we conclude that with P ® P“-probability going to 1,

dlnyTn — > gy, | < (T2 IEE 0, (6.2)
JETn
where we recall that e, = ¢, for some (small) fixed § > 0.
Now, we show that the main contribution to jeg, PB;TB; comes from the blocks with
the largest pg’s (of order dy,).

Proposition 6.1. For any n,n' > 0, there exists ¢ = e(n,n') > 0 such that for n suffi-
ctently large

1
P® Pw(di Z ijTle{ijSEdn} > n) <. (6.3)
" jETn
This proposition, together with (6.2), shows that for any fixed n,n’ > 0, we have for n
large enough (recall k,, :== n/C),)

1

<9 4
i <2 (6.4)

kn
T = PBTEL g e
i=1

with P ® P¥-probability at least 1 —17'. We dropped the condition j € 7, in the sum since
the condition pp, > ed,, ensures that 7 € 7,.

The difficulty here is that we are not able to obtain directly the tail of pg7i (they both
have heavy-tail and are not independent). Proposition 6.1 is proved in two steps:

Step 1: We decompose the sum according to some ranges of values for pg, and dominate
each term by a sum of a constant number Ny of i.i.d. random variables.

Step 2: By a union bound, we reduce the proof to controlling each term separately. In
particular, an important estimate is Lemma 7.1, which controls the tail of 75 conditionally
on having pp large (uniformly on the large value of pg).
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6.1. Step 1. We divide the contribution according to ranges of value of pg;:

2qn
P® P“’( Z PBjTle{ij<€dn} > ndn> <P® pw< Z 9—t+1 Z 78, > 77) (6.5)
j€jn Z:10g2(1/5) ]6‘7’,&&

where we set 7\ = {j € Tn. 27" < pg,/dn < 271} (we also used that g,/log2 < 2¢,).

Then, we control the number of terms in each sum, i.e. we show that |j,§z)] < Ny, for
some well chosen Ny. This is essentially due to the following lemma.
Lemma 6.2. For any 6’ > 0, there is a constant Cys such that, for all n € N and all

€ (0,1), setting i, := [u—1+9)7,

P({1<j<n: py 2 uda}| > ) < (Cou) " <27,
the last inequality being valid for u small enough. In the case cy = o (recall Assump-
tion “Traps”), we have that there is some A > 0 such that for any u € (d, 1/2, 1)
(‘{1§j§n: pjzudn}’ > Au™® )§27“

[e3

Proof The probability we need to control is
]P’(Hxl,...,xi €{l,...,n}: pg; > udy, for all j < z)

IP’ EIa:l, oy Zy, 2 < nall odd or all even, s.t. py; > ud, for all j < zu/2>

)2
< > .
= (lu/ ) po = Udn)

The second inequality comes from a union bound, and from the fact that the p,; are
independent. Then we can use that P(pp > t) is regularly varying with exponent «, so
that by Potter’s bound (cf. [BGT89]) we have a constant C§ such that for any u € (0, 1),

]P’(pg > udn) < C’(’Su_a(lJ“‘s//Q)IP’(pg > d,,). Then, using that d, has been chosen such that
P(po > dy) ~ 1/n, together with the fact that u=*1+9/2) < j,u%%/2 we obtain

5’0{/2 in /.
) /QS(C(,S,U)—(Szua/ﬁl‘ (6.6)

nt/2  Cliyu
P({1<j<n:p;>udy}| >i,) < (5“
(H1<j<n:pj>ud}| > i) < (iu/2)!
The last inequality comes from the fact that there is a constant ¢ such that (i/2)! > (ci)
for all ¢ > 1.
In the case where ag = oo, we have that g(u) := 1(e") is regularly varying, recall

Assumption “Traps”. Then we use the same union bound, setting i, = [Au~%]: using
that P(po > ud,) < cu™*P(udy)d,®, and that ¥(dy,)d,* < ¢/n, we get that

w/2 i /2 iu/2
n <zu/A w(udn)) / < <c’A71> / .
(/2N 1 P(dn)

For the last inequality, we use that logd,, > log(ud,) > logd for anyu € (d, ', 1), so

that ¥(ud,) < ci(d,) since t — (e!) is regularly varylng Having fixed A sufficiently
large in the above display gives the conclusion of the Lemma. O

Now, let Ny := 204049 if # oo and Ny := A2 if oy = ao (in any case N, > 294):
thanks to Lemma 6.2, we have that for ¢ large

P(7) = No) < B(|{j: ps, 2 27} = Ne) <27V,

n
i/2

P({1<j<n:p;j>udy}|>iy) <

1/2
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Hence, we get that

Ny
P® P‘“( 3 Hg) <272 with Hei= > 7, (6.7)
jEJT(LE) =1
where 7, 1= 7:1(3? are i.i.d. random variables, distributed as TB; conditioned on j € jé‘).
Going back to (6.5), we therefore get that
2qn, 2qn,
Pop<( 3 2N g s <Per( Y 2 s+ Y 2
t=logy(1/e) jego t=logy(1/e) £>logy(1/¢)
(6.8)
the last sum being bounded by a constant time 271/¢”, which goes to 0 as € — 0.
6.2. Step 2. Using a union bound and Markov’s inequality, we have
2qn, 2qn,
IP’@P“’( St > n) < Y PePY(H >2)
t=logy(1/e) {=logy(1/z)
9 2qn
+= Y. 2'E@EY[Midy,on].  (6.9)
t=logy(1/e)

We treat the two terms separately.

First term in (6.9). We need to bound the probability P @ P¥ (”Hg > 25), with H, =
iV:zl 78;- We can use that P(j € \77@) is bounded below by a constant times P(pg;, >

27%d,,), so that we get that P ® P (7:8 > t) <cP® P“’(TB >t|pg > 2_£dn). We now

need the following lemma (that we prove in Appendix B.3), to control the distribution on

75 conditionally on having pg large.

Lemma 6.3. Define £ := 1%’ so that g = gep. For any 6,0 > 0 fized small enough,
1_5

there is some ng such that for any n > ng and uniformly for 1 <t < nQS, A, >na?,
P(¢s >t | pp > An) < et 29 4 eLo()E fao(An) + cLoo(B)t = fo(An),  (6.10)

with foo(Ap) :=P(c1 > Ay) /P(po > Ayp) and fo(Ayn) :==P(1/co > An)/P(po > Ap). We
also have that

PoPY(ts>t|pg>A,) < 20+ 4 cLo(t)t™ Y foo (An) + cLoo ()t fo(Ay), (6.11)

Let us stress that, in view of Proposition 1.1, if E[1/cf] < +oo (resp. E[¢®;] < +00), then
foo(Ap) (resp. fo(Ar)) is bounded by a constant, whereas if E[1/¢§] = 400 (resp. E[¢%;] =
+00), then foo(A,) — 0 (resp. fo(Ayn) — 0). Therefore, as a corollary, we get that for any
fixed t > 1,

limsupP(ég >t | ps > Ay)

n—-+00

< ct—2T0 4 CLo(t)t_aol{E[l/cgz]<+oo} + cL (t)t_aool{]E[cgl}<+oo} . (6.12)

With Lemma 6.3 at hand, we decompose the probability P @ P¥(H, > z) for some
z > 1, according to whether there is some 1 <14 < N, with 75, > 2 (we will choose z = 25,
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but the general bound will be useful). With a union bound and Markov’s inequality, we
get

Ny
P P¥ ( S d > z) <SNP@P“(75>2) +2 ' NyE® E*[Fglispey] . (6.13)
i=1
For the second term, we write
z
E® E¥ [%Bl{%ggz}} <1 -l-/ P® PY(7g > t)dt
1

< cplm(etd) 4 cLo(2)21720) £ (274d,,) + cLoo(2) 2170 fo(27%d,,)

where for the second inequality we used Lemma 6.3 and integrated over ¢ using Karamata’s
Theorem [BGT89, Prop. 1.5.8]. We have exploited the fact that ag, as < 1 and, for the

integral [ t=20+0 we have used that —2a + 8 < —(a + 8) with a + 4 < 1, for & small
enough. Using Lemma 6.3 for the first part of (6.13), we get that for any z > 1

P® P¥ (Hg > z) <Ny, (z_(o‘+g) + Lo(z)z_o‘ofoo(Q_gdn) + Loo(2)z™ % f0(2_£dn)) .
(6.14)

Now, we set z = 2¢, and we treat the first term in (6.8) separately the different cases.

o If ap > oo, then o = o (the case where ao, > ag is symmetric) and P(py > t) ~
cLoo(t)t™ = since E[1/cf] < +oo (cf. Proposition 1.1). We therefore get that foo(4y) is
bounded by a constant (uniformly for A, > 1), and that fo(A,) < cA%=~2%+9 (ysing

Potter’s bound). Recalling that N, = 20(1+3") and setting z = 2¢, the left-hand side in
(6.14) is therefore bounded by a constant times

2((04(14-5’)—(@4-5)) + 2E(a(1+6/)_a0+<§) + 26(5/+5)(2—Edn)aw—a0+5 < 2—5@6/2 + 2€d;(a0—aoo)/2 ,

where the last bound holds provided that & then & have been fixed sufficiently small.
Going back to the first term in (6.9), we have that in the case ag > oo,

2qn 00 - 2qn
Z P® pw (Hf > 2ﬁ) S c Z 2—504@/2 + Cd;(ao_aw)/z 225
l=log,(1/¢) l=log,(1/¢) (=1
< Je9/2 4 fan g (a0—0ne)/2 (6.15)

This can be made arbitrarily small by taking € small enough and n large.

e In the case ap = aoo = o we have P(pg > t) ~ ¢(t)t7¢ (see Proposition 1.1), so that
fo(t) ~ Lo(t)/¥(t) and foo(t) ~ Loo(t)/2(t). Now we can use that Lo(e), Loo(e') are
regularly varying by Assumption “Traps”, so that ¢ (e) is regularly varying, and therefore
so are fo(e'), fso(e?). Then, using that d,27¢ > d}/Q for all 0 < ¢ < gq,, we get that
there is a constant ¢ such that fo(27%d,) < cfo(d,) and foo(27%d,) < ¢foo(dy). Recalling
that N, = A2°, we therefore get from (6.14) (setting z = 2¢) that there is a constant ¢,
depending on A such that

P P (Hg > 2") < ea(27% + Lo(2%) oo (dn) + Loo(29) foldy)) -
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Going back to the first term in (6.9), we get that

2qn +oo
Yo PoPYH>2)<en Y 27
(=log,(1/e) (=log,(1/e)
2qn 2qn
+ CAfoo(dn) Z LO(2Z) + CAfO(dn) Z Loo(2€) : (616)
(=log,(1/e) (=log,(1/2)

The first term is bounded by a constant times €, and goes to 0 as € | 0. The second and
third term can be treated in an analogous way, so we focus on the second one.

a) If E[1/c§] < +oo, then we already mentioned that f(d,) is bounded by a constant
(thanks to Proposition 1.1). We also have that

Y oL@h<e S0 (@)°P(/e > 2) < CE[(1/c0) Ljmsryg] . (6.17)
>logy(1/¢) >logy(1/¢)
and hence it goes to 0 as ¢ — 0.

b) If E[1/c§] = 400 but E[c%;] < 400, then we get from Proposition 1.1 that foo(dy)
is bounded by a constant times Lo (dy,)/Lo(dn) < c(logn)¥>""p (logn)/po(logn) with
Yo > —1 > Yoo (recall Assumption “Traps”), so

qn 2¢n

oo(dn Lo (2' wl Yoo =0 aYalH 6.18
f ( )5210%%1/5) 0< ) =¢ QDO(IOgn) (Ogn) ;900( ) ( )

Using that 2¢, < logn, the last sum is bounded by a constant times @g(logn)(logn)!*70,
so that the second term in (6.16) goes to 0 as n — 00, since Yoo < —1.

All together, we have obtained that, provided n is large enough and ¢ is small enough
(how small depends on 7,7’), (6.16) is bounded by 7'/4.

Second term in (6.9). We just adapt the previous argument. Using the bound (6.14)
and integrating it over z (recall a + 0, ap, oo < 1), we have that

2[
E® E[Help,<00n] <1+ / P® PY(He > z)dz
1

<14 Ny (2“1—0‘—5) + Lo(29)2001-00) £ (274d,,) + Lo (2%)2¢0—0=) fo(z—fdn)> .
Hence we get that
27'E ® E¥ [Helgy,<0n)
<INy (2‘“°‘+5) + NeLo (227 foo(27d,) + Loo(2€)2“’°°‘fo(2‘zdn)> :

This is the analogous of (6.14), and the proof concludes identically to what is done above.
All together, going back to (6.9), we have shown that there is a constant C' such that
2qn
por( Y 2 Hsn) < S e
(=logy(1/e) 1
with e’ — 0ase — 0, and &, — 0 as n — +oo. This concludes the proof of Proposition 6.1.
O
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7. CONCLUSION OF THE PROOF OF THEOREM 2.1

7.1. Convergence of the depths, positions and block-crossing times. Recall we
defined £p = ﬁ—’;, so 75 = £ e with eg an exponential r.v. independent of the environ-
ment. In Lemma 7.1 below, we state that under Assumption “Simple Traps”, conditionally
on having pp — +00, {p converges in distribution to a r.v. {, that we define as

g::2<1+BEOV+(1—B)iW), (7.1)
where:
* B is a Bernoulli r.v. with parameter ¢ = 1 if E[¢®,] = 400; ¢ = 0 if E[1/c] = +o0;
E[c2,]Lo(t)

and ¢ = limy_, y » B o (O B/l if E[c®;] < 400, E[1/cf] < +00.
« V,W are defined by (see the analogous quantities for n fixed in (B.3)-(B.4))

1 , .
V=rr=)" ;e*W“) ;o W=Wh=) e e M, (7.2)
j>1 j>2

« If E[c®,] < 400, ¢_1 is a r.v. whose c.d.f. is given by Fz | (u) := ﬁE[C%l{C_Ku}]'
—1 -

If E[1/cf] < +o00, then 1/¢ is a r.v. with c.d.f. F /5, (u) := WE[l/Cgl{l/cogu}]-

Lemma 7.1. Under Assumption “Simple Traps”, conditionally on having pp > edj,

&p = Z—Z converges in distribution as n — 400 to the random variable ( defined above in

(7.1). More precisely, we have
lim P(ép € -|pp>edy) =P(CE-).

n—-4o0o

Additionally, we have that E[(%*] < 400.

If B = 1 it means that the trap is a well (roughly, 63 — 2), while if B = 0 it means
that the trap is a wall (roughly, pg — 1). Hence, if ¢ = 1 only wells can occur, while if
g = 0 only walls can occur. The proof of Lemma 7.1 is provided in Appendix B.3.

Then, we rely on Lemma 7.1 to show the following (recall k, = |n/Cy]).

Proposition 7.2. For any € > 0, we have the following convergence in distribution:
{(L,%,&gi): 1< < k:n,pgi > €dn} = P,
kn’ dn
where P- is a PPP on [0,1] x Ry x Ry with intensity dx aw_(1+°‘)1{w>5} dwu(dz), and
W is the law of a random variable ¢ defined in (7.1).

Proof The first remark we make is that the (pg;, &5, )1<i<k, are not independent: however
(pB;>€8;) and (pp;,&p;) are independent as soon as [j —i| > 2. But because of Lemma 3.4,
the indices ¢ such that pp, > ed,, are a.s. well separated, and we can do as if the pg,, &z,
appearing in {(é, %, €)1 <i<ky,,pp, > cd,} were independent.

We therefore only have to consider the joint distribution of (pg,£&g) on the event pg >
ed,. Thanks to Lemma 7.1, conditionally on pg > ed,, {5 converges in distribution to ¢
defined in (7.1), which does not depend on the value of pg: on the event pg > ed,, 5 is
asymptotically independent of pp. It remains to see that, for any ¢ > 0, as n — +o00

P(pp > td,) = IP’(EI xe{l,...,Cn}, pz > tdn) ~ CpP(pg > tdy,)

1
~ oty (tdn) ™ ~ =70
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Here, we used that there is at most one trap larger than d,e™?% in a block B, and then
that ¢(d,)d,* ~ 1/n by definition of d,, (recall also that k, = n/C, is the number of
blocks).

PB;

All together, for any ¢t > e,v > 0, and for any i > 1, P( - >t &g, > v) is asymptotically

equivalent to ét_O‘IF’(C > v). By the Poisson approximation (as mentioned above, we can
do as if the (pg,, &5, )i>0 were independent), this is enough to conclude. O

7.2. Convergence in distribution of (7,,/dy),>1. With Proposition 7.2 at hand, and
recalling that 73 = £gep where ep is an exponential random variable independent of w,
we easily have the convergence in distribution, under P @ P¥,

k
1 n
d— E pBiTB].{pBi>5dn} — E wzrl{mgl}l{w>€}, (7.3)
" oi=1

(:10711)72,7")673

where P is a PPP on (R )* with intensity dz aw™ () dw u(dz)e " dr.
All together, thanks to (6.2) and Proposition 6.1, and letting € | 0 (the right-hand-side
of (7.3) is monotone in ¢), we obtain the following convergence in distribution

dlnT” > wzrl{xg}@< o E[ga])l/a S vlge, (7.4)

_ sin(mao
(z,w,z,r)EP ( ) (z0)EP

with P a PPP on (R )? of intensity dz P(lo‘_a)v_(Ha) dv. Note that a crucial point, shown
in Lemma 7.1, is that E[(?] < +o0.

For the last identity in distribution in (7.4), we have used that {(z, wzr)}(%w’”)
PPP on (R )? with intensity dzaca,,u~17®) du, where ¢, = [° 2%pu(dz) [§° ree™ dr =
E[¢*T(1 4+ ). In turn, we get that {(x, (cqa,I'(1 — a))_l/o‘wzr)}(w,wvzm)
(Ry)? with intensity da F(la_a)v_(Ha) dv (i.e. with the same law as P): this gives (7.4),
using also that I'(1 + o)I'(1 — o) = war/ sin(7av).

Now, the term Z(a:,v)ep vlg,<q) on the right-hand-side of (7.4) is a standard a-stable
subordinator at time 1, with Laplace exponent t* (by straighforward calculation, recall
= rityy [ (1 —e7t)s~(1F) ds, see [Ber99]).

As a matter of fact, our proof shows that for any fixed u > 0, we have the convergence
in distribution, as n — 4oc0: under P ® P%

cp 1S a

P is a PPP on

yiye;

Y salu)) (7.5)

Tn(u) == dlnTLunJ = ( E[C“])

where (So(u))y>0 is the a-stable subordinator with Laplace exponent log Ele
ut®; note that Sq(u) can be written, analogously to (7.4), as 3~ )ep Wl{z<u}-

sin(ma)

—tSa (u)]

Remark 7.3. We believe that one could also obtain a quenched version of Theorem 2.1,
in analogy with Corollary 1 in [ESTZ13]. More precisely, in view of (7.3), we expect
that with high P-probability, the law of T, /d, conditionally on w is close (for instance in
Wasserstein distance) to the law of 372 | @y e conditionally on (wp)p>1, where (wp)p>1

is a Poisson Point Process of intensity aIE[CO‘]w*(HO‘) coupled with the environment w,
and (ep)p>1 are i.i.d. exponential r.v. of parameter 1, independent of (wp)p>0. We think,
though, that the convergence in distribution of Theorem 1.2 already describes the essence
of the limiting behavior of the walk. We prefer not to develop the technical details for the
quenched result, avoiding to make the paper heavier.
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7.3. Process convergence, conclusion of the proof of Theorem 2.1. First of all,
we reduce ourselves to the study of
1 [ukn ]
7;1(“) e % Z ijTle{Bij‘n}a (76)
j=1

the coarse version of ’E(n) (where we only keep the crossing times of good trapping
blocks). Thanks to Propositions 4.1 and 5.1 we know that, with probability going to
1, the Mj-distance between (ﬁ(n))ue[o,r] and (ﬁ(n))ue[o,r] goes to 0 as n — +oo. In view
of Lemma 3.4, P ® P“-a.s., for n large enough the trapping blocks are disjoint, and the
non-zero terms pp;73;1¢ B,el,} are independent. Hence, we may reduce to studying

Lukn

- Z v (7.7)

n

;\|>

with (Yi(n))izl i.i.d. copies of p7liger,)- It is then clear that the proof of (7.5) shows
that all finite-dimensional marginals of (ﬁ(u))ue[(m converge to those of the a-stable
subordinator (Sa(u))ueo,1), since for v > wu, (Tn(v) — Tn(u)) is independent of 7, (u) for
all n.

We can easily upgrade this to a process convergence: thanks to Prohorov’s theorem,
and since we already have the convergence of the finite-dimensional distributions, we only
need to show that {7,,n € N} is tight, see e.g. [Bil68, Thm. 15.1]. Showing the tight-
ness is relatively standard, since we are working here with increasing processes 7, (and
actually follows from the finite-dimensional convergence): the proof is identical to that in
[BABCO8, Sec. 5] (or to that of [FK18, Sec. 11]). Tightness can also be seen as a conse-
quence of Proposition 6.1, which says that with high probability (uniform in n) the main

contribution to 7\} comes from jumps larger than ¢, i.e. 'ﬁ( )— ZLUk" Z- {Y_(n)>8d }

is uniformly smaller than 1 with probability at leat 1 — ' (this correspond to the (15.11)
tightness criterion of [Bil68, Thm. 15.4], the part (15.10) following from finite-dimensional
convergence). This concludes the proof of Theorem 2.1.

8. CASE OF WELL-AND-WALL TRAPS

Throughout this section we will assume Assumption “Well-and-walls”.

8.1. Definition of k-distant traps and their properties. Recall that the maximal
depth of a trap between 0 and n will be of order d,,, see the definition (2.2) of d,,. We
introduce here the definition of k-traps, or well-and-wall traps, that is, traps formed by
a very big conductance c;_; followed by a very small conductance c;4x, making pg,;k) =

Ak e, 1 /epqr large (we include the case k = 0). As we shall see, the only k-traps
that will appear are such that neither ¢,_; nor 1/¢, 1 are big enough to give rise to a

simple-trap (in the sense of Definition 3.1). Recall that we let g, := (logn)'/%.
Definition 8.1. For k > 0, a site x is called a k-distant (well-and-wall) n-trap if

> efn

_ 2
p(wk) >dpe ™, cp1 >e and
Co+k

We call WP = {p( ) > dye Ty {1, o > ¢tn} the event that x is a k-distant trap.
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We now extend Definitions 3.2-3.3 to the case of k-distant traps. We use the same
notations as in the case of simple traps for simplicity.

Definition 8.2. For a given n € N, we define a trapping environment as

Cn—1Cnh—1
r, = U U Wg(ck),
z=0 k=0

that is, an environment with a k-distant n-trap in the first block. A n-triblock B; is called
a trapping block if 7Cnw € T, Let Jp := {j € {0,...,kn} : 87w € T,} be the set of
indices of the trapping blocks.

Definition 8.3. A trapping n-triblock with a k-distant n-trap at site x is said to be good
if for all y # x — 1,z + k in the n-triblock, ¢, < el and 1/cy < eldn . We denote

Cn—1Cn—1
L, := U U (Wg(ﬂk) ﬂ {c, € [e 4, e4q"]}> .
=0 k=0 —Cn<y<2Cy,

y#r—1,z+k
Note that in the definition Wg(ck), we have that ¢, 11 < e~ < et and ¢,y > eln > e~ ddn,

8.2. Properties of k-distant traps. In this section we collect some important properties
of k-distant traps and of the new trapping blocks. Besides updating to k-distant traps
some of the properties of simple traps, we add one new feature (property 4).

k-distant traps are isolated, in fact distant by at least ne >4 (Lemma 8.4);
k-distant traps are not too deep, they cannot be deeper than d,e? (Lemma 8.5);
All trapping triblocks are good (Lemma 8.6);

k-distant traps cannot have k too large, in fact, k < gqn (Lemma 8.7);

k-distant traps are the only annoying parts of the environment (Lemma 8.8).

Gip W=

Lemma 8.4. Let D,, be the event

D= U U Uw®awe,

—n<z<y<n k>0 k>0
|z—y|<ne %n

Then, P-a.s. D,, occurs for only finitely many n.

The proof of Lemma 8.4 can be found in Section C.1 of the Appendix. As a consequence
of Lemma 8.4, we have that | 7,| < e®ln also in the case of k-distant traps.

Lemma 8.5. P-a.s., there is some ng such that for all n > ng

M, := sup sup p(k) < dpe? .

T
—n<z<n k>0

The proof of Lemma 8.5 can be found in Section C.2 of the Appendix.
Lemma 8.6. Let G, be the event

z+2C)y
gn — U U {pg;k‘) > dn e_Qn} N ( U {Cy ¢ [e—4Qn’e4Qn]}> .
—n<z<n k>0 y=x—2C,
y#r—1,z+k

Then P-a.s. G, occurs only for finitely many n.

The proof of Lemma 8.6 can be found in Section C.3 of the Appendix.
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Lemma 8.7. Let IC,, be the event that there exists a k-distant trap with k > gqn, i.€.

ko= U U o,

—nSTINE>84,
Then P-a.s., IC;, occurs for only finitely many n.

The proof of Lemma 8.7 can be found in Section C.4 of the Appendix.

The last lemma shows that, with high probability, there are no ways to have pg;k) close
to d, without having both c,_1, ﬁ > efn: it tells that the traps of depth of order d,
can only be of well-and-wall type.

Lemma 8.8. Let ¢, = ¢;° for some § > 0, and let
o= | (W > ene™2d, 3 0 (WP)e.

—n<z<n k>0

Then, if § is sufficiently small, we have that P(H,) — 0 as n — +o0.
The proof of Lemma 8.8 can be found in Section C.6 of the Appendix.

8.3. Reduction to large traps. Also under Assumption “Well-and-walls” the result of
Proposition 4.1 is valid: with ¢, = ¢, 9 defined in Lemma 8.8, we have that

P (T 3 5] > ) < el (8.1)
" JETn
with P-probability going to 1. The proof is identical to the one of Proposition 4.1, and
relies on Lemma 8.8 in place of Lemma 3.7, in order to say that with high probability, all
p,(zk) outside trapping blocks are smaller than e,e~**/2d,, (so that one gets (4.4)).
8.4. Crossing of large traps. Asin the case of simple traps, Lemma 8.4 guarantees that
to each trapping block B can be associated a unique site z and a unique kg € {0, ..., %qn}

such that xp is a kp-distant n-trap (Lemma 8.7 ensures that kg < gqn). As before we

denote by pp = p&’if) the depth of the trap associated with xg. We approximate again

T(B)/pg by 13, which in the case of well-and-wall traps becomes extremely simple:

™5 =2ep3, (8.2)
where eg ~ Exp(1). Analogously to the case of simple traps define
pB = P;JBHCBH(TW > Tyutks+c,) the probability of escaping to the right of zp +
kg +1;

0 = E“[Oyp1ky), where O, 1k, equal to 1 plus the time that it takes for X; to go

from zg + kg — 1 to zg + kg.

1

Since we have c¢_ > eqzt, we get that pp — 1 as n — 400. On the other hand, also

rp+kip
Crp—1 > eq%, so that the main contribution to 3 comes from the time spent on the edge
(xp — 1,xp), which is approximately 2 if kg = 0 and 2¢y,—1 if kg > 0. In (5.1), this
roughly corresponds to having pp = 1 and 0 = 2, and this gives a heuristic reason why
(8.2) holds.

In analogy with Proposition 5.1, we claim that there is a constant ¢ > 0 such that for
any 0 € (0,1),

T
sup Pw(‘ﬁ — TB‘ >0, An> < ce™In/2 | o526 Un/ 26205 < 5*2e*q72l/4, (8.3)
wefn pB
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the last inequality holding IP-a.s., for n large enough, since Akg < 64, thanks to Lemma 8.7.
We follow the three steps of the proof of Proposition 5.1. We use the same notations as
in Section 5.1, re-adapted to the case of k-traps. We call x = g and k = kg.

Step 1. We let T(V) .= k1 — Lypyp and t1 = Tpypy1. The random variable G :=
1+#{¢: Xy—1 =z+k+1, Xy =x+k} is a geometric r.v. of parameter pp, representing
the number of attempts to run away from z + k+ 1 and never come back into x + k. When
G > 2, we iteratively define, for 2 < i < G,

t; = inf{€>t,;,1 c Xy1=x+k, Xg:$+]€+1} and T .= ti —ti—1 -

As in (5.4) we rewrite T(B) as T(B) = Tpx + Zszl TO + T(x + k + 1,2C,,), where
T(x+k+1,2C,) is the time it takes for (Xy)sen to go from x + k + 1 to 2C), conditioned
on never returning to x 4+ k. By the triangular inequality

P”(‘T/E?—TB‘>5>§D1+D2+D37 (8.4)

with Dy, Do and Dj that are the obvious homologous of the quantities appearing in (5.5).

Step 2. For D; we use Markov inequality. We notice that in the case £ = 0 we have
E®[Tyy ] < G268 while for k > 0 we get E°[Tyy1] < cp1C,e39 (cf. (A.8), together
with Definition 8.3). Hence

D cé tellan -t itk=0;
b c6tellan (¢, 1) 7leM < 5 lemn/2eM if k> 0.

For the term D3, we use the same idea as (5.7). For well-and-wall traps we even have,
as can be seen from (8.5) below, pg > ¢ > 0, so

D3 < 67 pgt B9 Tyipr120,) < "6 Lpgt Credin .

Step 3. It remains to deal with the term Ds. Following the reasoning after (?7?7) and
remembering that A,, happens a.s. for n large enough, we see that for well-and-wall traps,
using (A.6), since ;44 < e % and all other conductances are in [e~%n e4n],

22\ !

P8 = Pripi1(Tovkre, < Toyr) > (1 +ce q"/2> : (8.5)

In light of (8.5), it is sufficient to replace the bound (5.9) by

_ T 5 ,
D2§Pw<7—2e5’>7>+P“(G>1). (8.6)
pB 3
Note that the second term is equal to 1 — pg < de=0/2,

In order to control the first term in (8.6), we use decomposition (5.8) with T1 =0, G; a

geometric of parameter 1/(1 4+ p,4r) (with ep coupled with Gi, G = [eglog 1Jpr”;zik ) and

{©24%(J)}jen a collection of i.i.d. copies of ©,1;. We end up with
5 L1 5
——2eg‘>7):P”(— 0 kj—2e3‘>f). 8.7
— : 25 2 Ol 2 (57)
Then, the triangular inequality gives the following upper bound, analogously to (5.14),

P@(

g1—1

Y (el — 20 0)| > ) + P (2les - @ - Dok > ) ©9)
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For the second term in (8.8), we use that |eg — (G1 — 1)/pztk| < (2 + eB)/putk, so that
the second term is bounded by P¥(eg > ¢/0pyis) < exp{—cde%/2} for some constant
¢ > 0, since pyyp > edn/? (either k = 0 and this is obvious, or k > 1 and ¢, ;1 > e %n,
1/cpir > €% by definition of a good block).

We finally deal with the first term in (8.8). We first split it with the triangular inequality
into (recall 5 := E¥[0,11])

G1—1
» , g o 1 1 )
P(| 3 (Onssli) = 05)| > 308) + P (G1mes’ — 20,5 > 15) - 89)
These two terms can be controlled thanks to the estimates on the mean and the variance

of O, given by the following lemma.

Lemma 8.9. There exists a constant ¢ > 0 such that, for w € T',:

x if k=0,
O = E°[O,14] € [2, 24 e @/?] (8.10)
Var(0,) < dC?elbn (8.11)
x if k> 1,
@ Ca—1 Nk Ca—1 Nk | 7 4qgn
0p == E¥[O,41] € |2 e .2 e "+ ce (8.12)
Cxtk—1 Cxtk—1
Var(Q,4p) < dC2el0me2 (8.13)

Let us first bound (8.9) with the help of this lemma. In the case k = 0, we have that
PB = pask. Since |05 — 2| < de™9/2, we get that the second term in (8.9) is bounded by
P (Gipg' > c’&qulm) < exp{—c"6etn/?} < c5~te %/2 (using that G is a geometric r.v.
with parameter 1/(1 + py1x) > (2pg)"!). For the first term in (8.9), we get thanks to
Chebychev inequality and the variance bound (8.11), as in (5.17):

g1—1

5 ) ) 5 . - Var(6,)
P ( Z_; (C“);H_k(j) —95)‘ > EPB) < PY(G1 > et pp) + € PBW

—cedn — —
<e ™ L J§ 2620%1031'

All together, this gives that Dy < e 9n/2 4 ¢//§~2e=% /2.
In the case k > 1, recall that pg := Z=Le=2k+1): by (8.12), we see that |95pgl—2p;_il_k\ <

Ck+1
c/etan 1. Hence, since Gy is a geometric r.v. with parameter 1/(1+ p,), the second term
in (8.9) is bounded by exp{—cde 4 pg/p, 1} < exp{—cdetn/2e M) < !5 Lem /2N,
where we used that pg/pyir = e ey 1/Coqr1, With cz1 > % and Cotho1 < etn Tt
remains to bound the first term of (8.9), again thanks to Chebychev inequality and (8.13)
as above:

G1-1
Pe(

Z (@r+k(j) - 93)‘ > %pg) < P2(G1 > e ppyi) + €My

Var(@x-i-k)
F2(6/12)?

i=1
—edn /2 1s—2 —q2 /2 2\k
<e /2 4 52t/ 2PNk,
h d th G 2 < e20an 2 ith 0 and
where we used that p,rVar(©g441)/pp < dePe* ey peppp—1, With ¢z < e an

Coth—1 < ¥ Collecting all the previous estimates, we get that Dy < ce=n/2 4
"6 2e74n/2e22k  which concludes the proof of (8.3).
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Proof of Lemma 8.9 We follow the proof of Lemma 5.4. We have, see (A.10)

i i 9 z+k—2
E¥Ou4k] =1+ B g [Ton] =2+

e MN@th=1-0)

C _
wth—1 e,

In the case k = 0, all ¢, in the sum are smaller than e%d» < edn/ 2 and cp_1 > equl, which
gives (8.10). In the case k > 1, then we separate the term ¢ = x — 1 in the sum, and we
use that all ¢, < e for £ # z — 1 to obtain (8.12) (we also use that C,, < ei).

For the second moment, we bound, analogously to (5.18)

(Opsk)? <2C, > N} (8.14)
jFr—1x

with INV; the random variable counting the number of visits to point j before touching z+k,
for j € {—Cp,...,x +k —1}. As above, N; < Y (j), where Y (j) is a geometric random
variable with parameter ¢(j) = P{(Ty1r < Tj). Thanks to (A.5), we get that if & = 0
then ¢(j) > ce™8% for all j < x, by definition of a good block; on the other hand, if & > 0,
we get that ¢(j) > ce 8 /¢, for all j < 2+ k (one could get a better bound in the case
j # x —1,z, but we do not need it). Then, using that E;ﬁrkfl[NjQ] < 1/q(j)?, equations
(8.11) and (8.13) follow by taking the expectation in (8.14) (and using that C), < ei). O

8.5. Reduction to a finite number of traps. First of all, using a union bound and
then (8.3) (with 6 = 2™ < | 7,|=! < 1), we get that for all a.e. w, for n large enough

|Tnlps;
_ d e_qn
Pw(’ Z T(Bj) - Z 2p5,e5;| > dnpe q”) < Z Pw(\T(Bj) — 2pp,eg,| > Tj ’ )
FETn JETn JETn "

< c|jn|3e*q’27'/4.

Then, by Lemma 8.4, a.s. |J,| < e for n large, so this goes to 0. Hence, together

with (8.1), and using that eQ2 > e=an for large, we have that with P® P“-probability
going to 1, as n — 400,

1
T =2 pses| <2672 0. (8.15)
" JETn

Now, the analogous of Proposition 6.1 holds: for any 7,7’ > 0, there exists € = &(n,7’)
such that (6.3) holds also in the present case, i.e. the main contribution to ) jed. PB;€B;
comes from the blocks with pg > ed,. The proof follows the same scheme as that of
Proposition 6.1, with fewer technicalities since 75, is simply replaced by 2ep; (we do not
need Lemma 7.1). In particular, Step 1 of the proof is the same (up to (6.8)), but Step 2
is much easier, since H, is now the sum of N, independent exponential random variables.
We do not provide the details here, since they are straighforward.

In the end, (6.3) combined with (8.15) shows that for any fixed 7,1’ > 0, we can choose
e so that (6.4) holds with P ® P¥-probability at least 1 — 7.

8.6. Convergence. The analogous of Proposition 7.2 holds and is in fact much simpler,
since {g = 2 under Assumption “Well-and-walls”. We simply need to use that for any
e >0, {(, ip[gi);l < i < kp,pB, > ed,} converges in distribution to a Poisson Point

Process P on [0,1] x Ry with intensity d:vocw*(Ha)l{w%} dw—this is due to the tail
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behavior of py and to the definition (2.2) of d,,, see the proof of Proposition 7.2. This
easily gives that, analogously to (7.3), we have the following under P @ P

kn
QZpBieBil{pBi>sdn} = 2 Z wrlpcyliwse,
=1 (z,w,r)EP

where P is a PPP on (R4.)? with intensity dz aw~(1+®) dwe=" dr. All together, with (8.15),
letting € | 0, we get as in (7.4) that

1 T\ 1l/e
—T, = 2 1 1
d, " (sin(wa)) ( Z)epw N (8.16)

with P a PPP on (R )? of intensity dx ﬁw_(l‘m) dw. The conclusion of the proof
of Theorem 2.1, i.e. the convergence of the process, is identical to Section 7.3 from that
point on.

APPENDIX A. SOME FORMULAS FOR RESISTOR NETWORKS

In this section, we recall some classical formulas for resistor networks, which translate
into properties for the hitting times of random walks among random conductances. The
first important identity is the following: for i < x < j, we have

The effective conductance Ceg is here (see [LP16] for the general definition)
Cog({z} & {i}) = S(i,z —1)7! (A.2)
Cer({z} « {i,5}) = S(i,z = 1) + S(z,j - 1), (A.3)

with (recall the definition (3.1) of p;(,;k) = e_A(k“)cx,l/chJrk)

J
S(i, ) == ch? Z (k). (A.4)

ZlkO

For the first formula we have used that we have conductances in series, while for the second
formula we have two sequences of conductances-in-series that are in parallel. Then, (A.2)
and (A.3) together with (A.1) give

PAT < T) = = (A5
This apply for instance to the probability pg appearing in Section 5: we have that
Ono . -1
Pz = P;J+1(Tx+0n > Ta:) = (1 +cz Z Cantg ei)\(JJrl)) . (A6)
=1

Another important identity we use throughout the paper deals with the expectation of
the hitting times. We use the following representation, cf. [Bov06, Eq. (3.22)]:

1 19
Cor({7} < {y}) ;W(Z)PZ (Tz <Ty) (A.7)

EL[T] =
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where 7(2) := ¢} ;| + ¢} is a reversible measure for (X,,),cn. We notice that in (A.7) the
quantity PY (T < T,) is equal to 1 for z < x, while for x < z < y we can use (A.5). We
therefore get that, after calculation, see [BS19, Eq. (2.10)], for y > =

E{[T) = (2 4+ )S@y -1+ Y (2 +1)S(zy—1)

z<zx r<z<y
:22025(:&3/—1)%— Z AAS(zy —1) + ZCZ 1S(zy—1)
z<zx—1 r<z<y <2<y
= (y—w)—i—QZC;\_lS(x,y—l)—i-Q Z Ci—l‘s’(zvy_l) (AS)
z<x r<z<y

(we used that ¢, S(z,y —1) =1+ ¢.S(2+ 1,y), and that S(y,y — 1) = 0). We can finally
rewrite this as follows:

Yy y—z
BT, =(y—2)+2) Z PP +23 "N " plh) (A.9)
z2<r k=x—2 z=x k=0

This applies for instance to quantity 6, = 1+ E¥_,[T,] defined in Section 5:

) 9 r—2
Or =1+ E7\[T] =2+ - > e, (A.10)
r—1
l=x—Cp,

We also need a formula for the expectation of hitting times for a random walk killed at
some site z. It is not explicitly stated in [Bov06], but can be obtained in the same way as
(A.7) (as mentioned in the sentence before [Bov06, eq. (3.21)]): for y < z < v, we have

) 1
Ea: [Tyl{Ty<Tv}] - Ceﬁ({x} <« {y,’U

B > w(2)PY(Ty < T, AT,)PE(T, < T,). (A11)

y<z<v
APPENDIX B. ESTIMATES CONDITIONALLY ON HAVING A LARGE TRAP

Let us recall Proposition 1.1, which derives from [Cli86, Corollary 5]. It gives the
following sharp asymptotics: under Assumption “Simple Traps” we have as t — 400

P(po > t)e** ~ E[c§]Lo(t)t ™ L] <too) + E[1/€§]Loo ()t Limpr /gl <tooy;  (B1)
under Assumption “Well-and-walls” we have as t — 400
I'(1+50)T'(1 4+ 700)
I'(1+ 7 + 7o)

B.1. Proof of Propositions 1.4. Recall that when E[cf] < 400, we define ¢_; a random
variable with c.d.f. Fz_, (u) = E[%QJE[C‘illc_lgu], and similarly for 1/¢y. We consider two
cases separately: 1) E[cf] < 400, E[1/¢§] = +oo (the case E[c§] = +oo, E[1/cf] < +00 is
symmetric); 2) the case E[cf], E[1/cf] = +o0.

1) Suppose that E[cf] < 400, E[1/¢f] = +00, so the second term in (B.1) is equal to 0.
Then for any fixed 0 < a < b and v > 0 we have as t = +00

P(c-1 € (a,b],1/co > v,p0 > t) = E[P(c_1/co > et | e-1)1(e_,c(an)y]
= (1+0(1))Lo(t)e *t ™ E[c® 1. c(ap)] -

Here we used that P(c_1/co > e*/x) = (1 4 o(1))Lo(t)e (/)= as t — oo, uni-
formly for z € (a,b]. Letting b — oo, we get that P(c_1 > a,1/co > v,pp > t) =
(1+ 0(1))Lo(t)e 0t~ E[c2 1 (¢ ,5q]-

P(pg > t)e (logt)Lo(t)Loo(t)t™. (B.2)
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As a consequence, in view of (B.1), we have that

t——+o0

1
P(C_l > a, 1/C0 >0 ’ Lo > t) I WE[0211{0—1>G}] =1- ngl(a),
1

giving that (c_1,1/cp), conditionally on pg > t, converges in distribution to (¢_1,+00)
(i.e. B=101n (1.6)).

2) If E[cf] < 400, E[1/cf] < 400 (necessarily o = g = i), then both ¢_; and 1/¢
are well defined, and both terms in (B.1) are non-null. The same reasoning as above is
still valid: for any fixed 0 < a < b and v > 0, and any fixed 0 < ¢ < d and v' > 0, we get
as t — +00

P(c—1 € (a,b],1/co > v,po > t) = (1 + 0(1))Lo(t)e **°t *E[c® 11, eamy);
IF’(C 1>v",1/cy € (e,d], po > t) (1+0(1)) L (t)e_’\a‘”t_a”]E[l/cg1{1/606(67(1]}].
As a consequence, we get that for any a,c > 0, as t — +00
P(c,l >a,l/co > c,py > t) ~ Lo(t)e_’\o‘t—aIE[c‘_yl1{071>a}}]+Loo(t)e_mt_aE[l/cg‘1{1/CO>C}] .
In view of (B.1), we get that

t——+o00

P(eo1>a,1/co>c|po>t) —— q(1 = Fo,(a)) + (1= q) (1 = Fi(c),

. Elc¥] Lo(t . . .
where ¢ = limy_, 1 o E[cg}Lo(t[)ci%E[gfc)g]Loo(t) = lime—s 400 limy—s 1o P(1/co > ¢ | po > t). This

concludes the proof.

B.2. Proof of Propositions 1.5. Under Assumption “Well-and-walls”, as above, we get
that for any fixed b,d > 0, as t = +o0

]P(C_l <a,po> t) = (1 + 0(1))[40(15)67)\&0757&0]1*:[02011{671§b}] ;
P(1/co < d,po > t) = (14 0(1)) Loo(t)e >t *E[1/c§*1{1 /ey <ay) -
Since Lo(t) = ¢o(logt)(logt), Loo(t) = @oo(logt)(logt)r> withyse,v0 > —1, we have

that Lo(t), Loo(t) are both negligible compared to (logt)Lo(t) Loo(t). In view of (B.2), for
any fixed b,d > 0, we get ]P’(c_1 <borl/cy<d|po> t) — 0, which concludes the proof.

B.3. Distribution of 73 conditionally on having pp large. In this section, we prove
Lemma 6.3 and 7.1: we consider the case of “Simple Traps”. For simplicity, we assume
that pg = po (i.e. g = 0). We recall from (5.2) that 75 is equal to 75 := {gep = z—’geg
with eg ~ Exp(1), and with

Ch

—1 1 .
ps =po = Pr'(10 > 1¢,) = (1 - coV(”)> with V" = 3" =20+ (B.3)
=1
1 C
05 = 0o = 1+ ES[T1] 2(1 o ) with W § e (B.4)

=2
We refer to (A.6), (A.10) for the formulas.

Let us stress right away that P(V( > t) is bounded by a constant times P(1/co > t).
Indeed, denoting Cy := .~ e 2+ " a union bound gives that P(V(™ > t) is bounded
by
J+1)t

ZP( ) Zc e 2P /¢ > t) = P(1/co > 1), (B.5)

7>1 7>1
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where we also used Potter’s bound. Similarly, P(W (™ > t) < cP(c_y > t).
Before we prove Lemma 6.3, we prove the following result, which deals with the tail
distribution of pg, 6y conditionally on having pg large.

Lemma B.1. For any 6,0 >0 fized small enough, there is a constant ¢ > 0 such that for
: et
any 1 <t < n2 and any A, > nEf‘s,

P(1/po > t] po > An) < ct720% 4 cP(1/co > t) fao(An), (B.6)
P(6 >t | po > An) < et 2% 4 cPe_y > 1) fo(An) (B.7)
with foo(An) :=P(co1 > An) /P(po > Ap) and fo(Ayn) :=P(1/co > Ayn) /P(po > Ay).
Notice that, as a function of ¢, these bounds are regularly varying.
Proof We only treat (B.6), the other bound (B.7) being similar. Using (B.3), we write
IP’(l/po >t po> An) = ]P’(COV(”) > t/2,pp > An) /P(po > A,).
We split P(coV (™ > /2, pg > A,) into four parts (recall that pg = e *c_1/co)
P(coV ™ > t/2,pg > Ap,co < 1/A4,) +P(coV™ > t/2, pg > Ay, co € [A;1,1])
+ P(COV(”) >t/2,p0 > Ap,co € [1,t]) + IP’(COV(") >t/2,p0 > Ap,co > t) (B.8)
e The first term is bounded by P(V ("% > tAn/2)P(1/co > Ayp), so that, recalling (B.5),
it is bounded by a constant times A-20%9 which is itself bounded by a constant times

AgaOHSIP’(pO > Ap,) (we have ap > ).

e The last term in (B.8) is bounded by P(c_1 > tA,,)P(co > t) < ct*2°‘°°+‘§IF’(c_1 > A,),
the inequality coming from Potter’s bound. Note also that P(pg > A,,) > cP(c—1 > A,).
e Using (B.5) and Potter’s bound, we get that the second term in (B.8) is bounded by

logy(An)—1
> PV > 27 P(ey > 27 AP (e € 270 27
=0
log,(An) ~
<c Y (2)Peote=tP(1/ey > t)P(cy > Ay).  (B.Y)
=0
e Finally, the third term in (B.8) is bounded by
log, (t)—1
P(V™ > 272 P(e_y > 20 A,)P(cp € [2,2111])
=0
log, (t) -
<e Y (@)= tP(1/eg > t)P(coy > Ay).
k=0

qu, if (oo < 20 — 0 and ap < 2000 — 0 (which is the case for instance if ap = aoo =
and 0 small), then both sums over k are finite: we get that the second and third term in
(B.8) are bounded by P(l/co > t)IP’(c_l > A,). If on the other hand an > 209 — § > ap

(in which case ag < 200 — 8), then we get that Z}fg(A")(Zl)_an‘*'%O"’g < CA;"LW_QO‘O+S,
and (B.9) is bounded by a constant times A;2%0+20 < cA—c0+3IP(py > Ap) (recall that

if g < s then P(pg > Ap) ~ P(1/cy > Ay)). Finally, if ag > 2a00 — 0, we have that
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Z}fg(t)(2l)°‘0_2°‘°°+g < ct®0=200+3 and then the third term in (B.8) is bounded by a

constant times t~20=+20P(c_; > A,), with P(c_; > A,) ~ P(py > Ay), since ag > qoo.
All together, we have bounded the four terms in (B.8), so that

P(C_l > An)

P(1/pg >t po > A,) < cA-00H30 4 42000420 | P(] /00 > ¢ .
Win= o= ) < e B0 = 0500, S,

(B.10)
We then get (B.6) by bounding A;O‘OHS by n~ 144 (recall A, > ni_g), and using that
t <n?: we get that the first term in (B.10) is negligible. O
Proof of Lemma 6.3 Let us write P4, (-) for P(- | po > Ay) for simplicity, and & =

0o/po. Recall (5.2). We decompose the probability according to whether 6y < 4 or
1/po < 4 (or neither), and we write

Py (50 > t) < PAn(pio > t/4) TPy, (90 > t/4> Y Pa, (00 >4, 1> 4) .

For the last term, recalling formulas (B.3)-(B.4), we get that

Pa, (60 >4,1/pog < 4) =Pa,( L s 1,¢v > 3) <Pa, (VWM > 3p)

c_1

<P(VIW®™ > 4,).

Now, one can easily get that (V™) > t) = ¢t~e0te) and P(W™) > t) = t~@eotoll) a4
t — +oo (uniformly in n, see (B.5)), and hence that P(VWW®) > ¢) = t=aFo) (see
[BS19, Lemma 1.3]). Therefore, we get that ]P’(V(")W(jl) > Ap) < n~H2 for n large
enough and § small enough (recall « < 1 and 4,, > néf‘s). Hence

Pa, (é0>1t) <Pa,(1/po > t/4) + Pa, (00 > t/4) + n~120

which together with Lemma B.1 concludes the proof of the first part of the lemma (note
that n~ 172 is negligible compared to t =229 uniformly over ¢ < n?, provided § is small).

For the second part of the lemma, recall that 75 := {g e, with e ~ Exp(1) independent
of £5: we therefore get, conditioning first on &g

PoP*(Eses >t | ps > An) =E[e™ | pg > Ay] < o™ + Py, (& > 1),
which concludes the proof. O

Proof of Lemma 7.1 The proof follows essentially from Proposition 1.4. Again, for
simplicity of notations, we reduce to the case where pg = pg, i.e. xp = 0. Recall the
definition of ¢z, and the formulas (B.3)-(B.4) for pg, 03,
0 1
(g i= 2 = 2(1 + coV(")> (1 + —W(n)> . (B.11)
pB c-1
Notice that V™ W) are independent of c¢_i,co, hence of po. We clearly have that
VO wh) 5 VW as n — 400, by monotone convergence. We now simply use Propo-
sition 1.4: it gives that conditionally on py > ¢, (i,co) converges in distribution as
t — +oo to
1. (i,O) if E[c*;] < 400, E[1/cf] = +o0;
2. (0,¢) if E[c?*;] = 400, E[1/cf] < +o0;
3. ((1— B)i,BEO) if E[c®;] < +o0, E[1/¢§] < +o0.
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The distributions of ¢_1, ¢y and B ~ Bern(q) are those given in the statement of Lemma 7.1.
Hence, in view of (B.11), we get that conditionally on pg > n, {g converges in distribution
as n — +0o to

¢ ::2<1+B60V> (1+(1—B)LW) :2(1+Baov+(1—B)LW),

c_1 c_1

with B =1 if E[¢?;] < 400, E[1/c{] = +00 and B = 0 if E[c¢*,] = 400, E[1/cf] < +00.
Moreover, in view of Lemma 6.3 (see in particular (6.12)), we get that there is a constant
¢ > 0 such that for any ¢ > 1,

P((>1) < CLo(t)t_aol{E[l/cg]<+oo} + CLOO(y)t_awl{E[C‘ilKJFOO} '

This implies in particular that E[({)*] < +o0. O

APPENDIX C. TRAP PROPERTIES: PROOFS OF THE LEMMAS

In this section we collect the proofs of some technical properties of both simple and

k-distant traps. Often the proofs deal with both cases at once. We recall that p&k) =

— €Tr— 0
e A(k+1);j:px...px+k’ and ,O;p:Pa(r:)'

C.1. Traps are isolated: Proof of Lemmas 3.4 and 8.4. The case k,k’ = 0 will
include both the case of simple traps of Lemma 3.4 and the case of 0-distant well-and-

wall traps of Lemma 8.4. We start by estimating the probability P(Wg(ck) N Wékl)), for all
—n<z<y<nandk, k' > 0. Note that ngk) - {p;(rk) > dpe i},

o First,if y—1#x+k and y+ k' # x + k, then pg(ck) and pz(,,k/) are independent, so that
by (4.2) (recall also the definition (2.2) of d,,)

P(pc(ck)ypz(f:/) > dne_q") S P(p;k) > dne—Qn)P(p:’(Jk;’) > dne_QH)

/
C

< Ce—)\ak/Qe—Aak’/Qw(dn)Qd;2ae4aqn < 72e4qne—)\a(k+k’)/2 )
n

Here, we used Potter’s bound to get that ¢(d,e™%) < cio(d,)e* (and the fact that

a<1).
(k) (') _ (k+K'+1)

o If y=a+ Kk + 1, then we have that p; 'py ' = p , and

P(pgﬁk),p@(ﬁ/) > dne_q") < P(pg(ckJrk,H) > die_zq")
< Cef/\a(k+k’+1)/2w(die—2qn)d;mezaqn <d e ra(k+k) /2, =3/2

The last inequality uses once again Potter’s bound (the expression is regularly varying in
n, with index —2).

o If y + k' = x + k, then necessarily £ > 0. Note that ¢,_; is independent of p(zk), SO

recalling Definition 8.1, ]P(Wg(ck) N W?Sk')) is bounded by

IP’(pg:k) > dpe ey g > eq%) < ce_)‘k/Qq,Z}(alne_q")d,_Lo“eo“;’”e_o‘mq%/2
< Comomoth/4g=Ak/2
n
For the last inequality, we used Potter’s bound and the definition (2.2) of d,,, and then
took n large enough.
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Therefore, by a union bound, we have that

P(D,) < Cn2e i Z %64(1ne7)\a(k+k’)/2
k>0

+oo
a(k+k')/2,,~3/2 C —aooq? /4, —Ak/2
+cdn — n .
Z e +cn Z ne e
k,kE'=

All together, we obtain that P(D,,) is bounded by a constant times e~ 9" and therefore goes
to 0 as n — +o00. To upgrade this to an almost sure statement, we use a monotonicity
trick. We need to introduce

D= U U UWE e, 1)

—20<a<y<2 k>0 k'>0

|z —y|<2¢e™54e
with W .= {pz > Edpe 5%} N {cz_l,ﬁ > et} for k > 0 (for simple traps the
second condition is absent). The constant ¢ is chosen large enough so that for all n €
{¢,...,20} we have ¢dpe=>% < d,e I, cel < d,e~%. With this definition, we have that
D, C Dy for all £ < n < 2¢. Then, as above, we obtain that IP’(f)g) < ce %%, Setting
ne = exp((2log £)*) so that g,, = 2log ¢, we therefore have that >, P(D,,) < +oc, and by
Borel-Cantelli there is some £y such that Dne does not occur for ¢ > fy. Then, we realize
that ngr 1 ~ ng as £ — 400, so ngy1 < 2ny for all £ large enough, say ¢ > ¢;. Therefore,
for any £ > (= max({y,¢1), Dp, does not occur, and additionally D,, C ZNDW for any
ne <n < 2ny < ngyp: we conclude that D, does not occur for any n > ng.

C.2. Traps are not too deep: Proof of Lemmas 3.5 and 8.5. The case k = 0 will
include both the case of simple traps of Lemma 3.5 and the case of O-distant well-and-wall
traps of Lemma 8.5. First of all, by (4.2) (and using Potter’s bound), we have that

J
[P(pgk) > dneqn/Q) < Ce—a)\k/Qw(dn)dT—Lae—%qn < 76—)\0116/2 —aqn/4

S

We therefore get thanks to a union bound that P(M,, > dpe?") < ¢’e~*n/%, Hence, setting
ng = exp{(%log 0)*} (so that g, = glog n), we get by Borel-Cantelli that if ¢ is large
enough, M,, <d, eqw/ 2. Then, since M, is increasing, we get that for all ny < n < ng,
we have M, < M,

Nyl
Lemma 8.5 by using that 2 < /2 for n large enough.

C.3. All triblocks are good: Proof of Lemmas 3.6 and 8.6. The case k = 0 will
include both the case of simple traps of Lemma 3.5 and the case of 0-distant well-and-wall
traps of Lemma 8.5. Let us estimate the probability, for any x, k > 0and y #x—1,z+k,

P(pgk) >dye ey ¢ [e_4q",e4q"]) < P(p} *) > d, e ) (P(cy > elin) ¢ ]P’( > e4q"))

< Ce—)\ak/Zw( ) e 2aqne—3aqn ]

< 2d,et/2 for ¢ large enough, since Nngr1 ~ ng as £ — 4+o00. We get

Here, we used that ¢, and pgjk) are independent, and Potter’s bound to get that ¢ (d,e?") <
c(dy)e®®™ and that P(c, > el) < ce™3%n (and similarly for P(é > elm)). For
Lemma 3.6, we additionally have to bound

IP’(px >dye ey > e4q") < P(cx,l > dp,e3? oy > e4q")

< Loo(dp)d; e~ < cip(dy,)d; %e ™ .
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A similar bound holds for P(px >dpe " cp 1 < e*4q").
Therefore, since by definition of d,, we have ¥ (d,)d,,* < ¢’ /n, we get by a union bound

P(gn) < C/ane—kak’/Qe—aqn < C”e_aq"/Q,
k>0
so P(G,,) — 0 as n — +o0.

We can easily upgrade this to an a.s. statement, in the same manner as in Section C.1, by
introducing some appropriate event Gy (analogously to (C.1), by using the events {pgk) >
édpe™ i} and {c, ¢ [Ce™1, et} for some appropriate constant ¢), in such a way that
g, C (jg for all £ < n < 2¢. Then, P-a.s., C;g occurs finitely many times along the
subsequence ny = exp((2logf)?) (so ¢,, = 2logn), and we get the conclusion of the
lemma since ngi1 < 2ny for £ large enough).

C.4. k is small: Proof of Lemma 8.7. Let us notice that for any x, and any k& > 0,
recalling (4.2)

]P)(ngk)) < P(pgk) > dnei(In) < Cef)\ak/Qw(dn)d;aeQQqn :

where we used Potter’s bound to get that ¢(d,e™ %) < cp(d,,)e*?. Since ¥(d,)d,;* < ¢/n
by definition of d,,, we get by a union bound that

P(/Cn) < c/e2aqn Z e—)\ak/2 < C//eQaqne—?)aqn — e %n :
ng‘In
so P(KC,,) — 0 as n — 4o00. This is easily upgraded to an a.s. statement, as in Section C.1.

C.5. Traps are the only annoying parts of the environment (“Simple Traps”):
Proof of Lemma 3.7. In this subsection, we work with Assumption “Simple Traps”.
Let us estimate, for any « € Z and k£ > 1, the probability

P(pt) > e, 224, 5 pry ppyr < dne).

We assume that we are in the case where P(py > d,) ~ cLo(d,)d,*: in particular
Qoo > ap =  (and Yoo < 7y if Ao = ), and we have E[c§] < +00. The case P(py > t) ~
cLoo(t)t™ > is symmetric.

Since {py < dne” ™} C {{c; > e MU e < dpe~%/2}}, it is enough to control
two contributions. The first contribution is

(k) “Nk/2. an ) 1 an ) o1 Me/2 —agn /4
P(pz > epe dp; i >€2 or o—— >e?2 ) < QP(ch > epe dn)e

/
< ce—Aak/élw(dn)d;agr—b2ae—o¢qn/4 < ge—Aak/4e—aqn/5 ) (CQ)
n

Here, we used that c,,c, 1,1 are independent of pg;k), together with Potter’s bound and

the definition of d,,. We also used the fact that ¢, 20 — goan) from our choice of &,.
The second contribution we need to control is, using ¢,—1 < pgc; and L < Prik

Cxtk — Cxtk—1
(recall that in H,, we have that pg, pyix < dpe™ ),
_ _1
P<p(wk) > ene M2y cp, 1 < dpe 2‘1")
< P(Tik > —czaleAk/Qandn;e%q” <cpo1 < dne*%q”> : (C.3)

Indeed, we used that c, 1 = cx+ke>‘(k“)p(mk), so that c;_1 > e’\k/Qz-:neq"/2 > ein/4 (for n
large enough). Then, the idea is similar to the proof of Proposition 1.4, but here we need a
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more quantitative estimate, which bring several technicalities. Conditioning with respect
to ¢z—1, we get that (C.3) is bounded by a constant times

Ak /2 —Aak/2 3—o —
E[Lo(e /dnen/cx,l)e ak/ dna€nan—ll{eqn/4§cx_1§dne*‘1n/2}}

< cle—Aak/4ET—L2ad;aE {LO <dn/c$_1) Cg—ll{eq"/d‘gczflgdne_qnm}} , <C4)

where we used Potter’s bound.
o If & = o < o, we get by Potter’s bound that for any 7 > 0 (small enough)

E | Lo (dn/00) 6L ean /s <co <o /2y | < eLo(dn)E[(€0) M g n/1)]
< cLo(dy)e™" ",
with 7 = (@ — aso + 21)/4 > 0 (in particular a + 1 < a). Plugged into (C.4), we
therefore get that

P<p§ck) > endp; Cz—1, < dne_qn/2> < %5;20¢e—>\ak/4e—n’qn ) (C5)

Critk

where we used that Lo(dy)d,® < ¢/n (recall that P(pg > d,,) ~ cLo(dy)d, ).
e If oy = ay, then we split

E | Lo (dn/0) 6§ feanrscpane-nszy| =E|L0(dn/c0) 3 fenn st ceneyar |

+ [ Lo(dn/c0) 81 i ccpzayemrry| - (C6)

For the first term, we use that Lo(e') is regularly varying to get that Lg(d,/co) < cLo(dy)
for e?/* < ¢q < \/d, (since 1logd, < log(dy/co) < logd,). Therefore, the first term in

(C.6) is bounded by a constant times Lg(d,,)E [cg‘l{cpeqn/zx}}, with

+oo
B L epsemrny] = /(G > e [ By > p)a
aqn /4
+o0 ‘
~ Loo(e9/%) + / Loo(e") du, (.7)
qn/4
where for the second line we used that P(c§ > t) ~ Lo(t'/)t~! and then a change of
variable ¢t = e**. Now, we use that L. (€“) = poo(u)u?> with 7o, > —1 to get that the

last integral is bounded by a constant times oo (gn)gn' > (and so is the first term).
For the second term in (C.6), we write
% logdy,
E [LO (dn/eo) i1 Mgcogdne,%}} < 3 Lo(@) (e dn) Pleo € [ UV d, e d,))
J=dn
% log dy,
< cLoo(dn) > Lo(e?). (C.8)
J=dn

For the last inequality, we used that P(co € [e=UtDd,, e 7d,]) < cLoo(e 7 dy) (e Tdy) 2,
together with the fact that Loo(e™/dy) < cLoo(dyn) for the range of j considered (since
Loo(e!) is regularly varying). Then, since Lo(e’) ~ ¢o(4)77° with 79 # 1, we get that

L O n y . . .
;:lqid Lo(e’) is bounded by a constant times ¢g(log dy,)(log d, )t < c(logn)Lo(dy) if

Y0 > —1; by @o(gn)gn ™ if 70 < —1.
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All together, we get that (C.6) is bounded by a constant times

Lo(dn ) oo (gn)qi 7 + 4 Fo(dn)o0 > (logn) Loo(dn) i 50 > —1;
" Loo(dn) X @O(Qn)Qn+70 if Y0 < —1.

In the case y9 > — (E[1/cf°] = +00), then necessarily 7o, < —1 (we need to have E[cj°] <
+00): we may bound (logn)Les(dn) < cpso(logn)(logn) ™= < ¢ gpes(gn)gn’ 7> (recall
¢n = (logn)'/4). In the case 79 < —1, since we assume that P(pg > d,,) ~ cLo(dy,)d,; < it
means in particular that Lo (d,) < Lo(dy). Overall, using again that Lo(d,)d,* < ¢/n,

we get from (C.4) that

]P)(p(zk) > endn; Cz—1, < dne_qn/Q) < E€_2ae_)\ak/4qgcv (C.9)

n?‘L

Cotk

for some constant ¢ > 0; ¢ = —(1 +700)/2 if 790 > —1 and ¢ = —(1 + ) /2 if 70 < —1

(recall 7 < 70).
Finally, by a union bound we get that, thanks to (C.2) and (C.5)-(C.9)

P(Hn) < csgme_”/q" if ap < Qo ; P(’Hn) < ce,‘f"qgc if ap = Qe -
This concludes the proof if we had chosen ¢, = ¢q,, % with § > 0 small enough.

C.6. Traps are the only annoying parts of the environment (“Well-and-walls”):
Proof of Lemma 8.8. We work under Assumption “Well-and-walls”. In this case, be-
cause of (B.2) and of the definition(2.2) of d,,, we have that (recall Assumption “Traps”)

©o(log n)@eo(logn) (logn) T10Tred - ~ cp=t (C.10)

with 70,70 > —1. We want to estimate ]P(p,(vk) > sne*’\k/an e < e or c;ik < eq%) .

We will deal with ]P’(pg(ck) > epe /2, c;j_k < eq?%), the remaining part being similar.

First of all, using (C.10), we see that, using Potter’s bound

IP’(CI—J: > Ene)\k/an; c;}rk <1)<P(cp_q1 > Ene/\k/zdn)

Cx
< %wo(log n) "' (logn)~UH70)e 2aemaAR/,
Provided that ¢ has been fixed small enough, summing this quantity over x € [—n,n| and
over k > 0 we obtain something that goes to 0 as n — oo (recall &, = ¢, = (logn)~%/*).
We can therefore restrict to the event c;}rk > 1. We bound
_ 2 -
P(C”—;; > e,eM2d,0 1 < cxik <el) = E[}P’(C;Ti > £,e/24, | Catr)

1 _
o c {1<c;}) <eth}

< d5a8;2ae—akk/4[€ [Loo (dncx—kk)cgﬁk 1{1<c, (Cll)

1 2 .
= k<eq"}]

Since Loo(dnCptk) = oo (10g(dncatr)) (log(dncztr))’™ < ¢ poo(logn)(logn)¥> under the
condition that 1 < c;ik < efn, we are left to control the last expectation in (C.11).

Analogously to (C.7):

e%n
E[C;—lo—ékl{1<c‘1k<eq%}} <1 +/1 P(c, iy > 1) dt

T+

a2
s C/ Lo(e®) du < ¢ po(g2)g2t+70) .
0
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Putting this back into (C.11) (and using Potter’s bound), we obtain

_ 2 o % —
P(Z—;; > e,eM2d, 1 < cm}rk < eln) < 7% 2% M g, (logn)(logn) > 2070 o (¢2)

<£efa)\k/4(logn)f%(l+70) @0(%21) 20
n

- wo(logn) "
where we have used (C.10) and the fact that g, = (logn)'/%. Provided that § has been

fixed small enough (recall £, = ¢;;°), summing the last quantity over = € [—n, n] and over
k > 0 we obtain again something that goes to 0 as n — oo, concluding the proof.

)
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