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Stochastic approximation of quasi-stationary
distributions for diffusion processes in a
bounded domain

Michel Benaim?!, Nicolas Champagnat?, Denis Villemonais?

February 15, 2021

Abstract

We study a random process with reinforcement, which evolves fol-
lowing the dynamics of a given diffusion process in a bounded domain
and is resampled according to its occupation measure when it reaches
the boundary. We show that its occupation measure converges to the
unique quasi-stationary distribution of the diffusion process absorbed at
the boundary of the domain. Our proofs use recent results in the theory of
quasi-stationary distributions and stochastic approximation techniques.

Résumé

Nous étudions un processus stochastique avec renforcement, qui évolue
suivant une diffusion dans un domaine borné, avec ré-échantillonnage sui-
vant sa mesure d’occupation lorsqu’il atteint la frontiére. Nous montrons
que sa mesure d’occupation converge vers l'unique distribution quasi-
stationnaire de la diffusion absorbée au bord du domaine. Nos preuves
s’appuient sur des résultats récents en théorie des distributions quasi-
stationnaires et sur des techniques d’approximation stochastique.

Keywords: random processes with reinforcement, stochastic approximation,
pseudo-asymptotic trajectories, quasi-stationary distributions.
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1 Introduction

Let (2, (Ft)tejo,400)> (Xt)t€0,400)5 (Pz)zeEUfo}) be a time homogeneous Markov
process with state space E'U {3}, where F is a measurable space and 0 ¢ F is
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an absorbing state for the process. This means that X, = 0 implies X; = 9 for
all t > s, P,-almost surely for all x € E and, in particular,

T :=inf{t > 0, X; = 0}

is a stopping time. We also assume that P, (79 < c0) = 1 and P, (t < 79) > 0
forallt > 0 and Vx € E.

We consider a random process (Y;);>o with reinforcement, which evolves
following the dynamic of X when it lies in E' and which is resampled according
to its occupation measure when it reaches 0. More precisely, given a probability
measure ¢ on E, we set

Yi=>, Licio .00 Xs s W20,
k=1

where 6y = 0,

o (Xt(l),t > 0) is a realization of the process (X;,t > 0) with Xél) ~ i (ie.

under P,,) and the stopping time 6, is defined as 6; = Tél) the first hitting
time of 9 by X1,

e given X1, (Xt(2),t > 0) is a realization of the process (X,t > 0) with
Xé2) ~ [1g, , Where
1%

Hou = G |, dy, ds

and 0y — 6, = Téz) the first hitting time of @ by X,

o forall k> 1, given X, X@ X&) ,(Xt(k+1),t > 0) is a realization of
the process (X¢,t > 0) with XékH) ~ g, , where

1 [
How = - | dy, ds

and 011 — O = Tékﬂ) the first hitting time of @ by X (*+1),

We also define for all ¢t > 0

/Lt—%/o Sy, ds, ie. ut(f)—%/o f(Ys)ds, VfeBy(E).

This process has been studied in several situations, with the main goal of
proving an almost sure convergence result for the occupation measure p; when
t — +o00. In the finite state space case and in a discrete time setting, Aldous,
Flannery and Palacios [1] solved this problem by showing that the proportion of
colours in a Polya urn type process converges almost surely to the left eigenfunc-
tion of the replacement matrix, which was also identified as the quasi-stationary



distribution of a corresponding Markov chain (we refer the reader to the sur-
veys [15, 19] and to the book [11]| for general references on quasi-stationary
distributions; basic facts and useful results on quasi-stationary distributions are
also reminded in Section 3). Under a similar setting but using stochastic approx-
imation techniques, Benaim and Cloez [3] and Blanchet, Glynn and Zheng[6]
independently proved the almost sure convergence of the occupation measure
1 toward the quasi-stationary distribution of X. These works have since been
generalized to the compact state space case by Benaim, Cloez and Panloup [4]
under general criteria for the existence of a quasi-stationary distribution for X.
Continuous time diffusion processes with smooth bounded killing rate on com-
pact Riemanian manifolds have been recently considered by Wang, Roberts and
Steinsaltz [21], who show that a similar algorithm with weights also converges
toward the quasi-stationary distribution of the underlying diffusion process. Re-
cently, Mailler and Villemonais [14] have proved such a convergence result for
processes with smooth and bounded killing rate evolving in non-compact (more
precisely unbounded) spaces using a measure-valued Polya process representa-
tion of this reinforced algorithm.

The aim of the present paper is to solve the question of convergence of the
occupation measure toward the quasi-stationary distribution of X when this
process is a uniformly elliptic diffusion evolving in an open bounded connected
open set D with C? boundary 9D, with hard killing when the process hits the
boundary. This answers positively the open problem stated in Section 8 of [4].
Note that the difficulty is twofold: firstly, the state space E = D is an open
domain in R? and is thus non-compact; secondly, the absorption occurs through
killing at the boundary, which corresponds to an infinite killing rate.

Our main assumptions concern the C? regularity of the domain and of the
parameters of the diffusion X. They are satisfied in particular if the coefficients
of the stochastic differential equation satisfied by X are Holder continuous. Our
assumptions ensure the existence of a unique quasi-stationary distribution « for
X and allows us to prove the almost sure convergence of the occupation measure
(ut)e>0 toward . Asin [2, 3, 21], we make use of stochastic approximation tech-
niques (in the sense of [2, 5]). These works strongly rely on the proof techniques
of [16], which are based on technical regularity results that do not adapt well
to the present setting. Our proof uses instead recent advances in the theory of
quasi-stationary distributions [8] together with coupling arguments, in order to
prove that the occupation measure dynamics are globally asymptotically stable.
Combined with the general results on asymptotic pseudo trajectories of [2, 5],
this entails the almost sure convergence of the occupation measure.

The paper is organised as follows. In Section 2, we state our main assump-
tions and results. In Section 3, we gather useful general results on quasi-statio-
nary distributions from [8, 10] and prove new general results on a key operator
A, which has its own interest and should be useful for future adaptation of the
methods developed below. Section 4 is devoted to the proof of our main result,
which consists in checking that the occupation measure of the resampling points
is (up to a time change and linearization) an asymptotic pseudo-trajectory of
a measure-valued dynamical system related to the operator A (we refer the



reader to [2] for an introduction to asymptotic pseudo-trajectories and their use
in stochastic approximation theory).

2 Main result

From now on, we consider a diffusion process (X¢,t > 0) in a connected bounded
open set D of R?, d > 2 with C? boundary 0D and absorbed at D. We assume
that X is solution to the SDE

dXt = U(Xt)dBt + b(Xt)dt, (21)

where (B;,t > 0) is a r-dimensional Brownian motion, b : D — R? is bounded
and continuous and o : D — R4*" is continuous, oo* is uniformly elliptic and
for all p > 0,

sup —————<y4(p) (2:2)
z,y€D, |z—y|=p 14

for some function g such that fol g(r)dr < oo. Note that, in this case, the process
(Y2, 1)1>0 described in the introduction is well-defined since one can prove that
0 — 400 a.s. [4, Lemma 8.1].

In [7, Section 5.3], it was proved that, under the above regularity assump-
tions, the killed diffusion process X admits a unique quasi-stationary distribu-
tion, 7.e. a probability measure o on D such that

a=P.(X; €|t <T9), YVt >0,

where 79 denotes the hitting time of 0D by the process. Moreover, it is well
known that, in this case, there exists a positive constant Ay such that P, (t <
To) = exp(—Apt) for all t > 0 (see Section 3 for more results on quasi-stationary
distributions).

Remark 1. In fact, the result of |7, Section 5.3] is stronger and entails the
exponential convergence in total variation norm of the conditional law of X
toward ¢, uniformly in the initial distribution. The proof relies on the fact that
Conditions (A1) and (A2) as enunciated in the next section are satisfied by the
process X (see Section 3 for details and additional properties).

Remark 2. This last property was also proved to hold true for general one-di-
mensional diffusions in D = [a, +00) or D = [a, b] absorbed at the boundary of
D and coming down from infinity in [9] and for diffusion processes X in compact,
connected C? manifolds M with C? boundary OM absorbed at OM when the
infinitesimal generator of X is given by L = %A + Z, where A is the Laplace-
Beltrami operator and Z is a C! vector field in [7]. All the results of this paper,
and in particular the next one, can be extended to these two situations.

The main result of this article is the following one.



Theorem 2.1. For all bounded measurable function f: D — R, one has

wf —— af a.s.

t——+oo

Moreover, 6, /n — 1/Xo almost surely when n — +o00.

3 Properties of the Green operator

The results of Subsection 3 are valid for general absorbed Markov processes,
not only for diffusion processes absorbed at the boundary of a domain. In
Subsection 3.2, we provide properties on the measure-valued dynamical system
induced by the Green operator of the process. Although not specific to diffusion
processes, the later part uses the fact that the semi-group of the underlying
process is Lipschitz regular.

3.1 General properties

Let us consider in this section a Markov process (X¢,t > 0) on a measurable
space F U {0}, absorbed in 0 at time

T := inf{t > 0, X; = 0},

assumed a.s. finite. We also assume that P, (¢t < 75) > 0 for all £ > 0 and all
r el
A probability measure « on F is called a quasi-stationary distribution if

Pu(Xi € -|t<T9)=0a, VE>0.

It is well known that a probability measure « is a quasi-stationary distribution
if and only if there exists a probability measure p on E such that

Jim PL(X; € A1 <79) = a(A) (3.1)

for all measurable subsets A of E. The fact that « is a quasi-stationary distri-
bution also implies the existence of a constant Ag > 0 such that

P, (t < 75) = e Mot (3.2)

In [8], the authors provide a necessary and sufficient condition on X for the
existence of a probability measure o on F and constants C,~ > 0 such that

IP.(X; € |t<Ts)—all., <Ce M Vue Mi(E), t>0, (3.3)
p TV

where M (F) is the set of probability measures on E and || - |7y is the total
variation norm defined as ||u1 — pi2l|Tv = supysep, gy, | <1 [ (f) = p2(f)] for
all p1, po € M1(E), where B,(E) is the set of bounded measurable functions on
FE. This immediately implies that « is the unique quasi-stationary distribution
of X and that (3.1) holds for any initial probability measure p.



The necessary and sufficient condition for (3.3) is given by the existence of
a probability measure v on E and of constants tg, ¢y, ce > 0 such that

Py(Xy € to <79) >c1v, VYx€E (A1)
and
P,(t < 719) > coPy(t < 719), Yt>0, x € E. (A2)

Under Conditions (A1) and (A2), it follows from the general results of [8,
Prop. 2.3] that there exists a bounded function n : E — [0, 00) such that a(n) =
1 and, for all z € E and all ¢t > 0,

|e)‘°th(t < 79) —n(z)| < C'e (3.4)

In the case of diffusion processes, 7 is a nonnegative solution to Ln = —Agn
where L is the infinitesimal generator of the process X in the set of bounded
measurable functions equiped with the L norm. The constant « is the same
as in (3.3). In particular, there exists a constant C" such that

P.(t <7p) < C"e Mt Wt >0, Vz € E. (3.5)

One can actually obtain a better bound combining Theorem 2.1 and Equa-
tion (3.2) of [10]: there exists a time ¢; > 0 and a constant D such that, for all
t>tiand all x € F,

’e’\ot]P’m(t < 79) — n(x)| < Dn(x)e " (3.6)

We may—and will—assume without loss of generality that De™ 7% < 1/2.

We denote by P; the (nonconservative) semigroup of the Markov process
(Xt,t > 0), acting on the set By(E) of bounded measurable functions on F and
defined for all such function f by

Ptf(x) = E:E[f(Xt)lt<‘ra]7 Ve € E.

Note that we made here the slight abuse of notation that f(9)-0 = 0. Because
of (3.5), we can define the Green operator A on B,(E) as

To oo
Af(z) = E, [/ F(X) ds} - / P.f(x) ds (3.7)
0 0
and this operator is bounded on By,(E) equiped with the L*> norm. Let M;(E)

be the set of probability measures on E. For all y € M1 (E), we also define the
notation

ua = [ asutan =g, | [7 rx)as] = [ursas

so that in particular Af(z) = 6, Af and aAf = [T e afdt = af/Xo. Since
A is bounded, the operator e‘4 is well-defined for all ¢ > 0.



Proposition 3.1. Assume that Conditions (A1) and (A2) are satisfied. Then,
for all w € M1(E), all f € By(E) and all n > 1, we have

a(f)u(n) } < (cC” + ANl flls
Ao (Ao 7)™

where the constants C,C’',C" and v are those involved in (3.3), (3.4) and (3.5).
We also have for some constant B

}MA"f - , (3.8)

ILLAn B )\0 "
— < S 3.9
pA™1 () <)\0+7> (3.9)
and for all t > 0,
tA B 5
:;—Al - < ﬁe_t poerE) (3.10)

Proof. We first check by induction that for all n > 1,

A" f = / ',uP f du. (3.11)

This is of course true for n = 1. Assuming it is true for a given n > 1, we have

pALf = / uPs A" f ds
0

[ee] [ee] tn—l
= ———uP,P, fdtds
)k wm
/oo u t’n,fl
= ,LLPuf/ ——dtdu
0 o (n—1)
— [ Supasdn
o nl
which concludes the induction. Then, it follows from (3.3), (3.4) and (3.5) that
- [

S/O ﬁ\upf a(fle " u(n)| du

a(f)e " u(n) du

oS} un— 1 uf .

< Y — _ o= Aou

—/0 (1) {ﬂpullupul a<f>]+a<f>\upu1 e ()| | du
o n—1

< " ! U —(ot)u '

<"+ O | e

The inequality (3.8) follows.



We then deduce from (3.8) that

1 n —n n —n
of <o [llnA™ = nmAg"all gy + kA" = n(mAg "]

2(CC" +C")
= Do +7) AT

pA™
HA”1

Now, it follows from (3.6) that

e o] n—1
A"l > / LuPuldu
ty

(n—1)!
[ee] n—1
Z H(W) / u ef)\ou du
2 Jy, (n=1)
—Xot1 tn—l tn—2 1
:H(W)e 1 + 21 b+ —
2 Xo(n =1 Ag(n—2)! AY
pm)e” o
—_—t 12
> (3.12)

Combining the last two inequalities entails (3.9).
Similarly, for all ¢ > 0, f € By(E) and p € M;(F), we deduce from (3.8)
that

pe f
et =e0)
1

S oAt > % A" f = pmAG " a()] + a(f) [pm)Ag™ — nA™ 1]

n>0
< 2ACC" + O flle st
- ,uetAl ’

Now, it follows from (3.12) that

LetA] > Hmen

2

t
ero,

The last two inequalities entail (3.10). O

3.2 Properties of a measure-valued dynamical system

We begin with the following proposition, which ensures that A is regularizing.
In particular, for all f € Cy(D,R) (which denotes the set of bounded continuous
functions from D to R), x € D — 6, Af is in Cp(D,R). This Feller property
implies that v — v A is continuous with respect to the weak topology on the set
M(D) of non-negative measures with finite mass on D. Similarly, one deduces
that (t,v) € [0,4+00) x M(D) + vet4 € M(D) is continuous.



Proposition 3.2. For all bounded measurable functions f : D — R, the appli-
cation x — 0, Af is Lipschitz continuous, with Lipschitz norm proportional to

[[f1loo-

Proof. From Priola and Wang [17], one deduces that there exists a constant
Crip > 0 which does not depend on f such that, for all £ > 0 and all z,y € D,

OLip
1AVE

Applying this inequality to = — §, P;f at time 1 and using inequality (3.5), one
deduces that

|5rPtf - 5yPtf| <

[[f1loo-

|6th+lf - 5yPt+1f| < CLip”Ptf”oo < CLipC”HfHooe_)\Ot'

As a consequence,

CLip
Vi

which concludes the proof of Proposition 3.2. O

1 00
.41 = 8,47 < o=y [ 2|ttt o—y] [ CunC e 0 ar,
0 1

The following proposition states the uniqueness of the evolution equation
satisfied by the continuous process (vet” /vet41p)i>o.

Proposition 3.3. For each probability measure v on D, the equation

e

i (¢t)s o =1, (3.13)

where F is a measure valued function defined, for all non-negative finite mea-
sures v on D by
F(v)=vA— (vAlp)v, (3.14)

admits a unique weak solution in C(]0,+00), M(D)), where M(D) is equiped
with the weak topology, in the sense that, for all bounded continuous function

f:D—=Randallt >0,

Mﬁ=mm+AF@Mﬁw

In addition, this unique weak solution takes its values in M1(D) and is given
by p; = vetd Jvetilp.

Proof. The fact that (ve'4/ve!A1p);>o satisfies (3.13) is immediate. Let us
check that this equation has no other solution. In order to do so, we consider

one of its solutions (¢:):>0 and introduce the measure valued process defined
by

t
Pt = exp (/ vs(Alp) ds) o, Vt>0.
0



This process is weak solution to the linear evolution equation
E = NtAv @0 =V,
whose unique weak solution is t — ve!A. Indeed, let t — p, v, be two weak
solutions to the linear equation. Set |u; — 14| = supy [ f — vif| where the
supremum is taken over the set of continuous function f : D — R such that
Ifllc < 1. Then ¢t — |us — 14| is lower semicontinuous, hence measurable, as
a supremum of continuous functions. Thus, by Gronwall’s lemma (measurable
version, see [13]), | — v¢| < |po — vole!It. This proves uniqueness.
As a consequence, for all ¢t > 0,

- th 7 VetA
T Glp  veAlp
which concludes the proof of Proposition 3.3. O

4 Proof of Theorem 2.1

The general idea of the proof is inspired from [2] and consists in proving that a
time-change of the sequence of probability measures

1 n
= — E 0z, wh Z; =Yy, 4.1
n n & Z; ere 0; ( )

is an asymptotic pseudo-trajectory (see [2] for the definition of an asymptotic
pseudo-trajectory) of a measure-valued dynamical system related to the nor-
malized semigroup U:Ti:i; The asymptotic properties given in Proposition 3.1
then allow to deduce that 7, almost surely converges to . The proof is di-
vided in three steps. First, we prove in Subsection 4.1 tightness properties on
the measure-valued process (u;)¢>0. The convergence of 7, to « is proved in
Subsection 4.2, using a key lemma on asymptotic pseudo-trajectories properties
for n,, proved in Subsection 4.3. Theorem 2.1 is then be deduced from the
convergence of 7, using martingale arguments in Subsection 4.4.

4.1 Tightness

The following proposition entails that the paths of (u;,t > 0) are a.s. rela-
tively compact in the set of probability measures on D endowed with the weak
topology.

Proposition 4.1. For all € > 0, there exists n > 0 such that, almost surely,

liminf p;({z € D : d(z,0D) < n}) < e.

t——+oo

10



Proof. Let ¢p : D — Ry be the distance to 0D. There exists a neighborhood
N of D in D where ¢p is C7 so that we can apply 1t6’s formula: for all ¢ > 0
such that Y; € NV,

dép (Y1) = (U(Yt)*VfbD(Yt))'dBt+V¢D(Yt)'b(Yt)dH%Tr(U(Yt)*D%D(Yt)U(Yt))dt-

We introduce the random time-change 7(¢) such that

7(t)
[ (ex o) Vo (vl + 1v.ev) ds =
0

and we observe that there exist constants 0 < ¢y < Cy < oo such that ¢g <
7/(t) < Cp for all t > 0. Then, there exists a Brownian motion W such that the
process Z; := ¢p(Yr«)) satisfies

dZt = th + tht, Vt s.t. Zt S N,

where the process H is progressively measurable and bounded by a constant
H>0.

We introduce a > 0 such that {z € D : d(x,0D) < 2a} C N and the
reflected drifted Brownian motion (Z;,¢ > 0) solution to

dZy = dW, — Hdt + dL? —dL¢, ¥t >0

and such that Zy = ¢p(Yy) A a, where L7 is the local time of Z at x at time ¢.

Since the jumps of Z are positive, one can prove following [20, Prop. 2.2]
that Z; < Z, a.s. for all ¢ > 0. Moreover, the process Z is ergodic and satisfies
almost surely

1 t
—/ 0z ds —— m,
t Jo s t—~o00

where m(dz) = Ce*2H””1[0)a] (z) dx is the stationary distribution of Z on [0, a].
Now, for all £ > 0, there exists 7 > 0 such that m(0,7) < . Hence, almost
surely for all ¢ large enough

1 T(t) 1 t
tow({z € D= d(x,0D) < 7}) < %/0 17 1 ends < m/@ Ly, o7 (uw)du

Co [* Coe
=0 17 dug_o_
cot Jo w1 Co

<

Since 7 : Ry — Ry is continuous and 7/(t) > ¢ for all ¢ > 0, this concludes the
proof of Proposition 4.1. O

The previous proposition entails that, for all € > 0, there exists n > 0 such
that, almost surely, 6,p0, ({x € D : d(z,0D) > n}) > (1 — 2¢)0,, for n large
enough. The following proposition is of a slightly different nature and it will be
used later in order to prove that there exists a constant ¢ > 0 such that, almost
surely, O, g, ({x € D : d(xz,0D) > n}) > ¢n for n large enough.

11



Proposition 4.2. For all € > 0, there exists n > 0 such that, almost surely,

one has
n

o]
i inf 52 Lacvaomyzn 2 1= 22 (12)
and 9
liminf —* > (1 — 2¢)coE (T 4.
lim inf -= > (1 — 2¢)coE(To), (4.3)

where Ty = inf{t > 0,Z; = 0}, Zy = 1 and the constant co and the process Z
were defined in the proof of Proposition /j.1.

Proof. Fix € > 0. From Proposition 4.1, there exists > 0 such that, almost
surely, wg,({x € D : d(z,0D) > n}) > 1 — 2¢ for n large enough. For all
ke N={1,2,...}, we define the random variable in N U {+oco}

v = inf {n >k, ug,({x € D:d(z,0D) >n}) <1-— 25},

so that P(U {vg = +00}) = 1. We also define the sequence of points (Z¥),,>0
in D by

gk _ Yo, ifn<ug
" Zo if n > vy,

where ¢ is an arbirary point in {z € D : d(z,0D) > n}. By definition, the
law of Yy, = X" conditionally to g, , ..., pe, and Ya,, s, ..., Ye, | is pg, .
Moreover, {n < v} is measurable with respect to pg,, ..., g, , and hence, for
all n > k, (we denote by P™ the probability conditionally to ue,, ..., pus, and
Yo, Yo, )

P™(d(Zy;,0D) > n) = P*(d(Ys,,0D) > n)lncu, + Lu<u,
> up, ({x € D:d(xz,0D) > n})lpco, + ln<o, > 1 — 2¢.

Using the law of large numbers for submartingales, this implies that, almost
surely and for all k£ > 1,

1 n
liminf =Y "1z gpys, > 1 — 2¢.
=1

n—+oo n

Observing that, almost surely, there exists & > 1 such that Z¥ = Yp, for all
n > 1, this concludes the proof of (4.2).

To prove (4.3), we observe that, due to the coupling argument of the proof
of Proposition 4.1,

O 2 3 Luizr om)>To
i=1

where (To(i))izl are i.i.d. copies of T such that To(i) is independent of ZF, ... ZF
for all ¢ > 1. Therefore, we can use the law of large numbers for submartingales
as above to conclude the proof of Proposition 4.2. O

12



4.2 Study of the empirical measure of the resampling points

In this subsection, we focus on the behaviour of the random sequence of measures
(Mn)n>1 defined in (4.1). Our aim is to prove the following proposition using
the theory of pseudo-asymptotic trajectories.

Proposition 4.3. The sequence of probability measures (N, )nen converges al-
most surely to o with respect to the weak topology.

Proof. We follow an approach inspired from [2]. Let (7,,)n>1 be defined as /4 = 0
and 7, =v2 + 3 + - -- + v, for n > 2, where
1

= ———— Yn>1.
Tt T L DeAlp

We consider the linearly interpolated version (7:)¢c1,4+00) Of (n)nen defined,
for all n > 0 and all ¢ € [, T11], by

where we define by convention 79 = d,, for some fixed xg € D.
Let (fx)rken be a sequence of bounded continuous functions from D to R
such that the metric

|V1fk_V2fk|
Z [ fillo

metrizes the weak topology on measures on D.

The main point of the proof consists in using [2, Theorem 3.2| to prove that
7 is an asymptotic pseudo-trajectory of (3.13). By Proposition 3.3, this means
in our setting that, for all 7' > 0,

ntesA
lim sup d( 55 ~7) = 0. 44
t=400 4¢(0,7) e mesAlp (4.4)

This is stated in the next lemma, proved in the next subsection.

Lemma 4.4. The measure-valued process 1] is almost surely an asymptotic
pseudo-trajectory for the distance d on the set of probability measures on D
of the semi-flow induced by (3.13) and defined in Proposition 3.3.

Once this is proved, Proposition 4.3 follows easily: indeed (7;);>0 is almost
surely a relatively compact asymptotic pseudo-trajectory of the semi-flow in-
duced by (3.13) for which {a} is a compact global attractor, which implies the
result (see for instance [4, Corollary 5.3] and [2, 5]).

O
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4.3 Proof of Lemma 4.4

For all n > 1, we have

5Zn+1 B 7777,

n+ 1 = Yn+1 (F(T/n) + Un+l)7

h+1 — Mn =

where, recalling the definition of A in (3.7) and of F in (3.14),

a.nd Un+1 = (’r]’n,A]-D)(SZn+1 - 77nA

1
Tl = (n+ 1)n,Alp

Fix € € (0,1/4) and i > 0 small enough so that the conclusions of Proposi-
tion 4.2 hold true. Setting ¢ := inf,cp, 4(z,0D)>9 %/\@, which is positive
by Proposition 3.2, we define for all k¥ > 1 the random variable in NU {+o0}

o =inf{n >k, n,Alp <cor 6, <cn}.

The conclusion of Proposition 4.2 entails that P(U2 {0 = +o0}) = 1.
Following [2], before proving Lemma 4.4, we begin by proving the next
lemma.

Lemma 4.5. Almost surely, for all bounded measurable function f : D — R,
the numeric sequence (3, veUef), admits a finite limit when n — +00.

Proof. For all £ > 0, we introduce G, the o-field generated by pe,, ..., 1o, ,,
01,...,0p41 and Zq,..., 7. Fix k > 1. We start by observing that

{{ <o} = {Vn e{k,k+1,...,—1},n,Alp > cand 0, > cn} € Gy,
so that oy, is predictable with respect to the filtration (Ge)r>o-

Following [18, Lemma 1|, we define N, = ~,U,f and

nAog

MP = Z (Ne — Eg—1Np),
=1

where E;_; denotes the expectation conditionally to G,—;. Observe M,(lk) is a
martingale with respect to (G¢)s>0 and that

1 Ne—1Af 1 Ne—1Af
Ny = - Jy) — ——— d E/f1Ny= - - .
T (f( 2 ne—1Alp an Ty Hoof Me—1Alp
We have, for all n >0
Ifiﬂ,|]\/[7(1k)|2 = ZE |:‘Ng — nglNg|214§gk}
=1
<2§:E[|N|Q+|E N¢|? <4Zn:|‘f”g°
< ¢ -1V ] < 2
=1 =1

14



As a consequence, the martingale (M,(lk))nzo is uniformly bounded in L? and
hence converges almost surely. Let us now prove that Z?:Af ¥ E¢_1 Ny converges
almost surely when n — +o00.

We have, for all £ > 1,

Me—1Af 1
———1y<q,

0. Le<o, —
/’L Zf S k nlflA]-D >~

1
E[Ee1[NelLe<o, | = 5 B

For all ¢ < k, this quantity is almost surely bounded by 2|| f||cc/¢. For all £ > k,
the definition of o), entails that

r_o_ v
9@ (f — 1)17@_1141[)

+ Wl_l) E[ |95M0/zf - (f — 1)77g_1Af| 1@Sgk] (4.6)

1
E|E;—1[Ne]li<o, | < 7E ‘ ( > Octio, fle<o, (4.5)

We first consider the term in (4.6). It follows from the fact that (6p41p9,,, f —
neAf)eso is a (Ge)e>o-martingale and from Cauchy-Schwarz inequality that

2
E||Ocpe, f — (g_l)m—lAf“zgak}

< E|frsio,f = (¢ = Dner Af[* |
J4
- ;E[ ]

Y4
<2l £1% Y B2 < 2l £I2e S B (75),  (47)
i=1 z

2

/ f(Xél))dS - 5Zi—1Af
0

where sup, ¢ p E,(73) < 400 since, by (3.5),

+o0 too oo
E.(3) = 2E, </O t1li<r, dt> < 2/0 tP.(t < 19)dt < 2/0 tC"e Mot gt

Consider now the term in (4.5).

1 1
Efl ————— |0 li<o
KW (f—lm_lAlD) o fleo,

2

9 2
<IFIZE <1—m> Lhe,
I£I1% )
S 20-1p ]E‘((f = Dne—1Alp — 0,)° Li<o,

< 7”‘)0”20 20 sup Em(Tg)
T A(l—-1)* " sep ’
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where we used (4.7) with f = 1p to obtain the last inequality.

We deduce that E|[Es_1(N¢li<,, )| is O((~3/2) (beware that the O may de-
pend on k), so that E| E?ﬁf’“ E¢_1N¢| < +00 and hence that Z?ﬁf’“ E/\ 1Ny <
oo almost surely.

Because of the a.s. convergence of the sequence (Mflk))neN, we conclude that
( Z:Af ¥ N¢)nen converges almost surely when n — +oo for all £ > 1. Since,
almost surely, there exists £ > 1 such that o, = +o00, this concludes the proof

of Lemma 4.5. O

Proof of Lemma 4.4. We introduce the time-changed version (7;):e[1,4-0) of the
sequence (N )neN as fy = 0y, for all n > 1 and all ¢ € [r,, Th41). We also define
Uy = Upyy for all t € [, Tni1)-

To apply [2, Theorem 3.2|, one needs to prove that (7;);>0 is almost surely
relatively compact, that it is almost surely uniformly continuous and that all
limit points of (04(7))¢>0 in C(Ry, M(D)), endowed with the topology of uni-
form convergence for the metric d on compact time inervals, are almost surely
weak solutions of (3.13), where ©4(7) := (1+s)s>0-

The fact that (7;)i>0 is relatively compact is an immediate consequence of
Proposition 4.2 and the almost surely uniform continuity is also immediately
obtained from the construction of 7, since for all s, t € [y, Try1],

Jo(Zny1) — fe(Z1) + -+ [u(Zn)
n+1 nn+1)

S = |s —t|
d(ns, 1) <
() = 0 5 T

< —— |s—t 4.8
~ (4 Dyng | | (48)

and since inf,>1(n + 1)yp41 > 0 almost surely by Proposition 4.2.

In order to prove the last point, we adapt the method developed in [2, Propo-
sition 4.1]. Assume that there exists an increasing sequence of positive numbers
(tn)n>0 converging to +oo such that (0, (7))n>0 converges to an element 7>
in C(R4, M(D)) with respect to the uniform convergence on compact time
intervals. Our aim is to prove that 77°° is a weak solution to (3.13).

For all f € Cy(D,R,), define LY, : C(Ry, M(D)) — RIO+>) by

Lf;(l/)(t)zl/of—i—/o F(vs)fds, VYveCRy, M(D)),

so that, using the equality ftHS(F(ﬁu) +U,) du = =1 + T ys,

0:(n)f = L?(@t(ﬁ)) + A{ + Btfv (4.9)

where, for all s > 0,

X t+s t+si
Af(s) = / (F(7)f — F()f)du and B (s) = / Uuf du.
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For all u € [0,+00), let us denote by n, the unique non-negative integer
such that u € [1,,, T, +1). Then, proceeding as in (4.8), one easily checks that

2||gloo

A4 Cy(D,R,).
nu+17 ge b(7+)

|77ug - ﬁugl <
Since n, — +00 when u — 400 and since F(v)f = vAf—(vAlp)vf, where Af
and Alp are bounded continuous functions, we deduce that Aj (s) converges to
0 when ¢t — oo.
Also, for all t € [1,, Tpt1) and t 4+ 8 € [Tntm, Tntm+1)s

n+m—1
1BL ()] < (Fag1 = O)|Unsr f + Z YerrUeir | + (8 = Togem) | Unpmir f|
l=n+1
n+m—1
< Yns1|Unsrf| + Z Yer1Ues 1 f| + Yngmt1 | Ungmar -
l=n+1

Hence Lemma 4.5 implies that Bt (s) also goes to 0 when t — +o0.
Finally, since L{, is clearly sequentially continuous in C([0,+00), M(D)),
one finally deduces that, for all f € Cp(D,Ry),

t
of = e + / F®)f ds, ¥t > 0,
0

which means that 77°° is a weak solution to (3.13) and hence, by [2, Theorem 3.2],
that 7 is an asymptotic pseudo-trajectory of the flow induced by (3.13). O

4.4 Proof of Theorem 2.1

Fix any bounded measurable functions f : D — R. For all n > 1, we set

Vo, = 0(ni 1) 10,000y | — 0 AS.

The random sequence (¥,,),>1 is a (G¢)e>o-martingale and

Uy = Z / FXETD)ds — 67, Af.

This martingale property implies that

<ZIE

< 2||f||2, sup Emsm
xeD

75D 2

£l FXG)ds — 55, Af
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From [12, Theorem 1.3.17], we deduce that n~1¥,, goes almost surely to zero
when n goes to infinity, that is

9(n+1)ﬂ9n+1f 0 Af a.s. 0
n n n—-+oo ’

Since Af is continuous and bounded for any bounded measurable function f
(see Proposition 3.2), one deduces from Proposition 4.3 that, almost surely,

b
Ontionf | af = af /.

n n—-+oo
Applying this result to f = 1p, one deduces that 6, /n converges to 1/\g
almost surely and hence that pg f converges to af almost surely. Since, for all
te [9717 9n+1)7

L O 11
|pe f — o, f < n /en f(Ys)ds| + /O f(vy)ds (¥ _ E)
Il fll oo (t —6n)
< T (=) + e On [ flloo

On
<2l (1- ).

the almost sure convergence of u; to aof when ¢t — +oo follows from the almost
sure convergence of 6, /n to the positive constant 1/\.
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