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ALGEBRAIC GEOMETRY CODES OVER ABELIAN SURFACES
CONTAINING NO ABSOLUTELY IRREDUCIBLE CURVES OF
LOW GENUS

YVES AUBRY, ELENA BERARDINI, FABIEN HERBAUT AND MARC PERRET

ABSTRACT. We provide a theoretical study of Algebraic Geometry codes con-
structed from abelian surfaces defined over finite fields. We give a general
bound on their minimum distance and we investigate how this estimation can
be sharpened under the assumption that the abelian surface does not contain
low genus curves. This approach naturally leads us to consider Weil restric-
tions of elliptic curves and abelian surfaces which do not admit a principal
polarization.

1. INTRODUCTION

The success of Goppa construction ([5]) of codes over algebraic curves in break-
ing the Gilbert-Varshamov bound (see Tsfaman-Vladut-Zink bound in [18]) has
been generating much interest over the last forty years. This gave birth to the
field of Algebraic Geometry codes. It results a situation with a rich background
and many examples of evaluation codes derived from algebraic curves (see for
instance [19]). The study of Goppa construction from higher dimensional vari-
eties has begun with few exceptions in the first decade of the twenty-first century.
Although the construction holds in any dimension, the main focus has been put
on algebraic surfaces.

The case of ruled surfaces is considered by Aubry in [1]. The case of toric
surfaces is addressed among others by Little and Schenck in [13] and by Nardi in
[16]. Voloch and Zarzar introduce the strategy of looking for surfaces with small
Picard number ([21] and [23]). This approach is discussed in [12] and used by
Couvreur in [2] to obtain very good codes over rational surfaces. In a parallel
direction Little and Schenck stress the influence of the sectional genus of the
surface, that is the genus of a generic section. Finally, Haloui investigates the
case of simple Jacobians of curves of genus 2 in [6].

The aim of this article is to study codes constructed from general abelian
surfaces. While from the geometric point of view (i.e. over an algebraically closed
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field) a principally polarized abelian surface is isomorphic either to the Jacobian
of a curve of genus 2 or to the product of two elliptic curves, the landscape turns
to be richer from the arithmetic point of view. Weil proved that over a finite field
k there is exactly one more possibility, that is the case of the Weil restriction
of an elliptic curve defined over a quadratic extension of k (see for instance [8,
Th.1.3]). Moreover one can also consider abelian surfaces which do not admit a
principal polarization.

The main contribution of this paper is twofold. First, we give a lower bound on
the minimum distance of codes constructed over general abelian surfaces. Second,
we sharpen this lower bound for abelian surfaces which do not contain irreducible
curves defined over I, of arithmetic genus less or equal than a fixed integer ¢. In
order to summarise our results in the following theorem, let us consider an ample
divisor H on an abelian surface A and let us denote by C(A,rH) the generalised
evaluation code whose construction is recalled in Section 2.

Theorem. (Theorem 2.2 and Theorem 3.3) Let A be an abelian surface defined
over Fy of trace Tr(A). Let m = |2,/q|. Then the minimum distance d of the
code C(A,rH) satisfies

(1) d>#AF,) —rH*(q+1—Tr(A) +m) — r*mH?/2.

Moreover, if A is simple and contains no absolutely irreducible curves of arith-
metic genus £ or less for some positive integer £, then

(2)
q> #A(Fq)—r\/g:;(q+l—Tr(A) (L—1)m Zf\/g<r<‘[q+1 Tr(z?/)i V(- 1)
#A(F,) — (¢ +1—="Tr(A)) —m(r’H*/2 1) - T\/g(ﬁ — 1) otherwise.

It is worth to notice that if A is simple then we can take ¢ = 1 and the lower
bound (2) is nothing but Haloui’s one stated in [6] only in the case of simple
Jacobian surfaces Jac(C') with the choice H = C. However, it holds here also for
simple Weil restrictions of elliptic curves on a quadratic extension and for abelian
surfaces which do not admit principal polarization. Moreover, the bound obtained
for ¢ = 2 improves the one obtained for ¢ = 1 for ¢ sufficiently large. This leads us
to investigate the case of abelian surfaces with no curves of genus 1 nor 2, which
are necessarily Weil restrictions of elliptic curves or not principally polarizable
abelian surfaces, from the classification given above. The following proposition
lists all situations for which we can apply bound (2) with £ = 2. The key point
of the proof is a characterisation of isogeny classes of abelian surfaces containing
Jacobians of curves of genus 2 obtained by Howe, Nart and Ritzenthaler ([8]).

Proposition. (Proposition 4.2 and Proposition 4.3) The bound on the minimum
distance (2) of the previous theorem holds when taking ¢ = 2 in the two following
cases:
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(i) Let A be an abelian surface defined over F, which does not admit a princi-
pal polarization. Then A does not contain absolutely irreducible curves of
arithmetic genus 0, 1 nor 2.

(it) Let q be a power of a prime p. Let E be and elliptic curve defined over F
of Weil polynomial frr ,(t) = t* — Tr(E/F )t + ¢ Let A be the Fp/F,-
Weil restriction of the elliptic curve E. Then A does not contain absolutely
irreducible curves defined over F, of arithmetic genus 0, 1 nor 2 if and only
if one of the following cases holds:

(1) Tr(E/Fp) =2 —1;

(2) p>2and Te(E/Fp2) = 2q — 2;

(3) p=11 mod 12 or p =3, q is a square and Tr(E/Fp2) = q;
(4) p =2, q is nonsquare and Tr(E/Fp2) = q;

(5) ¢q=2 orq=23 and Tr(E/Fpz) = 2q.

The paper is structured as follows. In Section 2 we consider evaluation codes
on general abelian surfaces. We compute their dimension and give a lower bound
on their minimum distance. Section 3 is devoted to the case of simple abelian
surfaces. We derive another lower bound depending on the minimum arithmetic
genus of irreducible curves lying on the surface. Finally, in Section 4 we consider
abelian surfaces which do not admit a principal polarization and Weil restrictions
of elliptic curves to find all abelian surfaces defined over a finite field containing
no absolutely irreducible curves of arithmetic genus 0, 1 and 2.

2. CODES FROM ABELIAN SURFACES

2.1. Some facts on intersection theory. One of the ingredients of the proofs
of Theorems 2.2 and 3.3 is the classical inequality induced by the Hodge index
theorem (3) in the context of intersection theory on surfaces. In this subsection we
briefly recall this context and the main properties we need. We refer the reader
to [7, §V] for further details. Let X be a nonsingular, projective, absolutely
irreducible algebraic surface defined over F,. A divisor on X is an element of the
free abelian group generated by the irreducible curves on X. Divisors associated
to rational functions on X are called principal. Two divisors on X are said to be
linearly equivalent if their difference is a principal divisor. We write Pic(X) for the
group of divisors of X modulo linear equivalence. The Néron-Severi group of X,
denoted by NS(X), is obtained by considering the coarser algebraic equivalence
we do not define here since it coincides for abelian varieties (see [11, §IV]) with
the following numerical equivalence. A divisor D on X is said to be numerically
equivalent to zero, which we denote by D = 0, if the intersection product C.D
is zero for all curves C' on X. This gives the coarsest equivalence relation on
divisors on X and we denote the group of divisors modulo numerical equivalence
by Num(X). We have thus Num(X) = NS(X), so we will refer to these two
equivalence relations with no distinction. We write simply D for the class of a
divisor D in NS(X).
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We recall the Nakai-Moishezon criterion in the context of surfaces: a divisor
H is ample if and only if H? > 0 and H.C' > 0 for all irreducible curves C on X
([7, §V, Th.1.10]). The Hodge index theorem states that the intersection pairing
is negative definite on the orthogonal complement of the line generated by an
ample divisor. From this it easily follows that

(3) H?D? < (H.D)?

for any pair of divisors D, H with H ample, and that equality holds if and only
if D and H are numerically proportional.

2.2. Evaluation codes. This subsection begins by a reminder about definitions
of the evaluation code we study. To this end we consider again X a nonsingular,
projective, absolutely irreducible algebraic surface defined over F, and G a divisor
on X. The Riemann-Roch space L(G) is defined by

L(G) = {f € Fy(X)\ {0} | (/) + G = 07 U{0}.
The Algebraic Geometry code C(X, G) is sometimes presented from a functional
point of view as the image of the following linear evaluation map ev

ev: L(G)—TFy

which is clearly well defined when considering {P,...,P,} C X(F,) a subset
of rational points which are on X but not in the support of G. In fact this
construction naturally extends to the case where {P,...,P,} = X(F,) is an
enumeration of the whole set of the rational points on X, as noticed by Manin
and Vladut in ([20, §3.1]). Indeed, one can rather consider the image of the
following map, where we denote by £ the line bundle associated to L(G), by Lp,
the stalks at the P;’s, and by sp, the images of a global section s € H° (X, £) in
the stalks

ev: H (X, L) — P Lp, =F}
=1
s —> (Sp,y---,5p,)-

Different choices of isomorphisms between the fibres Lp, and I, give rise to differ-
ent maps but lead to equivalent codes. See also [10] or [1] for another constructive
point of view.

Throughout the whole paper we associate to a nonzero function f € L(G) an
effective rational divisor

k
(4) D::G+(f)=ZniDi,
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where n; > 0 and where each D, is an IF-irreducible curve whose arithmetic genus
is denoted by m;. The evaluation map ev is injective if and only if the number
N(f) of zero coordinates of the codeword ev(f) satisfies

(5) N(f) < #X(F,)

for any f € L(G)\ {0}. In this case the minimum distance d of the code C(X, G)
satisfies

6 d=#X(F, — max N

®) #XED) = B M)

Let us remark now that by (4) we have

(7) N(f) < Z #D;(F,)

for any f € L(G)\{0}. Therefore, to get a lower bound on the minimum distance
of the code C(X, G) it suffices to get two upper bounds:

e an upper bound on the number %k of F, -irreducible components of an
effective divisor linearly equivalent to GG

k
i=1

e an upper bound on the number of rational points on each Fy-irreducible
curves D; in the support of D.

2.3. The parameters of codes over abelian surfaces. In this subsection we
begin the estimation of the parameters of the code in the context of our work.

Let A be an abelian surface defined over IF,. We recall that the Weil polynomial
of an abelian variety is the characteristic polynomial of the Frobenius endomor-
phism acting on its Tate module. Since A is here two-dimensional, it has by Weil
theorem the shape

(8) fa(t) =t* = Tr(A)t + agt? — ¢ Tr(A)t + ¢°.

By the Riemann Hypothesis fa(t) = (t —wi)(t — @1)(t — w2)(t — @) where w;
are complex numbers of modulus ,/g. The number Tr(A) = w; + @ + wy + @, is
called the trace of A.

Let H be an ample divisor on A rational over F, and r large enough so that
rH is very ample (r > 3 is sufficient by [15, III, §17]). Our goal is to derive from
(6) a lower bound on the minimum distance of the code C(A,rH).

If the evaluation map ev is injective, then the dimension of C(A,rH) is equal to
the dimension ¢(rH) of the Riemann-Roch space L(rH) which can be computed
using the Riemann-Roch theorem for surfaces. In the general setting of a divisor
D on a surface X it states that (see [7, V, §1])

(D) — s(D) + {(Kx — D) = %D.(D CK)+ 1+ pa(X)
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where Ky is the canonical divisor on X and p,(X) is the arithmetic genus of X,
and where s(D) = dimg, H'(X, £(D)) is the so-called superabundance of D in
X.

Since A is an abelian surface we have ([15, 111, §16]) K4 = 0 and p,(A) = —1.
Moreover if rH is very ample, then we can deduce from [7, V, Lemma 1.7] that
(K —rH) =/{(—rH) =0 and that s(rH) = 0 ([15, III, §16]). So finally if the
evaluation map ev is injective, i.e. if inequality (5) holds, we get the dimension
of the code C(A,rH):

dimp, L(rH) = H*r?/2.

We are now going to give a lower bound on the minimum distance of C(A, rH)
using (6) and (7). Theorem 4 of [6] states that the number of rational points on
a projective Fg-irreducible curve D defined over I, of arithmetic genus 7 lying
on an abelian surface A of trace Tr(A) is bounded by

#D(F,) <q+1—Tr(A) + |7 —2|[2/q].
Hence, if we set m := [2,/q], from inequality (7) we get

©) N(f) < klg+1=Tr(A) +m Y |m; — 2|,

With no hypotheses on the abelian surface nor on the arithmetic genera m;, we
can only say that m; = 0 cannot occur, so that

(10) N(f) < k(g+1—"Tr(A)) +mzm.

In order to use (10) to bound the minimum distance of the code C(A,rH), we
need Lemma 2.1 below, giving upper bounds on the number k of irreducible com-
ponents of the effective divisor D linearly equivalent to rH and on the sum of
the arithmetic genera of its components D;. We recall for this purpose a gener-
alisation of the adjunction formula which states that for a curve D of arithmetic
genus 7 on a surface X we have D.(D+ Kx) =27 — 2 ([7, §V, Exercise 1.3]). In
the case of an abelian surface A for which K4 = 0, this says that for any curve
D of arithmetic genus 7 lying on A we have D? = 27 — 2.

Lemma 2.1. Let D be an effective divisor linearly equivalent to rH, let D =
Zle n;D; be its decomposition as a sum of Fy-irreducible curves and let m; be the
arithmetic genus of D; fori1=1,..., k. Then we have

k
Zm < H*?*/2+k and k<rH>
i=1

Proof. Applying Formula (3) to H and D; for every i, we get D?H? < (D;.H)?.
By the adjunction formula we have
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(11) i — 1< (D;.H)*/(2H?).

Indeed H? > 0 by the Nakai-Moishezon criterion since H is ample.
Summing from ¢ = 1 to k, we obtain

We have also

(12)

where we used the facts that n; > 0, that D = Zle n;D; is linearly (and hence
numerically) equivalent to rH and that D;.H > 0 for every i = 1,..., k, thanks
to Nakai-Moishezon criterion since H is ample. Now applying inequality (12) to
equation (11), we get
k
Zﬂ'i < H?/2r* +k=H?/2r* + k

=1

which completes the proof of the first statement. Using that k < Zle n;D;. H =
rH? we get the second one.
O

As a consequence of Lemma 2.1 we can state the following theorem.

Theorem 2.2. Let A be an abelian surface defined over IF, of trace Tr(A). Then
the minimum distance d of the code C(A,rH) satisfies

d>#AF,) —rH*(q+1—Tr(A) +m) — r*mH?/2.

Proof. Using Lemma 2.1 together with (10) we get N(f) < ¢(k) with ¢(k) =
k(g +1— Tr(A) +m) + mH?r?/2 and k € [1,rH?]. This means that N(f) <
maxgen n2){@(k)}. Now remark that ¢ is an increasing linear function since
| Tr(A)| < 4,/q, and hence gets its maximum when k = rH?. Therefore we have
N(f) < ¢ (rH?), which implies d = #A(F,) — max{N(f),f € L(rH) \ {0}} >
#A(F,) — ¢ (rH?). The theorem is proved since ¢ (rH?) = rH?*(¢+1 — Tr(A) +
m) +mr*H?/2. O
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Remark 2.3. Let H be an ample divisor. Suppose that H is irreducible over
F,, but reducible on a Galois extension of prime degree e. Then H is a sum
of e conjugate irreducible components such that the intersection points are also
conjugates under the Galois group. Then, by Lemma 2.3 of [21], we have

k<rH?/e.

Hence under this hypothesis we get a sharper bound on the number of irreducible
components of a divisor linearly equivalent to rH, thus sharper bounds for The-
orem 2.2.

3. CODES FROM ABELIAN SURFACES WITH NO SMALL GENUS CURVES

We consider now evaluation codes C(A,rH) on abelian surfaces which contain
no absolutely irreducible curves defined over F, of arithmetic genus smaller than
or equal to an integer /.

Throughout this section A denotes a simple abelian surface defined over F,.
Let us remark that by Proposition 5 of [6] a simple abelian surface contains no
irreducible curves of arithmetic genus 0 nor 1 defined over F,. In particular every
absolutely irreducible curve on A has arithmetic genus greater than or equal to
2 and thus it is relevant to take ¢ > 1.

Lemma 3.1. Let A be a simple abelian surface defined over F, of trace Tr(A).
Let € be a positive integer such that for every absolutely irreducible curves of
arithmetic genus 7 lying on A we have m > (. Let f be a function in L(rH)
with associated effective rational divisor D = Zle n;D; as given in equation (4).
Write k = ki + ko where ki is the number of D; which have arithmetic genus
m; > L and ky is the number of D; which have arithmetic genus m; < €. Then

k1
(13) N(f) <ki(g+1=Te(A) = 2m) +m Y _m + k(€ — 1),

i=1

where m; > /L.

Proof. In order to prove the statement, let us recall that by Theorem 4 of [6] the
number of rational points on an irreducible curve D; on A of arithmetic genus
m; satisfies #D;(F,) < ¢+ 1 — Tr(A) + m|m — 2|. Since A is simple and hence
m; > 2, we get #D;(F,) < q+1—Tr(A) — 2m + mm;. Without loss of generality
we consider {Dy,..., Dy, } to be the set of the D; which have arithmetic genus
m > { and {Dg, 41, ..., Dy} to be the set of the ks curves which have arithmetic
genus m; < . Thus, we get

k1 k1
D #Di(F,) < kalg+ 1= Te(A) = 2m) +m )
i=1 =1

where m; > ¢. Under the hypothesis that any absolutely irreducible curve on A
has arithmetic genus > ¢, we have that the ky curves that have arithmetic genus
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m; < £ are necessarily non absolutely irreducible. It is well-known (see for example
the proof of Theorem 4 of [6]) that if D; is a non absolutely irreducible curve of
arithmetic genus m;, its number of rational points satisfies #D;(F,) < m — 1.
Hence summing on ky we get

k

D O#DiF) < D (m—1) <k —1).

i=k1+1 i=k1+1
The proof is now complete using inequality (7). O

In order to use inequality (13) to deduce a lower bound on the minimum dis-
tance of the code C(A,rH), it is sufficient to bound the numbers k; and ks and

k
the sum ) ', m;.

Lemma 3.2. With the same notations and under the same hypotheses as Lemma
3.1 we have:

(1) kvl + kg <y /22
2
(2) Sty < (/T2 = )+ rV2EE 4 (1= Ok
Proof. Let us prove the first assertion. Since H is ample, by Nakai-Moishezon

criterion we have that D;.H > 0 for every ¢ = 1,...,k and H?> > 0. Thus we
can take the square root of inequality (11) in the proof of Lemma 2.1 and get

Vri —1 < D; H/v2H?. Now summing for i € {1,...,k} and using that n; > 0
and that 3%  n;D;.H = rH?, we obtain

(14) i Vi —1< D;.H =rH?/V2H? = r\/H?/2.

1 k
V2H? ; &

Since m; > 2 we have v/m; — 1 > 1 and so Zf:klﬂ v, — 1 > ky. Moreover if we
consider the ki curves that have arithmetic genus m; > ¢ we have /m; — 1 > Vi

and so Zf;l Vi — 1> k2. Thus we get

/H2
kl\/z—FkQS’/’ 7

Let us prove the last statement. For i = 1,..., ki, set s; = v/m — 1 — V/£. Under
the hypothesis that m; > ¢ + 1, the s; are non-negative real numbers. Thus

kr ka1 2
2
E sy < E si | -
i=1 i=1
Moreover we have

k1 k1
ZSZ':Z\/TQ— —kl\/ZST\/H2/ —/{:1\/2.
i=1 =1
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Therefore, since m; = (s; + V0)?> + 1= s>+ 2s5;V/0 + 0+ 1 fori € {1,... Kk}, we
have

k1
Zm Zs —1—2\/_23, + ({4 1)k
=1

(15) §<2181> —1—2\/_25Z + (0 + 1)k,

< (WH2 -y >+2\/_<\/HT—I<:1 VE) + (L4 )y
<\/HT—I<;1 )+r\/2—+(1—€)k17

which completes the proof of the lemma. O

We can now prove the following theorem.

Theorem 3.3. Let A be a simple abelian surface defined over F, of trace Tr(A).
Let { be a positive integer such that for every absolutely irreducible curves of

arithmetic genus m lying on A we have m > . Then the minimum distance d of
the code C(A,rH) satisfies

HAF,) =B (g +1 = Ta(A) + (€= Dym) if /2% < < YAVl
#AF) = (¢+1=Tr(A)) =m(r?H?/2 = 1) =1y H;(g — 1) otherwise.

Proof. Recall that d = #A(F,) — max{N(f), f € L(rH)\ {0}}. Since by the first
statement of Lemma 3.2 we have ky < 74/ — k10, we get from (13)

d>

N(f) <ki(g+1—Tr(A) —2m) +mi:7ri + (r/H?/2 — Iy V) (£ = 1).

Now using (2) of Lemma 3.2 we obtain that N(f) <t (k;) where

b(ky) = mlk2 + ky <q 1= Tr(A) — m(l+ 1) — mrV2H20 — VIl — 1))

+mH?*r% /2 + mrV2H2( 4 ry/H2/2(0 — 1)
and 0 < ky < ry/ g—; Let us remark that ¢ (k) is a quadratic function with posi-

tive leading term, thus we have ¥ (k;) < max {¢(0), v (r g—;) } where ¥(0) =

mH? 2 mr /2?4 /5 (0-1) and Wg) = 2 (g + 1= Tr(A) + m(0 — 1)).

However we remark that for k; = 0 we get from (13) that N(f) < kq(¢ — 1) <
ry/H?/2(¢ — 1) which is a sharper bound than ¢(0). Therefore ¥ (0) is never
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attend, and hence we have ¥(k;) < max{¢(1),1/1 (r g—;) }, where (1) =

q+1—Tr(A)+m(H*r?/2—1)+7ry/ L (¢—1). Now, the quantity 1(1)— < Z—;r)

is equal to
(16)
2

H
mH?*r?/2—r Q—E(q+1—Tr(A)—|—m(€—1)—\/2(6—1))+q+1—Tr(A)—m—\/Z(E—l).
After some calculations we find that (16) is positive for r < (/25 or r >

H?
2 1-Tr(A)—m—VL({—-1 . 2 1-Tr(A)—m—VL({—1
Va(at n(“/)H—% VD) Hence we get that if é—g <r< Va(at ni )H% G)!

then N(f) < <r HQ) , otherwise N(f) < 4 (1). Therefore we have that

20

d > #AF,) — ¢ (T g—;) if \/fl—é <r< ﬁ(qﬂ—i&%-ﬂ(zq»)
- #A(F,) — (1) otherwise,
and the theorem is proved. 0

Remark 3.4. The bounds in Theorem 3.3 apply with ¢ = 1 on simple abelian
surfaces since they do not contain absolutely irreducible curves of arithmetic genus
0 nor 1 as remarked at the beginning of this section. In particular if A = Jac(C')
is the Jacobian of a curve C' of genus 2 which is simple, then Theorem 3.3 applies
with ¢ = 1. By setting H = C with H? = C? = 27c — 2 = 2 by the adjunction
formula, we obtain

s [ Iac(O)Fy) — r#C(F,) if r < ST,
~ | # Jac(C)(F,) — mr(r + 2) otherwise.

We remark that the first bound is the same as the first bound in the main theorem
of [6].

It is worth noting that on first analysis the lower bound d,;, = #A(F,) —
T4/ }2[—; (¢g+1—Tr(A) + (£ — 1)m) obtained in Theorem 3.3 satisfies

H2
dmin —#A(Fq) ~ T —_—

q—00 20 ¢

So for ¢ sufficiently large the first bound in Theorem 3.3 obtained for ¢ = 2 is
better than the one obtained for £ = 1. Therefore in the next section we focus
our attention on the existence of simple abelian surfaces which do not contain
absolutely irreducible curves of arithmetic genus 2.
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4. ABELIAN SURFACES WITHOUT CURVES OF GENUS 1 NOR 2

In light of the first bound obtained in Theorem 3.3, considering abelian surfaces
without absolutely irreducible curves of small arithmetic genus will lead to a
sharper lower bound on the minimum distance of the evaluation code C(A,rH).
Hence in this section we look for abelian surfaces which satisfy the property not
to contain absolutely irreducible curves defined over I, of arithmetic genus 0, 1
nor 2.

By the theorem of classification of Weil (see for instance [8, Th.1.3]), a princi-
pally polarized abelian surface defined over I, is isomorphic to either the polarized
Jacobian of a curve of genus 2 over [y, either the product of two polarized elliptic
curves over IF, or either the Weil restriction from Fg. to I, of a polarized elliptic
curve defined over Fp2. It is straightforward to see that the Jacobian of a curve
of genus 2 contains the curve itself and that the product of two elliptic curves
contains copies of each of them.

It therefore remains two cases to consider. First, there is the case of abelian
surfaces which do not admit a principal polarization. We prove in Proposition
4.2 that they always satisfy the desired property. Second, we give in Proposition
4.3 necessary and sufficient conditions for Weil restrictions of elliptic curves to
satisfy the same property.

Throughout this section we will make use of the two following well-known
results. An abelian surface contains a smooth absolutely irreducible curve of
genus 1 if and only if it is isogenous to the product of two elliptic curves. Moreover
a simple abelian surface contains a smooth absolutely irreducible curve of genus
2 if and only if it is isogenous to the Jacobian of a curve of genus 2 (see [4,
Proposition 2]). The following lemma gives necessarily and sufficient conditions
to avoid the presence of non necessarily smooth absolutely irreducible curves of
low arithmetic genus.

Lemma 4.1. Let A be an abelian surface. Then the three following statements
are equivalent:

(1) A is simple and not isogenous to a Jacobian surface;
(2) A does not contain absolutely irreducible curves of arithmetic genus 0, 1
nor 2;

(8) A does not contain absolutely irreducible smooth curves of genus 0, 1 nor
2.

Proof. Let us prove that (1) = (2). Let A be a simple abelian surface which
is not isogenous to the Jacobian of a curve of genus 2. Let C' be an absolutely
irreducible curve lying on A and let v : C' — C be its normalisation map. The
case of genus 0 and 1 is treated in [6, §2]. For the genus 2 case, assume by
contradiction that 7(C) = 2. We get g(C) = 7(C) = 2 so C' = C is smooth and
thus by Proposition 2 of [4] A is isogenous to the Jacobian of C, in contradiction
with the hypotheses.
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The implication (2) = (3) is trivial since for smooth curves the geometric and
arithmetic genus coincide.

Finally let us prove that (3) = (1). Assume by contradiction that A is not
simple, hence A is isogenous to the product of two elliptic curves and thus it
contains at least a smooth absolutely irreducible curve of genus 1, in contradiction
with (3). Now assume that A is simple and isogenous to a Jacobian surface. Then
by Proposition 2 of [4], A contains a smooth absolutely irreducible curve of genus

2, again in contradiction with (3). This concludes the proof.
0

4.1. Non-principally polarized abelian surfaces. An isogeny class of abelian
varieties over I, is said to be not principally polarizable if it does not contain a
principally polarizable abelian variety over F,. The following proposition states
that abelian surfaces which do not admit a principal polarization have naturally
the property we are searching for.

Proposition 4.2. Let A be an abelian surface in a not principally polarizable
1sogeny class. Then A does not contain absolutely irreducible curves of arithmetic
genus 0, 1 nor 2.

Proof. Tt is well-known that an abelian variety contains no curves of genus 0.
Since A is not isogenous to a principally polarizable abelian surface, it follows
that it is not isogenous to a product of two elliptic curves nor to a Jacobian
surface. By Lemma 4.1 we conclude the proof. 0

To be concrete, let us recall here a characterisation of non-principally polarized
isogeny class of abelian surfaces ([9, Th.1]) for which Theorem 3.3 applies with
¢ = 2. An isogeny class of abelian surfaces defined over I, with Weil polynomial
f(t) = t* + at® + bt* + qat + ¢* is not principally polarizable if and only if the
following three conditions are satisfied:

(1) a®=b=g;
(2) b<0;
(3) all prime divisors of b are congruent to 1 mod 3.

4.2. Welil restrictions of elliptic curves. Let £ = [F, and K denotes an ex-
tension of finite degree [K : k] of k. Let E be an elliptic curve defined over
K. The K/k-Weil restriction of scalars of £ is an abelian variety Wy x(E) of
dimension [K : k] defined over k (see [14, §16] for a presentation in terms of
universal property and see [4, §3] for a constructive approach). We consider here
the F,2/IF,-Weil restriction of an elliptic curve E defined over F,» which is an
abelian surface A defined over F,.

Let fgyr ,(t) be the Weil polynomial of the elliptic curve E defined over Fg.

Then the Weil polynomial of A over F, is given (see [3, Prop 3.1]) by
(17) fare,(t) = frye, (7).
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Since fg/r,(t) = t? — Tr(E/F,2)t + ¢* we have fa(t) = t* — Tr(E/F2)t* + ¢2,
thus it follows from (8) that the trace of A over I, is equal to 0. Moreover,
since the number of F,-rational points on an abelian variety A defined over F,
equals far,(1), we get that the number of rational points on A = Wy , /r, (E)
over I, is the same as the number of rational points on £ over F, i.e. we have

#AW) = faje,(1) = for, (1) = #E(Fg).

Proposition 4.3. Let q be a power of a prime p. Let E be an elliptic curve
defined over Fo2 of Weil polynomial frw ,(t) = t* — Tr(E/Fep)t + ¢°. Let A
be the F 2 /- Weil restriction of the elliptic curve E. Then A does not contain
absolutely irreducible curves defined over F, of arithmetic genus 0, 1 nor 2 if and
only if one of the following conditions holds

(1) Tr(E/Fp) =2q—1;

(2) p > 2 and TI‘(E/Iqu) = 2q — 2’-

(3) p=11 mod 12 or p =3, q is a square and Tr(E/F.) = q;
(4) p =2, q is nonsquare and Tr(E/Fp2) = ¢;

(5) q= 2 or q = 3 and TI‘(E/]qu) = 2q

Proof. Let E be an elliptic curve defined over F,2 and let A be the F 2 /F,-Weil
restriction of E. Let fa(t) = t* + at® + bt + qat + ¢*> be the Weil polynomial
of A. Recall that we have fa(t) = t* — Tv(E/Fp2)t* + ¢* by (17) and thus
(a,b) = (0, —Tr(E/F,2)). Theorem 1.2-(2) with Table 1.2 in [8] gives necessary
and sufficient conditions on the couple (a, b) for a simple abelian surface with the
corresponding Weil polynomial not to be isogenous to the Jacobian of a smooth
curve of genus 2.

Let us suppose that the trace of the elliptic curve E over F,2 does not fit one of
the conditions (1) —(5). Let us remark that by Theorem 1.4 in [8] the first case of
Table 1.2 in [8, Theorem 1.2-(2)] corresponds to all simple abelian surfaces which
do not admit a principal polarization. Moreover the cases (1) — (5) cover the
remaining cases of Table 1.2. Then f4(t) does not represent an isogeny class of
simple principally polarizable abelian surfaces not containing a Jacobian surface.
Hence A is either not principally polarizable, or not simple or isogenous to the
Jacobian of a curve of genus 2. In the first case A would not be a Weil restriction
of an elliptic curve since these last one admit a principal polarization. In the
second case, A would contain a curve of genus 1 and finally in the third case it
would contain a curve of genus 2. Thus we proved that if A does not contain
absolutely irreducible curves defined over F, of arithmetic genus 0, 1 nor 2 then
one of conditions (1) — (5) holds.

Conversely, using again Table 1.2 in [8, Theorem 1.2-(2)] we get that in each
case from (1) to (5) of our proposition, the couple (0, —Tr(E£/F,2)) corresponds
to simple abelian surfaces not isogenous to the Jacobian of a curve of genus
2. Therefore in these cases A does not contain absolutely irreducible smooth
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curves of geometric genus 0, 1 nor 2, and thus by Lemma 4.1, A does not contain
absolutely irreducible curves of arithmetic genus 0, 1 nor 2. U

Remark 4.4. Let us mention two cases in which Weil restrictions of elliptic
curves do contain curves of genus 1 or 2. First, if the elliptic curve E is defined
over F,, it is clearly a subvariety of A. Note that in Proposition 4.3 we do not
need to suppose that the elliptic curve £ defined over Fgp is not defined over
[F, because none of the the elliptic curves with trace over Fp2 as in cases (1)-(5)
is defined over F,. Secondly, it is well-known that there are Weil restrictions of
elliptic curves that are isogenous to Jacobian surfaces (see for example [17]) which
thus contain smooth curves of genus 2.

Remark 4.5. Let ¢> = p?" with p prime. By Deuring theorem (see for instance
[22, Th. 4.1]) for every integer [ satisfying || < 2¢ such that ged(8,p) = 1, or
b =42q, or = =4qand p Z 1 mod 3, there exists an elliptic curve of trace (8
over F,2. Using Deuring theorem it is easy to check the existence of an elliptic
curve with the given trace for each of the five cases in the previous theorem.

Remark 4.6. Let us remark that the first bound in Theorem 3.3 becomes relevant
for ¢ > B with B ~ 4(v H? + 1) and it is non-relevant for small q. Therefore
case (5) of Proposition 4.3 does not give rise to practical cases.

Let us briefly outline the results obtained in the last sections. The surfaces
arising in Propositions 4.2 and 4.3 give rise to codes for which the lower bound
on the minimum distance of Theorem 3.3 applies with £ = 2. This is exactly the
purpose of the proposition stated in the introduction.

We have exploited in this paper the fact that for all ¢ for which the first bound
in Theorem 3.3 applies, the bound obtained for ¢ = 2 improves the one obtained
for £ = 1. Remark also that the first bound for ¢ = 3 improves the one for ¢ = 2
for g large enough. Hence it would be interesting in the future to investigate on
the existence of abelian surfaces without curves of genus < 3 lying on them.
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