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| - Introduction

The steady progress in the knowledge and understanding of the world that surrounds us
have led physicists to develop theoretical models more and more general, partly thanks to more
efficient tools developed by mathematicians. Among the major success of these models, are
prominently and in chronological order, the equations of electromagnetism, gravitation, and
guantum mechanics.

This fragmented treatment of different areas of physics regularly led physicists to
wonder about the ability to define a possible most general scheme of description of physics.

This goal led to reflections often extremely complex on the way in which we could give
an overview of the whole range of physical phenomena. Among the most impressive are those
of Albert EINSTEIN, who devoted much of his life trying to build a theory that would allow to
account both for the electromagnetic and gravitational phenomena. It was followed,
accompanied or criticized in its work by specialists of tensorial analysis who include, Walter
MAYER, Wolfgang PAULI, Marie-Antoinette TONNELAT, Hermann WEIL, Theodor
KALUZA, Oskar KLEIN...

In the wake of the success of the equations of gravitation, these works sought to prolong
or extend the formalism of the curvature of space-time which had led to tensorial equations so
fertile.

Many and intense efforts developed in this way have failed so far to provide the
framework expected

When EINSTEIN has built his theory of gravitation, he was supported, from the outset
of his thinking, by a strong physical principle: locally, there is nothing to distinguish between
what is happening in an accelerated frame to what happens in a frame subject to a uniform
gravitational field. He knew while working on a theory of accelerated frames, it should be
possible to show the effects of gravitation. It was a long and difficult work, but whose complex
mathematical aspects could be linked to the physical aspects by the principle of equivalence.

The stunning success of his theory of gravitation then led him, accompanied in this by
several other researchers, looking for an extension that would include the equations of
electromagnetism in a natural way. These extensions have taken varied and extremely complex
forms, of which the highlight is usually the mathematical rigour of the developments which are
presented.

When we're interested in these developments, we see that they have lost this strong link
with the physics that has led to the success of general relativity. It is only after building
mathematically their theory that physicists will look for possible examples of validations of
their work.



We will try in this brief to explore another way to move towards a coherent vision of
physics, from the quantum world to the macroscopic world. You’ll find no results really new
compared to current knowledge of the major areas of physics, except perhaps with regard to the
electromagnetic energy that can be associated with a single charge. But there is a common
thread in which the conservation of energy and the invariance of the laws of physics by change
or frame are assumptions that are admitted without any reservations. There is also highlighting
of a formalism that is common to the equations of gravitation and electromagnetism, as long as
you stand in a linearized framework.

The solutions of the DIRAC equation in the form of standing waves show that we can
interpret these solutions as exchanges of energy between the energy of the vacuum and the
energy of mass or impulse of the infinitely small particles. On the basis of this interpretation,
all forms of quantifications that are observed in the infinitely small world fall from classic
quantification conditions of stationary phenomena

By coming together in the form of atoms, then molecules, then of macroscopic objects,
these particles will transmit their mass energy and impulse energy to the world which is familiar
to us. We have to add the electromagnetic energy of charged particles in previous exchanges.

In an interpretation of this nature, the origin of all macroscopic energy action is rooted
in the energy of the vacuum. When we adopt this vision, we are led to admit that all physics
boils down to be able to describe the various transformations of energies, since their origin issue
of the vacuum, until their macroscopic view.

In other words, we will focus in this paper on the way in which we can reflect on a
consistent base for all of physics, by taking as basis, an evolution of the energy contained in the
vacuum.

We must first clarify what are the assumptions that we need. By nature, these
assumptions must be verified by all the known physical laws of nature.

The basic postulate is that vacuum contains energy, which is generally characterised by
a volumic density. If the quantum and cosmological visions diverge in orders of catastrophic
magnitude, it still true that both theories admit one and the other that the vacuum must have
energy. The vast majority of physicists seem to agree on this point.

The second postulate is the conservation of energy. It will be assumed that energy is a
physical property that cannot be created or destroyed, but only transformed. To the knowledge
of the author, there is no known physical experiences questioning this assumption.

To complete the guideline we set, we must be able to describe the evolution in time and
space of this energy: let us assume that this evolution is given to us, in the general case, by the
principle of least action. It appears that this principle applies to all areas of physics, and that it
leads to equations of gravitation, equations of electromagnetism, and equations of quantum
mechanics. It stands in a natural way as a unifying element of all the laws that describe physics
and we will give some general reminders in the next chapter.



On the basis of these considerations, we will develop some arguments for an energy
vision of physics.



Il - The Lagrangians

The principle of least action itself can be likened to an empty shell: it requires for its
implementation the prior definition of a Lagrangian. This Lagrangian depends on the field of
physics considered, and exchanges of energy that are considered.

In this chapter, we briefly describe the main Lagrangiens used in mechanics,
electromagnetism, relativity, and quantum mechanics, as well as some properties that result
from application of the equations of LAGRANGE.

We do not cover the elements of reflection which led to the development of these
Lagrangiens. This information can be found in most courses related to variational methods.
They can also be consulted on the following link (in french).

In particular, note exchanges of energy that appear explicitly or implicitly in the heart
of the Lagrangiens. It is these exchanges that are the common backbone to the whole of physics
that we wish to highlight.

| — The mechanics of NEWTON

Consider a material point of mass m and speed v along the x axis, for which we adopt
the notation:

dx
pm (11-1)

This material point moves in a portion of the space where it is possible to associate a
potential energy, a classic example is the potential energy of gravitation.

It is recognized that kinetic energy only depends on speed and considered time, while
the potential energy depends only on position and considered time. In these conditions, at any
time, the difference between kinetic energy and potential energy may be written in the form of
a function of the position, speed and time:

L(x,%,t)=E,(x,t)-E,(x,1) (11-2)
where L is called the Lagrangian of the system.

The energy evolution system sets up exchanges between kinetic energy and potential
energy. Between two times ta and tg, the sum of these exchanges is given by the following
integral, which is called "action™:

tg

% = (.00, 1)~ Eyfx OBt = [ L x, 2t (11-3)

ta ta


http://patrick.vaudon.pagesperso-orange.fr/pma.html

We then proceed with the following reasoning:

Attime ta, the mass is located at position A, and at time tg, the mass is located at position
B. Consider all the possible paths between A and B: that is to say that in every time the position
and the velocity of the mass can be any. From a mathematical point of view, this property can
be transposed by saying that the position and speed variables are independent variables. In these
conditions, LAGRANGE showed that the path that makes the stationary action imposes the
following relationship:

oL(x, %, t) _%aug,xx,t! _ 0 (11-4)

OX

By applying this relationship to the Lagrangian of the classical mechanics (I1-2), we
obtain, recalling that position and speed variables must be considered as independent variables:

OB )-E, (1) d 0B (% 1)-E,(xt)f B, (t) d Elkt)_, (11-5)
ox dt ox ox  dt ox

Recalling that strength derives from a potential energy according to the relationship:

- __ OE,(x,1)
g OX

(11-6)

and that the Kinetic energy is expressed in non-relativistic mechanics, by the expression:
: 1 .,

E.(xt)= > mX (11-7)

We deduce from the relationship of LAGRANGE (l1-5):

FX—%(mX):FX—mX:O (11-8)

Generalizing to the three dimensions of space, it thus comes to the conclusion that pure
energy reasoning, based on exchanges of energy described by the principle of least action,
allows to build the whole of physics that arises from the fundamental principle of dynamics.

Il — Special relativity

The Lagrangian of special relativity is given by the relationship:

2
L:—moca/l—‘c’—2 (11-9)

and the action therefore takes the form:



t, 2 t, 2 T2
_[_ 24 VoL 2 V2 )
S-{[ myc?,[1 —Czdt_ m,C ;[1/1 —Czdt_ m,C szdr (11-10)

Since mo which represents the mass at rest is a constant, and c also, it is concluded that
make the maximum action between the initial and final moments is equivalent to minimize
(because of the sign less) proper time between these two events.

The quadri-dimensional length element is written:
2
ds =c/l- %dt (11-11)

So that an other expression of the commonly used action is one that minimizes the four-
dimensional trajectory:

S mc; 11/1_ ¥ gt = —mqc s (1112)

According to this definition, the action will be maximum when the four-dimensional
length traveled by the object is minimum: that is to say when between two events, the object
will move following a geodesic of space-time.

11— MAXWELL's equations in vacuum

It is known that electromagnetic energy comes in two different aspects: energy provided
by the electric field E and energy provided by the magnetic field H. In an energy approach, the
Lagrangian that is associated with the electromagnetic field which is present in a volume Q is
given by the relationship:

L=[f (% g E% — %uOHz)jQ (11-13)

It expresses, at every time, exchange between electric energy and magnetic energy
within the volume Q.

Quantity AL, which depends only on the electromagnetic field, is designated by
Lagrangian density: it is homogeneous with a volumic energy density.

AL = %sOEZ = %uon (11-14)

By applying LAGRANGE equations to the electromagnetic Lagrangian (11-13), we get
MAXWELL's equations in vacuum.



VAB-="—==0 (11-15)

Density AL may be expressed also, to a multiplicative constant close, as the « norm »
of the electromagnetic field tensor Fy. This tensor contains all the components of the
electromagnetic field, in a sequence that depends on the metric used.

Its « norm » provides a quantity that does not depend on the frame in which is expressed
the electromagnetic field, making it an invariant quantity by changing frame, in the same way
that the norm of a vector is invariant by change of frame.

AL =%goez SR (11-16)

2 4py

IV — Electromagnetic interaction

One designates by electromagnetic interaction, the action of an electromagnetic field

represented by its scalar potential ¢ and its vector potential A, on a particle of point charge
equal to g and animated with a speed v. We know that in this situation, the electromagnetic field
communicates a part of its energy to the charge, and we can define the Lagrangian of interaction
in the form:

L=qgl-¢+vA) (11-17)

Application of the LAGRANGE equations led to the expression of the LORENTZ force,
expressed in terms of the scalar and vector potentials:

F- q(— % - Z\.(ﬁ.v)J +q[-Vo+V(A)-= q(— % - A.(ﬁ.v)j +qvi-g+[vA) (1-18)

The motion of a relativistic charge of rest mass mo is obtained using the Lagrangian of
special relativity, associated with the Lagrangian of the electromagnetic interaction:

L=—m0c2,/1—‘c’—z +qlo+(vA) (11-19)

V — MAXWELL's equations in the presence of charges and currents

By combining the electromagnetic interaction Lagrangian with the Lagrangian of the
electromagnetic field, we get:

L=q-¢+(vA)+ Ig (% g,E? — %%Hz)m (11-20)



In order to homogenize this expression, we consider that the charge q is distributed in
the volume Q with a density p, which leads to the following expression:

L= jg ol o+ (VAo + jg P (11-21)

L= [[[ o+ (A [ (L7 — Lt o (11-22)

where J represents the volumic current density. We can deduce the electromagnetic Lagrangian
density in the presence of charges and currents:

AL = (- po+3A)+ (% g,E? — %MOHZ) (11-23)

Application of the LAGRANGE equations then leads to the formulation of
MAXWELL's equations in the presence of charges and currents:

c? ot (n-24)

VI — General Relativity: interaction of the gravitation field with a massive
object

In general relativity, the metric is characterized by gj; coefficients, and the element of
space-time squared is written:

ds? = g,dx'dx’ (11-25)

By analogy with relativity, we can define an action by the following relationship:

S= —moc.[ds = —mOCJ. g;dx'dx’ (11-26)

S1

The application of the principle of least action leads to show that the trajectory of the
particle of mass mo is a geodesic of space-time with the equation:

&’ prdx! dx! _ ]
e T GG =0 (11-27)
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The expression of CHRISTOFFEL coefficients is given by:

9y 09, 99
r rk kj k.' _ ij “'28
li=3 9 ( ox' - ox! 8xkj (11-28)

VIl — General Relativity: EINSTEIN equations in vacuum

It returned to the mathematician David HILBERT to have shown that we can obtain the
equations of gravitation from a variational principle. The action is a quantity which is invariant
by changing frame. We define an action built from the curvature scalar R, as it is a quantity
which is invariant by change of frame:

Odx*dx? 1 ij 0y Ly 2y 3 i
:__”J'J' )/lgldx°dx*dx2dx’ _—E”J].(g Rij)\/@dx dx'dx?dx (11-29)

In this expression, one can groupe under the appellation of dQ, the invariant four-
dimensional volume element by changing frame:

dQ = |g|dx dx’dx?dx’ (11-30)

where g is the determinant of the matrix of gij, and where x° represents the time variable equal
to ct.

A full variational calculation allows to show that the variation of the action can be put
in the form:

_i”ﬂ {Rij - %gin}\/—_gS(g” )dxodxldxzdx3 (11-31)

To obtain a stationary action, it is needed the bracketed term is zero, which leads to the
EINSTEIN equations in vacuum:

1
_Egin =0 (n-32)

VIl — General Relativity: EINSTEIN equations in the presence of matter

The action of the previous paragraph is amended to take into account the momentum-
energy tensor of matter Tjj:

_% [T (R = 4T\~ goxdx'dx’ax’ = —% [ 1] (@R — xg"T; N~ gdx"dx'dx’dx’

(11-33)

We can deduce the variation of the action:

11



_1 _ 4 B ii W 0w ldw 243 )

I R, LoR - T, T, 4= g8lg" pixCdxidx?dx (11-34)
The equations of gravitation in the presence of matter can be highlighted:

_‘guR xTy (11-35)

It is possible to introduce the cosmological constant in these demonstrations in order to
obtain the more general equations.

IX — Quantum mechanics: DIRAC equation

An expression commonly used to define the Lagrangian density of DIRAC is:
AL = W(th(”aH - mocz)\y (11-36)

In which v represents the DIRAC bispinor, v the adjoint bispinor and y* DIRAC
matrixes.

The Lagrangian is obtained in the same way as in electromagnetism or general relativity,
by integrating this density density on a volume Q:

L= _[ ﬂ ey a, —mqc? JydQ
Q

By choosing for independent variables, the bispinor and its adjoint, the application of
LAGRANGE relations allows for establishing the DIRAC equation for each of them.

For a particle of charge g, placed in an electromagnetic field that is defined by its scalar

potential ¢ and its vector potential A, both being gathered under the form of a four-vector Ay,
the lagrangian density becomes :

AL = (jncy* (0, + jaA, ) - mec? Jy (11-37)

Finally, the Lagrangian of quantum electrodynamics density is obtained by adding
interaction with the electromagnetic field:

AL = i (jncy* (0, + jaA, ) - mc? by + [—SOEZ——MOH j
(11-38)
AL = i (jncy* (0, + jaA, )-mqc )\y F“VF

It is from this Lagrangian density that the most accurate comparisons between theory
and experimentation are obtained, in the whole history of physics.

X — Conclusion

12



It turns out that the equations that describe the main areas of physics such as
electromagnetism, classical mechanics including gravitation, special and general relativity,
quantum mechanics, can be expressed using the principle of least action.

In a general manner, this principle minimizes exchanges of energy in its various forms,
in a given time interval.

If we admit that the universe vacuum is filled with infinitely fluid energy base to
guantum exchanges, these last itself used for macroscopic energy exchanges, so we see appear
a deep unity of the whole of physics around the notion of energy and the principle of least
action.

However, several basic equations, although deriving from the principle of least action,
do not describe explicitly an energy evolution of the considered physical area.

A simple example is constituted by MAXWELL's equations. These equations describe
the evolution of electromagnetic fields based on the charges and currents that are at their origin,
without explicit reference to exchanges of energy.

We propose to consider, later in this document, the possibility of an energy meaning of
the equations that govern key areas of physics, and in particular the two basic areas that are
gravity and electromagnetism.

13



11 - Energy aspect of the EINSTEIN
equations

Taking as guideline of his thought, the equivalence between a frame that is placed in a
uniform gravitational field and a uniformly accelerated frame, EINSTEIN showed that the
equations of gravitation could be expressed in the form:

R, ~LgR=TCT —yT, (11-1)

ij 2 ij C4 [} 1)

In this expression:

- Rjjisthe RICCI curvature tensor, obtained by contraction of the RIEMANN-
CHRISTOFFEL tensor. Each term of the tensor Rjj has dimension of m=2.

- R is called the scalar curvature obtained by contraction of the tensor of
curvature, and has dimension of m,

- gij Is the metric tensor, each term is without dimension.

- G is the gravitational constant, it has dimension of m®kg™.s.

- cisthe speed of light, it is expressed in m.s™,

- Tijis called the energy momentum tensor. Each term has the dimension of a
volumetric energy density. It is expressed in joules per cubic meter, or
m™.kg.s?.

- yisthe EINSTEIN constant. It is expressed as m.kg.s2, or as meter/joule.

The curvature of space-time manifests through the coefficients of the metric g, and their
derivatives which are present in the tensor Rjj. It is apparent that this curvature is imposed by
the presence of the energy contained in the Tijj momentum-energy tensor. Therefore, the
interpretation of this equation generally accepted is:

In the absence of matter, space-time is « flat », it is described by special relativity. The
corresponding metric is called the metric of MINKOWSKY. Later in this document, it will be
represented by the following matrix:

Moo Moz Moz Mos -1
Mo M1 Mz s 0

MN2o M2z M2z
Mo Mar Msz Mas 0

(11-2)

=

N

w

o
o O +— O
o O O
O O O

All terms are zero outside the main diagonal, i.e. for i different from j. This property
will often be used to simplify calculations involving a linearized metric which will be developed
in the following chapters.

14



The presence of matter manifests through the pulse energy tensor Tij and modifies the
metric of MINKOWSKY space-time: it is now designated by the tensor gij. Changes that come
to be added to the flat space-time metric are directly related to the gravitational potential
generated by the presence of the masses.

This effect is described by saying that the presence of matter changes the
MINKOWSKY space-time metric. The new metric is so representative of a so called curved
space.

If now we place a test mass in this space-time, which the modified metric is
characterized by the gij, then this test mass will evolve following a path that corresponds to a
geodesic of space-time represented by the tensor gi.

This effect is described by asserting that the curvature of space-time due to the
gravitational field imposed the trajectory of the test mass.

The perfect fit of the experimental results with this theory would lead us to admit its
validity without any reserve.

The interpretation of the EINSTEIN equations in terms of curvature of space-time
opened a horizon in which mathematicians fully filled at ease. Time and space variables are
always variables that are the basis of mathematical constructions extremely elaborate and
extremely fertile.

For the physicist, this interpretation creates some frustration, because it is difficult to
see an underlying physical phenomenon to the notion of space-time. The notion of force has
disappeared, even though it was a key element in the understanding of physical phenomena and
their evolution, and in particular the gravitation of NEWTON. After more than a century of
reflections, we don’t see where the notion of force hides in the EINSTEIN equations, while it
would be an element for progress in the understanding of the physical phenomena described by
these tensorial equations.

We mentioned in the introduction that when trying to have a global vision of physics,
there is an interest to bring out its energy aspects. It immediately follows the question: can we
give an energy interpretation to the EINSTEIN equations?

It appears that this interpretation can be done effortlessly. Starting from the formulation
usually used:

1
Rij_Egin:XTij (111-3)
simply carry the EINSTEIN constant across equality to get:
R
Ry Lpg =T, (111-4)

In this equality, each of the main terms now has the dimension of a volumic energy
density.

In vacuum, and in the absence of matter, the volumic energy density is uniform and
constant.

15



The presence of matter will change this uniform distribution of energy. This imposed
change is given by the matter energy-momentum tensor Tjj. The terms on the left will then

describe the evolution of the volume energy density of the vacuum, under temporal and spatial
constraint dictated by Ti;.

We can make further progress in the definition of the dimensions of the variables that
make up the RICCI tensor:

ory  ory
k m k m i i
Ry =aDy — Il +6_X'J(_6_le( (111-5)
If we put:
' Rij
R ij: 7
R (111-6)
R'=—
X
The equations of gravitation are written:
1 1 1
Ry=5R0i =T, (1n-7)
With:
k m k m k
R._:karij _rmjrik " arij _ Olﬁit.
! x y  yox*  yxox!
k
’ 0 rii o 1—1illz
R'..:F_fﬁkri_hijL \/; — \/% (111-7)
Ve Ve ald) aldad)
ork o«
' 1k m 1k m | i
Rij:karij _ijrik+ax.kj _ﬁ

The coefficients of CHRISTOFFEL changed (with a prime) now have as dimension the
square root of a volumic energy density. There is an element of consistency with the energy
interpretation of the DIRAC equation in which the wave function also has the dimension of the
square root of a volumic energy density.

As a result, the variables of space changed (with a prime) have the dimension of the
inverse of the square root of a volumic energy density.

The evolution of the modified RICCI tensor R'jj, which is proportional to the unmodified

Rij RICCI tensor in a report y, can be interpreted only in terms of volumic energy density
variations.

16



It comes from this interpretation that the notion of time and space arises directly from
an energy evolution. In a system without energy evolution, time and space do not exist, because
there is no way to highlight them.

For equations of gravitation, the transition from a classic interpretation to an energy
interpretation is so immediate. It does not really add, for now, additional lighting.

17



IV - MAXWELL's equations

In a comprehensive energy approach, we would like the tensor formalism which
describes the behavior of energy attached to a mass can be applied to other areas of physics,
and first and foremost to electromagnetism. The static analogy between gravitational and
electrostatic is so perfect that it incentives to explore this path.

Special relativity allowed to show the perfect consistency between the force issue from
area of electromagnetism, and the force issue from area of gravitation. These two forces are
transformed in the same way between two frames in uniform translation movement.

However the notion of energy can be defined by the result of a force that has experienced
or generated a movement. The resulting consistency of relativity suggests that if there is a
general law of energy conversion, this law must apply both to the gravitational energy and
electromagnetic energy. This law can only be a law which, by nature, is independent of the
frame in which it is described: the one that comes to mind is given by the EINSTEIN equations.

| — Reminder on MAXWELL's equations

Electromagnetism is one of the major areas of physics. It is described very precisely by
MAXWELL's equations. In vacuum, and in the presence of charges and currents, these
equations are written in temporal regime:

(IV-1)

<!
m
Il

_41
w!
Il

No energy wording appears directly in these equations. They can however be deducted
from following Lagrangians by using the principle of least action:

|_=jﬂ(%8052 —%HOHZJdQ
Q

|_:q(—¢+v.A)=j£jp(—¢+v.A)dQ :jg(—pq)ﬁ.l\)dg

(IV-2)

This observation indicates that we can assign them an energy origin.

18



The potential and scalar vectors, which appear in the Lagrangian (V1-2) close to the
sources of the electromagnetic field, are solutions of the wave equation:

a(;t;\ % (IV-3)
VA- == J
oy e

These wave equations must be associated with the choice of gauge, which allowed their
determination, i.e. the LORENZ gauge:

VA+=2 =0 (IV-4)

As previously, there appears no obvious energy aspect in these equations.

Il — Trial of definition of a energy-momentum tensor of the electromagnetic
field radiation sources

For a volumic material density pm, animated with speed with components vy, vy, vz, we
know how to define a momentum-energy tensor. In the metric (-, +, +, +), we give it the
following form:

2

C —CV —-Ccv, -—-cCv

X y z
—CV, V.V, V.V, V.V
Ty ==Pn cvX vxvX vay vxvZ (IV-5)
Wy yVx yVy yVz
—OV, VY, VY, VLY,

This energy momentum tensor is responsible for the modification of the volumic energy
density that surrounds each mass. In static mode, it reduces to the term Too, which integrated
on the volume containing the mass provides the energy mass at rest: moc2.

This tensor can be described as an intrinsic tensor to a volumic energy density of mass
in motion, because it contains no terms from the gravitational field.

The problem with electromagnetism, is that we do not know how to set an intrinsic
momentum-energy tensor relative to a volumic charge density p. In other words, we do not
know to assign a purely electromagnetic energy to an electrostatic charge g.

It is a fundamental problem: without this energy tensor relative to the sources of
electromagnetic radiation, it is unclear how it would be possible to consider a reconciliation of
electromagnetism with EINSTEIN equations of gravitation.

To propose the structure of such a tensor, we will draw on Ockham Razor: the simplest
sufficient assumptions should be preferred.

19



We conjecture that the evolution of the energy must be identical; for the mass energy or
electromagnetic energy.

Its evolution must be described by the same equations. We can consider that it is a
consequence of the basic assumptions that we require in the introduction.

Therefore, we adopt the following tensor as momentum-energy sources tensor of
electromagnetic field:

To T Too Tos & —ov, —ov, —cv, —pc® cJ, cl,
T, = To T T, T — p SOV, VWY Yy Y| N o, v, —yv, Sy,

Too T T Ty —CVy, VvV, V)V VY, cJ y ‘]yvx - ‘]yvy - ‘]YVZ

T T T Ty —CV, V,V, V,V, V,V, cJ, —Jdv, —Jdv, -V,

(IV-6)

Quantity p represents the volumic charge density, while the Jx, Jy, J; quantities represent
volumic current densities in each direction of space.

The multiplicative constant A that appears must give to this tensor the dimension of a
volumic energy density, and must ensure the coherence of this tensor with the equations of
gravitation. We shall subsequently justify its expression:

ho 1 (IV-7)

- \4ne,G

In this expression, go is the vacuum permittivity, and G the gravitational constant. We
can deduce a value close to A:

1 1

- = ~1.16*10"° A's'Kg (1V-8)
JAneG Jan*8.85%102*6.67*10

In a linearized metric, the twice contravariant tensor is given by changing the signs of
row 0 and column O:

o0 ot oz 703 ¢t ov, ov, o, pc’ ¢, d, ¢,

Ti_ T T T?OTV ~ e OV ViV ViV ViVo | cJy v, v, v,

T2 T# T2 T2 CVy VWV, WV VY, ¢y dyve dyvy Y,

T T T T3 CV, V,V, V,V, Vv, c, v, Jv, v,
(IV-9)

For a system isolated from external influences, the divergence of this tensor must be
zero:

oTh  oT o1t AT aT®
= + + + =

_ = 0 1V-10
ox! ox®  oxt ox* ox® ( )

We get to the first line (i = 0):
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oT% a1t o712 A7
+ + + =

1V-11

ox’  oxt o oox?r o oxd 0 ( :
Or still:

lpe) + a(‘]X)+ a(\]y)+ o) _op + Div(j)z 0 (1V-12)

The divergence is zero because it checks the charge conservation equation. To a
multiplicative constant close, it is identical to the law of conservation of energy which is
imposed to the momentum-energy tensor T".

On the basis of this momentum-energy tensor, we will seek to show that MAXWELL's
equations are included in an approached way in the equations of gravitation. Approximations
that are needed consist, in part, by the linearization of the EINSTEIN equations: it is this aspect
that will be discussed in the following chapters.
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V - Linearization of the EINSTEIN
equations

The EINSTEIN equations recalled below are expressed with the energy-momentum
tensor in the right member, the gij metric coefficients, and their first and second partial
derivatives in left side.

s _%gin _ 816G

]

T, (V-1)

C4 ]

The RICCI tensor is recalled with more details below:

ork  arx
k m k m i i
Ry = Il Tl + 5 =50
e 1 ] 00y agjk agij
I == k4 == V-2
178 {axl ox'  ox (v-2)
R:g”Rij

These equations are non-linear: if we multiply the energy-momentum tensor Tj; by 2,
the gij which are solutions are not multiplied by 2. This is apparent in the passage of the
covariant metric coefficients to contravariant coefficients metric: the reversal of the matrix
introduced a denominator that is formed by the determinant of the gij;, which removes any
linearity to the coefficients of CHRISTOFFEL.

In contrast, MAXWELL's equations are linear: If we multiply by 2 charges to the origin
of electromagnetic fields, these fields are multiplied by 2. Furthermore, we know their complete
coherence with special relativity, which is described by the metric of MINKOWSKI, and we
have already adopted the signature:

00 — 1 —

no=n® =-1, nu=n*=1, ne=n®=1, na=m*=1 (V-3)
This metric is characteristic of a flat space-time, because it makes coefficients of

CHRISTOFFEL and the RICCI tensor equal to 0.

It is accepted that MAXWELL's equations are based on the MINKOWSKY metric in
an exact way. Then, we can wonder about how a rigorously flat space-time can allow the
electromagnetic field to spread. From this point of view, it is more satisfactory for the mind to
imagine that this space-time is subject to infinitely small fluctuations that spread in the manner
of any fluctuation in its medium of propagation.
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Such a representation has the advantage of reconciling the consistency of MAXWELL's
equations with the metric of MINKOWSKY, because if the disturbances are low enough, they
can be considered as negligible in the metric coefficients of MINKOWSKY. We also ensures
consistency with a spread through space-time that can be described through the EINSTEIN
equations.

We come to the conclusion that if the hypothesis according to which electromagnetic
fields propagate through a distortion of space-time is valid, it must be possible to specify this
deformation by introduction of the tensor energy-momentum of electromagnetic sources in the
EINSTEIN equation. In an energy approach, we recall that a small distortion of space-time is
seen as a small perturbation of the vacuum energy.

The idea of an exact resolution being abandoned because of difficulties, it remains that
we can work within the EINSTEIN equations, when they are written for the gjj infinitely close
to jj that characterize the metric of MINKOWSKY'. We work then in the frame of the linearized
EINSTEIN equations.

The first stage of this work is to rewrite these equations by introducing simplifications
made, considering the infinitesimal deviation from the metric of MINKOWSKY. This work
has been explored by EINSTEIN himself, and led gradually to a rigorous formalism adopted to
describe the propagation of gravitational waves. The outline of this linearization are described
in the following paragraphs.

Subsequently, all the indices used in tensorial notation vary from 0 to 3. When this is
not the case, this will be explicitly mentioned.

| — The metric tensor which propagates the electromagnetic perturbation

A flat space-time is represented by the MINKOWSKY metric which we will adopt the
following representation:

1000
10 100
=il = V-4
Ny =" 6 0 10 (V-4)
0 0 0 1

It is assumed that this metric is the object of small perturbations hj; who check the
condition:

hoo Nor hez hog
h = h1o h11 h12 h13 avec ‘hij‘ <<1 (V-5)
: hy Ny hy hy
h h h h

33
The coefficients of the perturbed metric gij, that is to say the metric which is attached to

the electromagnetic wave, are written as the sum of the coefficients of the metric of
MINKOWSKY, plus the small perturbations of hi;.

23



_1+hoo h01 hoz hos
ho 1+hy, hi his
h hy 1+hy, hos
h ha, hs,  1+hy

g;=m;+h;= (V-6)

We assume perturbations hjj small enough so that we can consider as linear effects on
the metric gi: we shall justify this assumption later. In these conditions, we can initially ignore
the terms of the second order that correspond to products of h;.

The first step is to establish the expression of the contravariant metric tensor g’. We
know that the matrix of the contravariant g' is the inverse matrix of the covariant gij. We might
proceed to a formal inversion of the matrix (V-6), but if we assume the terms of the second
order as negligible, we can simplify the inversion and immediately check that the product of
the following matrices gives the identity matrix, to the specified approximation:

_1+h00 h01 hoz hos _1_hoo h01 hoz h03
th 1+ h11 h12 h13 th 1- h11 - hlZ - h13
hzo h21 1+h22 h23 hzo _h21 l_hzz _hza
hso h31 h32 1+h33 hso _h31 _h32 1_h33

(V-7)

Since the covariant nij and contravariant n! tensor of the MINKOWSKY metrics is
identical, we deduce that the elements of the contravariant tensor of the perturbed metric can
be written:

g’ =n"-h’ (V-8)

with :

hij _ - th h11 h12 h13 (V-9)
- hzo h21 22 23

- hso h31 h32 h33

We can draw attention to the fact that in this linearized approach, h' which are the
contravariant elements of tensor hij may be deducted from the latter thanks to the
MINKOWSKY metric:

h' =n"™n"h_, (V-10)

Il - The coefficients of CHRISTOFFEL

They are constructed from the perturbed metric tensor following the relationship
recalled to memory:
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r 1 rl 8g| agk agl
=39 k{axik Y (VD)

where the expression of the perturbed contravariant metric tensor has been established
previously:

g’ =n"-h" (V-12)

Since the njj are constant, their derivative is null, and it remains:

r_ 1 w rk 8hik ahjk ahii
b _E(n - >{8xj T ox (V-13)
The condition |h™| <<n™|=1 allows a further simplification:
L[ P, Vs
T2 laxd oaxt o

and since the only not null n'™® are the n", it remains finally only the following terms:

~oh. on.
ri;zlnrr{ahu r_ ”} (V-15)

2 ox) ox' ox'

11l - The RICCI tensor

We use the expression of the RICCI tensor below:

n_pepm, O O
Ry = Frl:mkrij - Frl:]jrik + 8_)(:( - G_X”‘( (V-16)

whose writing developed in a 4-dimensional space takes the following form:
Rij = rﬁ{rlll + F122 + r133 + F100}+ F|12{F211 + 1ﬂzzz + 1ﬂ233 + ono}
T + T+ T+ T o T, + T + T+ T
— (T + LT + G+ L6 — (G, + T + G + [50)

— (0T + Tyl + T35 + Tl — (G + Tl + T3l + TGl

3ji0

1 2 3 0
+{%+aru L5 +aru}_{ara+anz +anz+an3}

oxt ox* ox® ox° ox!  ox! o oox) ox
(V-17)
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It is apparent that without additional simplifying assumption, search for an exact
solution using the full expression of the RICCI tensor is a probably an insurmountable work.

Since we place ourselves in an infinitesimal gap compared to the MINKOWSKY metric,
we infer that the coefficients of CHRISTOFFEL are very similar to those of a flat space-time,
that is to say very close to 0. In these circumstances, the product of the coefficients of
CHRISTOFFEL can be considered to be an infinitely small of the second order, and may
therefore be neglected.

Under these assumptions, we are led to evaluate the simplified RICCI tensor:

ory orr |er; er; or; ory| [(er: er: erd: ore
A~ y_ ir _ ] + ] + ] hL_ |_1+ |_2 + |3 + |Q
Poaxt o oox! |axt o ax? ox® ox° oxi o ooxd o oox! o ox!

(V-18)

It comes, by introducing the approximate expression of CHRISTOFFEL coefficients
(\V-14) recalled to memory:

r o1 ahik ahik ahij
=g {axj T ox" (v-19)

o oy 1 rk{ o*hy Oy o'hy }_ 1 rk{ o’y *h,  &%h, }
2

o= - - +— - — -
Voooxt ox! oxox"  ox'ox"  ox'oxk " ox'ox!  ox'ox!  oxloxX
(V-20)

1 .| hy  2°hy  &%h o%h,
R--=— Tl _ ] _ by _ i rk_ + _ ir V_21
172" {ax'axr Xox* x| oxaxt V2D

We can simplify this expression by developing products by the metric tensor n'*. This
latter behaves as a constant and can pass under the derivation sign, which allows to raise or
lower an indices, when this is relevant:

1{—62"? o Oy &hy 0N } (V-22)

= — - — - i -
=2 ook’ axaxt "V oxiox) T oxiox

In the MINKOWSKY metric, only coefficients not null are the n", and are recalled to
memory:

1,]OO =1 1,]11 =1 1,|22 =1 T]33 =1 (V-23)
So that the term:
« O°hy . ohy o'hy oy o'hy othy

n (v-24)

- — Olh.
xox | axox’ o(ct)’ Tad o o vy
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represents the d’ Alembertian of the perturbation in the metric (- + + +), while the term:
11rkhr|< =n"h, =—Ng +hy; +hy, +hyy=h (V-25)

represents the trace of the perturbation. With these writing conventions, the linearized RICCI
tensor stands in the form:

oehl g < e g ‘
R, zi N 8_ h 0° ok D(h,) 1 6_ h 0° h; k I:I(hi-)
b2 | ox'ox" ox'ox? axjax ! 2 oxioxk oxiox] 8x‘6x !

(V-26)

IV - The curvature scalar R

It is obtained from the RICCI tensor Rjj and from the metric tensor ' by the contraction:

ij ij ij ij 1 5 o°h; o’h azh:(
R= gJRij = (nJ _hJ)Rij szRij ZEnJ{ax‘(?)J(k PV + P —I:I(hij) (V-27)

The metric tensor 0! allows to lower or raise indices of terms between brackets:

R=1 { ch i oth, o i )} (V-28)

ox'ox* ax'axJ oxJox~

_ The sums described in the terms derived from the two tensors twice contravariant hi
and hi* are identical, which allows to combine them:

R=1lp 2" iy } V-29

As previously, we use the fact that all terms of the metric tensor n!! are null, except for
i =j: in these conditions, as stated above, the last two terms between brackets correspond to the
d’Alembertian of the trace h, and we get after this ultimate contraction:

2]
R = a?(ing - E(h) (V-30)

V — Linearized EINSTEIN equation

The field equations are written based on the momentum-energy tensor describing the
electromagnetic sources, and which is recalled to memory:

1 8nG

R; _Egin T T; (V-31)

By reporting in this expression, the partial results for the expression of Rj; (V-26) and R
(\V-30), we get the equation of propagation of electromagnetic waves in a linearized metric:
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1 azhll( _ 82h 4 azhlk _E(h) _lg{ o*h _E(h)}: 8rG T (V-32)
2 | ox'oxk ox'ox!  axloxk 1 2 J] oxPox- ct !

and since the gjj are substantially equal to the n;j, the fields equations with small perturbations
hij takes the very general form:

o’h~ 2 o%hk 2, pq
1 _ 8_ h i I B h.. oh Odh) = 161G T. V-33
XX oxiox) | oxIox o ”) +nAh) s (V-33)

LYY c

We can get another formulation, starting with an equivalent form of the EINSTEIN
equation (V-31) deducted by using the relationship: -R = T (obtained by multiplying
EINSTEIN equation by the contravariant metric tensor g"):

8nG 1
R; = (7:54 [T” _EgijT} (V-34)

Only the linearized expression of Rjj (V-25) is necessary, and we get:

o°hX 2 o?hk
1 i o0h N _p )l = 8xG (T__ _1 __T) V-35
2 {8x'6x" Xox | oxiox” ah,) ¢t Vi 29 (V-35)
or still :
0°h« 2 o0°h*
N gh o, PN o )_16nG (1 1 __T) V-36
ook oxioxd | oxIox® E( ”) o ( i~ 2% (v-39)

The two obtained equations (V-33) and (V-36) do not yet allow direct interpretation in

terms of propagation of electromagnetic fields and require simplifications we need to justify: it
will be the subject of the next chapter.

28



V1 - Harmonic coordinates and
harmonic gauge condition

The gauge problem arises in electromagnetism when we try to write MAXWELL's
equations in terms of potential rather than in terms of electric and magnetic field components.
We can see that, for a given electromagnetic field, potentials which represent this field are not
defined in a unique way. We have to draw a choice among the infinite number of possible
potential, and this choice is called choice of gauge. It appears finally that there is only a choice
of gauge that preserves the invariance of MAXWELL's equations by change of frame: this is
the LORENZ gauge.

The problem arises on similar terms with the fields equations. In-depth considerations,
including through a better understanding of gravitational waves and their equation formatting,
helped establish a rigorous framework of choice of gauge, which highlights are presented
below.

We obtained, in the previous chapter, two expressions of the equation of propagation of
a small perturbation of the metric of MINKOWSKY, by linearizing the one or other of the
EINSTEIN equations:

1 8nG

R;; _Egin = C4 T; (VI-1)
8nG 1

R;= o [T” _EgijTJ (VI-2)

To do this, we have considered a metric of MINKOWSKY nj where we injected a small
perturbation hjj. We concluded that the perturbed metric gij was of the form:

gij = Mij + hij (VI-3)

We then calculated the RICCI tensor Rjj and the curvature scalar R of modified space
with perturbation h;.

The indeterminacy of this method comes from the fact that if we place ourselves in a

space with a slightly different metric (represented by the sign ~ in the following paragraphs),
we have:

gij =M + ﬁij (VI-4)
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and that, to the approximations imposed, gij and @u can lead to the same Rij RICCI tensor and

the same curvature scalar R. There are so many hij which lead to the same wave equation, and,
by analogy with electromagnetism, the choices that will be required to operate among the
infinite will be designated by choice of gauge.

To clarify this property, we proceed in two steps:

- One places oneself in a space with a slightly different metric by considering
a small change of coordinate and we show that the original perturbation hi;

turns into a new perturbation ﬁij .

- It is shown that, under certain assumptions, this new perturbation Hij leads

to the same linearized RICCI tensor as hjj and therefore to the same equations
of the fields.

| — Invariance of the linearized EINSTEIN equation under a small variation
of the metric.

We consider that each x' coordinate experiences a small change &' and becomes X' ina
new coordinate system:

X =x +¢ (VI-5)

It will be assumed in this transformation that €' is an infinitely small amount of first
order (like hj;), and furthermore that this change of coordinates is slowly variable, which allows

to consider that the quantity g_il' is also an infinitely small of the first order. In these conditions,

we deduce from the processing (V1-5):

&K _q, o8 ot X _q_ 08 (V1-6)

Ox' ox' ox' ox'

The tensor gij bringing the perturbed metric will undergo the change of coordinates (VI-
5), and we know what a covariant tensor of the second order is transformed by change of
coordinates according to the relationship:

~ a a i
gu a§| 8; gu (VI-7)

In cases where we are, this transformation is growing in function of €' :
~ aX 8x 1-— 8_:»:'11 k [ 88 88 } VI-8
9 = X' oX! 9 = ( ox' ox ox' ox! (V1-8)

By making explicit the gjj, we do appear the MINKOWSKY metric as well as its small
perturbations hi:
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-~ = i i
n; + hy ~ (1 - % - %)(nij + hij) (V1-9)

At first order, n; = ; and it remains:

T Og' o¢!
hij ~ hij — M 6_)(2' — M a_ij (V1-10)

Because the metric tensor of the metric of MINKOWSKY nj is constant, it can be
included in the partial derivative, and we get the relationship that links the small perturbations
hij under a small transformation of coordinates &;:

ho~h — a(“”‘_gi) _ a(“if‘j) O8Oy VI-11
o ox' ox! oox' ox ( )

It was noted that this relationship is consistent with the hypothesis of slowly varying
coordinates in (VI-5) and (VI-6), because changes in coordinates should be of the order of
magnitude of the hj; to ensure the homogeneity of the relationship (VI-11).

In the previous chapter, we showed that the linearized RICCI tensor is written based on
the small perturbations hj;:

o°h. o°h, 2 2h.
_1 ik ij 0 hrk 0 hlr } (V|-12)

o= nrk . — — - - + -
o2 ox'ox"  ox'ox*  ox'ox!  axloxk

If we alters the hjj to a small quantity which is an infinitesimal change in coordinates &;,
the hj; become, according to the above relationship:

~ Og; O
=M T e VI3

This modification of the hjj introduced a change in the RICCI tensor oR;jj which is
evaluated by puting the modified hjj (V1-13) in expression (VI-12) :

olh %8 %) sl %%
oxd o axk oox ox!
i r - r k
R, +0R; =%nrk OX OX OX'OX (VI-14)
az(hrk _Og asrkj az(hir B 88( _ Og j
B ox"_ox*) ox' ox'
ox'ox oxox*

or still for the only variation 6Rj; :
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o2 _aik__% PE _878!_678{
oxl - oxk ox' ox!
i r - r k
SR”— — lnrk OX'OX OX' OX (V|_15)
2 o Og, Ok, I 68r _ Og
_ o' ox*), ox' ox'
ox'ox oxIoxk
Developing the expression between braces, we get:
638k 838] n 838] " 838i
5R, = }nrk ax'ox'ax” - ox'ox‘ox" - ox'oxox" - oxlax ax | _ (VI-16)
2 N o’e, N e, 0% 0%
ox'oxiox"  ox'oxlox*  ox'oxlox®  oxlox*ox'

We obtain then oR;; = 0.

The modification of the hjj (V1-13) does not change the equation of electromagnetic
waves since it does not change the RICCI tensor Rj;.

In electromagnetism, we can find an infinite number of potential that represent the same
electromagnetic field.

Similarly, & being a small amount at first glance any (but respecting the above
assumptions), the relationship (V1-13) allows to find an infinite number of hj; representing the
same gravitational field propagating through space-time.

Il — harmonic coordinates.

The propagation equations of the hj; obtained in the previous chapter are recalled to
memory:

o’h  8*h  o°h d%hPe 161G

i 97 L 9 —dh.)-0O(h)= T. VI-17
oxioxk  oxiox) T oxiax® W oxPox? (b,)-ch) ot i (VI-17)
o’hf  8°h  9*hk 161G 1

97 L %0 gh )= T 2. T VI-18
ox'ox"  ox'ox!  oxlox® ( ”) c’ ( ! Zg” J ( )

Despite the linearized framework, they are partial derivatives equations of great
complexity and practically impossible to solve as it stands. An idea is to search, among the
infinite number of coordinate systems that represents tensorial writing, if there is no one who
can simplify the writing of these equations.

It's a problem that we face in other situations, for example in variational analysis to
relieve calculations from the expression:
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m m 81—1Ik ark
3R, )= s[rnﬁkrij TR+ - aT'k} (VI-19)

One stand in a local geodetic coordinate system for which:

% =0 (VI-20)
ox*

In these conditions, the CHRISTOFFEL coefficients are zero (but not their derivative),
which simplifies the expression (VI1-19).

This simplification remove nothing from the generality of the demonstration, provided
you ensure to always work with variables having tensorial quality: We know that in those
circumstances, the form of the obtained relationships is independent of the chosen coordinate
system.

In the present case, the use of local geodetic coordinates brings no significant
simplification, and the fact that we see a propagation equation in the above expressions
probably contributed to suggest the idea of trying to use a harmonic coordinate system. We will
see later that these coordinates are needed in a natural way because they reflect on the metric
coefficients, the properties of null divergence which are imposed on the electromagnetic
potential.

11-1 Notion of harmonic function:

A function f of four variables is called harmonic if:

Vi = 521; N 821‘2 4 aZf2 N 621; ~0 (VI-21)
OX; OX; OX; OX3

In a metric of MINKOWSKY, this relationship represents the d’ Alembertian which is
written according to the spatial and temporal variables:

o (x.y.z,ct) N o°f(x,y,z,ct) N o*f(x,y,z,ct) . of(x,y,z,ct)

D(f)z 8(Ct)2 X2 6y2 72

0 (VI-22)

It is an equation of propagation. In the case of a propagation along a dimension x, any
function f(x + ct) or f(x — ct) is a solution, the first expressing the spread towards the x > 0, the
second towards the < 0 x. The fact that the function f is any expresses that the shape of the wave
that spreads can be a priori any, and we find at a distance x and at a time t = x/c, the shape of
the wave at x = 0 and at t = 0, which is the physical translation of the phenomenon of
propagation.

Going back to the linearized equations of the fields (\VI1-17, 18), we can speculate that if
one places locally in a coordinate system which evolves according to the shape of the wave that
spreads, this should lead to a simplification of these equations.

11-2 Harmonic coordinate system:

33



So let's choose a coordinate system x* such as x* be harmonic coordinates, within the
meaning of the tensorial analysis: the Laplacian is written in covariant derivatives, whose
definition for a tensor of order 1 is recalled below:

D_Aiza_A_iJrrji A" DA _ 9A, ™A
m aXJ axj 1 m

\ _i_ VI1-23
ox! ox? ( )

The Laplacian of a scalar function @ is built according to the classical definition:
VZ® = Div(Grad(®)) (VI-24)

For a scalar function, gradient, in covariant derivative, is reduced to a covariant tensor
of order 1 according to the relationship:

A, = Grad(®)= sﬁ (VI-25)

Xk

Applied to this tensor, the covariant derivative (VI-23) provides a covariant tensor of
order 2:

_ DA, _ A, ™A PR ) " oD (VI1-26)

Koo ooaxd T axdaxd T ax™

The Laplacian is obtained by taking the associated tensor of order 0, obtained by
contraction of the tensor twice covariant, the result being a scalar:

2y _ ik _ 0% m 0D
Vo = gJ Ajk - gl (axjaxk - ij axm) (VI-27)

By applying this treatment to each coordinate x*, and when looking for a coordinate
system such that the Laplacian is zero, we must impose the condition:

2 _aikpa ik O%XH m Ox" ) _
Vix*) = g*A, = ¢ (axiaxk -7 axmj =0 (VI-28)

The coordinates being independent variables, we can deduce, based on the
KRONECKER symbol &.° equal to 1 for a = b, and equal to 0 for a different from b :

X s e 9 V1-29
ox* ox' ox~ ( )

The relationship that defines the harmonic coordinates (\V1-28) is reduced finally after
change of indices, in:

V2(x*)=—g'T¥ =0 (VI-30)
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It can be expressed according to the metric coefficients in developing the
CHRISTOFFEL symbol:

) ) 00, 00.
Vz(xu):_gurijg :_%guguk{aainj( n aijik _ai:i}zo (VI-31)

In the weak field approximation broken down into a small perturbation hjj; on the metric
nij of the space of MINKOWSKY, according the sum recalled below:

gij = Mij + hij (VI-32)

the relationship (V1-31) becomes:

1 . oh, oh, oh,
Vixt)=—Zpinpke—k . — X __—I1_p VI1-33
() M {axl ox ox (VI-33)

The coefficients n' of the metric of MINKOWSKY are constants, and so can pass under
the derivation sign:

ih,) on’h, ) éln'h;
Vz(xu):_%nuk{a(gxrj]lk)_i_ (gXiJ )_ (;]Xk )}:0 (V|-34)
Vz(x“)=—%n“k{aa(21?)+afg';'?)—g(xhk)}ﬂ (V1-35)

A sufficient, but not necessary, condition for the relationship above is verified, is that
the expression between braces is zero.

We can deduce the condition that sets the harmonic coordinates:

ahi) alhy)_ath)_, (V1-36)
ox! ox' oxX

The first two terms of the sum above are the same, which leads to a more conqise
expression of the condition defining the harmonic coordinates relative to the perturbation h'x :

2%—&%0 (VI-37)
ox' oxX

111 — The wave equation in harmonic coordinates.

The RICCI tensor obtained in the previous chapter, in a framework of linearized,
perturbation, is given by the relationship:
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o°hk 2 o%hk
R =4J 9% _ _oh O VI-38
i 2{ax'axk X% oxIOX" o, ) (VI-38)

If we rewrite it in harmonic coordinates, by using the relationship (\V1-37), the first 3
terms between braces cancel out, and it remains:

1

R, = —ED(hij) (VI-39)
It follows the form of the scalar curvature in harmonic coordinates:

R=n'R, = —%niJEl(h ; ): _%D(nijhij ): —%I:I(h) (V1-40)

One can then write the EINSTEIN equation relative to the perturbation in harmonic
coordinates, in its two classical forms:

R 1 8nG

i _Eg”R =c_4T” (VI-41)
8nG 1
R;= o [T” _EgijT} (VI-42)
which leads with the approximation n;j = gjj to two equivalent wave equations:
1 167G
D(h ij)_EnijD(h): - ct T (VI-43)
D(h ij): - lGCTEG [Tij - % gijTj (V1-44)

It is recognized in this last expression a classical wave equation which is written in
cartesian coordinates:

o’h, o°h, o*h, o°h;  16nG 1
(hij):_a(ct)Jz + axzj + ayzj + aZzJ - ot (Tij_agijTj (V1-45)

The change of variable:

(VI-46)

allows an equivalent formulation of the equation (V1-43), since the Laplacian is going through
all the terms on the right of the relationship (V1-46).

It highlights explicitly a propagation equation applied to the modified perturbation ﬁij :
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- o*h.  o*h, o8*h. &°%h,
D(hij):_a( t;Z + aleJ * ayzlJ + 0 7 :—16T:G T (V1-47)
C Z C

If necessary, we can reverse the relationship (V1-46) in order to express the perturbation
hjj as a function of the modified perturbation h;;. Noting that:

h=n'h; = n”(hij - %nijh) =n'h; - %n”nijh (V1-48)
and by making use of the already explicit result:

n"'nij =4 (V1-49)

h=h-2h=-h (VI1-50)

so, either by introducing this relationship in (VI - 46):
_n _1
h; = h; - gn.,h (VI-51)

It remains to derive the condition of harmonic gauge associated with the equation of
propagation (V1-47) as a function of the modified perturbation h;;.

Harmonic coordinates have been defined based on perturbation h;j; by the relationship
(V1-37) recalled to memory below after exchange of the role of indices i and k:

aéz )—% =0 (VI-52)

One deduce from (V1-46) :

'y = n*h; - 5 Lk (VI-53)
And then:

h* = h¥ - %nikh (VI-54)
Or still :

he=h*+Lnh =h—L1nh (VI1-55)

and by reporting this result in (VI1-52):
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=a

i)y ), 3 l6)_ s

ox* ' ox" ox'
The mixed metric coefficients n; are evaluated according to the relationship:
ne =1 ny = "Ny 0t 0P 0t (VI-57)

They are not null only for i = k, and then set the value to 1. We can deduce from (VI-

56):
a(ﬁi ) 1 an)  gah)_
-3+ 358 0 (VI-58)

and as conclusion the relationship defining the harmonic coordinates from the modified
perturbation:

h¥

ok 0 (VI1-59)

IV — Summary and conclusions.

For a small disturbance hjj of the metric of MINKOWSKY njj, the wave equation
associated with the harmonic coordinates comes in two forms:

alh,)-2n,00)=-22T, wit 2 %E‘(—') an)_y (V1-60)
167G 1 . ol ) a(h
|:|(hij)=—c—7f;'{Tij —EgijT] with 2%—%:0 (VI-61)

The introduction of the modified perturbation:

=

ij

=h, - %nuh (VI1-62)

allows to rewrite the two wave equations (VI1-60, 61) under the following form, associated with
harmonic coordinates relative to the modified perturbation:

|:|(ﬁij)=—16CL46Tij with %E—it) -0 (VI-63)
_ - ik
D(hij)—%nijm(h)z—li’je (Tij —%gijT) with %Q—L) _0 (V1-64)

If we place in vacuum, that is to say we cancel the Tj; energy momentum tensor, an
immediate simplifications appears. Equations (V1-60) and (VI1-61) become:
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afh, %nijm(h):o (VI-65)
O(h,)=0 (V1-66)

We can deduce that the Laplacian of the trace of the perturbation CI(h) is necessarily
null. This condition does define h in a unique way. B
A simplifier choice is h = 0. In this case, the modified perturbation h;; given by (V1-62)

is equal to the perturbation hj; and we conclude that the four equations (VI1-60, 61, 63, 64) is
reduced to a single:

O(h, )=0 (VI-67)

We have to add the gauge conditions that we have imposed:

h=0 and h$ =0 (V1-68)
oX
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V11 - Identification of MAXWELL's
equations

We showed in the previous chapter that the linearized EINSTEIN equations reduce to a
wave equation:

_ o*h,  o°h, &*h. o*h. 167G
Voo a(ctf  ox® ey ez’ c*

T, =2, (VII-1)

This equation must be associated with the condition of harmonic gauge:

o) _almy), o), o), o) _, (VII-2)
oxk  oax®  oaxt ax? o oxt

That is, after multiplication by the approached metric tensor:

olh. h. h.) alh.
.. 5.8

We can give a slightly more developed writing of the general wave equation (V1I-1):

DH00 DHOI DHOZ DE03 TOO TOl TOZ TOS
Dﬁlo Dﬁll Dﬁlz DﬁlS _ 167G TlO Tll TlZ T13 (VI |_4)
DhZO Dth DhZZ Dh23 C4 T20 T21 T22 T23
DE30 DHSl DHSZ DHBS T30 T31 T32 T33

We introduce the momentum-energy tensor of electromagnetic sources that has been
proposed in previous chapters:

Oh,, Oh,, Oh,, Oh, -pc®  cl, cJ, cl,
Dblo Dhn Dhu DElS :_1675(3}» o, =y, _‘]xvy -V, (VII-5)
Oh,, Oh,, Oh, 0Oh,, c cJ, -Jv, -Jyv, -V,
Oh,, Oh,, Oh,, Oh, cJ, -Jyv, -Jv, -y,

The question we ask ourselves is: is it possible to identify MAXWELL's equations in
the form of a wave equation relative to electromagnetic potential in equation (V1I-5)?
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We make the assumption that the metric of the electromagnetic field is described in

terms of the tensor ﬁij, and we are continuing the identification under this assumption.

The wave equations of potential are recalled to memory:

=y, 10°
V-3 6tj) = —83 = —{,pC’
o (VII-4)
- Y
VA G T
That is, in a developed writing:

_0*(¢/c) @*(elc) &*(9lc) O*(lc) _

a(Ct)z PV oy P HoP
A, . O°A, s O°A, . IA, ]

8(Ct)2 X2 oy 72 Hodx

A, A, PA, OA (vi-9)
-2+ —F+—F+—L=—pd

oty  ox*  oy? oz’ g

O°A, 0°A, O°A, 0°A,
- 2 =_MO‘]Z

alct) ok T T

We then faced the following difficulty: there are only 4 components for the
electromagnetic potential, while there are 16 terms in the tensor that represents the modified
metric.

We conjecture that if MAXWELL's equations should appear in the metric tensor, so it
will necessarily be in the dominant terms of this tensor.

We do not know, a priori, the dominant terms of the metric tensor, but we know those
of the energy momentum tensor: these are the ones that contain the term ¢ or c2. If we assume
the speed of charges much less than the speed of light, we have approximately:

Oh,, Oh,, Oh,, Ohg, -pc? ¢, d, d,
Oh,, Oh, Oh, Ohy, :_16726x cJ, 0 0 0O V11-6)
Oh,, Oh, Oh,, Oh, c cd, 0 0 0
Oh,, Oh,, Oh,, Oh, cJ, 0 0 0O

We conjecture that the dominant terms of the tensor ﬁij will be similar to the dominant
terms of the tensor Ti;:

Oh,, Oh,, Oh,, Oh,, -pc? c, d, d,
Oh 0 0 0
Ny __16nG, | e 000 (VII-7)
Oh,, 0 0 0 c cJ, 0 0 O
Oh, O 0 0 cdJ, 0 0 O0
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It should be noted that the relationship (V11-6) above does not involve the nullity of the
coefficients ﬁij for i and j different from O which is proposed (V1I-7). But if we assume that
MAXWELL's equations should appear through the metric ﬁij, this leads to admit that the

dominant terms of this metric are those containing at least once the index 0. It is under this
assumption that we consider that terms such as i and j different of 0 can be neglected in a first
approximation.

Writing developed of the first line is written explicitly:

2k 2k 2 2k
B S( hto)g N aahgo i a;go N 86h2°° _ _16;:6 I _16C7§G Capc?)
c X z
21 21 25 2l
Oy Oy Oy Oy 167G 167G, ) )
alcty  ox*  oy® oz c c ViILg)
21 21 24 21
by Oy, Ty Py 167G 1676 )
ety ox*  oy* oz c c
21 21 24 21
Oy Oy Oy Oy 161G 167G )
alcty  ox* oy oz c c

These relationships must be associated with the condition of harmonic gauge:

h, h, h,,) . alh,
_ agxn(;))Jr agxnll)Jr 6(gx|22)+ (’(ﬂxg) -0 (VI1-9)

The identification of the equations of potential (V11-5) with equations (V11-8) led to ask:

F__ 167G (pc’) __¢16nG __g(ij

® ¢ ¢t oppe  copct Jane, G clAc

_ 4\ —

h01:Ax E :hlo

(VII-10)

_ 4\ —

hozsz R :hzo

_ 4 —

h03:AZ R :hso

We can then express the harmonic gauge condition for i = 0:

_lhgo) , alhgy) , o), Alhes)
ox*  oxt ooxt ox®
a(¢/c)+ oA, OA, OA, 1
alct) ox ey  ox ¢

(VII-11)

@ GA=0
ot
It corresponds exactly to the LORENZ gauge.
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Fori=1, 2, and 3, the approached expression of the tensor of electromagnetic sources,
we have proposed in (VI1-6), shows that the condition of harmonic gauge is no more verified
accurately, but only in an approximate way. This condition is indeed written:

0ohyo) _ alhyo) _ 10(Psg)

x®  act) c ot
a(520) - a(HZO) 1 a(ﬁzo) -0 (VII-12)

ox° G(Ct) c ot
L0 O O O 9 IO

x®  act) c ot

The 1/c coefficient ensures that these terms are small, but does not guarantee that they
would be zero. We will examine the consequences of this approximation in a later chapter.

Strictly speaking, in the considered approximation, harmonic gauge condition is verified
exactly only for potential vectors which are independent of time, that is to say related to the
magnetostatic. The scalar potential is not affected by this limitation.

We designate by magnetostatic gauge the condition of jauge defined by the above three
equations. If we look at the simplified energy-momentum tensor associated with this gauge:

—pc? ¢cJ, dl, ¢,

p S 000 (VII-13)
¢, 0 0 0
cJ 0O 0 O

z
We notice that the equation of conservation of energy on lines 1, 2, and 3 is written:

oJ

X

ot

0]
et Ay (VI11-14)
ot

oJ

z

ot

In other words, the null terms we have injected into the momentum-energy tensor (VI1I-
13) allow us a rigorous exploitation of this tensor only for direct currents.

We can check that the terms which express the change of the metric are a much less than
1 order of magnitude. One estimates for this:

64 G * -12 % -11
( 4 J:J me,G _8314%885.10 ¥ *6,67.10 " _ 114.107 (VI1-13)

AC c (3.10°)

The coefficient of the metric which describes the scalar potential is recalled below:

ho, =—9( 4 j (VI1-14)

clac
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This term approaches the value 1 (in absolute value) when the potential ¢ approaches
value about 10% Volt. One knows to date no experience involving such high potentials, which
justifies the used linear approximations.

At this stage, formal identification of MAXWELL's equations in the EINSTEIN

equations is completed, but it is not satisfactory because it does not treat the currents variable
in time. We will see how overcome this difficulty in a later chapter.
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VI1II - Metric of the electromagnetic field
In the magnetostatic gauge

The previous chapter showed that the electromagnetic field can be represented by small
perturbations of the metric of MINKOWSKY, or in an energy interpretation, by small changes
in the volumic energy density of the vacuum.

In the magnetostatic gauge, the representative tensor of these variations has been
approximated in an expression of the form:

ﬁoo H01 ﬁ02 ﬁ03 _(I)/C Ax Ay Az
= h, h, h, hg :_,/Mngoe A, 0 0 © VD)
"R, R, R, h, c A, 0 0 0

H30 H31 H32 H33 Az 0 0 0

These variations are expressed using the perturbations of the modified metric (topped
with a bar), whose relations with unmodified perturbations have been established in the chapter
on the gauges:

N

h; =hij—§ﬂuh (VII-3)
With:

h= 1']ijﬁij = T]Ooﬁoo + n“ﬁn + 1'122522 + 1”|33ﬁ33 = _ﬁoo (VIII-4)

We deduce the expression of the perturbations of the metric unmodified:

N
hij = hij + Enijhoo (VIlI-5)

Each of the terms can be included in a matrix expression:
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no
-2 hOl h02 h03 _i Ax Ay AZ
h,, h, h, h 2 - 2¢
00 01 02 03 _ hOO 0 O A _i O O
h = hio hu hy hy| gt 2 _ /64ne G X 2c
"h, h, h, h.| |= h - C ¢
20 a1 Moz Mo h,, O % 0 A, 0 o 0
h30 h3l h32 h33 ﬁ d)
h Zloo A 0 0 -
i, 0 0 : >
(VII1-6)

The full coefficients of the metric (the gij) are obtained by adding the previous small
variations (the hjj) to the coefficients of the MINKOWSKY metric (the njj):

e Gor [l G
AC ) 2¢ AC ac) AC
%)AX 1- (%)2% 0 0 .
gj=mn;+h;= A=
o ijA 0 1—(iji 0 VAmEG
ac) 7 AC ) 2¢
ijAz 0 0 1_(iji
AC AC ) 2C
(VIII-7)

We can deduce the squared element of space-time according to the relationship:
ds? = g,dx'dx’ (V111-8)
We get developed writing as a function of the only gij not null:

ds? = g, dX°dx® + g,,dx'dx" + g,,dx*dx* + g,,dx3dx® + 2g,,dx°dx* + 2g,,dx°dx? + 2g,,dx°dx*
(V111-9)

And finally, the expression of the metric based on the electromagnetic potential:
2¢ 2 20 Vo o o
ds® =| —1—-— [d(ct)” +|1- = |ldx® + dy® +dz
( kcz) (et ( kczj( Y )

" (VIII-10)
‘ 2( 4fx jd(ct)dx ‘ 2( " jd(ct)dy 4 2( 4fz jd(ct)dz

C C C

We conclude that the metric of space-time can be expressed as a function of the
electromagnetic potential, in an analogous way to the gravitational phenomena.
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| X - Analysis of the relationships
obtained in magnetostatic gauge

In the previous chapters, we have been led to cancel some terms, to allow an
identification of certain coefficients of the perturbed metric with the electromagnetic potential.
We observed that this approximation had broken the exact condition of harmonic gauge. The
complexity of the EINSTEIN equations suggest us to examine in detail the consequences of
this approximation.

In this chapter, we propose to derive a direct and detailed calculation of the coefficients
of the RICCI tensor, in order to evaluate the consequences of the assumptions that we have
proposed on each term.

| — Reminder on the working assumptions

For this check, we will use the following form of the EINSTEIN equation:

r 876G [T.. _lgijT] (1%-1)

oot U2

We define the MINKOWSKY metric by the n;j coefficients:

1000
0o 100
i = IX-2
Ny =" 0 010 (1X-2)
0 0 0 1

This metric experiences small perturbations hjj, and one can put in a matrix
representation:

hOO hOl h02 h03
h,, h, h, h
hy=[ * * | aec |hf<<1 (1X-3)
h20 h21 h22 h23
h, h, h, h

32

We can deduce the matrix representation of the metric associated with the
electromagnetic potential:
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-1+ hoo h01 hoz h03

g =mn +h = th 1+hy, hi h13 (1X-4)
’ ’ ’ hy h,, 1+h,, hys
hso hs, hs, 1+ hy

In the previous chapters, we have proposed an energy-momentum tensor Tj; of the
sources of the electromagnetic field. By cancelling the minor terms, we obtained an
approximate expression that is recalled below:

Too Too Too Tos - pC2 cJ, CJy cl, —pC2 cJ, CJy cl,
T - To Ty T T _ 1 cd, 0 0 O Y d, 0 0 0
YT T T, To| JAme,G| ), 0 0 0 cJ, 0 0 O
Ty Tan Top Tig cdJ, 0 0 O cdJ, 0 0 ©
(IX-5)
We can evaluate an approached contraction of this tensor:
T= gijTij ~ T]ijTij = nOOTOO + n“Tn + nzszz + T]331-33 = TIOOTOO =—Ty (1X-6)

We assumed that the modified metric coefficients are related to the electromagnetic
potentials in the following way:

_i § A, A,
hOO hOl hOZ hOS 2C d)
L _feame G| A e 00 (X7
| hyo Nai Ny hyg c A, 0 _¢ 0
h30 h31 h32 h33 20 (I)
A0 0 2

In calculations of terms of the RICCI tensor, we will use a few properties that are
apparent in the coefficients of the h;j tensor which is given above:

1) Itis a symmetric tensor: hij = h;j;.

2) Several terms of this tensor are supposed have value zero, to first
approximation:

hi;=hjz3=hy =hy=hy =h;, =0 (1X-8)

3) The terms of the main diagonal are equal:
hoo =h;; =h,, = h33 (1X-9)
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4) Representative potential terms must respect the LORENZ gauge:

- oA
%@ +VA= ol/c) + A, +—2+ Ay _ -2 6h°0° + 8h011 + 6h022 + 8h033 =0 (IX-10)
c® ot alct)  ox oy  ox x’' o oxt o oaxE o
We recall the expression of the multiplicative constant A:
yo_ L (IX-11)

\4ne,G

The terms of the modified metric hjj are therefore written using the constant A:

_Zi X Ay Az
hOO hOl h02 h03 ¢ d) 0 O
h; = Mo My iy g :i Y2 (IX-12)
hyo ha hy hy | 2c A, 0 _4 0
h30 h31 h32 h33 2C q)
A, 0 0o -—=
2C
We deduce the coefficients of the metric associated with electromagnetic potential:
e G G Gk
Ac)2c AC rc) AC
N A
C c)2c
(—jAy 0 1—(—]— 0
AC AC)2¢C
[ijAz 0 0 1_(ij£
AC AC)2C

We now have all the elements allowing a direct verification of the EINSTEIN equations.

Il — The EINSTEIN equations

We adopt the following representation of the RICCI tensor:

ol ’

R, =TI ~ Ty + = - T (1X-14)
ox'  ox

In a linearized framework, we admit that products of the CHRISTOFFEL coefficients

can be neglected as an infinitely small amount of second order. The terms of the RICCI tensor

will be evaluated using only the expression involving derivatives of CHRISTOFFEL

coefficients:
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(IX-15)

ox°  oxt ox? ox® ox! ox! o oox! o ox

ory er, jory ory ory ory| fery ery ory org
i © o o) = + + + - + + +

The general expression of these coefficients is:

.00, OQ.
Fr :lgrk{aglk + glk _ g“} (IX'lG)

P27 |oxh o oax' oxk
Their writing developed following the dummy variable k is given by:

I :1 ro{agio " 891-9 _ agij} 1 rl{agil + a9, _ agij}

. += : .
2 ox! ox' ox° 2g ox! ox' oxt

+lgr2{5giz L 99, agu} 1 rs{ﬁgis L 99 agu}

= + — >
2 ox! ox' ox? 2g oxI' oxt oox®

(IX-17)

The very particular shape of the gij = n;j + hij, with n;j equal to a constant (+ 1 or - 1) and:
|hijl <<1 shows that this expression becomes in a linearized framework:

I zlnm{ahio Loy ahu}+ 111'1{6h” Lohy ahu}

2 loxi  ax ax°[ 2 laxi axt axt

PR3 o ohj, _ 5hg JLoefdh ohy; ah2
2 8x’ 8XI OX 2 aXJ aXI oX

(1X-18)

Since the only n'™® not null are those for which r = k, we obtain the final expression that
will be used in the calculations:

. éh, oh,
Iy %n"{ii‘} v axlfj} (1X-19)

We get explicitly for each value of r:

T Yo ax ox°
re o L[ O, Oy 9N
2 ox! o oox' ot
(1X-20)
FZ 1,[122 6h.z ahj? ahlj
b2 ox! o oox' ox?
1 oh.. oh, oh
1—~3 - ..33 |_3 J_3 ij
A {8X‘ ox! 6x3}

The check will now consist in injecting these coefficients in the linearized RICCI tensor
recalled in (IX-15).
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111 — The term Roo

From the expression of the linearized RICCI tensor (1X-15), we get fori=0and j = O:

R00

~ alHoro _ 8r(;rr — ar(?o + érgo + ar020 + 6r§0 _ argo + arél + ar022 + args
r 0 0 1 2 3 0 0 0 0
OoX OX OX OX OX OX OX OX OX OX

} (IX-21)

CHRISTOFFEL coefficients necessary for the development of the term Roo are deducted
from relations (1X-20), and expressed below based on the only not null hj:

1 ofoh,, éh. oh 1 (éh
% — = n 00, “Tloo ool = 00
0= {ax" ox° 6x°} 2{6‘x°}
1 ,[oh, oh, oh 1(.éh,, oh
S N I M TR
2 OX OX OX 2 ox OX (1X-22)
2 =£n” Ohy, , Ohg, Ohg| _ 1, 0Ny, Ohy,
) ox®  ox® ox?| 2| ox® ox?
s —in”‘ oh,, . Oy, Ohgy| _1[,0he oy
) ox®  ox® ox* | 2| ox®  oxd
o =1n°° g, Mgy hge| _ 1 [ohy
02 ox®  ox°  ox° 2 | ox°
U oh,, oh, oh,| 1(oh,
01— Zn a 1 0 1 0
X OX OX 2| ox (1X-23)
2 =in22 ohg,  h,, 0Ohg,|_1foh,,
2" ox>  ox®  oax?| 2| ox°
1 (oh.. oh.. oh 1(oh
3 ==-n% 03 , 7733 o3l _ — 33
0= {ax3 ox° ax?’} 2{ax°}

The detailed above CHRISTOFFEL coefficients are now introduced in the expression
of Roo recalled to memory:

7 ax’  axt o oox? ox’ ox®  ox® ax? ox°
1 { o*h,, 0%*h,, . 0%h,  &°hy, d%hy,  0%hy, 82h00}

R . ~={2 - - - -
72 Taxtox®  axtoxt T oxPox®  oxPox® oxlox®  oxPox®  ox%ox°

1{ azhll + athZ + a2h33 82hOO}

N {aré’o G ST v } . {aré’o RN aré’s}

2 1 ox%x°  ox%x°  ox°0x°  ox’ox°
(1X-24)

We get after a reorganization of the terms:
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+ +
oxtox®  ox?ox®  oxPox®  ox%x°

~ —

007 ol axtoxt  ax%ox®  oxox®  ox°ox°

1{ Ohy | Ohy, | Ohy,  Ohy, }

_1{82h00+62h00 , 0hy, 82h00}+{82h01 o*hy, . *hg, 82h00}

ox%0ox°  ox%x°  ox%ox®  ox%ox°

2

Roo~—5 -

2|loc "o e o

0 {ahOl oh,, 0ohg, ahoo} 1 {ah1l oh,, oh,, ahoo}
+ + - -= + + -
ox’llaxt ox? o axd ax® ) 2|ox® ax®  ox® ox°

1{82h00 o%h,, &%y, azhoo}

(IX-25)
Making use of the relationship hoo = h11 = ho2 = has, it comes:

1) 8%y,  °hy . 0°hy  3°h 8 [ohy  ohy,  ohg L oh
Ron = _5{(ax10)g ’ (axzo)g i (ax?’o)g B (axoo)g}Jr ox° { o o a2 aXOOO}

(1X-26)

The second term on the right of equality is null because it expresses the conservation of
energy (1X-10). It remains finally only the d’Alembertian of hoo, to @ multiplication factor close:

11|6%h 0%h 0%h o%h
R ~_—— 00 00 00 00 1X-27
° z{<axl>”<axz>”<axs>2 <ax°>2} N

It appears that the simplifying assumptions that led to cancel the coefficients hio, his,
h21, h2s, ha1, h3p, are without affecting the determination of the term Reo. In other words, the
condition of magnetostatic gauge is not necessary for the term Rop strictly represents the wave
equation relative to the scalar potential.

We must now make the connection with the energy momentum tensor using the
EINSTEIN equation (I1X-1). With i =0 and j = 0, we have:

8nG 1 8nG 1 8nG 1 8nG 1
Roo = _4(1_00 - _gooTj ~ C_4(T00 - _nooT) = C_4(Too + _Tj = ?(Too - _Tooj

c 2 2 2 2
_8nG Ty, _8nG|( - ApcC?
0 et 2 ¢ 2

(1X-28)

We get so explicitly:
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1{@%00 o%h,,  0%hy, azhoo} SRG[—XpCZJ
Ry ~—7 + - =

2|} oef @ef Gef] T o2 1
R ] Ohe @y, &y, 0y, | _8nG ioc?) with  fAne,G
Pl @xf (ex*f (exf] ¢ ] __( 4) o 2¢
00 = =—T3
’h ’h 2 2h rc)2c  Ac
Ry = {aaxzm R } -2 boc?)

(1X-29)

The substitution of hoo as a function of ¢ led to the final expression of the wave equation
on the scalar potential ¢:

o*(p/c) 0%*(o/c) 0%(p/c) d%(v/c)|  8rG( ,\Ac

{ o oy | o ey } o bec’)
(<|>/c) *(p/c) &*(p/c) o*(d/c) 4G ¢

{ ox o 8(ct)2} lee?)
*(p/c)  *(@/c)  *(o/c) _&*(o/c)

{ o oyt e 8(ct)2} THoP

0% 8¢+8¢ O |_ o P
ox’ 8y2 0z>  octy

(1X-30)

€

IV — The term Ro: (and analogous terms Ro2, Ros, Ri0, R20, R30)

From the expression of the linearized RICCI tensor (1X-15), we get fori=0and j = 1:

r r 0 1 2 3 0 1 2 3
Ry, ~ al“orl B 81“01r _ 61“00 1, 81“011 N 81“021 N 01“031 B aFolo N 81“011 N 81“012 N 8F013 (1X-31)
OX OX OX OX OX OX OX OX OX OX

CHRISTOFFEL coefficients necessary for the development of the term Roz are deducted
from relationships (1X-20) and listed below:

1 o[éh,, oh, oh 1(oh
[0 ~ =pn o0 Mo Mos | __ 2 00
=50 { x| x o } 2{ ox: }

Fo11 ~ 1 11{ah01 i ahn _ ahm} _ l{ahn}

2 oxt  ox®  oxt 2| ox°
X X X X (1X-32)
r? zlnﬂ Ny, n ohy, _ohy, :l ohy, _ Shy,
) oxt  ox® ox?| 2| oxt  ox?
3 zln% ohy, N ohy, B ohy, :1 ohy, B ohy,
%2 oxt  ox® ox®) 2| oxt  ox®
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o
+

8h00_8h00 21 ohy,

ox°  ox° ax°}_ E{W}
ohy, ahm} 1 {ahn}

axt X' x| 2|ex®

. chy, ahoz} _ i{ahzz}
ox°’  ox? 2| ox°

. ohy; 6hos}:1{%}
ox’  ox® 2| ox°

The detailed above CHRISTOFFEL coefficients are now introduced in the expression
of Roy recalled to memory:
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=
=
f—/;_'\
jo))
=y
-2
+

(1X-33)

D

>
<)
o

QD
X
N

g%
Q
NI, N NP
=
N
N

=

S o
Q
w
’—/M—\w ! e
|
@®

Ry, ~ ay, arglr _ arozl . argll . arozl . arozl ~ argio . arolll N aro} . ar{3
ox"  OX OX oxX:  OX OX OX OX OX OX
1) _ N _
72 axPoxt oxlox®  oxlox®  oxPox®  oxlox®  oxPox®
_1{_ 62h00 4 62hll n 82hzz n 62hss'}

0°hy . 0°hy,  0°hy,  O°hy . O%hy azhm} (1X-34)

2| ox%x*  oxPoxt  ox%oxt  ox%oxt

We obtained after a reorganization of the terms, and by using the relationship hoo = h11
= h22 = has:

N 1( o*h,,  0%h,,  8%hy, j+1{ Ohy , Ohyy | Ohgy 82h00}

Tl axtoxt  axiax? oxiox® ) 2 ]oxiaxt | axtox? | oxtox® - oxoxt

1( &, o%h,, azhmj 10 {ah01+ah02+8h03_28h00}

~=| - - - +=——
o 2( ox'oxt oxPox® ox’ox’) 2oxt|oxt ox2 ax® X’

(1X-35)

The condition of harmonic gauge cancels the second term right of equality, and it
remains:

1( o*h, o°h,,  0°h
R ~—|— 01 _ 01 _ 01 1X-36
o 2[ ox'oxt  ox*ox’ 8x38x3j (1%-36)

or still by showing the Laplacian generalized at the time variable:

L —5{ 0Ny, } (1X-37)

1 oh,,  o°h,, 0°h,,  o°hy,
ol ox%x®  oxtoxt oxPox®  oxtox® ) 2| ex%ox°

The condition of harmonic gauge modified by the null terms that we introduced in the
metric of the hjj, designated by condition of gauge magnetostatics, is recalled to memory:
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alhy,) _ alhy) _ (1X-38)
ox° ox°

It turns out that the wave equation relative to the vector potential is rigorously checked
only if the condition of magnetostatic gauge is true, i.e. if the time dependence of the potential
vector is zero. At this condition, the term Ro: described exactly the space Laplacian of the
component of the potential vector along the x axis.

We can make the link with the energy momentum tensor using the EINSTEIN equation
(IX-1). Withi=0and j =1, we have:

8nG 1 8nG 1 8nG 8nG
Roi= _(Tm - _901Tj ~ _(Tm - _n01Tj = To, = (7"C‘Jx)

¢t 2 ¢t 2 S

(1X-39)

We get explicitly:

" { o%h,, @*h,, *h,, o%hy, } 816, ) o1
0™y 0 (AulP  (Av2P  (Av3R [ o* x -
(@x°f (@f (@cf (@cf] -« it 1/47;80G
o’h,, 0%h,, &%h,, %h,,| 167G
R .~ 01 01 01 o1 { _ rel h. = (_jAX
o {6(ct)2 x o } o ) oo e

(1X-40)

Substitution of hoy as a function of Ax leads to the final expression of the wave equation
on the component along x of the vector potential:

c

oA, A, A, A | _ 161G re
- S+ >+ 5 T > (T 2 ()\'C‘]x)_
oty ox* oy’ ez c 4
2 2 2 2
{_aAX etk aAX}=—4nsz2JX:_4“G S P

+ + + =
octf ox*>  ey* oz ¢ 4ne,G *  CP,

V — The term R11 (and analogous terms R2», R33)

From the expression of the linearized RICCI tensor (1X-15), we obtain withi=1and j

R. ~ oIy, ory _ oy, " o, 4 oy, " o _ e i oy, " o, 4 ol
Uox" ooxt |ax® oxt ax? oaxt oxt  oxt oxt oxt

} (1X-42)

CHRISTOFFEL coefficients necessary for the development of the term R11 are deducted
from relationships (1X-20) and listed below:
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o :11100 ohy, oy, _ehy) _ L1f ohy, ohy
1o oxt  oxt ox° 21" axt ox°
oo L ufehy ohy, ohy,| _1féh,
1T V% Tt axt [ 2 axt
(1X-43)
2 1 . oh, oh, oh,)_ 1foh,
9 oxt  oxt ox? 2 | ox?
1 ,f(6h. oh. oh 1 (oh
2= 13, Phs Y _ 2 )%u
=50 { x| o o } 2 { ox° }
rloo ~ inoo ohy,  Ohg,  Shy, _ _l Ny,
ox®  oxt  ox° 2 | oxt
1 ,,(oh,. éh,. oh 1 (oh
fp= Enll{ 6x111 " axlll - 8x111} - E{ﬁ}
(1X-44)
2 ~lnzz oh, n oh,, _ ohy, :l oh,,
2 2| oxt

1 ,(éh, oh, oh.] 1([oh
[ xtpg3e) s Nz OMig | 1] Mg
SRR PV Ve } 2{ ox }

The detailed above CHRISTOFFEL coefficients are now introduced in the expression
of Ruy recalled to memory:

ox"  oxt ox®  oxt ox?  ox® ox*  oxt oxt axt

1 0°h 0%h 1| o%h 1| é%*h 1| 6°h
R . ~—=-J2 10 1 (= I O 1 = 11 1X-45
t 2{ ox*ox° axoéxo} Z{axlaxl} 2{axzax2} 2{6x36x3} ( )
+1 0°hyg 1 o*hy, 21 0*h,, 21 0°hgs
2 |oxtoxt | 2 |ox*oxt| 2 |oxtoxt| 2 |ox'oxt

Making use of the relationship hoo = h11 = h22 = hss3, we get:

R~ i _ {8r1°1 Lomy on arfl} B {arf’o Lom on arfg}

1{ &’h, &, &h 6°h 6°h
R ~ 11 11 11 11 _ 10 |X-46
H 2{ax°ax° ox'ox"  ox*ox’ ax3ax3} {axlfaxO} (1%-48)

As in the previous paragraph, the term Ri1 describes rigorously the wave equation
relative to the potential scalar only when the condition of magnetostatic gauge is verified.

VI — The term Ri12 (and the analogous terms Ris, R21, Ro3, Ra1, R3p)

From the expression of the linearized RICCI tensor (IX-15), we obtain withi=1and j
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Ry, ~

o, o, _Jor, or, of, of,| |on, , on, o,  of,
r 2 0 1 2 3 2 2 2 2
oX'  OX oX~ OX  OX° OX oX® oOx° OX" OX

} (IX-47)

CHRISTOFFEL coefficients necessary for the development of the term R1. are deducted
from relationships (1X-20) and listed below:

o :lnoo ahlo+@h20_ah12 :_1 8h10 ah20
) ox? ax1 ax° 2 | ox? ax

1 oh
I = nll{ axll 21 12 { 11}

2
(IX-48)
F122:1n22 ah12+ hzz 6h12 _- 1]oh,,
2 ox?  oxt  ox? 2| ox*
1 oh oh oh
3 =t @hs s i | _ g
12 =50 {8x2 ox ax3}
po o Loonfohyy ohyy o) 1 [ohy,
2 ox®  oxt  ox° 2| oxt
oo Loafon, ohy, oh,)_1foh,
11 Zn a 1 1 1 1
X OX OX 2 | OX (1X-49)

e~ l 33{ah13 + 8h33 _ ahlB} :l{%}
13 ox®  oxt ox*| 2

The detailed above CHRISTOFFEL coefficients are now introduced in the expression
of Ry2 recalled to memory:

ox" ox? ox°  oxt ox>  ox?  ox?

1{ &%, . o&°h 1( &%h
R ~_ 10 + 20 + 11 IX_5O
o 2{ax°ax2 ax(’axl} 2{6x16x} 2{8x18x} (1%-50)
+1 82hOO _l 82hll _l aZhZZ _l a2h33
2 |ox'ox®| 2 |oxlox?| 2 |ox'ox?| 2 |ox'ox®

Making use of the relationship hoo = h11 = h22 = has, we get finally:

r r 0 1 3 0 2 3
R~ T _ {arlz+arlz+arlz arlz} {arm on, , ar12+ar13}
0

1[ o*h, &%
Ri ™ _E{ax‘Jal;z ’ ax‘)az)zl} (I-51)

It appears that the term Ry of the RICCI tensor is exactly zero only in the condition of
magnetostatic gauge, i.e. when the time derivatives of the potential vector is null.
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I\VV — Conclusion

Linearized gravity equations provide a framework in which we tried to bring up
MAXWELL's equations.

When trying an energy approach assuming a momentum-energy tensor for a moving
charge perfectly analogous to the momentum-energy tensor that one knows for a moving mass,
we face several challenges.

MAXWELL's equations indicate us that densities of charges are at the origin of the
electromagnetic field. These densities form a four-vector, and have therefore 4 components,
while a symmetric momentum-energy tensor has 10. So, we have assumed that certain
components of the momentum-energy tensor can be neglected in a first approximation.

When we set up this hypothesis, we make the observation that the harmonic gauge
condition, which led to the wave equation from the EINSTEIN linearized equations, is no more
rigorously checked.

So we must admit that the simplified framework in which we hoped to see MAXWELL's
equations does not allow a correct identification. So we must continue the work of this chapter
by keeping all terms in the momentum-energy tensor: this will be the subject of the next chapter.
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X — general case

The previous chapter showed us that the simplifications proposed, by canceling some
terms of the energy-momentum tensor and of the perturbations of the metric tensor, do not allow
to find the equations of the potentials on first line and first column of the tensor hj;.

We start again the study considering the momentum-energy tensor of the radiation
sources that we have proposed in (IV-6), without neglecting any term:

Too Tor Too Tos -c* o, cv, cv,

T, = To Ty T, Tg “2p CV, —V, Vv, —V,V, —V,V, (X-1)
T T T Ty eV, —V,\V, -V, vV, —V)V,
T Tor Ty T v, —V,V, —=V,V, —V,V,

In a linearized metric, the product of this tensor with the metric tensor gives the
relationship:

T= gijTij ~ nijTij = 11001-00 + ﬂllTn + n22T22 + 11331-33 =—Too+ T+ Ty + Ty

T= 7LP(CZ —Vi -V —V§)= 7up(c2 —v2) (X-2)

We infer the tensor which is the second member of the equations of gravitation, always
in a linearized metric where we have about gi; ~ nj :

l 2 2
_E(C +V ) cv, cv, cv,
1 cv, —V,V, — %(c2 —~ v2) —V,V, —V,V,
Ti— EgijT =Ap 1,
cv, —V,V, V= (c -V ) —V,V,
cv, ~V,V, —V,V, ~V,V, — %(c2 —~ v2)
(X-3)

In a first order approximation, we neglect the terms in v2 before c2 terms in the main
diagonal:
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C
- o, cv, cv,
c?
1 Vo S TNV, VY,
Tij - EgijT ~\p c? (X-4)

oV VYV o VY,

2

A O ey

We do a similar work on the tensor of perturbations. Starting with the tensor of the
modified perturbations:

Hoo Em E02 ﬁ03 _¢/C Ax Ay Az

_IJ — EIO Ell EIZ 913 — [ij AX Ell ElZ El3 (X'5)
h20 h21 h22 h23 >\‘C Ay th EZZ EZS
h30 h31 h32 h33 Az h3l h32 h33
We infer the tensor of the unmodified perturbations by the relationship:

hy =h, —Ln,h

ij = Mjj _Enij (X-6)

With:

h= nijﬁij = Tlooﬁoo + n”ﬁn + nzzﬁzz + nSsﬁas = _Hoo + Hn + sz + ﬁs (X-7)

The treatment is similar to that which has been made above to the momentum-energy
tensor, and we get:

_i A A
20 X y 4
hoo Nor Nz gy b " H
h = he Ny hy hy ~( 4 j Ay " 2c 12 13 %-8
i,- (X (x-9
hao Dy Dy hy AC A, hy _ 4 ’s
hsy Dy hy, hy 2 o
A h h -
z 31 32 2C

Terms hi2 = ho1, hiz = ha1, and hzs = ha2 remain temporarily undetermined.

We will commonly use subsequently, equality of all terms of the main diagonal:
hoo = h11 = h22 = hs3

As previously, we want to check directly the impact of the the second-order
approximation that we did in (X-4) on the EINSTEIN equations recalled to memory:
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8nG 1
R; = :4 [Tij_agijTJ (X-9)

In a linearized metric, using established above partial results, these equations take the
following form:

_c cv, cv, Cv,
Ohy, DOhg, Ohg, Dhyg ’ c?
( 4 j Oh,, Oh, 0Oh, Oh, i Yoo T T Y (X-10)
Ac) Oh,, Oh, Ohy, Ohy, V. —V.V ——2 -V,V
Oh,, Oh, Oh, Oh,, o2 .
Cv, -V,V, -— Vsz -

Constraints supported by the h;j; are essentially those of the harmonic gauge. We are
developing a few additional elements on this gauge in the next paragraph.

| — Back on the constraint of harmonic gauge

When we look for solutions of the wave equation:

—_ o°h,  o’h, o*h, o°h,
( ij): vttt = —lGTZG Ty =—2xT; (X-11)
acty  ox* oyt oz c

We have two constraints to meet so that these solutions correspond to solutions of the
equations of gravitation: the first one deals with conservation of energy of the energy-
momentum tensor, the second one deals with the harmonic gauge which reduces each
component of the RICCI tensor to a d’ Alembertian.

To better understand how these two constraints interact, we propose to detail the
relationship between these two constraints. On the first line of the tensor twice covariant (i =
0), the following relationships must be true:

_ (ZTOOO + 681-011 + ZTOZZ + a;T§3 —
X X X X

~ aﬁ%o . aﬁoll . 55022 . 62533 _
ox~  oOX  OX OX

0

(X-12)
0

But we also know that these quantities are related by the wave equation:
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o°h,, 0°hy, 0°h,, 0°hy,

R R A
_ 82501 azﬁ01 82H01 82H01 =-2

6()(0)2 + a(xl)z + 8(X2)2 + 8(X3)2 X To: (X-13)
_ 0*hg, 0Ny, | O*Rg, | %Ry, -

a(xo)z + a(xl)z + 8(X2)2 + 8()(3)2 2y Ty,

o’h,,  0°h,, 0°h,,  0°hg, 2y Ty

FRSERESE

When we write the relationship of conservation of energy on terms To;, this implies the
following relation on terms h;:

0 {_ 0Ny, , Oy, | Oy, 0 hoo} 0 { 0y, , Oy | Oy, azﬁm}
ox” [ off ol f ol f ol by Ay AT abef

0 | hy,  0°hy, . &*hy,  %hy, 0 653 0*hes | 0°hgg  0%heg | _

a{ a<x°f+a<xl>z*a<x2>”a<x3>2}* { AT oleT ol )”a(ﬁ)z}

(X-14)

We get after reorganization of the terms:

O [ oy Gy gy S| O [ oy Ny Oy oy
(aXO)Z ox° o oxt ooaxt o ot (axl) ox®  oxt  ox? o ox

. 0" | ohy N ohy, . oh,, . ohy, . 0> | ohy, . ohy, . oh,, . ohgg | _ 0
(axz)2 ox° o axt oaxt o oxt (ax3)2 ox  axt oaxt o ox®

(X-15)

The other lines are treated similarly. It is concluded that there is compatibility between
the two constraints and that they can therefore be met simultaneously.

It remains to write explicitly, in the general case, the constraint of harmonic gauge for
twice covariant perturbation of the metric tensor h;jj. This constraint has been already detailed
for the mixed tensor in the chapter on the gauges:

oh, _10(h)
ox' 2 ox

0 1 2 3 .
8h0 oh, +ahg +ahg C19( h00+h11:h22+h33):0 (X-16)
OX oxt ox* ox* 2 OX
_ahok ahlk ahzk ahak _16(_ hoo+h11+h22+h33)_0

0 + 1 + 2 + 3 k -
OX OX OX OX 2 OX
We get

fork=0:
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_ ahooo + ahllo + ahzzo + ahsso _E 8(_ hoo + hll: h22 + h33) -0 (X-17)
OX OX OX OX 2 OX
or still with the condition hgg = h11 = hy2 = hss :
_ Zahooo + 8hllo + 8hzzo + ahsso =0 (X-18)
OX OX OX OX
fork=1:
~ ah%l . ahlll N ah221 . ah331 _19(=hgy+ hllj hy, +hss) _ 0 (X-19)
oX OX OX OX 2 OX
or still with the condition hgo = h11 = hy2 = hss :
oh,, oh,, ohy,
_ =0 X-20
ox° " ox* " ox® ( )
The relationship is analogous for k =2 etk = 3 :
B ah%2 N 8h112 N 6h332 0
OX OX OX (X-Zl)
B ah%3 . 8h113 N 6h233 0
OX OX OX

We have all the elements allowing a direct verification of the equations of gravitation in
the general case.

Il — The term Roo

New terms introduced in the tensor of perturbations (hi2 = h21, hiz = haa, et hoz = ha)
don't make any changes compared to the previous chapter:

2 2 2 2
Roozg{ahoo Oy, 3hy, ahoo} (x-22)

> — — -

(ax°)2 (axl)2 (ﬁxz)2 (ax3)2

111 — The Term Ro: (and analogous terms Ro», Ros, R1o, R2o, R30)

The linearized expression of the term Roz is recalled below:

r r 0 1 2 3 0 1 2 3
Ry, ~ 81“0r1 B 81“01r _ 61“00 1, 81“011 N 81“021 N 81“031 3 al“olo N 81“011 N 81“012 N 61“013 (X-23)
OX OX OX OX OX OX OX OX OX

CHRISTOFFEL coefficients necessary for the development of the term Ro: are listed
below:
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2 6x ax
b2y 2 % i
(X-24)
2 ~11,]22 Ny, +ah12 ohy, :1 Ny, +5h12 ohy,
09 oxt  ox® ox?| 2| oxt ox®  ox?
e zln% 8h03+8hl3 ahm :1 ahoa ahl3 ah01
2 oxt  ox® ox®) 2|loxt  ox®  ox®
oh. oh.. oh 1 (oh
° ~ 00 00 , oo Moo _ = 00
05N {ax‘) ox° 6x°} Z{GXO}
oh oh. oh 1 (oh
Fou nn{ 8xoll ’ 8x1°1 - 8x011} B E{gl"l}
(X-25)

S
0

2| ox°

nsa{ahos n Ohy, _ ahosa} _ %{%}

ox°

ohy, n oh,, ahoz}zi{ahzz}

S5
n

The coefficients of CHRISTOFFEL detailed above are introduced in the expression of
Roz recalled to memory:

R., ~
U ot |axt oaxt oax® ax® oxt o ooaxt axt o axt
1{ Ohy  Ohy  Ohy, Oy, hy | Ohy, | Ohy, 82h01}

7o) ax%oxt axtax’  oxtox?  ox’ox?  oxPox? | ox'ox®  ox’ox®  axox

_E _ 62hOO + 82hll + 82hZZ + 82h33
ox%oxt  ox%oxt  ox%oxt  oxPoxt

oy, oy, _ {argl L0y, TG, argl} ~ {argo L0y, TG, args}

(X-26)

We get after a reorganization of the terms, and by using the relationship hoo = h11 = h22
=hss:

1 azhm 62h01 62h0l 82h0l 1 82h01 62h02 azho3 azhoo
o +5 Al T ada2 T i3 2 0Ayl
2 | OXOX™ OXOX OX OX OX " OX

1751 ax%x®  Oxoxt  Ox2OX%  oxox’

+1{_ 82hOl + azh12 + azhl?:}

2| ox%x° ox%ox?  oxlox?

8 hOl _ azhOl _ azhOl _ 82hOl +£i{ah01+8h02+8h03_28h00}
01 2 ox%ox°®  oxloxt oxPox? oxlox®) 2oxt|ext  ox® ox® ox°

o { ohy, , ohy, ahlg}
59— +

L1
2 OX ox®  ox?  ox®
(X-27)
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Harmonic gauge conditions cancel out the second and third terms to the right of equality,
and it remains:

o’h o’h o’h o’h
R 01 01 01 01 X-28
ne 2(ax°ax ax'oxt  axPox?  axox’ (%-28)

IV — The term Ri11 (and analogous terms Rz, Rs3)

The linearized expression of the term R is recalled below:

r r 0 1 2 3 0 1 2 3
R, ~ o, 81“11, _ 81“101 N 61“111 N 81“121 N 81“131 B 81“110 N 81“111 N 81“112 N 81“113 (X-29)
ox"  oX OX oxX-  oOx° oXx OX oxX-  OX

CHRISTOFFEL coefficients necessary for the development of the term R11 are listed

below:
1 oh, 8h oh oh
% ==-n% 0 4 11 T 11
n=ah {ax x° } { ax"}
F111:%T]11{Zh 14 aah 1}25{%}
x! X
(X-30)
r2- anZ{ahlz 6h12 5h11} _ 3{2% ahn}
2 oxt o ooxt ox?) 2| oaxt ox?
F131 _ 1n33{ah13 n ohy, _ ahll} _ 1{ % 8hll}
2 oxt ooxt ox*) 2| oxt ox?
1 oh oh oh 1|oh
° ~=n% 10 . Yoo 0l __ =+ 00
w0=50 { x| ot ox° } 2{ ox: }
— gnn{ahn Loy ahll} _ ;{ahn}
11 1 1 1 1
2 ox-  oOx  oX 2 | ox
(X-31)
. lnzz{ﬁhu Loy, ahlz} _ 1{6h22}
2 ox?  oxt ox?) 2| oxt
1 oh oh oh 1|oh
2 ~=n® 13, Psz  Ths | _ 2 33
13550 {8x3 ox ax3} 2{6x1}

The coefficients of CHRISTOFFEL detailed above are introduced in the expression of
Ri11 recalled to memory:
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R, ~
Boxm ooxt lox® o oxt o ox? oxt oxt  ooxt oxt oxt

R z—l 2 82th _ 62hll +£ azhll +l 2 62hlZ _ azhll +1 2 62hlS _ 62hll

Lo Taxtox® ax%x® | 2loxtaxt| 2| oxlox? oxPox?| 2| oxlex®  oxPox®

+1 82hOO _l 82hll _1 athZ _l aZhSEI
2 |oxtoxt| 2 loxtoxt| 2 |oxtoxt| 2 |oxtoxt

Lo o, _ {arﬁ LTI v arfa} . {arf’o Lo, an arfs}

(X-32)
Making use of the relationship hoo = h11 = h22 = hzs, we get:
zl azhll _ azhll _ azhll _ azhll +4— 82hlo + azhlz + azhla
12 ox%x®  oxtoxt  ox%ox? oxPox® ox'ox®  oxtox?  oxtox® (x-33)

~1 azhll _ Gzhll _ azhll _ azhll i{_ ath_|_ahlZ_i_ahl3}
B2 ox%x°  oxloxt oxPox? oxlox| oaxt| ox°  ox? ox®

The condition of harmonic gauge cancels the second term right of equality, and it
remains:

1{ &%, o*h, &°h, 0O°h,
~ = - - - X-34
H 2{8x°8x° ox'ox' ox’ox® ax®ox’ (-34)

V — Le terme Ri; (et les termes analogues Ri3, Ro1, R2s, R31, Rs2)

The linearized expression of the term Ry2 is recalled below:

R, } (X-35)

O, o, _Jon, o, o, O, | [dh, |, Ofy | o, | ol
~ r 2 = 0 1 2 3 2 2 2 2
OX oX OX OX OoX OX OX OX OoX OX

CHRISTOFFEL coefficients necessary for the development of the term R1. are listed

below:
I :lnoo ahlo + 6h20 ahlz}:_l{ﬁhlo ahzo _ ahlz}
) ox:  oxt  ox° 2 ox? oxt  ox°
r _lnn{ahu . oh, 6h12} B ;{ahn}
12 — 2 1 1 2
2 OX OX OX 2| ox
(X-36)
rz :lnzz{ﬁhu L Ohy, 6h12} :l{ahzz}
2 ox?  oxt  ox? 2| oxt
1 oh.. ¢oh,. éh 1(oh,. oh,. oh
F3 _ = 33 13 23 _ 12 I 13 23 _ 12
2= 50 {8x2 T 6X3} 2{8x2 T 6x3}

66



ro o Lo {ahm Loy, ahm} 1 {ahoo}

2 ox’  oxt ox° 2| oxt
- z;nn{c’ﬁhn L ohy 8h11}=£{%}
1o oxt oxt oaxt| 2| axt (X-37)
ro oL {ahlz Loy, ahu}: i {ahzz}
1279 ox>  oxt ox?| 2| oxt
1 .(oh. oh.. oh 1(oh
3~ 20 13, OMsg  Fhs | _ =) Y53
13750 {ax3 ox 8x3} 2{axl}

The coefficients of CHRISTOFFEL detailed above are introduced in the expression of
R12 recalled to memory:

R12

~ arlrz _ ar 1rl' — al—‘102 + aFJfLZ + al—‘122 + 6F132 _ al—‘100 + arfl + al—‘122 + 6F133
ox" ox? ox®  oxt ox? ox® ox>  ox® ox*  ox®

R z_l 82hlo + 62hzo _ 82hlz +1 62hll +1 azhzz
2 2 ox%x?  oxlaxt oxlox®| 2 |extex?| 2| extox?

1 62hl3 + a2hZ3 _ 62hlZ
oxox®  ox'ox®  oxPox®

(X-38)

2
+1 82hOO _l 82hll _1 athZ _1 a2h33
2 |oxtox?| 2 |oxtox?| 2 |oxtox?| 2| ox*ox?

Making use of the relationship hoo = h11 = h22 = hzs, we get finally:

L o%hy, B o%hy, B o’hy, 3 o’hy, +l B o%hy, N o’hy, N 9’hy;
272 lox%x®  oxtoxt  oxPox®  oxiox®| 2] ox%ox®  oxPox®  ox%ox®
+1{ O*hy | 0Ny azhzs}

2] ax’oxt  oxtoxt  oxlox

1{ o°h, o°h, o°h,  o°hy, }+ 10 {_ ohy, , dhy, 8h13}

12551 x%x°  oxoxt  ox’ox% OxOX> ox®  ox?  ox®

+1i{_ ah20+ah21+ah23}
2 ox*

2 OX

ox®  axt ox®
(X-39)

Harmonic gauge conditions cancel out the second and third terms to the right of equality,
and it remains:

~ - X-40
s (X-40)

1 0*hy, _ 0*hy, _ 0°hy, 0°hy,
ox%ox°  oxtoxt oxPox?  oxPox®

VI — Conclusion
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Compared to the potential vector Ay, Ay, Az, defined in electromagnetism, the terms hy»
= ha1, h1z = hay, et has = hs, that we have to consider in the tensor of perturbations h;jj should
check the conditions of harmonic gauge:

oh, oh, oh, 0A,
2t s T a0
x> ox® ox® oct)
O0A
oxt ox® ax® act)
oh,, oh,, oh,, @A,
1t as T a0 T
axt ox® ax® act)

In respect of these constraints, the introduction of an energy-momentum tensor of the
sources of the electromagnetic field in the linearized EINSTEIN equations allows to find the

equations of the electromagnetic potentials on the first line and the the first column of the RICCI
tensor.

Because of potential equations are equivalent to MAXWELL's equations as long as you
satisfy the LORENZ gauge, this implies that MAXWELL's equations can be considered to be
included in the linearized equations of gravitation.

This similar treatment of electromagnetism and gravitation may only appear if we
consider all of the terms of the energy momentum tensor and the modified metric perturbation
tensor. We can however, as has been done in this chapter, neglect in the main diagonal terms
squared. This approximation, considered as a second order one, keeps all the constraints of

jauge and linearization. In particular, it does not impact the relativistic aspect of the equations
of potential.

The element of space-time squared is obtained using now all terms of the perturbation
of the metric tensor:

ds? = g dx'dx’ = goedx’dx’ + g, dx'dx" + g,,dxdx* + g,,dx’dx’ (x-42)
+ 20,,0x°%dX" + 29,,0x°dX* + 29,,0x°dx® + 2g, ,dx'dx* + 29, dx dx® + 2g,,dx*dx*

We get in terms of potential:

( j (ctf + (1 fj) )(dx +dy? +dz )
4A, )d(ct)dx+2( .

A
( y ]d(ct)dy ; 2[ A,
c AC

( an, ]dxdy + 2(4h13)dxdz + Z(%jdydz
AC AC

Terms hy2 = ha1, h1z = hag, et haz = hsz both check the harmonic gauge conditions recalled
in (X-41) and the general wave equations relative to each term of the tensor hij. The
compatibility between these constraints has been shown in paragraph I) above.

>)

jd(ct)dz (X-43)
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X1 - The electrostatic energy of a point
charge

| — Relations with the PLANCK units

The approach of the previous chapters led us to propose a momentum-energy tensor for
the sources of the electromagnetic field:

2

Too Tor Too Tos —C CcV, cv, cv,
T = TlO T11 T12 T13 Y eV, —V\WVy — VxVy — ViV, XI-1
T T Ty T, Tos| T e
20 21 22 23 CVy —VyVy =WV, =V\V,
Tso T31 T32 T33 eV, —V,V, _Vsz —V,V,

In this expression, vy, Vy, V7, represents the velocity components of the charges following
every direction of space. For the static charges, this tensor takes the simplified expression:

-¢® 000 -pc® 0 0 O -pc®> 0 0 O
0O 0 0O 0 0 0O 0 0 0O
T,=%p "y -1 (X1-2)
0 0O 0 0 0 0 4ne, G| O 0 0O
0 0O 0 0 0O 0 0 0O

The total volumic density of electromagnetic energy is given by the absolute value of
the term Too. By integrating this density on the whole space, we obtain the total charge of the
particle that we put equal to q. The purely electromagnetic energy Wq associated with the
particle is deducted immediately:

wo=——9 ¢ (XI1-3)

v [4ne,G

We wonder about this relationship which we did not find evidence in the scientific
literature, and are looking for a few items that may confirm or deny its interest.

An element of consistency appears in the potential associated with the charge g to
provide it with its electromagnetic energy:

If we put:
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q 2
W, = c-=qV XlI-4
TS~ (XI-4)

1

The potential V, which is highlighted is not a potential any: it corresponds exactly to
the potential described by PLANCK units, or PLANCK potential.

V.= =10432 10% Volt (X1-5)

p

N
§|N
®

If we assimilate this potential to the vacuum potential, the relationship (XI-4) is
consistent with the classical physics: the electromagnetic energy of a charge placed in the
vacuum obeys the same relationship when it is placed in any potential.

Specifically, if a charge q is placed in a potential Vo compared to the vacuum, its total
electromagnetic energy will be equal to:

Wo = q (V5 + Vo) (XI-6)

If this charge moves up to a point of potential V1 compared to the vacuum, its total
energy becomes:

Wi =q (Vp + Vi) (XI-7)
The energy exchanged during this movement is written:

AW =W; —-Wp =q (V1— Vo) (XI1-8)

According to the classical result of electrodynamics.

In the approach developed in this document, potential variations are described by
variations of the tensor hij.

2,/4ne G
hoo = _(C—zo}b

4,/4ne G
hoy=hyo = [%JAX

(X1-9)
4./4ne G
hoz = hzo = L%]Ay
4./4ne. G
h03 = hso = [%JAZ

These potential changes are directly related to changes in the volumic densities of
electromagnetic energy of vacuum, in accordance with the EINSTEIN equations, interpreted in
their energy aspect.
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For an electron of charge e, we can give an other expression of electromagnetic energy
based on PLANCK units.

The fine structure constant, designated by a, is given by the expression:

2
ue| & = e 1
a, 4ng,ch  137.046

(X1-20)

where qp is the PLANCK charge.

The total electromagnetic energy of the electron Wk is given by relationship (X1-4) with
q=e:

€ ¢ (X1-21)

W. =

° o Jane G

We can express this energy in terms of the fine structure constant:

W=—° ¢=_° cz\/gzﬁc2 1 _ JaE, (X1-22)
JAne,G  Jane,ch NG G

where E; is the PLANCK energy.

We can also look to a dimension, sometimes improperly called "dimension of the
electron”. This dimension is obtained by assuming that the electromagnetic energy of the
electron We is distributed from a distribution with spherical symmetry of radius a, and it is
governed by the electrostatic relationship until the 'radius' a of the electron. The total
electrostatic energy is calculated by integrating the volumic density of electrostatic energy from
the radius r = a to the radius r infinite:

2 o 2
W, = % [E%gv ~ 2 an[E rdr =2 & | [O0__¢ (X1-23)
2 2 2 4ne, ) .17 8me,a

Equality with the expression deduced of the term of the electromagnetic energy-
momentum tensor Too provides the relationship:

HE: e’

W, = c’ =
\J4nGeg, 8me,a

We can deduce a "diameter" d = 2a of the electron in the form:

d=2a=ﬁ,/%=\/€|_p (X1-25)
TE,C

where L, is the PLANCK length:

(X1-24)

71



L = [— (X1-26)

The time taken by light to "cross" the electron is related to the PLANCK time by the
fine structure constant:

|
_d_ _
t="0= Vo g = Vo t, (X1-27)

We can also look at the relationship between the electromagnetic energy and the energy
of mass, at the PLANCK scale.

The mass energy W associated with mass m is given by the EINSTEIN relation:

W_ =mc® (X1-28)

m

The electromagnetic energy W associated with a charge q is given by the term Too given
by the electromagnetic momentum-energy tensor:

w=—3 ¢ (X1-29)

v Jane G

We can deduce that the mass m which contains the same amount of energy as the charge
q is given by the relationship:

m=—3__ _3q (X1-30)

\4ne,G

These relations highlight a simple analogy between the expressions of the mass energy
W and electromagnetic energy Wq of a charge, to the PLANCK scale (remembered that Ep is
the PLANCK energy):

w, =9 W, = TLE, (X1-31)

q p
dp

If the vacuum is made, as suggested by DIRAC, by a sea of electrons located on the
lowest level of energy and respecting the PAULI exclusion principle, the relations above shall
be interpreted in a simple way: the vacuum properties that are underlying PLANK units are
directly related to the properties of the electron by the fine structure constant a.

I1) Back on the force notion

The concept of force is related to the notion of energy by a simple relationship: energy
= force multiplied by displacement. However, considering two motionless point masses or two
motionless point charges, the notion of force is present, while no exchange of energy is put into

play.
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We can interpret this phenomenon by adopting a purely energy point of view.

Let us consider two systems that generate each a certain distribution of energy in space.
If it is admitted, by a basic law of physics, that this energy has a natural tendency to become
more homogeneous, or said otherwise, to evolve to a state where it would be overall more
stable, then there is a force between these two systems.

This change of perspective seems insignificant, but it illuminates physics issue from the
vacuum energy in a different way: energy is no longer the consequence of a force that moved,
it's the force that is the consequence of a certain distribution of energy seeking to evolve in
space.

If we adopt this point of view, then similar distributions of energy should lead to similar
forces.

Then consider a point mass m and a point charge g that have the same energy, distributed
in space with a same spherical symmetry. They should check the relationship:

me? =12 (X1-32)
\4ne,G
Or still :
__ 9 _ -
m =\q (X1-32)

- \4ne G

The energy reasoning suggested above tells us then that the force between two masses
Fm must be identical to the force between two charges Fq, when they are in the same space
conditions:

m2 q2

F =G— F = XI1-33
" r? Y 4mer? ( )
For m = Aq, we get :
2 2 2 2 2
oo™ gl e G o o (X1-34)
r r r° 4ne, G r° Admeyr

It appears that the total electromagnetic energy associated with a charge, deducted from
the momentum-energy tensor that is proposed in this paper, seems consistent with fundamental
physics laws that governs the forces between charges and forces between masses.
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X1 - Motion of a charged particle

| — Heuristic approach of the equation of motion of a charged particle

The theory of general relativity provides a new concept to predict the path of a massive
object in a gravitational field. This trajectory is no longer determined by driving forces on the
moving mass, but by the curvature of space-time. This curvature of space-time "guide" the test
mass following a geodesic equation:

2,1 i j
A Iy (X1I-1)
dt ' dr dt

In this relationship, t is the proper time, and the CHRISTOFFEL coefficients are given
by the relationship:

I = %g”{agki + B _ ag”) (XI1-2)

i ox'  ox! oxK

The curvature of space-time appears in the derivatives of the metric terms (the gj).
Since the gravitation potential is present throughout these terms, we can deduce that curvature
represented by the coefficients of CHRISTOFFEL is imposed by the gravitation potential.

When trying to understand how this relationship joined NEWTON's law, it is required
to do several approximations.

One replaces the proper time t by the absolute Newtonian time t:

2,1 i j
Ix XX (X11-3)
dt ' dt dt

We multiply this equality by the test mass m:

2,1 i j
d°x dx' dx 0 (XI1-4)

m—-+mlj ———=
dt dt dt

One holds only indices r =1, r = 2, r = 3, which correspond to the components of forces
according to x, y, and z:

74



d’xt dx'dx!

m——-=-ml;,———
dt? ' dt dt
d?x? , dx' dx!

m =-mly —— XI11-5
dt? Yodt dt ( )
d3x3 5 dx' dx!

m =

-_ml; —
dt? Yodt dt

We are then in the presence of NEWTON's law, in which the force exerted on the test
mass is expressed in two ways. The first (left of equality) is identified as the force of inertia,
while the second (right of equality) is identified as the external force.

In the case of a charged particle in an electromagnetic field, the driving force depends
only on the charge and the nature of the field, which suggests a suitable modification of the
term right of equality.

CHRISTOFFEL coefficients reflect the curve generated by the presence of the
electromagnetic field in which the charge is moving. In addition, the energy present in this term
relates to the electromagnetic energy of the charge g. These observations suggest to change the
equation of motion of the particle in the following way:

d?x’ dx' dx’
( )drz +( q) " dt dt ( )

The heuristic approach that led to this formulation does not constitute a rigorous
justification, and it should therefore be considered with caution.

It turns out that a rigorous justification is not simple to get. We are in possession of a
representative tensor of electromagnetic potentials, and so in possession of the CHRISTOFFEL
coefficients relative to this tensor. But the energy relation above is more demanding: it assumes
that we rigorously know this tensor when the electromagnetic field is perturbed by the test
charge. This requirement can be linked to that which is necessary for the derivative of the
gravitational waves.

We will nevertheless propose a draft verification by trying to identify the LORENTZ
force in the electromagnetic energy term. It should be assessed at their fair value items that will
follow: this draft check does not constitute proof of the validity of the above (XII-6)
relationship, but just some elements for thought in agreement with the proposed conjecture.

In order to make appear the LORENTZ force, we replace the proper time t by the
newtonian time t, and we write the relationship (XI1-6) in the form:

d’x’ ) dx' dx’

- r4A B XI1-7
dt? Uodt dt ( )

m

The left term of equality represents the force of inertia, while the right term must
represent the LORENTZ force for components suchasr=1,r=2,and r = 3.

Development in relation to index i, allows to get:
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dx' dxJ
-0 —

dx? dx!

—(kq){rr

dt dt

- dx* dx!

UGt dt

We can deduce the expression developed in relation to the j index:

dx' dx’
— () 222
() Y dt dt

. dx? dx° . dx® dx
o a dt o dat dt
+1—1r didi_k r didi_'_
~_(nq) dt dt Y dt dt
=-\\q 2 1,0
o dx® dx N . dx? dx
2 dt dt o a dt
o dx® dx° . dx® dx
¥ gt dt o dat dt

cdxZdx! o dx® dx‘}
2j +F3j T
dt dt dt dt
(X11-8)
cdx®dx® odx® dx?
wa dt T g dt
cdxtdx? , dxtdx®
lZEE_'_ Bt dt
cdx?dx? ., dx? dx®
7 dt dt | 2 dr dt
o dx? ., dx®dx®
w dt dt | Fdt dt
(X11-9)

In this expression, the terms do not have the same order of magnitude: it is apparent by
puting x° = ct and then, dx%dt =c:

rdx dx’
i dt dt

~(q)

) codxt L dx? L, dx®

FOOCZ + FOlC_t+ FOZCE +FO3CE
codxt o odxtdxt o dxtdx® L, dxtdx®
+F10C_+rll__ 12 13__
—(kq)< dt dt dt dt dt dt dt
e dx2+1“ dx? dx* ax’ . dx? dx? N . dx? dx®
250 T AT g 2 dt P dt dt
+Frcd—x3+1“f d_x‘?d_x1+ cadxdx® L, dxdx®
dt ¥ dt odt *dt dt % dt dt

(XI11-10)

Assuming the velocity components small in front of the speed of light, we keep only the

dominant terms:

dx' dxJ
- —

expression:

rdx dx’
gt dt

—(na)

dx*

—(kq){l“oroc2 + 2F(§1CE + 2[00

Il — Motion in a scalar potential

o
dt

+ 2T,

dx3}
C_
dt

(

1 2 :
_(}Lq ){I"Orocz + (FOrl + l—*lro):% + (Forz + Fzro}:ddit + (F0r3 + 1gokddit}

X11-11)

The symmetry of the CHRISTOFFEL coefficients allows finally to get the following

(X11-12)
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We place the particle in a scalar potential ¢, defined by the hj; representing the
MINKOWSKY metric perturbations:

—% 0 0 o0
hOO hOl h02 h03 O (I) O 0
th hll h12 h13 4 _2_C
= h b h | e ¢ (x11-13)
20 a1 T2z Mg 0 0O —-——/— 0
h30 h3l h32 h33 2C (I)
o o o -2
2c

This scalar potential must check the condition of harmonic gauge, therefore we will
admit that it is independent of time.

We assume that the charged test particle does not interfere, to first order, with this metric
that contains the dominant terms of the tensor hi;.

We deduce the coefficients of CHRISTOFFEL useful for the description of the
LORENTZ force. For the component force depending on x which corresponds to r = 1, we get:

s lnn{ahol L ohg ahoo} _ 1{_ ahoo}

ox®  ox®  oxt 2| ox

PYSIE Y P P Y
2 OX OX OX (X11-14)
1 ,(éh,, oh,, oh

L a2t Pou Moy Mop | _ g

Ty {ax2 ox° axl}
1 ,[éh, oh, oh

L ottt Mor | May  Mos | _

Sy {6x3 x° éxl}

We infer the strength component relative to x:

1 oh 1 oh 1 40 (-¢
F ~—(q)ric? =—=(AgR—-—=2!c? = =(r 00 Le2 = Z(Aq K| — |—| — |ic?
=00 2( q>{ ox* }C 2( q>{ X }C 2( q%(kcj@x(ch}c

o
F~—(qict=ql-l_qE
. ~—(Aq)pc q{ 8x} qE,

(XI1-15)

In this expression, Ex represents the component of electric field deducted from the
variation of the scalar potential relative to x, according to the relationship:

__ 5 ]
E, = (XI11-16)

We get in a similar way for other components:

77



P
F, ~—(Aq)lac’ = q{— 5")} = gE,
(X11-17)
3 2 o0
F, ~—(Aq)ac’ = q{— 5} =gE,

In the simplifying assumptions that we have set out, it appears that the conjecture
suggested by an energy analysis, and amending the geodesic equation following the relationship
(XI1-7), led exactly to the terms that describe the LORENTZ force.

111 — Motion in a vector potential

We place the particle in a potential vector of components Ax, Ay, A;, defined by the hj;
representing the corresponding changes in the metric of MINKOWSKY':

hoo Moz Doy hgg 0 A A A

h, = hjo hy hy, hy Z(ij A, 0 0 0 (X11-18)
hye hy hy hy| (A¢)JA, 0O 0 0
hy N3y hy, hy A, 00 0

This vector potential must check the condition of harmonic gauge, therefore we will
admit that it is independent of time.

We assume, as in the previous paragraph that the charged particle does not interfere, to
first order, with this metric, but we must keep in mind that the hj; representing the vector
potential are an order of magnitude less than those who represent the scalar potential. In other
words, we went down to an order of magnitude compared to the scalar potential, and it is not
excluded that the presence of the charge has effects which are more significant on this metric.

We evaluate the coefficients of CHRISTOFFEL useful for the description of the
LORENTZ force. For the force component depending on x which corresponds to r = 1, we get:

L o Enn{ahol L Ny, 8h00} o

2 ox®  ox®  oxt

1 oh oh oh
Fél N Enn{ 8x011 " leo1 - axoll} =0

(X11-19)

F&z ~ lnll{ahm n ohy, _ ahoz} _ 1{%_ 5h02}

2 ox>  ox®  oxt 2|l ox?  oxt
P Loy hy ahy ) 1fohy, ohy,

%0 ox®  ox® oxt| 2lex®  axt

We infer the strength component relative to x:
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dx? dx? dx®
F =—(AaKIlc?+2INc— + 2" c—— + 2" c——
X ( q){ 00 + 01 dt + 02 dt 03 dt }
oh,, oh,,) dx* (oh,, oh,,) dx®
E__( o1 _ Moy |, o1 _ Moz | XI11-20
= Q){( ox>  oxt ) dt +(6x3 axlj dt } ( )

F =—(Aq oy, _ ohy, Cd_y+(% ahoa) dz
* oy ox ) dt 0z ox ) dt
We get after substitution of the expressions of potential based on the hj;:
_OA,

F =—(kq)(i) oA, Ay, (8A oA, j dz

AC 8y ox dt oz ox ) dt

A,

F. ——4q oA, 0 dy [ aAz)E

oy ox Jdt 0z ox ) dt

The expression of the electric and magnetic fields as a function of potential is recalled
to memory:

(XI1-21)

oA, OA, o oA,
B, oy oz E, ~ oX 6%
5|5, |- Roild)=| 2Ax A, E=|E, |=-Grad(p)- 2| -2 Py
y oz ox o | oy ot
B. oA, A, E, o0 A,
oX oy oz ot

(X11-22)

One gets by identifying:

d dz
FX=4q{ d>t’ BVE} (X11-23)

The components along y and z generate similar relationships:

dz dx
K =4q{B ——-B —}

dt Cdt

| ; (XI11-24)
FZ:4q{B X B, y}

dt *dt

It appears that the resulting expression covers exactly the force of LORENTZ, but to a
factor 4 close.

We may naturally suspect the metric modifications by the test charge that are not taken

into account in the reasoning, but we should provide some convincing evidence that have not
been established yet.
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These results, although encouraging, show that complementary comprehension work
must be done before we can reverse or confirm the hypothesis proposed in a change in the
physical sense of the geodesic equation.
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X111 - Conclusion

The concept of energy is a fundamental concept in physics. Combining it with the
principle of least action, we can describe the whole of the fundamental laws that govern both
the infinitely small and the macroscopic world. Combining it with an additional assumption
that assumes that all energy is extracted from the energy of the vacuum, we get a coherent
description of the whole of physics.

To underline this consistency, it is useful to highlight the energy aspects of the major
laws of physics.

About quantum mechanics, it appears that many properties can find an energy
interpretation (Cf An energy and determinist approach of guantum mechanics).

About gravitation, chapter 11 shows that the EINSTEIN equations can be analyzed as
energy equations by a simple change of point of view.

About electromagnetism, it seems that this field of physics can be interpreted
analogously to gravitation, if we are able to define a momentum-energy tensor of sources of
electromagnetic field. Such a tensor has been proposed, and some reflection elements have been
developed around this idea.

In an energy approach, the framework of relativity refers to the vacuum energy that is
distributed uniformly throughout the space. This even distribution is associated with a flat
space-time. So we can associate a non-uniform distribution of the vacuum energy to a curved
space-time.

When we introduce a mass or a charge in a flat space-time, we change its curvature, and
so we also changes the distribution of the vacuum energy that will be no more homogenous as
in the case of special relativity.

If we place a test particle in non-homogeneous space, this particle and its surrounding
own energy will evolve according to the principle of least action. The notion of force appears
naturally as a consequence of energy densities that are different in two points in space, which
allows to reach the point of view of the classical mechanics without effort.

Energy point of view leads us to assume that electromagnetism and gravitation are
governed by the same equations. Several reflections are advanced in this sense in this document.

This similar treatment of electromagnetic and gravitational energy is not without raising
some questions. The first of these appears to be the following: why are there no magnetic effect
in the phenomena of gravity since they are very easily observable for electromagnetic
phenomena?
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We can try to bring an early response in the following way.

For charges in motion at speeds much lower than the speed of light, magnetic
phenomena are an order of magnitude less than the electric phenomena in a report equals c. In
other words, we must fetch the 7th or 8th decimal place in the electric phenomena to observe
the change brought by the magnetic effects.

If these effects are nevertheless noticeable for currents that circulate and generate a
magnetic field, it is because these currents are electrically neutral: the electrostatic effects are
null (to each electron that circulates in the wire, there is a proton, which compensates for its
electrostatic field), and it remains only effects due to the movement of the charges in the wire.
Although weak, these effects can be highlighted easily because they are practically the only
ones which exist.

The problem with the gravitation, is that there is no negative masses. The gravitational
effect similar to the electrostatic effect can never be cancelled. It follows that magnetic effects
would hardly discernible, because drowned in the "gravitostatic" effects

If this similar behavior of the electromagnetic and gravitational energy was confirmed,
it would induce consequences on our vision of MAXWELL's equations, whose a more complete
formulation is given by the EINSTEIN equations, associated with a momentum-energy tensor
of electromagnetic sources. It was showed that the MINKOWSKY metric variations induced
by the presence of electromagnetic potential were extremely low compared to 1 (~ 1078, which
allows to understand why this metric remains particularly well suited to the study of
electromagnetism.

It remains nevertheless that on very long distances, or very long time, low variations
may appear, compared to electromagnetism of MAXWELL. In particular, it remains a work of
understanding for interpretation of terms (hi2 = h21, h1z = ha1, and hzs = hsz) which appeared in
the perturbations tensor relative to electromagnetic potential.

In conclusion, the work presented in this paper developed analogies of behavior between
the laws of electromagnetism and gravitation, when they are examined through the energy prism
of the EINSTEIN equations. If we add the energy aspect of the DIRAC equations, these are
large parts of physics that seem to find consistency around the concept of energy.
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