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On the radially symmetric traveling waves for the Schrodinger

equation on the Heisenberg group.

Louise Gassot

Abstract

We consider radial solutions to the cubic Schrédinger equation on the Heisenberg group

1
10 — A = |ul®u, A = 1(83 +0;) + (2® + )02, (t,z,y,s) e R x H".

This equation is a model for totally non-dispersive evolution equations. We show existence of ground
state traveling waves with speed 8 € (—1,1). When the speed S is sufficiently close to 1, we prove
their uniqueness up to symmetries and their smoothness along the parameter 5. The main ingredient
is the emergence of a limiting system as /3 tends to the limit 1, for which we establish linear stability
of the ground state traveling wave.
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1 Introduction

1.1 Dispersion for non-linear Schrodinger equations

In this paper, we consider the cubic focusing Schrodinger equation on the Heisenberg group
10w — Appu = |ul®u, (t,x,y,s) € R x H, (1)

where Ay denotes the sub-Laplacian on the Heisenberg group. When the solution is radial, in the
sense that it only depends on ¢, |z + iy| and s, the sub-Laplacian writes

1
Apr = 207+ 07) + (@ +4)0;.

The Heisenberg group is a typical case of geometry where dispersive properties of the non-linear
Schrédinger equation disappear. Let us recall the motivation for this setting.

Fix a Riemannian manifold M, and denote by A the Laplace operator associated to the metric g
on M. As observed by Burq, Gérard and Tzvetkov [7], qualitative properties of the solutions to the
non-linear Schrodinger equation

i0pu — Au = |u®u, (t,2) ERx M

are strongly influenced by the underlying geometry of the manifold M. When some loss of dispersion
occurs, for example in the spherical geometry, a condition for well-posedness of the Cauchy problem
in H%(M) is that s must be larger than a critical parameter.

To take it further, on sub-Riemannian manifolds, Bahouri, Gérard and Xu [3] noticed that the
dispersion properties totally disappear for the sub-Laplacian on the Heisenberg group, leaving the
existence and uniqueness of smooth global in time solutions as an open problem. In [11], Del Hierro
analyzed the dispersion properties on H-type groups, proving sharp decay estimates for the Schrédinger
equation depending on the dimension of the center of the group. More generally, Bahouri, Fermanian
and Gallagher [2] proved optimal dispersive estimates on stratified Lie groups of step 2 under some
property of the canonical skew-symmetric form. In contrast, they also give a class of groups without
this property displaying total lack of dispersion, which includes the Heisenberg group.

In this spirit, Gérard and Grellier introduced the cubic Szegs equation on the torus [14,15] as a
simpler model of non-dispersive Hamiltonian equation in order to better understand the situation on
the Heisenberg group. The cubic Szegd equation was then studied on the real line by Pocovnicu [27],

where it writes
i0pu = T(ju*u), (t,z) ER xR,
II: L?(R) — L2 (R) being the Szegd projector onto the space L2 (R) of fonctions in L*(R) with non-
negative frequencies. The cubic Szegd equation displays a strong link with the mass-critical half-wave
equation on the torus [16] resp. on the real line [20]. On the real line, the cubic focusing half-wave
equation writes
i0u+ |Dlu = |[u*u, (t,2) € R xR,

o~

where D = —i0,, @(5) = [£|f(§). Some of the interactions between the Szegs equation and the half-
wave equation will be detailed below, because they can be transferred to the setting of the Heisenberg

group.
1.2 Traveling waves and limiting profiles

Constructing traveling wave solutions which are weak global solutions in the energy space can be
obtained by a classical variational argument. For example, this technique was used to study the
famous focusing mass-critical NLS problem

i0u — Au = |u|%u, (t,z) e R x R™.
From Weinstein’s work [35], the existence of a ground state positive solution Q € H'(R") to
AQ-Q+Q" =0,

leads to a criterion for global existence of solutions in H!(R™). The uniqueness of this ground state
(up to symmetries) holds [18,21].



Concerning the half-wave equation, the Cauchy problem is locally well-posed in the energy space

H %(R) [16,20]. Moreover, one also gets a global existence criterion, derived from the existence of a
unique [23] ground state positive solution Q € Hz (R) to
DIQ+Q—-@Q°=0.

Contrary to the mass-critical Schrédinger equation on R™, the half-wave equation admits mass-
subcritical traveling waves with speed 8 € (—1,1) (see Krieger, Lenzmann and Raphagl [20])

$+5t) —it
e .

u(t,x):QB( 5

The profile (3 is a solution to
|D|-BD
[ g @t @s= |Qs°Qp.

Moreover, it satisfies
EE%)HQL% - Q||H%(R): 0 and HQﬁHLZ(R)< ||Q||L2(R)~

While the existence of the profiles Q)3 follows from a standard variational argument, their uniqueness
is more delicate to prove. This can be done through the study of the photonic limit 5 — 1 as follows.
It has been shown [17] that the traveling waves converge as 8 tends to 1 to a solution of the cubic
Szegd equation. More precisely, (Qp)s converges in H %(]R) to a profile Q. , which is a ground state
solution to

DQy + Q4 =(|Q+°Qy), D = —id,.

From @4, we recover a traveling wave solution to the cubic Szeg6 equation by setting

u(t,r) = Qy(z —t)e ™.

But Pocovnicu showed [27] that the traveling waves u are unique up to symmetries, and that @ must
have the form 5
x) = .
Q+(2) 5%+
Moreover, the linearized operator around @4 is coercive [28], and in particular, the Szegs profile

is orbitally stable. Gérard, Lenzmann, Pocovnicu and Raphaél [17] deduced the invertibility of the
linearized operator for the half-wave equation around the profiles Q)g when f is close enough to 1,
which leads to their uniqueness up to symmetries. This allowed them to define a smooth map of
solutions 5 +— Q)3 on a neighbourhood of 1.

On the Heisenberg group, one can also construct a family of traveling waves with speed 8 € (—1,1)
under the form

x Y s+ﬂt)
VI-B' V1-8"1-8/

The profile (g satisfies the following stationary hypoelliptic equation

u(t,x,y, S) = Qﬂ(

At + D,
- S P05~ 1QsP Qs )

There exist ground state solutions, constructed as optimizers for some Gagliardo-Nirenberg inequalities
derived from the Folland-Stein embedding H'(H") < L*(H") [12]. The proof of existence relies on a
concentration-compactness argument, which first appeared in the work of Cazenave and Lions [9] and
was refined into a profile decomposition theorem on R™ by Gérard [13]. The profile decomposition
theorem was then adapted to the Heisenberg group by Benameur [4].

Our purpose is to show the uniqueness of the profiles ()5 when their speed §3 is close to 1 up to some
symmetries. Following the strategy deployed on the half-wave equation, we derive a limiting system
in the photonic limit 8 — 1. We then determine all ground states solutions to the limiting system
and prove their linear stability. From the linear stability of the limiting ground states, we recover the
uniqueness of the profiles (g up to symmetries when their speed 3 is close to 1.



1.3 Main results

The Schrodinger equation on the Heisenberg group (1) enjoys the following symmetries : if u is a
solution, then

e for all sg € R, (¢, 2,y,s) — u(t,z,y,s+ sg) is a solution (translation in s);

o forall @ €T, (t,z,y,s) — eu(t,z,y,s) is a solution (phase multiplication);

e forall A € R, (t,z,y,s) — Au(A*t, Az, Ay, A\%s) is a solution (scaling).

Our main result is the uniqueness of the ground states Qg when 5 is close to 1.
Theorem 1.1. There exists B, € (0,1) such that the following holds. For all 8 € (Bx,1), there is a
unique ground state up to symmetries to (2)

. AHl + ﬁDs
1-p

Denote by Qg this ground state, then the set of all ground state solutions of the above equation can be
described as

Qs =1Qs°Qp-

{TSO,G,aQﬁ : (ZL', Y, S) — ewO[Qﬁ(O[;L', ay, 042(8 + SO)); (507 97 O[) S R x T x Ri}
For 8 € (B+,1), Qs can be chosen such that it tends as 5 tends to 1 to the profile

V2i
s+i(z?+y?) +i

Q+ : (Z',y,S) GHlH

and so that the map B € (Bs,1) — Qp € Hl(Hl) is smooth. Moreover, for all v € (0, %) and all
ke [l,+00), Qp lies in H*HY), and as B tends to 1,

1Qs = Qg (any= O((1 = B)?).

We refer to Theorem 5.14 for a more precise statement.

We now briefly present the emergence of the profile )+ as a ground state solution to a limiting
system, and the key ingredient for the proof of Theorem 1.1 which relies on the study of the limiting
geometry.

We are interested in solutions with values in the homogeneous energy space H L(H'), which is a
Hilbert space endowed with the real scalar product

—Agu(x,y, s)v(z,y, s) de dy ds) )
Hl

(w4, 0) iy = Re (

For u € H~'(H') and v € H'(H"), we will also make use of the duality product

(uav)Hfl(Hl)XHl(Hl) = Re (/ U(.’E,y,S)U(ZE,y,S) dZCdde) .
HL

Up to the three symmetries (translation, phase multiplication, scaling), one can show the conver-
gence as (3 tends to 1 of the profiles @3 to some profile Q4 in Hl(Hl). Then, @4 is a ground state
solution to

D.Qy =T§(1Q+°Q4), Ds = —id,. (3)
The operator II§ is an orthogonal projector from L2?(H!) onto a subspace L2(H') N V;", which will
be defined in part 2.2. In order to study this projector and the space L*(H') N V,", we introduce a
link between the space L2(H') NV, and the Bergman space L?(C) N Hol(C) on the complex upper
half-plane [3]. The orthogonal projection II§ from L2(H') onto L?(H') N V," then matches with a
Bergman projector. This projection is a simplification of the usual Cauchy-Szeg6 projector for the
Heisenberg group in the radial case.
A salutary fact is that the profile Q1 can be determined explicitly, and is unique up to symmetry :

V2i

Q-l‘(wayas): S+Z($2+y2)+l

Our key result is the coercivity of the linearized operator £ around @)+ on the orthogonal of a finite-
dimensional manifold in some subspace H*(H') N V;" of H(H) (cf. part 2.2). On HY(H') NV, the
linearized operator £ around @ is defined by

Lh = Duh — 2005 (|Q4 k) — 11 (QT).

4



Theorem 1.2. For some constant ¢ > 0, the following holds. Let h € Hl(Hl) N VOJF, and suppose h
orthogonal to the directions Q. ,iQ4,0sQ1 and i0,Q in the Hilbert space H'(H'). Then

(Lhy h) - gy @y 2 CHh’Hzl(Hl)'

In particular, the linearized operator £ is non degenerate, in the sense that its kernel is composed
only of three directions coming from the three symmetries of the equation :

Ker(£) = Vectr (05Q+,iQ+, Q+ + 2i0:Q+).

Following the approach employed in the study of the half-wave equation [17], one can then prove
the invertibility of the linearized operators Lg, for the Schrédinger equation around the profiles Qg
for 3 close enough to 1. In order to do so, we need to combine the above coercivity result with some
regularity estimates and decay properties for ()g. This enables us to achieve our goal, which is the
uniqueness of these profiles up to symmetries for 3 close to 1.

1.4 Stereographic projection and Cayley transform

Conclusive information on the linearized operator £ around )4 is not easy to obtain directly. Indeed,
the operator £ is self-adjoint acting on L?(H!), but the space we consider is the Hilbert space H L(HY).
In order to get a coercivity estimate, we rely on a conformal invariance between the Heisenberg group
H' and the CR sphere S? in C2 called the Cayley transform

c: H' o S3\ (0,—1)
2w 1—\w\2—is )
(wvs) = (1+|w|2+is’ 1+\w\2+is)

where H' is here parametrized by the complex number w = x + iy and by s.

This transformation links estimates for the linearized operator £ to the spectrum of the sub-
Laplacian on the CR sphere, which is explicit [31]. Potential negative eigenvalues are discarded by
the orthogonality conditions from Theorem 1.2. This latter step follows from technical but direct
calculations.

For the n-dimensional Heisenberg group H", the Cayley transform gives an equivalence between
H” and the CR sphere S?**! in C". This transform is the counterpart of the stereographic projection,
which links the space R™ with the euclidean sphere S™ in R"*!. Both transformations have been
a useful tool in the study of fractional Folland-Stein inequalities on H", resp. fractional Sobolev
inequalities in R", as we will now recall.

On the space R™, Lieb [24] characterized all optimizers for the fractional Sobolev embeddings
Hk(R") — LP(R"), 0 <k < §,p= %, as the set of functions which, up to translation, dilation
and multiplication by a non-zero constant, coincide with

1

Ulr) = ————, Ue HR").
() 1 )= € H*(R")

The stereographic projection appears in Lieb’s paper in order to show that these functions are actually
optimizers. The formula for U was first established with different methods for £ = 2 and n = 3 by
Rosen [29], and then for k = 1 and arbitrary n by Aubin [1] and Talenti [33].

Chen, Frank and Weth [10] showed a quadratic estimate for the remainder terms for the equivalent
fractional Hardy-Littlewood-Sobolev inequalities. In their proof, the stereographic projection enables
them to transfer the second order term in the Taylor expansion to the unit sphere S", and give a
simpler form to the eigenvalue problem.

On the Heisenberg group H", Frank and Lieb [22] determined the optimizers for the fractional
Folland-Stein embeddings H*(H") < LP(H"), 0 < k < %, P =55 @ = 2n + 2. These optimizers
are the functions equal, up to translations, dilations and multiplication by a constant, to

1 :
H(u) = . H e H"H").
" (L [[w]]2)? + [Is]12) =

Here, the notation u = (w, s) uses the identification of H™ with C™ x R™. Using the Cayley transform,
both problems of characterizing the optimizers [22] and studying the remainder term (see Liu and
Zhang [25]) are carried to the complex sphere S?"*1. When k = 1, the optimizers were first determined



by Jerison and Lee [19], who already made use of the Cayley transform. One can notice that fixing
n=k=1,u=(z,y,s) € H', we get

1
(a2 + 92+ 555

H(u) =

Therefore, up to multiplication by a constant, H coincides with |@Q|, where Q4 is the ground state
we are interested in. In fact, @ is an optimizer for the Folland-Stein inequality H*(H') < L*(H")
restricted to the subspace H!(H') N V,'.

Plan of the paper The paper is organized as follows. In section 3, we prove the existence of
the profiles Qg and their convergence to a ground state solution to the limiting system (3). We
then determine all the limiting profiles (part 3.3), in particular, we show that they are unique up to
symmetries. In section 4, we focus on the linear stability of the limiting profile Q. After recalling
some results about orthogonal projections on Bergman spaces (part 4.1) and about the spectrum of the
sub-Laplacian on the CR sphere (part 4.3), we prove the coercivity of the linearized operator around
Q+. Finally, in section 5, we retrieve the uniqueness of the profiles Q3 up to symmetries for 5 close
to 1. In order to do so, we first need to collect some regularity properties and decay estimates on the
profiles Qg, which come from the theory of elliptic and hypoelliptic equations (part 5.1).

Acknowledgements The author is grateful to her PhD advisor P. Gérard for introducing her to
this problem and for his patient guidance. She also thanks F. Rousset and J. Sabin for enlightening
discussions and references.

2 Notation

2.1 The Heisenberg group

Let us now recall some facts about the Heisenberg group. We identify the Heisenberg group H! with
R3. The group multiplication is given by

(@,y,5)- (@,y,s) =@+’ y+y, s+ +20'y —ay)).
The Lie algebra of left-invariant vector fields on H' is spanned by the vector fields X = 9, + 2y0s,
Y =0, — 220, and T = 9, = 1[Y, X]. The sub-Laplacian is defined as

1 1
Lo = Z(X2 +Y?) = Z(89% +02) + (2% + y*)02 + (yOx — ©0y)0s.

When u is a radial function, the sub-Laplacian coincides with the operator

Ap = %(33 + 02) + (2 + y?)02.

The space H! is endowed with a smooth left invariant measure, the Haar measure, which in the
coordinate system (x,y, s) is the Lebesgue measure d\s(z,y,s). Sobolev spaces of positive order can
then be constructed on H! from powers of the operator —Ag, for example, H L(H') is the completion
of the Schwarz space .#/(H!) for the norm

1
el g eny= [1(—=Ap) 2 ul L2 ey

The distance between two points (z,y,s) and (2/,1/,s’) in H! is defined as

=

d((x,y,s), (z',y',§)) = (((ac —2) 4+ (y— y')2)2 +(s—s +2(z'y — acy'))Q)
For convenience, the distance to the origin is denoted by

p(x,y, s) = ((22 + y*)* + 59)1.



2.2 Decomposition along the Hermite functions

In order to study radial functions valued on the Heisenberg group H', it is convenient to use their
decomposition along Hermite-type functions (see for example [26], Chapters 12 and 13). The Hermite
functions 1 )

hon(z) = —————(~1)eZ 9™ (e ), z€R,meN,

w122 (m!)?2

form an orthonormal basis of L?(R). In L?(R?), the family of products of two Hermite functions
(hm(x)hp(y))m,pen diagonalizes the two-dimensional harmonic oscillator : for all m,p € N,

(—Agy + z? + yQ)hm(:c)hp(y) =2(m+p+ Dhpm(z)hp(y).

Given u € (H'), we will denote by @ its usual Fourier transform under the s variable, with
corresponding variable o

u(z,y, TSy (2, y, 8) ds.
(z,y,0 \/ﬂ/ 'Y, 8)
For m,p € N, set f;@\,p(ac, y,0) = hym(y/2|o|z)hy(/2]0|y). Then
At homp = —(m+p + 1)[c]hm .
Let k € {—1,0,1}, and denote by H*(H') N V* the subspace of functions in H*(H!) spanned by

{Pmp; m,p € Nym +p = n}. A function uX € H*(H') belongs to H*(H') N V* if there exist
functions fﬁp such that

A n o
:C » Y, 0 E f ,p mp(zayvo—>no'20'
m,pEN;
m-—+p=n

For ut € H*(H') N V£, the H* norm of u writes

4 ey = | (0 Dl)* [ [ 0) dadydo

R
do
DI IR N
m,p€EN; Ry |U|
m+p=n

Any function u € H*(H') admits a decompos1t10n along the orthogonal sum of the subspaces H*(H")N
V£ Let us write u =Y > + where ut € H*(H') N V,* for all (n,+). Then

neN Un

||“||Hk(H1 ZZHUZ:”?N(IHP)'

+ neN

Note that rotations of the (z,y) variable commute with —Ag: so u € H¥(H') is radial if and only
if for all (n,+), u is radial. Moreover, u € H*(H') belongs to H*(H") N V;* if and only if —Ag:iu
belongs to H*~2(H"') NV, and the same holds for Dyu.

For k = 0, we get an orthogonal decomposition of the space L?*(H'), and denote by ITt the
associated orthogonal projectors.

The particular space V};r will be especially interesting in our discussion below. This space is spanned
by a unique radial function kg, satisfying

n 1 2,2
hi (z,y,0) = ﬁef(z 7, 50.

Set uw € H*(H') N V,", then there exists f such that

—

u(z,y,s) = f(o)hg (z,y,0),

and in this case

‘UHHR(Hl / |f QW.



3 Existence of traveling waves and limiting profile

In this section, we prove the existence of ground states Q3 for equation (2) with speed 5 € (—1,1)
(part 3.1). Then, we show the convergence in H'(H') of the profiles Q4 to a limiting profile Q, as 3
tends to 1 (part 3.2). The profile @+ is a ground state solution of equation (3), which will determine
explicitly in part 3.3.

3.1 Existence of traveling waves with speed (§ € (—1,1)

A family of traveling wave solutions to the Schrédinger equation on the Heisenberg group (1) can be

found under the form P
T y s
ult 2,9, 8) = Qﬁ(m’ Ji-p3 1-8 )

Qs satisfying the equation
AHl + ﬁD

=5 9= Qsl*Qs-
The @3 are constructed as minimizers of some Gagliardo-Nirenberg inequalities. We will be adapting
the proofs of Krieger, Lenzmann and Raphaél [20] which concern the L2-critical half-wave equation on

the real line. Our starting point is the Folland-Stein embedding [12].

Theorem 3.1 (Folland-Stein). Let p € (1,4) and set p* 4pp. Then there exists Cp, > 0 such that,
for u € C(HY),

1

(/1|u(x,y,s)|p* dxdyds)p < ( (= Ag)? (:c,y,s)|pdxdyds)p.
H

In particular, from the embedding H'(H') < L*(H'), we deduce some Gagliardo-Nirenberg in-
equalities.

Proposition 3.2 (Gagliardo-Nirenberg). Set 8 € (—1,1). Then there exists some constant C' > 0
such that for every u € H'(H'),
Hquz“(Hl < C(_(AHl + BD;s)u, u)ilfl(Hl)le(Hl)'

Proof. Fix u € H'(H"), and decompose u along the spaces Vi;F UV,” : u = > pen Un, where u, =
u;” 4+ u, . Then

(—=(Am + BDs)u, w) -1 gy ) = Z/ (n +1)|o|—B0)|un(z, y,0)|* dzdy do
neN

and
[l = 3 [ (o DIl (e, .0) dody o
neN

We deduce the equivalence of norms
(1= 18Dl gy S (= (B + BDs ), w) gy ary < 1+ BNl - (4)

The result follows from the Folland-Stein embedding H'(H') < L*(H). O

From the Gagliardo-Nirenberg inequalities, one knows that the infimum over non-zero radial func-
tions u € H!(H") of the functional

H-L(HD) x H1(HY)

is positive. Let us denote by Ig the minimal value of Jg. We want to show that it is attained by
some Q3 € H'(H'). We consider a minimizing sequence for Jz. Then this sequence converges to a
minimizer for Jgz thanks to the following profile decomposition theorem.



Definition 3.3. The couples of scalings and cores ((l{i)ieN, ($i)ien) and ((hs)ien, (8i)ien) of (Ri)NXRN
are said to be strange if

h~n . ~ . |S~n _ 3n|

Theorem 3.4 (Concentration-compactness). Fixz a bounded sequence u = (un)nen of radial functions
in H'(H'). Then there exist a subsequence (un,)icn, of u, and sequences of cores (s%{.))iyjeN C R,

scalings (hslji))i,jeN C R, and radial functions (UY));en € H*(H') such that :

1. the couples ((h(]))l, (5533)1-), j €N, are pairwise strange ;
2. let

l (4)
1 . T Y 8 — Su;
U] — _ g | = d 2 oni
rni .’I],y,S) - uni .’I],y,S) . U -\ 9 -\ 9 - 9
( ( 25 (h%{-’ hit) (hil))? )

then
lim 11msup|\r(l)|\L4(H1) 0.
l—+o0 i— 400

Moreover, for all | > 1, one has the following orthogonality relations as i goes to +oo :

(1),

[ [ ZIIU(”II2 roRallls

Jj=1

1
(Dstn, ; tn,) g1 T(HY)x H(H) Z (DU, U(]) —1(EY) i (E) T (Ds 7”7(113’ SB)HA(HI)XHI(HU +o(1),
j=1

and
—+oo

i4(H1)ijoo ZHUU) [y
j=1

This result is an adaptation of a concentration-compactness argument due to Cazenave and Lions
[9], which was refined into a profile decomposition theorem as above by Gérard [13] for Sobolev spaces
on R™. One can find a proof of this profile decomposition theorem for Sobolev spaces on the Heisenberg
group in Benameur’s work [4], which is here restricted to the subspace of radial functions.

3.2 The limit § — 1~

In this part, we study the behavior of the traveling waves Qg as 8 tends to the limit 1~. We show that
these traveling waves converge up to symmetries to a limiting profile. The strategy is similar to [17]
for the half-wave equation.

For 5 € (—1,1), let Qg be a minimizer of Jg : I3 = J3(Qg). Up to a change of functions Q3 ~» aQg,
one can choose () such that

(=(Am + BDs)Qp, Q8) fr-1 (1) x i1 (1) 4
1-3 = HQﬂHM(Hl)a

so that @3 is a solution to equation (2).

Definition 3.5 (Minimizers in Qg). For all § € (—1,1), denote by Qg the set of minimizers Qs of
(_(Aﬂ[l+BD8)U7U)%71(HI)XH1(HI

Jgius ) which are satisfying

llull? 4
(—(Am +8D5)Qp, Q) 1 a1y i 1) v 1p _
- = |Qpllza= e Ig = Js(Qp). (5)
Note that for Qp € Qg, equation (2) is verified
Am + 8D,
%Qﬁ = 1Qsl*Qs-



Definition 3.6 (Minimizers in Q). For all radial functions u € H*(H") N Vy" \ {0} whose Fourier

transform have a non-zero component only along the Hermite-type function ha‘, define

o Il
Tl e,
(note that on the space H'(H') N V", —Am = D). Denote by I, its infimum
I, == inf {J+(u); we HY(HY) NV {0}} .
Let Q4 be the set of minimizers Q4 of Jy such that
Q4 12y = Qb= Loy I = T2 (@)

Then any Q4 € Q4 is a solution to equation (3)

DyQy =113 (|Q+*Q).

Here are some remarks about this definition.
The minimum 7 is attained and positive. The proof is similar as for the minimum I3, all there is
to do is to restrict the profile decomposition theorem to the closed subspace H*(H') N V" of H*(H?').

The term IT7 (|Q4]2Q4) may not seem suitable since |Q[2Qy belongs to L3®E) s H1(H!)
whereas Har is a projector defined on L?(H'). Several arguments make sense to this term in later
parts. On the one hand, we will see that |Q+|°Q+ € L*(H!') (cf. part 3.3). On the other hand, the
projector I extends to LP(H!) for all p > 1 (see Theorem 4.6).

The convergence result is as follows.

Theorem 3.7 (Convergence). For all 8 € (—1,1), fit Qg € Qp. Then, there exist a subsequence
Bn — 17, scalings (o )nen € (RN, cores (sy)nen € RY and a function Q4 € Q4 such that

lanQg, (an, o, an(-+sn)) — Q+|\H1(H1)njoo 0.

~ We introduce the quantity d(u), which quantifies the gap between the norms of a function u in
H(H') and those of the profiles @ € Q. We prove that §(Q3) is small, and then show that §(u)
controls the distance up to symmetries from u to the profiles @+ in Q.

Definition 3.8. For u € H'(H!), define
8(u) = [l gy =L+ el ey =1+

We first show a lemma about §(Qs), Qs € Qp.

Lemma 3.9. There exist C > 0 and B« € (0,1) such that the following holds. For all B € (B«,1) fix
Qs € Qp, and decompose Qg along the Hermite-type functions from part 2.2

Qp = QFf + Rg,

where Qf € H'(H') N Vy" and Rg € H'(H") 0 @D, 1204y Vit~ Then [|Rsl| gy < C(1 — B)%,
5(QF) < C(1—P)% and 6(Qp) < C(1— B)%.

Proof. Fix u € H'(H'). Thanks to inequality (4),
(L= 18Dl < (—(Amr + BDu, w) s e ey < (1 1B |ull

one knows that Ig > (1 — 3)%Iy when § € (0,1).
Furthermore, let @ € Q4. Then, using the fact that —Ag Q4+ = D,Q+,

Ig < Js(Q+)
. (1 - B)Q(DSQJH QJF)%{*l(Hl)XHl(Hl)
1Q+117
=(1-p)>1.

10



Consequently, (Oi—ﬂ)Q) s is bounded above and below :

I3
< ————<1,.
e a-p2

We will show that actually ui—["ﬂ)Q — I as 3 tends to 1.
Let us decompose a minimizer () € Q3 along the Hermite-type functions from part 2.2

Qp = Qf + Rg,

where QE € H'(H")NV,", and Ry € H'(H') N D +)20+) V,* is a remainder term which will go to
zero.
Multiplying equation (2) by Rg, we get that for all n,

A + 8Dy
(_ 1— ﬂ Qﬂ’RB)Hfl(Hl)XILP(Hl) = (|Q16|2QB’RB)L%(Hl)XLAL(Hl)'

Since the operators Agn and D, let invariant the spaces V., we can replace Qp by Rg in the left term
of the equality

B A]HI1 + ﬂDs

( -3 RﬁvRﬁ>H*1(H1)><H1(H1) = (|Qﬂ|2Qﬁ;Rﬁ)L%(Hl)XLax(Hl)'

Applying Holder’s inequality, we deduce that

(— ﬁRﬁaRﬁ)ml(Hl)xgl(Hl) < Qs 7 1Rl pagany- (6)

Now, let us write more precisely the equivalence (4) between the norms [[ul ;1 ) and (= (Am +

1

ﬂDS)u7u)IZ:I—1(H1)><H1(H1)' )

depend on 3 when we impose the function u € H(H!) to have a zero component uar . Indeed, remark
that when n > 1,

The left inequality can be controlled with sharper constants which do not

n+l-—p>n>(n+1)/2,

and when n > 0,
n+l1+p>2n+1>(Mn+1)/2.

We deduce that for all u € H'(H!) N D 1)204) V. decomposing u as u = D 4)£(0,4) uk,
uf e HYHY) NVE,
(—(Am + BDs)u, ) vy iy = D / ((n+ 1)]o|—Bo) uit (,y,0)|* dz dy do
(n,£)#(0,0) 7 F°
1 —
25 Y [ vl o) dedydor
(n,H)#(0,0) 7
This implies the inequality
||u||?ql(H1)§ 2( - (A]Hll + ﬂDS)uvu)H*I(Hl)XHl(Hl)’ u € Hl(Hl) n @ Vn:tv (7)

(n,£)#(0,4)

which we can use for v = Rg. Combining this inequality and the Folland-Stein inequality ||u| 741y <
Cllull g gy in (6) , we get

(— WRB’Rﬂ)Hfl(Hl)le(Hl)

1
A + 8D 2
< Il (20 - A~ 2L Ry R i)

SO
Rg, Rp) g1 yw iy < 2C%(1 = B)[1Qs 1241

11



Since (||Qsl|z4n))p is bounded independently of 3 thanks to the norm conditions (5) and the bound-
edness of (ui—%)z)g, we deduce that as 3 goes to 1,

Rg, Rg) -1y x iy = O1 = ).

This implies immediately that ||R,3HH1 ) = O(1-7) and ||RI3H%4(H1): O(1-p). Using the orthogonal

decomposition Qg = Qﬂ + Rg in Hl(Hl) and the fact that —Ap = D, on H'(H") N Vi, we get

Agr + 8D,
HQ,& ||H1(Hl :( %QB’QB> —1(H1)x F1(HY)
Am + 8D,
— (= P00, Qi ey + O = )
__1Is N

and

1QF sy = 1Qsll 2y +O((1 = 8)?)

:Of—"ﬁ)gw(u—m ).

[

We are now in position to prove that (1£—BB)2 5*> I;. From the definition of I; as a minimum on
—1-
HY(HY) NV,
||QB ||H1(H1
< ——0)
Q51 e
L+ o( ’
a—az + ( _ﬁ)
T 1
sz TO((L-5)2)

_ I
(1-p)?

We already know that Of—ﬂﬁ)Z < I, for all 8, so we conclude that

S(1+0((1 - B)2)).

_Is .

(1-=75)2 p>1-
Therefore, the norms of Qﬁ rewrite ||Qﬁ HHl(Hl I +0((1-p)%) and Q% HL4(H1)— I +0((1-p)%).
We conclude that

I,

3@ =0(1-p8)?)
and

3(Qp) = 5(QF + Rg) = O((1 - B)?).

The following stability result allows us to complete the proof of Theorem 3.7.

Proposition 3.10. Fiz a sequence (up)nen of radial functions in H'(H') N Vy".  Suppose that
§(un,) - 0. Then, up to a subsequence, there exist scalings (o )nen € (R%)N, cores (sp)nen € RY
n—-+0oo

and a ground state Q4 € Q4 optimizing

4
—ED oy e HYEY NV {0} ),
||U||L4(H1)

I, =inf {J+(u) =

such that

2
ntUn ny Gnty G \° n - . > 0.
antt (Oé @ @ ( ts )) Q+HH1(H1)n—>+oo

12



Proof. Let (un)neny € (H'(H") N VMY such that §(uy,) = 0. Since H'(H') NV,  is a closed
n—-+oo

subspace of H L(H'), one can restrict the concentration-compactness theorem 3.4 to this subspace. In
consequence, one can assume that the profiles U from the theorem lie in H LHY) N VO Therefore,

up to a subsequence, there exist a core sequence (SS))HJGN C R, a scaling sequence (hg))nngN C R,
and radial functions (UX));eny € H'(HY) N V" such that

e for all j,k € N, j # k, the couples ((hsf)) (ssf)) ) are pairwise strange ;
o let

l ©)]
1 : T s— s
(l)( — _ () Y n
ry)(x,y,8) = un(z,y, s) _U — —— ,
;m&” i ()2

then

lim hmsupHr( )HL‘*(Hl) 0.

Moreover, for all [, as n goes to +oo,

ln |1 51y = ZHU B ey Il ey +0(0), (8)
and
||“nHL4 H1) _> Z”U(])HL‘I H1)
. . llunl
By construction, since 6(un) goes to 0, ||U(J)||H1(Hl) L, S |uv ||H1(H1)— I} and 4 nl\f::lll)

tends to I.. But from the definition of I+ as a minimum,
an -

> ZHU .
> It ZIIU( N e

> Iy Z||U(j)||i4(H1)
j=1
=17
All the above inequalities must then be equalities.
In particular, only one of the profiles UU) is allowed to be non-zero, we denote this profile by Q.
and by 7, h, and s, the corresponding rests, scalings and cores. Then Q)4 must be a ground state of
the functional J,, and

1 T Y S—Sp
un(:ﬂ,y,s) = h_nQ+ (h_na h_n, hQ ) +Tn($ayas)‘

n

From relation (8), as n goes to 400,
[unllF = 1Q+ 1% gy I 11 gy Fo(1).

must converge to [|Q4 || because of the inequalities turned into equalities,

Y (HY)
e 0, therefore the sequence hy,tup(hn, by, h2 (- + s,)) converges to Q4 in

Since ||un||§11(H1)

we get that HT””Hl(Hl)

(D). O

13



Proof of Theorem 3.7. Consider the sequence (Qg)ﬁe(,lyl) from Lemma 3.9. We know that 5(@5) =
O((1-B)?).

Applying Proposition 3.10, there exist a subsequence (Q;r Jnen With G, —+> 17, a core sequence
" n—-+oo

(8n)nen € RY, a scaling sequence (a,)nen € (R%)Y, and a ground state Q4 € Q4 such that

@, (s s 02+ 50)) = @l sy —_0.

To conclude, since R, = Qg, — QF satisfies 1R, || 712 ) 7 0, and since the H' norm is
" n——+oo

invariant by translation and scaling, we deduce that

||OénQﬁn (Oén~7 Qp-y Ogi( —+ Sn)) - QJFHHI(Hl)njoo 0.

3.3 Ground state solutions to the limiting equation
We now show that the optimizers for
(el I
I :=inf{ ————; we H (H)nV;\ {0}
HUH LA(H?)
are unique up to symmetries (translation, phase multiplication and scaling).

Proposition 3.11. The minimum I is equal to ©%. Moreover,

e the set composed of all minimizing functions for I, is

c
s+ so + (22 + y?) +ia’

{(z,y,5) e H' — (s0,C, ) € R x C x R%:};

o the set Q4 composed of all minimizing functions for I, which satisfy
2 4
Q120 gy = 1@ )= L
(so that Q4 is a solution to equation (3)) is

ie?v/2a

= Ly, 8) € H' v , —;
Q4 {($ Yy S) s+so+z(x2+y2)+za

(50,0,0) e R x T x R }.

Proof. Let U € H'(H") NV, Let us transform the expression of the L* norm of U as follows

1UNZaqmy = 102122

= 12112

1 ~ -~
§||U* UH%Z(IHP)'

Let f be the function associated to U in the decomposition along har

~ 1 (22492)o
U(:E,y,s):f(a)ﬁe (@™ +v) .

Then
2 1 e 2
01y~ [ IF)ae

and

1
Ul sy = 5=
”“W>%AAA

1 7 ! ! !
A f(o —o")f(o") do

2
2 Ry

7 1 2 2 ’ 1 2 2 ’ 2
flo—o')—=e @ H¥)0=0) r(5/\ — o=@ +¥)" 45/| dzdydo
| re-o—= ()5

2 do

20
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Applying Cauchy-Schwarz’s inequality,

1 +oo o o do
4 < ! / 2d/ 1d At
101 Esy < 53 / / o= a1 do’ [ 1d0' S

0
1

+oo o
=3 [f(o —o")f(o")|?do’ do
47T2 0 /0
1
= Rﬂfﬂia&)

1

Consequently, I, > 2.
Let us discuss the equality case. Equality holds if and only if there is equality in Cauchy-Schwarz’s
inequality, that is to say, for almost every o > 0, and almost every ¢’ €]0, o,

f(0")f(o = o') = C(o).

Fix an open interval I contained in )0, o[ with positive length |I|. Then

/I f(0")f(o - ") do’ = |11C(0),

therefore, C' is continuous on R* as a product of two L? functions. Since f is not identically zero, one
can find an interval J C R such that

/ ()¢ £0.
J

Integrating equality
F@)f(Q)=Cla+¢), (0,¢) € (RY)? (9)

along the ( variable, one gets that for all o € R,
o) [ 1ac= [ coroa= [ e
J J J4o

Therefore, f has C' regularity on R7, so C' also has C! regularity on R%. Fix ( > 0 such as f(¢) # 0.
Letting ¢ — 0% in equality (9), one knows that f admits a finite limit as ¢ — 0" which is equal to

_C©Q
109 =g

Likewise, computing the derivative along the o variable of equality (9),
f(@)f(Q) =C"(0 +9),
one gets that f’ admits a finite limit at 0" which is equal to

Q)
f©Q)

f1(%) =
We deduce that f satisfies the differential equation

f'(0)f(0%) = f(o)f'(0%) = C'(0), o €R;.

Let us show that f(0%) # 0. Supposing f(0%) = 0, we would get that for all & > 0, C’(¢) = 0. Then
C would be a constant function, so f would be constant too since

C(o+¢)
f(Q)
As fisin L?(R.), this would imply that f is identically zero, which is a contradiction.

Therefore, solving the differential equation, there exist some constants K and « such that, for all
o >0,

flo) =

flo)=Ke .
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The assumption f € L?(R,) implies that Re(a) > 0.
Computing the inverse Fourier transform leads to

1 oo iso 1 —(z2+y2)0'
U(%?J,S)Z\/—Q—ﬂ A € f(U)ﬁe do

+oo 2.2
_ K / eiso'faaf(ac +y°)o do
™2 Jo

K 1
212+ y2+a—is
This is the first point of the proposition. Let us now prove the second point.
Since the equation and the result we want to show are both invariant under translation of the s
variable, up to translating of a factor sg, we will assume from now on that « is a (positive) real number.
Now,

SO

Ulz,y,s) =

1 +oo 1 |K|2
2 _ 2 —2a0 _
0y = 5K [ e = 50

and

1 Hoo
4 _ 4
0Ny = gz KT |

so U satisfies HUH%I(Hl): |\UH‘£4(H1): I if and only if | K|?>= 472a. In this case, write K = 27\/ae?
for some 0 € T, then,
K 1
m/2x2+y?+a—is
e'?\/2a
22 +y?+a—is

U(s,z,y) =

O

We proved that up to the symmetries of the equation, there is a unique minimizer @4 in Q. , which
is equal with the choice of parameters (sg, 8, «) = (0,0,1) to

iv?2

s+i(z2+y?) +i

Q+(Sa$ay) =

)

with Fourier transform - -
Q+(z,y,0) = 2me™7h (z,y,0).

Note that the profile @ has infinite mass.

4 The limiting problem

We now focus on the stability of @, which is the unique ground state solution up to symmetry to (3)

D,Qy = TI§ (|Q4*Q4).
Let us study the linearized operator L close to @+
Lh=—Agih - 210§ (|Q4+[*h) —II§ (QLR), he H'(HY) NV,

We first study the linearized operator on the real subspace spanned by (Q+,iQ+,9sQ+,10:Q+) with
the help of the correspondence with Bergman spaces (parts 4.1 and 4.2). Then, on the orthogonal of
this subspace in H LHY) N VO+, we prove the coercivity of £ by using the spectral properties of the
sub-Laplacian on the CR sphere via the Cayley transform (parts 4.3 and 4.4). We conclude this section
with some estimates about the invertibility of the linearized operator £ (part 4.5).
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4.1 Bergman spaces on the upper half plane

In order to better understand the spaces H* HHYNV, ke {=1,0,1}, we need to introduce their link
with Bergman spaces on the upper half-plane Cy. The space H*(H') N V,' is the subspace of H*(H")

spanned (after a Fourier transform under the s variable) by hf (z,y,0) = ﬁ exp(—(z% + y*)o)lo>0 :

we HF(HY) NV, if u € H*(H') and
i(z,y,s) = f(0)h{ (2,y,0),

where

do
isgey= | 1FOP 5
+

Let us define the weighted Bergman spaces as follows.

k
2

ullF )= (= Agzr)

Definition 4.1 (Weighted Bergman spaces). Given k < 1 and p € [1,+0), the weighted Bergman
space AY_, is the subspace of LY _, := LP(C1,Im(z)"%d\(z)) composed of holomorphic functions of
the complex upper half-plane C, :

+oo
dt
A {F € Hol(C,): |FI, = /0 /R|F(s i) ds o < +oo}.

Thanks to the following Paley-Wiener theorem on weighted Bergman spaces [3], one can associate
to each element of H*(H') NV, a function of the weighted Bergman space A2 .

Theorem 4.2 (Paley-Wiener). Let k < 1. Then for every f € L?2(Ry, "1 do), the following integral
is absolutely convergent on Cy

+oo
F(z) = ¢L27/0 &% £ (o) do, (10)

and defines a function F € A3_, which satisfies

_ +00
P2 =~ [ 0P (1)

k 21 o

Conversely, for every F € A?_, | there exists f € L*(Ry,0" 1 do) such that (10) and (11) hold.
When dealing with functions from the space H'(H'), we use the usual Paley-Wiener theorem [30].

Definition 4.3. The Hardy space H2(Cy) space of holomorphic functions of the upper half-plane C,
such that the following norm is finite :

F e yi=sup [ F(s+ it ds < +oc,
t>0 JR

Theorem 4.4 (Paley-Wiener). For every f € L2(R.), the following integral is absolutely convergent
on Cq

+oo
F(z) = \/% /0 e*? f(0) do, (12)

and defines a function F in the Hardy space H?(C.) which satisfies

—+o0
1= | 1f@)P o (13)
Conversely, for every F € H?(C,), there exists f € L*(Ry.) such that (12) and (13) hold.
Given any h € H*(H") radial, one can define
Eu(s+i(2® +y%)) == h(z,y, s).

If h e H*(HY) N Vot, k € {—1,0,1}, then F}, is holomorphic, since the holomorphic representation
given by the suitable Paley-Wiener theorem is given by /7 F},. Note that

Foa,n=—iFy=—iF], heH'H")NV;
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and .
Fu = FyF,, g,he HY )NV,

Moreover, if h € L?(H'),
HhH%?(Hl): 7T||Fh||%2(<c+)- (14)

For example, the holomorphic representation in the Hardy space H?(C.) of

iv2
(22 +y?)+i+s

Q+(1‘;y75) =

is

iv2
Coz+d

One can now identify the orthogonal projector H(J{ from the Hilbert space L?(H') onto its closed
subspace L*(H') NV, as a projector Py from L?(Cy) to A? = L?(C+) NHol(Cy). More generally, for
k < 1, the orthogonal projector from the Hilbert space H* (H') onto its closed subspace H* (HY NV
corresponds to the Bergman projector Py from L? , onto A3 ,. For general k < 1, the Bergman
projector Py, can be expressed as a convolution through a reproducing kernel called Bergman kernel [3].
We are here interested in the case k = 0.

Proposition 4.5. For all F € L*(C,),

FQ+ (Z)

Po(F)(2) = %/{C (Z_S%WF(erit)dsdt.

For h € L?(H!'), the holomorphic function Fii+ (1 1s the projection of Fj, on the subspace A2 of
LQ((C+) :
an(h)(z) = Py(Fn)(2),

SO

1 1 _
an(h)(Z) =7 /(C+ th(s +dt) ds dt.

For p € (1,+00), the orthogonal projector Py can be extended as a bounded operator from the
space LP(C4, d\(z)) onto the Bergman space AY [8].

Theorem 4.6. Let p € [1,+00). Then the Bergman projector Py is a bounded operator in LP(Cy) if
and only if p > 1.

One has HhHiP(Hl): 7rHFhH]Zp(C+) when this quantity is finite. Therefore, if hy, ho, hs € H'(H')
(which embeds in L*(H')), it makes sense to consider IIJ (h1hahs).

4.2 Symmetries of the equation and orthogonality conditions

In this part, we focus on the linearized operator £ around @)+
Lh=—Amh— 217 (|Q+°h) —IF (QLR), he H'(H") NV,

This operator is self-adjoint acting on L?(H!), but we are interested in elements of H L(H') endowed
with its own scalar product. After studying the action of £ on the real subspace V spanned by
(Q+,i1Q+,0sQ+,10sQ+ ), we will try to find a new form for (Lh, h)Hfl(Hl)le(Hl) on the orthogonal

of V in H'(H') which is more suitable for a spectral study.

Proposition 4.7. In the real subspace V' of Hl(Hl) N VOJr spanned by the orthogonal basis of vectors
(0sQ+,1Q+ — 05Q+, Q4+ + 2i0,Q+,Q), the linearized operator L has the form

Ly =

o O O O
o O O O
(e RN e R el an)

— o O
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Proof. We define
L(F) = —iF" = 2P)(|Fq, "Fy) — Po(F5, F), F e MH>*(Cy).

For h € H'(H") N V,", the holomorphic function F, € H?(C,) satisfies

L(F},) = Frp.
We study L on H?(Cy). For F € H?(C,), define
F(F) := —iF' — Py(|F|*F).

Let U be a C! function defined on a neighbourhood of ¢t = 0, valued in H?(C,), and satisfying
U(0) = Fp, and U’(0) = F. Then
~ d
LF=—| F(U{)).
3,7 U®)
Thanks to the invariance under translation in the s variable, we consider U : s € R +— Fg, (-4 50).
For all so € R, Z#(U(so)) =0, so 3
E(FéH) =0=L(0:Q4).
Following the same pattern, the invariance under phase multiplication gives, with U : § € R —
e Fy, , that Z(U(0)) = 0 for all 0, so

L(iFg,) = 0= L(iQ).

Finally, let U : X €] — 1,1[— (1 + A)Fo, ((1 + X)?:), then F(U(X)) = 0 for all A thanks to the
scaling invariance, so

L(Fq, +22F,, ) =0.
Remark that '
2R, = _% Py, —iF),.
Consequently,
L(Q4 +2i0,Q4) = 0.

In order to determine £ entirely on the subspace V', it is sufficient to calculate £(Q+). Yet
L(Q+) = —i0sQ4 — 315 (|Q+[*Q+) = 2i0,Q+.

We have proved that in the orthogonal basis (05Q+,1Q+ —9sQ+, Q+ +2i0:Q+, Q+) of V, L admits
the matrix representation

o O O O
S O OO
S O OO

= O O

O

We want now to work on the orthogonal of V', so we will study the orthogonality conditions. For
this part, it is more natural to work with the complex scalar product in H*(H?)

<h1’h2>H1(H1):/ (—Athl)h_gdxdyds
H1
= <7A]H[1h’1; h2>H*1(H1)><H1(]HI1)'

We have
(hy Q) gy = (hy Q) any + 1(hs 1Q4) o -

Proposition 4.8. Let h € H'(H") NV, Fi,(s +i(x? + y?)) = h(z,y,s) its holomorphic counterpart.
Then
(hy Q) iy = V21 ().

Consequently,
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e h is orthogonal to Q4 and iQ in H'(H") if and only if Fj,(i) = 0;
o h is orthogonal to 9sQ4 and i0sQ+ if and only if Fj (i) = 0.

Note that this proposition enables us to check easily that the basis (0;Q+,iQ+ — 0sQ+,Q+ +
2i0,Q+, Q) of V is orthogonal in H!(H?).

Proof. We study of the duality bracket in H—'(H') x H'(H!) between —Ay Q4 = D,Q and h, for
which we use the holomorphic function Fj,. Knowing that

2
Fo.Q(2) = Fg,(2) = — (z+1)%’
equality (14) [lull72y= 7Tl Fulliz(c, ) for u € L*(H') leads to
iv2

c (2402

<h,asQ+>H1(H1)XH71(H1) 7T/(C Fh(z) dA(Z)

Let t > 0, and define f; : z +— Fj(z +it) on {z € C; Im(z) > —t}. Applying the residue formula
to z — mft(z), which is holomorphic on {z € C; Im(z) > —t} \ {it + ¢} with a simple pole at

it + i, we get that on every rectangle # := [—a, a] + [0, b] containing it + 1,
1 . o . o
/6% mft(Z) dZ = 2’L7Tftl(lt + 'L) = 2Z7TF];(2’Lt + ’L). (15)

Since the integral of z — mﬁ(z) is absolutely convergent on {z € C; Im(z) > —t}, there are
some sequences (a;)jen and (b)) en of real numbers converging to +oo and satisfying

1 .
/]R (_a‘—f—it/_it_i)gft(*aj+lt/)dt/4)07

+ j

1 o
R (a-+it’—z‘tfi)2ft(aj+lt)dt — 0,

+ \Gj
and 1
/]R(5+ib'—Z'tfz‘)2ft(s+ibj)d8—)0,
j

Applying formula (15) to the rectangles [—aj,a;] x [0,b;] and passing to the limit j — +oo, one
gets

1
/R mﬁ(s) ds = 2imFy (2it + 7).

Consequently
(R DsQt) i garty s -1 ) = m\/§2m/ F}(2it + i) dt
Ry

= —im?V2F, (i),

since Fy(it) goes to 0 as t goes to +o0o. This latter fact can be established by using the function
[ € L*(Ry) associated to Fy, which satisfies for all ¢ € R

+oo
Fp(it) = \/%/0 e ' f(0)do,

indeed,

. 1 T ate e 2 %7_1
mnls o= ([ eeao) ([TieRas) = =il

which goes to 0 as t goes to +o0.
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We have shown as wanted that

(hy Q) gy = (M —10sQ4) pry (ay fr-1 (i) = V272 Fy (i)

In particular,

(R, 05sQ4) iy = —(Osh, —105Q4) pra ey sy gy = — V21 Fy (3).
O

We now check that £h, h € H'(H'), decomposes in the Hilbert space H~'(H') as an orthogonal
sum Lh = Ljyh + L+ h, where V+ is the orthogonal of V in H*(H?).

Corollary 4.9. Let h € H'(H') and decompose h as h = ho + h_ + hy, where ho € HY(HY) N
N Vectr(05Q+,1Q+, Q+ + 2i0;Q4), h— € HI(HY) N Vy" N Vectr(Q4) and hy € HY(H) NVE N

(Q"F?ZQ"F?a Q-‘rala Q+)L m & ) Then
(Lh, h)Hfl(Hl)le(Hl) = (‘Cthvth)H*l(Hl)le(Hl) + (Lh, h*)Hfl(Hl)le(Hl)

and

LRI s gy = ILP I gy TN LRI

I(Hl)

Proof. We decompose Lh as Lh = Lhy + Lh_. .
_ Let us show that Lh is orthogonal to Q+, iQ+, 3;Q+ and i9,Q y for the duality product H~*(H")x
H'(H'). Let us treat separately each term of

1 (Hl (Hl) N

Lhy = =Agihy — 200§ (|Q+ PRy ) — 11T (QF ).
By assumption on hy, —Agihy = Dshy and
(Dshi, Q) -1y ) = (s @) oy = 0
and
(Dsht; 0sQq) fr-1 )iy = (s 0sQq) gy = 0.
Moreover, using Proposition 4.8,
<H(J)r(|Q+|2h+)aQ+>H*1(H1)><H1(H1) = <Q+h+aQi>L2(Hl)xL2(H1)
= (Q4hy, —iV205Q1) 12 (m1yx 12 (1)
=21%Fg, p, (i)
=0,

since Fo,n, = Fgo, Fp, and F},_ (i) = 0. In the same way,
(I (QFhe), Q) - Ly () = 3 Qhy) L2y L2
=0.
Finally,

1
(5 (1Q+1h+), 05Q4) fr—1 gy 1 sty = §<Q+h+aaS(Qi»Lz(Hl)xL?(Hl)

1
- *§<85(Q+h+), Q1>H*2(H1)><H2(H1)

1 .
75 <85(Q+h+), 71\/585Q+>H*2(H1)><H2(H1)

= *WQFéum (2)
= 0,

and in the same way,
<H3(Qim),3sQ+> “1(HY)x H1(HY) — <Q+a (Q-i—) > 2(H')x L2(H)

= 27° Fas(Q+)h+ (4)
=0.
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Therefore, Lhy € H™ (Hl) NV N (Q+,iQ+,0:Q+, i@SQJr)L’LZ(HI), where the orthogonal is taken
for the duality product H—'(H') x H'(H'). In particular,

([,th, h)H—l(Hl)XHl(Hl) = (‘Ctha th)H*l(Hl)le(Hl)'

Now, since Lh_ is in Vectg(i0sQ4 ), write Lh_ = XidsQ+ = MA@+ for some real number A.
One has

(Lh—sh) vy i @y = —MQ4s h) ey
==MQ+: h—) )
= (ﬁh_,h_)Hfl(Hl)XHl(Hl);

which gives the first part of the proposition.
Then,

([,th,[,h,)H,l(Hl) = (Eth*/\QJr)H—l(Hl)XHl(Hl) =0,
so we conclude that
”L"hH?'{—l(H.p ||£’th||2 1(H1)+”£h ”2

T(H)"
O
We now give a simplified expression of (Lh, h)Hfl(Hl)le(Hl) when £ is orthogonal to @ and i@ 4.
Proposition 4.10. For h € Hl(Hl) N Vs N Vectr(Q+, iQQLHl(Hl), the following identity is true
(Lhy D) g1y ) = (—Bmr b = 21Q4 [y B) g1 ey 1

Note that it is more convenient to switch to a complex scalar product because —Agih — 2|Q|?h
is a complex linear operator of the variable h.

Proof. We only have to show that (IIJ (Q2R), ) g1 ) i1 18 zero. We calculate

(HSF(QiE)v h) g —1(H1)x H1(H) = =(@ i h) g H—1(HY)x ' (H)
=(Q i ) *1(H1)><H1(]HI1)
= (—iv20,Q.4, h? H~1(H) % 1 (HY)
= 212Re(Fp2 (i ))
Now, Fj2 = F?, therefore, Fj2(i) = 0 as soon as h € Hl(Hl) N V0+ N VeCtR(QJmiQJr)L’Hl(HI)' O

4.3 Study of the limiting profile through the Cayley transform

We now study the spectrum of —Agn — 2|Q |?, which is now natural since we search for a coercivity
estimate on £ and we just proved (Proposition 4.10) that

(Lh, h)Hfl(Hl)le(Hl) = (~Amh —2|Q+|*h, h>H*1(H1)><H1(]HI1)'

This spectrum can be determined via the equivalence between the Heisenberg group H' and the CR
sphere S3 in C? called the Cayley transform. We rely on [6] in order to introduce this equivalence and
its spectral consequences. In this part, we will denote by (w, s) the elements of the Heisenberg group,
bearing in mind that w = = + iy with the former notations. The Cayley transform writes

c: H' = S3\ (0, -1)
2w 1—|w|%—is -
(w,8) = (1+|w|2+is’ 1+}w}2+is)

The inverse of C is C~1((1, () = (1+<2 Im( i;gi )). The Jacobian of the Cayley transform is

8
(14 |w|?)? +52)*

|[Je(w, s)|=
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Notice that|Je| is linked to Q4 as follows

|Je(z + iy, s)|= 2|Q4(z,y, )|

For any integrable function F' on S?, we have the relation

/ng:/ (F o C)|Je| dAs(w, ).
S8 H?

Here, d¢ denotes the standard Euclidean volume element of S®. We consider the complex scalar
product on L%(S?)

(F,G)Lz(gz):/ FGd¢, F,Ge L*S?).
SS

One can notice that
[rrac= [ Pociiieldres).
SB ]H[l

In particular, |JC|:.2|Q+|4 is in L2(H'), so if a function F is such that F o C belongs to L*(H*) (for
example if F oC € H!(H')), then |F o C|? belongs to L*(H'), and therefore F' is in L?(S?).
On the standard sphere S3, denote

R = §16<1 + Cgagz.

Then the vector fields .
E:a@ig’bna i:1725

generate the holomorphic tangent space to S3.
The conformal sub-Laplacian is defined as

2
1 S 1
D=--Y (IT; + L) + 7,
2 H( L)+

where D — % is the sub-Laplacian. One can construct the Sobolev space
1
H'(S®) i= {v e L2(S%); vl ny:= [IDH o]l ages< +oo}.

The operator D on the sphere has a direct link with the sub-Laplacian on the Heisenberg group
via the Cayley transform : for any radial function F o C in H'(H),

—Au (2 (Fo0)) = (2lJe)} (DF) o C.

Notice that a function in H'(H') maps to a function in H'(S?) via the following transformation.

Proposition 4.11. Let h be a function on H', and define a function vy on S by
h(z,y,5) = (2c])* (vn 0 C) (@ + iy, ) = V2|Q4|(vn 0 C) (z + iy, ). (16)
Then for radial h,
1

(Dog, Uh>L2(S3) = ) (=Amh, h>H*1(H1)><H1(H1)

and
(Vh, V) L2 (s3) = /1|h|2|Q+|2d)\3.
H

Therefore, vy, defines a function in H'(S®) if and only if h is in H'(H').
Proof. Fix a radial function h, and define vj, by (16). Then

(—Amh) - = (2|Je|)T (Duon) o C - (2]Je|)E (v, 0 C)
= 2|J¢|(Dup) o C - vp, o C,
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s0
<—AH1 h, h>H*1(H1)><H1(H1) = 2<D'Uha Uh>L2(S3)-
Moreover, when h € L*(H'), then v, € L?(S?) and

<'UhaUh>L2(S3):/ lu|? d¢
S3

— [ Jono €l el dha(w, s
H

1 1
=5 [ IRl axse.s)
— [ InPI@: .

Hl

Propositions 4.10 and 4.11 combined imply the following corollary.
Corollary 4.12. Let h in H*(HY) NV;" 0 (Q4,iQ )= E). Then
(ﬁh, h)Hfl(Hl)le(Hl) = 2<D’Uh, 'Uh>L2(S3) — 2<’Uh, 'Uh>L2(S3)-

The spectrum of the operator D on H'(S?) is well known. Indeed, the space L*(S*) endowed with
the inner product (F, G) L2(s8) = fSS FG d¢ admits the orthogonal decomposition

L*(S*) = €D Haj,

J,k=0

where Ha;j is the space of harmonic polynomials on C? that are homogeneous of degree j in (1, (o
and k in (1, (2, restricted to the sphere S®. Fix j,k > 0, then the dimension of Ha;  is

mjr = dim(Ha;x) =5+ k+ 1.
The spectrum of D is as follows [31].
Proposition 4.13. Let \; = j + % Then for all Y; ) € Ha; g,
DY = A MYk

In particular, the smallest eigenvalue of D—Idis A\go—1 = f%, with multiplicity 1 and eigenvectors
the constant functions on S3. The second one is also negative, equal to A1 g —1 = X1 — 1= —i, with
eigenvectors spanned by (1, (2, (1, (2. The third one is positive, equal to Ao—1=X2—1= i.

Let us study the radial property on S3. Let h € H'(H') be a radial function, v, as in (16)

h(z,y,s) = (2|Jc|) i (vn 0 C)(z + iy, ).

Since h and |Jc| only depend on |z + iy| and s, so does vy, o C, which means that vy, only depends on
|¢1], ¢2 and (o. This discards the eigenfunctions ¢; and (; in the above orthogonal decomposition of
Up, .

The last step left is to treat the remaining eigenvectors with negative eigenvalues for the operator
D —1d, in order to find a lower bound in the quadratic form

(Lh, h) g2y g @y = 2(DVn, V) £2(s%) — 2(Un, Vn) 12 (s%)

for h € Hl(Hl) NVt n VectR(Q+,iQ+,68Q+,i68Q+)L’H1(H1). These eigenvectors are the constant
function e; = 1 (with eigenvalue f%) and the harmonic polynomials eo = ¢ and e3 = (» (with
eigenvalue *i)' In order to do so, we reformulate the above spectral study back to the setting of
holomorphic functions of the upper complex plane.

For fractional Sobolev embeddings on R™ and fractional Folland-Stein embeddings on H™ ( [10]
and [25]), the potential negative eigenvalues are naturally discarded by the orthogonality conditions,
since they correspond to the tangent space to the manifold of functions equal, up to translation,

dilation and multiplication by a non-zero constant, to the respective optimizers U and H :

M(R™) = {cU ( —6900) i ceR" zgeR", e > 0}

resp.
MM = {cH(0(u")); c€R* ucH",§>0}.
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4.4 Coercivity of the linearized operator

In this part, we use the spectrum of D on the CR sphere in order to get a coercivity estimate on L.
The lowest eigenvalues of D — Id are, in increasing order,

3 1 1
Mo—1l=—f—<X1—-1=XMog—-1l=—-<XAa—-1=Xog—1=-.
0,0 4< 0,1 1,0 4< 0,2 2,0 1

The negative eigenfunctions are e; = 1 (for Ao ), e2 = (o (for A\g.1) and ez = (o (for A1 ).
Let h € HY(HY) N V" N Vectr(Qy,iQ 1, 0:Q+,i0sQ4 ) )y as in (16)

h(z,y,s) = V2(Q|(vo C)(z + iy, ).

Then decompose v as :

n <’U,€1>L2(S3) 1+ <’U,€2>L2(Ss) .+ <’U,€1>L2(S3)

) € Vectc(er, ez, e3) ™
{er,e1)r2(s9) (€2, €2)12(s3) <63,63>L2(Sg)63 v+ € Vecte(er, ez, e3)

V= U4

Remark that since e; € Hag g, e2 € Hag 1 and es € Hay o, these three vectors are pairwise orthogonal
in L?(S?), and they are orthogonal to @(j,k)g{(o,o),(0,1),(1,0)} Ha, ;. The knowledge of the eigenvalues
of D — Id enables us to say that

1
§(£h7h)H71(H1)XH1(H1) = <D'U,'U>L2(SS) — <'U7'U>L2(SS)

2 2 2
> D2 1[(v,en)r2en|” 3 |(v,e2)ra@y)|” 3 |(v,es)rae)
= = 2(83) " I - .
4 +IIL2(s?) 4 <€1,61>L2(33) 4 <e27€2>L2(S3) 4 <€3,63>L2(33)
But 5 ) )
H,UHQ — H,U ”2 |<v’el>L2(SS)‘ 4 ‘<v’62>L2(SB)| + |<’U’e3>L2(S3)‘
L2 FIE2ED T ey Jer) pa(ss) (€2, €2) 12(s3) (e3,e3)r2(s3)
SO
2 2 2
[(v,en)r2@s)|”  [(viea)raes| (v, es)raes)]

1 1 1
—(Lh,h); —1 (gt T 2 2 . .
2( ) )H (HY)x H'(H') = 4HU||L2(§3) 5 <€1,€1>L2(§3) <€2,€2>L2(§3) <€3,€3>L2(§3)

Let us replace these last terms by their expression on the Heisenberg group. We define
fi=V2|QilejoC, j=1,2,3.
From the identity

1 — |w]*—is

CQ OC(’U},S) = m = \/§Q_+(’LU,S) — ]1,
we get that
f1=v2|Q4],
f2=v2|Q|(V2Q4 — 1),
and

fa=V21Q+(V2Qy - 1).
Thanks to Proposition 4.11, one knows that
(v, 0) 28y = (PQ+, hQ 1) L2,

SO

2 2
1 |(hQ+, f3Q+) L2 [(hQ+, f2Q+) L2mn)|

(Lh, B) g gy iy = 5 11PQ 17 - -
H-L(HY)xHY(H) = 9 +IlL2(Ht) ||f3Q+||2L2(]HI1) Hf2Q+H%2(H1)

|(hQ+, [1Q+) L2 ’2 .

—2
11 o,

25



For h € Hl(Hl) NVyt NVectr(Q+,iQ+, 05Q+, i@sQJr)l’Hl(Hl), let us consider the space in which Fjq,
lies.

Since h € H'(H"), from the embedding H'(H') < L*(H"), one knows that hQ is in L*(H') so
Fho, belongs to L*(Cy).

From part 4.1, h being in H'(H")NV,", F, (defined by h(z,y,s) = Fj(s+i|lz +iy|?) for (z,y,s) €
H') is a holomorphic function (F}, lies in the Hardy space H?(C,)). This implies that the function
Fho, = FyFg, is holomorphic too : we have shown that F}, is in the Bergman space A7 = L?(C;) N
Hol(C.,).

Moreover, the fact that h is orthogonal to Vectr(Q+,iQ+,dsQ+,10sQ+) in Hl(Hl) is equivalent
by Proposition 4.8 to F},(i) = Fj, (i) = 0. But then, Fj,g, = F,,Fg, has a double zero at i. Proposition
4.8 again implies that

(hQ4,05Q4) 2y = (hQu4, 07Q1) 2y = 0,
which is equivalent to
(Fhoy» Fo )12y = (Frey s Fo, ) 2(cy) = 0.
Now, define W := A%ﬂVect(c(Fé?+ , FC’2'+)L’L2(C+) and denote by Py the orthogonal projection from

L?(Cy) onto W. We have shown that if h € Hl(Hl) NVt n VectR(Q+,iQ+,68Q+,i68Q+)L’H1(H1),
then Fj,q, € W. In particular, for u € L*(H"),

(hQ,u) L2y = T(Fhq, » Fu)r2(cy)
7T<F1hQJr y PW(Fu»L?((CJr)'

Back to the quadratic form, we deduce that

2
[(Fhoy s Pw(Fraq.)) ez ey
||FfSQ+ |‘%2(C+)

1
(ﬁh, h)H’I(Hl)XHl(Hl) > W(iHFhQ+ ||2L2((C+)_

2 2
_ |<FhQ+’PW(Ff2Q+)>L2((C+)| _2‘<FhQ+’PW(Ff1Q+)>L2((C+)‘ )

[Fr. 132 [ Fp 41132
(Cy) (Cy)
Let us denote
! ||Fij+HL2(<C+) ||F1||L2(C+), B
with
AG) = —
P P
1 21
Fy(2) = —————=(—=-1),
|z +i|(z+ i) \z+1i
and . 0
—2i
Fy(z) = ( - 1).
@) = e\ =

We try to find an upper bound on the quadratic form on L?(C,)

q(F) =2 |[(F, X1)pac)|* + [(F, Xo)paey|* + |(Fy Xs)ae, |, F € LA(C),

In particular, we want to show that this upper bound is strictly less than %
Let us first write explicitly the orthogonal projector Py, from L2?(C.) onto the subspace W =
A?nN VectC(Fé+,Fé2'+)L’L2(C+) We start by finding an orthogonal basis of Vectc(Fy), , I, ) for the

scalar product on L?(C,). We know by Proposition 4.8 that

(u,05Q4) 2y = —ivV271°F, (i), ue L*(HY),

SO
(F.F), )12y = —iV2rF (i), FeL*(Cy).
Recall that

*iﬁ " _ 2i\/§ " _ Giﬁ
— m, FQ(z) = m, and FQ+(z) = 77(z+i)4’
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SO )
/ " 1 7 (5) = 3i

)
Fo . (i)=—, F, (1)=——=, F,H (i)=——= and i) = ——.
Q+() \/5 Q+(> 2\/5 Q+() 2\/5 Q+() 4\/5
Therefore,

. . o
< C/Q/+’Fé)+>L2((C+) = —Z\/§7TF63+(2) = 25

In the same way,
T

<Fé)+’FC/Q+>L2(C+) = —l\/EFFé+(Z) = 5,

’ !
F — F <FQ+’FQ+>L2(C+) 17
SO =L, 7 T, Yoz

— / i nll4 3 / .
T T e, L@ T FQ+ + ZFQ+ is orthogonal to FQ+ :

(F, F,)12c,) =0
Moreover,
(F,F)r2c,) = <FaFé)+>L2(C+) + <F7iFé§+>L2(<c+)
=0 + <’L-FWI7 F(/Q+>L2((C+)
= V27 F'(i).
Since F'(i) = Fg (i) + ik, (i) = 4—\1/5, F is of norm
. T
(F',F)r2(cyy = T

The orthogonal projection on Vectc(Fy, , , F5+)l’L2(C+) in L?(C,) then writes

2 4 ) .

F e L2((C+) — F— ;<F, Fé+>L2((C+)Fé+ — ;<F, Fé+ + ZF5+>L2(C+)(Fé+ + ZF5+).

Besides, from Proposition 4.5, we know that the orthogonal projection Py from € L?(C.) onto A% is
given by

1 1
PyF i) = —= F v) du d F e L*(C,).
0 F (s + it) ﬂ_/(C+ Goutiiti? (u + i) du dv, € L*(Cy)

Therefore, the orthogonal projection Py on the space W = A2 N Vect@(Fé+,F5+)L*L2(C+) writes, for

Fe LQ((CJr)v

. 1 1 . 2 ) _
Py F(s +it) = ;/(4 G —u+it+iv)2F(u+w)dUdv - ;(F,FQ+>L2(C+)FQ+(5+115)

4
<F, F(/?+ + iF(/QI+>L2(C+)(F(/2+ + iFé+)(S + it).

T
We use the following estimates of (1 PoF}, Fj)r2(c,), j = 1,2,3.
Lemma 4.14. Set e = 10710, then

mPoFy, F1)p2cyy — 2L €,

10
(mPoFy, Fa)r2c,y — §|§ €

and

(7 Py Fs, F3) 12(c, ) — 0.1303955989]|< e.

The proof of this lemma is rather technical and postponed to Appendix 6. It involves simplifying the
integrals defining PoF}, j = 1,2,3 : we determine explicitly the holomorphic function which coincides
with PyF; on C; thanks to a massive use of the residue formula. This part is necessary in order
to compute numerically (PoFj, Fj)2(c,). Without this preliminary work, there is a four-dimensional
numerical integration to perform and the error estimate is big with a naive approach.
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Moreover, a direct calculation gives

™ T
(Fv, Feeey) = 30 (B Fa)recey) = (B3, Fa)reey) = g
2v/2 22 2V/2
<F1’Fé+>L2(C+) == 3 ’ <F25Fé)+>L2(C+):_Ta <F3;Fé)+>L2(C+) :F,
and /3 5 5
= 2v2 ~ 14+/2 _ 2\/2
(1 F)raey) = T (F2, F)rz2cy) = 45 (F3, F)r2cyy = 35

We deduce that
(PwFi, Fi)r2c,y  (PwFe, Fa)rac,y  (PwFs, F3)r2cy)
(F1, F1)r2(cy) (F2, F2)r2(cy) (F3, F3) 2 (cy)

This enables us to get a sufficiently precise estimate for the quadratic form. Indeed, we want to
show that the norm of the following quadratic form is smaller that %

—0.2046049976| < 24e.

2 2 2
Q(F) =2 ’<Fa X1>L2((C+)‘ + ’<F; X2>L2((C+)‘ + ’<F, X3>L2((C+)‘ , Fe L2((C+).
Applying Cauchy-Schwarz’s inequality, for F' € W,
(F,Fi) ey | ‘(FaF2>L2((C+) 2 '(F,F3)L2(<c+)
IF1llz2cy) I F2ll2(cy) £l z2cy)
5 (PwFi, Fi)r2c,y  (PwFe, Fa)racyy  (PwFs, F3)rac,)
< Fz2cyy | 2
* |1 | F2 |5

But we just estimated

2

Q(F)Q‘

||2L2(C+) ||2L2(C+) ||2L2(C+)

(PwFi, Fi)r2c,y  (PwFe, Fa)rac,y  (PwFs, F3)r2cy)

C:=2
HFlH%Z(c” ||F2H%2(c+) ||F3||%2(C+)

as
1
C =~ 0.2046049976 < 5

Going back to h in Hl(Hl) NV, N Vectr(Q+,iQ+, 0sQ+, i@sQJr)l’Hl(Hl),
1
(Lh,h) -2y ) = (§|FhQ+||%2(<c+)—Q(FhQ+))

1
> ( SIFre 1 72c,) —CllFroy 72y
2

1-2C
D) ||hQ+||2L2(H1)
1-2C
= 9 ||Uh|\%2(sz)~

But )
5 (LR 1) s gy gy = (PUny Vh) 2(s9) = (Vh, Vh) 12 (s9)
SO
(Dup,vn) 23y > (1+ - 20)<Uh;'Uh>L2(S3)
and )
(Dvh, vh)r2(s3) — (Vh, Vn)r2(se) > (1 — m)@vhvvhh%@).

Set 6 = 2(1 — ﬁl%‘)/‘l) Since (Dvn,vn)r2(s8) = HhH?-{l(Hl), the following theorem holds.
Theorem 4.15. The linearized operator L around Q4+
Lh = —Amh— 2005 (|Q+|*h) — 17 (Q1h)

is coercive outside the ﬁm’te—c{imensional subspace spanned by Q4+, 1Q 4, alsQlJr and i0sQy : there exists
§ >0 such that for all h in H*(HY) N V5E N (Q4,iQ+,0sQ+,i0,Q1 ) ) then

(Ehv h’)Hfl(Hl)XHl(Hl) Z 5Hh’H§{1(H1)
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For the Szegd equation, Pocovnicu proved in [28] that the linearized operator is coercive in directions
which are symplectically orthogonal to the manifold of solitons

60
{#‘;)H MGR+,QER+,9€TaGR}

The non degeneracy follows from this theorem and the study of £ on the finite-dimensional subspace
V= Hl(Hl) N VO+ N VectR(Q_,_, ’L'Q+, 68Q+, 265Q+) (part 42)

Corollary 4.16. The linearized operator L is non degenerate :

Ker(£) = Vectr (05Q+,iQ+, Q+ + 2i0:Q+).

4.5 Invertibility of £

The following corollaries of Theorem 4.15 make precise the invertibility of £ and the linear stability up
to symmetries of the ground state Q4. These estimates will be useful in order to prove the invertibility
of the linearized operators Lg, around Qs in section 5.

Corollary 4.17. There exists ¢ > 0 such that for all h € Hl(Hl) nvy,
LA g gy +1 (s OsQ) g gy [ (R 8Q4) gy [ (s @t + 2005Q4) g1 uny | > €llBl] -

Proof. Let h € Hl(Hl) N Vyt. We decompose h into three orthogonal components h = hg + h_ + h,
where hg € H'(H") N V" N Vectr(0:sQ+,iQ+, Q4 + 2i0,Q4), h € H'(H") N Vy" N Vectr(Q) and

hy € HY(H") NV, N Vectr(Q+,iQ+, 8:Q+,i0:Q 1) H'(H) | Then Lhg = 0, and Lh, satisfies the
above coercivity estimate 4.15 : for some § > 0,

L4l i1y = Ol Pl oy -
Write h_ = AQ4 for some real number A\. Then Lh_ = 2Xi0;Q +, so
(Lhes h) sy gy = 23 (105Qs Q) v vy s -

But
|- ||H1(]HI1 (—iA0s Q4+, ANQ+) - T(H) x B (H!)»

O (,Chf, h)H—l(Hl)XHl(Hl) - 2||h ||H1(Hl)
Thanks to Corollary 4.9, we deduce that

In particular, [ Lh—|| g1y = 2[/h—] g1 (1)

||£h|\§;71(H1 = | Lh_|I? 71(H1)+”£h+|ﬁrl(ml)
> 4flh- ||H1(H1 +6% g 3
> (min(2,6))?||h— +h+||H1(H1

Moreover, since hy is in the space spanned by 0;Q+, iQ+ and Q4 + 2iQ) 4, there exists some constant
0 < ¢ < min(2,d) such that

|(hs 05 Q) gra a1+ (R 1Q4) g || (B Q- + 2005Q+) o gy |2 cll ol g e -

Therefore,

LR -2 )y +1(Rs OsQu) gra e[+ (Ry 1Q+) o gaany 1| (s Q- + 2005Q4) g1 gy 2 || o ey -

Let us remind that for h € H'(H") N V;", we have set in Definition 3.8

() = s ey~ 1@ Wy | el sy ~ 1@ M |

Corollary 4.18. There exists g > 0 and ¢ > 0 such that for allu € H'(H")NV;", if llu=Qull gy <
€0, then

8(00) + (01, D) i gy |11 3Q0) s oy |1 (0 Qe+ 2005Q0) s ey |2 el — Q[0
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Proof. Let u € H'(H")NV," and set h = u— Q.. We decompose h as above in three orthogonal parts
h = ho+h_+h, where hg € H'(H') NVy" N Vectr(95Q+,iQ+, Q4 +2i0:Q), h— € H (H") NV, n
Vect(Q) and hy € H(HY) N Vi" 1(Q1,iQ+,0,Q+,i0,Q4) -1 D).

The link between §(u) and the linearized operator £ appears through the functional

B(u) 1= s gy~ 5 Nl
Indeed,
|E(u) — E(Q+)|< 6(u),

but since Q4 is a solution to D,Q+ = 1§ (|Q+[?Q+) and h belongs to H'(H") N V", we have the
Taylor expansion

E(u) - E(Q-l—) = (‘Ch’ h)Hfl(Hl)xlill(Hl) + O(HhH?{l(]Hp))

Therefore,
8(u) = (Lhy B) g gy gy — ORI G gy

From Corollary 4.9, we know that

(Lhy h) gy iy = (Lhaes i) s gy ey + (LA o) ey i -

Consequently, the coercivity estimate on £ implies that for some constants ¢;,C; > 0,
() 2 eallh s gany ~Cr (1A By g+ ) a7

Let us focus on the term ||h_ ||Hl ()" We use the fact that

6(u) > (@4 4, Qi + 1) gy — (Q4, Q4) g an |
> 20 Qs W o | — 11
= 2HQ+HH1(H1)Hh—||H1(H1)_||h||H1(H1)a
s0

8(w)® > 4l1Q+ I san) 1= gy = O Ul s -

We use this estimate to control ||h_||zl(H1)
one can absorb the term &(u)? into the term &(u) : there exist c3,Cy > 0 and g9 > 0 such that if

170 gy = Nlw — @+l g2 ) < €0,

in the lower bound (17) of §(u). Up to decreasing ey,

26(u) > 8(u) + Cod(u)? > eall el gony el I3 g, ~Colla s

We now control ||hol|2 If eg < 1, we have an upper bound

H(H)
||h0||§'11(H1 < lholl g1y < C (s 0sQ+) g gy | H(hy 1Q+) g1 gy [+ (B, @1 + 205Q4) g )
In the end, there exist ¢ > 0 and C3 > 0 such that for all u € Hl(Hl) N VO+,
6(w) + [(h, 0sQ+) g | + | (Rs 1Q4) gy [+ (R, @ + 2005Q4) pa |
> C3(||h+||§'{1(Hl)+||h*|‘§'{1(H1)+||h0||§'{1(H1)) CB||h||H1(H1)
7C3||h||H1(H1 C3Hh’HH1(H1

Up to decreasing ¢, again, we can absorb the term HhHHl(Hl) into the term ”h”Hl(Hl Note that Q4 is

orthogonal in H'(H") to 9sQ4,iQ4 and Q4 + 2i0,Q., therefore (h, 95Q+) gy = (U, 05Q4) i
(hy iQ4) g1 )y = (U, 1Q4) g gy and (b, Q4 + 2i0:Q+) gy = (U, Q4 + 2i05Q+) g (e - -

We now control the distance of a function « € H*(H') N V" to the profile Q4 up to symmetries
by the difference of their norms 6 (u).
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Definition 4.19. Fiz h € H'(H) NV, , so € R, 0 € T and a € R%. We denote by Ts, 9.0h the
function in H'(H') N Vot defined by

Tsy.0.0h(x,y, s) = e ah(ar, ay,a®(s + s0)), (x,y,s) € H.
Corollary 4.20. There exist 6 > 0 and C' > 0 such that for allu € H'(H") N V', if 6(u) < &, then

inf
(50,0,0) ERXTXRY

TSO,G,CVU’ Q+||H1(H1 < C5(u)

Proof. Assume by contradiction that there exists a sequence (up)neny C H LHY) N Vyh such that
§(un) — 0, but
1

- nf T B > . |
5(11,”) (so,e,a)len]Rx'Jl‘x]RiH so0,0,alln Q+||H1(H1) —+00

n—-+o0o

According to the consequence of the profile decomposition theorem stated in Proposition 3.10, since
§(un) — 0, then, up to a subsequence, there exist cores (s,)neny € RY, an angle §y € T, and scalings
(an)nEN € (Ri)N such that

||T5n1907anun - Q+ ||H1(H1)njm 0

We will make use of the implicit function theorem in order to apply Corollary 4.18 with some
functions T, g, .a, Un orthogonal to 0,Q4,iQ+ and Q4 + 2i0;Q+ and get a contradiction. Consider
the maps

F:HMH)NV;" — R
w = ((u, 0sQ4) oy (05 1Q4) o anny» (; Qe + 2i05Q 1) g )

and
G:RxTxR} x (H(H)NV;") — R
(s,0,,u) = F(Ts9,0u).
Then F(Q4+) = 0 so G(0,0,1,Q4+) = 0. Moreover, G is smooth in (s,6,a) and the Jacobian
ds,0,G(0,0,1,Q4) of this application along (s,0, a) at (s,0,a,u) = (0,0,1,Q4) is equal to
105Q+ 1171 (1Q+, 0sQ+) g ) (Q+ +2i0:Q+, 0sQ+) g )
(0s Q+JQ+)H1(H1) ||iQ+||§',1(H1) (Q+ +210:Q+,1Q+) 1 ()
(85Q+7 Q+ + 2iasQ+)H1(H1) (iQJrﬂ QJr + 2iaSQ+)H1(H1) ||Q+ + 2iasQ+||§‘{1(H1)

Replacing all the terms by their values, we get

ds,@,aG(OaOalaQ-i-) = 0 7‘—7 0 )
0 0 =x?

which is invertible. By the implicit function theorem, we get continuously differentiable functions
So(u), ©(u) and A(u), defined in a neighbourhood V of @4 and valued in a neighbourhood of (0,0, 1)
tif w €V, then |[Ts,(w),0w),awt — @+l 1)< €0 (Where g9 is taken from Corollary 4.18). These

functions satisfy (Sp(Q+),0(Q+), A(Q+)) = (0,0,1) and
G(So(u), O(u), A(u),u) = 0.

Now, since [T, 65,0, un — Q+ | 1 (un) WS 0, there exists N € N such that for alln > N, Ts_ g, o, Un €

V. Therefore, defining s, = s, + So(Ts, 60,antn), 0, = 6o + O(Ts, 00,0,un) and o, = o, +
A(Te, 9.0, tn), We get i = Ty g1 oy ttn € HY(HY) N V5" such that i — Q|| fr e, < €0 and

(Un,asQJr)Hl(Hl) = (UN’I’lﬂiQ+)H1(H1) = (U~mQ+ + 2i35Q+)H1(H1) =0.

Moreover, by invariance under symmetries,

6(tin) = 0(un),
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so applying Corollary 4.18 to 1y, = T g/ o Un, we get that for some constant C' > 0,

||Ts’ 0! af, Un — Q+HH1 Hl)g 06( )

This is a contradiction with the assumption that

1 .
inf
6(Un) (50,0,0) ERXTXRY

HTSU,G,aun - Q+ ”iIl(Hl)njoo +o0.

O

5 Uniqueness of traveling waves for the Schrodinger equation

In this section, we show that the study of the limiting profile @, and in particular the linear stability,
enables us to prove some uniqueness results about the sequence of traveling waves (Jg with speed /3
sufficiently close to 1. The argument is similar as in [17] for the half-wave equation : for 8 close to 1,
(g is close to Q4+ so we can make a link between the respective linearized operators.

In order to do so, we first need to show some regularity properties and decay estimates on the
profiles Qg (part 5.1). For the half-wave equation, these estimates came from the Sobolev embedding
Hz(R) < LP(R), 2 < p < +00 and the convergence in Hz (R).

Recall that from Definition 3.5, Qg denotes the set of ground states Qg satisfying (2)

AHl + 8Dy
1-p

One can summarize the convergence of (Qg)g from part 3.2 combined with the uniqueness result
for @+ from section 3.3 as follows.

Qs =1Qs°Qp-

Proposition 5.1. For all § € (—1,1), fix a ground state Qg € Qg of speed 3. Then there exist
scalings (ap)p in R, cores (sg)g in R, and an angle 0 in T such that after a change of functions

Qp = eieagQﬁ(ag~,ag~,a%(- + s3)), the sequence (Qg)p of solutions to (2)

AHl + 8D

5 Qs =1Qs1°Qp

converges as 3 — 1 in H'(H") to the unique (up to symmetries) ground state solution to (3)

D.Q4 =17 (|Q+*Q+),

which writes
iv2
s+i(z?2+y?) +i

Q+(1‘;y75) =

5.1 Regularity and decay of the traveling waves (g

In this part, we collect information on the regularity of the profiles Q3. We show that after the
transformations from Proposition 5.1, they are uniformly bounded in LP(H!) for all p > 2 when j3
is close to 1. We deduce an uniform bound in L% (H!), from which we estimate the decay of these
profiles when the variable (z,y, s) € H! tends to infinity. Finally, we show that (Qs)s is bounded in
H*(H") for  close to 1 and fixed k > 1.

AHI +BD3
1-p

The operator — admits an explicit fundamental solution [20].

Theorem 5.2. Let

11— <1ﬂ) <1+ﬂ) 1
= _ r r ‘
mB(-Taya S) 272 2 2 (562 + y _ ZS) ; (1‘2 —+ ’y + ’LS) JEB

Apy1+BD

Then mg is a fundamental solution for =5 in the sense of distributions,
o AHl + ﬂDs ma =6
1—p

32



The proof of regularity for the ()3 relies on the use of generalized Hélder’s and Young’s inequalities
in weak Lebesgue spaces (see [34] for the strategy). We define the Lorentz spaces as follows.

Definition 5.3 (Lorentz spaces). Fiz p € [1,00) and q € [1,00]. The Lorentz space LP*4(H) is the
set of all functions f : H' — C with finite LP9(H') norm, where

1

i) o (217 R € B sl RY? aR)’

if g <0
suppso (RPA3({u € HY; | f(u)|> R})) if g =00
The usual LP(H') spaces coincide with the LP?(H') spaces. In general, ||| Lr.q(m1) is not a norm
since the Minkowski inequality may fail. The following inclusion relations are true |

|-

Proposition 5.4 (Growth of LP? spaces). Let p € [1,00) and ¢1, g2 € [1,00] such that ¢1 < q2. Then
Lp:a1 (Hl) C Lp:a (Hl).

Note that the functions mg, 3 € [0,1), are uniformly bounded in L*»*. Indeed, let R > 0, then

As({(z,y,5) € HYy |24y +]s|< RY) = R*As({(2", ¢/, 8') € H's [/ P+y/ [P+ < 1),

moreover, the constants
1-— 1-— 1
cg = — ﬂF b T +5
272 2 2

Definition 5.5 (Convolution). The convolution product of two functions f and g on H' is defined by

are bounded for 8 € [0,1).

frglw)= | fl)gv™ u)drs(v) = [ fluv™)g(v) dAs(v).
H! H!
Note that the convolution in H' is not commutative, and that the relation

P(fxg)=fxPg

holds for every left-invariant vector field P in H' (for example, P = —A‘“%E;DS), whereas in general
P(fxg)# Pfxg.
Let us recall the generalizations of Holder’s and Young inequalities for Lorentz spaces.
Lemma 5.6 (Holder). Let p1,p2,p € (0,00) and ¢1,q2,q € (0,00] such that
1 1 1 1

1 1
— 4+ —=—and —+ — > —
pP1 D2 p q1 q2 q

with the convention 1/oo = 0. Then there exists C = C(p1,p2,p,q1,q2,q) such that for any f €
LPra(HY) and any g € LP292(H'), we have fg € LP9(H') and

[ £9llra@)y< Cll fllLevar @yl gl Lraaz .-

Lemma 5.7 (Young). Let p1,p2,p € (1,00) and q1,q2,q € (0,00] such that
1 1 1 1 1

—+ —=—-+1land —+—>
b1 p2 P q Q2

with the convention 1/oo = 0. Then there exists C = C(p1,p2,p,q1,q2,q) such that for any [ €
LPra(HY) and any g € LP292(H'), we have f g € LP9(H') and

|~

1 * gll ooy < Cllf 1l Lrvar @) 19l Loz oz ).
Theorem 5.2 implies the following formula for Q3.
Corollary 5.8. For all 8 € (—1,1),

Qs = (1Qs°Qp) * ms.
Let us now prove the boundedness of Qg in LP(H'), p > 2.
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Theorem 5.9. For all p > 2, there exist Cp, > 0 and B.(p) € (0,1) such that for all € (B«(p),1),
Qs Lr @) < Cp.

Proof. We proceed by contradiction. Fix p > 2. Assume that there exists a sequence (8, )nen in (0, 1)
converging to 1 and such that [|Qp,, || Lr 1) € [n, +00] for all n € N. By duality and density of C°°(H )
in L9(H'), L o+ 5 = 1, there exists a sequence (¢, )nen in LI(H') N L3 (H') such that lonllLa@)< 1
for all n and

— —+00.
n—-+o0o

Qﬁn ©n dA3
Hl

Let us define
4
Koi={p € DUE) N LEY; ol zaam S lonl o and Il g g < [nll 4 g -

Since Qp, € L*(H'), the supremum over functions ¢ € K, of le Qp,pdAsz is finite. Thus, if we
change ¢,, to an other function ¢ from K, where le @, ¢ dAs3 is closer to this supremum, the K,
corresponding to ¢ and thus the new supremum will decrease. We can therefore assume up to changing
pn that

> sup
pEKR

H1

By density, let (fx)ren be a sequence in C°(H?!) such that |||Q+|2_fk||L2(H1)k—> 0. Denote, for
— o0

antp d)\3 .

H1

k,n €N, gnx = |Qp,|*—fr. We will use the fact that the functions g, j have a small norm in L?(H")
when k£ and n are large enough thanks to Proposition 5.1. Let us cut

/ Qb on dNs = / ((1Q5, PQs.) % s, )om dAa
H H!

- / (£1Qs,) % M5, ) on dAs + / (9n 2 Qp,) % 3, )om s
H1 H1

in order to evaluate these terms separately.
Concerning the first term in the right hand side, using Lemmas 5.6 and 5.7,

< ((f@pn) *ms, )@l i @)

L (5@, 5 ma o

< Ci(p)I(fxQp,) *mp, | Low @) | onll Laa e

< G201 fe@pall| 22 (Hl)Hm,@n||L2’°°(H1)||90n||Lq(H1)
(we used that ;f > 1 since p > 2). Using again Lemma 5.6, choosing any 7 € (0, +00) such that
1
- > pp andof4+p>1 we get

[ (@) xms o drg

< O3 fellper @) 1Qp, | sy Mg, | 2o ) |0 | o)

We know that [|¢y|[pe@r)< 1 for all n, that [|mg,||2.0c 1) is bounded independently of n and that
(Qp)se[o,1) is bounded in LA(H'), so there exists Cy4(p) > 0 such that for all k,n € N,

L (5i@5.) % ms o s < Cap) ey

Applying Fubini’s theorem to the second term in the right hand side,
[ (na@s) s madendhs= [ [ (0015 ) @ms, (07 wpn(w) dXs(0) st
H! o S
= /Hl /Hl (9n, k@, ) (V)mg, (Uflu)gon(u) dAz(u) dAz(v)
= /Hl /Hl (gn,kQ,@n)(U);’/l,@n (u™ ) (u) dAz (u) dAz(v)
/Hl (906 @5, (0) (9n %115, ) (v) A3 (v),
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where
v _
mg(x,y,s) = ma((z,y,5) ")

1-8_/1-8 1+ 8 1
B T —
2m 2 2 (2 +y2+is) 2z (a2 +y?—is) 2

has the same bounds in L**°(H!) as mg.
But thanks to Lemmas 5.6 and 5.7,

V V
lgn & (en * s )| Lae) < CrP)Ngnllzeenllon xmp, | oe

\Y
< Cy(P)lgn il 2.0ty lnll Laa ) M, | 2000 ).

Note that the assumption p > 2 ensures that % € (1,00).
Moreover, this last inequality still holds with the same reasoning when replacing p by 4 and its
conjugate exponent g by %. Fix

C = max (Cy(p), Cy(4)) X sup [|[ms| 2. (.-
BeE0,1)

Then, when g, 1 is non-zero in L?(H*), the function

1

—  Guk(onxmg,)
= k n
Cllgnkll gz gy ” ™" 77

wn,k :
belongs to K,. Therefore by definition of ¢, for all k,n € N,

Vv
’/Hl Qp,, gnk(pn *mg, ) dAz| < 2C|\gn kL2, @) /Hl Qg, ndAs

But

gn kel 2o @y < 1Qp, = Fill L2y
< 1R, 1= 1Q+ Pl 2y H Q-+ 1> = fill L2eany,
and this quantity converges to 0 as min(n, k) goes to +o0o thanks to Proposition 5.1 and the construction

of (fx)ren. Therefore, there exists ng such that, for all & > ng and n > ng, 2C||gn k| 2.0 @) < %, or
in other words,

V
[ @tnalion i) g

1
H1

Since

Vv
/Hl Qp,pndrs = /Hl ((frQp,) x mp, )on dAs +/H1 Qp,, gnk(Pn *mp, ) dAs,

we get that for all k£ > ng and n > ny,

H1

Fix k£ > ng and consider this inequality. There is a contradiction when n goes to +oo, since
the right-hand side 2 | [ (fx@p,.) * M3, )¢n dA3| remains bounded by Cy(p)| fx|| Lo~ ), whereas the
left-hand side UHI Qp,, ¥n d)\3‘ tends to +oo. O

<2| [ (o) = ms )enh

Corollary 5.10. For all p € (2,00) and q € (1,00), there exist Cp, 4 > 0 and B«(p,q) € (0,1) such
that fO?“ all 6 € (5*(1% q)a 1)7 HQ,@HLP"?(Hl)S Cp,q-

We now collect some estimates on the decay of (g when S is close to 1.

Theorem 5.11. There exist C > 0 and B, € (0,1) such that, for all 8 € (Bx,1) and all (z,y,s) € H,

C

1’" 75 Siﬂ
@s(@,9.9) p(x,y,s)? +1

where p(x,y,s) = (% +y?)? + 52)% is the distance from (x,y,s) € H! to the origin.
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Proof. Let us first show that the Qg are uniformly bounded in L>(H') for 8 € (B,1), where B, is
large enough.

Let uw € H'. Applying Holder’s inequality 5.6 to the right hand side term,

@5l =| [ 1QsPQao)male ) dha(o)
veH?!
< NQslPQama(- " u) || Lr @)
< 1Qs1*Qsll 2.1 ) llmsll 2.0
< 1Qpl 765 syl L2000 r1y -

The conclusion follows from Corollary 5.10.
For every R > 0, we set Br = {(z,v,s) € H'; p(z,y,s) < R} and

M(R) sup |Qga(z,y, )|

(z,y,8)€EBg

Let R >0, u € Bg. We cut

(1QuPQa) ¥ mI< | [ 1QsPQaoIma(o ) dha(w)
vEBR/2

[ 10ssmamtn ax )

R/2

On the one hand, if v € Br/y then ww~l € B‘ém, SO

[ @stQutmat dw)\ < e,
vEBR/2

Thanks to Theorem 5.9, one knows that up to increasing S, there exists some constant C such that
lesll|Qpll 3 sy < C for all B € (B, 1).
On the other hand, applying Holder’s inequality 5.6 to the right hand side term,

/6 Q5 [2Qa ()m (v ) dAs(v)

B2

- R
< NQsIPma(-~ )| L1 (pe,, \ M (_)

R/2 2

_ R
< QP a0 M ()

R
< 1Qslluna(a Qs pssstsgplmslzacecany M (5 ).

Thanks to the convergence of (Qg)s to Q4 in H'(H') as 8 tends to 1 and the Folland-Stein
embedding H'(H') < L*(H"), the sequence (Qg)s converges to @ in L*(H') and therefore is tight
in L*(H'). Moreover, the norms [|Qgl|p.4/31), for B close to 1, are bounded. Therefore, up to
increasing [, again, one can choose Ry > 0 such that

1
sup  (1Qslzsoqms, plmslliesqan ) < 1Qslzacss, )< 5

BE(Ba1) 0 for
Then, for every R > Ry,

| 12sPQswma( ) drsto)

B2

<34(3)-
-8 2

Combining the two estimates and applying them to R = 2", n > ng so that 2" > Ry, we get

c 1 .
ny « - n .
M(2") < o+ M2

36



Iterating, one knows that for all n > ny,

n—no

N 11 1 _—
M@EY)<C Y g g M T
k=0

n—nmo

el S L VI A R
k=0

< (20 4 8"ty (2mo— )4

Since p(u) ~ 2" for 2" < p(u) < 2"+1, this completes the proof of the result. O
Corollary 5.12. For some 8, € (0,1), for all k > 1, there exists Ci, > 0 such that for all § € (B4, 1),
1Q8ll frx @y < Ch-

Proof. 1t is enough prove the first part of the claim for £ € N. We proceed by induction on k. We
already know that it is true for £ = 1 because

(=(Am + BDs)Qp, Q) fr-1 ) x 12 (1) I
”Qﬁ”Hl(Hl)_ 1-3 = (1 _ﬁ)Qv

and ((1£—%)2)ﬁ is bounded (cf. 3.2).

The following additional assumption will be useful in the induction step. Up to increasing (., we
can assume that the Qs are bounded in LS(H!) and in L>(H!) for 8 € (B, 1).

Suppose now that the Qg are bounded in HF (H') for an integer k& > 1. Then by Leibniz’ rule,
since Agn = (X2 + Y?) for radial functions, with X = 8, 4+ 2y9d, and Y = 9, — 220,, there exist
some coefficients ¢y such that

AHl + ﬂDs

7Aﬁ?1(7 1_ﬁ

Qp) = —AET(1Qs7Qp)
_ > A0 (Q3)07* (Q5)0™ (Q5).

[A1]+[Az|+[As|=2k—2

The notation is similar as in RY, A; being a finite sequence of letters X and Y of length |A;], oX = X,
0Y :=Y. The following inequality can be easily proven via the Fourier transform :

(AR Qs,Q8) - L(HY)x F(HY) T (A Qp, —Am Q) gy -1 (1)

_ Am + 8Dy Am + 8Dy
(A% 1(_WQ[3)’ —WQﬂ)Hl(Hl)xHﬂ(Hl)

Am + 8Dy
< (—Aﬁll(—WQﬂ), Q617 Q8) 11 sy x 571 (11

IN

We replace the term on the left by the above sum. By integration by parts and Leibniz’ rule again, we
can manage so that the following indexes of derivation u; all have length less or equal than (k — 1) :

k 5 (T Qs (T
AL Qi = 2 [ 9(@0)-0"(@0)0" (@0 (@)
|+ | =2k—2, 7 H
[l e <k—1
We now apply Holder’s inequality with exponents p1,...,ps € (2,00) satisfying pll + 4 plﬁ =1, to
be chosen later. Then, denoting m; = |u;/,

9 (Qs) .. 8”4<Qg>auo<czg>auo<@ﬁ>\ < Qs on it - - 1Qll g o

H1

Let us choose the p; appropriately. The aim is to use complex interpolation, and in particular the
following relation between homogeneous Sobolev spaces (see e.g. [5], Theorem 6.4.5, assertion (7))

(LY(HY), H*(H'))g = W™P(H')
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where p,q € (2,00), m = (1 — )0 + 0k and

I 1-6 n 0
p a2
For example, we choose ¢; = * and p; such that
1 o 1 + my;
pi 6k 2k’
Then
0 < 1 < 1 Jrl<:7171+3l€—3<1
pi — 6k 2k 6k 2
so p; € (2,00), and
Lo L1 %2
D1 ps k 2k .
Moreover, this choice leads to the exponents
o 6k
4= 1— mz/kz

Since 0 <m; <k —1,
2 < 6k < ¢; < 6k? < oo,

we can therefore apply the interpolation result.
Since there is a finite number of terms in the sum, the boundedness of Qg in L6(H'), in L (H')
and in H*(H') for 3 > 3, ensures that there exists Cyy1 > 0 such that for 8 > 3,

k+1

[(=Am) = Qpll2@)< Cri1,

so the Q4 are bounded in H*+1(H?). O

5.2 Invertibility of Lg,

For 8 € (—1,1) the linearized operator around Qg for the Schrédinger equation is

AHl +ﬁDs
ph=——7—"7—
1-p

We prove the invertibility of this operator on a space of finite co-dimension.

Lo h—2|Qp|*h — Q%h, he H'(HY).

Proposition 5.13. There exist a neighbourhood V of Q+, B« € (0,1) and some constant ¢ > 0 such
that for all B € (Bs, 1), for all Qs € Qs NV, and for all h € H*(H'),

1£Qs Pl g1 ey T (7 05 Q) gy g [H-1(hs 1Q4) gy [+ (s @t + 2005 Q1) gy = €[l s -

Proof. Let B € (0,1) and Qs € Qp. Let h € H'(H'). We decompose h = ht + h, where ht €
HY(HY N y0+ and hy =h—ht € H'(H) N D, 4201 Vi
We split L, h as
;CQﬂhZEh-i_ —T+ —Tr_ +£5gh’

where
Lht = —Agh™ — 201§ (|Q4*h™) — I (Q2RT),
r = 2003 ((1QaP—1Q+ )R +) + 11T ((QF — Q2)hF),
r_ =200 (|Qs[*hy) + I (Q%R1),
and A + 8D
Lg,h === g he =214 = 1F)(Qs*h) — (14 = 1IT) (@5F)

We treat each term separately.
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e Concerning L£h™, thanks to Corollary 4.17,
ILRF g1 ey HI(R T, 05Q4) gy [H (BT Q4 g s [ HI (BT, Q4 + 2005Q4) g gy |
> ||| g o -

Since 95Q+, iQ+ and (Q4 + 2i0;Q4) are in V", we know that (h™, 8SQ+)H1(H1) = (h, 8SQ+)H1(H1),
(W, iQ4) gy = (1,1Q4) gy gy and (b7, Q4 + 2i0,Q1) g gy = (B, Q4 + 200:Q+) g g -
e Consider now r4 and r_. Let K be the constant in the Folland-Stein embedding H HHY) —
LA(HY)
lgllzey < Kllgll gy, 9 € H(EHY).

Since the sequence (||Qgl[z+(m1))s is bounded by some constant C1,

=1l 4 gy < BCTNL Loy
< BKCE[Ih il gro -
and
Il 4 oy < 31Qs = Qs (1@l s ey N @ ey 1T s
< 6C1Qp — Q|| Laq)l|P T || pa
<6KC1[Qs — Q- lpaam) 1P || g oy

Let € > 0 to be determined later. There exists . (g) such that for 5 > B, (e),
Qs — Q+llLa)< e

We conclude by the dual embedding L3 (H') < H~(H!) that there exists a constant Cy (inde-
pendent of €)) such that for all 8 € (8.(¢),1),

17l =1 oy 7= =1y < Collhill g gy +Co2e 1T | g -
e Finally, we focus on

A D
L7 h= H+ﬁs

guh =~ SEE L~ 20d - I)(Qslh) - (14 - 1) (Q3).

In order to bound the H~! norm of this term, we will use the fact that
1o B
SIEQ Al ey ||hL||H1 @y 2 1Lq, ol gy Nl o ey
2 (Lgu s ) frr oy )

On the one hand, by inequality (7),

Am + BDg 1
(_WhL,hL)H—l(Hl)Xgl(Hl) > 21-38 7ﬂ||hL||§?1(H1)'

—_

On the other hand,

‘ (2(Id - H(J)r)(|Q5|2h’) + (Id - H(J)r)(Q%E)v hJ—)H—l(Hl)XHl (H1) < 3012||h||L4(H1)||h’J-||L4(H1)

< 52||h||L4(H1)+ ||hL||L4(H1)

To summarize,

3C%

1
||£Q5h||2 1(H1)+ HhLHHl(Hl Q—ﬂlthHHl H1) 2HhHL‘l(H-]Il) — HhLHL4 (H)»

39



and by removing the squares appropriately,

B 38 3C%
12, -1y 2 || 7= el oy = V2 Il oy = Gz M ey
[ 5 3C3
> mHhLHHl(Hl)_\/iKEHhHHl(Hl)_ ?;KH}LLHHI(HI)

o We conclude'by combining all ’ghe estimates. Because of the orthogonality of the decomposition
along the spaces H~'(H') NV, F in H~1(H'),
120l gy = IR+ 41— s o+ £, Bl
so we can add up the estimates to get

V2L hl - sy (e D@t g gy 1 s Q) g gy ] (s Qs+ 200,Q0) s |

> || gy = Callh || gy — CaellR™ HHI(Hl)ﬂ/ I\ml\m(Hl

~V2Ke|hl| s g KHhJ-”Hl (m11)
The terms compensate as follows. Concerning ||h™|] (> fix € > 0 small enough in the sense that
(Cy +V2K)e < g
Then for all 8 > S, (e),
\/ﬁHﬁQBhHHfl(Hl) +1(hy 0sQ4) g gy 11 (R 1Q4) g (g [H[ (R, @ + 2005Q 1) g1 |

3 3C?
_||h HHl H1)+ < m <02 + \/_K€+ K)) ||hiHH1(H1)

Let now S, € (0,1) such that for all 8 € (B, 1),

B 3C? ¢
> K =
\/175 Cy +V2Ke + 22+2
Then for all 5 € (B4, 1),

V2(1L0,hll 71 gy +1 (s 05 Q4 ) oy |+ (B 1Q+) g gy |1 (B @y + 2i05Q1) s s |
&
2 §(Hh+||H1(H1)+HhL||H1(H1)>

N O

&
2 EHhHm(Hl)-

5.3 Uniqueness of the traveling waves for [ close to 1~

Theorem 5.14. There exist B, € (0,1) and a neighbourhood V of Q+ in H'(H") such that for all
B € (Bs,1), there is a unique Qg € Qg NV N (0:Q+,iQ+, Q+ + 2iasQ+)l’Hl(Hl). Moreover,

1. for all B € (Bs, 1),
5= {TSmg,an (x,y, 8) — ewan(az,ay,QQ(s +50));  (s0,0,a) e Rx T x R }
2. for all 7 € (0, ) and all k € [1,4+00), Qs — Q- e s, = O(1 — B));

3. the map B € (B, 1) = Qp € H'(H') is smooth, tends to Q4 as 3 tends to 1, and its derivative
Qg s uniquely determined by

EQg(Qﬁ) (%1—;;2 Qp (18)
Qp € H'(H') N (0:Q+,iQ+, Q + 2i0,Q4 )" H G
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Proof. e Fix any neighbourhood V of ). We first prove the existence of a profile Q3 € Qg NV N
(0sQ+,1Q+,Q+ + 22’88Q+)J"H1(H1) for B close enough to 1. For S € (0,1), we choose Q3 € Qg
arbitrarily. By combining Corollary 4.20 with the fact that §(Qg) = O((1 — ﬂ)%) from Lemma 3.9, we
know that

inf 1Te0.0.0Q5 = Q+ll 71 amy = O((1 = B) )

(s0,0,0) ERXTxRY

The same argument as in the proof of Corollary 4.20, based on the implicit function theorem, enables
us to state that for 8 close enough to 1, one can choose (sg,05,5) € R x T x RY such that Qg :=
Tss,05,0:@p €V and

(QﬂvaSQ+)H1(H1) = (QﬁviQ+)H1(Hl) = (QﬁaQJr + 2i85Q+>H1(H1) =0.

This gives the existence part of the result.
e We now prove uniqueness for some small neighbourhood V of Q4. We first set V as the
neighbourhood of @+ from Proposition 5.13. Let 8 € (84,1), and fix two profiles Qg and Qg in

Qs NV N (0:Q4,iQq4, Qs + 2i0,Q4 )" E) | We define

h:=Qp—Qp € H'(H") N (0:Q+,iQ+, Q4 + 2i0,Q ) - ().
By subtracting the equations solved by g and Qﬂ, h satisfies

AV +6Ds
— =g = MG (Qs ) + T (QBF) + ORI )

so that
Lo,h = ORI o))

Since ()3 belongs to the neighbourhood V from Proposition 5.13, this means that for some constants
c>0and C >0,
ClIAlG )= 2@l -1y > ellbll g ) -

Up to reducing the neighbourhood V, one can chose it small enough such that i has to be the zero
function.

e The description of the set Qg is then a direct consequence. Indeed, if 5 € (84,1), fix Ug € Qg.
We know from the first point that g, is sufficiently close to 1 to ensure the existence of (sg, 03, ag) €
R x T x R} such that T, 0,,0,Us € VN (0:Q4,iQ+, Q1 + 22'05Q+)J"H1(H1). By the uniqueness point,
Ts5.05,05Up = Q- )

e We now show the convergence of (Qg)s to Q4 in H*(H') for all k > 1. Applying Corollary 4.18
to (@ — Q+), we know that for 5 close to 1,

§(Qp) > cllQs — Q4% )

But §(Qg) = O((1 — )%) from Proposition 3.9, therefore [|Qs — Q|| g1 gn,= O((1 — B)%).
One can now deduce that for all 0 < v < i, as 3 goes to 1,

1@ = Q+ll grrary= O((1 = B)7).
Indeed, the interpolation formula [5]

(H™(H'"), H'(H'))sy = H*H)
with m € R chosen so that k = (1 — 4v)m + 4~, leads to

1R = Qullrn )< Q5 = Q7T 1Q8 = Qb3

and it only remains to use the fact that (Qs — Q4 )s is bounded in H™(H") for 3 close to 1 (Corollary

5.12) and that ||Qs — Q+||H1(H1 O((1 = B)7) as B goes to 1.
e We now prove the last point of the theorem about the smoothness of the map 3 — Qg. We first
show that equation (18) uniquely determines a function (g lying on the appropriate space

Wi = HYHY) N (0:Q+,1Q, Q4 + 200,Q1 ) - ),
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Define . .
W,1 = Hﬁl(H1> N (8SQ+7iQ+7 Q+ + 2iasQ+)L1L H )a

and set A b
F:(B,U) € (B, 1) x W1 = —Hi%gsU —|UPU e H*(HY).
Notice that JgF takes values in the space W_;. Indeed, the derivative dgF'(8,U) is equal to
AHl + Dy
FBU)=————=U.
N

In particular, since Q,iQ 1, 9sQ and i9,Q belong to H'(H")NV,", and since —(Agn + D;) vanishes
on this space,
(08F(B,U), 0sQu4) gr—1 ny iy = (O8F (B, V), 1Q4) 1 (uyny w1 (1)
= (aﬁF(ﬂa U)v Q+ + 2iaSQ+)H*1(H1)xH1(H1)
or equivalently 9gF(8,U) € W_;.

Consider Lg, as a self-adjoint operator on L?(H'). Then thanks to Proposition 5.13, we get that
Ker(Lq,) C Vectr(9:Q+,iQ+, Q+2i0,Q+ ). Therefore,

Im(Lq,) = Ker(Lq, )" ™) = A1 (H") N Vectr (9:Q+,iQ, Q4 + 2i0,Q4 )= ),

so Im(Lg,) = W_1. This implies that L, is an isomorphism from W; to W_;, with continuous
inverse :

1£Qshll -1y > cllhll gy, 7€ Wh

In particular, 03 F(3,Qp) € W_1 = Im(Lg,), and by invertibility of Lo, from W; to W_,, ng =
(Lo,) 1 (0F(8,Qp)) is uniquely determined and satisfies (18).

We now show that Qg is a derivative of the map 8 € (8.,1) — Qs € H'(H"'). Fix 8 € (B.,1). For
€ > 0 small enough, f. := Qo+e=Qs _ Q5 is well defined. Moreover, since (3 + ¢, Qpc) and (3,Qp)

€

are both solution to the equation F(«,U) = 0, then

= F(/3+€7Qﬁ+€) - F(/BaQﬁ)
= F(B +53Q,3+E) - F(ﬁaQB-ﬁ-E) + F(ﬁaQB-ﬁ-E) - F(ﬁaQB)
=c03F (B +¢€,Qp) + Ly (Qpre — Qp) + O + Qs+ — Qsll )

Actually, since F' is smooth in the § variable,

0= EaBF(Ba Qgp) + ‘CQﬂ (Qﬂ-i-f - QB) + 0(52 + ||QB+& - QBH?’{l(Hl))'

Replacing g F'(3,Qp) by Lqg, (Qp), we get

2
HQﬁJrE - QﬁHHl(Hl) )

3

EQB (fs) = O(E +

Since f; € Wi, we know that [[Lq, (fe)ll -1 @)= cllfell g2 gar)- This implies that for some constant
C >0,
||Qﬁ+€ - Qﬁ”?’il(Hl)

Ce+ 5 ) = cllfell iy

But
||QB+8 _QBHHI(Hl 2||f€+QB||H1(H1

SO
Ce(L+ e + @l ) = el fell i -

Letting ¢ — 0, we get that |‘f8HH1(H1)_> 0, so the map 8+ Qg is indeed C* with derivative Q. The
smoothness follows from an implicit function theorem. Set

O (8,U,V) € (Bu, 1) x Wy x Wi 5 Lo,V — 05F(8,U) € W_y.

42



If 5 — Qs has regularity C™ for 8 € (8., 1), then the function ® is also C*. For fixed 8 € (B4, 1),
@(B,Qg,Qg) =0, and Oy F(B3,Q3,-) = Lq,, which is an isomorphism from W; to W_;. Applying
the implicit function theorem, there exists a C™ map V defined on a neighbourhood of (8,Q3) in
(B«,1) x W and valued in Wi such that V(5,Q3) = Qg and that on this neighbourhood,

FB,UV(B,U) =0

In. particular for 8’ close to 8, F'(8',Q%,V(8',Qp')) = 0 and since Qg is uniquely determined by (18),
Qp = V(8,Qp ). The function V being C™, supposing that 8 — Qg is C™ for some integer n, then
B+ Qp is C", and therefore § — Qg is C"*1. O

6 Appendix : proof of Lemma 4.14

We establish an explicit formula for the orthogonal projections PyFy, PyF> and PyF3 which are under
integral form. Then, we estimate numerically (PyFj, Fj)r2(c,), j = 1,2, 3, in order to get Lemma 4.14.
e We know that

. 1 1 1
7TP0(F1)(s+ut)LE]R+ /MER ST FRT) Y YR RIS}y By R o du dv.

Let us apply the change of variables u = (v + 1)sinh(y), du = (v 4 1)cosh(y) dy = \/u? + (v + 1)%2 dy.
Then

. 1 1
—rPo(F)(s +it) = / / (s (o + Dsinh(y) + it + ))? (imh(y) 1w 1+ )

We now apply the change of variables x = exp(y), dz = exp(y)dy :

dy dw.

—mPy(F1)(s + it)

. v
vez, Jyer (2(s + it +0)) eV — (vt 1) e + (u+ D)2 (¥ — 1+ 2iev)(v+1) ©

8x? 1
= ) 373 - dz dw.
very Joer, (2(s4i(t + )z — (v 4 1)22 4+ (v +1))? (2% = 1+ 2iz)(v + 1)
Thanks to Fubini’s theorem, one can exchange the integral signs so that

77TP0(F1)(S =+ Zt)

/ 82 / 1 ded
— : x dv
very (T+0)? Joer, (2(s + it)z — 22 + 1+ v(—a2 + 2z + 1))* (v +1)

/ 82 / 1 dvd
= —— 5 - vde.
ver, (@ +9)2(x — i)t Jyer, (Lﬂm—l +U)2 (v+1)

22 —2ix—1

The residue formula implies the following result. For any rational function R such that f]R+ R(v)dv

/}R+ Z Resy, (R(w) loggy (w)),

weC

is convergent, then

where log, is the positive determination of the logarithm. Here, we consider the rational function

1 1 . 2—2zz—1
R(v) = (—2_221 1+v) (wtn =8 +it. We fix A = iz—ng—l'
2ix

Assume that z # i so that A # 1. The residues at the simple pole —1 and the double pole —\ are
equal to

Res_1(R(w) logy(w)) = (ﬁ logo(w)) }w:_l = mm
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and

Res_(R(w) logy(w)) = d_CiU ((w +1) logy(w ) ‘w_f)\

B 1 logo w) ‘
S \ww+1) (w4 1)2) lw=—»

B 1  logy(—=A)
A1) (A=1)2°

Remark that

@ 1 1(z—i)? 1 1 1(z—i)* 1
A=1-2(z— - d == .
GG 12 @ o MM oorT1 = o
Therefore,
1(z—i)* 1
Res 1( ( )IOgo( )) L 22 (Z—’L)Q
and

Res_»(R(w)logy(w)) = —

(z—1)?  (z—1)? 2(z—d)z\ (z—1i)t
2% —2zx —12x(z — i) logy (_1 * (x —1)? ) dx2(z — )2’

Consequently,

822 —m 4x
(z +9)2(z —9)2 /]R+ RO = e — e Y e — s D@ £ 07 =)
2(z — z)x) 1 1
(x—i)? ) (z+1)? (2 —1)*

We can integrate every term of the right hand side. First,

+ 2logy (1 +

/ —24T q —27
—  —dx = .
ver, (T +1)%(z —1)? (z —i)?

Then, an integration by parts leads to

/:pelk+ togo ( - 2((;_11))236) (z i i)? do=m+2z—1) /R+ (z — z)(le— 2zx — 1) de.

We conclude that

91 4 1 x
—Py(F =+ d
™ 0( 1)(2) (zi)2+zi/LGR+$222z1(x+i)2 v

2 ) 1
MREEE (”2(“) f. w075 dx)

4 / 1 222 +ix — 1 q
= x.
2= Jper, ¥* —2z2 — 1 (z +14)?(z — 1)

We apply the residue formula to get an exact expression for —wPy(F}). We consider the rational
function R(z) = L 20’ fiv—1_ ig

22—=2zz—1 (z+i)2(z—1) "
T4 =z V22 +1.

Since z # i, the rational function R admits three simple poles z, z_ and i and one double pole —i.
We calculate the residue

Qx?,_ +ixy —1

Res, , (R(w)logy(w)) = 5 logo )

(@4 =z ) (a4 +i)* (@4 — i
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The identities 22 = 2zz4 + 1, (x4 +1)? = 2(2 4+ i)o4, z42— = —1 and (z4 — @) (- — 1) = —2i(z — 1)
enable to simplify

Res,, (R(w) logy(w)) = z% logy(z4).
The same arguments lead to
222 +ix_ —1
Rese_ (R(w)logo(w) = ooy 5o 7 e %0 (e-)
— (2 Z—(Zzzx: 1—)%21,2 08y (z_).
Moreover, the residue at the pole i is
1 —4am m

Resi(R(w)logo()) = =573 =35 =~ 10—

Finally, the residue a the double pole —i is

1 222 + iz — 1 4o 41
Res—i(R(w)logy(w)) = [w(mQ —2zx—1) (z—1) + (2 = 2zx — 1)(x — 1) logo ()
20% 4 iz — 1 1 1 1
- 1
(z2—22z71)(x—i)(:c—z+ T —x_ +x—z’) OgO(x)L:—i’

which simplifies as .
i

Res_;(R(w)logy(w)) = —

2(z+1)
We conclude that
1 222 + iz — 1 )x_ — 24 ) — 2
/ : i A R PG ) S L TN P A A o L T
ver, T2 =2z — 1 (x +i)%(x — 1) 4(2241)2 4(22 4+ 1)z
SR
Az —14)  2(z+1)’
therefore, as soon as z # 1,
(z+d)x_ — 2iz (z+d)xy — 2iz i 2i
—7Py(F1)(2) = —i———F———— logg (24 ) +i———F—— logy(x_) + — + ,
O( 1)( ) (Z*Z')(ZQJrl)% gO( +) (27i)(22+1)% gO( ) (271)2 22+1

with

Ty =z V22 +1.

Note that log,(zy) is well defined because if z £ v/22 + 1 is real, then z should be real, which we
exclude by assumption (z € C.).

e We apply the same strategy for (Fy + F»)(z) = We have

(z-l—z)2 \z-i—z

T 1 1 1
TPy (Fi + Fo)(s +it) = : : du dv.
gi o+ o) (s i) /R/R Goutitr o wriwt D e rre

With the change of variables u = (v + 1)sinh(y), du = (v + 1)cosh(y) dy = y/u? + (v + 1)2 dy, we get

1 1
ERLGRRTE / / (5 — (0 + Dsinh(y) 1 i(t + 0))? (sinb(y) + )20 + 12 Y

Now apply the change of variables x = exp(y), dz = exp(y)dy :

§P0(F1 + Fy(2))

/ / 161 1 dud
. v
ver, Jyer (2(s +i(t+v))e¥ — (v41)e2v 4+ (v +1))* (€% — 1+ 2ie¥)?(v + 1)? 4

= / / 16a” ! dx dv
very Joer, (2(s +i(t +v))z — (v + 1)22 + (v +1))* (@2 = 1 + 2ix)2 (v + 1) '
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Thanks to Fubini’s theorem, one can exchange the integral signs so that

%TPO(Fl + Fy(2))

/ 1623 / 1 L
= " X av
very (T+ 0 Joer, (2(s+it)x — 22 + 1+ v(—a? + 2iz + 1))* (v +1)?

/ 1623 / 1 dvd
= —_— 5} — vax.
s, GG uew, (BT 1 oP 0+ 1P

2 —2ix—1

= s+ 1it. We

We apply the consequence of the residue formula to R(v) = (“2*2”1*14-1;)2 (v_&l)Q, z

2 —2iz—1

27 —_ . .
fix A\ = £=222=1 54 4p the first point.
x?—2ix—1

Assume that z ## i, therefore A # 1. The residue at the double pole —1 is equal to

Res_; (R(w) logo (w)) = 2 ((

dw

%M)Q 10g0(w)) ‘

(w(w 1+ N 2 (12%1(;”))3) ’w:—l

~1 o L
C1+02 1B’
(x —4)? ir (x—1i)8

:_4x2(z—i)2 4 23(z —1)3"

w=-—1

The residue at the double pole —\ is

Res_» (R(w) logg (1)) = — <ﬁlog0(w)> ]

T dw

w + 1 w=—A

B 1 ) log (w)

= (w(w+1)2 2(w3—1)3> ey

_ -1 3 2—10g0(—)\)

AN —1)2 (A—1)3
(x —1)° 1 (x —1)° 2(z —1i)x
22— 2wz —1422(z—0)2  4a3(z —i)? ©&o0 <1 + (x —1)2 ) '
Therefore,
1623 o) do — dx _ dirm(x - i)? 4z —i)%x
T, O GG GG G T

4(z —i)? 2(z — i)z
—1 -1+ —-=.
+ o (1
We now integrate again in x to get that for all z # i,

TR+ Bo(2) = g2 _ (122 (logo(z + V22 4+ 1) —logy(e = V22 + 1))

3 — i) + 1) 3 i)z + VR T T
e We do the last computation for (Fy + F3)(z) = %ﬁ = ﬁ We have

s 1 1
_ P(F + F it) = du dv.
9 0( 1+ 3)(S+Z ) Leﬂh /ue]R (s—u+i(t+v))2 (u2+ (v+1)2)3/2 u dv

Apply the change of variables u = (v 4 1)sinh(y), du = (v + 1)cosh(y) dy = y/u? + (v + 1)2 dy, then

v . 1 1
_?PO(Fl + F3)(s +it) = /veﬂh /ye]R (s — (v + 1)sinh(y) + i(t + v))2 cosh(y)2(v + 1)

5 dy dv.
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We now put z = exp(y), de = exp(y)dy :

—?Po(Fl + Fg) s + Zt)

/ / 16 6% 1 o
v
vem, Jyer (205 +i(t +0)) eV — (vt 1) e + (w+ D)2 (e + 12w+ 1)2 Y

:/ / 16r ! dz dv
very Jaer, (2(s+i(t+v))x — (v + Da? + (v+1))% (@2 +1)%(v +1)2 '

Thanks to Fubini’s theorem, one can exchange the integral signs so that

f%PO(Fl + F3)(s +it)

1623 1
= 3 3 , - 5 5 dzdv
ver, (@ +10)%(x —1)? Juer, (2(s +it)r — 22 + 1 4+ v(—22 + 2iz + 1)) (v +1)

/ 1623 / 1 dvd
= . vdz.
very (T +0)2(x —10)® Jyer, (% +0)? (v+1)32

r2—2ix—1

We have already done the computation of the integral in the v variable in the latter point. We

proved that putting R(v) = € —— 2(5+i)$ T ) (U+1)27
1623 4x dim(x —i)? 4(x —i)%x

v (z+)4z—i)2 (+0)%(z—i)3  (z+9)*(2? — 222 —1)(z —i)?

4(x —1i)? oo [ — 2(z — i)z
MCEDHCEDE 1%( 1+<x02)'

Therefore,

1623 4x Ay
<x+n%w—n@AW+R“”“<x+w%x—n%z—n2<x+n%z—n3
4x
T i@ 2 — )z i)

*(z+n%z03b%(‘1+<xnﬁ

We now integrate again in = to get that for all z # i,

2(z + 21) N (1 —2iz) (logy(z + V22 + 1) — logy(z — V22 + 1))
(z —1)2(2+1) (z—i)2(z+i)V22 +1
e Now we can compute numerically (PyFj, Fj)r2(c,), j = 1,2,3, the error estimate for every term

can be chosen almost arbitrarily now that we know PyFj.
We set ¢ = 10710 and we deduce

—%TPQ(Fl + F3)(Z) =

mPoFy, F1)p2cyy — 2L €,

10
(mPoFy, Fa)r2c,y — §|§ €

and
|(mPoF3, F3)r2(c, ) — 0.1303955989[< €.
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