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POTENTIALLY CRYSTALLINE DEFORMATION RINGS AND SERRE

WEIGHT CONJECTURES:
SHAPES AND SHADOWS

DANIEL LE, BAO V. LE HUNG, BRANDON LEVIN, AND STEFANO MORRA

ABSTRACT. We prove the weight part of Serre’s conjecture in generic situations for forms
of U(3) which are compact at infinity and split at places dividing p as conjectured by
[Her09]. We also prove automorphy lifting theorems in dimension three. The key input
is an explicit description of tamely potentially crystalline deformation rings with Hodge-
Tate weights (2, 1,0) for K/Qp unramified combined with patching techniques. Our results

show that the (geometric) Breuil-Mézard conjectures hold for these deformation rings.
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1. INTRODUCTION

Let p be a prime. Serre’s modularity conjecture ([Ser72]) predicts that any continuous,
irreducible, odd Galois representation 7 : Gg & Gal(Q/Q) — GLy(F,) is modular. In other

words, there exists a cuspidal modular form f = > _ a,q", which is an eigenvector for

n>0
the Hecke operators, such that tr(7 (Froby)) = a; mod p for all primes ¢ # p not dividing
the level of f. In [Ser87], Serre made his conjecture more precise, by specifying the minimal
weight (for prime to p level) of such a modular form. More precisely, if 7 is modular, then
the set of weights in which a modular form f associated to 7 occurs is determined in an
explicit way from the local datum p o F|Ga1(@p Q)" In generalizations of Serre’s conjecture
beyond GL2(Q), there is no obvious notion of minimality, and it is more natural to attach
to p a set of irreducible mod p representations, or Serre weights, of the rational points of
a general linear group over a finite field. This is referred to as the weight part of Serre’s
conjecture or more succinctly, the Serre weight conjectures.

There has been considerable progress on generalizations of Serre’s weight conjecture in di-
mension two (the Buzzard-Diamond-Jarvis conjecture) ([BDJ10], [Sch08], [GK14], [GLS15],
[New1d],...), leading to complete results for 2-dimensional Galois representations. A key
insight in [GK14] connects the weight part of Serre’s conjecture to the Breuil-Mézard con-
jecture ([BM02], [BM14]), and its geometrization ([EG14], [EG]), which predicts the mul-
tiplicities of the special fibers of deformation spaces (or, more generally, moduli stacks) of
local Galois representations when ¢ = p in terms of Serre weights of general linear groups.
In particular, a good understanding of the geometry of local Galois deformation spaces
leads naturally to modularity lifting results, Breuil-Mézard, and the weight part of Serre’s
conjecture, via the patching techniques of Kisin-Taylor-Wiles.

In dimension two, potentially Barsotti-Tate (BT) deformation rings were studied via
moduli of finite flat group schemes ([Kis09b], [Bre00]) leading to explicit presentations when
K/Q, is unramified ([BM14, [EGS15]). The geometry of these (potentially) BT-deformation
rings is a key input into the proof of the weight part of Serre’s conjecture in |[GK14] and
provides evidence for mod p local Langlands. However, a satisfactory understanding of the
n-dimensional analogue, potentially crystalline deformation rings with Hodge-Tate weights
(n—1,n—2,...,0), seemed out of reach, due to the difficulty of understanding the mon-
odromy operator in the theory of Breuil-Kisin modules.

In this paper, we overcome this difficulty in dimension 3 to give a description of the

(2,1,0),7

local deformation rings R> for K/Q, unramified and 7 a generic tame inertial type.
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We thereby obtain the first examples in dimension greater than 2 of Galois deformation
rings which are neither ordinary nor Fontaine-Laffaille. Our results are consistent with the
Breuil-Mézard conjecture and lead to improvements in modularity lifting.

Results on local deformation spaces. Let K/Q), be a finite unramified extension. We
fix a sufficiently large finite extension E/Q,, O its ring of integers and F its residue field
(the rings of coefficients for our representations).

Let 7 : Ig, — GL3(O) be a tame inertial type and p : Gx — GL3(F) be a continuous
Galois representation. In Definitions [2.1] and we introduce a mild condition on the
inertial weights of 7 and p, which we call genericity. Our main local results (cf. Corollary
Theorem in the main body of the paper) are a detailed description of the framed
potentially crystalline deformation ring R%Q’l’o)’T (if it is nonzero) in terms of the notion of
shape attached to the pair (p, 7) (cf. Definition [3.3). The shape is an element of length < 4
in the Iwahori-Weyl group of GLj3 and arises from the study of moduli of Kisin modules
with descent datum in (inspired by work of [Brel4l, BM14, [CDMbl [EGS15] and further

pursued in [CL]); it generalizes the notion of genre which is crucial in [Brel4] in describing

tamely Barsotti-Tate deformation rings for GL,.

Theorem 1.1. Let p : Gg, — GL3(F) be a continuous Galois representation. Let T be
a strongly generic tame inertial type. Then the framed potentially crystalline deformation

ring R(;’l’o)’T

fiber is as predicted by the geometric Breuil-Mézard conjecture.

If R(ﬁQ’l’O)’T is nonzero and the shape of (p,T) has length at least 2, then R%z’l’o)’T

explicit presentation given in Table . If the shape of (p, T) has length < 1, then the special
fiber of R(;’l’o)’T 1s described in Section .

with Hodge-Tate weights (2,1,0) has connected generic fiber and its special

has an

The first step towards Theorem is a detailed study of the moduli space of Kisin
modules with descent datum. The shapes of Kisin modules which arise from reductions
of potentially crystalline representations with Hodge-Tate weights (2,1,0) are indexed by
(2,1,0)-admissible elements (Adm(2,1,0)) in the Iwahori-Weyl group of GL3 as defined by
Kottwitz and Rapoport (cf. [PZ13] (9.17)]). For generic 7, the Kisin variety is trivial, and
so we can associate a shape to a pair (p, 7).

There are 25 elements in Adm(2,1,0) (cf. Table [I). Due to an additional symmetry,
we are able to reduce our analysis to nine cases. The shorter the length of the shape the

more complicated the deformation ring is. In seven cases (length > 2), the deformation
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ring admits a simple description (see Table [7)). The remaining two cases require separate

analysis undertaken in §8 Our strategy is as follows:

(1) Classify all Kisin modules of shape w € Adm(2,1,0) over F, (Theorem [2.21));
(2) For 91 of shape w, construct the universal deformation space with height conditions

(Theorem {.17));

(3) Impose monodromy condition on the universal family (§5).

Steps (1) and (2) generalize techniques of [Brel4, (CDMbl, [EGS15] used to compute tamely
Barsotti-Tate deformation rings for GLs. Step (2) amounts to constructing local coordi-
nates for the Pappas-Zhu local model for (GL3,n = (2,1,0), Iwahori level) (cf. [CL])
and requires a more systematic approach to the p-adic convergence algorithm employed by
[Brel4, [CDMDb) [LM16].

Step (3) requires a genuinely new method not present in the tamely Barsotti-Tate case
where the link between moduli of finite flat groups schemes and Galois representations is
stronger. Kisin [Kis06] characterized when a torsion-free Kisin module 9t over Z, comes
from a crystalline representation in terms of the poles of a monodromy operator Nyyie which
is naturally defined on the extension 98 of 91 to the rigid analytic unit ball. This condition
on the poles of the monodromy operator is a subtle analogue of Griffiths transversality in
p-adic Hodge theory. While one cannot compute Ngpiz completely, it is possible to give an
explicit approximation using the genericity condition on 7. The error term turns out to be

good enough to understand the geometry of the deformation rings.

Global applications. Using Kisin-Taylor-Wiles patching methods, the local information
on the Galois deformation spaces leads to new modularity results and the Serre weight
conjectures. To state these results, we fix a global setup (cf. and remark that the
weight part of Serre’s conjecture is expected to be independent of the global setup. Our
proofs only use the existence of patching functors in the sense of [EGSI5L [GHS] verifying
certain axioms (Definition and so our results should hold in other situations as well.

Let F/Q be a CM field with totally real subfield F. Assume that p splits completely
in F. Let 7 : Gal(F/F) — GL3(F) be a continuous irreducible representation. Let G be a
unitary group over F't which is isomorphic to U(3) at each infinite place and split above p.
Attached to this data, there is a well known notion of modularity for 7 (cf. Definition [7.1]).
Roughly speaking, we can find a prime-to-p level U in the finite adelic points G(AR™?) of
G and a maximal ideal m# in the Hecke algebra T acting on the space of mod p algebraic

automorphic forms S(UP,F) with infinite level at p, such that S(UP,F)n,. # 0.
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Rather than specify a minimal weight for which 7 is modular, it is natural to consider local
systems attached to irreducible mod p-representations of G(O F;) (also called Serre weights)
on the locally symmetric spaces of G. We let W(T) be the set of modular weights (i.e., the
OF;)(V’ S(UP,F)m.) # 0). We define what it means
for Serre weights to be reachable (cf. Definition which is an explicit condition on the

set of Serre weights V' for which Hom

highest weight) and write Wy, (T) for the set of reachable modular weights. (The notion
of reachable weight is due to the current weight elimination result when 7 is irreducible at
a place above p, cf. [EGH13], Theorem 5.2.5.)

If 7 is semisimple at each place above p, then there is a set of conjectural weights W7 (7)
defined in [Her09, [GHS] which only depends on the restriction of 7 to the inertia subgroups

at the primes above p.

Theorem 1.2. Let 7 : Gp — GL3(F) be a continuous Galois representation, verifying the
Taylor-Wiles conditions (cf. Definition|7.3)). Assume thatT|g,, is semisimple and 8-generic
for all v | p (¢f. Definition , that T is automorphic of some reachable Serre weight, and

that T has split ramification outside p. Then
Wetim (T) = W' (7).

When 7 is irreducible at each prime above p, this is proven in [EGH13] using the technique
of weight cycling and without any Taylor-Wiles conditions. The inclusion Wey, (7) € W7 (7)
(weight elimination) is proven in [EGH13| [HLM17, MP]. Recent improvements in weight
elimination results show that Wey;,,, (T) can be replaced by W (7) and ‘automorphic of some
reachable Serre weight’ with just ‘automorphic’, see Remark for a precise discussion.

If [F* : Q] = d, there are 9¢ conjectural weights appearing in W?(F), 6¢ of which are
called obvious weights since they are directly related to the Hodge-Tate weights of “obvious”

crystalline lifts of (7|gy, ) The precise relation between Serre weights of 7 and Hodge-

vlp-
Tate weights of crystalline lifts of p was first made precise in [Geell] and the obvious
weights are shown to be modular in [BLGG| using global methods (namely, modularity
lifting techniques) under the assumption that 7 is modular of a lower alcove weight.

The remaining weights in W7 (7) are more mysterious and are referred to as shadow
weights. The modularity of the shadow weights lies deeper than that of the obvious weights,
in part, because modularity of a shadow weight cannot be detected by modularity lifting
alone but requires characteristic p information. It is at this point that the computation

of the monodromy operator appears to play a critical role. The proof of Theorem
builds on the Breuil-Mézard philosophy introduced in [GK14]. The patching techniques of
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Gee-Kisin [GK14] and Emerton-Gee [EG14] connect the geometry of the local deformation
rings to modularity questions. We use geometric information about the local deformation
rings, especially the geometry of their special fibers, to prove the modularity of the shadow
weights.

Theorem is stated only for 7 which are semisimple above p because those are the only
representations for which there is an explicit conjecture. Our computations, together with
work of [HLMI7, MP], suggest a set W’(p) for non-semisimple 5 for which the Theorem
should hold. We give one example in Proposition and will return to this question in
future work. We also give counterexamples in Proposition to Conjecture 4.3.2 (for
some non-semisimple p) of [Geell], which predicts Serre weights in terms of the existence
of crystalline lifts.

The information on the deformation rings (Theorem [L.1)), namely the connectedness of

their generic fiber, lets us deduce new modularity lifting theorems.

Theorem 1.3. Let r : Gp — GL3(O) be a Galois representation and write 7 : Gp —
GL3(F) for its associated residual representation.
Assume that:

(1) p splits completely in F+;

(2) r is unramified almost everywhere and satisfies r¢ = rVe 2 (where ¢ denotes the
complex conjugation on F/FT);

(3) for all places w € %, the representation r|q,, s potentially crystalline, with parallel
Hodge type (2,1,0) and with strongly generic tame inertial type Tyt = Quent To (cf.
Definition ;

(4) 7 verifies the Taylor-Wiles conditions (cf. Deﬁnition in particular T is absolutely
irreducible) and T has split ramification;

(5) 7 = 7,(m) for a RACSDC representation m of GL3(Ap) with trivial infinitesimal
character and such that ®v€Z;rJ(TU) is a K-type for ®v€2;7ﬂ;-

Then r is automorphic.

In Theorem [1.3] we do not assume that p is semisimple nor do we make any poten-
tial diagonalizability assumptions. We also allow any tame type not just principal series
types. Assumption (1) can be relaxed to the condition that p is unramified in F*. This
requires new representation theoretic techniques which will be discussed in a companion
paper ([LLHLMal]). We also believe that the genericity assumptions on the type 7 can be

weakened with more work.
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Our results shed light on other questions in mod p and p-adic Langlands as well. For
example, Breuil [Brel4] formulates a conjecture, based on calculations of tamely Barsotti-
Tate deformation rings for GLo, on integral lattices in tame types cut out by completed
cohomology. When a tame principal series representation 7 of G (F; ) appears in the mzpart
(for a globalization of p) of the completed cohomology of an appropriate Shimura curve,
the natural integral structure on the cohomology induces an integral structure on the type
associated to 7. Breuil conjectures that this lattice only depends on the local p-adic Galois
representation attached to m by the hypothetical p-adic local Langlands correspondence. A
related conjecture of Dembélé in [Breld] is a “multiplicity one” statement for cohomology
at Iwahori level. Both conjectures for K /Q, unramified were proven by Emerton-Gee-Savitt
[EGST5] using the Taylor-Wiles method and geometric Breuil-Mézard realized by explicit
presentations of tamely Barsotti-Tate deformation rings.

The first author proved a generalization of Breuil’s conjecture to GL3 in the setting of

[EGHI13]. In a companion work ([LLHLMa]), we address Breuil’s conjecture for GL3 and
K /Q, unramified using the methods developed in this paper. We will also extend the global
results of this paper to the case of K/Q, unramified. For ease of exposition, we restrict
ourselves to the case of GL3 throughout this paper, although §2-4, some of §5, and §6 could
be extended to GL,, without serious difficulty.
Overview of the paper. We start in Section §2.1]with the basic formalism of Kisin modules
with tame descent data (notion of eigenbasis, genericity and the basic formulas of semilinear
algebra). This is further pursued in where we obtain a complete classification of Kisin
modules with generic descent data in terms of shapes (cf. Definition and Theorem
. Section |3| compares the moduli of Kisin modules with generic tame descent data and
Galois deformation spaces. The genericity assumption guarantees the triviality of the Kisin
variety (Theorem and injectivity on tangent spaces. We conclude the section with the
notion of shape and genericity for a mod p Galois representation (cf. Definitions
together with a Galois cohomology argument which shows that, under a mild assumption
on p, restriction to Galois deformations of some deeply ramified extension is fully faithful
on tangent spaces.

Section [4] and [f] are the technical heart of the paper. In §4 we develop an algorithm
to construct a “universal family” of Kisin modules of finite height, lifting a residual Kisin
module of a given shape (Theorem [4.1)). The strategy is a wide generalization of the methods

already appearing in [Breld, [CDMa, [LM16]. An algorithm is described to construct a
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gauge basis on the universal family in on which we then impose the p-adic Hodge type
conditions (cf. Table |5 and Theorem {4.17))

In we endow the rigid analytification of the universal family of Kisin modules with a
canonical monodromy operator, which we determine up to an error term which is divisible
by a power of p (Theorem ; by imposing the monodromy to have logarithmic poles
(Proposition , we finally obtain explicit equations for the moduli of Kisin modules with
monodromy (Table @, and hence for the Galois deformation ring ( Corollary and
Table [7)).

Section |§| extends the results of §5/to other tame types (cf. Theorem . We generalize
the formalism of “base change” for deformation rings as developed in [EGS15] in dimension
2.

The main global applications are discussed in §7} Via Kisin-Taylor-Wiles patching and
the formalism of patched functors (as introduced in [EGS15]), we prove the main theorems
discussed above. Section [§]is devoted to the analysis of the monodromy condition when the
shape has length < 1 where the computations become more involved. In the Appendix, we
collect tables summarizing our results.

Acknowledgments: We would like to thank Matthew Emerton, Toby Gee, and Florian
Herzig for many helpful conversations and for comments on an earlier draft of the paper.
We thank the referee for the very careful reading and many suggestions on the first version

of this paper, which very much improved the exposition and the precision of our work.

1.1. Notation. If F is any field, we write Gp & Gal(F/F) for the absolute Galois group,
where F is a separable closure of F. If F' is moreover a p-adic field, we write Ir to denote
the inertia subgroup of Gp.

We fix once and for all an algebraic closure Q of Q. All number fields are considered
as subfields of our fixed Q. Similarly, if £ € Q is a prime, we fix algebraic closures Q, as
well as embeddings Q <+ Q,. All finite extensions of Q, are considered as subfields of Q.
Moreover, the residue field of Q; is denoted by F,.

Let p > 3 be a prime. For f > 0, we let K be the unramified extension of Q, of degree
f. We write k for its residue field and let W = W (k). We set e &' pf — 1 and consider the

Eisenstein polynomials E(u) < u¢ + p € K[u] and P(v) Lotpe K[v] where v = u¢. We

1 def

fix a root m (—p)e € K, define the extension L = K(m) and set A = Gal(L/K). The
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choice of the root 7 lets us define a character
et A= WX

yor 90

whose associated residual character is denoted by w,. In particular, for f = 1, w; is the
mod p cyclotomic character, which will be simply denoted by w. The p-adic cyclotomic
character will be denoted by ¢ : G, — Z, . If F},/Q, is a finite extension and W, < Gp,
denotes the Weil group we normalize Artin’s reciprocity map Artp, : Fi — W}%B in such a
way that uniformizers are sent to geometric Frobenius elements.

Let E be a finite extension of Q,. We write O for its ring of integers, fix an uniformizer
w € O and let mp = (w). We write F o /mp for its residue field. We will always assume
that F is sufficiently large, i.e. that any embedding ¢ : K — @p factors through F C @p.
In particular, any embedding o : k — Fp factors through F.

Let p : Gk — GL,(F) be a p-adic, de Rham Galois representation. For ¢ : K < @p,
we define HT,(p) to be the multiset of o-labeled Hodge-Tate weights of p, i.e. the set of
integers —i such that dimp (p ®0, i Cp(z'))GK # 0 (with the usual notation for Tate twists).
In particular, we have HT,(¢) = {1} for any 0. We define the Hodge type of p to be the
multiset (HTU(p))aeSK € (Z")SK where Sy & {o| 0:K < Q,} and the inertial type of
p as the isomorphism class of WD(p)|r,, where WD(p) is the Weil-Deligne representation
attached to p as in [CDT99], Appendix B.1 (in particular, p — WD(p) is covariant). Recall
that an inertial type is a morphism 7 : I'x — GL,(O) with open kernel and which extends
to the Weil group Wi of G.

We fix an embedding o¢ : K C E, which induces maps W — O and k — F; by an abuse
of notation, we denote all of these by og. We let ¢ denote the p-th power Frobenius on
k and set o; dof 09 0 p~J. The choice of the embedding o gives a fundamental character
wf = 000wy : Ix — O of niveau f.

Let S3 denote the symmetric group on {1,2,3}. We fix an injection S3 — GL3(Z)
sending s to the permutation matrix whose (k,m)-entry is 0y, () and oy, 4(m) € {0,1} is the
Kronecker § specialized at {k,s(m)}. We will abuse notation and simply use s to denote
the corresponding permutation matrix. Finally for m > 0 and a collection (Bj)j:07,__,m of

square matrices of the same size, we write H;n:o Bj=By-By...Bpy.
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2. KISIN MODULES MODULO p

2.1. Kisin modules with descent datum. Let 7 = n; @1, 13 be an O*-valued inertial
type consisting of pairwise distinct characters.

Let a; = (a1,j);, a2 = (a2 j);, and a3 = (a3;); where 0 < j < f—1land 0 < ag; <p—1.
For any 0 < j < f — 1, define

N
aﬁj) = Zak;]ﬁripz-
i=0

For 1 < k < 3, we can write
_,(0)
Me = (wy) %
for a unique choice of a;. We say that (aj,ag,as) is associated to 7. We will need the

following genericity assumption throughout the paper.

Definition 2.1. Let n € N. We say that the triple (a1, ag, ag) is n-generic if
(2.1) n < lai; —az;l, laz; —asjl, la1; —as;| <p—1-n

for all j. We say that an inertial type 7 = 11 & 12 @ 13 is n-generic if the associated triple
(a1, ag,a3) is generic. We say that 7 is generic (resp. weakly generic, resp. strongly generic)

if 7 is 5-generic (resp. 3-generic, resp. 10-generic).

Let R be an O-algebra. Any W ®z, R-module M decomposes as direct sum of R-modules
M = @;;é M) where M) is the submodule such that (z ® 1)m = (1 ® oj(z))m for all
me MU and z e W.

For any g € A and any O-algebra R, we let g be the W ®z, R-linear automorphism of
(W ®z, R)[u] given by u — (wr(g) ® 1)u.

Definition 2.2. Let Mg be an (W ®z, R)[u]-module. A semilinear action of A on Mg, is
collection of g-semilinear additive bijections g : Mpr — Mg for each g € A such that

Goh=gh
for all g,h € A.

Recall that for any O-algebra R, we define the Frobenius ¢ : (W ®z, R)[u] — (W ®z,
R)[u] to be trivial on R, the Frobenius on W, and with ¢(u) = uP. Note that goyp = pog.

Definition 2.3. Let R be any O-algebra. A Kisin module with height in [0, h] over R
is a finitely generated projective (W ® R)[u]-module Mp together with Frobenius ¢gy,, :
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©*(Mp) — Mz such that the cokernel is killed by E(u)”. Here and throughout the paper the
notation *(9Mg) stands for the base change of Mz along ¢ : (W®z, R)[u] — (W®z, R)[u].

Definition 2.4. A Kisin module with descent datum over R is a Kisin module (Mg, ¢on,,)
together with a semilinear action of A given by {g}4ea which commutes with ¢gy,,, i.e., for
all g € A,

g0 Py = Py 0 ©*(9)-

Let Mp = @j:& ﬂﬁg). We say that the descent datum is of type 7 if the linear representa-
tion of A on the R-module satisfies Dﬁg)/uﬁﬁg) 27RpRforeach0<j5<f—1.

For any O-algebra R, let Y0 "T(R) be the category of Kisin modules over R with height
in [0, ], rank 3, and descent datum of type 7. For a given N € N, it is shown in [CL] that
YIORT mod (mg)" is represented by an Artin stack of finite type over O/(mg)". The aim
of this section is to classify the F-points of Y1927 which are reductions of Kisin modules

with “Hodge-Tate” weights (2,1,0).

Definition 2.5. Let v % u¢ and My € Y02A7(R). For k € {1,2,3}, define Mz, to be the
(W @ R)[v]-submodule of Mp on which A acts by n, i.e., Mp aef (Mg) A=k, Similarly,
we define ¥Mp 1, to be the (W ® R)[v]-submodule of ¢*(9Mpr) on which A acts by n, i.e.,
PN, < (0" (MA)) ™

By considering the decomposition 9Mp = @;;01 zmg), we write ﬂﬁgf;) for the R[v]-
submodules of ,‘Jﬁgﬂ) on which A acts by 7, and we write ‘P,‘Jﬁg’)k for the R[v]-submodules
of (¢*(Mp))V+H = gp*(i)ﬁg)) on which A acts by 7 (with the usual convention that
JH1E0if = f—1).

While we have made a choice of global ordering 71,12, 13, it will be important for uniform
statements to order things (possibly) differently at each embedding o; : K — E. We

introduce this local ordering now.
Definition 2.6. Let (a;, as, ag) be a triple as in Deﬁnition An orientation of (a;, az, as)
is an f-tuple (s;); € Sg such that

) () )
(1) 2 Ag(2) = A3 (3)

If 7 is an inertial type as above, an orientation of T is defined to be an orientation of the

triple (ai, as, a3) associated to it. In this case, we say that s; is an orientation at j of 7.
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Under the weak genericity condition (2.1)), there exists a unique orientation on 7 and the
orientation at j is determined by the values of a1 s_;_1, ass_;_1, a3 s—;—1 which are the

dominant terms of a(j ) a(2] ), :())j ) respectively. In particular, we have

(2:2) s (1), f—j—1 > Os;(2),f—j—1 > Ds;(3),f—j—1-

For any M € YI0hl7 (R), we have the following commutative diagram relating the different

isotypic components:

(2.3)
o (a(J)(l) (J)( )) (J)(l) a2l )(2> a2l )(2) (J)(s)
@m(] 1) u i J me(jfl) u K @m(] 1) u % K @m(] 1)
55(3) s5(1) 55(2) 55(3)
(G3-1) (G-1) (G-1) (G-1)
d)iDJ?,Sj(B) d)iDJ?,Sj(l) ¢EDJ?,Sj(2) d)EDJ?,Sj(B)
4) ald) (49) (4) (4) (49)
e—(a ) a —a a —a
. s:(1) (3) . S5 S5 . s:(2) Sz .
(4) u ’ (4) u ’ (4) u ’ (4)
M) M) M) M)

where the composition along each row is multiplication by u® and the vertical arrows are
induced by ¢gp. All the maps in the diagram are injective (again, with the standard conven-
tion that j—1 def f—1if j =0). In particular, any one of the three maps ¢£()§t 11 , ¢2()§t 21 s Don U= 1)

determines the other two. We choose to focus on qb(] 1( 3)° We discuss in more detail at the

end of the section how the Frobenii gf)m s-(k)’ for 1 < k < 3, are related (Proposition [2.23)).
»Sj

Remark 2.7. The submodule ?9; of ¢*(9M) is NOT the same as the Frobenius pullback
of My,. In particular, ¢gx . does not define a semilinear endomorphism of 9. It is merely

a linear map from Y9, — M. This fact is reflected again in the change of basis formula
(Proposition [2.15)).

We want to consider (¢gt)s~+1(3))j as a collection of matrices with respect to a choice of
S5

bases. We will refine the basis further in the next section.

Definition 2.8. Let M € YO27(R). An eigenbasis § = {ﬁ(j)}j for 901 is a collection of
bases BU) = (fl(j),fz(j),féj)) of each MY such that f,ij) € fm,(cj) for each k € {1,2,3}.
Lemma 2.9. If3 = {(fl(j), fz(j), féj)>} is an eigenbasis for M, then for any 0 < j < f—1,
J
@ . aijﬂ)u)_aij.)(s) (4) aijv)@) a! (3) (4) 7)
Bty 1= (w00 ™ &2%M»
()

is a basis for ?)ﬁsj 3)" Similarly,

. O G . ") ,
(]71) P aS' 7as~ (Jfl) aS' a (\771)
oV = (u ST @ fUTD 4 o) ® f 2) 1Y )



POTENTIALLY CRYSTALLINE DEFORMATION RINGS & SERRE WEIGHT CONJECTURES 14

is a basis for “’Dﬁg (_31)).
J

Remark 2.10. We always order an eigenbasis ) with respect to the ordering on the char-

acters 11,72, n3. On the other hand, when we work with the isotypic pieces EITIS )(3) we order
J

our bases using the orientation (s;) of 7. It will be important to keep track of this difference.

Definition 2.11. Given an eigenbasis 3 for 9, the matriz CY) of qﬁ ) with respect to 319
is defined to be the matrix CU) such that

o) (w* (6“))) — gUTD o),
The matriz AY) of ¢gt)sj+1(3) with respect to BU) is defined to be the matrix A such that
® G+ 40G)
%ﬁ 185+1(3) < ﬂSHl 3)) BS]H )

It is customary t‘o write Q(j) = Matg (d)g?)) and AU = Matg (¢z()§t),sj+1(3)) for short. To
understand how CU) and A relate to each other we define the following conjugation action

by diagonal matrices:

Definition 2.12. For any b, ba, b3 € Z and for any M € Mats(R((w))), we define

w00 w0 0
Ad(ubr w2 ) (M):=] 0 w2 0o [M| 0o wt o0
0 0 b 0 0 wubs

For any 0 < j < f — 1 and any M € Mats(R((u))), we define conjugation with orientation
by
()

) €
Adsj (U2, 0>, u?) (M) = sj<Ad (uasju) : us® 7 uaSj(3)> (M))sj_l

and

2 g

)
Adg ! (™, u?, u) (M) = Ad( B @y asj(?’))(s;lMSj).

S5

In particular, if M has the form CY) € GL3(R((u))) as in Deﬁmtlonnthen Adg 1+1 a2 ) (M)
is a matrix in GL3(R((v))) (and the above conjugation can be thought as “removing the de-
scent datum”). For M € YI%/.7(R), the following Proposition relates the matrix for qbf()%) to

the matrix for ¢£()£)sj+1(3)'

Proposition 2.13. Let 3 be an eigenbasis for MM and (s;) be the orientation of 7. Let
AU) = Matg (¢sms (3 )) be as in Definition [2.11] Then

24 CO) = Maty (647 = Ady (17, u) (40).

Sj+1
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Proof. This is straightforward from Definition and Lemma noting that:

GO

IR0 0 0
. PERS))
G+1) A+l o+ 3
st+1(3)75(] )Sj+1 0 i) 0 u @,
(J+1)
0 0 i ®)

For any O-algebra R, define
o LGLy(R) == GLy(R(v))
e LT GL3(R) := GL3(R[v])
e Z(R) :={M € L GL3(R) | M mod v is upper triangular }
e 71(R) := {M € L™ GL3(R) | M mod v is upper triangular unipotent }
e D3(R) :={M € LT GL3(R) | M mod v? is diagonal }.

Lemma 2.14. Let I € Mats(R((v))). For any integers by, ba, b3 with e > by—bg > by—bs > 0,

consider
D =Ad (ubl,ubQ,ub3)(I).

Then D € Mats(R[u]) if and only if I is in Mats(R[v]) and is upper triangular modulo v.
Proof. The proof is a straightforward computation. O

We will now describe the effect of change of basis for the eigenbasis coordinates. Re-
call that (s;) € S:{ is the orientation of 7 (Definition , and we associate to s; the
corresponding permutation matrix in GL3(O) as described in

Proposition 2.15. Let R be an O-algebra. Let M € Y[O’Q]’T(R) together with two eigenbases
ﬁ(j < J) 2(])’f§1)) and ﬁéﬂ) — (f{(ﬂ)7fé(1)’f§(J)> related by

(f1 ’f2a)’ é(J ) pu) — (fl(j)’ 2(1)’f§j)>

with DY) € GL3(R[u]). Let us write A(]) fMatgl ( U) ) and Ag) i Matg, (

W51 (3) Oos, )
as in Definition [2.11. Then

(2.5) Ag) (J+1)A( )( (1 70, @)

+1SJ 8 15]+1)
where, for all 0 < j < f — 1, we have I\9) d:efAdS_jl(ual,ua2,u33)(D(j)) €Z(R) and

T@2 W AQ(ps T =i=1 %@ ==t 055 @1 =i 1) (1))=Y,
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Proof. The proof is a direct computation using Proposition More precisely, let us
write ij) dof Matgi(qbgt)) for i € {1,2} as in Definition We have
(2.6) Céj) _ D(j+1)C£j)(’0(D(j))_l.
Since DY) respects the descent datum, 1U) := Ad;j1 (u?, u?2,u23) (DY) is in GL3(R((v)),
hence in Z(R) by Lemma Using ([2.6) and Proposition one obtains:
Ad,,, (00,0 (49)) = DU (D)

DU +1>(Ad

Sj+1

: N
o (0™ %) (A7) ) o (V)
Conjugating on both sides, we further deduce that

(27) Agj) — I(]+1)A(]) Ad 1 ( al,ua2,ua3)(¢)(D(j))_1)'

Sj+1

We now study the final term of the right-hand side of 1) Let sj11, := s;_&lsj. We have

(2.8)

N\ -1
Ad; 1+1( a1 A2 ,23) (SD (D(J)> >

2t P CAS))

Q01D A0 20 20 ‘
:Ad( RO R ORT ]+1<3>) (Sjﬂ,j Ad (“p R T R T sj(s)) (p(IU)h) gﬁm)

=551, Ad (UQSj(l)vf*jfl’fl}asj(Q)wf*jfl’vasj(3):f*j*1)(gp([(j))_l) —1

Sj+1,4°
where the last step follows from pa(j ) ag ) _ ag,f—j—1€ and
NCSY al D
u S 0 0 u W 0 0
_1 a0t CARY)
Sj+1,5 0 u %55 41(2) 0 Sj+1,5 = 0 u i@ 0
NCARY 20U+
0 0 u s ®) 0 0 u e
The conclusion follows by combining (2.7]) and (2.8 . O

Proposition 2.16. Assume that T is weakly generic (Definition |2.1). Let IU) € Z(R) be
as in Proposition [2.15] Then

71U — Ad (U“sju),f—j—l’vasju),f—j—l’vasjw),f—j—l)(@(I(j))—l) € D3(R).

Proof. By the weak genericity assumptions and choice of orientation, a,; (1), r—j—1—@s;(2),f—j—1 =

3 and

P =42 ag50), -1 = Gsj(3),f—j—1 > Gsy(2),f—j—1 ~ Bs(3),f—j—1 = 3-
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Since (I(j))_l € Z(R), the entries of ¢ (I(j))_l below the diagonal are divisible by vP. A

direct computation then shows that
Ad (Uasju),f—j—l,U“sj@),f—j—l’Uas]«s),f—j—l) (@(I(j))_l) € D3(R).

O

2.2. Classification over F. We keep the notations of the previous section except we now
work over [ as opposed to 0. In this subsection, we assume that 7 is weakly generic. We
are now ready to define the shape (or genre in French) of a Kisin module. Let T" be the
diagonal torus of GL3 and let Ngr,(7) denote the normalizer of T. The (extended) affine
Weyl group of GL3 is given by

W := New, (T)(F((v)))/T(F[v]).
Recall that W sits in an exact sequence
()—>X*(T)—>W—>Sg—>0

where S3 is the ordinary Weyl group of GL3 and X, (T') = Z? are the cocharacters of T'. If
A € X.(T) is a cocharacter, it is customary to write ¢) to denote the corresponding element
(a translation) in W.

For any finite extension F' of IF, Bruhat-Tits theory gives the following double coset

decomposition

(2.9) LGL3(F') = | Z(®)w Z(F).
wew
Definition 2.17. Let w = (@, @1,..., ;1) € W/. A Kisin module 9 e Y17 (F")

has shape w if for any eigenbasis 3, the matrices (A(j))j = (Matg (¢%)sj+1(3)))j have the
property that AY) € Z(F)w; Z(F').

It follows immediately from Propositions and that the shape of a Kisin module
is well-defined, i.e., it does not depend on the choice of the eigenbasis. The motivation
for this definition comes from the theory of local models and a corresponding stratification
there. We now give an overview of this connection which is described in detail in the joint
work [CL] of the third author. We turn our attention to the study of Kisin modules with
“parallel” weight (2,1,0). Precisely, let = (u;) with p; = (2,1,0) for all j considered as
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a geometric cocharacter of Resg g, GL3. Then, [CL] constructs a closed substack Y7 C

Y027 together with a “local model diagram”

where M (u) is the Pappas-Zhu local model for Resg /g, GL3 with Iwahori level structure
and cocharacter p (cf. [CLL §5] in particular Proposition 5.2 and Theorem 5.3). Both 7
and U are smooth maps. For any w € W/, define YT (F) ¢ Y™ (F) to be the set of points

with shape w.

Proposition 2.18. Let M(p) and Y™ denote the special fibers of M(u) and Y*7. Then
M(u) has a stratification by locally closed affine Schubert varieties SO indexed by ele-
ments w € W/. Furthermore, the set of points YT (F) ¢ Y"'(F) of shape w is given
by 7 (T (S9)).

The set of w € W/ such that SY is a nonempty subscheme of M(u) is given by the
p-admissible set Adm(p) = [[; Adm(2,1,0) (see [CL, §5.2] for details).

Corollary 2.19. The set Y. (F) is nonempty if and only if w = (o, W1, . .. ,Wy_1) where

w; is a (2,1,0)-admissible element of w.

One can describe Adm(2,1,0) quite concretely. Let WO be the affine Weyl group of SLs.
It is a Coxeter group generated by three reflections «a, 5 and . We represent the elements

a and 8 which generate the finite Weyl group by

010 1 00
a=|[10 0, B=]0 01
0 01 010
The element ~ is given by
00 vt
=10 1
v 0 O

The set Adm(2,1,0) is a subset of oWO ¢ W (i.e., those matrices with determinant
v3(unit)). In particular, the element t2,1,0) € W corresponding to the GLs-cocharacter
(2,1,0) isin vWP. Recall that W0 is endowed with a Bruhat ordering, and for wy, we € WO,
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we say vwy < vwsg if and only if w; < wy. Adm(2,1,0) is then defined to be the subset of
elements @ € vW0 such that @ < ts(2,1,0) for some permutation s € Ss.

There are six extremal elements in Adm(2,1,0) of length 4, corresponding to the six
permutations of (2,1,0). The length three shapes are divided into two different sets which
reflect different behavior on the Galois side. The set Adm(2,1,0) is given in Table

The following is the key result for classifying Kisin modules with F’-coefficients, where

[’ is a finite extension of F.

Lemma 2.20. Let M, M € YT (F') and let 5, B be eigenbases of M, M’ respectively.

-\ def ] -\ def j . .
We define AU) = Matg (qﬁg?SHl(B)) (res?. A'0) Z Matg (¢g,)sj+1(3))) aksj in DAeﬁmtzon
2.11. Assume further that there exists JUTY € T, (F') such that A'0) = JU+DAG) for all
0<j < f—1. Then there is an isomorphism 9 — M’ in YA (F').

Proof. We define, by induction, the following sequence (J7(Lj ))
all j € Z/fZ, set Jéj) ' Id,. For n > 1, set

nen Of elements in 7, (F'). For

JUAD  JU+D 40) (‘4(]) 81+LJ'J753)’¢3§+11J>

where J)* is constructed from J) € Z(F’") as in Proposition m Note that this defines
a sequence in the pro-v Iwahori Z; (F’).
From the definition of JT(lj) and the hypothesis A’0) = JU+1) AU we obtain

(2.10) AD = JIEVAD) (5500509 % 57 ).

Provided that the sequence (J,(lj ))n converges, we deduce the desired isomorphism 9t — 9V
via Proposition [2.15
We now prove the convergence of the sequence (J,(Lj ))n. By the definition of the v-adic

topology on Z(F'), it is enough to prove that
) D] G0 )

for all n > 3. We induct on n.
It follows directly from the definitions that for all n > 1 the element Jgﬂl) - J,(Lj +1)
equals
(2.12)
J(jH)A(j)SjHJ(Ad (Uasj(1),f—1—j’U%j@),f—l—j’Uasj(3),f—1—j)¢(JT(Lj) — Jé@ﬂ)s;gm (A(J'))_l'
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First, let n = 1. Then Jl(j) = JU) € Z,(F") and hence:

(vP) Fv] Fv]
go(Jl(j) - Id3> €|l (wP) (W) F[v]
(WP)  (0P)  (vP)
By the weak genericity condition and the height condition, we deduce that

1)3 ‘ Ad (,Uasj'(l),fflfj’Uasj'@)vf*l*j"Uasj(B),fflfj) . SO(J(j) - Id3)

and v? (A(j))_1 € Mats(F'[v]), respectively. We conclude from that v‘(Jz(jH) —
VRARDY

For n = 2, we have vi”}go(JQ(j) - Jl(j)) by the previous step, and hence v2}(J§j) - JQ(j))
by the weak genericity condition . Finally, we conclude that vp’(Jij ) Jéj )) since
o5y - 7).

For n > 3, we see by induction, the weak genericity condition, and the height condition
on AW that
(2.13)

WP (=)= (p=)-2) (Ad (VOO0 @1 (@) -1-3) <¢(J£Lj) _ JT(L{)l))> (A,
Hence
p*(n—2)—p+2>plp(n—2)—1) > p(n—1)

since p > 3. ([l

With more careful analysis, Lemma [2.20| probably holds with even weaker genericity

conditions. However, we do not attempt such an analysis here.

Theorem 2.21. Let F be a finite extension of F. Let M € Y (F') with w = (@o, @1, ..., Wf_1).
Fiz a choice of representatives for w; - (Pg,\ Z(F')), where

def

Py, = (w; ' T (F))w;) NZ(F).

Then there exists an eigenbasis [ of M such that for each j € Z]fZ the matriz AU) =
Mat g (¢g{sj+l(3)) lies in our fixed choice of representatives.
Proof. Let Agj) = Matﬁy-) (‘75%{)@“(3)) for some eigenbasis B%j) of MU, Tf AW) € Z(F)w; Z(F)

is such that AU) and Agj) lie in the same left coset Z; (F")\ Z(F")w; Z(F’), then by Lemma
2.20| there exists an eigenbasis of ) of MU) such that AW = Mat () ((bé;z),

a3j+1(3)) )

By considering the obvious isomorphism

W; - (P \Z(F")) — Ty (F)\ 1 (F')w; Z(F') = Z1 (F)\ Z(F')w; Z(F"),
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we conclude that if 9U) has shape wj, then there exists an eigenbasis § of 9 such that

Matg (¢gt)s ,+1(3)) = AU) where AY) lies in our choice of representatives in w; - (P@].\I(IF’)).
»Sj

O

In Table 4, we have listed a choice of representatives for w; - (P@j\Z(IE" )) for 9 out of
the 25 elements in Adm(2,1,0). As we will see below, a choice of representatives for the
remaining 16 can be easily obtained from these 9 elements by cyclic symmetry.

We now introduce the notion of a gauge basis of a mod p Kisin module:

Definition 2.22. Let M < ?&T(F’). A gauge basis B = (ﬁ(j))j of M is an eigenbasis
such that for each 0 < j < f — 1, the matrix Matg (¢g¢)sv

»Sj
wj-entry in Table

+1(3)) is in the form given by the

Note that a gauge basis always exists by Theorem [2.21]
In the above discussion, one could just as well have chosen to use ¢f()§t)s (2 OF ¢gt)s ()
197 2]

: ) : : fos : (9)
instead of ¢m,sj+1 ( There is a simple way of determining the matrices for qﬁmst (
()
M,sj4+1(3)°
on the choice of the isotypic piece, there is a simple recipe which relates them. As a

3)° or

¢i()§t)sj+1(1) in terms of ¢

2)
Furthermore, while the shape of the Kisin module depends

consequence we can restrict ourselves to the study of the shapes listed in Table [4] and the
results for any other shape can be easily deduced by cyclic symmetry via Corollary
below.

Let

Conjugation by ¢ induces an outer automorphism of WO of order 3 satisfying
Sad =08, 685 =~ o l=a.
It is furthermore easy to check that
SZ(R)0 =I(R)

for any O-algebra R.
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Proposition 2.23. Let M € YIOM7(R). Let pU9) = <f1(j),f2(j),f§j)> be an eigenbasis for

M and let Agj) def Mats (%ﬁs - (3)) be as in Definition|2.11. Then

( ) @3
J

a e— a +a
iy e

e G- G o) o T ;6 0
S FATU LY i) MR (0 R “J IO F o }

€] () ( ()
e— a +a e— +a e— a +a efa i “+a
({u F 7552 o f(a R F 75503 o f(J D1g f( s } {u (1) <2)f(” u sJ(l) (S)f(J)( 5 f(Ju) )

are bases for ‘Pi)ﬁg (_21)) and smg )(2) respectively (resp. for Wi)ﬁg (_11)) and Sﬁg )(1) respectively).

(7) def () (7) def () : :
If A3’ = Matg ((Z)ma +1(2>) and Ay” = Matg ((bfm,asjﬂ(l)) are defined in the evident way
following Definition then

A(zj) _ 5Agj)5717 A(lj) _ 52[4{()’]')572.

Proof. We give the proof for Dﬁij (_21)) as the other proof is similar. Let C'9) of Matg (gzﬁs%))
J
be as in Definition so that by Proposition [2.13| we have

(2.149) CO) = Ady (4, %, 23) (AGD).

Let ¢; = Ba be the permutation matrix corresponding to the cycle (132). It is clear that
the elements listed in the statement form a basis for “’Dﬁ(j Zl)) and E)ﬁij )(2) respectively and
J

hence the same argument as in Proposition [2.13] shows that

D) o _a®

. . _ ) .
(2.15) A(zj_l) = Ad (u U7 Ty 351(2))(cl_lsj_lC(j*l)sjcl),

Combining (2.14)) and (2.15]), we see that

Ay = Ad(52)(f4g)),

where
_ @ () _ @) al) al?) al?)
5o :Diag(u as5(3) e7u aJ(1> u as](z) lDlag(u 51y 8552 u J(3>)
A direct computation shows that dg = 4. O

Corollary 2.24. Let M € YIORT(F). If M has shape w = (@, . . ., W¢_1) then for any
eigenbasis 3 = (B1)),

Mats (85, ) € Z(F) (w6 ) I(F), Mats(ol, ) € I(F)(8%w;6 ) I(F)

sj4+1(2) sj4+1(1)

forall0<j < f—1.
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Remark 2.25. As a consequence of Corollary there is symmetry among the 25 shapes
of Adm(2,1,0). It is easy to see that 6Adm(2,1,0)6~! = Adm(2,1,0) and that there are 9
orbits under conjugation by §. In Table |4 we choose representatives for these 9 orbits and
restrict our attention to those 9 shapes. One can deduce all our results for the remaining

18 shapes simply by conjugating by & or 6.

2.3. Etale p-modules. We recall briefly some properties of étale ¢-modules which are
well-known. We refer to [CDMal, §2.1] and [CL, §5.3] for proofs.

Let Og k denote the p-adic completion of &[1], where & o Wv], endowed with the
unique continuous Frobenius morphism such that the natural inclusion 6[%] — Og i is
Frobenius-equivariant. Let R be a local, complete Noetherian O-algebra. By base change,
the ring O¢, K(EAQZPR is naturally endowed with a Frobenius endomorphism ¢ and we write
®-Mod®(R) for the category of étale (¢, Og, K@)ZPR)—modules. We fix once and for all a

sequence p gef (Pn)nen where p,, € @p verify p! | = pn and pg = —p. We let Ko gef

U K(pn) and G, & Gal(@Q,/Kwo).-
neN
By classical work of Fontaine ([Fon90]) we have an exact anti-equivalence of ®-categories:

®-Mod®(R) — Repg,_(R)

def

M — V(M) = Home-pod (M, Ogun k)

where Ogun g is the étale extension of Og i corresponding to a separable closure of k((v)).

The above construction can also be carried out with descent datum. More precisely,

choose (m,)nen to be the sequence satisfying 7t = p, and ﬁfLH = m, with myp = 7.
Then Lo = J L(r,) and G, = Gal(@,/Lo). We have Gal(Loo/Kw) = Gal(L/K) =
neN

A. Let Og denote the p-adic completion of (W[u])[1/u] equipped with an action of
Gal(Loo/Koo) = A characterized by g(u) & wr(g)u. We define, in the evident way, the
category ®- Mod$,(R) of étale p-module over O, L®z, R with descent data and note that
Og¢ 1, is an Og g-algebra (by “ramifying the variable” u = vl/e).

We have an exact anti-equivalence of categories:

~

®-Modgy(R) — Repg,_(R)
M — V:ld(M) d:efH0m¢7@£7L(M,Ogun7K)

. e ~—1 .
where we make Gg, act on Homg o, | (/\/l, OgunyK) via g - f o go fog = (here we write

7 to denote the automorphism of M associated to § € Gal(Lso/Koo) = A via the descent
data).
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Define T}, to be the composition Y*":7(R) — &-Mod%,(R) — Repg, (R), where the
first map is given by tensoring with Og 1, (over (W [u])).

In order to compute 77, it is convenient to both remove the descent datum and pass to a
single Frobenius. This is carried out in [CDMal §2.1.3]. We briefly recall the construction.

For any O-algebra R, we consider R as a IW-algebra via 0g. We endow the ring Og¢ K(EAQW ool
with a Frobenius ¢/ (by base change). We can now define in the evident fashion the cate-

gory ®7- 1\/Iod‘f‘/,‘t/,(70 (R) of étale (¢f, Og x®w 4, R)-modules and we have an exact equivalence

of categories:

®/-Modjj,,, (R) — Repg,_(R)

def

M — Vi (M) = Homgs yiq (M, Ogun ).
In particular, if (M, ¢r) € ®-Mod®(R), then (M(O),qﬁfw) € /- Mod“s‘,f/ﬂo(R). This
defines a functor ¢ : ®- Mod®(R) — ®7- Mod%a0 (R).

We have the following compatibility between the above constructions (cf. Theorem 2.1.6

and equation (12) in [CDMa)):

Tiq
T
y027(R) ®- Mod$(R)
—®og xO¢.L
ét co-(e) f 6t
®- Mod®(R) &/~ Modiy (R)

If R is a F-algebra and M € Y1%27(R), it will be useful to describe the étale (of, R((v)))-
module o (M ®F[u] F((u)))=") explicitly in terms of the AW,

Proposition 2.26. Let M € Y%27(R) and 3 be an eigenbasis of M. Write (s;) for an
orientation of T, (A(j)) = Matg (¢g%{sj+l(3)) and consider M = M[1/u] € ®-Mod%,(R).
Then the étale (¢, R(v)))-module eo(MA=1) is described with respect to the basis § =
(@2t £O 2 g0 g2l (O py

; f-1 ' . v e r—i ()i 0 0 .
Mati(¢h o) = [ [ s ¢ AT o o=@ 0 Spej
i=0

0 0 v =i 33

Proof. This is a direct computation (cf. [CDMal (24)]). O
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3. KISIN VARIETIES AND TANGENT SPACES

In this section, we show that under the weak genericity assumption (Definition the
Kisin variety is trivial; in particular, if p : Gg — GL3(F’) comes from a Kisin module
M € YHT(F'), then 9 is unique. As a consequence, one can attach a shape w(p,7) to
p. Later, in Proposition (also Table [J), we show that the shape w(p,7) is closely
related to the Serre weights of p which appear in the principal series type o (7) (as was
the case for GLy [Breld]). In this section, we also show that the map on tangent spaces
from deformations of Kisin modules to deformations of étale ¢-modules is injective and that
under mild assumptions the same is true for the restriction on Galois deformations from

Gk to GKoo'

3.1. Kisin varieties. In what follows, let F’ denote a finite extension of F. If M €
®-ModS)(F) is an étale Og ®z, F-module with descent data (cf. §2.3) and R is any
F'-algebra, we set Mp < M O ((uy R(w)) € - Mod$(R).

Definition 3.1. The Kisin variety Y/[\?l’2]’T(R) of M is a projective scheme over Spec (F)

which represents the functor:
Vi (R) S {0 © Mu | R[] = M, daan (M) © M, My € VIOA7(R) }

In other words, YE’Z}’T (R) is the set of (k ®p, R)[u]-lattices in Mg which have type 7 and
height < 2. We can also consider

Vi = {gﬁR C Mg | Mg[1/u] = MR, dpmzr(Mr) C Mg, Mg € Y“’T(R)}-

There is an obvious inclusion Y/\‘ﬁf C Y/@,’Q]’T. These are projective schemes because they
are closed subschemes of finite type in the affine Grassmannian for the group Resy r, GLs3.
(cf. [KisO9b, Proposition 2.1.7]: the proof there is in the height 1 case, but works for all
heights.) The result for Y},” follows from the fact that Y*7 is a closed substack of Y027
(cf. [CL, Proposition 5.2]).

Theorem 3.2. If 7 is weakly generic (Definition , then Y, (F') is either empty or a

single point.

Proof. We show that Yf[\g’z]’T(F’ ) is either empty or a single point. Assume we have two
(k ®F, F')[u]-lattices 91 and My in Mp.. For i € {1,2} choose an eigenbasis j3; for
M;, such that Matg, (¢z()§t)¢,sj+1(3)) = Az(J'), where (sj) denotes the orientation on 7. Let
(DY) € (GL3(F ((u))))f be the f-tuple of matrices which gives the basis for 95 in terms
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of My as in Proposition Note that, a priori, the matrices D) have denominators in
U.

We want to show that DU) € GL3(F'[u]) for all j. For all j € Z/fZ, let us define
10) = Ads_j1 (udl, u?2, ua3)(D(j )) € GL3(IF'((v))) and recall the change of basis formula
which remains valid for M:

(3.1)

A= 10D 40y (A (o050 1 00112 (o (190) ) )7

For each j € Z/f7Z, define k; € Z such that v* [0) =: 1)+ € Mats(F'[v]) and such that
IW+ 20 mod v. Rearranging 1} we get
(3.2)

v Pk . Sj41. (Ad (Uasj-u),f—j—l’vasj-(z),f—j—l 7 Uasj-(s),f—j—l) . @(I(j)’+))3;4}1,j = p kit (Aéj))_lf(j+1)’+Agj).

Multiplying through by v2+*i+1 the right side of 1) becomes integral. Since (I Y )7+)i e €
(F")" 4 vF’'[v] for some 1 <,k < 3, Ad (v 7771 g1 I=amt % @f=71) (‘P(I(j)’+)) is

at most divisible by v/ =1=9 %3,/ =17 We conclude that

(3.3) kjt1 > pkj — (ag;1),p—1-5 — Qs;(3),7—1—5) — 2-

Since 7 is weakly generic, man{asj(1),f—1—j — asj(g)’f_l_j} <p—3. Thus, if k; > 1 for
any j, then by iterating we deduce that all k£; become arbitrary large. Thus, k; < 0
for all j and IU) € Matz(F'[v]). Interchanging the roles of 9% and 9y, we conclude that
10 € GL3(F'[v]).

It remains to show that IU) € Z(F'): by Lemma this is equivalent to DU) ¢
GL3(F'[u]). Rearranging again the change of basis formula (2.5, we have
(3.4)

(AD) AP = g1 (A (00558 01505 (o19) )5

For 1 < k,h < 3, we have

( Ad (vasj(wfjfl , i (2. f—i-1 7 vas]'(:%),ffjfl) (<p (I(j)))) c (Upahk—(%j(k>,f717j—asj<h),f—1—j))

hk

where the integers apy € N are defined by (I(j))h,k € (v*-*). On the other hand, the height
condition on Aéj ) forces the LHS in to be an element in J; Matg(F'[v]). In particular,
we have pang — (ag;(k),f-1-5 — @s;(n),f—1—j) = —2 for all 1 < k,h < 3 and this implies
ap > 1 when h > k since 7 is weakly generic. Therefore, 1 W) ez (F"), as required.

O
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Theorem allows us to attach a shape w(p,7) to p: Gxg — GL3(F’) when the type 7

is weakly generic:

Definition 3.3. Let p: Gx — GL3(F) and 7 be as in Theorem Assume there exists
M5 € Y7 (F) such that Tj;,(Mp) = pla,, . We define w(p,7) € Adm(2, 1,0)f to be the
shape of ﬁp. Whenever we invoke the shape w(p,7) implicit in that is the assertion that

there exists a Kisin module ﬁﬁ as above.

Next, we study the tangent space at a closed point of 9t € YA (F’). Since 90 often has

automorphisms, we work at the categorical level. Define
o5 = {(zm, 8o) | M € YA ('] /e2), G : M /eM s ﬁ}

which we consider as a category where morphisms are maps in Y7 (F'[¢]/e?) commuting

with trivializations.

Proposition 3.4. Assume that T is weakly generic. The functor T, induces a fully faithful
functor

T ’tﬁ — RepF/[a]/€2 (GKoo)'

tan

Proof. The functor V%, : ®- Mod%,(F'[¢] /e?) — Repp/[)/e2(Gk..) is an anti-equivalence of

categories so we are reduced to showing that
M — M[1/u]

is fully faithful on tg;. Let 91,92 € tg. Choose an eigenbasis B of M and let AV =
Mat ((;5@ ) For i € {1,2}, we fix eigenbases §; of M; lifting 5 and write AY) +eBY) =
BT M) ' !
Matg, (¢%178j+1(3)) for some BZ-(J) € Mat3(F'[v]). An isomorphism ¢ : 90 [1/u] — Ma[1/u]
which is trivial modulo (¢) satisfies Matg, g, (¢) = id3 +eDU) for some DU) € Matg(F'((u))).
Define Y &' Ad;l(ual,u”,uai”)(D(j)) € Mats(F'((v))). A direct computation using
Proposition [2.15] gives

BY) = BY)JFY(J'“)AU)—A(j)sjﬂ,j(Ad (p®e3 =371 %5 2T =1 485551 (‘P(Y(j))))sj_—l}l,j'
Arguing as in Theorem we deduce that Y9) € Matz(IF'[v]). More precisely, for each
i € Z/fZ such that Y # 0, define k; € Z by v»Y® = YO+ ¢ Mat(F[v]), where

Y@+ £ 0 modulo v. We define k; 0 if Y = 0. We deduce as in Theorem ﬁ that
(35) 'U_pkj Sj+]_7]' ( Ad (/Uas]-(l),f—j—l , ,Uasj'(Q),f—]'—17v(lsj'(3)7f—j—1) (SO(Y(]),—F))) S;—:Lj e

= (A(j))—l( B Béj) 4+ o Ry G0+ 40) 4 B@)
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and therefore, by the height condition on AU):
V2 PRItk (Ad (vasi(l)’f_j_l,Uasﬂ'(2)’f_j_1,vasj(3)’f‘j‘1) (¢(Y(J)»+))) € Mats(F'[v]).

If Y9 =£ 0, we obtain the key inequality . The same iterative argument as above then
shows that k; < 0.

It remains to show that DU) € Mats(F'[u]), which is equivalent to proving that Y U) is
upper triangular modulo v. This is immediate if k; < 0; otherwise, specializing at
ki = 0and YO = Y0) we see that v? Ad (v s W I =3t e @0 d ==t [y @) S =1 (@(Y(j)))
is integral. By the weak genericity assumption, the same argument in the proof of Theorem
shows that Y is upper triangular mod wv. ]

Corollary 3.5. Assume that T is weakly generic. If Y{" (F) # 0 then Y};” = Spec (F).

3.2. Kisin resolution. We now apply the computations from the previous section to ob-
tain preliminary results in our study of potentially crystalline deformation rings. Fix a
representation p : G — GL3(F).

Let R'™ be the framed potentially crystalline deformation ring with parallel Hodge-Tate
weights (2,1,0) and inertial type 7 as in [Kis08]. Consider the projective morphism

. wT W, T
©: Y2 — SpfRE

as constructed in [CL] (see Theorem 5.19 and discussion before). This is a version with

descent datum of the partial resolution introduced in [KisO8), § (1.4)]. Note that

(3.6) YT Xspeper SPE(RYT m) = Y47

with Y/‘\T as defined in the previous section. Here M is the étale p-module of p.

Since we always work in parallel weight (2,1,0), we drop p from the notation. Set
DﬁD o & Spr%’T. For 7 weakly generic, by and Corollary O is quasi-finite and
hence finite since it is proper. Thus Y™ = SprTﬁ’?ﬁ with SprTﬁ’?ﬁ local and finite over
Spr%’T.

Corollary 3.6. Let p: Gx — GL3(F). If 7 is weakly generic, then
YT .7
©:YJ"" — SpfR;

s an tsomorphism.
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Proof. We saw above that © is a finite morphism. By [CL, Theorem 5.19], ©[1/p] is an

isomorphism. Proposition [3.4] implies that the induced map
7,0 o, T
Sprﬁ,ﬁ — Sprﬁ

is an injective on tangent spaces. Hence © is a closed immersion. Since R%’T is O-flat, we

conclude that © is an isomorphism. O

Thus R%Dp is the complete local O-algebra representing the deformation problem
(3.7)

D (4) < {(Ma,pa.8a) | Ma € YT(A), pa € DFT(A), b Tjy(Ma) = (pa)lcc., )

3.3. Galois cohomology. In this section, we work with Galois cohomology to prove that -

under mild hypotheses- the natural restriction map from G g-deformations to G'i__-deformations

is a closed immersion. This will be important in

Definition 3.7. Let p : Gk — GL3(F) be a continuous semisimple Galois representation

and let m € N be an integer. Let a; = (ay;); with 0 < ay; < p—1and j € Z/fZ be

a®  a® (o)

f-tuples such that p|r, = wel @ wa &) w;‘:’ . We say that p is m-generic if
m < layj — ag,l, lag; —azjl; lar; —az <p—1-m

for all j. We say that a continuous Galois representation p : Gxg — GL3(F) is m-generic
if there exists a finite unramified extension K'/K such that p*|7,, is the direct sum of
characters and is m-generic in the previous sense. This does not depend on the extension
K'/K.

There is a weaker genericity condition which suffices for our Galois cohomology argu-

ments:

Definition 3.8. Let p: Gx — GL,(F) be a continuous Galois representation. We say p is
cyclotomic free if p becomes upper triangular over an unramified extension K’/K of degree
prime to p such that

H (G, (pl,,) @ w ™) =0.

Proposition 3.9. If p > 3 and p : Gx — GL3(F) is 2-generic, then ad(p) is cyclotomic

free.

Proof. Let K’ denote the unramified extension of K of degree 6. Then pla,, is upper

-
triangular and we can write (pg,,)” |1, = @f:ﬂﬂZ} where the 6 f-tuple a; € {0,1,...,p—
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1}/ is 2-generic. In particular, it follows that ad(p)|c,, = ad(p|g,,) is upper triangular
©)_(0)
with diagonal characters of the form wg} 2 , where i, i’ € {1,2,3}. Its semisimplification

does not have cyclotomic constituents as long as al(-o) —ag,o) Z1+p+---+p5 1 mod p®/ -1

which follows easily from the 2-genericity assumption. O

Lemma 3.10. Let p : Gxg — GL,(F) be cyclotomic free. Then the restriction map
HY(K,p) — H' (Kx,p) is injective.

Proof. We first assume that p is upper triangular. In this case the proof is a standard

dévissage. More precisely, we have an exact sequence 0 — p; — p — X — 0 where

X : Gk — F* is not the cyclotomic character and p; : Gxg — GLj_1(F) is upper triangular
SS

(and p, Gl does not contain the cyclotomic character).

Group cohomology provides us with the following commutative diagram, with exact rows:

HO(K7Y) —6> Hl(Kvﬁl) E— Hl(Kaﬁ) EE— Hl(K7Y)

I

HO(KOO7Y) L} Hl(KOOJﬁl) E— Hl(KOO7ﬁ) — Hl(Kooay)

the vertical maps being induced by restriction to Gk, . By [GLSI5, Lemma 5.4.2], the
morphism f3 is injective. By dévissage, we can assume that f; is injective. Finally, as
is a character and as all characters are tame, fy is surjective. Hence f5 is injective by the
“four lemma.”

As for the general case, letting K. = K, - K’ we have an exact sequence of groups

<

1 —— Gk Gk Gal(K'/K) —— 1
IR
1 —— Grr. — Gx., Gal(K',/Koo) — 1

and hence restriction to Gk_ induces a morphism between the Hochschild-Serre spectral

sequences

(3.8) H"(Gal(K'/K),H*(K',p)) =——— H"**(K,p)

| |

H"(Gal(Kly/Kuo), H (KL, p)) == H"*(Kw, D).
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As p t [K' : K], the category of Gal(K'/K)-representations over F is semisimple and the

above spectral sequence becomes simply

(3.9) H°(Gal(K'/K), H*(K',p)) ——— H*(K,p)

| |

H(Gal(K,/Kwo), H* (KL, p)) —— H* (Koo, P).
The conclusion follows from the result in the upper triangular case. (]

A statement similar to Lemma (via a slightly different argument) has been obtained
in [Gao, Proposition 6.1].

A similar argument yields the following:

Lemma 3.11. Let p: Gxg — GL,(F) be cyclotomic free. Then the natural restriction map

BY(K,p) = B (K, p) on Galois cohomology boundaries is an isomorphism.

Proof. The argument follows closely the proof of Lemma above. Let V;; be the F-linear
space underlying p. Then one has

Vo~ o1 _
W_)B(Kooap)S

Vﬁ ~ nl —

therefore it is enough to prove that the (obviously injective) restriction map HY(K,p) —
H°(K,p) is surjective.

We assume first that p is upper triangular. Let us fix an extension 0 —p; — p — X — 0,
where (p;)* and the character Y : Gxg — F* do not have cyclotomic constituents. The re-
striction functor to Gk and classical group cohomology give us the following commutative

diagram, with exact lines:

HO(K751) - HO(Kvp) S HO(K7Y) —6> Hl(K7ﬁl)

N L L

HY (Koo, 7)) —— HY (Koo, 7) —— H' (Koo, X) —— H' (Koo, 7y).

By Lemma the morphism f3 is injective; for i € {0, 1,2} the morphisms f; are obviously
injective. If fy, fo are both surjective, the “four lemma” again shows that fi is surjective
as well. Therefore, by dévissage, it is enough to show that H°(K.,,%) # 0 if and only if
is the trivial character of Gg. This is immediate as all characters are tame.

The deduction for the general case is formal: as in the proof of Lemma the hy-
potheses on [K’ : K| give us the commutative diagram (3.9). Again, as the natural map
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Gk./Gr:, — Gg/G is an isomorphism, the isomorphism H?(K',p) = H°(K.,,p)
obtained in the upper triangular case respects the residual Galois action on both sides.
Therefore H°((Gal(K'/K),H(K',p)) — H°((Gal(K. /Kx), H*(K.,,p)) is an isomor-
phism. ]

Proposition 3.12. Let p : Gxg — GL,(F) be cyclotomic free. Then the map on Galois
cohomology cycles
2K, p) — 2" (Koo, )
18 injective.
Proof. 1f p is cyclotomic free, we can apply Lemmas [3.10]and [3.11] to p and the claim follows

from the snake lemma applied to the defining sequences of Z1:

0 —— BY(K,p) —— Z"(K,p) —— H'(K,p) —— 0

J | |

0 — BY(Ku,p) — ZY (Koo, p) —— H' (Ks,p) —— 0.
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4. FINITE HEIGHT K. -DEFORMATIONS

In this section, 7 will denote a weakly generic tame principal series type (Definition .

Let M € YA7(F) with a basis 3 as in Theorem We will now compute the defor-
mations of (9M, 3) according to the shape of M. Roughly, we are giving local coordinates
for Y#7 at 9. This amounts to giving coordinates for the Pappas-Zhu local model M (y)
discussed after Definition [2.17] though this won’t be used. The strategy will be to start with
an arbitrary lift of 901 to a local Noetherian O-algebra R with finite residue field and then by
a convergence process put the Frobenius into a special form where entries are polynomials
with coefficients in R with controlled degree. In this special form, it is straightforward to
impose the height [0, 2] condition as well as a determinant condition. The algorithm com-
bines the u-adic and max adic topologies. For GLg, a similar strategy was introduced in
setting of Breuil modules in [Brel4] and was implemented for Kisin modules for non-generic

types in [CDMa).

Theorem 4.1. Let R be a complete local Noetherian O-algebra with finite residue field F
and let T be a weakly generic tame type as in Definition . Write (s;); € S:{ for the
orientation of 7. Let M € Y™ (R) with M := M R F of shape w = (Wo, W, ..., Wi_1).
Then there exists an eigenbasis B for M such that for each 0 < j < f — 1 the matrix
AW = Matg(gbgt),sjﬂ(:%)) has the form given in row w; in Table @

4.1. Algorithm. Let R be a complete local Noetherian O-algebra with maximal ideal mg
and residue field R/mpr = F. Let P € R[u]. For any r € R, let vg(r) = max{i € N | k >

0,7 € mk} . This is finite unless r = 0, by Krull’s intersection theorem.
Definition 4.2. Let P =Y, r;v’ € R[v]. Define
dR<P) = mjn{3vR(7°i) + 7,}
(3

We define Tr; : R[v] — R[v] to be the order v'-truncation map, defined by Tr;( Y, riv?) o

ZizlJrl riv’.
Given a matrix M = (M;;) € Mat,(R[v]), we define

dr(M) = r?}cn{dR(Mi )}
and Try (M) < (Try (M)

Proposition 4.3. For any P,Q € Mat, (R[v]) and any | € N, we have
(1) dr(P + Q) = min(dr(P),dr(Q));
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(2) dr(PQ) > dr(P) + dr(Q);
(3) dr(Tri(P)) > dr(P).

Proof. This follows from vg(ab) > vg(a) + vg(b) and vg(a + b) > min(vg(a),vr(b)) for
a,b € R. O

Remark 4.4. In Definition we could have considered dg ,,(P) = min;{mvg(r;) + i} for

m > 3; mutatis mutandis, the statement of Proposition still holds true.

The algorithm proceeds by successive row operations which we introduce now. For any

x € R[v], we define

1 = O 1 0 =z 1 0 0
Up(z):=10 1 0|, Us@):=[0 1 0,Usx):=]0 1 =«
0 0 1 0 0 1 0 0 1

Similarly, for any « € vR[v], we define

100 100 100
L21($) =|lx 1 0 ,L31(Qj) =10 1 0 ,L32(J)) =10 1 0
001 r 0 1 0 z 1
Dy (z) == 0 1 0|,Dx@):=]0 142 0],Ds3(x):=|0 1 0
0 01 0 0 1 00 14z
The essence of the algorithm is as follows. Let 5, = ( gj) ) be an eigenbasis for My at
the n-th step of the algorithm. If A%j) = Matg,, ((ﬁz():{t)sﬂﬂ(s))? we can always write
»Sj

A6) — g + EY)

n W
where the entries of ng)n € Mats(R[v]) satisfy degree bound conditions according to the
shape w; of ﬁ%) (the degree bound conditions are listed in Table this will be made
precise in Definition [4.5| below.)

We call Ey(lj ) the error term associated to Brn. The inductive step is to show that there

exists a new eigenbasis 3,41 with error Efﬂl such that

min(dp(E;/),)) > min(dr(EY)).

We start with a few definitions.
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Definition 4.5. Let AU) € Mats(R[v]) and @; € W be the shape of 9 at j. Then there

exists a unique decomposition in Matg(R[v])
AU — Bg) + EU)
J

such that BY) e Mats(R[v]) and for all 4, k one has

wj

deg, ((ng))zk) = deg, ((;{(3))1]{:) < Valv(Ez‘(lZ))

w;j
where deg,, ((Zgj))zk) € {—00,0,1,2} is defined in the third column of Table (In the
notations of Table [5, an entry of the form i*, i € N, stands for a polynomial in R[v] of
degree i and whose leading coefficient is a unit in R; an entry of the form v(< ¢) stands for
a polynomial in R[v] of degree at most 7 + 1 and which is moreover divisible by v; a similar
comment applies for entries of the form < i and v(:*).)
The defect of AU) at the entry (ik) is defined as 6(A2(.£)) & dR(Ei(i)). Similarly, the total
defect of AY) is defined as
§(AD) def dr(EY)).

Typically, the matrix AY) in definition is either Matﬂ(¢%)s_+1(3)) in some eigenba-
»Sj

sis f on Mg, or its modification by row and (adjoint e-twisted)-column operations by
Uie(29)), Lig (20)) (cf. Proposition Proposition .

Let (219)) denote an f-tuple of elements of R[v]. An elementary operation (associated
to (a:(j ))) is a change of eigenbasis on Mg such that for each embedding j, the associated
matrix DY) as in Proposition can be written as DU) = Adg; (udl, u?2, u?3) (I(j)) for
some 1U) € {Ui(29)), Lii(29)) |3 < k} U {Dy(z9))}.

The following proposition controls the change in precision after right multiplication by

3]'_4}133'[ ( )’@sj_lsjﬂ (cf. ll in terms of the precision of an elementary operation I\,

Proposition 4.6. Let M € Y[O’QLT(R), with eigenbasis 8, and let AU = Bg]) + EY) qs
in Definition where we have set AU) % Matg(cﬁgt)

1854+1(3)

). Let (1)) be an elementary
operation associated to the f-tuple (x\9)) and define

; d . ; . i ; i i\ —1
T2 WA Q(ptss DT =123 s @u=1=5 %) =13 . Q(ID)~",

Then one has

A(j)Sj__&lsj‘I(j)’Lij_lsj+1 = Bg]) + g9
where

(1) dr(E'W)) > min(6(AW)), 3 + dr(z1)));
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(2) dr(E'Y) — BEW) > 3 4+ dp(z).
Proof. We saw in Proposition that
I —id + 03X
where X € Mat(R[v]). The same calculation shows that dp(X) > dg(z¥)). Therefore

j N —1  _ pl) ) (; 3¢, Yool 3o o xel
AW sy 5 IO ity = Bg, + EY) <1d +v sj+1Jij+17j> + U B 841X 8540
which immediately implies items and in the statement of the Proposition. Note that
E'0) is actually the error term associated to AW - s;4q ;- T0U)¢. sj_ilyj, since v3|E'0) — BU)

and the degree bounds appearing in Table [5| are at most 2. U

Corollary 4.7. In the setting of Proposition[{.0, assume that in the elementary operation
(1)) only the element IU+Y) is not the identity. Set (Agj)) & (AYD)Y and let (Agj)) be the
f-tuple obtained by performing the elementary operation (I9)) on (Agj)). Then if f > 1,
one has:

(1) AY) = 1649 4nd

(2) 8(AF™) = min(3(A7 V), 3 + dp(alU D)),
If f =1, then dr(AY) — TGV AY) > 3 4 dp(x0+D),

We introduce the crucial notion of pivots associated to a shape:

Definition 4.8. Let w; € W be the shape at j of M € Y[O’Q]’T(F). The pivots of w; are
the pairs (m, k) such that the (m, k)-entry of w; € Ngr,(T)(F((v))) is non-zero.

Let 9 € Y027 (R) be a Kisin module and let @; be the shape of 9% L' MeRF at j. If
()

AU = Mat5(¢é%)s_+1(3)) with respect to an eigenbasis 3, and such that A*’ is given by the
»Sj

second column of Table [5, we say that the pair (m, k) € {1,2,3}? is a pivot of AY) if (m, k)
is a pivot of the shape w;. We define the degree of the pivot (m, k) to be deg, (Zﬁfli)

Remark 4.9. We explain how to produce the bounded degree conditions in the third column
of Table |5, starting from the position and the degree of the pivots. (Note that the pivots of
the matrices in the third column of Table [5 are exactly the starred entries.) Heuristically
the effect of change of eigenbases on (A(j)) is very close to left-multiplication by elements
in (Z1(R))/. If we literally use left multiplication, we would be able to make AY) have
polynomial entries and moreover if (m, k) is a pivot of AU) of degree i, we see that any
entry above (m, k) has degree strictly less than ¢ and any entry below (m, k) has degree at

most i. All the strict lower triangular entries of AY) must be divisible by v by construction.
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The key lemma that enables us to control the convergence is the following:

Lemma 4.10. Keep the notation as in Definition[{.8 Assume that the eigenbasis § lifts a
gauge basis B of Mg (cf. Definition [2.22} in particular a9 — ZQ) as in Table .

wj

Let (m, k) be a pivot for AU of degree i. For all k' >k, we can write

AV}, = 0 Pt + Qe
where all the coefficients of Qi lie in the mazimal ideal of R. For all k' < k, we can write
Ay = 6 P+ Qo

where all the coefficients of Qi lie in the mazximal ideal of R.

In particular, if k' >k, then dR(AgL/) > 1 whereas if k' < k then dR(AgL,) >i+1.

Proof. Modulo mpg, the matrices Z(j )

are of the form w;Z, and thus every entry to the left
(in the same row) of a pivot of degree i is divisible by v**!1, while every entry to the right

is divisible by v’. The last statement follows noting that i < 2 and dg(Qmx) > 3. g

The following Proposition shows that by suitable row operations via the elementary
matrices Uy (29)), Ly (29)), D;;(21)), we can strictly increase the defect of an entry of AV)

without decreasing the total defect of AY).

Proposition 4.11. Keep the notations and assumptions of Lemma [{.10. Assume that
(m, k) is a pivot of AU). There exists x € R[v] such that, by letting

Upim () A if m! < m,
AnL) & Dy (2) A9 if 'm/ =m,
Lo () A9 if m/ > m,

one has 6(A"D) > §(AD) and moreover 5(A7) > 5(AL),), 6(A7Y) > min(5(AR), 5(AD)+

1) unless r =m/ s > k.

{I}l]
defect of AY). Let i € {0,1,2} be the degree of the pivot of AY) at (m, k). As Zfﬁc € Flv]
is a monomial in v (cf. Definition , we can write A%C = Uppv' + Qi for some unit

Proof. Let us write AU) = BY + EU) as in Definition and let § = §(AY)) be the total

Uk € R* and some element Q,,; € R[v] verifying dr(Qmk) > 3.

Let us consider the case m’ < m. By the definition of the error term E), we have

Eﬁi,)k € v'R[v]. In particular, we can write Efi,)k = v' Py, for some Py, € R[v] verifying
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dr(Ppyi) = dr(E EU ,)k)—z >6—i. Wesetz = _1P » k. We have A (/le = (ng))m/k—i—mek.
Letting E"U) be the error term of A", by Proposition we have

dR(E;;f,]}j) > dr(Qmk) + dr(Pri)

> 3+0—1>6.

We now verify that §(A%)) > 6. Indeed, we have A;k(,] ) = Al(ia for all i # m' and
1<K <3.
If i = m/ and k' # k, we have

A8 = A~ kPl

mk’*

By Lemma we conclude that dg(P, /kAgfL;c,) > i+dgr(Pyk) > 0 and that the inequality
is strict unless k' > k. This completes the proof in the case m’ < m. The other cases are

similar. O

Remark 4.12. The element x € R[v] used in the proof of Proposition always has the
property that dg(z) > 6(AW)) — 2, since i < 2.

Proposition 4.13. Let M € YIO27(R) and let B be a gauge basis of M. Let B be an
eigenbasis of M lifting B and for all 0 < j < f—1 set AY) = Mat (¢fms (3 ) There exists
another eigenbasis B lifting B such that

min (A9 > min §(AY)
J J
for all0 < j < f—1, where A7) & Mat g <z5 . Furthermore, if
M,s54+1(3)

AdgH (u®, u®?, u®) (D(j)) =10

Sj

as in Proposition then dp(I9)) > §(AW)) — 2

Proof. Let (mq, 1), (ma, 2) and (ms, 3) be the pivot entries for AU), and put § = min; §(AW).
We consider first the case f > 1. Using the operations as in Corollary with 70D given
by the matrices in Proposition for the pivot (mq,1), we can find a change of basis such
that with respect to the new basis, the matrix AY) will have entries in its first column of
defect > . Apply the same argument for the second and the third column, we can make
also the second and third column entries have defect > § noting that by performing the
elementary operations in this order, the last part of Proposition [4.11] guarantees that we do

not lose the increased defect of an entry of AY) that was already made to have defect > 4.
During this process, Corollary and Remark show that even though §(AU*1) may
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decrease, whenever it decreases then the decreased value is automatically > § + 1. Thus,
by performing this process for each j, we arrive at an eigenbasis satisfying the first part of
the Proposition.

The claim on dg(I¥)) follows now by Remark O

Lemma 4.14. Let (z4)¢>1 be elements of R[v]. If limy_,o dr(z¢) = 0o, then there exists
z € R[v] such that x = >;° | xy.

Proof. This is because R[v] is (mp,v)-adically complete. O

Proof of Theorem [{.1]: By a repeated application of Proposition[4.13], we can find a sequence
of bases whose change of basis matrix converge by the above Lemma. Taking the limit
change of basis matrix produces an eigenbasis with respect to which AU) has the desired

form. O

4.2. Gauge basis. We introduce the crucial notion of gauge basis for a Kisin module

oM € Y027(R), and study some of its properties.

Definition 4.15. Let R be a complete local Noetherian O-algebra and let M € Y027 (R)

lifting 901. An eigenbasis 3 lifting 3 is called a gauge basis if the matrix ﬁg) 4 Mat 5(¢g7)sj+1 (3))

j
satisfies the degree conditions in the third column, row w; in Table

We now consider the question of the uniqueness of the gauge basis constructed by the
algorithm from the previous section. While the basis is not unique, it is unique up to
component-wise scaling by a torus. Let 91 € Y%’Q]’T(R). Any eigenbasis 3 for 9 induces
an eigenbasis on M /ud (i.e., a basis for MU) /udU) for each j compatible with the linear
action of descent datum). We denote this by 5 mod w.

Theorem 4.16. Let 9, M, 5 be as in Definition . The map
B+— F modu
induces a bijection between gauge bases of M and eigenbases of M /uIM lifting B mod wu.

The key consequence of Theorem which we will use in the next section is that the

addition of a gauge basis is a formally smooth operation.

Proof. Given a gauge basis § = (31)), scaling any 3) by the diagonal torus T'(R) gives a

new gauge basis. Hence, the map is surjective.
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It suffices then to show that if 81 and P2 are two gauge bases such that

(4.1) B1 mod u =Ly modu

then 81 = Bo.
Let us write EZ(-j) oo Matg, (a5, (3)) for i = {1,2} (we omit the subscript w; to ease
notation). Then the change of basis formula (2.5)) gives us

/ng)s;ilsj ( Ad (v W =it s @ —imt vasi“)’f’j’l)-go(idg—ﬁ—f(j)))sj_lsjﬂ = (id3+I(j+1))Ag])

where all entries of () which are on or below the diagonal are divisible by v. By the weak

genericity assumption, we see as in the proof of Proposition that

5;:15].(Ad(vasju),f—j—l’Uasj<2>,f—j—17vasj@),f—j—l) . SO(I(j))>S;15j+1 — 3

where M) € Mats(R[v]) verifies dr(M)) > dg(I9)). We obtain:
(4.2) AV 4B AV M) = V) 4 16+ 49

From equation , we now show that for all n € N, dR(I(j)) >nforall j=0,...,f—1,
i.e., that ) =0, for all j =0,..., f — 1. Suppose we have dg(I?) > § for all j.

Set AV 4! ggj)®RF = Zéj) ®@gF. We define a pivot (k(1),m(1)) € {1,2,3}? of degree i(1)
(cf. Definition via the requirement that Ay, = 0 for all k # k(1) and i(1) is minimal
among the degrees of the pivots of A9, Similarly, we define a pivot (k(2),m(2)) € {1,2,3}?
of degree (2) via the requirement that Ay,,2) = 0 for all k # k(1), k(2) and i(2) is minimal
among the degrees of the pivots of AY) which are different from (k(1),m(1)). We write
(k(3),m(3)) for the remaining pivot, of degree i(3). Table 4| shows that a choice of pivots
like this exists, because each Z(j) is obtained from an upper triangular matrix by permuting
rows and columns. Note that (i(1),4(2),i(3)) = (0,1,2) or (1,1,1).

For instance, in shape afa, we have (k(1),m(1)) = (3,1), (k(2),m(2)) = (2,2) and
(k(3),m(3)) = (1,3) and they all have degree 1.

For I € {1,2}, we have dR((Avgj))km(l)) > 4(l) for all £ € {1,2,3}. Furthermore,
dR((AD)jn(1y) = 3if k # k(1) and dp((AY)n0) = 3 for k # k(1), k(2).

If i(3) = 1, then one still has dr((AY) () > i(3) for all k but, when i(3) = 2 then one

loses precision and we just have dR((Ag]))km(g)) +1 > i(3) for k # k(3). Moreover, since
a pivot reduces to a monomial modulo the maximal ideal of R, we have (ggj ))k(l)m(l) =
x}“vi(l) + E; where dg(E;) > 3 and zj € R*.

For all n € {1,2,3}, we now compare the nm(1)-th entry of equation (£.2). We use

Trs for truncation (cf. Proposition which deletes the terms of degree < s. Taking
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s =1i(1) = d,<pq1) (the degree at the entry (nm(1))), one has

G+1) xi(1 (+1) 7U+D 76) U+ 7 6) _ .3(20) j
Injk(l)xl ( )+Injk(1)E1 + Trs (1) nk(2) (A7) k@ym(r)) + Trs () nk(3) (A7) k@ymay) = v° (47 M(J))nm(l)'

Here we use that the truncation kills off the contribution of A(j ) Agj ), and that v~ |] U H))

Since every term in the equation except the leftmost term has dr > d 4+ 3, we conclude that

dr(1U)) > 6+ 2.

k(1)
Similarly, by comparing the nk(2) entries and truncating, using that dR(IY(Lf(Fll))) >0+2,

we also have dr ([ 1Y j(Ll))) > § + 2. Finally, comparing the nk(3) entries and truncating, and
using dR(I(JJ(F;)) > §42forl = 1,2, we get dR(I(]kg))) > 0+1 (note the loss of -1 in the lower

bound for dg(I (JJ(F ))), which is due to the weaker estimate dR((Egj))km(g)) +1>4(3). O

4.3. Height conditions. Let 91 € Yi,""(F). We now compute the universal lift of 9t with
height conditions. Fix a gauge basis 8 mod p of 91 (Definition .

We consider the problem of deforming (91, 3). Recall the closed substack Y7 C y 0.2l
introduced in §3.1 and constructed in [CL, Proposition 5.2]. For any Artinian O-algebra
A with residue field F, let D%B(A) be the category of pairs (94, 34) deforming (9N, 3)
where My € YH7(A) and 54 is a gauge basis of M 4. By Theorem the morphism
D%B — Y%’T is a torsor for G2 .

The main result of this subsection is the following;:

Theorem 4.17. The deformation problem D%B 1s representable by a complete local Noether-
ian O-algebra R%ﬂ. Let (9UY| BUiVY) be the universal family over R%B. Then Mat guniv G)

is given in column 4 of Table[5. Furthermore,
(4.3) R%B ~ @J,(Rg(jpl)p-ﬂat, red

where Rg(jpl s given in the second column of Table@ and (Rg(jpl)p‘ﬂat’ red denotes its p-flat

and reduced quotient.

In order to prove Theorem we need the following preliminary result from [CL].
Recall that the p-adic Hodge type < (2,1,0) condition is imposed by flat closure from the
generic fiber; Theorem 5.13 and Corollary 5.12 in [CL] give a characterization of points of

Y7t for p-flat and reduced O-algebras R. In our setting, this translates into the following:

Proposition 4.18. Let R be a complete local Noetherian flat reduced O-algebra. Consider
My € YIORT(R) for some h and let AY) = Matg (gbgz)’s#l(g)) for any eigenbasis B of Mp.
Then Mpr € YPT(R) if and only if

gbgﬁuniv JSi41 (3) )
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(1) det(AV)) = ac}'fP(v)3 for 25 € R[v]*;
(2) P(0)*(AD)~" € Mats(R[v][1/p))
(recall that P(v) = v+ p).

We explain how was used to generate column 4 of Table [5| and hence column 2
of Table@ Letting AY) be the universal matrix lifting Z(j )

wj

which satisfies the degree
conditions in the third column, row w; of Table then Rg(jpl is obtained by first imposing

the conditions

i) for all 1 <4,k < 3 the (ik)-minor satisfies (A
i1) det (g(j)) = :E;P(U)g.

wj

0 (k)

1%)) = 0 modulo P(v);

and then performing a partial p-saturation process of the relations. For example, whenever
ol k . xpl

we have the condition (v + p) | v*Q(v), we actually get (v + p) | Q(v). The resulting R%jp

in rows from afay to afy in Table 5| are p-flat and reduced. We do not claim that the

remaining rings are p-flat and reduced, and we will not need that information.

Proof of Theorem[{.17. Since D%B is a formal torus torsor on Y%’T and has no non-trivial
automorphisms, we deduce that D%B is representable. The representing ring R%ﬁ is p-flat
and reduced, as it is equisingular to a complete local ring of M ().

Let R denote the right hand side of . Since R is p-flat and reduced, the relations
in R implies that the obvious Kisin module 9t with gauge basis over R is actually inside
Y%’T by Proposition (The Kisin module 91 is defined as the unique Kisin module with
descent data of type 7 endowed with an eigenbasis 3 such that Matg (qﬁ&) 5j+1(3)) = ﬁg])
Note that 9t has finite height since by construction it satisfies the determinant condition.)

Thus there exists a unique map ¢ : R%B — R such that g,(9WV, guniv) = (901, 8). On
the other hand the definition of the gauge basis, the elementary divisors condition satisfied
by 9"V and the fact that R%B is reduced and p-flat show that there is a map h : R — R%E
such that (9", gUY) = b, (M, B). One easily checks that the maps g and h are inverse
of each other.

0

Remark 4.19. Under the hypotheses of Theorem it can be shown that Y%’T has di-
mension 4f over O which implies that R%ﬁ has dimension 7 f over O. However, we will not

need this information in this paper.

We end this section by giving some sample computations of the partial p-saturation

process mentioned above:
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4.3.1. The afa cell. Assume that ﬁ(j) has shape w; = afa. From Theorem we deduce
that

C11 C12 c13 + P(U)CTS
AD =1 0 G+ PO)csy s+ P)ess
chv C39V 33+ P(v)dhg

where 3, ¢3;, ¢35 are units.
o\ (13)

Let us consider first condition ). The congruence <Agﬁ)o¢> = 0 produces (after killing

i\

2)
off an extra v factor) ¢ag = 0 and, similarly, (Aa Boc) = 0 implies ¢a3 = 0. This implies

i N (11) iy N (3K)
in particular that (Agﬂ)a) =0 and (A(J) ) =0forall k=1,2,3.

afa

i N (2K)
Similarly, we deduce from (A(j ) ) = 0 that

afa
*
€12€33 = —PC32€13, C11€33 = —PC31C13, C11C32 = C31C12

(for k = 1,2, 3 respectively).
Now condition i) becomes equivalent to

(cr1¢33 + pc3ie13) + P(v) (chgenn — s + pekici) — ¢z P(v)? = 2 P(v)?
which implies that

P(v) (053011 —c3ic13 +pC§10T3) - CglcT:zP(U)z = x*P(U)Q‘

We conclude that conditions ¢) and i7) and the partial p-saturation process above implies

the following relations
>k
€12€33 = —PC32€13, €11€33 = —PC31C13, C11C32 = €31C12
/
C33C11 — €51013 + pcycig =0

On the other hand, these relations imply that conditions ¢) and i) are satisfied. This
explains the fourth column, afSa-row in the table

4.3.2. The Ba cell. Assume that w; = Ba. We have

c11 C12 + P(’U)CTQ C13
A,(BQ = 0 co+ P(v)chy ca3+ P(v)chs
veh, vesg sz + P(v)dss

* k k 3
where c,, ¢33, €3, are units.

~r (12) ~c\ (13)
We consider first condition 7). From (A(B]o)z) =0 and (A(Bjo)é) = 0, we deduce ca3 = 0

and ceg = 0 respectively.
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o (11) i (3K)
These equations imply (A,(Bjo)) = 0 and (A(B]o)z) = 0 are automatically satisfied for

(2k)
g&) = 0, we deduce, for k = 2, 3 respectively,

all k =1,2,3. From (A
(4.4) C11C33 = —PC3iC13, C11C32 = C51C12
(21)
These relations together with the fact c3; being a unit implies (A 53) =0.
As for the determinant condition, we obtain:
P(v) (cha(criess + pejiers) + pezg(esacnn — ciienz)) +
P(“)Z (0116/22033 + C12€53Ch — PC31ClaChs — Ca1ChC13 — 011032033) +
CT2053C§1P(U)3 = x*P(U)g

which gives the equation
(4.5) C11C55C53 + C12€53C5) — PC31ClaChg — €5y Chyc1s — C11czacy = 0.

As ci1c30¢55 = €5 c12053, the equations (4.4)), (4.5) yield precisely the conditions appear-
ing in the fourth column, fa-row in the table Conversely, these relations imply that
conditions i) and i) are satisfied.

The computations for the other cells are analogous and left to the reader.
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5. MONODROMY AND POTENTIALLY CRYSTALLINE DEFORMATION RINGS

In the previous section, we essentially computed certain finite height G Galois de-
formation rings. We will now describe (framed) potentially crystalline deformation rings
R(ﬁQ’l’O)’T of p-adic Hodge type (2,1,0) at each embedding and Galois type 7. The codimen-
sion of Spec Rg’l’o)’T[l /p] in the finite height G k__-deformation space is f, the difference
being the existence of a monodromy operator (cf. [Kis06]). We describe this condition
explicitly in Theorem In most cases, it can be described by f equations on the generic
fiber (one for each embedding of K into @p). Although the equations involve power-series,
they can be expressed as polynomial conditions plus a transcendental part which is divisible
by a high power of p (due to the genericity condition).

In section §5.3, we obtain (in most cases) integral equations for the deformation rings by
analyzing the p-flatness properties of these equations. As a result, we obtain descriptions
of the special fibers of the deformation spaces. In §7] we use these descriptions to prove

instances of the Serre weight conjectures and modularity lifting.

5.1. Monodromy condition. We begin by recalling some notations from [Kis06]. Let
O"i& denote the ring of rigid analytic functions on the open unit disc over K. We fix an
embedding 08 — K[u], i.e. identify O™ with the ring of power series > 50, a,u™ where
a, € K verify |ay|p,r™ — 0 for all 7 < 1 (and hence &[1/p] is identified with the subring of
bounded functions on the open unit disc). Set

A= ﬁ " <E(u)> € ons,

n=0 p

We define a derivation on O"8 by Ny o —u)\%; the Frobenius on G extends to a Frobenius
@ on O'8, If A is a finite flat O-algebra, we define Oxg & orig ®z, A. For any Kisin module
My € Y[OQ}’T(A)7 we define its base change to O"8 as Smj\ig f My ®s O"8. We have a
decomposition DJtlxg = @f;é Sﬁj\ig’(j ),

One has the following important result:

Theorem 5.1. The module im;\ig[l /] is equipped with a canonical derivation Nyxie over
A
Ny such that

and Nng mod u = 0. The module ﬁﬁf\ig is stable under ij\ig if and only if T ,(9M)[1/p]
s the restriction to Gk, of a potentially crystalline representation of Gk which becomes

crystalline when restricted to G, .
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Proof. This is essentially [Kis06, Corollary 1.3.15]. It is stated there without tame de-
scent data, however, using the full faithfulness of the restriction from crystalline G-
representations to Gp__-representations (Corollary 2.1.14 loc. cit.) one can extend the

result to the potentially crystalline case. O

We remark that the monodromy operator N,..i respects the decomposition i)ﬁfxig =

E):nA
@;;éimf{g’(]). In particular, one has N(]H)gbm = E(u)é(]) NY). where Nng]tZig is the
A

mye Tomle e onte
monodromy operator induced by ij\ig on E)ﬁlxg’(] ),

Let My € Y027 (A) be as above and let § = {£)} be an eigenbasis for 9My. Given
the finite height conditions on 9%y, we always have NmrAig (My) C %Sﬁf\ig by same argument
from [Kis06l, Proposition 2.2.2]. In what follows, we set C7~1) &f Matg(qﬁégt_l) ) and define

A
. . /) def j
the matriz of the monodromy at j as NG & Matﬁ(Ngég).
The following Lemma shows that we can construct Néﬁ;) by successive approximation.

We state it in a slightly greater generality than our specific situation.

Lemma 5.2. Let 7 be a tame inertial type and let My € YIO27(A) be a Kisin module over
A. Let Néj) =0 forall j € Z/fZ. For each i > 1, set

N d:efE(U)C(j—l)gp(N(jzl))(C(j—l))—l — Ng(CU-Dy(cl-1)-1,

3 11—

Then Ni(j) converges in % Mat((’)zig) to N. Moreover, Adg, (u®t,u®2, u®) (Né?) € Mats ((O;\ig)Azl)
Proof. We show by induction that

(5.2) AN, — N9y € w7 Mat(OFE)

)

for all j and ¢ > 1. This proves that )\Ni(j ) converges to ANY in Mat(A[1/p][u]) and satisfies
the commutation relation with Frobenius, and thus we conclude that /\Nég) = )\No(g) €
Matg(Of\ig) (a priori, the convergence happens in a formal power series ring, however one
can estimate the Gauss norms to see that sequence actually converges in (’)Kg).

The inductive step for ¢ > 1 follows easily from the relation

NGHE E(pwc(j—% (A(NED = NIV (cUn)

since we have E(U)Q(C(j_l))_1 € Mat(AJu]) by the height condition. For the base case, we

consider

AN = —ANg(CU-D) (el L,
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By the height condition, \? (C(jfl)) € Mat(@ &) so it suffices to show that
1 .
(5.3) XNV(CU—U) € uMat(Afu])

which is obvious.
The last assertion is an immediate consequence of the compatibility between the descent

data action on imfig and the monodromy operator. ]

We now state the condition which controls the poles of the monodromy operator. Recall

1
that we fixed 7 & (—p)»’-1 as a uniformizer for L.

Proposition 5.3. Let My € Y027 (A) with eigenbasis B, and write MatB(N(j) ) = NY =

rlg

lim Nl.(j) as in Lemma . Then Smf\ig is stable under Nyprig if and only if
A

1—00
AN |yer=0

for all j.

Proof. Since ANY) € Mat(O}2), 9LE is stable under N, o if and only if AN is divisible
by A. Since A has simple zeroes exactly at {Cﬂ'l/p |n > 0 CeO, e = 1} it suffices to
show that
AN | yersom =0

for all n > 0, ¢ and all j. The commutation relation N(jz‘g¢gti;) = E(u)qbgti;)]\f;;iigl)
translates into

NYcU-Y 4 Ng(cUY) = E(U)C(1*1)¢(Nég*1))_
Since €U~ is invertible at (7'/?" when n > 0 and NV(C(J'*D) is divisible by A, we see
that

ANG= | no1=0 = AN [ _p1mm=0.

u:Cpﬂ-l/P o0
for all n > 0. Thus, we are reduced to checking the pole condition at © = {7 for ¢ being
an e-th root of unity. As N are all conjugate to matrices in A[1/p][v] by Lemma m we

are reduced to check the condition at u = . O

By construction, No(g) only depends on the (C9)). So, of course, )\N |u = also only
depends on the C'9). In general, however this could be a complicated condition on the
coefficients of (C¥)). We now show in fact this condition can be written as an explicit
polynomial equation plus an “error” term which is divisible by a power of p depending on

(2)170)77—

the genericity of 7. If 7 is sufficiently generic, the special fiber of R will only depend

on the “leading term.”
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We will want to apply our condition to the universal finite height deformations con-
structed in §4.2. Let R be any complete local Noetherian flat O-algebra with finite residue
field. Define C’)gg to be the power series > o0, a,u™ with a, € R[1/p] such that p"ak — 0
for all k& > 0.

Let My € YIO27(R) equipped with an eigenbasis 8. As before, we let C'7) g Matg(qﬁgt)R)
and write Mat/g(Nig%) = N9 = }EEONi(j) as in Lemma Note that N§) € % Matz(O52).

We will now study the convergence in Lemma more carefully.

Lemma 5.4. We have
1 j— a a a i
XNV(C(J 1)) — Adsj(u L2y 3)(A(g 1),1)
where AV € Matg(R[v]). Furthermore, AWt mod v is upper triangular nilpotent.

Proof. Applying Leibniz rule to (2.4]), we see that

(5.4)
AG-DF _ Ot

u

21 @ G G G- Dya(al) @) 0)
AU — Diag(a,) ), a5, 8, (3)) A7 + AUV Diag(a] 1)), a8 1)

which is a matrix in v. Furthermore, —u%A(j —1) is divisible by v and the rest is 0 modulo

v along the diagonal. O
Definition 5.5. We define the leading term as
Py (AU=D) & 4G p(y)2(AU-1) 1,

Note that

Py (AU = 2 <—evdA(j1) + A(jfl)Diag(a(j) a¥_ a¥ )> <

dv 55(1)? %s;5(2)7 Ts5(3) adj(A(jl)))

P(v)

modulo P(v), where z; € R* is a suitable unit.
The following theorem is the main result of this section:

Theorem 5.6. Let My € Y27 (R) equipped with an eigenbasis 3 and let Nég) € % Mat3(02g>
be defined as in Lemma[5.3 above. Assume that T is n-generic with n > 2. Then

err

AdS M, u® ) AND) [ = 2 ( Pr(AGDY [y —p! M(j))

where z is a unit in R[1/p], Px(AU=D) is as in Deﬁmtion and MY) € Mats(R).
Moreover there exists a matriz ZU) € Matz(R) such that

MU — (A(j’1)|vz_p)Z(j)((P(v)Q(A(j’l))’l)]U:_p).

err
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Proof. Let’s examine the sequence from Lemma in more detail. Consider that

N = NP+ SN - N
1>1

_ Nl(j) + Zc(jfl)so(]\]i(jfl) _ N(ZIl))E(u)(C(jfl))fl

7

i>1
+i<H%p C«(Jkl))(p (ch(akl)))
i>1 = k=i—1

where CU):* .= E(u)(C(j))—l
From Lemma we deduce that

. 2 .
ANY = —‘p?) Adg, (™, u®2,u®) (P (AUY)).

Let z = |u ~ which is in 12 O since ¢"(E(u)/p) has constant term 1. Now consider

the trailing term

) (ﬁ Sok:(o(j—k—l))> N(J z) ( H GF(Cl=k=1), )>
k=0 k=i—1

for ¢ > 1. Substituting Nl(j_i) = Q ( duC’(] - 1)) CU—=1)* e can rewrite this as
(5.5)

X0 .= £ L0 (HSD ]“)@i(u JH)(HSO( C’(Jkl))).

We would now “remove the descent datum” and write this as an expression in the AU)’s.
Define

j - a a: a 1 j
5 20 = Al ) ()

and note that so far we can write

PP AL (w2, ) (ANG)) = —p(A)? Py (AV7D) + 3 i (0220
i>1
We inductively show that Z(j) % Mat(R[v]) when i > 1 and Z(j) ﬂ Mat(R[v])
(recall that n < p_ ). This suffices to prove the first part of the Theorem by evaluatmg at

u=m (e v= —p), and shows in particular that

(5.7) err — 2 Z SOZ—H ‘v—*p

i>1
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)
with 252 € Mat(R) for all i > 1.

First observe that by compatibility with descent datum and by the height condition

A (2, u®) (GM(CUTFD)), AdgH (™ w2, ) (98 (B(w)CYTF D)) € Mat(R[v]).

sj
The key divisibility comes from the middle term. Take ¢ = j — 4, then
. , d
}/i(J)vT I Ad;l (ua1’uag7ua3) <90l <udC(€1)>>
U
i (£) ) i (£) €)) i (0) @) )
=sAd (u” “se(lf“s]ew,up “se(zf“s]e@,up a54<3>a8]4<3>> (sol(A“*”’T)) st
—sAd (U'f'i,l,vriﬂ’ UT‘z‘,S) ((pi(A(E_l)’T)) g1
' ' pia® g
for some s € S3, by the same calculation as in 1} We have = ¢ “sek) = ik = gTik

for some r; ; where r;1 > 7;2 > ;3. When i = 1, we have ry; = Ay (k) f—t—1 and by the

n-genericity condition,
p—1l—n>|ri1—rigl|rig—rgsl>n
which implies that v | Yl(j )t When i > 1, an elementary calculation shows that
(p—1—n)p" ' >|rig—riglIrig —rig = (n—1p~*
and so v(—DP' " | Y;(j T We now prove the second statement in the Theorem. An easy

-1
J

computation shows that, by letting s;;_1 g sj—1 (cf. the proof of Proposition [2.15]),

one has

. . (297 .
ZZ.(J) = AUD Ads_jl(ual,ua?,uai”) Adg,_, (uP?, uP?2, uP?s) ol 2 P(v)?(AU-D)~1
p

- o(277") -
= AU g, [ Ad(v®i-10F 7 y%i-1®:0 =5 %130 i1 3;]171]3(@)2(14(]*1))*1
p 2

forallj =0,..., f—1andi > 1 (and where we define Z(()j_l) o Adg,_ (u®,u®2,u3) (uiC(]’*Q))

du

for all j). We now prove that

(-1

(Ad(vasj—l(l)afj7Ua’5j—1(2)»fj’vasj—l(:")ufj) <(p(Zi1 ))) lo=—p € P""* Mats(R)
p
for all 4 > 1 from which the conclusion follows easily from (5.7]).

For ¢ > 1 we have
(4-1)
7
(ﬂ}f)vaeﬁ2mmm>



POTENTIALLY CRYSTALLINE DEFORMATION RINGS & SERRE WEIGHT CONJECTURES 51

(G—-1) ne1)pi—1 (J—1) n
using the fact that @(Z’;l ) ¢ of ;)-p Mats(R[v]) fori > 3 and w(ZlTJ) € ”p% Mats(R[v]).

This together with the n-genericity of 7 gives the desired inclusion in this case. For ¢ = 1

the inclusion follows from Lemma [5.4] O

Let M € Y7 (F) with shape w = (o, w1,...,Ws_1). Fix a gauge basis 3 on M. Let
R%B = ®jez/ fZ(Rg(jpl)p‘ﬂat7 red where R%’;pl is given in the first column and w; row of Table

@ This represents the universal family (9t"V, 391V of deformations of (90, 3) (Theorem

117,

Definition 5.7. Assume that 7 is n-generic. Let AU~ = Matg((ﬁ(._l) . The mon-

, )
muniv ,55 (3)
odromy condition at j on (imuniv,ﬂuniv) is

PN(A(J'*l))\U:_p = p" 1MUY

err *

Let [, r(g()m C R%B be the ideal generated by the nine equations from the monodromy condition

at j.

The following proposition allows us to reduce, in most cases, the monodromy condition

to just one equation.

Proposition 5.8. Keep the hypotheses of Theorem . If wj—1 # id, then Ir(g()m[l/p] 18

principal.
Proof. Recall from Theorem [5.6] that we can write
prIMY) = (A(j’1)|vz_p)2(j) — 2/»(]’)((13(1))2(14(%1))*1) lo=—p)

for some ZU), 70 ¢ Matg(RTﬁ’B[l/p]).
Furthermore, we have Py(AU=1) = AU-D1P()2(AU=D)=1, We also claim that Py(AU~1) =
AU=DY mod P(v). This follows from (5.4)) and the fact that

d ; j
e (7-1) 20 A(G-1)\-1) —
u- (AUDP@AAU) ) =0 mod P(v),
which implies
_udi(A(aen)P(v)Q(AU*U)*1 = AU*”udi (P(u)*(AY"Y)™") mod P(v).
» U

We conclude then the monodromy condition satisfies
(5-8) Py(A9™ D) ey = p" T ME) = AUV X = XT(P(0)2(AYTY) T ey

for some X, X’ € Matg(R%E[l/p]).
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Each 2 x 2 minor of the matrices AU=1|,__, and (P(v)?(AU~1)~1)|,—_, is zero by the
height conditions, in particular these matrices have rank at most one. It follows from
5.8 that the ratios between the rows and the columns of PN(A(jfl))|v:_p — " Mo
are the same as the ratios of the rows of A(j_1)|v:_p and the ratios of the columns of
(P(v)2(AU=1)=1)|,—_, respectively. A survey of Table [5| shows that as long as w,_; # id
the matrix AU—D|,__, € Matg(RTﬁ’E[l/p]) has at least one unit entry (say in row m) and
the same is true for (P(v)?(AU=)~1),__, (say in column k).

It follows that Ir(njgn[l/p] is generated by the (m, k)-entry of Py (AV™Y)|,—_, — p" ' Moy,

hence is principal. ]
In Table IEI, we list the one equation which generates Ir(ggn[l /D).

Remark 5.9. Proposition is false for the case w;_1; = id. The reason is that the mon-
odromy conditions only cut out potentially crystalline representations whose Hodge-Tate
weights are < (2,1,0), and so the Hodge-Tate weights could be either (2,1,0) or (1,1,1).
In case of id shape, the representations with Hodge-Tate weights (1,1,1) do show up, and

one must further refine the monodromy condition to get rid of them. This will be addressed

separately in

5.2. Potentially crystalline deformation rings. In the previous section, we gave a
condition for Kisin module with descent datum and p-adic Hodge type (2,1,0) to come
from a potentially crystalline representation (Proposition . We will now construct a
candidate for the (framed) potentially crystalline Galois deformation ring.

We begin by introducing some deformation problems. Let p : Gx — GL3(F). Recall
that R(ﬁQ’l’O)’T is the universal framed potentially crystalline deformation ring with p-adic
Hodge type (2,1,0). Let D%’D = Spr%z’l’O)’T denote the deformation functor. Since we will
always be working in parallel weight (2,1,0), we omit the p-adic Hodge type in the notation.

Assume there exists M € Y7 (F) such that T;,(M) = plg,_. Note that this is a
necessary condition for R(;’l’o)"r to be non-zero. By Theorem @ if such a Kisin module
exists, then it is unique. Furthermore, we fix an isomorphism 7 : T}, (M) = plg,.__ -

We fix a gauge basis 5 of 9 (in particular, Matﬁ(qﬁ%{ has the form given in Table

4).

5j+1(3))

Definition 5.10. In the following definitions, all data is taken to be compatible with the

corresponding data on 9 when reduced modulo the maximal ideal.
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(1) Let RZY denote the complete local Noetherian (-algebra which represents the
M,p

deformation problem

DT—DJ}%(A) = {(WA7PA75A) | M4 € YT (A), pa € DFZ(A), 04 : Tig(9Ma) = (PA)\GKOO}

(2) Let R%B%D denote the complete local Noetherian O-algebra which represents the

deformation problem

Tﬁémm) _ {(‘.)JIA,pA,CSA,ﬂA) | (M A, pa,da) € D%%(A),BA a gauge basis for EUZA}

(3) Let R%B be as in Theorem |[4.17| which represents the deformation problem D%B(A).

(4) Let R%B’D denote the complete local Noetherian (O-algebra which represents the
deformation problem of triples (94, Ba,e,) where (M4, B4a) € DS%B(A) and ey is
a basis of T,;;(M4) lifting the basis on plg,_ so that (T7,(Ma),ey) is a framed
deformation of plg_ -

(5) Let R%B’V denote the O-flat and reduced quotient of R;T’IB such that Spec R%B’v [1/p]
is the vanishing locus of the monodromy equations on Spec R%E[l /p]. We define

R%ﬁ =V from Tﬁﬁ Hin a similar way.

The relationships between the various deformation problems are summarized in the fol-

lowing diagram. The square is Cartesian and f.s. stands for formally smooth.

T,5,0,V f-s 7,5,V
(5.9) Spf R — SpfRg;

T,5,0 C T.5,0 fs. .8
Sprﬁﬁ > Sprﬁ — Sprﬁ

J s

SptRL™ «—— SpiRE

The maps which are formally smooth correspond to forgetting either a framing on the
Galois representation or a gauge basis on the Kisin module. The former is clearly formally
smooth while the latter is formally smooth by Theorem The dotted arrows will be
proved in Proposition and Theorem [5.12 below to exist and be closed immersions when
ad(p) is cyclotomic free.

The isomorphism between SpfRZ"" and Spr%?ﬁ is Corollary If M has shape (@, . .., Ws_1),
then R%B = @(R%pl)p'ﬂat’ red where R%pl is given in Table E (Theorem [4.17). As we will

see, as long as w; # id for all j, the map £ will be an isomorphism (see Remark .
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The following Proposition follows from Proposition [3.12

Proposition 5.11. Assume that ad(p) is cyclotomic free (Definition [3.8). The obvious
map

T.5,0 T.5,0
Sprﬁﬁ — Sprﬁ

between the deformation spaces defined in Definition s a closed immersion.

Theorem 5.12. Assume that ad(p) is cyclotomic free. The map
T7B?D T7B7D
Sprﬁ,ﬁ — Sprﬁ

inducing a surjective map R%B’D’V AN R%B’D. Furthermore, if

)

factors through Spr%B»DV
wj #id for all j € Z/f7Z, then £ is an isomorphism.

Proof. Both R%B’D and R%ém are flat O-algebras. Furthermore, R%?%D[l /p] is reduced since
the same is true for the potentially crystalline deformation ring R%’T. Thus, it suffices to
show factorization at the level of Q,-points.

For any @’ finite over O, an O'-point of R%@D
Y#T(QO') such that T),(9Mer) is a lattice in a potentially crystalline representation with
Hodge-Tate weights (2,1,0). By Theorem the monodromy condition holds at the

corresponding O’'[1/p] point.

corresponds to a Kisin module My €

Any homomorphism R;?B BV o gives rise to a Kisin module My together with a
gauge basis on which AY) = Mat 5((1)%)0“5],“(3)) has the form given in Table Furthermore,
Mo ®s O is stable under the monodromy operator and hence T,(Mo/)[1/p] =: Vg
extends to a potentially crystalline representation of Gx. The claim is as long as w; # id,
then Vg has p-adic Hodge type of parallel weight (2,1,0). The p-adic Hodge type at the
embedding o; is (1,1,1) if and only if the Frobenius C () is divisible by E(u), equivalently
AU) is divisible by P(v). A survey of last column of Table shows that this can only happen

when w; = id. ]
Corollary 5.13. Assume that ad(p) is cyclotomic free. If w; # id for all j € 7/ fZ, then
T ~ P76,V
RET[Sy, ..., Saf) = RZOV[Ty, ... Ty].

Remark 5.14. The assumption that ad(p) is cyclotomic free is automatic (by Proposition
3.9) if one assumes a slightly stronger genericity condition on 7 which forces p to be 2-
generic. In any case, it is likely that this assumption could be removed by using more about

the tangent space of the potentially crystalline deformation ring.
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5.3. Explicit deformation rings. We now proceed to compute R%B VY for generic 7 (which
means 5-generic cf. Definition in many cases thus obtaining by Corollary a de-
scription of R, Assume that w; & {«, f, v, id} for all j.

Recall that R—’ﬁ = (X)(Re)(pl)p'ﬂ‘r’Lt red where R(iP is the O-algebra corresponding to shape
w; in Table @ Let Imon C RTB denote the p—saturatlon of the sum of the ideals II(I{())D
generated by the monodromy condltlons (Definition . By definition,

%ﬂ;v _ (R’Lﬁ/'fmon)red‘

expl,V of RT B

Now, we can consider the explicit quotient R given by imposing the single

monodromy equation for each j in Table [f] By Proposition
xpl,V BT
REPYV(1/p) = RZP [ Tnon[1/p).

The aim is to determine the p-torsion free and reduced quotient R%E Y of R%p bV As long
as w; has length at least 2 for all j, this is non-canonically isomorphic to a completed tensor
product of the explicit rings ReXp1 v given in Table Note that Table 7| gives Rexlo1 V for

wy ’ wj

each shape of length at least 2, W1th further conditions from 0.

Remark 5.15. Table [7] only includes the Refpi’_v for our chosen representatives for the J-

M, w;
orbits on Adm(2,1,0) (see Corollary and Remark [2.25). If @’ is in the same d-orbit as
w, then the explicit ring for that shape is isomorphic to Reﬁxpl’v, only the labelling of the

,Wj
variables by entry changes.

We give two sample calculations of R%ﬁ "V with the rest being similar. The computations

below show that this is a quotient of (a completed tensor product of) the ring appearing in
Table[7] Since the rings in Table[7] are reduced and p-flat and satisfy the defining relations

of Rg;(jpl and the monodromy conditions, this gives us R%B v
5.3.1. The afa cell. From the monodromy equation in Table [6 we have
(5.10) (e — (a — ¢))ezzchy — pla — b)cazesg + pechychs + O(p"2).
By the finite height and determinant equations, we see that

c11(cs3 + peh) = —pPcischy

hence ¢11 is a unit in R%B[l /p]. We multiply (5.10) by ¢11: using the finite height and the

determinant equations, we obtain after easy manipulations:

c11 ((a — b)easesy — (a — ¢)csachs) + ple — a+ ¢)ch chyciz + O(p" 7).
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In particular if the descent data is generic, we can write
/
c11 ((a —b)cagese — (a — c)c§2033) =pz*

where 2* is a unit in R%ﬁ. Let y45 = ((a — b)023033— (a—c)cyychs)(2*) 1 which replaces ;.
(Note that the former change of variables in R‘%} makes sense even if the unit z* involves

s4.) We have

(5.11) C11Y43 = p.

By p-flatness, y44 is not a zero-divisor, and we can multiply the first height equation by y4s

to get

E10)

/ ! * ! E3
Y33C11€33 = —PY33C13C31 €33 = —C13Y33C31

thereby eliminating cs3. The second finite height equation can be solved to eliminate ci3.

We are left then with the one equation

/
C11Y33 = P-

There are two cases. When (a — b)¢23Cs2 — (a — ¢)T3Chy # 0, then y44 is unit in which case
we can solve for ¢j;. Otherwise, y45 is in the maximal ideal, and we are left with this one

equation as in Table

5.3.2. The Ba cell. From Table [6] the monodromy condition gives

(5.12) (—e+a — ¢)cg3chy + pla — b)esachy — pechychs + O(p™2).
By the finite height and determinant equations, we see that

1
/ / / _ * * *
c11(caCs3 + 5033022) = PC12€a3C31

hence ¢y is a unit in R%B[l /p]. We multiply ([5.12)) by c11: using the finite height and the

determinant equations, we obtain
p (c11((a — b)esachy — (a — €)chycss) — ple — a+ ¢)ciacszch;) + o™ ).
In particular if the descent data is generic, we can write
c11((a — b)esachs — (a — c)chychs) = pz”

where 2* is a unit. Let ys2 = ((a — b)csachs — (a — ¢)chychs)(2*) ™! which replaces c3g so that

we have

C11Y32 = P-
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Multiplying the first height equation by 32, we get

& *
Y32€11€33 = —PC31C13Y32 = €33 = —C31C13Y32
thereby eliminating cs3. Let y13 = —(c11¢h3 — 13¢5, )(chsclachy) ™t which replaces c¢13. We
have reduced the equations to
j— / j—
C11Ys32 =P, C2¥13 = P-

There are again two cases. When ¢33 # 0, y32 is a unit in which case we can solve the
first equation. Otherwise, y3o is in the maximal ideal in which case this is a minimal set of

equations. Note that c;3 = 0 modulo w so y13 is never a unit.

5.3.3. The af cell. The computations are similar to the Sa case and we only outline how to

obtain the relevant monodromy equations. From Table [6] the monodromy condition gives
(5.13) (e — a4+ c)egieas + ple — a + b)chychs + pla — b)esichs + O(p"2).

Note that cq2 is a unit in R‘%} [1/p]. Multiplying the determinant equation by cee and using

the finite height relation coscis = c12¢03, we obtain

* / _ * %
c12(C23C50 — C33C22) = PC39Ci3Ca2

hence c¢12 is a unit in R%’B [1/p]. We multiply (5.13|) by c12: using the finite height equations,

we obtain
—(e = a+¢)pciscs iy + ple — a+ b)eiacs s + pla — b)craczichs + O(p" ).
Using now the determinant condition, we finally get
p (c12((a = b)esichs + (b — e)chi ) — ple — a+ €)csy chpeis) + O™ 2).
In particular if the descent data is generic, we can write
c12((a — b)esichy + (b — ¢)chy chs) = p2”

where z* is a unit. The computations are now similar to those of the S« case.
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6. BASE CHANGE

In this section, we extend the results of §4-5 to non-principal series tame types. These
tame inertial types provide more flexibility in isolating certain combinations of Serre weights
in global applications. The setup is similar to [EGS15] where deformation rings for tame
cuspidal types are computed for GLs. The end result is that the deformation rings have
essentially the same form and shapes as for the principal series types.

Let r € {2,3} and define f’ . fr, K’ . Q- We write e pf — 1, let 7' ¥ 77 and

£
7

set I/ & K (7). We fix a sequence of p-power roots 7, of 7/, such that «}, <" = m,, and set

L, = U U(m), Ko = U K'(pa), Lo = U L(m) and Koo = U K(pn)-
neN neN neN nen

We have Gal(L. /K~ ) = Gal(L'/K) is generated by A’ ' Gal(L//K") and & subject to
the relations g5 = g?’ and 6" = 1 (here & is characterized by & (') = ' and 5(¢) = ¢?’
for ¢ any €’-th root of unity). We will fix once and for all a lift of & to Gx__, and abusively
also call it o. Note that the image of ¢ in Gal(K/ /K) is a generator.

As in Section we have the rings Ogun x = Ogun g with an action of Gk, and
subrings O¢ i, O¢ 1, Og ik and Og 1 which are the ring of invariants under Gk, G,
Gk, and G/, respectively.

Recall the character w, : I'xs — W (k')*. By fixing an embeddingl 0( : k' — F extending
oo : k — FF, we obtain a fundamental character wy satisfying w;?/ = wy. We also fix a
compatible embedding of, : W (k') — O, which allows us to regard wy as an O* -valued

character.

6.1. Tame descent datum. Recall the notations and the general setting of Consider
f-tuples aj, € {0,...,p — 1} for 1 < k < 3 and the following tame (non-principal series)

inertial types 7:
a0 pfal® a0 i@ 0

3 *pfaéo)
wf/ @ wf/ @ wf/

when r = 2

0 0 0 0 0 0 0 0 0
e T T T

We write 7/ for the base change of 7 to K'/K (which is just 7 considered as a representation

of Ixs). There is a triple (a},a),a}) with a, € {0,...,p — 1}/ associated to 7/ such that
7(0)
k

7 =1 ®ny B nz with n, = w;/a (with the characters ordered as above). We say that
the type 7 is n-generic if 7/ is n-generic (equivalently, the triple (aj, as, as) is n-generic).
Similar conventions apply for the notion of genericity, weak genericity and strong genericity.

Let (s;) € Sz,{ be the orientation of (aj,as,asz) (cf. Deﬁnition
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The following lemma records the effect of base change on the orientation:

Proposition 6.1. Let 7 be a weakly generic tame type. For0 < j < f—1and0<i<r-—1,
define

Sjpif =5y 08j € 53
where sy = (23) (resp. sr = (123)) if r = 2 (resp. r = 3). Then, the f'-tuple (s,) € S?{/ is

an orientation of T'.

Proof. This is a casewise computation, remarking that the orientation at j’ on (af, aj, a%) is

determined, under the weak genericity assumption, by (a} Fro1—jr ay, Fro1—jr as, pro1-)- O

We now study Kisin modules with descent datum of type 7 in relation to Kisin modules
with descent datum of type 7/. In the next subsection, we will apply this to potentially
crystalline deformation rings with tame Galois type 7. We write 0 € Gal(K'/Q)) for
the absolute Frobenius on K’ and recall A’ = Gal(L'/K’). We also denote by o the
automorphism of W (k’)[u] which fixes u and acts as o on W(k). This extends to an
automorphism of Og¢ 1/, also denoted by o, and o agrees with the Galois automorphism

o € Gk, on Ogun ¢ restricted to Og 1. We define a Frobenius-twist morphism
(ofy* : yloRT ylom.r’

Let R be any O-algebra and let M € YO/ (R). Define (of)*(9M) to be the (W (k') Rz,

R)[u]-module obtained from 9 via the base change o/ : W (k') — W (k'). We define the

Frobenius by ¢, (an) ©(of )*(é9m) and an action of A’ via the canonical isomorphism

—

()" (o7 () = (/)" (57 ()
using that g — gpf is an automorphism of A’. In the Lemma below, we see that if 91 has

type 7/, then (of)*(9M) has type (7')? " == ()P @ (mh)? " @ ().

We have a canonical 0~/ semilinear bijection (¢/)*(9) — M given by a@m +— o=/ (a)m.

Lemma 6.2. Let M € YO (R). For all j € {0,...,f — 1}, one has the following

commutative diagram of R[u]-modules

)
d’(af )* ()

o (o) (m)) ) (o) (9m)) I+

(G—1)

) n ol—F+1)
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Furthermore, for any character n : A’ — O, one has the following commutative diagram

of R[v]-modules

(j—f+1)

Wgﬁ(j;f) m ; .
nP nP

with horizontal maps induced by the Frobenius.

Since 7’ is the base change of the tame inertial type for I, (7/ )pff = 7/ and the Frobenius-

twist induces an automorphism of Y#7' . We define the ‘fixed points’ of this automorphism:

Definition 6.3. For any O-algebra R, define
YHT(R) = {(9M,0) | M e YT (R), 0 : (of)"(9M) = 9}

such that the following cocycle condition holds: vo (of)*1 = idgy (vesp. to(of)*1o(a?f)* L =
idgy) when r = 2 (resp. r = 3).

We define Y9217 in a similar fashion.

A morphism (9;,¢1) — (My,12) in YA7(R) is a morphism 9% — My in Y47 which
commutes with the Frobenius twist.
Let R be a complete local Noetherian O-algebra. Recall from Section the functor 17,

from Y*7 (R) to G K'_-Tepresentations given by
T3a(M) = Vgy(M) = Homg o, (M, Ogun i7)

where M = My (xry[u] Oc, 1 18 the étale p-module with descent data corresponding to 901.
If (p,V) is a linear representation of a group G and v is an automorphism of G, the
-twist of V' is the G-representation obtained by the composition po ) : G — GL(V).

The following computes the effect of Frobenius twisting under 77
Proposition 6.4. There is a canonical bijection
can : Ty(9) 5 Tl (0! ) ()
which identifies Tj;((07)*(9M)) as the Ad(G)-twist of Tj,(IMN)

Proof. We construct the map by sending h € Homy o, ,,(M,Ogun /) to ¢ o h, which

is a of-semilinear map from M to Ogun i commuting with ¢, hence gives an element
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of T%,((a)*(9M)) (namely id ®,s h). One easily checks it has the correct equivariance
properties. O

Lemma 6.5. Let G be a group and G' a normal subgroup of G such that G/G" is a cyclic
group of order d. Let g € G be an element lifting a generator of G/G'. Let V be a linear
G'-representation. Then the data of an extension of the G'-action to a G-action is the same
as the data of a linear isomorphism h: V =V such that

(1) h(g'v) = (Ad(g)(¢)) h(v),

(2) hi(v) = g%(v),
forallveV and ¢ € G'.

Proof. The data of h is exactly equivalent to the action of the element g, and the conditions

are exactly what is needed to make it a group action of G. ([l

Proposition 6.6. Let R be a complete local Noetherian O-algebra and let (M, ) € YH™(R).
Let M be the étale p-module associated to M. Then the data of an extension of the Gk:_-
representation Tj,(IM) = V3i,(M) to a Gk, -representation is equivalent to the data of an
isomorphism

v: (6 (M) S M
satisfying the cocycle condition (cf Definition .

Proof. This follows from Proposition Lemma and the fact that V%, is an anti-

equivalence. Note that the action of & on V% (M) is given by V%,(.71) o can. O

Corollary 6.7. Let R be a complete local Noetherian O-algebra and let (9, 1) € Y#T(R).
The G_-representation Tj,(9M) admits a canonical extension to a G, -representation

which we denote by T, (IM).

Remark 6.8. The étale ¢p-module M over O¢ 1/ associated to 91 has an action of the group
A’ from the descent datum. The isomorphism ¢ extends this to an action of Gal(L'/K).

One can describe T}, as
Ty (M) = Vag(M) = Homp 0, |, (M, Ogun )
with the Gk__-action given by g- f def gofog !, where Gk, -acts on M through Gal(L'/K).
Proposition 6.9. Let (M,7) € Y*7(F). If w = (Wp,...,Wp_1) € W' is the shape of M

considered as an element of Y7 (F), then

@ =,

-
i I whenever j; =j, mod f.
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In other words, MM has parallel shape.

Proof. The isomorphism 7 induces an isomorphism my) = gpl=h) oI (Lemma . The

775;,(3) (,759@

Proposition follows from the fact that (ns;_(3))pf =15, ,(3)- O

Definition 6.10. Let p : Gx — GL3(F) such that T, (M) = plq,_ for some (M,7) €
Y#T(F). Define w(p,7) = (@o,...,ws_1) € Adm(2,1,0)/ where w; is the shape of M €
Y#T (F) at j' for any j/ = j mod f. This is well defined by Proposition and Theorem
applied to plg,, and 7.

We now discuss gauge bases in the current setting.

Definition 6.11. Assume 7 is weakly generic. Let R be a complete local Noetherian
O-algebra and let (M,:) € YI%27(R) . A gauge basis of (MM,¢) is a gauge basis 3 of
oM e Y1027 (R) which is compatible with ¢, that is, t((c/)*(8)) = 5.

Proposition 6.12. Assume 7 is weakly generic. Let R be a complete local Noetherian O-
algebra and let (M, 1) € YIOAT(R). Then the set of gauge bases of (M, 1) is a torsor for
(Resw 1)/, T(R)"' =4 = T(W (K) ©z, R)*' =

Proof. Let B be a gauge basis of M € %27 (R). Then By = 1((of)*(81)) is also a gauge
basis of M. By Theorem the set of gauge bases of M is exactly T (W (k') ®z, R)B1 (note
that the proof of Theorem also implies that gauge bases of 9 are uniquely determined
up scalings). Thus f#; = ¢fy for a unique ¢ € T(W (k') ®z, R). The cocycle condition
satisfied by ¢ is equivalent to ¢ - of(c)---o""Df(c) = 1. Observe that ¢((of)*(t61)) =
ol (t)u((6)*(B1)) = of (t)eBr. Thus the set of gauge bases of (I, 1) is exactly the set of
solutions t € T(W (k') ®z, R) to the equation t = o/ (t)c. As Resyy(x1)/z, splits over O, the

equation has a solution, and the solution set is a torsor over (Resyy (i /ZPT(R))"f:id. O

Finally, we observe that by Lemma if B is a gauge basis of (9,:), and AU) =
Matg (¢é§25, (3)), then AU) = AU+ The analogue of Theorem |4.17] also holds in our set-
S+

ting, namely the problem of deforming a pair (9, 7) is representable by @;;1 (R%X_pl)p flat, red
J
This is obtained as the quotient of the universal deformation of (90, 3) over y ' by im-

posing the condition AW = AG+S),

6.2. Tame deformation rings. Throughout this section, we assume that 7 is weakly
generic. Let (OM,7) € Y7 (F). Fix a gauge basis 8 of (90,:), which exists by Proposition
We define the same deformation problems from Definition but with Y7 as in
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Definition using 77, (Proposition in place of T7;, and with the notion of gauge

basis as in Definition [6.11] For instance, we now have

D;}D,(R) def {(gﬁwaa PR, OR) | (Mr,1) € Y%’T(R),pR c D;’D(R)}
P

and 6g : T3, (MR) = prlc..

We obtain a diagram analogous to . We stress that the universal Kisin module living
over R%B is a Kisin module of type (i, 7’), and R%E’v is obtained by imposing the mon-
odromy condition on a Kisin module of type (i, 7’). The arguments from will largely
go through, so we will only discuss the modifications that need to be made.

The fact that the map Spr%?ﬁ — Spr%’T is an isomorphism is due to the following: By
Corollary there is a unique Kisin module 9 of type (i, 7") living over Sprg’T. What
needs to be checked is that there is a unique isomorphism ¢ : (o/)*(9) = 9N verifying the
cocycle condition. Proposition [6.6{shows that the extension to Gk of T;,(9M) given by the
universal Galois deformation corresponds exactly to an isomorphism ¢ : (¢f)*(M) = M
verifying the cocycle condition, where M is the étale p-module of 9. But the uniqueness
of 9t shows that this ¢ respects MM C M.

The fact that adding gauge bases on (91, ¢) is a formally smooth operation follows from
Proposition [6.12

The analogue of Theorem holds by the following Lemma:

Lemma 6.13. Let E'/E be a finite extension. Let Vi be a continuous representation of
Gk, . Then Vi extends to a potentially (for L' /K) crystalline representation of G if only
if Vi extends to a potentially (for L'/K') crystalline representation of G.

Proof. This is a consequence of the fact that the restriction from crystalline G/-representations

to G, is fully faithful which is Corollary 2.1.14 in [Kis06]. O
We deduce, with the same hypotheses as in Corollary that
T ~ P76,V
RET[Sy, ..., Sag] = REPV[Ty, ... T].
Finally, we deduce an explicit description of R%B "V as in Section

Theorem 6.14. Let T be a generic type. If w; ¢ {a, B, v, id} for all j, then

BV ~ S expl,V

REPLY s as in Table@ using €' in place of e and a;c(j) in place of a,(cj).

,Wj

where
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Proof. Let R = R%’B . The monodromy condition on (Mg,t) € Y%’T(R) is by definition
the monodromy condition on My € Y%’T/(R) (with 9% being considered as an element of
YT (F) as well). Let AU) = Matg (¢m75;+1(3)). We already saw that AU = AU, Fur-
thermore, the isomorphism ¢ shows that the monodromy conditions at the j-th embedding

and the (j + f)-th embedding are exactly the same. O
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7. APPLICATIONS

In this section, we apply the descriptions of the deformation rings to modularity lifting
and the Serre weight conjectures. Before stating the main theorems, we describe a global
setup, the particulars of which are not so important. The proofs of the main theorems only

rely on the existence of patched modules satisfying the axioms spelled out in Definition

11

7.1. Global setup. Let F/Q be a CM field with maximal totally real subfield F™ # Q
and write X} (resp. X,) for the places of F* (resp. of F') lying above p. Let ¢ denote the
generator of Gal(F/F*) and assume that for all places v € Z;‘ , v decomposes as ww® in F.

Let G,p+ be a reductive group which is an outer form for GL3 which is quasi-split at
all finite places of F'* and which splits over F. Suppose that G(F,") = U3(R) for all v|cc.
Recall from [EGHI3| §7.1] that G admits a reductive model G defined over Op+[1/N], for

some N € N which is prime to p, together with an isomorphism

(7.1) t: Gjopn/N) — GL3j0p0/N)

which specializes to ¢y, : G(Op+) 5 G(OF,) & GL3(Op,) for all places v € r.

Define F; = F* ®q Qp and Op+ , := Op+ @z Zy. If W is a finite O-module endowed
with a continuous action of G(Op+ ) and U < G(AT) x G(Op+ ) is a compact open
subgroup, the space of algebraic automorphic forms on G of level U and coefficients in W

is the O-module defined as:
(7.2) SUW)E{f: GEINGAE,) = W | flgu) =u f(g) Vg€ GAF,),uecU}.

We recall that the level U is said to be sufficiently small if for all ¢t € G(A%,), the order
of the finite group ¢t'G(F*)t N U is prime to p. For a finite place v of F™ that splits in
F, we say that U is unramified at v if one has a decomposition U = G(Op+)U" for some
compact open subgroup U < G(A}"). If w is a finite place of F' we say, with an abuse,
that w is an unramified place for U if its restriction w|p+ is unramified for U.

Let Py be the set of finite places w of F' such that v = w|py is splitin F, v tpand U is
unramified at v. For any subset P C Py of finite complement that is closed under complex
conjugation, we write Tp = O[TS), w € P, i €{0,1,2,3}] for the universal Hecke algebra

on P. The space of algebraic automorphic forms S(U, W) is endowed with an action of Tp,
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where Tg) acts by the usual double coset operator

0
Id3—;

-1
by

wwldl
GL3(Op,) ( 0 ) GL3(Or,)

A Serre weight (for G) is an isomorphism class of a smooth, absolutely irreducible rep-
resentation V' of G(Op+ ,,). If v|p is a place of F T, a Serre weight at v is an isomorphism
class of a smooth, absolutely irreducible representation V,, of G (OFJ)' Finally, if w|p is a
place of F', a Serre weight at w is an isomorphism class of a smooth, absolutely irreducible
representation V,, of GL3(Op,). Note that if V, is a Serre weight at a place v such that
v = ww in F, then the Serre weights at w® defined by V, 01, oc, V, 0 L;} are dual to each
other. Any Serre weight V' for G(Op+ ,) can be written as V' = @V, where V,, are Serre
weights at v. v\P
Definition 7.1. Let 7 : Gp — GL3(F) be a continuous Galois representation and let V' be
a Serre weight for G. We say that 7 is automorphic of weight V (or that V is a Serre weight
of 7) if there exists a compact open subgroup U of G(AF") x G(Op+ ,,) which is unramified

at places v|p, and a cofinite subset P C Py such that
S(U, V) # 0

where m is the kernel of the system of Hecke eigenvalues o : Tpp — F associated to 7, and

@ satisfies the equality
3 .
det (1 — 7V (Froby) X) = S~ (1) (N g (w)) Da(T¥) X7
for all w € P. We write W(7) for the set of all Serre weights of 7. We say that 7 is
automorphic if W (F) # 0.

From now until the end of this subsection, we assume that p splits completely in F. If w|p
is a place of F' and w|p+ = v, following [GHS|] we write (X f?’) ) for the set of p-restricted pairs
{a@y, Qe } C Z3 such that a; ., + aa—j e = 0 for all 0 < i < 2 (recall that p-restricted means
that p—1 > a; . —ai41 > 0 for i € {0,1}). To a p-restricted element a,, € Z3, we associate
an irreducible representation F, of GL3(ky) and, by inflation, GL3(OF, ) as in [GHS, §3.1]
(cf. also [EGHI13, (4.1.3)]). To an element a, = {a,,a,} € (X@)v, we associate an
irreducible representation Fy_ & Fy, oy of G(Op+) that is independent of the choice of
place w dividing v. Let (XF)))OE” be the set of a = (a,,)w|, Where {a,,a,,.} € (Xf?’))v.

Given an element g € (X 1(3))021’ , we associate an irreducible representation F|, & X Fy, of

vlp

wlp
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G(Op+ p), or in other words a Serre weight for G. All Serre weights are of the form Fj for
some a € (X£3))OE,, and Fy = F, if and only if a ~ @' as in Section 3.1 of [GHS].

Definition 7.2. If wlp and a,, = (a,b,¢) € Z3 is p-restricted, let F(a,b,c) := F,  be the
corresponding weight at w. Then F'(a,b,c) is lower alcove if a — ¢ < p — 2 and it is in the
upper alcove if a —c > p — 2. We say that F(a,b,c) is reqular if 0 < a —b, b —c < p.
Following [EGH13|, Theorem 5.2.5], we say that F'(a, b, c) is reachable if either

a—c<p-—4

or
a—bb—c<p—6anda—c>p+2.
An inspection on Table |3| shows that JH(a (7)) consists of reachable weights as soon as 7 is
6-generic.
Let v|p be a place of F'*. From the definition of (X{?’))v, if a, = {ay, @y} € (ng))v,
then F, is regular (resp. reachable) if and only if F, . is regular (resp. reachable. For
a, = {ay,au} € (X{?’))v, we say that F, is regular (resp. reachable) if F, is regular

(resp. reachable). Finally, if a € (X£3))02p’ we say that F, = @F,, is regular (resp. reach-
vlp

able) if F, is regular (resp. reachable) for all v|p. If 7 : Gp — GL3(F) is as in Deﬁnition
we write Wyeq(7) (resp. Wepim (7)) to denote the set of regular (resp. reachable) elements

of W(p).

We now recall the tame types for GL3(Q,). Let 7 : Iy, — O™ be a tame inertial type.
We define a GL3(FF,)-representation o(7), valued in E, via the “inertial local Langlands
correspondence” (cf. |[CEGT16, Theorem 3.7]). For each tame type 7, o(7) is given in
Table 21

If o(7)° is a GL3(IF,)-stable O-lattice inside o(7), we write JH(&(7)) to denote the set of
Jordan-Hblder constituents of &(7)° & o(7)° ®o F. The set JH(a(7)) does not depend on
the choice of the lattice 7(7)°. When 7 is weakly generic, the set JH(a(7)) consists of nine

Serre weights which we list in Table

7.2. Modularity lifting and Serre weight conjectures. We are now ready to state our
main theorems. Fix once and for all an isomorphism + : @p S C.

If r : Gp — GL3(F) is a continuous Galois representation, we say (following [BLGGI)
that r is automorphic if there exists a RACSDC representation m of GL3(Ap) such that
r®p Q, = r,(m) where () : Gp — GL3(Q,) is the continuous representation attached to
7 by [BLGG], Theorem 2.1.2].
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Definition 7.3. Let 7 : Gp — GL3(F) be a continuous Galois representation. We say that

7 satisfies the Taylor-Wiles conditions if

e 7 has image containing GL3(F() for some Fy C F with #Fy > 9.

—ker adr

o IV does not contain F'((p).

From now on, we further assume that

e the extension F//F* is unramified at all finite places; and
e If 7: Gp — GL3(F) is ramified at a place w of F', then v = w|p+ splits as ww® (split

ramification).

We make these two assumptions in order to construct a minimal patching functor in Section
These assumptions can be removed by using not necessarily minimal patched modules,

but we avoid this for ease of exposition.

Theorem 7.4. Let r : Gp — GL3(FE) be an absolutely irreducible Galois representation
and write ¥ for the reduction of a Gp-stable O-lattice in r.
Assume that:

(1) p splits completely in F;

(2) r is unramified almost everywhere and satisfies r¢ = rVe 2;

(3) for all places w € ¥, the representation r\GFw 1s potentially crystalline, with parallel
Hodge type (2,1,0) and with strongly generic tame inertial type Tyt = Qpent To (cf.
Definition ;

(4) 7 verifies the Taylor-Wiles conditions (cf. Deﬁm'tion and T has split ramifica-

(5) 7 2 T, (m) for a RACSDC representation m of GLs(Ap) with trivial infinitesimal

character such that ®v€220(7’v) is a K-type for @ sy

Then r is automorphic.

Remark 7.5. Note that we do not make any potentially diagonalizability assumption. In
fact, we do not know whether or not 7|, in the theorem is potentially diagonalizable. We

also do not assume that 7|q,, has any particular form.

Remark 7.6. The first assumption and the strong genericity condition can both be relaxed
if one assumes that at each place w the shape is not one of {«, 3, ,id}. The difficulty comes
from the absence of a general, explicit description of the deformation ring (rather than its

special fiber) in those cases, where we need the Serre weight conjectures as input to show
Theorem [7.7
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Theorem is a consequence of the following Theorem using standard Kisin-Taylor-
Wiles patching methods. (Note that, in the setup of Theorem H the representation 7|q,,
satisfies the hypotheses of Theorem for all w € 33,.)

Theorem 7.7. Let p : Gg, — GL3(F) be a continuous Galois representation and let T

be a generic tame inertial type such that R(ﬁQ’l’O)’T #0. If w(p,7) € {o,,7,id}, assume
furthermore that T is strongly generic. Then the framed potentially crystalline deformation

ring R(;’l’o)’T with Hodge-Tate weights (2,1,0) has connected generic fiber.

Proof. It w(p,7) ¢ {«, 3,7,id}, then this is immediate upon inspection of Table The

remaining cases will be proved in O

If p: Gg, — GL3(FF) is a continuous semisimple Galois representation an explicit set of
weights W’ (7| Iy, ) is defined in [HerQ9, Conjecture 6.9]. The main conjecture in loc. cit. is
that W’ (p| [@p) should give the set of regular modular weights. More precisely, fix a place
v above each v € ¥f,
conjecture as conjectured in [Her09, Conjecture 6.9] (cf. §7.4):

we prove the following generalization of the weight part of Serre’s

Theorem 7.8. Assume that p splits completely in F. Let T : Gp — GL3(F) be a con-
tinuous Galois representation, verifying the Taylor-Wiles conditions. Assume that 7|, is
semisimple and 8-generic (Definition i for all v € Z;‘, that T is automorphic of some

reachable Serre weight, and that T has split ramification outside p. Then

® Fy, € Weiim(T) <= F, o3 € W?(?\IFE) forall veX}.

vESF
Remark 7.9. Theorem is stated only for 7 which are semisimple above p because those
are the only representations for which there is an explicit conjecture. Our computations
together with work of [HLM17], [MP] suggest a set W?(ﬂg%) for non-semisimple 7|, for
which the analogue of Theorem should hold. One example is worked out in Proposition
A complete analysis for a set W?(?|GF§) when 7|g,. is not semisimple is carried out
in [LLHLMD].

Remark 7.10. The restriction to reachable weights in the statement of Theorem [7.8]is due to
the current weight elimination results. For the niveau 1 and 2 case the works [HLM17], [MP],
[LMP] provide weight elimination for all weights (not just reachable ones). Specifically,
[HLMI17, §2.5] and [MP] deals with the niveau 1 case (when (7|g,. )** is 3-generic) and

, with the niveau 2 case (when (7|g._ 1s 4-generic). For the niveau 3 case
LMPL §3] with the ni 2 h ) is 4 i For the ni 3
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the weight elimination for reachable weights has been established in [EGHI3, Theorem
5.2.5] (this is the reason for our definition and restriction to reachable weights). This has
been improved by unpublished work from John Enns (private communication) to eliminate
also non-reachable weights when ?|Gqu is irreducible at places above p and 9-generic. In
particular, granting the work of John Enns, Theorem would hold for W (7) instead of
Weim (T) and assuming only that 7 is automorphic.

On the other hand, our arguments and the elimination results of [LLHL] suffice to show
Theorem [7.8 when Weyin, (7) is replaced by W,.e4(7) (which is the analogue of Conjecture 6.9
in [Her(9] in our setting). If we make the stronger assumption that p is 9-generic, we can

even replace W,y (7) by W (7).

The rest of §7 is devoted to the proof of Theorem which uses the Breuil-Mézard
philosophy introduced in [GK14]. Namely, we use the descriptions of the special fibers
of deformation rings to determine the Hilbert-Samuel multiplicities of minimal patched
modules. The argument only requires Theorem in the case where w(p, 7) has length at
least 2, and thus makes no use of the results in §8.

Assuming first that 7 is modular of a lower alcove weight, we use an inductive argument
involving carefully chosen tame types to prove modularity of the shadow weights (Proposi-
tion . A slightly more intricate argument shows that if 7 is modular, then it is modular

of a lower alcove weight.

7.3. Weak minimal patched modules. As before, let F'//FT be a CM extension. With
an eye towards future applications, in this subsection, we assume that every place v|p of F'™
splits in F', but nothing more about the splitting behavior at p. Let 7 : Gp — GL3(F) be a
Galois representation. For each place v|p of F'™, fix a place ¥ of F such that v|z+ = v. Let
RY denote the unrestricted universal O-framed deformation ring of ?\G%- Fix a natural

number h and let

Ry = ( ® Rg) [x1,z2,...,zs] and Xoo = SpfRec.
UEE;
If 75 is an inertial type for Gp,, then let R?’Tﬂ be the universal O-framed potentially
crystalline deformation ring of 7|g,. of inertial type 75 (and p-adic Hodge type (2,1,0)). If

T= @ 75, then let
veEﬁ

Roo(r) = (@ BT ) [er,2, . ] and Xoo(7) = Spf Roc (7).
vEDp

December 2017: the
work of John Enns is
now available at
https://arxiv.org/
pdf/1711.11533.pdf),
where weight
elimination for all
weights is proved
when F|GF5 is
irreducible at places

above p and 4-generic.
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Let d + 1 be the dimension of Ro(7) (the dimension is independent of 7 by Theorem 3.3.4
of [Kis08]). Note that X (7)[1/p] is regular by [KisO8, Theorem 3.3.8]. We denote by E»? ,
Roo, etc. the reduction of these objects modulo w. The following definition is adapted from
Definition 4.1.1 of [GHS].

Definition 7.11. A weak minimal patching functor for 7 is defined to be a covariant exact
functor My : Repy (O) — Mod(X ) satisfying the following axioms:

def

(1) Let 7 = @ 75, where for all v € XF, 75 is an inertial type, and let o(r) =
veZ;
Q o (75) o 1y be the associated K-type as in [CEGT16, Theorem 3.7]. If o(7)° an
vEZ;

O-lattice in it, then My (o(7)°) is p-torsion free and is maximally Cohen-Macaulay
over Roo(T);

(2) if V.= @ Vi, where for all v € ¥ the V, are irreducible G(k,)-representations
UEE;
over P (i.e. V is a Serre weight for G), the module My (V') has nonempty support

if and only if 7 is automorphic of weight V; furthermore if My (V) # 0 then its
support is equidimensional of dimension d; and

(3) the sheaf My (o(7)°)[1/p] over Xoo(7)[1/p] (which is locally free, being maximal
Cohen-Macaulay over a regular scheme) has rank at most one on each connected

component.

Remark 7.12. The adjective “weak” corresponds to the fact that M. (o(7)°) is not assumed

to have full support on X (7) for all inertial types 7 in contrast to Definition 4.1.1 of [GHSJ.

Remark 7.13. The adjective “minimal” corresponds to the multiplicity one property in
condition . Our results on automorphy of global Serre weights could be proved without
requiring minimality using the geometric perspective of [EG14], but we have avoided this

for ease of exposition.

Given a Noetherian ring R and an R-module M, we denote the Hilbert-Samuel multiplic-
ity of M by e(M,R). If R = Ro, let e(M) = e(M, Rx). The following proposition is the

key to relating automorphy of global Serre weights to multiplicities of deformation rings.

Proposition 7.14. If M, is a weak minimal patching functor, then e(Mux(o(T))) <
e(Roo (7)), and we have equality if and only if Mo (o (7)°) has full support on Xoo(7) (for

any choice of lattice o(7)°).
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Proof. Let Ts(7) be the quotient of R (7) which acts faithfully on M (o (7)°). Then

(Moo (0(7)°)) = e(Too(7)) < e(Roo(7))
where the equality follows from Definition [7.11)(3) and Corollary 1.3.5 of [Kis09al] and the
inequality follows from the fact that dim T (7) = dim Roo(7) by Definition [7.11[1). The
inequality is an equality if and only if Too(7) = Roo(7) since Roo(7) is reduced and equidi-

mensional. 0

We now construct a weak minimal patching functor for 7 under some hypotheses using
the Taylor-Wiles method. We write 3 to denote the finite primes of F' where 7 ramifies and
define S & {w|ps, w € 3o} and £+ L S USY. Assume for the rest of this section that
7 satisfies the Taylor-Wiles conditions of Definition Note that the first condition, which
is stronger than the usual condition of adequacy, allows us (see Section 2.3 of |[CEG™16])

to choose a place v; ¢ X1 of F* such that

e vy splits in F' as v; = 010§;
e vy does not split completely in F((,); and

e 5(Frobg, ) has distinct F-rational eigenvalues, no two of which have ratio (N y+ /Qvl)ﬂ.

In order to satisfy the minimality condition, recall (cf. §7.2)) that we have made the following

two further assumptions.

e The extension F//F™ is unramified at all finite places.

e If 7: Gp — GL3(F) is ramified at a place w of F, then v = w|p+ splits as ww®.

As mentioned in Remark these two assumptions can be removed by working with
weak patched modules which are not necessarily minimal. For v € Ear , let 75 be the type
which is minimally ramified with respect to 7|g, (77 is the restriction to inertia of the
Weil-Deligne representation attached to a Galois representation which is minimal in the
sense of Definition 2.4.14 of [CHTO0S]). Let RE """ be the corresponding universal O-framed
deformation ring of 7|g r. - Let R»El be the unrestricted universal O-framed deformation ring

of F|GFU1 . Let

R = Q)R8 (R RAVERS.

vexy vexrd

Choose an integer ¢ > 3[F™ : Q] as in Section 2.5 of [CEGT16|, and let

Ro = RloC[[xl, o >$q73[F+:Q]H'
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By [CHTO08, Corollary 2.4.21], R?’T is formally smooth over O for v € Xf. By the
choice of vy, R5D1 is formally smooth over O by |[CEGT16, Proposition 2.5]. We con-

clude that R is formally smooth over () Rg and hence there is an isomorphism R, =
veEg

&® RY[z1,z9,..., 7] for some natural number h.
eSS
One can construct an Roo[G(Op+ ,,)]-module My, as in [Lel Section 4.2] (p is assumed

to split in F' in [Le|, however the construction, results, and proofs of Section 4 extend ver-
batim). Then define a covariant functor M, : Repgo,., y(O) = Mod(Xeo) by Moo(W) =
P
Homgo,, (W, Mg,)" where - denotes the Pontriagin dual.
sP

Proposition 7.15. If E is sufficiently large, My is a weak minimal patching functor.

Proof. This proof is adapted from various proofs in [CEG™16] and [Le]. While the contexts
differ slightly, the proofs apply verbatim. Note that the definition of My (o(7)°) agrees with
the definition given after 4.13 of |[CEG™16] by [CEGT16, Remark 4.15]. This definition
guarantees that My (o(7)°) is p-torsion free. Exactness of My follows from [CEGT16,
Proposition 2.10] (the choice of place v; guarantees projectivity). and are proved
similarly to [CEG™16, Lemma 4.18(1)].

If V is a Serre weight for G, by Theorem 5.2.1(iii) of [HLM17] and Nakayama’s lemma
(using Theorem 5.2.1(i) of [HLMI17]), M (V') is nonzero if and only if 7 is automorphic of
weight V. By Theorem 4.1.4(2) of [Le], M (V') is maximal Cohen-Macaulay of depth d,
which shows . g

7.4. Shapes and Serre weights. We now prove Theorem [7.8] The key ingredient in the
proof of Theorem[7.8]is the description of the deformation rings in Table[7]and combinatorics
of the sets W*(p) and JH((7)) for generic tame types 7. We first recall the notion of
shadow weight. For p : Gg, — GL3(F) semisimple and weakly generic, W’(p) contains
a set of six obvious weights denoted Wy, (p) (three upper alcove weights and three lower
alcove weights, cf. [GHS|, Definition 7.1.4 |) and an additional three weights called shadow
weights, as summarized in Table @ Each lower alcove weight F'(a,b,c) € Wy (p) has a
corresponding shadow weight F(p—2+c,b,a—p+2) € W¥(p) (cf. [GHS, Definition 7.2.3]).

The following combinatorial result matches shapes with predicted Serre weights. The

terms shadow and non-shadow shapes are defined in Table

Proposition 7.16. Let p: Gg, — GL3(F) be semisimple and n-generic with n > 5.
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(1) If F(a,b,c) € Wory(pl1y,), then there is a (n — 2)-generic tame type T such that
JH(z (7)) N W?(ﬁh(@p) ={F(a,b,c)} and w(p,T) has length 4.

(2) If Fp—2+c¢,ba—p+2) € W?(ﬁh@p) is a shadow weight, then there is a (n — 2)-
generic tame type T such that JH(G (7)) N W?(ﬁh@p) ={F(a,b,c), F(p—2+c¢,b,a—
p+2)} and w(p, ) is a length 3 shadow shape.

(3) If F(a,b,c) € W’ (Plig,) is an obvious upper (resp. lower) alcove weight, then there
is a (n — 2)-generic tame type T such that JH(a (7)) N W7(ﬁ\IQp) contains F(a,b,c)
plus one other obvious lower (resp. upper) alcove weight and w(p,T) is a length 3
non-shadow shape.

(4) If Fp—2+¢,b,a—p+2) € W?(ﬁ|pr) is a shadow weight, then there is a (n — 2)-
generic tame type T such that JH(7 (7)) OW?(ﬁth) contains F(p—2+c,b,a—p+2)
plus three obvious weights of W?(ﬁth) and w(p, ) has length 2.

Proof. The strategy is the same in all four cases so we focus on the proof of (2). The type
7 for (2) is given in Table The table is constructed starting with a tame type 7 over
Qp. For each shape w € {aBa,vyfBv,aya}, one can consider the mod p Kisin modules of
shape w as in Table We consider the special Kisin modules of this shape where Ag is
a monomial matrix—these Kisin modules give rise to semisimple p. For example, when

T=w ®w®w° the Kisin module with

0 0 wels
Aaﬁa == 0 ’0632 0
vey; 0 0

corresponds (under 77;) to a Gq, . -representation which extends to a Gg,-representation

p with plp, = Wl e Ind(w§a+1)+p(c+l)). This confirms the shape w(p, 7) in the 10th row
of Table 8l
As another example, consider o(7) = Indgﬁ%gp ) (@ ® @(@écil)ﬂ) “)) and parallel shape

B~ which appears in the third section of Table E Define 7/ & wébﬂ)ﬂ) (b+1) 5] wécfl)ﬂ) ‘@

w;+p(c_1) which has the orientation s, = (12) and s} = (132). The special point of (I, ) €
YT (FF) of shape v/ has
0 ¢, 0
AV =@ 0 o
0 0 @e33v
We are only interested in the restriction to inertia and so we can forget ¢ and set the constants

to 1. Let M < M Qg F(w) € @- Mod%(IF) be the associated étale p-module with descent
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datum. By Proposition [2.26] the étale (¢?, k' @r, F((v)))-module My & 50((H)A/:id) is

described, in an appropriate basis deEf (e1,e2,€3), as follows:

710 0 v 0 0
Mat(oppm) = (s{)A(l) ( 0 W o ) 56> e (S,IA(O) ( 0o W0 ) (8'1)_1>
0 0 v 0 0 v®

0 pletDtplatl) 0
— 0 0 U(b+1)+P(C+1)

,U(a+1)+P(b+1) 0 0
up to constants. In particular, we see that the w5-action on e; is described by

e1 s pPFD (D FplatD)+p*(b+1) o

We conclude that p:= Tjj, (M) is tame with

~  (a+D)+p(b+1)+p%(c+1)

2 2
Plig, = w3 @ WITDHPEADTP @A) g (D tp(e+ D42 (b+1),
G 2
We conclude that (up to unramified twist) p = Ind GEP w§a+1)+p(b+1)+p (1) 1 d so w (5.7) =
3

BB, confirming the 9th row of Table [§ Each semispimple p arises in this way from exactly
three types. Comparing JH(7 (7)) and W7 (p] Iy, ) is & tedious but not difficult computation.
We see that in each case the intersection JH(a(7)) N W7 (p| Iy,) is exactly a lower alcove
weight together with its shadow.

A similar computation can be done for the other shapes and cuspidal types using Propo-
sition Briefly, regarding parts (1), (3), and (4), for each tame type 7, there are six
shapes of length 4, six non-shadow shapes of length 3, and six shapes of length 2. For each
semisimple p, there are exactly six types for which w(p, 7) has length 4, six types for which
w(p, 7) has non-shadow length 3 and six types for which w(p,7) has length 2. For each
obvious weight, there is a unique type satisfying (1) and two types satisfying (3). For each
shadow weight, there are two types which work for part (4). O

Proof of Theorem[7.8 For generic tame types 7, and p, := ?\G%, if w(p,,7y) has length
greater than or equal 2 for all v | p, then by Theorem|[6.14]and Table[7| Roo(7) has connected
generic fiber and so if My (o(7)°) is nonzero, then it has full support. By Proposition
we know the Hilbert-Samuel multiplicity of M ((7)°). The strategy is to compute
e(Moo(®U€2;VU)) by varying the tame type. In fact, we show that e(Moo(®v€2;er)) =1
whenever V,, o L;El € W?(ﬂfFa) for all v.

Let W’ (p,) be W (7| Ir.) © t5. As usual, this does not depend on the choice of place v|v.

Similarly define W, (p,). Our assumptions imply that if 7 is modular of a reachable weight
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®,ext Vo then V;, € W' (p,) for all v € £F (cf. Remark, and all weights in W7 (5,) are
reachable.

First, assume that 7 is modular of a reachable weight ®U62; V, such that all V,, are lower
alcove. Under these hypotheses, the modularity of the obvious weights is known by [BLGG],
Theorem 5.1.4] (alternatively, one could deduce the modularity of the obvious weights using
the arguments two paragraphs below and Proposition (3)) Choose V,, € W' (p,) for
each v € ¥F. Let Sf C X} be the set of places for which V, is a shadow weight. For
each v € S; , let V] denote the lower alcove weight corresponding to V,,. We induct on
the size of S; O If S;' is empty, then by Proposition (1)7 we can choose types 7, for
each v € ¥F such that JH(o(7,)) N W*(p,) = {V,}. In this case, MOO(@vGZ;E(Tv)O) =
Moo(®U€E;VU) is nonzero by Definition (2) and modularity of the obvious weights, and
SO C(Moo(®vezp+vv)) = C(Mm(®veE;5(Tv)°)) = 1 since the corresponding deformation ring
is a power-series ring.

In general, for each v € ¥ \SS, we choose 7, as in ). For each v € S, we
choose 7, as in (2) to contain exactly V,, and V. Consider My, (7 (7)) over Roo(7). The
deformation rings for v ¢ S;r are again formally smooth. By the previous paragraph, 7 is
modular of all the obvious weights and so M (5(7)) is nonzero. By Table[7]and Proposition
[7.14] we deduce that

(Moo (7(7))) = e(Roo(7)) = 2151,

By the inductive hypothesis, the contribution to e(Mu (7 (7))) of any Serre weight in W (7)N
JH(7(7)) not equal to Ryt Vo is 1. We deduce that e(Moo(®U62;VL)) =1.

Finally, we show that if 7 is modular of any reachable weight then it is modular of a
reachable weight ®U62; V,, where V, lower alcove for each v. Assume 7 is modular of a
reachable weight ®,V,,. As above, let S’; C E;,L be the set of places for which V,, is a shadow
weight. Assume \5’; | is minimal among such weights and is nonzero. Choosing types 7, as

above, we conclude that e(My(a(7))) = 21| and so
(Moo (@53 Vo)) < 21,

Choose now a place vy € S;r , and replace 7, by a tame type 7, for the shadow weight Vi,
as in Proposition [7.16{(4). (Note that since p,, is 8-generic, then 7, is 6-generic; this implies
that weights in JH(a (7, )) are reachable.) For the new type 7/, we have

e(Moo(@(7'))) = 2150 11,
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By comparing multiplicities and using that M, vanishes on reachable weights ®,V, if
V), ¢ W' (p,) for some v € £}, we conclude that My (®,V,) # 0 for some Serre weight
®,V, of 7 such that V,) € Wony(p,) if Vi, € Wepy(p,) for all v and V| € W (p,,). This
contradicts the minimality of |S,f|.

To prove that 7 is modular of a weight ®v€Z;VZ with V] reachable and lower alcove for
all v, one repeats the argument of the last paragraph beginning with a modular weight
®v62;% with V, reachable and obvious for all v, defining S;r C E;r using upper alcove in

place of shadow, and defining 7 and 7/ using Proposition [7.16{1) and (3). O

We provide an example of a calculation of modular reachable Serre weights for a non-

semisimple p. This will be needed in §8.2.2| for the proof of Theorem

Proposition 7.17. Let 7 be a strongly generic tame type. Let p be a mon-semisimple
representation such that w(p,7) = a (i.e., Cyy # 0 in Table ). Then there is a subset
W' (p) € W (p*%) consisting of siz weights such that the following holds:

There ezists a CM field F' and a continuous Galois representation 7 : Gp — GL3(F) as
in the statement of Theorem except that ?|GF5 =D at all places v € E;r and such that

X Fo, eW(F) <= Fy 015" € W (p) forall veX.
vEE;
Proof. We focus on the case of principal series type as the other cases are similar. Let

T=w *®wb®w ¢ with a —b,b—c > 3. Let 5 be the unique non-split representation of

GQp of the form

Xlwa+1 * 0
p= 0 xow? T 0
0 0 xawet!

for fixed unramified characters x;. Then w(p,7) = a. To see this, consider a Kisin mod-
ule M € Y7(F) such that Matz(dmwe) = Aa. Then by Lemma which allows row
operations, there is another eigenbasis F for 9 such that MatBr(qbgmMc) is given by

— Cla
—vea1=+% 0 0
21
/ _ _
A, = Ve UGy 0
=k
0 0 wvcsg

It can be seen, for instance via [HLMI7, Lemma 2.2.7], that such Kisin module comes from a
Fontaine-Laffaille module with Hodge-Tate weights (a+1,b41, ¢+ 1) and the corresponding

Galois representation must be p (up to unramified twist).
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Note that p admits a Fontaine-Laffaille and hence a potentially diagonalizable lift with
Hodge-Tate weights (a+1,b41,c+1). We can now apply Lemma A.5 and Proposition A.6
of [EG14] to produce an 7 : G — GL3(F) such that TlGp. = P, and such that the setting
of §7.2] and Theorem [7.8 holds. Furthermore we can arrange so that 7 has an automorphic
lift 7 such that r|q,. is Fontaine-Laffaille with Hodge-Tate weights (a+1,b+1,c+1) (this
is achieved by choosing the potential diagonalizable lift of T‘GFT) featuring in the proof of
[EGI14], Lemma A.5—which refers back to Theorem 4.3.1 in [BLGGT14]—to be Fontaine-
Laffaille with Hodge-Tate weights (a + 1,b+ 1,¢+ 1)).

Let

ﬁSS).

Wr](ﬁ): {F(a1,b,c+1),F(p2+c,a,b+1),F(a1,C,bp+2),} CW?(

F(p—1+b,a,c),F(c+p—1,b,a—p+1),F(a,c,b—p+1)

The top row are obvious weights for p**; the bottom row are shadow weights. Define
_ def

WobV(P) = WobV(ﬁss) nNw’ (ﬁ)

To prepare for the proof, we observe:

(1) There exists a generic tame type 7’ such that JH(a (")) "W’ (p) = {F(a—1,b,c+1)}
and w(p,7’) is a length 4 shape;

(2) There exists a generic tame type 7’ such that JH@ (")) "W’ (p) = {F(a —1,b,c +
1), Fla—1,¢,b—p+2)} and w(p,7’) is a length 3 non-shadow shape;

(3) There exists a generic tame type 7' such that JH(z (7)) N W’ (p) = {F(c+p —
2,a,b+1), Fla—1,¢,b—p+2)} and w(p,7') is a length 3 non-shadow shape;

(4) For each F' € Wy (p) such that F is lower alcove with shadow F' € W (p), there
is a generic tame type 7’ such that w(p,7’) is a length 3 shadow shape;

(5) For the type 7/ def w;(aﬂ)*p(b*l)fpzc o w;(bfl)fpcfPQ(aJrl) @ w;C*P(a+1)*P2(b*1)7 we

have that JH(a (7)) "W (p) = {F(c+p—2,a,b+1), F(a,c,b—p-+1)} and w(p, ')

is a length 3 non-shadow shape.

For items —, we pick the type 7/ which satisfies the analogous properties for p** (cf.
Proposition . What needs to be checked are the claims about the shapes of p with
respect to 7’.

We will do it for item , the other cases will be similar. Note that by Proposition
the orientation for the type 7/ is s, = (123),s] = (123)? and s, = id. We claim that
w(p, ") = afy. To do this, it suffices to show that there exists a matrix A € Z(F)aSv Z(F)
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such that the étale p-module M’ with Mat(gof\,l,) given by

vt 0 0 pPlatl) 0 pp’e 0
sodsh st [0 o0 fe()s T [0 w0 [ P(A)sh T [0 wtlerD
0 0 0 0 P 0 0

(cf. Proposition[2.26)) is isomorphic to the étale ¢3-module M associated to pla, , » Which
pe,00

has matrix Mat(y3 ) given by

vt 0 0 w00 N (R
Aol 0 0 (P(Aa) 0 o 0 902(*’404) 0 Up2b 0
0 0 v 0 0 o 0 0 P
def vt 00 —1 . . .
Indeed we canset A = A,| 0o v ols) sj, and this has the required properties.
0 0 1

We now address the proof of the proposition. We pick a weak minimal patching functor
for 7 (it exists since 7 and F'/F* satisfy the setup of . Note that Moo(®v62;F(a —
1,b,c + 1) o 13) # 0 in our situation. First note that if ®,V, € W(7) then V, € W*(p)
for all v € X} by Theorem 1.1 in [MP]. To finish the proof, it suffices to show that
e(Mao(®,V3)) = 1if Vi, € W (p) for all v.

We first show this statement in the case where V,, € {F(a — 1,b,¢ + 1), F(a — 1,¢,b —
p+2)} for all v. Let S be the set of v € X} such that V, = F(a —1,¢,b —p+2). We
induct on the size of S. Consider the type ®v€2;;a(7'{)) where 7/ is as in item . Then
Moo(®yez;56(7'{))) = Moo(®U62;F(a —1,b,c+ 1) ouz). By Table (7] this gives the base case
for the induction. In general, we pick the type ®, v+ o(7,) where 7, is as in item (1)) if v ¢ S
and 7] is as in item 1' otherwise. By Table we have e(Mw(®veZ;E(T{j))) = 2I5I, Every
Bpesy Vo € JH(®,¢5+0(7,)) "W (F) we have V) € {F(a—1,b,c+1), F(a—1,¢,b—p+2)} for
all v. All such factors other than ®veZ;Vv will have V] = F(a—1,¢,b—p+2) for strictly less
than |S| embeddings v. From the inductive hypothesis we deduce that e(Ms(®,V,)) = 1.
A similar argument using the type 7/ as in item deals with the case where V,, € W,y (p).

Finally we deal with the shadow weights in W7 () exactly as in Theorem using the
type 7/ as in item to deal with the weight F(a,c,b—p+ 1) and the types as in item

for the remaining shadows. t

We conclude this section with a counterexample to [Geelll Conjecture 4.3.2] (the crys-

talline congecture).
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Proposition 7.18. Let F = F(a— 1,b,c+ 1) be a lower alcove weight such that the triple
(a,b,c) is generic and write Fgy, 1/ F(c+p—1,b,a—p+1). There exists a CM field F' where
p splits completely and a continuous automorphic Galois representation T : Gp — GL3(F)
such that RpesF o € W(F) but (®v€E?,'\SFU 0 15) ® (®uesFsp 0 tz) ¢ W(F) for any
0+#SC El‘f and F, any weight at v € Z;\S. Moreover, for any v € Z;{ the representation
ﬂGFa has a crystalline lift of weight (c+p+ 1,0+ 1,a —p+1).

Proof. We consider the generic type 7 = w™® @ w = @ w¢. It satisfies F, Fy, € JH(7(7)).
Then there exists M € Y7 (F) over F), @, Flu] endowed with an eigenbasis 3 such that

AY Matg(¢pm e) is given by the matrix in row afa in Table 4} satisfying (a — b)¢a3s2 —

(a — ¢)ChyChy # 0, CogCsa — CholThs # 0, CasCsa # 0, and Tyy # 0. Moreover, Tyy (M) = ﬁ|(;(@pyoo
for a continuous Galois representation p : Gg, — GL3(F). This is checked as in the proof of
Propositionby showing that the étale p-module associated to 9t comes from a Fontaine-
Laffaille module M over F, ®p, F with Hodge-Tate weights (a + 1,b+ 1,c 4+ 1). In fact it
can be shown, using the Fontaine-Laffaille module M, that the associated p is maximally
non-split with w1 C 5 and p — wt!, p°° = W @ Wbt @ Wt and Fontaine-Laffaille
parameter FL(p) # 0, co: cf. [HLMI7, Definition 2.1.10, Corollary 2.1.8 and Lemma 2.2.7].
Note that w(p, 7) = afa by construction.

By the same argument as in the proof of Proposition we find a CM field F/F* which
is unramified at all finite places and an automorphic Galois representation 7 : Gp — GL3(F)
satisfying the Taylor-Wiles conditions such that 7|g ry = plorallw €3, (note that p admits
a crystalline lift of weight (a + 1,04 1,¢+ 1)).

Let My be a weak minimal patching functor for 7 (which exists by Proposition .
Let o(7)° be the unique lattice in o(7) such that &(7)° has irreducible cosocle isomorphic
t0 ® 5t F 0 15 Then the kernel N of the surjection &(7)° — ®yex F oty contains all the
weights of the form (®U62;\SF 0 15) ® (®yesFsp o i) where ) £ S C E;{.

By [HLMI17, Theorem D], if a weight ®v62;Fv o 13 is modular, then necessarily F, €
{F, Fgp} for all v. Thus for the first claim of the Proposition, it suffices to show M, (N) = 0.
Indeed on one hand, we have e (Moo(@’vez;F o Lg)) > 1 (since T is modular of the lower
alcove weight @, s+ Fo t5). On the other hand, we have e (Mo (5(7)°)) = € (Roo(7)) =1
since Roo(T) is formally smooth over O (cf. row 6 in Table [7).

By exactness of Mo, we conclude that e(My(N)), and hence Mo (N), is 0 as required.

As for the last part of the statement, let W & W(c+p—1,b,a — p+ 1) denote the

GL3(F,)-representation over F obtained by taking the GL3(IF,)-rational points of the Weyl
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module of highest weight (¢ +p — 1,b,a — p 4+ 1), and extending the coefficient field to F.
Then JH(W) = {F, Fgy}.

For any () # S C ¥.f', we have My, ((®veZ$\SF 0 1y) ® (RuesW o Lg)) # 0 and hence by
classical local-global compatibility F’GFT) admits a crystalline lift of weight (¢ +p+ 1,b +
l,a—p+1)forves. O
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8. THE « AND id SHAPES

The aim of this section is complete the proof of Theorems [7.4] and [7.7] by studying the
deformation rings in the most complicated cases when the shape has length 0 or 1. To recall
the assumptions, 7 will be a generic tame inertial type and p : Gg, — GL3(F) satisfies
w(p,7) € {c,id}. There are three cases to consider: the identity shape w(p, 7) = id (§[8.1),
the case where w(p,7) = a and p is semisimple (§ and the case where w(p,7) = «
and p is non-semisimple (§ In the three cases, the cardinality of the intersection
JH(7(7))NW’(p) is 6, 6 and 5 respectively (see Propositionwhen P is non-semisimple).

The difficulty of these cases is that the monodromy equations in characteristic 0 become
too complicated to manipulate, and in particular it is hard to see exactly the effect of
p-saturation. Nevertheless, one can guess an explicit candidate for the mod p fiber of
the deformation ring, because the monodromy equations (and the relations implied by p-
saturation) become much simpler mod p. A priori, this candidate could be strictly larger
than the mod p fiber of the deformation ring, but we then invoke global arguments in the
form of the Serre weight conjectures (Theorem and Proposition to show that this
does not happen.

The genericity condition is used to guarantee that the error terms in the monodromy
equations are divisible by a large enough power of p so that they can be ignored in our
manipulations after reducing modulo p.

def

With respect to the notations of § we have f = 1 and set a aef Uso(1),00 O = asy(2),0

de®
and ¢ = aso(g)p.

8.1. The identity shape. We now assume that 7 is n-generic with n > 4 and that
w(p,7) =id. Let

c11+ ¢ (v+p) c12 c13
A= vCa1 ca2 + c5o(v +p) Co3
vesy ve3 33 + Ci3(v+ )

In this section, we work over the ring R** which is defined to be the p-saturation of the

*
(23

quotient of Oley;, ()T, 1 <4, < 3] by the following relations: all 2 by 2 minors of

C11 C12 C13
A‘v=—p: —pca1 €22 C23

—PpC31 —PpC32 (€33
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vanish and the determinant condition

* * * * * * > * *
C11C99C33 + €22C33C 1 + €33C11Cop — C11C23C32 — C99C13C31 — C33C12C21 + C21C13C32 = 0.

We have
—peciy (a—Db)erz (a—c)ers C39C33 + C33C22 — C23C32 C13C32 — C33C12 —chyc13
_ det(A) 41 _
—Alyep = | —ple+b—a)ex —pecsy (b=c)eas | Py A lo=—p= PC33ca1 133 + ¢33en = Cizcs ciaca1 — €y
—ple+c—a)esi —ple+c—b)esa  —pecsy —PCa1€32 + PChyCal peicss 122 + Chyc11 — 1261

det(A) 54—
t( )A 1 |U:_p.

In the following lemmas, let us abbreviate U o Aly=—p and V & Plo)

Lemma 8.1. The ring R™™ is a domain and c;j # 0 in R*™ for all 1 <1i,5 < 3.

Proof. 1t suffices to prove the statements for R*"™*[1/p|. Let Det be the determinantal variety
over E on the entries of U obtained by imposing that the 2 by 2 minors of U vanish. Then
the map Spec (R**[1/p]) — Det obtained by forgetting c; is smooth and surjective. This

gives both statements of the lemma. O

Lemma 8.2. Keep the setting and notation above. For any matric Z = (Z;j)i<ij<3 of
formal variables Z;;, we have the following equality
det(A) , _
(A!v—p)Z< P0) AT \v—p) = (Uij Xj)i<ij<s

with pX; € R*™[Z;;, 1 <i,j < 3].

Proof. 1t suffices to show that for any 1 <4, k,[,j < 3, one has
(8.1) UitVij = Ui Xju

for some Xy, € %O[cij, ¢, 1 <14, 7,< 3] independent of .

i
The fact that the (U;pVi;) € %O[cij, ¢y 1 < 4,7,< 3] follows from the fact that Vj; is
a R**-linear combination of ¢,,;’s (for example, c5yc33 + C53¢20 — ca3c32 = —(c59C35¢11 +
C59C13C31 + CigC12C21 — C21¢13¢32)/¢}1), and the minor conditions allows us to convert from
cijcrl to cjerj, at possibly a cost of a p in the denominator.
The fact that X, is independent of i can also be checked on the locus (using Lemma

where all the U;;’s are invertible, where it follows immediately from the 2 by 2 minor

T U — Uin
condition (Uij = Ui’j)' O
We now study the deformation ring. We observe that the finite height ring R%ﬂ His an

R3*-algebra in an obvious way.
Recall the O-algebra R%B %D from Definition [5.10| (2). By 1) and Theorem 4.16] it is

isomorphic to a power series ring in 3 variables over the potentially crystalline ring Rg’T, and
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hence has relative dimension 14 over O. Recall also (cf. (5.9)) that we have a surjection
. T7B7D T7B7D
T Rﬁ — lg
reduced and p-flat quotient of the result).
The leading term for the monodromy is given by (ATP(v)2A~1),—_, (cf. Definition .

Define

, where we quotient out by the monodromy equations (and take the

Mon; =(e — a + ¢)c39c33 + (e — a + b)caacss — (€ — a + ¢)cazesa + pecayCas
Mony =(a — b)czzci1 + (e — b+ ¢)eszci; — (a — b)cizear + peciscly
Mons =(b — ¢)cjica2 + (a — ¢)c11¢59 — (b — ¢)c1aca1 + pecicsy.

A direct computation shows that in R*"™* we have the equality

Mon;y 0 0
(ATP(0)2A™ Y e = Alp=p - 0 Mony 0
0 0 Mong
Thus Theorem and Lemma show that in R%@D we have the equation
Mon; + O1(p"~2) 0 0
A|v:7p : 0 MOD2 + 02(pn—2) 0 =0
0 0 Mongs + O3(p"~2)

where O;(p"~2) stands for an error term which is divisible by p"~2.

The following proposition refines Theorem [5.12]in the present situation:
T?B7D
m

Proposition 8.3. The surjection w factors through the quotient of R by the relations

(8.2) Mon; + O;(p*) = 0,Vi € {1,2,3}.

Proof. We already know that (Mon; + O;(p*))c;; = 0. The refinement will come from the
fact that R%’T classifies representations with Hodge-Tate weights ezactly (2,1,0) instead of
just being in [0, 2].

Since R%’T is flat and R%’T[%] is regular, it suffices to Sth that the equations 1} hold
in the p-flat closure of each connected component of R%ﬁ %D[%]. Let R denote the p-flat

closure of a connected component of R%?LD[%] and assume that we have Mon; + O1(p?) # 0
in R. Since R is a domain, we conclude that ¢;; = 0 in R for all <. On the other hand, ¢;;
cannot be 0 in R for all 7, j since the Hodge—Tate weights are exactly (2,1,0), so at least
one of the equations Mon; + O; (p?) = 0 for j = 2,3 holds in R. Assume without loss of

generality that Mony + O2(p?) = 0. This implies that c33 € pR* and in particular cs3 # 0.
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Thus Mons + O3(p?) = 0 and hence co2 € pR*. Now the relation ciaczs = —pcizess gives

—PC13C32
€33

a power series ring in 8 variables over F[ci3, c32, c23,¢l; — [€5], © = 1, 2, 3] /(ca3cz2). This

C1o2 = in R and co3c3e = —1%622633 =0in R/w. Thus we see R/w is a quotient of

shows that R/w has dimension at most 13, a contradiction. u

Corollary 8.4. Let R be the quotient of Fleij, 1 <14,7,< 3] by the relations:

ciicjj =0, fori# j;

cr1c23 = 05 c31c22 = 05 C12C23 = C22C13; C11€32 = C12€31; C21C33 = €31C23;

(e —a+c)ess + (e —a+b)eas — (e — a + ¢)cagese = 0;
(b—c)eaa + (@ — ¢)err — (b — ¢)craea1 = 0;
(a —b)eyy + (e — b+ ¢)ess — (a — b)ergesy = 0;

€11 + €22 + €33 — C12C21 — €13€31 — C23C32 + C21C13C32 = 0.

Then the ring R%B%D/w s a power series ring over a quotient of R.

Proof. This is a direct consequence of Proposition [8.3 and the observation that replacing

cij by g# eliminates the cj; from all the equations. O
77

The following Proposition gives basic structural information about R:

Proposition 8.5. The ring R is a reduced 3-dimensional Cohen-Macaulay ring. It has 6

minimal primes and each irreducible component is formally smooth over F. Thus e(R) = 6.

Proof. Observe that the relations defining R are actually polynomials instead of genuine
power series, so R can be viewed as a completion of a quotient of a polynomial ring by the
ideal I generated by the relations above. We use some standard terminology from the theory
of Grébner bases [Eis95]. We pick the monomial order on F|c;] & Fleij, 1 <14,5 < 3] given
by ¢11 > ¢12 > 13 > o1 > Co9 > Co3 > ¢31 > c32 > c33 and write [ for the ideal generated
by the relations of Proposition An easy but tedious calculation (using Buchberger’s

algorithm, for example) shows that the ideal I has the following Grébner basis with our
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choice of monomial order:

e—b+c
C11 — €13€31 + ————C33,
a—2b

a—-c e—a+c +<(a—c)(e—b—|—c) e—a—|—c)
c12C21 — €13C31 — —————Ca3C - c
12621 = PGB0 — o 363 b= o)a—b) e —axp)o®
€12€23 — wcmcm,

e—a-+b

a—c¢c e
C12€33, C13C21C32 — b— 6613631 — C23C32 + bh— 60337

e—b+c e—b+c ,
C12€23€C31 — — 5 C€23C33, C13C31C33 — — 5 (33,
a—> a—>b
e—a+c +e—a+c
C21C33 — C23C31, C22 — —— 5 C23C32 ™ ————C33
’ e—a+b e—a+b "’

2
C23C31C32 — C31C33, and co3c32¢33 — C33-

In each of the above polynomials, the leading monomial is exactly the left-most term. Thus
we see that the initial ideal in(I) of I is generated by square-free monomials. This implies
that I is radical: Suppose f* € I, then in(f)* € in(I), so in(f) € in(I). But then we can
divide f by elements in I and get some f' < f with f’* € I. Continuing this way, we see
that f € I.

Furthermore, as in [Eis95, §15.8], we can realize Flc;;]/1 as the fiber F; (for any ¢ # 0)
of a flat family F over F[t], such that the fiber Fy is Flc;;]/in(f). Since this quotient is
Cohen-Macaulay by an explicit check, and the Cohen-Macaulay locus is open in F, we
conclude that F is Cohen-Macaulay at some closed point of the form ¢;; = 0 for all 7 and
j,and t = tg # 0. But then (¢ — o) is a regular element in the localization of F at this
point, and hence the localization of F[c;;]/I at the closed point ¢;; = 0 for all ¢ and j is
Cohen-Macaulay.

The computation of the irreducible components is left as an easy exercise to the reader.

0

For the following Proposition, we need to assume that 7 is strongly generic.

B

Proposition 8.6. Assume that 7 is strongly generic. Then RTﬁ’ ’D/w is isomorphic to a

ap
power series ring over R.

Proof. We globalize p to a 7 : Gp — GL3(F) such that the following conditions hold:
e The assumptions of Theorem [7.8] are satisfied;

e 7 is unramified away from p;



POTENTIALLY CRYSTALLINE DEFORMATION RINGS & SERRE WEIGHT CONJECTURES 87

e p splits completely in F'. Make a choice ¥ above each place v|p in F'*;

e For each o|p, there is an isomorphism Fj = Qp and 7|¢, =p
(cf. the proof of Proposition . With this global setting, we can choose a weak minimal
patching functor M,,. We now choose a tame type ®U62; Ty such that F\GFﬁ has a shape of
length 4 with respect to 7, for all but one place vg|p, while 7|g ».has id shape with respect
to Ty, &' 7 Since 7 is strongly generic, we deduce from Lemma below that p is 8-generic.

Moreover JH(@ (7)) consists of reachable weights. With this choice, the intersection
JH(®UEE;E(TU)) N W?(®UEE;F’GFI~))

(with obvious notation) consists of exactly 6 weights. By Theorem we conclude that if
W is any Serre weight for G in this intersection we have My, (W) # 0. Thus we have

e(Moo(F(® e 7)) > 6.

On the other hand, by our choice of 7, and the knowledge of Galois deformation rings for
length 4 shapes (Corollary and Table , Eoo(®v62;ﬂ,) is isomorphic to a power series
ring over Rg’ﬂ’o. It follows that e(R%’T /w) > 6. The Proposition now follows from Lemma
below, the fact that R%ﬁ %D /@ receives a surjection from a power series ring over R
(Corollary and has the same Hilbert-Samuel multiplicity as R%’T /. (]

Lemma 8.7. Letn > 2. Let 19 be an n-generic inertial type for Ig, and p, : Go, — GL3(F)
be a Galois representation such that there exists M € ®-Mod%,(F) with Y (F) # 0 (and
thus a single point by Theorem and V},(M) = ﬁ()]c@p - Then py is an (n —2)-generic

continuous Galois representation.
Proof. This follows from a direct computation using Proposition [2.26 O

Lemma 8.8. Suppose R, S are complete Noetherian local rings over F, with R — §S.
Assume that R is reduced, that R and S are equidimensional with dim R = dim S and that
e(R) =e(S). Then R=S.

Proof. Let I be the kernel of R — S. Because e(R) = e(5) and dim R = dim 5, the support
of I as an R-module does not contain any minimal primes, hence I, = 0 for all minimal
primes p of R. But this implies that [ is inside the intersection of all the minimal primes

of R, hence I = 0 because R is reduced. ]

Corollary 8.9. Assume that T is strongly generic. The ring ng’T is normal, Cohen-

Macaulay, and Rg’T[%] is a domain.
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Proof. By Propositions above, R%é’)m /w is reduced and Cohen-Macaulay, hence
R /w inherits those properties by formal smoothness (cf. (5.9)). This implies Cohen-
Macaulayness.

Since R%’T[%] is regular, to show it is a domain it suffices to show it has no non-trivial
idempotent. Suppose e is a non-trivial idempotent. Then there is a maximal & € Z such
that @ Fe € Rg’T. By maximality and e = €® € w%R%’T, we have k > 2k. On the other
hand (w%e)? = w*(w*e) and w¥e # 0 mod w, hence we must have k = 0 since
R%’T /w is reduced. But then e is an idempotent of the local ring R’ﬁ”, hence it must be a
trivial idempotent.

Finally, since R%’T[%] is regular and R /w is reduced, R"" satisfies conditions R; and

S5, hence is normal. [

Remark 8.10. The reason for which we need 7 to be 10-generic in Proposition is due to
Lemma and the 8-genericity assumption on p appearing in Theorem By Remark
[7.10] an improvement on weight elimination for a niveau three p could relax the genericity
assumption on 7. (An inspection of the proof of Theorem and Table |8| shows however
that any improvement of Theorem based on stronger weight elimination results will
require p to be at least 7-generic: in order to obtain a further relaxation on the genericity
hypotheses on p, hence on 7, one should be able to perform the explicit computations in
§ with types which are m-generic with m < 4).

We also observe that in the specific situation of Proposition [8.6] we could have avoided
Lemma noting that w(p, 7) = id implies that p and 7 have the same degree of genericity.
However, this is no longer true when w(p, 7) =+, in which case we need to invoke Lemma

to have the analogous statement of Proposition [8.6] for shape 7.

8.2. The o shape. We assume that 7 is n-generic with n > 4 and that w(p,7) = . The

universal family of shape « is given by

ci1 c2+ (v+Dp)cis c13
A=|chv coo+ (v+p)h €93
€310 320 (ca3 + (v +p)ciz)

subject to the condition that all 2 by 2 minors of

C11 C12 C13
A‘v:—p: —pC§1 C22 C23

—pC31 —PpC32 (€33
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vanish and the determinant condition

Ik * / % x %k
C11C99C33 + C13C91C32 — C13C99C31 — C12C91C33 + PCo1CioC33 = 0.

We have
0 (a—b)eia —epcyy (a—c)as —C3C32 + 22033 + C33Chy  €13C32 — ClaChy — CloC33 C19C23 — C13Chy
t det(4) _
—Ay—_, = | —ple—a+b)c, —epch, (b—=c)eas | » Py y=—p= PCh3C, —c13¢31 + C11¢33 csic13
—ple —a+c)esi  —ple —b+c)es2 —pecss —pChiC32 4 pehycar PC31CYy —chic12 + c116hy + Dol

def

Define ¢392 = c32 — 022 L. By looking at the (1,1), (2, ) (3,3) entries of (ATP(v)2A~1),—_,
(the leading term for monodromy, cf. Definition we get the following monodromy
equations:

(a — b)ciachs — (a — ¢)c13C3n = peciychs + O(p?)

(e — a4 ¢)caslaa — (e — a+ b)caachs = epchychs + O(p?)

(e —a+ c)esicascis — (e —a+ c)cs1c13Cha + (e — b+ €)c32€13C3) — €C12C33C3) + €C11ChaCa3 + PeciaCs Coy = O(pz)

8.2.1. The semisimple case. Let us first consider the case when @, = 0, that is p is semisim-

ple.

Proposition 8.11. Let R be the quotient of Fle11, c13, ca3, 31, Ca2, cho] by the relations:

b—c
. T — S - o Zo = 0 Zo = 0
cucgs =05 cncsy = 13631032, Cl1Cpp = ——C13C325  C13C23C32 = 05 coscaican = 05

(a — b)0130310/22 + (C — b)613532 + (6 —a-+ 6)623631 =0.

Then the ring R ’B’ /w0 is a power series ring over a quotient ofR

Proof. We need to check that the relations defining R are satisfied in RT B - /wo. Throughout

the proof, we work modulo zo. fa cig with %2 and ¢;3
12

. ¢i3 .. * * * . koo k%
with e eliminate cJy, ¢35, c33 from all equations, so we can assume cj, = c3; = ¢33 = 1

in what follows. The monodromy equations mod w solves c13, c22 in terms of the remaining

variables:

a—c
8.3 €12 =—C13C32,
(8.3) 12 = C13C32

e—a+c
8.4 Cog =————C23C
(8.4) 2= e
The determinant condition thus gives

b—c

(85) 0110/22 ZHCK}EQ?,Q.



POTENTIALLY CRYSTALLINE DEFORMATION RINGS & SERRE WEIGHT CONJECTURES 90
From the relation cj1c32 = c12¢31, using , the definition of ¢35 and , we obtain:
C11C32 =C13€31C32.

Multiplying by c13, by co3 and using the relation cjoc23 = c13¢22, We obtain:
c13¢23€32 =0.

Using coac3; = 0 and , we get
co3c31C32 =0.

Finally, using the third monodromy equation and the previous relations, we obtain

(a — b)ci3cz1chy + (¢ — b)eisess + (e — a + ¢)cazesy = 0.

O

Proposition 8.12. The ring R is a reduced 3-dimensional Cohen-Macaulay ring. It has 6

minimal primes, and each irreducible component is formally smooth over F. Thus e(R) = 6.

Furthermore, the minimal primes ofé are exactly

(c11 — c13¢31, C23, (@ — b)csichy + (¢ — b)es2);  (ci1, (a — b)cischy + (e — a + ¢)cas, C32);

(c11, €13, €23); (c11, €13, €31); (c11, €31, C32); (ca3, Cs2, Cho).

Proof. The proof is very similar to the proof of Proposition [8.5] so we will only sketch it.
The relation ideal I defining R consists of polynomials, and indeed form a Grobner basis
with respect to the monomial order ¢11 > ¢13 > ¢o1 > o3 > €31 > C32 > 0'22. Since the initial
ideal of I is generated by square-free monomials, we get reducedness. Cohen-Macaulayness

follows as in Proposition [8.5 O

8.2.2. The non-semisimple case. Finally, we handle the case where p is non-semisimple.
Then we have that ), is a unit instead of a topologically nilpotent element. The relations
of Propositions continue to hold, the only difference is that Risnot a quotient of
Flei1, 13, c21, ¢a3, €31, Ca2, cho], but rather a quotient of Flci1, ¢13, ca1, €23, €31, €32, Chy — [Cho]]-
The effect of ¢, being a unit is that R only has 5 minimal primes instead of 6 (the minimal
prime (ca3, €32, ¢hy) is no longer present).

The proofs of the following results for the o shape are exactly the same as the proofs for

the id shape, so we will not repeat them.
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Proposition 8.13. Assume that T is strongly generic. Then R B0

T . . .
s w 18 1somorphic to a
ws ! P

power series ring over R.

Corollary 8.14. Assume that T is strongly generic. Then the ring B%’T is normal, Cohen-

Macaulay, and R%T[%] is a domain.

This completes the proof of Theorem [7.7]
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9. APPENDIX: TABLES

TABLE 1. The (2,1,0)-admissible elements

92

afay=te10, Bray=tage, BrvBa=tez)

Length 4
yaBa =tp12), avaf =tuap2), abByB =120
Length 3 (ordinary) vyafB, avyB, aBfy Pay, PBya, B«
Length 3 (shadow) yay, afa, BB
Length 2 yo, av, Pa, af, By, B
Length 1 o, B, v
Length 0 id

There are 25 different (2, 1,0)-admissible elements. For simplicity, we label them by the

corresponding element in the affine Weyl group of SL3, e.g. aSary corresponds to v(aBary)

in W. If (z,y,2) € X.(T) =2 Z? is a cocharacter, we write t(,,,.) for the image of

translation by (z,y

,z) in w.

TABLE 2. Inertial local Langlands

T ‘ o(T) ‘
(0) (0) (0) (0) (0) (0)
—a; —ay —ay GL3(k) ;~a; ~ay ~ag
wyt Bw,? Dwy Indg ;) (@' @wy® @w )
IR RN G ozt el
f 2f 2f Py(k)y “f 2f

—al® _pral® _p21a0)

—al® _plal® _p2/a®

—al® _pral®_p27a®

0) , F,0) 27, (0)
~a; ‘+play’+p-lag
o( )

Waf 3f 3f Waf
def * * *
In the table above, we set P, = ** and write ©(¢) for the cuspidal repre-
* ok

sentation of GL, (k) associated to a k’-primitive character ¢ : (k')* — E* as in [Her(09,

Lemma 4.4].
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TABLE 3. Jordan—Holder factors of Deligne-Lusztig GL3(IF,)-

representations

o(r) JH(5(7))

F(a,b,c),
F(c+p—1,a,b),
F(b,c,a—p—i—l),
F(Q,C,b—p+1),

GL3(Fp) (~a o ~b o ~c
IndB(E?p()p)(wl(gw}f@wl) F(C+p_17b7a_p+1)7

Fb+p—1,a,c),
Fla—1,bc+1),
Flc+p—2,a,b+1),
Fb—-1,c,a—p+2)

F(a,b—1,c¢+1),
Flc+p—2,a,b+1),
Fb—1,c+1l,a—p+1),
F(a,e,b—p+1),
Indpy 25750 © 0@57) | Fle+p—1b,a—p+1),
Fb+p—2a,c+1),
F(a—1,b,c+1),
F(c+p—1,a,b),
Fb—-1,c,a—p+2)

Fla—2,b+1,c+1),
Flc+p—2,a,b+1),
F(b—1,c+1,a—p+1),
Fla—1,¢,b—p+2),
Oy ) Fle+p—1,ba—p+1),
Fb+p—1l,a—1,c+1),
Fla—1,b,c+1),
Flc+p—1,a—1,b+1),
F(b,c,a—p+1)

In the table above, the triple (a,b,c) is assumed to be weakly generic, we set P def

* *

( K% ), and we write ©(¢) for the cuspidal representation of GL,(FF,) associated

to a F.r-primitive character o5 + FX. — EX ac in IHer00 T.emma 4 41 See aleo Herl
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TABLE 4. Shapes of Kisin modules over F

. () ~ )
Wj w; Wj w;
viey 0 0 veyy VC12 0
afary v2Ca Ve 0 Bryary 0 v2e5, 0
C31V + 52))11)2 VC39 E§3 VC31 €32V + 6321)2 E§3
0 vel, 0 v?ey 0 0
2 = 2 =
Bary v*es, 0 0 afy Ve + 07y 0 Ty
vC31 + UQEgl VUC32 Cag 0231 vC3y 0
—%
0 0 el
afo 0 1)652 VCa23
’UE§1 UC32 UC33
0 0 el 0 e, O
af vchy, 0 weeg Ba 0 0 Gy
0 UE§2 VC33 U5§1 VC32 VC33
0 e, O ve;; 0 0
Q UGy UC22 0 id 0 VCho 0
—% —%
0 0 weciy 0 0 weciy

In the above, we have ¢, ¢, € F and ¢}, € F~.

94
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TABLE 5. Deforming 91 by shape (without monodromy)

Wj Zg} deg(lgj) g‘%) with height/det conditions
v2E, 0 0 2* <0 - (v +p)2cy 0 0
afay v2ey UGy 0 v(< 1) 1* —00 v(v +p)ear (v+p)czs O
vC31 + 1126%1 UC32 C3g v(<1) v(<0) 0 v(es1 + (v + p)csy) V€32 C33
Ve vC12 0 1* <1 -0 (v+p)cp (v+p)cia 0
Bryary 0 v%es, 0 v(<0) 28 —o0 0 (v +p)2ch, 0
ve31 vese + v, Ty v(<0) v(<1) 0O vesn v(esa + (v +p)chy)  Cig
v+ p)ern v+ p)c} 0
0 vet, 0 <1 SR (( )) E ; 2 .
v(v + p)cs v+ p)cas
Bary v2e, 0 0 v(1*) <1 —oo ( ( 2; ) .
v(c31 + (v +p)e vC32 Cae
veg) + vy vl €3 v(<1) v(<0) 0 3 . . 5
C11C22 = —PCi9Cyq
v+p)2c 0 0
0% 0 0 2 <0 —o0 ( ( ( ) 1; )
v(cg1 + (v +p)c Coo  Ch
afy vegr +v%dy 0 T3 v(<1) <0 0* ( (51 1 ( _T_l 1) . 2
v{€21C33(C v p)c ve C33
V2, vesy 0 v(<1) v(0*) <0 2 N %i 32
C22C33 = —PC39Co3
cir enesa(ch)™t as+ (v+p)cls
0 0 vy <0 <0 17 0 (v+p)csy (v+p)cas
afa 0 wveh, veas —00 1 <1 veh, vC32 e33+ (v 4 p)cis
UC UC3a UChg v(0*) v(£0) <1 c11633 = —PC13chy

!
C11C33 — €13€C3; + pciscy; =0
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eacia(ci) ™ e c13+ (v +p)ciy
veh C99 co3 + (v + p)ch.
0 0 woi =0 =0 I , 52 ( (*>(1 ()B)/)
ve31 e c31023(¢51) " + (v +p)e
af vy 0 ulhg v(0*) <0 <1 2 . 2]* 3
€22€31 = —PCyCyg
0 vcy, vChy v(<0) v(0*) <1 21632
C12023 = €22€13
€3132C13 — PC31CRaCi — Ciachic12 = 0
crr ((e3) tenesa + (v + p)efy) c13
0 wve, O <0 1 <0 0 (v+p)chy (v+p)css
Ba 0 0 vEhy -0 <1 1* c3v 320 33+ (v +p)chy
VG5 VC32  UThy v(0*) v(<0) <1 €11€33 = —PC3 €13
chy(cr1chy — c13ch;) = pesaciach
cir ez + (v +p)eiy c13
0 wvg, O <0 1* <0 c5v caa+ (v +Dp)chy Ca3
a vGy vCh, 0 v(0%) <1 <0 C31V €320 (€33 + (v +p)cis)
0 0 vy v(<0) v(<0) 1* all 2 x 2 minors of Z,(j)\v:,pva‘nish,
C11ChyChs + C13C51C32 — C13ChaC31 — C12Ch1 Chg + PCs1Ciochs = 0
ci1 + ¢ (v+p) c12 c13
vei; 0 0 1* <0 <0 veoy e+ chy(v+p) ca3
id 0 vy O v(€0) 1* <0 vesy ve3 33+ ci3(v +p)
0 0 s v(<0) v(<0) 1* all 2 X 2 minors of gi(ﬁ)\”:,,,vanish,
C11C59C33 + C22C33CT| + €33CT1 Chy — C11C23C32 — C5yC13€31 — C33C12€21 + Ca1¢13¢32 = 0

Explanation of the table: deg(ggj ) is the degree of the polynomial in each
entry. We write £* to indicate an entry polynomial of degree k£ whose leading
coefficient is a unit. We use ¢* to indicate an entry which is a unit in R. Fach
entry is also subject to the condition that the reduction modulo mp gives
Zg]) The third column is further explained in Remark In the fourth
column, we describe 1\/[at5(qbf()gi)’sj+1 (3)) with finite height and determinant
conditions imposed, and performing some obvious p-saturation. However,
we do not claim that we have performed all the p-saturation in the case of

the last 5 rows.
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TABLE

6. Monodromy equations

97

w;j Rf%’;pl Leading term
p P / peis((e — (a—c))espest + ple — (b — ¢))eaicsacsy — pechychyy) +O(P™ )
afary Olty, w5y, 35, 021, w31, T, T32] . .
(using the (3,1) entry of the leading term)
cis((e — (b —¢))esact; — (e — (a — ¢))ciacsr + peciicyy) + O(pn !
Brary Oy, 28y, 28, 212, 731, 52, T peis((e = ( .>) 52011 — (e — (a — ¢))erzcs - pecu h) +O0™ )
(using the (3,2) entry of the leading term)
oy Ol11, 27y, 5y, €33, Tz, 31, T3y, T32] pcis((e — (a — c))cipes — peciacyy — (e — (b—c))esacnr) + O(p" 1)
C11622 = —PCiaChy (using the (3,2) entry of the leading term)
aBy Oliy, w21, @5y, w22, 255, ¥, 25, 53] pe3s((e = (a = 0)chaean + (b= c)enchy — ple = (b= ¢))cipchy) + O™ )
: €22C33 = —PC3yChs (using the (2, 1) entry of the leading term)
Olw11, 32, 23, w13, w33, T3, T3, 259, 275]
b o peract —peiy (e — (a —¢))ezzesy — pla — b)easess + pechycys)) +O (™)
£ 1133 = —PC13C;
3 (using the (3,1) entry of the leading term)
ciichy — c13c3 +peizcs; = 0
O[[-TSI 5 222, T12, 13, L23, -77‘/23-, m;/g;;-, x;y z,{:" 31”;2]]
B €22€31 = —PChChy pc:’QQ((e —(a—c))czicas +ple — (a — b))CLCég +pla — b)"iﬂdz:s) + 0(1’"71>
12023 = C22C13 (using the (3,1) entry of the leading term)
ChaC13 — PCipCis — Chycrz =0
Olw11, 2y, 232, 713, 033, T3, T3, Lo, 035]
» o b (= (e~ (a = Desschy + pla— Desacty ~ pechacly) + 06" ™)
/ 11633 = — 13 . .
8 (using the (3,1) entry of the leading term)
cha(cr1chy — C13cy) = P3ciachy
o See p((e — a+c)(casesachy — chacasest) — (e — a+ b)eaachscsy — epchyciscs;) + O™ )
’ (using the (2,1) entry of the leading term)
id

See

See

We list the generator of Ir(rf;;

We take a & agﬂ)
41

(1)
def —
o (] ® h

1)

[1/p] according to the procedure of Proposition

def a(jH) def a,(j+1) . We define the variables
sj+1(2) sj+1(3)

, 1or e € () and [-] is the Teichmiiller lift.
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TABLE 7. Deformation rings with monodromy
wj Condition on M R%pllmv
afary 31 =0 Olxty, by, x4s, 21, Ty, T32]
Bryay || (e = b+ c)sat]; = (e — a+ c)C12Ca1 Oliy, 25y, w33, 712, 231, T ]
Bay c31 =0 Oly11, ya2, 1o, 51, T33, T3, 32] / (Y11922 — P)
afy c1 =0 Olly22, ys3, 211, Thy, T35, Ty, 2551/ (y22y33 — P)
afa (a = b)C23Cs2 — (a — c)E55Cs3 # 0 Olxs2, w23, 253, T35, 259, ¥73]
afa || (a—b)casts2 — (a — )ty =0 Olw11, w32, w23, Y33, ¥51, 039, ¥13] /(211755 — p)
af Cy3 #0 Ollys1, w22, w3, w3, 051, 13, 23]/ (y31722 — p)
of Cy3 =0 Ollysy, w22, w12, T3, Yss, T51, T13, 2551 / (31722 — P, T12Y55 — p)
Ba T2 #0 Olxy, Y13, T32, T3, Ty, 79, ¥33] / (52513 — p)
B C32=0 Ofw11, Tho, Y32, Y135 T33, T3, T1, T3]/ (Th¥13 — P, T11Y32 — D)

The condition imposed by monodromy on the coefficients of

_G) ‘ m

Matﬁ (qbﬁ,sjﬂ(?)))? according to the shape of M (cf.  Table ' We
def (j+1) def (j+1) def (G+1)

take a = 5j+1(1)’ b - 5j+1(2)’ - as‘j+1(3).

covers all the shapes of length > 2; the shapes of length < 1 are more
delicate and treated in detail in

Note that the table above
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TABLE 8. Types with Weyl intersection in the proof of Proposition

FIse)

I

JH(o (7)) N W’ (p)

Shape w(p, )

F(a—1,b,c+1),

GL3(Fp) ~b ~c+tpa
Ind (@ ® O(w; ™)) afa
Py(Fp)
Fle+p—1ba—p+1
(wewdw)w (ctp a=p+l)
IdGLg(]Fp)( ¢ @ Q@ PO-D) F(b—1,c,a—p+2), 5
Py(Fy) _ i
F(a,e,b—p+1)
GL3(Fp b+1 c—1 F(C+p_2:aab+1)7
Ind (3())( 200G é+ )+p( ))) yary
F(b—i—p—l,a,c)
@(&g-‘rpb-l-l)zc) F(a_ 1,b,C—|— 1)7 04/305
(W' & Inde” Wb7) @ w Fle+p—1,b,a—p+1)
‘\ép2
6(a§c71)+pb+p2(a+l)) F(bf l,c,afp+2), ﬁ’Yﬁ
F(a,e,b—p+1)
F(c+p—-1,a,b),
IdCB;(LI; ;Fp)(wa@)wal@wcj%) ((/+p , @ ) yary
Fb+p—2,a,c+1)
- F _Lba +17
Indg;&(]ip)( ® O(w bﬂm)) (a ct+1) afa
(IndGQP wa+pb+p2c) o w P Flc+p—-1,b,a—p+1)
Go 43
F “lLa-1,b+1),
B e R B
Fb+p—1l,a—1,c+1)
F( — 1
IIldGL?F(]F;p)( b+1®9( ~(c— 1)+pa)) (707(1 p+ )7 8B

Fla—1,¢,b—p+2)
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b Gap
(w &) IndGQp

a-+pc
2 “2

)®w

F(a—1,b,c+1),
Indg(l_;(])lrp) (wa ®wb®wc) (CL c ) 05,804
P Fc+p—-1,bba—p+1)
~C a— F "I_ - 1, - 1, b + 1 9
@(w3+p(b+1)+p2( 1)) (c+p a ) yary
Fb+p—1l,a—1l,c+1)
~a b— 2(c F(b_lac+17a_p+1)a
@(wg'i‘P( 1+p*( ""1)) 67/8
Fla—1,c+1,b—p+1)




POTENTIALLY CRYSTALLINE DEFORMATION RINGS & SERRE WEIGHT CONJECTURES

TABLE 9. Serre weights for semisimple p

Dl

Woby (ﬁ)

W? (ﬁ) \ Woby (ﬁ)

(W ®w’ ®w) Qw

Fla—1,b,c+1),
Fb—-1,c,a—p+2),
Flc+p—2,a,b+1),
Fla—1,¢,b—p+2),
Fb+p—2a,c+1),

Flc+p—2,b,a—p—+2)

Flc+p—-1,bba—p+1),
Fb+p-1,a,c),
F(a,e,b—p+1)

G,
(w“ @ Inng”2 wl;_pc) R w
P

Fla—1,b,c+1),
F(b—-1,¢c,a—p+2),
F(c+p—-1,a,b),
Fla—1l,c+1,b—p+1),
Flc+p—-1,b—1,a—p+2),
Fb+p—1,a,c¢)

Flc+p-1,bba—p+1),
F(a,c,b—p+1),
Fb+p—2,a,c+1)

2
r wg+pb+p c) Qw

Go
(IndGQ” ,

P

Fla—1,bc+1),
Flc+p—1,a—1,b+1),
F(byc,a—p+1),
Fla—1l,c+1,b—p+1),
Flec+p-1,b+1,a —p),
Fb+p—-1,a,c)

F(C+p715bva7p+1)7
Fb+p—-1l,a—1,c+1),
Fla—1,¢,b—p+2)

b Go +
(w ® IndGQ:2 wg pc) R w

Fla—1,b,c+1),
Fb—1l,c+1l,a—p+1),
Flc+p—1,a—1,b+1),

Fla—1,¢,b—p+2),

F(c+p,b,a—p),

Fb+p—2,a,c+1)

F(C+p_1abva—p+1)7
Fb+p—-1,a—1,c+1),
Fla—1l,c+1,b—p+1)

The triple (a,b, c) € Z3 verifies 1 < a—b, b—c <p—2and a—c < p—2. The

table is deduced from [Her(09], Lemma 7.6 and Proposition 6.28; alternatively
the obvious weights can be deduced from [BLGG|, Lemma 5.1.2.
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[BDJ10]

[BLGG]

[BLGGT14]

[BMO02]

[BM14]

[Bre00]

[Brel4]

[CDMa)|

[CDMb]

[CDTY9]

[CEG*16]

[CHTOS]

(EG]

[EG14]

[EGH13]
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