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Abstract: We consider a sequence of systems of Hawkes processes having mean field interac-
tions in a diffusive regime. The stochastic intensity of each process is a solution of a stochastic
differential equation driven by N independent Poisson random measures. We show that, as the
number of interacting components N tends to infinity, this intensity converges in distribution
in Skorohod space to a CIR-type diffusion. Moreover, we prove the convergence in distribu-
tion of the Hawkes processes to the limit point process having the limit diffusion as intensity.
To prove the convergence results, we use analytical technics based on the convergence of the
associated infinitesimal generators and Markovian semigroups.

MSC 2010 subject classifications: 60K35, 60G55, 60J35.
Keywords and phrases: Multivariate nonlinear Hawkes processes, Mean field interaction,
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Introduction

Hawkes processes were originally introduced by Hawkes (1971) to model the appearance of earth-
quakes in Japan. Since then these processes have been successfully used in many fields to model
various physical, biological or economical phenomena exhibiting self-excitation or -inhibition and
interaction, such as seismology (Helmstetter and Sornette (2002), Y. Kagan (2009), Ogata (1999),
Bacry and Muzy (2016)), financial contagion (Ait-Sahalia, Cacho-Diaz and Laeven (2015)), high
frequency financial order books arrivals (Lu and Abergel (2018), Bauwens and Hautsch (2009),
Hewlett (2006)), genome analysis (Reynaud-Bouret and Schbath (2010)) and interactions in social
networks (Zhou, Zha and Song (2013)). In particular, multivariate Hawkes processes are extensively
used in neurosciences to model temporal arrival of spikes in neural network (Griin, Diedsmann and
Aertsen (2010), Okatan, A Wilson and N Brown (2005), Pillow, Wilson and Brown (2008), Reynaud-
Bouret et al. (2014)) since they provide good models to describe the typical temporal decorrelations
present in spike trains of the neurons as well as the functional connectivity in neural nets.

In this paper, we consider a sequence of multivariate Hawkes processes (ZN ) NeN® of the form

ZN = (Ziv’l,...ZtN’N)tZO. Each ZV is designed to describe the behaviour of some interacting
system with N components, as for example a neural network of N neurons. This is a multivari-
ate counting process where each Z™* records the number of events related to the i—th compo-
nent, as for example the number of spikes of the :—th neuron. These counting processes are in-
teracting, that is, any event of type i is able to trigger or to inhibit future events of all other
types j. The process (ZN Ao ZNN ) is informally defined via its stochastic intensity process
M= (AN, .., )\N7N(t))t>0 through the relation

P(Z™" has a jump in Jt,t + dt]|F;) = ANi(t)dt, 1<i< N,
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where F; = o (Zév 1 0<s< t) . The stochastic intensity of a Hawkes process is given by

AVi () = fN Z/ WY (t—s)dz™N9(s) | . (1)

Here, hf; models the action or the influence of events of type 7 on those of type ¢, and how this
influence decreases as time goes by. The function f7V is called the jump rate function of Z:i.

Since the founding works of Hawkes (1971) and Hawkes and Oakes (1974), many probabilistic
properties of Hawkes processes have been well-understood, such as ergodicity, stationarity and long
time behaviour (see Brémaud and Massoulié (1996), Daley and Vere-Jones (2003) and Costa et al.
(2018)). A number of authors studied the statistical inference for Hawkes processes (Ogata (1978)
and Reynaud-Bouret and Schbath (2010)). Another field of study, really active nowadays, concerns
the behaviour of the Hawkes process when the number of components N goes to infinity. During the
last decade, large population limits of systems of interacting Hawkes processes have been studied
both in discrete and continuous time (Fournier and Locherbach (2016), Delattre, Fournier and
Hoffmann (2016), Ditlevsen and Locherbach (2017)).

Delattre, Fournier and Hoffmann (2016) consider a general class of Hawkes processes whose
interactions are given by a graph. In the case where the interactions are of mean field type and
scaled in N~!, namely hf\; = N7'h and f¥ = f in (1), they show that the Hawkes processes
can be approximated by an i.i.d. family of inhomogeneous Poisson processes. They observe that
for each fixed integer k, the joint law of k components converges to a product law as N tends
to infinity, which is commonly referred to as the propagation of chaos. Ditlevsen and Lcherbach
(2017) generalize this result to a multi-population frame and show how oscillations emerge in the
large population limit. Note again that the interactions in both papers are scaled in N~!, which
leads to limit point processes with deterministic intensity.

The purpose of this paper is to study the large population limit (when N goes to infinity) of
the multivariate Hawkes processes (Z N1 ZNN ) with mean field interactions scaled in N—1/2,
Contrarily to the situation considered in Delattre, Fournier and Hoffmann (2016) and Ditlevsen and
Locherbach (2017), this scaling leads to a non-chaotic limiting process with stochastic intensity. As
we consider interactions scaled in N~/2, we have to center the terms of the sum in (1) to make the
intensity process converge according to some kind of central limit theorem. To this end, we consider
intensities with stochastic jump heights of the form

AN = AN (2) Z/ h(t—s)U;j(s)dzN |,

where the variables Uj(s) are i.i.d. and centered.
Moreover we consider functions h of the form h(t) = e~ so that the process (X7") , defined by

N t
1 .
XVi=—) / e =y (5)dZ N (s)
VN &)

is a piecewise deterministic Markov process. In the framework of neurosciences, X}V represents the
membrane potential of the neurons at time ¢, the variables U;(s) model random synaptic weights
and the jumps of Z™J represent the spike times of neuron j. If neuron j spikes at time ¢, an
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additional random potential height U;(t)/v' N is given to all other neurons in the system. As a
consequence, the process XV has the following dynamics

dX = —axNdt + — ZU )dZN (t)

and the infinitesimal generator of XV is given by

Ag(a) = —awg/ @)+ Nf(a) [ [g (x +2) - g(a:)} ldu),

for sufficiently smooth functions g, where p is the common distribution of the variables U, (s).
As N goes to infinity, the above expression converges to

Ag(r) = g/ () + 1 f()g" (@),

which is the generator of a CIR-type diffusion solution of the SDE

We show that the convergence of the generators implies the convergence of X%V to X in dis-
tribution in Skorohod space, together with a control on the speed of convergence. Moreover we
establish for each 4, the convergence in distribution in Skorohod space of the associated counting
process ZN:% to the limit counting process Z® which has intensity (f(X;));. Conditionally on X,
the Z%,4 > 1, are independent. This property can be viewed as a conditional propagation of chaos—
property, which has to be compared to Delattre, Fournier and Hoffmann (2016) and Ditlevsen and
Locherbach (2017) where the intensity of the limit process is deterministic and its components are
truly independent, and to Carmona, Delarue and Lacker (2016) where all interacting components
are subject to common noise. In our case, the common noise, that is, the Brownian motion B of
(2), emerges in the limit as a consequence of the central limit theorem.

To the best of our knowledge, this is the first result of diffusion limit type for multivariate Hawkes
processes.

The convergence in distribution of X~ to X (Theorem 2.1) is obtained by showing first the
tightness of the sequence (X N )  on Skorohod space, and then the convergence in finite-dimensional
distribution. To prove the finite-dimensional convergence we use analytical methods showing first
the convergence of the generators from which we deduce the convergence of the semigroups via the
formula

Pug(z) - PNg(z) = / BY . (A A™) Pg(e)ds. 3)

Here Pig(z) = E, [g (X:)] and PNg(z) = EY [ (X{")] denote the Markovian semigroups of X
and X% . This formula is well-known in the classical semigroup theory setting where the generators
are strong derivatives of semigroups in the Banach space of continuous bounded functions (see
Lemma 1.6.2 of Ethier and Kurtz (2005)). In our case, we have to consider extended generators
(see Davis (1993) or Meyn and Tweedie (1993)), i.e. AVg(x) is the point-wise derivative of t
PNg(x). The version of formula (3) for extended generators is stated and proved in Appendix
(Proposition 6.3).
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It is well-known that under suitable assumptions on f, the solution of (2) admits a unique
invariant measure m whose density is explicitly known. Thus, a natural question is to consider the
limit of the law of X}¥ when ¢ and N go simultaneously to infinity. We prove that under appropriate
conditions on the way N and ¢ tend jointly to infinity, this limit is 7, and we provide a control of
the error (Theorem 2.3). This result can be viewed as an approximation result of the finite size and
finite time particle system by the invariant measure 7, that is, a simulation algorithm to simulate
the law of X}V from the invariant law 7.

The paper is organized as follow: in Section 1, we introduce the model rigorously and state the
assumptions. In Section 2, we formulate the main results. Section 3 is devoted to the proof of the
convergence of X~ to X (Theorem 2.1), and Section 4 to the study of the simultaneous ¢ and N
limit of the law of X}V (Theorem 2.3). In Section 5, we prove the convergence of the point processes
ZN4 to Z' (Theorem 2.5). Finally in Appendix, we prove some results on the extended generators,
and some other technical results that we use throughout the paper.

1. Notation, model and assumptions
1.1. Notation

The following notation are used throughout the paper:

e If X is a random variable, we note D(X) its distribution.
e If g is areal-valued function which is n times differentiable, we note [|g]|n,.0c = > p_o ‘ |g(’C) ’ }DO .
e We write CJ'(R) for the set of the functions g which are n times continuously differentiable
such that ||g]|n.co < 400, and we write Cy(R) for CP(R).
e If g is a real-valued function and I is an interval, we note ||g||oo,r = sup |g(x)].
zel

e We write C”(R) for the set of functions that are n times continuously differentiable and that
have a compact support.

e We write D(R,R) for the Skorohod space of cadlag functions from R, to R, endowed with
Skorohod metric (see Chapter 3 Section 16 of Billingsley (1999)). Moreover, D (R+,Rk) de-
notes the space of RF—valued cadlag functions endowed with the topology that generalizes
naturally the topology of D(R4,R) (see e.g. Section 3.5 of Ethier and Kurtz (2005)).

e If F is a Polish space, M#(E) denotes the space of locally finite measures on E endowed
with the topology of the weak convergence. With this topology, M#(E) is a Polish space
(see Theorem A2.6.IIT of Daley and Vere-Jones (2003)). In this paper, we consider either
E=R; xRy xRor E=R, xR, and we write M# for M#(E). It will always be clear
which space E we consider.

e W, denotes the Wasserstein metric of order p, that is, W, (v1,12) = _ inf E[X — Y|p]1/p .
b'e

~vy,Y ~vg
e « is a positive constant, L, A, B, o are fixed parameters defined in Assumptions 1 and 2 below,
my (1 < k < 4) are fixed parameters introduced in Assumption 3 below, Cy, Dy, Ky, §’“) are
constants that depend on ¢t and the previous parameters, which are defined in Lemma 3.1,
Theorem 2.2 and Proposition 3.6. Finally, we note I' any arbitrary constant, so the value
of I' can change from line to line in an equation. Moreover, if I' depends on some non-fixed
parameter 0, we write ['g.
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1.2. The model

We consider a sequence of multivariate Hawkes processes (Z™7) _._ .« - Of the form

ZN’i:/ 1 dmi(s,z,u), 1<i<N, 4
! 10,t] xRy xR {z=s(x0)} ( ) W

where (7). are i.i.d. Poisson random measures on Ry x Ry x R of intensity dt dzdu(u), p is a

centered probability measure on R, and (XtN ) is given by

teR,

—a N —a(t—s
Xt]V = Xéve t + \/%ijl ﬁO,t]XR+XRue (t )]l{zgf(X;\L)}de(S7Z,u), (5)
Xév ~ VéV7

where v is a probability measure on R. Notice that XV is solution of the following SDE

N

1
= X / ul dmi(t, z,u). 6
t t \/N]; (z,u)€Ry xR {ng(X,ﬁ)} J( ) ( )

Under natural assumptions on f, this SDE (6) admits a unique non-exploding strong solution.
This will be proved in Proposition 6.6. In particular, X~ is a piecewise deterministic Markov
process.

The aim of this paper is to show that X~ converges in Skorokhod space to the limit process
()_(,g)te]R+ which is solution to the SDE

{ X, = —aXudt + o\ [f (X,)dB,, -

Xo ~ D,

where o2 is the variance of i, (Bi)ier . is a one-dimensional standard Brownian motion, and 7y a
suitable probability measure on R.

In the sequel, we will prove the convergence of XV to X, and we will derive some consequences
of this convergence.

To prove our results, we need to introduce the following assumptions.

Assumption 1. /f is a positive and Lipschitz continuous function, having Lipschitz constant L.
In particular there exist some constants A and B such that for all x € R, f(z) < Ax? + B.

Remark 1.1. Obviously, we have A < 2L? and B < 2f(0)?, so we could fir A = 2L* and B =
21(0)2. However, these choices for A and B are not optimal in general, and using generic constants
A and B makes the proofs more readable.

Under Assumption 1, it is classical that the SDE (7) admits a unique non-exploding strong
solution (see remark IV.2.1, Theorems IV.2.3, IV.2.4 and IV.3.1 of Tkeda and Watanabe (1989)).

Assumption 2.
o [yxtdig(x) < oo and sup [pxtdul (z) < oo.

NeN*
e /1 is a centered probability measure having a fourth moment, we note o? its variance.
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Assumption 2 allows us to control the moments up to order four of the processes (XtN ) , and

(X't) , (see Lemma 3.1) and to prove the convergence of the generators of the processes (XtN ) , (see

Proposition 3.5).

Assumption 3. We assume that f is C* and for each 1 < k < 4, (ﬂ)(k) is bounded by some
constant my,.

Assumption 3 guarantees that the stochastic flow associated to (7) has regularity properties
with respect to the initial condition Xy = x. This will be the main tool to obtain uniform in time
estimates of the limit semigroup, see Proposition 3.6.

Example 1.2. The functions f(x) =1+ 22 and f(z) = V1 + 22 satisfy Assumptions 1 and 5.
Assumption 4. Ws (1707 I/év) vanishes when N goes to infinity.

The convergence of XV to Xy in distribution is a necessary condition for the convergence of the
process XV to X. In Proposition 3.9 below establishing the finite dimensional convergence of X~
to X, we rely on Assumption 4 which is a bit stronger. Actually if we assume that the first part
of Assumption 2 holds, then Assumption 4 is equivalent to the convergence in distribution of X"
to Xo.

2. Main results

Our first main result is the convergence of the process X~ to X in distribution in Skorohod space.

Theorem 2.1. If Assumptions 1, 2, 8 and 4 hold, then the sequence (XN)N converges in distri-
bution to X in D (R, R).

Theorem 2.1 is proved in the end of Subsection 3.4. Below we give some simulations of the
trajectories of the process (XtN)t>0 in Figure 1.

Actually, we have more details than just the convergence of X N to X in Skorohod space. Indeed,
we are able to establish the rate of convergence of P} g(z) to Pig(x), uniformly in time for ¢ € [0, 77,

for sufficiently smooth test-functions g.

Theorem 2.2. If Assumptions 1, 2 and 3 hold, then for all T > 0, there exists a positive constant
Kr such that for each g € C3(R),

D 1
sup | PNg(x) — Pg(a)| < (14 a*)Krl|glls,00——-
s [PN(e) = Pg(o)] < (14 2) Kallgllso

The constant K can be chosen of the form Ky = O (T2 (1 +eT(‘72A_2a)) (1 + eT5(3))) with
BB = 120%m? + 30°m3 — a.

We refer to Proposition 3.6 for the form of 3(3). Theorem 2.2 is proved in the end of Subsection 3.3.

If the limit process X is sufficiently ergodic (that is, if « is sufficiently large), having invariant
probability measure 7, then we can even control the speed of convergence of PtN tg(x) to m(g), as t
goes to infinity, for suitable choices of Ny — co.

Theorem 2.3. Under Assumptions 1, 2 and 3, let N :t € Ry — N; € N* be some function such
that one of the conditions below holds:
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Ficure 1. Simulation of trajectories of (XtN)
N =50 (right picture).

0<t<10 with XV =0, a =1, p = N(0,1), N =10 (left picture) and

(a) o> o?max (L?/2,A/2,12m3 + 3m3) and t® = o(Ny).

(b) a> %2 max (L%, A) and 1628t — o(Ny).
(1) Then X is uniquely ergodic, having invariant probability measure .
(2) PltNt (x,-) converges weakly to ™ when t goes to infinity. Besides, for each condition, the speed of
convergence for test functions g € C3(R) is given by:

(@) [B (. )g = ma| < Tllgllso (o (1422 40) 70 VT27 47)

2 g3
(0) ’PtNt (x,)g - ﬂg( < Ilgll3,00 (tzj%’ (1422 +1) + (37 o)t T 1 t)

where I is a positive constant.
Theorem 2.3 is proved in the end of Section 4.

Remark 2.4. Formulae (a) and (b) can be seen as a simulation algorithm of the state of the finite
particle system of size Ny at time t by the invariant state of the limit process.

Finally, using Theorem 2.1, we show the convergence of the point processes ZV+* defined in (4)
to limit point processes Z having stochastic intensity f(X;) at time ¢. To define the processes Z°
(¢ € N*), we fix a Brownian motion (B;):>o on some probability space different from the one where
the processes X (N € N*) and the Poisson random measures 7; (i € N*) are defined. Then we fix
a family of i.i.d. Poisson random measures 7; (i € N*) on the same space as (B;);>0, independent
of (B;)i>0- This independence property is natural (see Proposition 5.2), and it allows us to consider
the joint distributions (X, 71,...,7x) for each fixed k > 1, where X is defined as the solution of (7)
driven by (By)¢>o.

As the Poisson random measures 7; play the same role as m;, we shall write 7; instead of 7; in
the rest of the paper. Since m; and 7; are not defined on the same space, there will not be any
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ambiguity. The limit point processes Z* are then defined by

27’:/ 1 e d’]T,L S, z,U). 8
" Soxr, xr (<s(x.)pamil ) -

Theorem 2.5. Under Assumptions 1, 2, 3 and 4, for all k > 1, the sequence (ZN’l, N2 ZN*k)
converges to (Zl, zZ2,..., Zk) in distribution in D (R+,Rk).

N
Let us give a brief interpretation of the above result. Conditionally on X, Z', ... Z*
dependent. Therefore, the above result can be interpreted as a conditional propagation of chaos
property (compare to Carmona, Delarue and Lacker (2016) dealing with the situation where all
interacting components are subject to common noise). In our case, the common noise, that is, the
Brownian motion B driving the dynamic of X, emerges in the limit as a consequence of the central
limit theorem. Theorem 2.5 is proved in the end of Section 5.

are in-

3. Convergence of (XtN)N in distribution in D(R4,R)

The goal of this section is to prove Theorem 2.1 and Theorem 2.2. To prove the convergence of
the sequence (X N ) ¢ We show in a first time that it is tight, and then the convergence in finite-
dimensional distribution. For that purpose we establish the convergence of the generators and then
the one of the semigroups.

We start with useful a priori bounds on the moments of XV and X.

Lemma 3.1. Under Assumptions 1 and 2, for each T > 0 there exist some constants Cp =
0] (eT maX(UQA_%’O)) and D = O (TeT max(UQA_2a70)) such that the following holds.

(i) for all t € [0,T],E {()‘(tﬂ < OrE [(}‘(0)2 + Dy,

(i) for all N € N* and t € [0,T),E | (x})*] < CrE | (X{)°] + Dr,

2
(iii) sup E (Sup |XgV|> < +o0,
NeN* 0<t<T
2
(iv) E ( sup |Xt|) < 400,
0<t<T

(v) for allt € [0,T] and n € N*, sup E [(XtN)ﬂ <TIr (1 +E [(X(])V)ZLD)

0<t<T

(vi) for allt €[0,T], OiltlETE [(Xt)‘l} <Tr (1 +E [(Xo)4])'

We postpone the proof of Lemma 3.1 to Appendix.

3.1. Tightness of (X}V), in D(Ry,R)
We recall Aldous criterion (see for instance Theorem 16.9 of Billingsley (1999)) for tightness in
Skorohod space.

Lemma 3.2. Let (YN)
conditions hold:

~ be a sequence of processes in DR, R). We suppose that the two following
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a VT>0V5>011m lim sup Y& —Y&| >¢e) =0,
(0 m i s BV -V

where As 1 is the set of all pairs of stopping times (S, S’) such that 0 < S < S <S+46<T,
b) VI >0, lim sup P| su Y >K|)=0.
(b) Jm sup ( p [V )

0<t<T
Then the sequence (YN)N is tight on D(R4, R).

Now we prove the tightness of the sequence of processes (X N )
isometry.

Proposition 3.3. If Assumptions 1 and 2 hold, then {(XtN)t : Ne N*} is tight on D (R4, R).

 using Aldous criterion and Ito’s

Proof. Thanks to Lemma 3.1, the verification of the condition (b) of Aldous criterion is straightfor-
ward since,

IP’< sup |XtN| ZK) §1E[ sup |XtN@,
0<t<T K o<i<T

which goes to 0, uniformly in N as K goes to infinity.
Now, we check the condition (a). Let S, S” be stopping times such that 0 < S < 8" <S5+ <T.
Then

s’ N
1
XA{—XN:—Q/ XNdr + — g / ul dm(r, z,u).
5 5 s " \/Nj:1 15,8/ x Ry xR fe<r (XX

We have

(X — Xs) < 2a? </ XNdr>2+

which equals

, 2
202 ( X,{Vdr> (9)
s

N

2
N / U]lz N dﬂ"?",z,u "
N z:: < ]S,S’]XR.;_xR { Sf(XT_)} ]( )) ( )

+ = / ul, dmi(r, z,u) / uly, dm;(r,z,u) | .
N 1<i<zj:<N< 5,5k ST Js,5xRyxp IR
(11)

In the sequel we will show that the expectation of the expressions in (9), (10) and (11) go to 0
when d — 0, uniformly in N. We check each of these three expressions.
2
(an)]
0<t<T

For (9), we have
s’ 2 2
20°E </ Xﬁdr) < 20°E ( sup | XN|(S" — S)) 1 < 2026°FE
s 0<t<T

N
E:I/SS’]X]R+><]R Tess(xapydmtnzm |
=
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For (10), taking expectation, we obtain

2
- </]0,T] xRy xR 1{S<r§S’}U1{ZSf(Xi\L)}d7TI (.2, u))

Using Ito’s isometry and the fact that r — 1{S<T§S’}]1{Z<f(x{v )} is predictable, we obtain

2
: </]0,T]><]R+ xR Lisersonulagp(x )y dmr:2, u>>

=E

Lis<rcsyu’l dmi(r, z,u
/]OxT]XR+XR ts<rzsy Ul cp(x yydm )]

T oo )
= o°F /0 [) ]l{S<r§S/}]l{z§f(X7{\L)}dsz — 2R /S f(XiV_) r

() o)

<028 (AIE

< o’E

2
( sup |X7N|) +B>.
0<r<T

Finally, to see that the expectation of (11) is zero, it is sufficient to notice that each term of
the sum is zero, using Ito’s isometry and the fact that the m; are independent Poisson random
measures. O

3.2. Convergence of the generators

Throughout this paper, we consider extended generators similar to those used in Meyn and Tweedie
(1993) and in Davis (1993), because the classical notion of generator does not suit to our framework
(see the beginning of Section 6.1). As this definition slightly differs from one reference to another,
we define explicitly the extended generator in Definition 6.1 and we prove the results on extended
generators that we need in this paper. We note AV the extended generator of X~ and A that of X.
The goal of this section is to prove the convergence of AN g(x) to Ag(z) and to establish the rate of
convergence for test functions g € C(R). Before proving this convergence, we state a lemma which
characterizes the generators for some test functions. This lemma is a straightforward consequence
of Ito’s formula and Lemma 3.1.

Lemma 3.4. CZ(R) C D' (A), and for all g € CZ(R) and x € R, we have

Ag(e) = g () + 30* (2)g" (@),

Moreover, C}(R) C D' (AN), and for all g € C}(R) and x € R, we have

AVg(o) = ~azg @) + 8 1(0) [ o (24 72 = o(0)] duto)
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Now we can prove the main result of this subsection.

Proposition 3.5. If Assumptions 1 and 2 hold, then for all g € C3(R),
_ 1
Ag(z) — ANg(2)| < a:.”'ooi/u?’du.
| Ag(z) g(@)| < |F(@)]llg" | 6\/NRHH()

Proof. For g € C3(R), if we note U a random variable having distribution p, we have

479(0) - Ag(o)] <15 [VE g (5 + =) = g(0)]| - 000

=|f(z)|N |E e+ 2 - (z) — . () — i "(x)
- AR G T
U U U?
< Yo\ Y Yo
If(w)INE[g (x+ \/JV> 9(x) Vi (2) = 559" ( )H
Using Taylor-Lagrange’s inequality, we obtain the result. O

3.3. Convergence of the semigroups

Once the convergence AV g(x) — Ag(x) is established, together with a control of the speed of
convergence, our strategy is to rely on formula (16) of Proposition 6.3, stating that

t

(P~ PX) o) = [ PY, (A~ 4) Pegla)ds,

0

under suitable assumptions on X~ and X. -
Obviously, to be able to apply the above formula, we need to ensure the regularity of x — P g(x),

together with a control of the associated norms HPsg| ’k .+ for suitable k. This is done in the next

proposition. 7

Proposition 3.6. If Assumptions 1, 2 and 3 hold, then for all t > 0 and for all g € C3(R), the

function x — P.g is C®. Moreover for each 1 < k < 3, for all T > 0 there exists a constant Qg,f“)
such that for all g € CF(R) we have

k,o00-

= k k
sup || (Pg) || < @fP1lg
0<t<T 0o

Moreover, Qgc) =0 (1 + eﬁ(k)T) , where %) depends on f,o and « in the following way.

7 3
B = §J2m§ — o, B® =762m2 + §g2mg —a, B = 120%m? + 30%m3 — a.
The proof of Proposition 3.6 requires some detailed calculus to obtain the explicit expression
for 33, so we postpone it to Appendix.
We shall also need the following bound in the sequel.
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Lemma 3.7. For all g € C?(R) such that Supp g C [—~M, M], we have
l49)|_ < Phlloce (128,

for some constant " > 0.

Proof. We have
(4Yg)' () = — ag(x) — azg/(x) — Nf'(2)g(x) — N f(x)g ()
+ Nf'(z)E [g <x+ \/U]vvﬂ + Nf(z)E [g’ <x+ %)] .
Then it is clear that for all x € R, we have

’(szg)’(g;)‘ < T|9l1.00 (1+M2)+‘Nf’(x) [ (x—l—)” ‘Nf {'<x+\/l§v)H (12)

We bound the jump terms using the subquadraticty of f and f’ (indeed with Assumptions 1 and 3,
we know that f’ is sublinear, and consequently subquadratic). We can write:

E[g’ (er\/U]'v) H <19l E [ﬂ{‘w+U/\/N|§M}}
=|lg'llccP ({z+> M} {x+\/[%§M}>
Il 7 - )

ey = pnds
{1012 ~Ror -9} n {1 V¥te - ).

Then for z > M + 1, using that f(z) < T'(1 + 2?), and for a constant I that may change from
line to line,

%

=lg'locP

@ |o (o4 2 )]| <l (4 22) P (101 2 VA - 1)

1 1+ a2
SFNE[ } llg’ ||oom
<TYlg/||oe (14 M%)
The last inequality comes from the fact that the function x € [M + 1, +oco[— (;_*7]{”;)2 is bounded
by 1+ (M + 1)2. With the same reasoning, we know that for all z < —M — 1, we have

‘f(x)lE (s )] ‘ <Dyl (1 4+ 22).

This concludes the proof. O
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Proof of Theorem 2.2. Step 1. The main part of the proof will be to show that Proposition 6.3
can be applied to YV = XV and Y = X. This will be done in Step 2 below. Indeed, once this is
shown, the rest of the proof will be a straightforward consequence of Proposition 3.5, since

Pae) ~ Pa(o)| =| [ P, (4~ 4) Pagfa)is
< [ [[A(Pg) (x2.) - 4 (Pg) (x2.) ) s

0
< (/R|u|3du(u)) ﬁ (OiggtH(Psg)m )/Ot Ey [f (X/[X,)] ds

< ( / IUI3du(U)) ﬁcﬁ” 191550 / t [4EY [(x}Y,)*] + B] ds

1
< Krllglla (1+3%).

o0

where we have used Propositions 3.6 and 3.1 to obtain the two last inequalities above.

Step 2. Now we show that X~ and X satisfy the hypothesis of Proposition 6.3. To begin with
we know that X and X'V satisfy the hypothesis (i), (ii) and (44i), using Lemma 3.1. Then the
hypothesis (iv) can be proved using Ito’s formula for the processes X and X solving the SDEs (6)
and (7), and using Lemma 3.1. We know that P satisfy hypothesis (v) thanks to Proposition 3.6.

Besides one can note that P satisfy hypothesis (vi) using the calculations of the proof of Proposi-
tion 3.6. Then using Lemma 3.4, we see directly that A and AV satisfy the hypothesis (vii) and (ix).
In addition (viii) is straightforward for A, and it is a consequence of Lemma 3.7 for AN. The only
remaining hypothesis (z) is a straightforward consequence of the following Lemma 3.8. O

Lemma 3.8. Let (gi), be a sequence of C}(R) satisfying sup [|gpl],, < oo, and for all x €
k

R, gr(z) = 0 as k — oo.
Then for all bounded sequences of real numbers (xx)i, gr(xg) — 0 as k — oo.

Proof. Let (zy)r be a bounded sequence. In a first time, we suppose that (zx); converges to some
x € R. Then we have |gi(2)| < ||9} || |2 — x|+ |gr(x)| which converges to zero as k goes to infinity.
In the general case, we show that for all subsequence of (gx(xk)), there exists a subsequence of the
first one that converges to 0 (the second subsequence has to be chosen such that z converges). O

3.4. Convergence in finite-dimensional distribution

Theorem 2.2 and Proposition 4.1 imply the convergence of one dimensional time marginals for
functions in C (R). Using an induction argument we can prove the convergence in finite-dimensional
distribution for functions in C7(R), and then, using a classical argument of density of CZ(R) in
Cy(R), we obtain the following proposition.

Proposition 3.9. If Assumptions 1, 2, 8 and 4 hold, then for alln € N* g1,...,g, € Cp(R),0 <
t1 <ty <...<t,,z €R, we have:

E g (X5) g0 (X0)] o2 Bl (X)) -o0n (X2,)]
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The proof of Proposition 3.9 is given in Appendix.
Now we can prove our main result, Theorem 2.1, which states the convergence in distribution of
XV to X in D(R4,R).

Proof of Theorem 2.1. Using the tightness of the sequence (XN)N on D(R4,R) (see Proposi-

tion 3.3) and the convergence of X N to X in finite-dimensional distribution (see Proposition 3.9), we
know that X* converges to X in distribution in D(R,R) (see Theorems 13.1 and 16.7 of Billingsley
(1999)). O

4. Convergence of the transition semigroups to the invariant measure, as N — oo
In this section, we prove Theorem 2.3. In a first time, we prove a stability result for the semigroup
P, of the limit process (X;), with respect to the initial condition of the process.

Proposition 4.1. If Assumptions 1 and 2 hold, then for all probability measures having a second
moment vy, Vs,

Wy (let7’/2pt)2 < 6(62L272a)tW2(V1, va)?,
where L is a Lipschitz constant for the function \/f.

Proof. We consider vy, v5 probability measures having a second moment. For ¢ > 0 fixed, let X ~ v
and Yy ~ vy such that E [(XO — YO)Q} < Wa(vi,1)? +e.

Let (X¢),,(Y?), be two solutions of the SDE (7) starting from the initial conditions Xy, Yy
respectively, driven by the same Brownian motion B. We introduce (; = X; — Y;, so we have

Ctzgo—a/otgsds-i-g/ot (\/f(Xs)—\/f(Ys))st,

Introducing Z; = e*(,,

dZ, = oeot (\/f X)) — /T (Yt)> dBt.

By Ito’s formula,

e (2] =& ()] + o2 | [ (VTG - VITD) o

<E [(ZO)Z: + o2 [°E [/Ot (Z.)? ds] .

By Gronwall’s lemma,

E :(Zt)Q] <E [(ZO)Z] o Lt
which implies
E [(Xt — Ytﬂ <E [(XO — Yo)z} e(o?L?=2a)t,

As a consequence,
Wa(v1 By, vaP,)? < Wavy, vo)2e(77 L7200t | go(o?L7—2a)t,

Since the inequality above holds for all € > 0, the proposition is proved. O
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Now using Proposition 4.1, classical arguments (see e.g. the proof of Theorem 1 of Duarte,
Locherbach and Ost (2018)) imply that X possesses an invariant measure 7 which is unique. In
addition, Theorem 4.2 of Meyn and Tweedie (1993) ensures that 7 admits a second order moment.
Therefore the following result holds true.

Proposition 4.2. If Assumptions 1 and 2 hold, and if we assume o > 02L?/2, then the invariant
measure ™ of (Pt)t exists, is unique and admits a second order moment.

Now we prove Theorem 2.3. We use the Kantorovich-Rubinstein duality for W7, that is, for all
v1, Vo probability measures on R having a first moment, Wy (v, v2) = sup ( f Ydv, — f wdug), where
P

1) ranges over all Lipschitz continuous functions whose Lipschitz constant is smaller or equal than
one (see Remark 6.5 of (Villani 2008, p. 107)).

Proof of Theorem 2.3. We fix 0 < v < 1 and g € C3(R). Then

PN g(x) —mg| < [P g(x) — P Pr—seg ()| + | Py Pryeg (@) — mg] - (13)
Moreover,
|PtN9(=T) Pt vt9(x |*|PN (Ptht ptwt)g(@{
<Ey [|(PYe = Pist) 9 (X30)]]
—Kt||g\|3,oo (1+ Cy2® + Dy), (14)

T

where K; comes from Theorem 2.2, and C; and D; from Lemma 3.1.
Furthermore,

’ Pt «,tg —7Tg| | Pt th—?rg|
<ll¢’ HooWl ( 'yt( 7')Pt7’yt77r)
:Hg/Hoowl (Pré\t/(x7 ')Pt—wta Wpt—'yt)
<I1g'lloc W (Pyi (2, ) Pr—rye, TPi—1)
<|lg'[loce37 E =)A=ty (PX (2, ), )

s|g’|ooe(5"“2‘a)“_ﬂv2 (%2 +oi+ [ y?dw@)) (15)
R

Then, replacing (14) and (15) in (13), we obtain that |PY g(x) — mg| is upper bounded by

1
VN
where C; and D; are defined in Lemma 3.1.

If we assume that o > J02A, we know that C; = O(1) and D; = O(t). Moreover, if a >

12m2024+3m3o?, then K; = O (tz) (see Proposition 3.6). Thus, if « verifies the previous inequalities,

then for NV; such that
Jim t3/\/N; =
— 00

we know that PN*(z,-) converges to 7 for test functions in C(R) when ¢ goes to infinity. Using the
density of C3(R) in C(R), we know that this convergence holds for test functions in Cy(R). O

Ki]19l]3,00 (1 + Cia® + Dt) + |g’|ooe(5"2L2a)(1'Y)t\/2 (C’tosz + D; + / yzdﬂ'(y)>,
R
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5. Convergence of (Z,fv”) in distribution in D(R4,R)
N

In this section we prove Theorem 2.5, that is the convergence in distribution, for each fixed k,
of (ZN’l, .. .,ZN’k) to (Zl,...,Zk) in D (R+,Rk). For each fixed T' > 0, we consider the usual
notion of convergence on D([0,7],R), generalized to D([0,7T],R¥). Namely, a sequence (gn)x of
D([0,T],R¥) is said to converge to g in D([0, T], R¥), if there exists a sequence of increasing con-
tinuous functions Ay : [0,7] — R such that Ay (0) =0, An(T) =T, Nliinooﬂld— AN |[s0,j0,71 = 0 and

A}EDDQHQN —go )\N||oo,[0,T] = 0.

Then, using Theorem 16.2 of Billingsley (1999), we know that a sequence (gn)n converges to g
in D (R4, R¥) if and only if (gn)n converges to g in D([0,T],R¥) for all T > 0 that are continuity
points of g. In the following, we only use this convergence criteria when it comes to convergence in
D(R,,RF).

To prove the convergence of ZV'' to Z% (i € N*), we start by proving the convergence of their
stochastic intensities. This is a straightforward consequence of Theorem 2.1 and the following lemma.

Lemma 5.1. Let f : R — R be a continuous function. Then the function ¥ : z € D(R;,R) —
fox e D(R,,R) is continuous.

Proof. Let us consider a sequence (z,,), of D(R4,R) that converges to some x. We fix a T' > 0 such
that (z,), converges to x in D([0,T],R). Then we can consider increasing functions Ax defined
on [0,77] such that Ax(0) = 0, AN(T) = T, |[Id — AN||co,jo,r] Vanishes and [[zn — 2 0 An|[s, 0,17
vanishes as N — oo.

For N big enough, we know that ||zx||sc,0,77 < [|#|oc,j0,7) + 1. Introducing the modulus of
continuity w of f restricted to [0, ||z]|o 0,77 + 1], w : [0,]|2]|oo,o,77 + 1] — Ry, we have

[[foxn — foxoAn]lsoo1r <w([lzny — 20 AN]|oo,0,77) = O
as N — oo. O

To prove the convergence of Z™' to Zf, the convergence of their respective intensities (that
is, the convergence of f(X}), , to f(X),.,) is not sufficient, since we also manipulate the

Poisson random measure 7;. So we need to prove the convergence of the pair (X N m) to ()_( , wi)
in distribution. According to our definition of Z* in (8), it is obvious that X is independent of any
finite subset of (m;);en+. The goal of Proposition 5.2 is to justify the way we introduced Z°.

Proposition 5.2. Under Assumptions 1, 2, 3 and 4, for each k > 1, the sequence D (XN, ST ,ﬂ'k)
converges weakly to D (X) @ D (1) @ ... Q@ D (m).

The proof of the previous proposition consists in applying Theorem I1.6.3 of Tkeda and Watanabe
(1989), which states that Brownian motion and Poisson random measures defined with respect to
the same filtration are necessarily independent. As the proof is technically involved, we postpone it
to Appendix.

We now turn to the proof of the convergence of Z™? to Z¢. A first attempt in this direction
could be to write

ZNt =& (XN 1) and Z' = @ (f(X),T)

with

®: (z,7) € D(RL,R) x M# = T<a(s—yydn(s, z,u),
10,-]xR4 xR N
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and to use the weak convergence of f(X}¥)i>o to f(X¢)i>0. The problem is that ® is not continuous
for interesting topologies (see Example 5.3).

Example 5.3. Let us consider the point measure m = (1,1y on Ry xRy (we omit the third parameter
u of the point measure since it is not used here), and the constant function x : t € Ry — 1. In
addition, we consider the functions xn defined as in Figure 2 below. Obviously, ||v —zn||co = 1/N,
but ®(x,7)(t) = Ly>1y and ®(xn,m) = 0. In other words, xn converges strongly to x, but ®(xx, )
does not converge to ®(x,m) for non-trivial topologies.

1 | |
1-1/N N

Ficure 2. Graph of xn

The reason why the convergence of Z™:# to Z* still holds is the independence between X and ;.
This independence entails that the point measure 7; does not charge any point on {(¢, f(X;_)) : t >
0} (almost surely). To use this property, we use Skorohod’s embedding theorem to have an almost
sure convergence of a copy of (XN, m—) to a copy of (X, m—).

Proof of Theorem 2.5. In this proof, we note =, the Poisson random measure on Ri defined as
7/(Ax B) = m;(A x B xR). As X" converges in distribution to X in Skorohod topology, we know
that f (X}), converges also to f (X;), in distribution (see Lemma 5.1). In particular, the sequence
(f (X3),)  is tight on D(R4, R). Furthermore, as M# is a Polish space (see Theorem A2.6.111.(i)
of Daley and Vere-Jones (2003)), we know that each 7/ is tight on this space. Therefore, the sequence
(f (ng)t STy e W;)N is tight on D(R4,R) x (M#)k.

Let us consider a limit distribution P for the sequence of tuples ( f (X N ) i A .,7T;§) - The
marginals of P are respectively the distribution of f(X) and those of 7/ (1 < i < k). Since
the random variables X, «f,...,7m are independent (see Proposition 5.2), the limit distribu-
tion is uniquely determined. As a consequence, (f (X*),m{,... @) converges in distribution to
(f (X) ,7r’1,...,77;€) .

Now Skorohod’s embedding theorem (see Theorem 6.7 of Billingsley (1999)) implies that there
exist random variables Y, YN (N € N*), 7; (1 <i < k), # (1 <i < k,N € N*) defined on some
probability space Q' such that:

. (}7, T, ,%k) has the same distribution as (f (X) STy e ,7r;€) .
° (}N/N,%{V,...ﬁ{c\[) has the same distribution as (f (XN) ,7r37...,7r;€) .

o YN converges almost surely to Y in Skorohod topology.
e 7N converges almost surely to 7; in M7,

Let
zNi :/ I[{Zgyzi}d%fv(s,z).
]O,t]XR+ °
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Theorem A2.6.111.(ii) of Daley and Vere-Jones (2003) implies that ZN = (ZN’Z) ik has the
1<i<

same distribution as ZV = (ZN’i) and Z has the same distribution as Z. So to prove the

1<i<k’
convergence in distribution of Z N to Z, it is sufficient to prove the almost sure convergence of zN
to Z.

From now on, we fix a w in ' (i.e. the probability space given by Skorohod’s embedding theorem)
satisfying the following conditions:

e Y is continuous. _

for each 1 < i < k, 7 ({(t Ye) ot em}) ~0.
foreach 1 <i <k,Vt>0,7¢ ({t} xRy) <1.
YN converges to Y in Skorohod topology.

N
7; ¢ converges to ¢ in M.

forall 1 <i,j <k, 1f17é]thenforallt€R+, St xRy) #0= 77 ({t} x Ry) =0.

We emphasize the fact that these properties are satisfied for almost all w € €. Until the last
paragraph of the proof, this w € Q' is fixed. To lighten the notations, we omit this w, and we just
write Y or 7;, instead of Y or 7¥.

We fix t > 0 such that for each 1 < i<k mi({t}xRy) =0andforall N € N* TN ({txRy) = 0.

In particular ¢ is a point of continuity of Z and of each ZN. We consider T € N* such that
T > max( sup HYNH ) and such that 7; ({7} x [0,T]U[0,T] x {T'}) = 0 for

00,[0,¢] .o, t]
each 1 < 4 < k. Let us con51der n; = 7 ([0,7)?) and n)¥ = 7V ([0,7]?). In the rest of the
proof, we identify the point measure 7; with the related set of points. We write 7; N [0,7]? =
{(i3,Gi5) + 1<j<ni}and 7 N[0, 7] = {(7},¢)}) : 1 <j <n]}, where the pairs are lexi-
cographically ordered.

Firstly as 7V converges to 7; in M# and 7; ({T} x [0,T]U[0,T] x {T}) = 0, we can apply
Proposition A2.6.11.(iv) of Daley and Vere-Jones (2003) to show that n)¥ converges to n;, so we
know that n¥ = n; for N big enough.

Now we show that for all 1 < i < k, forall 1 < j < mn;, 7 Zj\g and N4 converge respectively to
7;,; and (; ;. The idea of the proof consists in defining disjoint sets Usj of radius € that contain
each (7;, j,C”) and to use Proposition A2.6.11.(iv) of Daley and Vere-Jones (2003) again to show

that (7} Tigo l]\;) is necessarily in U7, for all e. We fix 1 < i < k, some ¢ > 0 and we consider
v = 1£r11<]f1 Tij+1—Ti,; > 0. We can choose 0<np<eA 'g such that for all 1 < jy,jo < ny, if j1 # jo
<j<

then B((7'17]1,<,»7j1),n) N B((Ti s Cija)>n) = @ (where we endow RZ with || @ [|o). Then we know
that for all 1 < j < ny, |7 N B((7i4,.;),m)| converges to |7; N B((7ij,ij),m)| = 1. This means

that for all 1 < j < n;, there exists a unique 1Y € [1,n,] such that (TZJ\;N,Q-,L‘]V;N) € B((7i,5,Ci,j),m)-
9 J ’ .1
We note that for all 1 < j < n; — 1,71%\, < T+ % < Tij41 — % < T%N , so this implies that
oL sbiga
T Ne <T i 13 Ne <...< Tﬁ N since we have ordered the pairs lexicographically, this implies lé-v = 7.
So we just proved that for all j, for all N (big enough), (Ti],\;, CZ\;) € B((75,5,€i,5): M),

i.e. |Ti,j — TZ-JY]-| 4 |Ci,j - Cz]\;‘ <n<ée

Thus, 7' cand ¢ converge respectively to 7; ; and (; ;.
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Notice that

j=1 LiSTN

ng
- Z]I{CN <V }]I{Ti]?’jﬁt}'
) Indeed: there are two cases, either

Ti g

Now we argue that 1 converges to 1 {¢i,<¥
{QNJEYN _}
i,

Gij < }ZM, or G j > YTM.7 in the first case we consider £ > 0 such that Cu +e < f/TM. Then

using Lemma 6.7, for IV big enough, we have Cf\g <Gt < YT” s < Y N implying the
convergence of 1 The second case is handled in the same way. For the same reason,
N <N }
i,

]I{T%St} converges to 1y, < (since we chose t such that 7;({t} x Ry ) = 0).

To resume, we have just showed that for all t > 0 satisfying that for each 1 <i < k, 7;({t} xRy) =
0 and for all N € N* 7NV ({t} x Ry) =0, ZtN converges to Z; in R¥. Observing that these points are
dense in R, we can apply Lemma 6.8 to obtain that zN converges to ZinD ([07 t], Rk’) for all ¢ with
the above properties. We observe that such ¢ are points of continuity of A , and that we can choose
an increasing sequence (t,,),, of such points that tends to infinity. As a consequence, Proposition 16.2
of Billingsley (1999) can still be used to show that zN converges to Zin D (R+, R )

In the previous paragraph, we have worked with a fixed w € Q' satisfying a finite number of almost
sure properties. So we just showed the almost sure convergence of Z ZN to Z in D (R+,R ) which
implies that ZN = (ZN:1 ... ZN'*) converges in distribution to Z = (Z',...,Z¥) in D (R4, RF).

O

Corollary 5.4. If Assumptions 1, 2, 8 and 4 hold, then the sequence (ZN’l,ZN’Q,...,ZN’k)N
converges to (Zl, Z2,..., Zk) in distribution in D (R+,R)k, for all fized k > 1.

Proof. We consider a function g that is bounded and continuous in D(R,R)*. Tt is sufficient to
show that ¢ is continuous in D (R+, Rk). We consider a sequence (xN’l, e 7$N’k)N that converges
to some limit (El, e ,:E’“) in D (R+,Rk). Then using Theorem 16.2 of Billingsley (1999), we know
that (acN’l, . ,xN’k)N converges to (;El, e ,fk) in D(R,,R)*. So we know that g (;vN’l, cee a:N’k)

converges to g (fl, . ,fk). O

6. Appendix
6.1. Extended generators

In this subsection, we define clearly the notion of generators we use and we prove the results
that we use to prove formula (3). In the general theory of semigroups, one defines the generators
on some Banach space. In the frame of semigroups related to Markov processes, one generally
considers (Cy(R), || ® ||oo). In this context, the generator A of a semigroup (P;); is defined on the

set of functions D(A) = {g € Cy(R) : 3h € Cy(R), ||+ (Pg — g) — h| v O}. Then one denotes
X t—

the previous function h as Ag. If A is the generator of a diffusion, we can only guarantee that
D(A) contains the functions that have a compact support, but to prove Proposition 6.3, we need to
apply the generators of the processes (XtN ) , and ()_(t) , to functions of the type P,g, and we cannot
guarantee that P,g has compact support even if we assume g to be in C2°(R).
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That is why we consider extended generators (see for instance Meyn and Tweedie (1993) or Davis
(1993)) defined by the point-wise convergence on R instead of the uniform convergence that allows
us to define the generator on CJ'(R) for suitable n € N* and to prove that some properties of the
classical theory of semigroups still hold for this larger class of functions.

Definition 6.1. Let (X;); be a Markov process on R. We define Pg(x) = E,[g(X;)] for all
functions g such that the previous expression is well-defined and finite for x € R. Then we define
D'(A) to be the set of functions g € Cy(R) such that for each x € R, 1(Pg(z) — g(x)) converge to
some limit that we note Ag(x) and such that:

o forallt >0, fot |Ag(Xs)|ds is almost surely finite,
o g(Xy) —g(Xo) — f(f Ag(Xs)ds is a Pp—martingale for all x.

We note D'(A) the domain of the extended generator to avoid confusions with D(A) which is
reserved for the domain of A for the uniform convergence.

Now we generalize a classical result for generators defined with respect to the uniform convergence
to extended generators.

Lemma 6.2. Let (X;), be a Markov process with semigroup (P:)¢ and extended generator A.

(1) Let g € D'(A) and x € R such that for allt > 0, E, | sup |PsAg(X:)|| is finite. Then the
0<s<t

function t — Pyg(x) is right differentiable at every t > 0, and we have

d+

’r (Prg(z)) = P Ag().
In addition, if P,g € D'(A), then AP,g(x) = P;Ag(z).

(2) Let g € D'(A) and x € R such that there exists some non-negative function M : R — Ry
such that for all t > 0, sup E, [M(X,)] is finite and such that for all0 <t <1 andy € R,
0<s<

we have |P,Ag(y) — Ag(y)| < TM(y)e(t) for some constant T' that is allowed t depend on g,
where £(t) vanishes when t goes to 0. Then the function t — Pig(x) is left differentiable at
every t > 0, and we have

a-

dat (Pg(z)) = PAg(x).

Proof. For the point (1), we know that for all h > 0, we have:
1

h (Peyng(z) — Pig(w)) — Py Ag(x)

<E. |5 (Phax) - 9(x0) - 49(X0)

|

As the expression appearing within the expectation above vanishes almost surely when h goes to 0
(since g € D’'(A)), and as we can bound it by sup |PsAg(X:)| + |Ag(X:)| (using the fact that
0<s<t

Pung(y) —g(y) = foh P, Ag(y)ds since we take g € D'(A)), we know that this expectation vanishes as

h goes to 0 by dominated convergence. This means exactly that %(Ptg(:v)) exists and is P;Ag(x).
If we suppose in addition that P,g € D'(A), then AP,g(x) is the limit of h=1 (P, pg(z) — Prg(x)),
which is %Ptg(as) = P, Ag(x).
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Now we prove the point (2) of the lemma. Let h be some positive number. We know that

L (Piaglo) ~ Pgte) - P

is upper bounded by

B || (PralCXees) = o(Xia)) ~ Ag(Xios)

] T+, [[Ag(Xe ) — Pudg(Xe 1))

<E, Li“‘ih [Ag(Xyp) - PsAg<Xth)|] L, [|Ag(Xon) — PaAg(Xe_n)l].

Then we just have to show that E, [ sup |Ag(X¢—p) — PsAg(Xt_h)q vanishes when h goes to 0.
0<s<h

But this follows from the fact that it is upper bounded by I’ ( sup e(s)) ( sup E, [M(Xr)}> . O

0<s<h 0<r<t

The goal of the next proposition is to obtain a control of the difference between the semigroups
of two Markov processes, provided we dispose already of a control of the distance between the two
generators. This proposition is an adaptation of Lemma 1.6.2 from Ethier and Kurtz (2005) to the
notion of extended generators defined by the point-wise convergence.

o, N X
Proposition 6.3. Let (Y;s )teR+ and (Yt)telRJr7 -
tended) generators are respectively PN, AN and P, A. We suppose that:

be Markov processes whose semigroups and (ex-

(i) forallx € RandT >0, sup E, [(}_Q)Q} <Ir (1 + x2) and sup EY [(YtN)Q} <TIr (1 + x2)
0<t<T 0<t<T
for some I'r > 0 independent of z.
(i) forallx € R andT >0, sup E, [(17,5)4} <T7 (14 2*) and sup EY [(YtN)ﬂ <Tr(1+42%).
0<t<T 0<t<T

2
(i1i) for allT >0, E ( sup ‘YtN|> < +o0.
0<t<T

(iv) for all0 < s,t <T and z € R,

E, [(Vi = ¥2)°] < Trae(lt = sl) and EY [(VN = ¥Y)°] < Prae(t - ),

where e(h) vanishes when h goes to 0, and where I'p ,, is some constant that depends only on

T and x.
(v) for all g € C3(R), P,g € C3(R), and for all T > 0, sup ||]5tg||3OO < Qrllgll3,00 for some
0<t<T :
Qr > 0.

(vi) for all g € C}(R), i € {0,717 2} and z € R, s — (Pyg) (9 (z) = @6;1- (Pog(x)) is continuous.
(vii) C}(R) C D’ (AN) NnD (A) For all g € C}(R) and z € R, |Ag(l’)‘ < Tlgl]2,00 (1 +x2) and
| AN g(@)] < T[gll2,00 (1 + 22).

(viii) for all g € C3(R) such that Supp g C [—M,M],

[(4%)'||_ < Tllgls. (14 222).

|(49)'|| _ < Tllglls.e (14 142) and
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(iz) there exists some I' > 0 such that for all z,y € R, for all g € C}(R), |Ag(z) — Ag(y)| <
D (1+a®+y?) [z —y| and |[ANg(x) — AVg(y)| < T (1 + 2% +y?) |z —yl.
(x) we assume that klim Agi(zr) = klim ANgp(x1) = 0, for any bounded sequence of real numbers
— o0 — o0
(zk)k, and for any sequence (gi)r of CE(R) satisfying

(1) Vi€ {0,1,2}, Vz € R, g\ (x) 0,
—00
(2) Vi € {0,1,2,3}, sup Hg,(:)H < 0.
k &)

Then we have for each g € C3(R),x € R and t € Ry:

(=P glw) = [ PY, (A= 2¥) Pgla)as. (16)

Remark 6.4. Notice that the conditions of Proposition 6.3 are not all symmetric with respect
to the processes Y and Y. Indeed, the regularity hypothesis of the semigroup with respect to the
initial condition only concerns P (see hypothesis (v) and (vi)). Moreover, hypothesis (iii) provides

a stronger control on YN than what is needed for Y.

Proof. We fix t > 0,N € N*,g € C3(R),z € R in the proof. We note u(s) = PN Psg(x). Firstly
we show that s — Psg(x) and s — PNh(z) are differentiable for all h € C3(R), by showing that
P and PV satisfy the hypothesis of Lemma 6.2. The condition of the point (1) of the lemma is
a straightforward consequence of hypothesis (i) and (vii), and the conditions of the point (2) are
satisfied for M () = v/1 + 2 using hypothesis (7), (i), (iv) and (ix). As a consequence, and thanks
to hypothesis (v), u is differentiable and

d (N5 d oy 5
UI(S) = % (Pu Psg(.’lf)) |u:t—s + % (Pt*SPug(aj)) ‘u:s

= PtJXsANPsg(x) + PtJXspsAg(‘r)

=PN_ (A— AN) Pyg(z).
The second equality comes from the fact that P satisfy the additional assumption of the point (1)

of Lemma 6.2 (see hypothesis (v) and (vi7)).
Now we show that u' is continuous. Indeed if it is the case, then we will have

u(t) — u(0) = /0 W (3)ds,

which is exactly the assertion. In order to prove the continuity of u’, we consider a sequence (sg)x
that converges to some s € [0,t], and we write

IPY, (A= AY) Pyg(e) = P, (A= AY) Pog(o)| <|(PX, - PX,) (A- AN g | (1)
+ |PN,, (A= AN) (P, = P,) g(z)|, (18)

where g, = Psg € C3(R).
To show that the term (17) vanishes when k goes to infinity, we introduce, for all M > 0 the

function ¢ar(gs)(y) = gs(y) - Emr(y) where & = R — [0,1] is C°°, and V|y| < M, & (y) = 1 and
Yyl > M + 1,&0(y) = 0. We note that the term (17) is bounded by

|(PNy = PY,) (A= AY) on(gs)(@)| + [(PY, — PN,,) (A= AY) (95 — onr(gs)) (z)| = Ay + Ag.
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If we consider the function har,s = (A — AN) par(gs), using hypothesis (iv), (v) and (viii), we have
A <E; [[hars (VE) = hars (V2]
<l sllooBs [[V2 = Y2 ]
<T (L4 M?) llglls,c0(ls — s]) /2.

Choosing M = M, = £(|s — si|)~1/?, it follows that klim A; = 0. To see that the term A, vanishes,

— 00

it is sufficient to notice that Ay is bounded by

Ex [[(A =A%) (95 = an(9:) (VE)(] + B2 [[(A = AY) (95 = ear(9:)) (V)] -

We know that the expressions in the expectations vanish almost surely (using hypothesis (z)), and
then we can apply dominated convergence (using hypothesis (ii¢) and (vii)).

We just proved that the term (17) vanishes. To finish the proof, we need to show that the
term (18) vanishes. We note that the term (18) is bounded by:

E; [|Agn (V2] +ES [[A% (ViES,)

],

where g, = (ps - Psk) g € C3(R).

We have to show that the terms in the sum above vanish as k goes to infinity. Firstly we know
that Agy (Yt]l’ Sk) and ANg, (Yt]l' s) vanish almost surely when k goes to infinity (see hypothe-
sis (#4), (v), (vi) and (z)). Dominated convergence, using the hypothesis (i), (iii), (v) and (vii),
then implies the result. O

6.2. Gronwall’s lemma

The version of Gronwall’s lemma we use in the paper is a particular case of Gronwall’s inequality
(2019). We state it below.

Lemma 6.5. Let v and u be non-negative measurable functions defined on Ry, and let a be a
non-negative constant. Assume that uw € L} (dt), and that for all t >0,

loc

t
u(t) < ~(t) + a/ u(s)ds, (19)
0
then for all t > 0, we have
t
u(t) < ~(t) + a/ v(s)e =) ds.
0
Moreover, if v is nondecreasing then, for all t > 0, we have:
u(t) < y(t)e.

An interesting point of Lemma 6.5 is that it does not require any continuity hypothesis on u,
contrarily to more common versions of Gronwall’s lemma. We reproduce the proof of Gronwall’s
inequality (2019) for self-containedness.
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Proof. We note u the measure p(dt) = adt. Firstly we prove by induction on n that for all n € N

) <20+ [ 2(5) S W (Auls, )lds) + R, (20)
0 k=0
where R, (t) = / w(s)p®" (An (s, t))u(ds) and Ay, (s,t) = {(s1,---,8n) €]5,t[" 1 s <51 <... <5, <1)}.

0
The case n = 0 is inequality (19). To show the induction step, we replace the assumed inequality
in the expression of R, (t) and obtain

Ra(t) < / ()™ (An (5, 1)) ds) + Fon(t),

Wlth R fO (fO ) ;U' (Aﬂ(rv t))il,(d?")

Usmg Fubml Tonelh s theorem, we have Ry(t) = Rp4+1(t). As a consequence, equality (20) is
proved for all n € N.
A straightforward induction gives

n

P (An(s, 1)) = St 9",

implying that, for all n € N,

t n—1 r
«a
u(®) <0+ [ A6 Y Gt 9 n(ds) + R (21)
0 =0
As R, (t) = 7: fo )t — s)"ds < t” fo s)ds, we know that R, (t) vanishes when n goes
to mﬁmty7 since u is locally integrable. Lettlng n go to infinity in equation (21), we obtain the
assertion. |

6.3. Existence and uniqueness of the process (XtN)t

Proposition 6.6. If assumptions 1 and 2 hold, the equation (6) admits a unique non-exploding
strong solution.

Proof. Tt is well known that if f is bounded, there is a unique strong solution of (6) (see Theo-
rem IV.9.1 of Tkeda and Watanabe (1989)). In the general case we reason in a similar way as in the

proof of Proposition 2 in Fournier and Lécherbach (2016). Consider the solution (ng ’K) i of
teR4
the equation (6) where f is replaced by fx : z € R — f(x) A sup f(y) for some K € N*. Introduce
lyl<K

moreover the stopping time
T}(V:inf{tzo : ‘X{V’K‘ zK}.

N,K N,K+1
) :Xt,-‘r

Since for all t € [0,78 AT 4], X, , we know that 7§ (w) < 78, (w) for all w.

2
Then we can define 77V as the non-decreasing limit of 7% . Since we can bound E (X N’K> ]

N
tATR
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uniformly in K (see inequality (22) in the proof of Lemma 3.1), we know that 7%V equals infinity
almost surely. So we can simply define X}V as the limit of XtN ’K, as K goes to infinity. Now
we show that the trajectories of X% satisfy equation (6). Consider some w € 2 and t > 0, and
choose K such that 7 (w) > t. Then we know that for all s € [0,#], XN (w) = XN (w) and

f (XN (w) = fx (Xév_’K(w)) . Moreover, as XN (w) satisfies the equation (6) with f replaced
by fi, we know that X (w) verifies the equation (6) on [0,¢]. This holds for all ¢ > 0. As a

consequence, we know that X% satisfies the equation (6). This proves the existence of strong
solution. The uniqueness is a consequence of the uniqueness of strong solutions of (6), if we replace

by fx in (6), and of the fact that any strong solution (Y;). equals necessarily (X NEY on
f by f (6), y g ©), ed v (X

t
[0, 78] O

6.4. Proof of Lemma 3.1

We just prove the points (i) and (#i¢) because (i¢), (iv), (v) and (vi) are similar. We begin with (¢). In

a first time we prove the result for the process Xﬁf; introduced in the proof of Proposition 6.6.
K/t

Applying Ito’s formula to (XtN’K) with the function z — 22, we obtain
t

()" = () 2o [ ey
0

+;/}

0,t]xR4 xR

U2 U
[N + QXéV_’K\/N] ]l{ZSfK(Xiv_,K)}dﬂj(s,Z,u).

2
Let miV’K =K [(XN’K ) } As p is centered, we have

N
tATy

t/\TIjg N
N,K
m;’ :méV—Za/ mNEds + E E
0 .
i=1

t/\‘l'g U/Q u
fx (XéV;K) [ + 2XL;N’K} du(u)ds
Lol N Vol KA
t/\Tg t/\‘rg
=ml — 2a/ mNE s 4 02/ E [fK (va_”()} ds
0 0
¢ t
<m’ — 2@/ mNEds +023t+02A/ mN K ds
0 0
¢
=m} +o’Bt + (A — 2a)/ mNKds.
0

Then by Gronwall’s lemma (see Lemma 6.5),

sup miV’K < (mév + G‘QBT) el max(0?A=20,0) (22)
0<t<T

Letting K — oo implies the result, because Klim TIJ(V = 400, which is a consequence of (22).
—00
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Now we prove the point (iii). We note M}¥ the local martingale

1 N

MN = ul z N dﬂ'»(s7z7u)-
t \/szl 10,¢] xR xR {2< (XN )}OT;

t
Obviously, | XN| < | X+ |MN|+ a/ |XN|ds. Applying directly Lemma 6.5 (Gronwall’s lemma)

0
to the previous inequality, we obtain for all ¢t < T,

t
XN <X + MY+ a / (X0 |+ MV e ds

T
< (Xév| + sup MtN|> (1 + aeaT/ e_o‘sds>
0<t<T 0

< (11 sup [3°7) (14 7).
0<t<T
Thus,

E

2
( sup |XtN|) ] <2(1+ eO‘T)2 (sup E [(Xév)z] +E
0<t<T N

2
( sup |MtN|) D
0<t<T

As (M}); is a local martingale, we can apply Burkholder-Davis-Gundy inequality. So we know
that there exists a constant Cy such that

E

(OzltlSpTlxévlﬂ < 2(1 + eT)? (Sgp E [(Xév)z] + CoE [[MN] T]> , (23)

where

t
EHMN]T] =E / uQH{zgf(Xi)}dﬂl(s,z,u) :02/ E [f(X))] ds < 0T (ATt + B),
10, T] xRy xR 0

with I'r = Cr (sup E [(Xév)z}) + Dr using the point (7) of Lemma 3.1. Using the last inequality
N
above in (23), we have:

E [(()zltlgTIX{VI)T <2(1+eT)? <S}¢p E [(Xévﬂ + Cyo®T(ATy + B)) .

6.5. Proof of Proposition 3.6

To begin with, we use Theorem 1.4.1 of Kunita (1986) to prove that the flow associated to the
SDE (7) admits a modification which is C® with respect to the initial condition x (see also Theo-
rem 4.6.5 of Kunita (1990)). Indeed the local characteristics of the flow are given by

b(l‘,t) = —az and a(xayvt) =0’ f(x)f(y)v

and, under Assumptions 1 and 3, they satisfy the conditions of Theorem 1.4.1 of Kunita (1986):
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o 30, Va,y, ¢, |b(z, 1) <T(1 + |2[) and |a(z,y, ¢)] < T(1+[z])(1 + [y]).

i HF Va y7t |b( )_ (y )|<F|$—y‘ and |a(a?,x,t)+a(y,y,t)—2ax Y, )‘<F|$—y|2

o V1< k<4, 59 =b(z,t) and ang;za(l‘ y,t) are bounded.

In the following, we consider the process ()_(t(m)> that is a solution of the SDE (7) that satisfies
¢

X\ = 2. Then we can consider a modification of the flow X” which is C3 with the respect to
the initial condition x = Xém). It is then sufficient to control the moment of the derivatives of Xt(m)

with respect to x, since with those controls we will have

Pg(a) =E[g (X1)] (24)
_ _aX(i) —(a
(Pg)' (2) =E | =g’ (X ’)], (25)
_ 92 x@ X\
(Pg)" (x) =E | 5=’ (X >)+< ) g (X)) (26)
) Bx® i 2x®  Hx@ . ax@\° .
(Pg)" () =E | =g’ (X(7)) + 35— g (X7) + [ S5 | o7 (27) ]+ @7)

We start with the representation

This implies

N7 o [ 20 (/5 (x09) an, 9

(@)
X
Writing U; = e aa , we obtain

t
Utzl—l—a/ U(\/f)
0
and then, by Ito’s formula
t t
) =1+ 8/ (U)" dU, + 28/ (U)° d(U), .
0 0

Truncating at level K as in the proof of Lemma 3.1 and then letting K — oo, we deduce from
this

E {(Ut)ﬂ <1+ 2802m? /Ot]E [(Us)ﬂ ds,

where my is the bound of (\/f)/ introduced in Assumption 3.
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By Gronwall’s lemma, we obtain

E[(0)°] < i, (29)
whence
ox™\" -
E a; < et(280 ml—Sa). (30)
Using Hélder’s inequality, this implies
7 ()
]E [ agt ‘| S et(%ojmffa).
5

With the notations of the lemma, using (25) we have shown that

gL = 50'2771% —a.

Differentiating (28) with respect to z, we obtain

P o [ | 5 () (1) + () (v)” (5) | am o

92X
ox?

We introduce V; =

vimo [ [ve(vI) (30) + o0 (v)” (519)] a,

e’ and deduce from this that

implying , .
' =4 [ avirs [ @),
0 0

and thus

E [(Vt)ﬂ <120°E

/Ot V! ((\/}) (ng)))z + (V) (U ((ﬂ) N (Xi””))ﬂ ds]

<1202 (m’;’ + ”;) /Otu*: [(Vs)ﬂ ds + 602m2 /Ot]E [(Us)ﬂ ds
2

¢
<120° (mf + 722) / E {(Vg)ﬂ ds + 602m361402m§t.
0

In the last inequality above, we have used (29).
By Gronwall’s lemma,

m2
2 2 120’2<m§+%>t
e

E [(‘/;&)4} < 602m§el4" mit 7 (32)
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and thus

2 ¢ (@)\
(a = ) < 602m2e (260" mi+607m3—da)t, (33)

0x?
2
(@)
<a)§; ) ] and

In particular, using Holder’s inequality in (30) and (33) to bound respectively E

?|

22X ™
Ox2

] , and inserting these bounds in (26), we know that

13 3
B3 =max (702m% - 2a, ?UQ’ITL% + 50%3 - a>

3
<7o’mi + 502m§ - .

Finally, differentiating (31),
PR ey | 92X oo L LOPXE ax ) ORI
O’ _U/oe 5o (V1) (309) 355055 (VE) T (3)
ax\" /A (20| am
T ) (VI) (x| s
With W, = e 6;§ém), we obtain

W, =0 /0 t [Ws (\/}) (XEI)) 4 3eULY, (\/f>(2) (xgw) te2asys (ﬁ) @ (X‘g@)] dB,.

Thus

E [(,)°] Q/Ot Wde5+/0td<W>s

and

E [(Wt)ﬂ <302m? /OtE [(WS)Q} ds+ga2m§ /OtE [(Us)ﬂ ds

9 2 5 [ 4 2 o [ 6
+ 20 mQ/ E[(VS) }ds+3o— mg/ E[(US) }ds.
2 0 0
Gronwall’s lemma, (29), (32) and Holder’s inequality imply
B (7] < releni o ni)

As a consequence,

352\ 2
e »
T



X. Erny et al./Hawkes with random jumps 30

aJX( x)

To find 8®), we use (27). We bound E [

} using Cauchy-Schwarz’s inequality and (34),

1/2

, and then apply Holder’s inequality to both terms of the

ax™  92x[™

ax™ .
ox ox?

we also bound E e

1/2
aX(T) 2 / 62X(T) 2
ox E azt2

product and use (30) and (33). So we know that 3(*) has to be bigger than the maximum of the
three terms:

3
’ ] using Holder’s inequality and (30), and we bound E [

by E

e 120%m? + 30%m3 — a

e 100°m? + U'I?’L%—Oé

21 2,2
o o my — Sa

Since the second term and the third one are smaller that the first one, we have
BB = 120%*m? + 30°m3 — a.
6.6. Proof of Proposition 3.9
In a first time we prove the result only for functions gi,...,9, € C3(R) by induction on n. For

n = 1 we use Theorem 2.2, Proposition 4.1 and the Kantorovich-Rubinstein duality (see Remark 6.5
of Villani (2008)) to obtain

E o (52)] ~E[s (£)]] = [ Ao
< ’l/éVPt (g

Vopt(g)’
Vévpt(g)| + |V(]JVPt(g) - Dopt(g)|
< [ 1P a(e) = Pt) (@) + g 1 W2 (4 Pro 0 )

SHQHs,oc\/%Kt (1+E[(X0)?]) + 19 loee B H =)W (Y, 20)

We now show the inductive step. We know that E [g1(X}Y) ... gn(X{Y)] equals

) -
) =

Ja@ [P ane [ By [P )
— /dz/év(x)/Pt]:’(x,dxl)gl(xl)/Pt];tl(xl,dxg)gg(xg)...

/Ptj,\il—tn,z(%%,d%—l) (gn—l : PtJ,\{—t",lgn) (Tn-1)
=E [gl(XiY) gna(XN ) (gnﬂ : Ptf,tn,lgn) (Xt]f,l)] :

Analogously

Eg1(Xe,) . gn(Xe,)] = E[91(Xe)) - gn—2(Xe, o) (9n—1 " Pr—tu_r9n) (Xe,_,)]

Then, by triangle inequality,
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E [g1(X)) . gn (X)) —E [01(Xe,) - gn(Xe,)]| <

‘E [91(XZIV) cgna(X)Y ) ((gnﬂ ~Pff4n,19n) (X ) = (gn-1"Prp—t,_19n) (Xff,l))} ) (35)
B {01 (X guma (D) (g1 - Prvmtag) (X))
-E {91()_(751) ogn—2(Xe, ) (9n-1- Pr—t,_19n) (th,l)} ‘ . (36)

AS gn_1-Pi, —1,_,gn is in C3(R) (see Proposition 3.6), we know that (36) goes to 0 when N goes
to infinity (by induction hypothesis).
Moreover, we can bound (35) by

lgalloe - lgn-1lloB [| (Pt _, = Pt ) 9(X2 )] <
1

||g1||oo s ||gn—1Hoo (1 +E [(X£71)2]) KT||97L||3,<>0\/7N7

which goes to 0 when N goes to infinity (using Lemma 3.1).
Since C3(R) is dense in Cy,(R), standard arguments allow to conclude that Vn € N*,Vgy,..., g, €
Cb(R)7VO§t1 §t2 S gtn §T7

E[g1(X)) .. gn(X))] No E[g1(Xt,) ... gn(Xe,)] -

oo

6.7. Proof of Proposition 5.2

We just prove the proposition for £ = 1 to simplify the proof, but the general case is almost the
same.

Recall that D(R, R) is separable and complete (see Theorem 16.3 of Billingsley (1999)), and M#
is also separable and complete (Theorem A2.6.111.(i) of Daley and Vere-Jones (2003)). Hence the
product of the metric spaces (D(R.,R) x M#) is also separable and complete. Since the sequence
(Xn)n is tight on D(Ry,R) and 7! is tight on M#, (see Theorem 1.3 of Billingsley (1999)), the
couple (X, ') is tight on (D(R,,R) x M*#).

Thus it suffices to show that any weakly convergent subsequence of D (X N ,7r1) converges to
D(X) ® D(r!) (see Corollary of Theorem 5.1 of Billingsley (1999)). To simplify the notations we
assume that D(XN,7!) is already a weakly-converging subsequence, converging to some limit P.

Let (Y,7) € (D(R4,R) x M#) such that (Y, 7) ~ P. It is easy to see that

Y ~ X and 7 ~ 7,

but we do not know yet if both are independent.
In the sequel we suppose that (Y, 7) is defined on a filtered probability space (', A, (F;)}~q. P'),
where B
F = (F2. 7" = o(Ye,n([0,5] x A), A€ B(Ry xR), s <t).
T>t

Step 1. We show that 7 is a (P’, (F:°)¢>0)—Poisson random measure on [0, +oo[xR; x R , with
non-random compensator measure dt X v where v = dz X p(du).
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For that sake, it is sufficient to show that for all s < ¢, disjoint sets Uy, ..., U, € B(Ry xR), and
)\17"'a)\k >0,

k k
E (exp [— Z Aim(]s, t] x Ui)]|]:g> = exp l(t —3) Z(e_)‘i - Hv(U;) (37)

i=1 i=1

To prove (37), it suffices to show that for all s; < ... < s, < s, all bounded ¢, ... ¢,, disjoint
sets Uy, ..., Ux € B(Ry x R), and sets Vi,...,V, € B(R; x R),

k
E (exp [= > Xim(Js 8] x U)lgr(Zs,) x ... % %(an)> = (38)

i=1

k
exp [(t =) Y (e = Du(U)| E(p1(Zs,) X - X 0nlZs,).

i=1

where Z, = (Y;,, ([0, s;[xV;)

The previous equality holds if we replace Y by X and m by 7, because w*(]s,t] x U;) and
Zﬁ, e, Z;Yl are independent, where Zél,\i/ = (Xg,m([o, si[xVi).

This implies that 7 is a (P’, (F?);) —Poisson random measure. By right continuity of s —
exp [(t —s) 1" (e7* — 1)v(U;)], this implies that 7 is also a Poisson random measure with respect
o (P, (F{))-

Step 2. Fix a test function ¢ € C3. Now we show that

t 0_2 t
P) = pli) o [ PV =G [ o)) (39)

isa (f?)t —martingale. Fix s1 < s5 < ... < s, < s < t together with continuous and bounded test
functions ; and disjoint sets Uy, ...,U, € B(R4, xR). Denote Z,, = (Ys,, ([0, s;[xU;). It suffices
to show that

E

t 0_2 t n
(w00 et v [ eoiman =G [ oo [Twize| <0 @

To prove (40), we shall use that

WtN:go(XtN)—Fa/otgo' (xM Xf)vdv—N/Otdv/Rdu(u) [90 (X5V+\/“N> —<p(X{,V)] £(x

is a (fto)t — martingale. As a consequence, for all N > 1,

(WX —w) [T o (2)

k=1

E =0.

Using the integral form of the remainder in Taylor’s formula applied in the jump term of W},
we can write W — WX as

2

t
o (XN) - (x) +a/ o' (X,ﬁV)X,ﬁVdv—U—

t
5 / ¢ (X)) £ (X)) dv+ i@,

VN
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where @ is a random variable whose expectation is bounded uniformly in N. Thus,

) [T (22) o T o (22)

N 1
=E[F,, (XN, m)] + ﬁﬂ«:

where

Fualaom) = (o(e) — oo +a [ Sangrato-G [ ¢'<xv>f<xv>dv)
Hwk oy m([0, 51 [xUy))

is a continuous function on D(R,R) x M#. If F,; was bounded we could make N go to infinity in
the previous expression (since (X%, ) converge in distribution to (Y, 7)). So we have to truncate
and consider F2{ (z,m) := Fy(z,m) - &y ( sup |xr|>, where &)y : R — [0,1] is C*° and verifies
0<r<t
Lizjemy < Em(@) < Lgj<mrvay
Recall that we want to show (40), that is, E [Fs ;. (Y, 7)] = 0. We start from

|E[Fst(Y7T)]|_ [st(Yﬂ—ﬂ E

k=1

< ‘E [Fs,t (Y, ) (1 3y (Os;l;ty ))H (41)
+ [ [ imn (s 1)) - B[R (0m) e (s 1x2])]| 2

0<r<t 0<r<t

+ ‘E [F&t (XN, ) (1 —&n < sup |X5V|>>] ‘ (43)
0<r<t

Using the fact that 1 —&u/(2) < g5}, Cauchy-Schwarz’s inequality, Markov’s inequality and
Lemma 3.1, we can bound (41) and (43) by T'/v/M for some T' > 0 that is independent of N.

Now, fix some € > 0 and consider a constant M. > 0 such that (41) and (43) are smaller than €. In
a next step, we choose an integer N big enough such that (42) is smaller than e. As a consequence,
|E [Fs+(Y,m)]| < 3¢ for all € > 0, whence E [F +(Y, 7)] = 0 which means that for all ¢ € C3(R), the
expression (39) is a (]-'O)t—martlngale

In the following we need to prove that for all ¢ € C® (not necessarily bounded), the expres-
sion (39) is a (F?);—local martingale. So we introduce the stopping times 7x = inf{t > 0 : |V;| >
K}, and for ¢ € C3(R), we define px € C3(R) by i (x) = p(x)€k (z). Now ifFft denotes the func-
tion F;, we used previously, by definition of F, 7k and ¢k, we know that E [ anrreinri (Y5 7r)] =
E [FE5 . inme (Y, )] which equals 0, since the expression (39) with ¢x € Cj(R) is a martingale.

Hence we have shown that the expression in (39) is a (F});—martingale if ¢ € C$(R), and that
it is a (F?);—local martingale if ¢ € C3(R). By right-continuity of s + Y, this implies that the
expression in (39) is martingale (resp. local martingale) with respect to (F); for ¢ € C3(R) (resp.
¢ € C°(R)).

Step 3 . Now we show that Y and 7 are independent. By Theorem I1.2.42 of Jacod and
Shiryaev (2003), step 2 implies that Y is a (P’,(F;)i>0)—semi-martingale with characteristics
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B, = —« fot Yids, v(ds,dr) = 0, C; = fot o2 f(Ys)ds. Moreover, Theorem II1.2.26 of Jacod and
Shiryaev (2003) implies that there exists a Brownian motion B’ defined on (€', A, (Gi)i>0, P’),
such that Y is solution of

t t
Yt:YO—a/ sts+a/ VF(Y,)dB..
0 0

So B’ is defined on the same space, but for the moment we do not know that this Brownian
motion is indeed a Brownian with respect to the filtration we are interested in, that is, with respect
to (]:tl)t20~ To understand this last point we use the Lamperti transform. To do so, we need to
introduce

o1
h(x) ::/0 Wdt.

Using Ito’s formula, one gets that Y; := h(Y}) solves

2
dY: = —ah'(Yo)Yidt + oh (Vo) F(Y0dB] + -0 (Y) f (Vo).

In other words,
t o2 [t
0B, = h(Y;) — h(Yp) + a/ W (Ys)Ysds — ?/ R (Ys) f(Ys)ds
0 0

is exactly of the form as in (39), for the test-function ¢ = h that is C3. Thus we know that (B});
is a (P, (F')t>0)—local martingale.

By Theorem I1.6.3 of Tkeda and Watanabe (1989) we can then conclude that B’ and the Poisson
random measure 7 - which are defined with respect to the same filtration, living on the same space
- are independent, and thus also Y and 7.

6.8. Lemmas on Skorohod space

Lemma 6.7. Let (xn)n be a sequence of D(R,R) that converges to some x € D(Ry,R), and a
sequence (tn),y that converges to t > 0. If x is continuous on t, then xn(tny—) — x(t).

Lemma 6.8. Let T' > 0, k € N*, increasing sequences 0 =t,0 < t;1 < ... <tin,—1 <tin, =T
1<i<k),0=tl <t <...< tf\,[anfl < tﬁ’nﬁ\, =T (1 <i<k) and we define the functions
g,9N € D([07T]7Rk) by

{ g(t) = (Z?;Bl ]l[ti,j,ti,j+1[(t)j) te [O7T[7

1<i<k
9(T) = (n; — 1)1§i§ka

nﬁv—l .
ow(t) = (Z520 B ((03) 1€ 01T
gn(T) = (n} - 1)1§z’§k'
We assume that there exists a dense subset A C [0,T] that contains T such that, for allt € A, gn(t)

converges to g(t), and we assume that for all iy # iz for all j1 € [1,n4-1] and j2 € [1,n4,-1],
tiy g1 7 tis,jo- Then gy converges to g in D ([0,T],RF).
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