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Abstract: We consider a sequence of systems of Hawkes processes having mean field in-
teractions in a diffusive regime. The stochastic intensity of each process is a solution of a
stochastic differential equation driven by N independent Poisson random measures. We show
that, as the number of interacting components N tends to infinity, this intensity converges
in distribution in the Skorokhod space to a CIR-type diffusion. Moreover, we prove the con-
vergence in distribution of the Hawkes processes to the limit point process having the limit
diffusion as intensity. To prove the convergence results, we use analytical technics based on
the convergence of the associated infinitesimal generators and Markovian semigroups.
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Introduction

Hawkes processes were originally introduced by (Hawkes, 1971) to model the appearance of earth-
quakes in Japan. Since then these processes have been successfully used in many fields to model
various physical, biological or economical phenomena exhibiting self-excitation or -inhibition and in-
teractions, such as seismology ((Helmstetter and Sornette, 2002), (Y. Kagan, 2009), (Ogata, 1999),
(Bacry and Muzy, 2016)), financial contagion ((Ait-Sahalia, Cacho-Diaz and Laeven, 2015)), high
frequency financial order books arrivals ((Lu and Abergel, 2018), (Bauwens and Hautsch, 2009),
(Hewlett, 2006)), genome analysis ((Reynaud-Bouret and Schbath, 2010)) and interactions in social
networks ((Zhou, Zha and Song, 2013)). In particular, multivariate Hawkes processes are extensively
used in neuroscience to model temporal arrival of spikes in neural networks ((Griin, Diedsmann
and Aertsen, 2010), (Okatan, A Wilson and N Brown, 2005), (Pillow, Wilson and Brown, 2008),
(Reynaud-Bouret et al., 2014)) since they provide good models to describe the typical temporal
decorrelations present in spike trains of the neurons as well as the functional connectivity in neural
nets.

In this paper, we consider a sequence of multivariate Hawkes processes (ZV)nen- of the form
ZN = (ZtN’l,...ZtN’N)tZO. Each Z% is designed to describe the behaviour of some interacting
system with N components, for example a neural network of N neurons. More precisely, ZV is a
multivariate counting process where each Z™' records the number of events related to the i—th
component, as for example the number of spikes of the i—th neuron. These counting processes are
interacting, that is, any event of type ¢ is able to trigger or to inhibit future events of all other
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types j. The process (ZN:1 ..., ZN:N) is informally defined via its stochastic intensity process
AN = (ANL(#), ..., AN (1))>0 through the relation

P(ZY" has a jump in Jt, ¢ + dt]|F,) = AN (t)dt, 1<i <N,

where F; = o (Zév 1 0<s< t) . The stochastic intensity of a Hawkes process is given by

ANy = N Z/ WY (t—s)dZNA(s) | . (1)

Here, hf\jf models the action or the influence of events of type j on those of type i, and how this
influence decreases as time goes by. The function f7V is called the jump rate function of ZV:i.

Since the founding works of (Hawkes, 1971) and (Hawkes and Oakes, 1974), many probabilistic
properties of Hawkes processes have been well-understood, such as ergodicity, stationarity and long
time behaviour (see (Brémaud and Massoulié, 1996), (Daley and Vere-Jones, 2003), (Costa et al.,
2018), (Raad, 2019) and (Graham, 2019)). A number of authors studied the statistical inference for
Hawkes processes ((Ogata, 1978) and (Reynaud-Bouret and Schbath, 2010)). Another field of study,
very active nowadays, concerns the behaviour of the Hawkes process when the number of components
N goes to infinity. During the last decade, large population limits of systems of interacting Hawkes
processes have been studied in (Fournier and Locherbach, 2016), (Delattre, Fournier and Hoffmann,
2016) and (Ditlevsen and Locherbach, 2017).

In (Delattre, Fournier and Hoffmann, 2016), the authors consider a general class of Hawkes
processes whose interactions are given by a graph. In the case where the interactions are of mean
field type and scaled in N~!, namely hjy = N~'h and f = f in (1), they show that the Hawkes
processes can be approximated by an i.i.d. famlly of inhomogeneous Poisson processes. They observe
that for each fixed integer k, the joint law of k components converges to a product law as N tends
to infinity, which is commonly referred to as the propagation of chaos. (Ditlevsen and Locherbach,
2017) generalize this result to a multi-population frame and show how oscillations emerge in the
large population limit. Note again that the interactions in both papers are scaled in N~!, which
leads to limit point processes with deterministic intensity.

The purpose of this paper is to study the large population limit (when N goes to infinity) of
the multivariate Hawkes processes (Z™1,...  ZM¥) with mean field interactions scaled in N2,
Contrarily to the situation considered in (Delattre, Fournier and Hoffmann, 2016) and (Ditlevsen
and Locherbach, 2017), this scaling leads to a non-chaotic limiting process with stochastic intensity.
As we consider interactions scaled in N~'/2 we have to center the terms of the sum in (1) to make
the intensity process converge according to some kind of central limit theorem. To this end, we
consider intensities with stochastic jump heights. Namely, in this model, the multivariate Hawkes
processes (ZN")1<;<n (N € N*) are of the form

ZtN’i:/ T<xvydmi(s, z,u), 1<i<N, (2)
10t xRe xR °

where (m;);en+ are i.i.d. Poisson random measures on Ry x Ry X R of intensity dsdz du(u) and p
is a centered probability measure on R having a finite second moment o2. The stochastic intensity
of ZN:t is given by
N.i
A=A = (XY,
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where
1N
XN - h(t — s)ul dri(s, 2, 1)
t \/N; [0, xR xR (t = s)ulr,cp(xm yydm( )
Moreover we consider a function h of the form h(t) = e~ so that the process (X}Y); is a

piecewise deterministic Markov process. In the framework of neurosciences, X/ represents the
membrane potential of the neurons at time ¢. The random jump heights u, chosen according to
the measure y, model random synaptic weights and the jumps of Z™7 represent the spike times of
neuron j. If neuron j spikes at time ¢, an additional random potential height u/ V/N is given to all
other neurons in the system. As a consequence, the process XV has the following dynamic

dx ——aXth—i—fZ/

1
Ry X == (xx)ydmalts 2, )-

Its infinitesimal generator is given by

A¥g(a) = —azg' (o) + NI ) [ [g (x " \/“N) - g(xﬂ (du),

for sufficiently smooth functions g. As N goes to infinity, the above expression converges to

2
- g
Ag(z) = —az g'(z) + 5 f(2)g" (),

which is the generator of a CIR-type diffusion given as solution of the SDE

dXt = —Oé)_(tdt + 0o f(Xt)dBt (3)

It is classical to show in this framework that the convergence of generators implies the convergence
of XV to X in distribution in the Skorokhod space. In this article we establish explicit bounds
for the weak error for this convergence by means of a Trotter-Kato like formula. Moreover we
establish for each 7, the convergence in distribution in the Skorokhod space of the associated counting
process ZN:¢ to the limit counting process Z! which has intensity (f(X;));. Conditionally on X,
the Z,i > 1, are independent. This property can be viewed as a conditional propagation of chaos-
property, which has to be compared to (Delattre, Fournier and Hoffmann, 2016) and (Ditlevsen
and Locherbach, 2017) where the intensity of the limit process is deterministic and its components
are truly independent, and to (Carmona, Delarue and Lacker, 2016), (Dawson and Vaillancourt,
1995) and (Kurtz and Xiong, 1999) where all interacting components are subject to common noise.
In our case, the common noise, that is, the Brownian motion B of (3), emerges in the limit as a
consequence of the central limit theorem.

To obtain a precise control of the speed of convergence of XV to X we use analytical meth-
ods showing first the convergence of the generators from which we deduce the convergence of the
semigroups via the formula

Prg(e) = Pg(a) = [ P, (A= A") Pug(a)is (1)

Here Pig(z) = E, [9(X;)] and PNg(z) = E, [g(X}')] denote the Markovian semigroups of X
and XV. This formula is well-known in the classical semigroup theory setting where the gener-
ators are strong derivatives of semigroups in the Banach space of continuous bounded functions
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(see Lemma 1.6.2 of (Ethier and Kurtz, 2005)). In our case, we have to consider extended gener-
ators (see (Davis, 1993) or (Meyn and Tweedie, 1993)), i.e. ANg(z) is the point-wise derivative of
t = PN g(z) in 0. The proof of formula (4) for our extended generators is given in the Appendix
(Proposition 5.6).

It is well-known that under suitable assumptions on f, the solution of (3) admits a unique
invariant measure A\ whose density is explicitly known. Thus, a natural question is to consider the
limit of the law L£(X{V) of X}¥ when t and N go simultaneously to infinity. We prove that the
limit of £(X}Y) is A, for (N,t) — (00,00), under suitable conditions on the joint convergence of
(N, t). We also prove that there exists a parameter o* such that for all & > a*, this converges holds
whenever (N,t) — (00, 00) jointly, without any further condition, and we provide a control of the
error (Theorem 1.6).

The paper is organized as follows: in Section 1, we state the assumptions and formulate the main
results. Section 2 is devoted to the proof of the convergence of the semigroup of X to that of X
(Theorem 1.4.(i)), and Section 3 to the study of the limit of the law of X as N,t — oo (Theo-
rem 1.6). In Section 4, we prove the convergence of the systems of point processes (ZN’i)lgiSN to
(Z%)i>1 (Theorem 1.7). Finally in the Appendix, we collect some results about extended generators
and we give the proof of (4) together with some other technical results that we use throughout the

paper.

1. Notation, assumptions and main results
1.1. Notation

The following notation are used throughout the paper:

e If X is a random variable, we note £(X) its distribution.

e If g is a real-valued function which is n times differentiable, we note ||g||n.00 = > p_g [|9* ] co-

e If g : R — R is a real-valued measurable function and A\ a measure on (R, B(R)) such that ¢
is integrable with respect to A, we write A(g) for [; gd.

e We write C}' (R) for the set of the functions g which are n times continuously differentiable such
that ||g||n,cc < + 00, and we write for short C,(R) instead of Cp (R). Finally, C"(R) denotes
the set of n times continuously differentiable functions that are not necessarily bounded nor
have bounded derivates.

e If g is a real-valued function and I is an interval, we note ||g||oo,7 = sup,c;|g(z)|.

e We write C"(R) for the set of functions that are n times continuously differentiable and that
have a compact support.

e We write D(R4,R) for the Skorokhod space of cadlag functions from Ry to R, endowed with
the Skorokhod metric (see Chapter 3 Section 16 of (Billingsley, 1999)), and D(R4,Ry) for
this space restricted to non-negative functions.

e « is a positive constant, L,o and my (1 < k < 4) are fixed parameters defined in Assump-
tions 1, 2 and 3 below. Finally, we note C' any arbitrary constant, so the value of C' can change
from line to line in an equation. Moreover, if C' depends on some non-fixed parameter 6, we
write Cy.
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1.2. Assumptions

Let X satisfy

N
dX —aX;Vdt + WZ/ u]l{z<f XN)}dwj(t Z,u), (5)
XN~y
where /¥ is a probability measure on R. Under natural assumptions on f, the SDE (5) admits a
unique non-exploding strong solution (see Proposition 5.8).
The aim of this paper is to provide explicit bounds for the convergence of X N'in the Skorokhod
space to the limit process (X;);er, which is solution to the SDE

{ AX, = ~aXudt + o\[1 (Xi)dB:, (©

Xo ~ g,

where o2 is the variance of y, (B¢)tcr, is a one-dimensional standard Brownian motion, and 7 is
a suitable probability measure on R.
To prove our results, we need to introduce the following assumptions.

Assumption 1. /f is a positive and Lipschitz continuous function, having Lipschitz constant L.

Under Assumption 1, it is classical that the SDE (6) admits a unique non-exploding strong
solution (see remark IV.2.1, Theorems IV.2.3, IV.2.4 and IV.3.1 of (Ikeda and Watanabe, 1989)).
Assumption 1 is used in rnany computations of the paper in one of the following forms:

o Vz € R, f(z) < (\/f(0) + L|z|)?

or, if we do not need the accurate dependency on the parameter,
o Vx € R, f(x) < C(1+2?).

Assumption 2.

o [patdin(z) < oo and for every N € N*, [o a*dv (z) < oc.
o /1 is a centered probability measure having a finite fourth moment, we note o2 its variance.

_Assumption 2 allows us to control the moments up to order four of the processes (XN); and
(Xt); (see Lemma 2.1) and to prove the convergence of the generators of the processes (XV); (see
Proposition 2.3).

Assumption 3. We assume that f belongs to C*(R) and that for each 1 < k < 4, (/) is
bounded by some constant my,.

Remark 1.1. By definition my = L, since my := ||(v/f)'||oo and L is the Lipschitz constant of \/f.

Assumption 3 guarantees that the stochastic flow associated to (6) has regularity properties
with respect to the initial condition Xy = x. This will be the main tool to obtain uniform, in time,
estimates of the limit semigroup, see Proposition 2.4.

Example 1.2. The functions f(x) = 1+ 22, f(x) = /1 + 22 and f(r) = (7/2 + arctanx)? satisfy
Assumptions 1 and 3.

Assumption 4. XV converges in distribution to X,.

Obviously, Assumption 4 is a necessary condition for the convergence in distribution of X to X.
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1.3. Main results

Our first main result is the convergence of the process X to X in distribution in the Skorokhod
space, with an explicit rate of convergence for their semigroups. This rate of convergence will be
expressed in terms of the following parameters

1
B := max (202L2 —a,20%L* - 2a, gazlﬂ - 3a> (7
and, for any 7" > 0 and any fixed € > 0,
T 272
Kp = (1+1/5)/ (14 )6 (14 el 200909 g (8)
0
Remark 1.3. If a > 7/602L?, then B < 0, and one can choose ¢ > 0 such that 0?>L? —2a+¢ < 0,

implying that supp o K < oo.

Recall that Pig(z) = E, [9(X¢)] and PNg(z) = E, [g(X}")] denote the Markovian semigroups
of X and XV,

Theorem 1.4. If Assumptions 1 and 2 hold, then the following assertions are true.
(i) Under Assumption 3, for all T > 0, for each g € C(R) and x € R,

2 1
su PN z) = Poalz)] < C 1_’_1,2 K —
OStET ‘ : g() 29 )’ <O( VKr||9lls, 7

In particular, if o > %02L2, then
1
VN’

(ii) If in addition Assumption j holds, then (X™)y converges in distribution to X in D(R,,R).

sup |PNg(x) — Pog(a)| < C(1+ 2%)[glls,00

We refer to Proposition 2.4 for the form of § given in (7). Theorem 1.4 is proved in the end of
Subsection 2.2. (ii) is a consequence of Theorem 1X.4.21 of (Jacod and Shiryaev, 2003), using that
XN is a semimartingale. Alternatively, it can be proved as a consequence of (i), using that X is
a Markov process.

Below we give some simulations of the trajectories of the process (X} );>o in Figure 1.

Remark 1.5. Theorem 1.4.(ii) states the convergence of X to X in the Skorokhod topology. Since
X is almost surely continuous, this implies the, a priori stronger, convergence in distribution in the
topology of the uniform convergence on compact sets. Indeed, according to Skorohod’s representation
theorem (see Theorem 6.7 of (Billingsley, 1999)), we can assume that X converges almost surely
to X in the Skorokhod space, and this classically entails the uniform convergence on every compact
set (see the discussion at the bottom of page 124 in Section 12 of (Billingsley, 1999)).

Under our assumptions, P admits an invariant probability measure ), and we can even control
the speed of convergence of P g(x) to A(g), as (IV,t) goes to infinity, for suitable conditions on the
joint convergence of N and t¢.
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Fic 1. Simulation of trajectories of (XtN)Oﬁtglo with X(J)V =0,a=1, u=N(0,1), f(x) =1+ 2, N =100 (left
picture) and N = 500 (right picture).

Theorem 1.6. Under Assumptions 1 and 2, X is recurrent in the sense of Harris, having invariant
probability measure A(dzx) = p(z)dx with density

1 20 [Ty
p(x :C'exp<—/ ——d >
W= Py
Besides, if Assumption 3 holds, then for all g € C3(R) and x € R,

PN g(2) — A(g)] < Cllglls.e (1 +22) (fﬁ n ) ,

where C and v are positive constants independent of N and t, and where Ky is defined in (8). In
particular, PN (x,-) converges weakly to X as (N,t) — (00, 00), provided Ky = o(~/N).

If we assume, in addition, that o > %02L2, then PN (x,-) converges weakly to X\ as (N,t) —
(00, 00) without any condition on the joint convergence of (t,N), and we have, for any g € CZ(R)
and x € R,

1PN () — M@)| < Cllgllsne(l +22) (jﬁ N ) .

Theorem 1.6 is proved in the end of Section 3.

Finally, using Theorem 1.4.(i4), we show the convergence of the point processes Z'¢ defined in (2)
to limit point processes Z having stochastic intensity f(X;) at time ¢. To define the processes Z°
(1 € N*), we fix a Brownian motion (B;);>o on some probability space different from the one where
the processes X (N € N*) and the Poisson random measures 7; (i € N*) are defined. Then we fix
a family of i.i.d. Poisson random measures 7; (i € N*) on the same space as (B;):>0, independent
of (By)i>0- The limit point processes Z¢ are then defined by

Zv::/ Iy _ oo 1 dmi(s, z,u). .
E Jogxry xR {z<1(X.)} ( ) o
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Theorem 1.7. Under Assumptions 1, 2 and 4, for every k € N*, the sequence (ZNL L ZN Ry
converges to (Z',..., Z*) in distribution in D(Ry,R¥). Consequently, the sequence (ZN7);>1 con-
verges to (Z7)j>1 in distribution in D(R,R)N" for the product topology.

Let us give a brief interpretation of the above result. Conditionally on X, for any k& > 1,
Z',...,Z"* are independent. Therefore, the above result can be interpreted as a conditional propaga-
tion of chaos property (compare to (Carmona, Delarue and Lacker, 2016) dealing with the situation
where all interacting components are subject to common noise). In our case, the common noise,
that is, the Brownian motion B driving the dynamic of X, emerges in the limit as a consequence
of the central limit theorem. Theorem 1.7 is proved in the end of Section 4.

Remark 1.8. In Theorem 1.7, we implicitly define Z™* :== 0 for each i > N + 1.

2. Proof of Theorem 1.4

The goal of this section is to prove Theorem 1.4. To prove the convergence of the semigroups of
(XN)y, we show in a first time the convergence of their generators. We start with useful a priori
bounds on the moments of XV and X.

Lemma 2.1. Under Assumptions 1 and 2, the following holds.

(i) Foralle >0, t >0 and z € R, B, [(XM)?] < C(1 4 1/e)(1 + 22)(1 + el L*=2046)t)  for
some C > 0 independent of N,t,x and e.
(ii) For alle >0, t >0 and z € R, E, [(X;)?] < C(1+1/e)(1+2?)(1 + (P L =2009)1) | for some
C > 0 independent of t,x and €.
(iii) For all N € N*,T >0, E [(supg< i<z |X[N])?] < 400 and E [(supg<, < |X¢])?] < +00.
(iv) For allT >0,N € N*, sup E, [(X})*] < Cr(1+2*) and sup E, [(X)*] < Cr(1+a?).
0<t<T 0<t<T

(v) For all0 < s,t <T and x € R,

E, [(Xt - Xs)2] < Cr(1+22)|t — s| and E, [(X{V - XéV)Q} < Op(1+ 22|t — sl.

We postpone the proof of Lemma 2.1 to the Appendix. The inequalities of points (i) and (i¢) of
the lemma hold for any fixed € > 0. This parameter ¢ appears for the following reason. We prove the
above points using the Lyapunov function = — 2. When applying the generators to this function,
there are terms of order = that appear and that we bound by x2¢ + ! to be able to compare it

to 2.

2.1. Convergence of the generators

Throughout this paper, we consider extended generators similar to those used in (Meyn and Tweedie,
1993) and in (Davis, 1993), because the classical notion of generator does not suit to our framework
(see the beginning of Section 5.1). As this definition slightly differs from one reference to another,
we define explicitly the extended generator in Definition 5.1 below and we prove the results on
extended generators that we need in this paper. We note AV the extended generator of X~ and A
the one of X, and D'(AY) and D’(A) their extended domains. The goal of this section is to prove
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the convergence of AVg(z) to Ag(x) and to establish the rate of convergence for test functions
g € C3(R). Before proving this convergence, we state a lemma which characterizes the generators for
some test functions. This lemma is a straightforward consequence of Ito’s formula and Lemma 2.1.(i).

Lemma 2.2. CZ(R) C D'(A), and for all g € CZ(R) and x € R, we have

Ag(e) = —aad () + 30*f(2)g' (@)

Moreover, CL(R) C D'(AN), and for all g € CL(R) and x € R, we have

AVg(o) = ~azg ) + N 1(0) [ o (24 7<) = o(o)] duto).

The following result is the first step towards the proof of our main result.

Proposition 2.3. If Assumptions 1 and 2 hold, then for all g € C3}(R),

_ 1

Ag(z) — ANg(2)| < f(z ”’Ooi/u?’d w).

| Ag() g(@)| < f(x) g™l GWRHM()
Proof. For g € C3(R), if we note U a random variable having distribution p, we have, since E [U] =
0,

VE g (o4 0% - 9(0)] - 50" @

AN
1N [E[o (++ %) - a0~ a0 - Fae)]

<H@NE[Jo (2+ =) —ate) - i'(0) — Fd0)

Using Taylor-Lagrange’s inequality, we obtain the result. O

|ANg(z) — Ag(a)| <f(a)

2.2. Convergence of the semigroups

Once the convergence ANg(x) — Ag(x) is established, together with a control of the speed of
convergence, our strategy is to rely on the following representation

(P — PN) gla) = /0 PN, (A— AN) Pyg(a)ds, (10)

which is proven in Proposition 5.6 in the Appendix.

Obviously, to be able to apply Proposition 2.3 to the above formula, we need to ensure the
regularity of x — Pyg(z), together with a control of the associated norm || Psg||3.c0- This is done in
the next proposition.

Proposition 2.4. If Assumptions 1, 2 and 3 hold, then for all t > 0 and for all g € C}(R), the
function x — Pig(x) belongs to C3(R) and satisfies

"

It

< Cllgllso (1 +t%)e™, (11)
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with B = max(%a2L2 —a,20%L% — 2a, %0'2112 — 3a). Moreover, for all T > 0,

< Qrl9l3,00 (12)

for some Qr > 0, and for alli € {0,1,2} and x € R, s+ (P,g)"(2) = %(Psg(x)) is continuous.

The proof of Proposition 2.4 requires some detailed calculus to obtain the explicit expression
for 3, so we postpone it to the Appendix.

Proof of Theorem 1.4. Step 1. The proof of point () is a straightforward consequence of Proposi-
tion 2.3, since, applying formula (10),

t
|15tg(x) - PtNg(x)| = . PtJXs (A - AN) Psg(x)ds

< /t |4 (Pag) (X2,) — AY (Pug) (XX,)[] ds

sl
<C’T||g|\3oo/ ((1+32)e55 (1+]Ex {(Xﬁs)zD)ds
<C (142) Sellglant 42 [ 2yl (18200000 g

where we have used respectively Proposition 2.4 and Lemma 2.1.(i) to obtain the two last inequalities
above, and ¢ is any positive constant.

Step 2. We now give the proof of point (i7) of the theorem. With the notation of Theo-
rem IX.4.21 of (Jacod and Shiryaev, 2003), we have KN (z,dy) := Nf(z)u(v/Ndy), v'N(z) =
—az + [ KN(z,dy)y = —ax, and N (2) = [ KN (z,dy)y? = 0% f(z). Then, an immediate adapta-
tion of Theorem IX.4.21 of (Jacod and Shiryaev, 2003) to our frame implies the result. O

E, [f (X{Y,)] ds

3. Proof of Theorem 1.6

In this section, we prove Theorem 1.6. We begin by proving some properties of the invariant measure
of P;. In what follows we use the total variation distance between two probability measures v, and
vo defined by

1
|1 — vallry = 5 Sup lv1(g) — va(g)l-
g:llgllee <1

Proposition 3.1. If Assumptions 1 and 2 hold, then the invariant measure \ of (P;); exists and
is unique. Its density is given, up to multiplication with a constant, by

pio) =i (2% [ 5t500)-

In addition, if Assumption 3 holds, then for every 0 < q < 1/2, there exists some v > 0 such that,
for allt >0, )
1Pi(z,-) = Allrv < C (1+2%) e
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Proof. In a first time, let us prove the positive Harris recurrence of X implying the existence and
uniqueness of A. According to Example 3.10 of (Khasminskii, 2012) it is sufficient to show that
S(x) := foz s(y)dy goes to +oo (resp. —00) as z goes to +oo (resp. —00), where

s(z) = exp <ff(j /Om fg;)dv> .

For z > 0, and using that f is subquadratic,
ro2
s(x) > exp (C/ HUQdU) =exp (Cln(l+2%)) = (1 + ¢ > 1,
0 v

implying that S(x) goes to +00 as x goes to +oo. With the same reasoning, we obtain that S(z)
goes to —oo as = goes to —oo. Finally, the associated invariant density is given, up to a constant,
by

C

PO T
For the second part of the proof, take V(x) = (1 + 22)9, for some ¢ < 1/2, then
V'(x) = 2qx(1 + )71 V" (2) = 2q(1 + 2*)T2[22% (¢ — 1) + (1 + 2?)].

As g < 1, V"(x) <0 for z? sufficiently large, say, for || > K. In this case, for |z| > K,

2 2
T 2 2\g—1 _
AV (z) < —2agx*(14+2°)97 < —2aq1 2 V(iz) < —2qam‘/(m) = —cV(x).
So we obtain that, for suitable constants ¢ and d, for any = € R,
AV (z) < —cV(z) +d. (13)

Obviously, for any fixed T > 0, the sampled chain (Xj7)r>o is Feller and A—irreducible. The
support of A being R, Theorem 3.4 of (Meyn and Tweedie, 1993) implies that every compact set is
petite for the sampled chain. Then, as (13) implies the condition (CD3) of Theorem 6.1 of (Meyn
and Tweedie, 1993), we have the following bound: introducing for any probability measure p the
weighted norm

lullv == sup |u(g)l,
lgl<1+V

there exist C,~v > 0 such that
1P:(2,) = Allv < C(1+ V(x))e .
This implies the result, since || - ||y < || ||v- O
Now the proof of Theorem 1.6 is straightforward.

Proof of Theorem 1.6. The first part of the theorem has been proved in Proposition 3.1. For the
second part, for any g € C3(R),

[P g(z) = Mg)| < |PNg(x) — Pug(a)] + |Peg(x) — Mg)|
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K, 9 _
<—0+=x o + ool [Pz, ) — A
Tt 2l + lgllell Pl ) = Allzy
Kt 2 —
< C | —=(1+4+2z°)+e 7t1+x2q>,
loll oG (S0 %) + 1+ 02)
where we have used Theorem 1.4 and Proposition 3.1. Since (1 + 22)? < 1 + 22, ¢ being smaller
than 1/2, this implies the result. O

4. Proof of Theorem 1.7

We prove the result using Theorem 1X.4.15 of (Jacod and Shiryaev, 2003).

Let & € N*, let us note YV := (XN zZN1 ZN#) and YV := (X,Z',...,Z%). Using the
notation of Theorem IX.4.15 of (Jacod and Shiryaev, 2003) with the semimartingales Y~ (N € N*)
and Y and denoting ¢/ (0 < j < k) the j—th unit vector, we have:

o VNO(z) =bx) = —ax and ¥Ni(z) = Vi(z) =0 for 1 <i <k,

o IN00(3) = 00(z) = 02 f(2%) and N4 (z) = VI (x) = 0 for (i,7) # (0,0),
o 3 KN (@) = fa%) S5, i g(e® + e)du(u) + (N — B) f o 2ee®)dp(u),
o g+ K(2) = f(@°) X7, g(e?).

The only condition of Theorem IX.4.15 that is not straightforward is the convergence of g * K~
to g* K for g € C1(R¥*1). The complete definition of C;(R**1) is given in VIL.2.7 of (Jacod and
Shiryaev, 2003), but here, we just use the fact that C;(R¥*!) is a subspace of Cj(RF*1) containing
functions which are zero around zero. This convergence follows from the fact that any g € C; (RF*1)
can be written as g(z) = h(z)1{j;|>c} where h € C,(R¥*1) and € > 0. This allows to show that, for
this kind of function g,

=01 [ o (Foe®) dut)

<O =R [ 1oy

N-K
N2

< f@=")C <Cf)NT
where the second inequality follows from the fact that we assume that p is a probability measure
having a finite fourth moment.

Theorem 1X.4.15 of (Jacod and Shiryaev, 2003) implies that for all k& > 1, (ZN:1 ... ZN:F)
converges to (Z, ..., Z¥) in distribution in D(R, R¥).

This implies the weaker convergence in D(R,,R)* for any k& € N*. Then, the convergence in
D(R,,R)N" is classical (see e.g. Theorem 3.29 of (Kallenberg, 1997)).

5. Appendix
5.1. Extended generators
There are different definitions of infinitesimal generators in the literature. The aim of this subsection

is to define precisely the notion of generator we use in this paper. Moreover we establish some prop-
erties of these generators and prove formula (10). In the general theory of semigroups, one defines
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the generators on some Banach space. In the frame of semigroups related to Markov processes, one
generally considers (Cy(R), || - ||oo)- In this context, the generator A of a semigroup (P;): is defined
on the set of functions D(A) = {g € Cy(R) : 3h € Cy(R), || (Pg — g) — h|lesc— 0 as t — 0}. Then
one denotes the previous function h as Ag. In general, we can only guarantee that D(A) contains
the functions that have a compact support, but to prove Proposition 5.6, we need to apply the
generators of the processes (X}¥); and (X;); to functions of the type P,g, and we cannot guarantee
that P,g has compact support even if we assume g to be in C2°(R).

This is why we consider extended generators (see for instance (Meyn and Tweedie, 1993) or (Davis,
1993)). These extended generators are defined by the point-wise convergence on R instead of the
uniform convergence. Moreover, they verify the fundamental martingale property, which allows us
to define the generator on Cj'(R) for suitable n € N* and to prove that some properties of the
classical theory of semigroups still hold for this larger class of functions.

Let (X¢): be a Markov process taking values in R. We set

D(P) ={g: R — R, measurable, s.t. Vo € R, Vt >0, E;|g(X;:)| < o0}.

For g € D(P), z € R, t > 0, we define P,g(z) = E, [¢(X)] -

Definition 5.1. We define D'(A) to be the set of g € D(P) for which there exists a measurable
function Ag : R — R, such that Ag € D(P), t — P,Ag(x) is continuous in 0, and Vx € R, Vt > 0,

(i) Ezg(Xy) — g(x) = E, [y Ag(X,)ds;
(ii) E, [} |A(g9(X,))|ds < oc.

Remark 5.2. Using Fubini’s theorem and (ii) we can rewrite (i) in the following form:

Pug(z) - glx) = / P, Ag(z)ds. (14)

Then (14) implies immediately that if g € D'(A), then

o1

lim —(Pg(z) — g(z)) = Ag(). (15)
Note also that it follows from the Markov property and the definition of Ag that the process g(X;) —
9(Xo) — f(f Ag(X;)ds is a P,-martingale w.r.t. to the filtration generated by (X;):.

The following result is classical and stated without proof. It is a straightforward consequence of
(14) and (15).

Proposition 5.3. Suppose that A is the extended generator of the semigroup (P;)y, g € D'(A), and
the map s — PsAg(x) is continuous on Ry for some x € R. Then

d
%Ptg(x) = P, Ag(z).

Moreover, if for all t > 0, P,g € D'(A), then & P,g(z) = AP,g(z) = P Ag(x).

In what follows, we give some sufficient conditions to verify the continuity and the derivability
of the map s — Psh(x). These conditions are not intended to be optimal, they are stated such that
it is easy to check them both for X and X.
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Proposition 5.4. Let (X;); be a Markov process with semigroup (P;); and extended generator A.
1. Let h € D(P), x € R. Suppose that

(i) the map t — X; is continuous in L2, i.e. lims_ 0 Ez| X5 — X% = 0;
(i) for all T >0, supgc;rEq (| X¢|*) < +o0;
(iii) there exists C' > 0, such that Vz,y € R, |h(z) — h(y)| < C(1 + 22 + y?)|z — y.

Then the map s — Psh(x) is continuous on R.
2. Suppose moreover that (i), (ii) and (#ii) are satisfied with

(iii)’ g € D'(A) such that for some C > 0, and for all x,y € R, we have that |Ag(z)— Ag(y)| <
C(l+ 2%+ y?)|z — vyl
Then the map s — Pyg(z) is differentiable on R, and % Pig(z) = P, Ag(z).

Proof. The proof of point 1. follows from the following chain of inequalities

|Ph(z) — Psh(z)| < Eg|h(Xy) — h(X,)| < CE, [(14 X7 + X2)|1 X, — X,|] <
ClE.(1+ X+ XHY2EL X, — X)?)Y2 < C sup [E.X2V?|| X, — Xt|\2‘—‘> oo.
u<sVt t—s|—

The second assertion of the proof follows from point 1. and Proposition 5.3, observing that h := Ag
satisfies point (iii).
O

5.2. Proof of (10)

In this section, we first collect some useful results about the extended generators AN of XN and A
of X. Then we give the proof of (10). We start with the following result.

Proposition 5.5. 1. For all g € C}(R), for all z,y € R,

[ Ag(x) = Ag(y)| < Cliglls,co(1 + 2% +y*)|z — y| and |Ag()] < Cllgll2,00(1 + 2%).

In particular, for any g € C3, the map t — P,g(z) is differentiable on R, and %Ptg(x) =
P Ag(x) = APg(x).
2. For all g € CE(R), for all z,y € R,

AN g(z) = ANg(y)| < Cllgll2,00(1 + 2% + y?) |z — y| and |AV g(z)| < Cllgll1,00(1 + 2?).

In particular, for any g € CZ, the map t — PNg(x) is differentiable on R, and %PtNg(x) =
PN ANg(x).

Proof. The result follows from Proposition 5.4 together with Lemma 2.1 and Lemma 2.2. Finally,
to show that P,Ag(x) = AP,g(x), we use Proposition 5.3 and Proposition 2.4. O

We are now able to give the proof of the main result of this section. This result is a Trotter-Kato
like formula that allows to obtain a control of the difference between the semigroups P and P,
provided we dispose already of a control of the distance between their generators. It is an adaptation
of Lemma 1.6.2 from (Ethier and Kurtz, 2005) to the notion of extended generators.
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Proposition 5.6. Grant Assumptions 1, 2 and 3. Let A and AN be the extended generators of
respectively P and PN .
Then the following equality holds for each g € C3(R), x € R and t € Ry.

(P~ PY)gle) = [ PY, (A= 2¥) Pgla)as. (16)

Proof. We fix t > 0, N € N*, g € C3(R),z € R in the rest of the proof. Introduce for 0 < s < ¢ the
function u(s) = PN P.g(z).

One can note that u = ® o U with ® : R? — R; ®(vy,v2) = PYP,,g(x) and ¥ : R — R%
U(s) = (t—s,s). Let us show that & is differentiable w.r.t. to both variables v; and v,. Indeed, for
vy it is a consequence of the fact that h = P,,g € C3(R) by Proposition 2.4 and Proposition 5.5,

from which we know that if h € CZ, then v; — PN h(z) is differentiable and

0 d
—d = —PNn(x) = PN ANh(2).
dUl (Ul,vQ) dUl V1 (:E) v1 (1')

To show the differentiability of ® with respect to vo, let us write ®(vy,v2) = E, [Py, g(XY)] . From

Proposition 5.5, we know that since g € C3, vy — P,,g(X}Y) is a.s. differentiable with derivative

d - o _ _ _

Moreover, |Ag(z)| < C||gl|2,00(1 + 22) by Proposition 5.5. Now, using Lemma 2.1.(ii) we see that

sup
v <T

P 9(X1))

<Exy | s (A0l < Or (14 (X2P).

dva 02 <T

By Lemma 2.1.(7i7), we see that the last bound is integrable, hence by dominated convergence,
vg > ®(vy,v9) is differentiable with derivative

i<I>(v1,v2) = Pﬁflf’wg(m) = Pv]\llpwﬁg(x).

dvg
As a consequence, u is differentiable on R, and we have
0 0
u'(s) =— a—vlé(t —s,8)+ 871)2(1)(?5 —5,8)

= - PtJXsANpsg(w) + Pt]XsPSAg(‘r)
=P}, (A - AN) Pyg(a).

Now we show that v’ is continuous. Indeed, if it is the case, then we will have

u(t) — u(0) = /0 u'(s)ds,

which is exactly the assertion.
In order to prove the continuity of u’, we consider a sequence (sj)r that converges to some
s € [0,t], and we write

|Pt]Xs ([1 - AN) Psg(x) - PtJXsk (/i - AN) Pskg(x)| < |(PtJXs - Pt]Xsk) (A - AN) gs(x)| (17)
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+ [Py, (A= AY) (P = Py) g(@)], (18)

where g, = Pyg € C3(R). )
To show that the term (17) vanishes when k goes to infinity, denote hy(z) = (A — AN)g, ().
Using Proposition 5.5 and the fact that g, € C3(R), we have

[hs(2) = hs(y)] < C(1+ 2% +°) |z —yl.

Proposition 5.4 applied to h, and to PV implies that u — PN h,(x) is continuous. As a consequence
the term (17) vanishes as k — oo.
To finish the proof, we need to show that the term (18) vanishes. Denote g, = (]55 — Psk) g. We
have to show that
E, [(A—AY) gr(X[Y,,)] = 0, when k — oc.

In what follows we will in fact show that
E, [Agi(X{Y,,)] — 0 and E, [AV g, (X[Y,,)] = 0, when k — oo. (19)

To begin with, using Proposition 2.4, the functions g belong to C3(R), and for any i € {0,1,2},

for all y € R, g,(f) (y) vanishes as k goes to infinity. Using again Proposition 2.4, we see that for all

i€{0,1,2,3}, ||g,(j)||C>o is uniformly bounded in k. It follows that each sequence (g,(;))k, i€{0,1,2},
is uniformly equicontinuous and thus converges to zero uniformly on each compact interval.

We next show that this implies that also the sequences (AN gy)r and (Agy)r converge to zero
uniformly on each compact interval. For (Agy )y, this is immediate, since A is a local operator having
continuous coefficients. For (A" gy ), it follows from the fact that AV gy (z) — 0 as k — oo for each
fixed x and the fact that by Lemma 5.7 given below, this sequence is uniformly (in k, for fixed N)
equicontinuous on each compact.

We are now able to conclude. The sequence (XY, )i is almost surely bounded by sup |X|
0<r<t

which is finite almost surely by Lemma 2.1.(iii). Hence, almost surely as k — 0o, Agp(X7¥, ) =0
and AN g, (XN, ) — 0.
We now apply dominated convergence to prove (19). Using that by Proposition 5.5, for all
g € C}(R) and z € R,
|Ag(x)] < Cllgll2,00(1 + 22),

we can bound the expression in the first expectation by

Cllaulloe (14 sup 1XX)?) <20 ( sup [1Pallece ) (14 sup [X21)

0<r<t 0<r<t

whose expectation is finite thanks to Lemma 2.1(ii7). The same arguments work for AY. This
implies that (18) vanishes as k — oo, and this concludes the proof. O

We now prove the missing lemma

Lemma 5.7. For all g € CZ(R) and any M > 0,

sup | (AVg)" (2)] < Cwllgllaoe (1 4+ M?),
z€[—M,M)]

for some constant C > 0 that can depend on N, but not on M.
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Proof. We have

(4%9)' (@) = ~ag'(a) ~ axg(0) + NF @8 |g o+ ) - (o)

+ Nf(x)E |:g/ (x + \/UN> — g’(m)] .

Since
E Hg (a4 %) - g<x>H <Wlegion, & iy (o + ) - @i < 1 l=p o),
we obtain

sup | (ANg)' (2)] < [alllgllz,c0 (1 + M)+ VN(f'(2)] V| f(2)]) g
x€[—M,M]

Assumption 3 implies that |f'(z)| < m1Cv1+ a2 for all x. Together with the sub-quadraticity
of f, this concludes the proof. O

5.3. Existence and uniqueness of the process (X}V),

Proposition 5.8. If Assumptions 1 and 2 hold, the equation (5) admits a unique non-exploding
strong solution.

Proof. 1t is well known that if f is bounded, there is a unique strong solution of (5) (see Theo-
rem IV.9.1 of (Ikeda and Watanabe, 1989)). In the general case we reason in a similar way as in the
proof of Proposition 2 in (Fournier and Locherbach, 2016). Consider the solution (XtN’K)tE]R+ of

the equation (5) where f is replaced by fx : z € R — f(x) A sup f(y) for some K € N*. Introduce
ly|<K

moreover the stopping time
T[I}[:inf{tZO : ’XthK’ zK}.
Since for all t € [0, 7 ATR 4], XNE = XN R we know that 7 (w) < T 4+1(w) for all w. Then

we can define 7V as the non-decreasing limit of 7. With a classical reasoning relying on Ito’s
formula and Gronwall’s lemma, we can prove that

sup E [(XN’K )1 < Cy (1+2%), (20)

N
0<s<t SAT

where C; > 0 does not depend on K. As a consequence, we know that almost surely, 7V = 4o0.
So we can simply define X} as the limit of X' as K goes to infinity. Now we show that X~
satisfies equation (5). Consider some w € Q and ¢ > 0, and choose K such that 75 (w) > ¢. Then
we know that for all s € [0,#], XN (w) = XNX(w) and f(XN (w)) = fx (XN (w)). Moreover, as
XNE () satisfies equation (5) with f replaced by fx, we know that X~ (w) verifies equation (5)
on [0,¢]. This holds for all £ > 0. As a consequence, we know that X* satisfies equation (5). This
proves the existence of a strong solution. The uniqueness is a consequence of the uniqueness of
strong solutions of (5), if we replace f by fx in (5), and of the fact that any strong solution (Y,V),
- N,K N
equals necessarily (X; " ); on [0, 7 ]. O
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5.4. Proof of Lemma 2.1

Proof. We begin with the proof of (i). Let ®(z) = 22 and A" be the extended generator of
(X)i>0. One can note that, applying Fatou’s lemma to the inequality (20), one obtains for all

t >0, sup E [(X]V)?] is finite. As a consequence ® € D'(AY) (in the sense of Definition 5.1). And,
0<s<t

recalling that 1 is centered and that 0? := [ u*du(u), we have for all z € R,

AN®(z) =—azxd’ (z) + Nf(x)/]R [@(% + TUN) - @(m)} dpu(u)

=202 + Nf(z) /R [2:5\/% + Qzﬂ dp(u)
= 2a®(z) + 02 f(z) < —2ad(z) + 0> (L|x| + \/W)2
<(6?L? = 2a)®(x) + 202 L|z|\/f(0) + o2 £(0).
Let € > 0 be fixed, and 7. = 202L+/f(0)/e. Using that, for every = € R, |z| < 2%/n. + 1., we have
AND(2) < . ®(x) + d., (21)

with ¢. = 02L? — 2a + ¢ and d. = O(1/¢). Let us assume that c. # 0, possibly by reducing ¢ > 0.
Considering Y}V := e~%'®(X}V), by It6’s formula,
dYN = — cce (X )dt + e tdd(X]Y)
= —ce O XN)dt 4+ et AN (XN dt + et d M,

where, denoting by 7;(dt,dx,du) = m;(dt, dz,du) — dtdxdp(u) the compensated measure of 7;
(1 <j<N), (M;)>o is the P,—local martingale defined as

N
M= /
=10

One can note that, since sup E [(X[V)?] is finite for any t > 0, (M;)¢>0 is a locally square
0<s<t
integrable P, —local martingale, and as a consequence, it is a P, —martingale.
Using (21), we obtain

‘bXéV,-i-L —®(z)| 1 d7 (s, 2, u).
XR+><]R|: ( \/N) () {z<r(xN)} i )

dYN < d.e %tdt + e~ 'dM;,

implying
d
E. [YN] <E, [Y{] + ().
€
One deduces
E, {(XtN)Q} < 1.26(0'2L272a+8)t + g (e(g2L272a+e)t 4 1) , (22)

for some constant C' > 0 independent of ¢,&, N.
The proof of (ii) is analogous and therefore omitted.
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Now we prove (iii). From

N

Z /]o fxRy xR ul (< pixn )y dmi(s, z,u),

Jj=1

t
1
XN:XN—a/ XNds + —
t 0 0 \/N
we deduce

2 t
(sup }XtNO §3(Xév)2+3a2t/ (XN)2ds
0

0<s<t
N
+ 32 ( sup
J

—1 0<s<t

) en

Applying Burkholder-Davis-Gundy inequality to the last term above in (23), we can bound its
expectation by

/]0 dXRy xR “ﬂ{zgf(xg{)}dﬂj(ra Z,u)

W l/]o,t]xﬂhxmUQ]I{Kf(Xé\’_)}dWJ‘(SvZ’U)] < 3N02/0 E [f(X;V_)] ds
< 3N0'2C/t (1+E[(XY)?]) ds. (24)
0

Now, bounding the expectation of (23) by (24), and using point (i) of the lemma we conclude
the proof of (ii7).

The assertion (iv) can be proved in classical way, applying It0’s formula and Grénwall’s lemma.
Let us explain how to prove this property for the process X*V. The proof for X is similar. According
to Ito’s formula, for every ¢ > 0,

(XM)t = (X)* — da / (xN)ids

N 0
22 foenon [P T = OB gm0
N
< (X' + ; /[o,t]xR+XR [(XSN_ + %)4 - <XSN_>4} Losrognydm(s 2 ).

Let us recall that u is centered and has a finite fourth moment, and that f is subquadratic. In-
troducing the stopping times 7% := inf{t > 0: |X}¥| > K} for K > 0, and u}¥(t) :=E [(XtJXTN)‘l} ,
K
it follows from the above that for all t > 0,

¢
ul (1) < C + C’t+C/ ul(s)ds,
0

where C'is a constant independent of ¢, N and K. This implies that for all ¢t > 0,

sup sup sup uh(s) < oo.
NeN* K>0 0<s<t
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Consequently, the stopping times 7§ tend to infinity as K goes to infinity, and Fatou’s lemma
allows to conclude.

We finally prove (v). Indeed, by 1t0’s isometry and Jensen’s inequality, for all 0 < s <t < T,
using the sub-quadraticity of f and (i),

2
E, [(X) — X])?] =E, —a/t XNdr + 1%/ ull ey s (r 2,u)
s \/N =1 s t] xRy xR 7= )
t t

<202(t — 5) / E, [(XN)?] dr + 207 / E, [£(XN)] dr

<202C(1 4+ 2?)(t — 8)% + 2020 (1 + 22)(t — 5)

<Cr(t—s)(1+22).
This proves that X* satisfies hypothesis (v). A similar computation holds true for X. O

5.5. Proof of Proposition 2.4

Proof. To begin with, we use Theorem 1.4.1 of (Kunita, 1986) to prove that the flow associated
to the SDE (6) admits a modification which is C* with respect to the initial condition x (see also
Theorem 4.6.5 of (Kunita, 1990)). Indeed the local characteristics of the flow are given by

b(x,t) = —ax and a(z,y,t) = o>/ f(x)f(y),
and, under Assumptions 1 and 3, they satisfy the conditions of Theorem 1.4.1 of (Kunita, 1986):

o 3C,Va,y,t, |b(x, 1) < C(1 + [z]) and [a(z,y, )| < C(1+ [z[)(1 + [y]).
e 3C,Vx,y,t,|b(z,t) — b(y,t)| < Clz — y| and |a(z,z,t) + a(y,y,t) — 2a(z,y,t)| < Clz — y|*.
e V1<Ek<41<I1<4-—k, %b(m,t) and %a(:c,y,t) are bounded.

In the following, we consider the process ()_(t(m))t, solution of the SDE (6) and satisfying Xéz) =z
Then we can consider a modification of the flow Xt(w) which is C® with the respect to the initial

condition z = Xéx). It is then sufficient to control the moment of the derivatives of Xt(x) with
respect to x, since with those controls we will have

pote 2 (3] 7 == 50 (3]

_ X ox\" o
(Pg)" (@) =E | =g’ (X)) + <a;; g (%)

0x?

ox3 Ox? Ox Oz

[ 3 (@) 25(@) 5@ o(@)\ °
(ptg)“'(x) ) 0° Xy J (Xt(m)>+3a X 'aXt g (Xt(m))+ <8Xt> g" (Xt(m)> . (25)

We start with the representation

t
Xt(L) — pe— ot + 0/ 67a(tfs) f (XS(L))ng
0
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This implies

ax™ . /t (1—s) DXL _
=e 4o [ eV —r \/f) (X(”:)) dB;.
Ox 0 ox ( N

Writing U, = et 2%

t
ox

and

wi= [0 (Vi)

we obtain U; =1 + fot UsdM,, whence

1
Utzexp(Mt—2<M>t>.

i (©)
t

Notice that this implies U; > 0 almost surely, whence 9x

55— > 0 almost surely. Hence

UP = ePMe=5<M>1 _ oxp (th — %pQ <M >t> e2P(P=1)<M>¢ _ S(M)te%”(”_l)<M>‘.

21

(26)

(28)

Since (\/f) is bounded, M; is a martingale, thus £(M) is an exponential martingale with expec-

tation 1, implying that
EUP < e3P(P=D)o’mit

where my is the bound of (1/f)’ introduced in Assumption 3. In particular we have

= (2) 2
(a‘;(t ) < e(azm%—&x)t and E
T

ox™ | .
t 6(30 m1—3a)t.
Ox -

Differentiating (26) with respect to x, we obtain

2 o (x)
We introduce V; = %eat and deduce from this that

Voo [ (V) (1) ¢ e (v3) () as,
which can be rewritten as
dV; = VidM, + Y,dB;, Vo = 0,Y; = oe~ U} (\/?) (2) (Xt“”)) :

with M; as in (27). Applying Ito’s formula to Z; := V;/U; (recall that U; > 0), we obtain

Yy Y
dZy = —dBy — —d < M,B >
t Ut t Ut ) iy

82)2,5(;8) t angaf) v 3X§x) 2 2) ,_
o2 - () ]

(29)
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such that, by the precise form of Y; and since Zy = 0,

7 - U/ot e (\/f) @) ()—(éx)) B, — o /t e, (\/f) (2) (ng) (\/?) (Xﬁ“) ds.

0

Using Jensen’s inequality, (29) and Burkholder-Davis-Gundy inequality, for all ¢ > 0,
! —as @ (o z
</O U, (VI) T (X9) st)
t / 4
([ o () (5 (v9) " (30 )|
coa[(f ) (')’
0
([ (v7) (569 (2)” () ) ]

t t
<C(t+t) / e CE[U]ds < C (t+17) / (697 mi—40)s g
0 0

< C (t + t3) (1 Ft4 6(602mf—4a)t> < O(t + t4)e(602mf—4a)t. (32)

4

E[Z!] <C (E

+E

+E

We deduce that

E[Vﬂ < E[Zﬂlm]E[Uﬂl/Q < C(t1/2 +t2)6302m?72o¢t6302m§t < C(tl/Q +t2)6602m572at’

—( 2
X"
Ox?

Finally, differentiating (31), we get
aSXt(z) B t _aft—s) asX‘gz) r, . 82)_(‘51) 8X£z) @ o
dxs U/o ‘ Ox3 (\/?) (XS ) 3 0x2 Oz (\/?) (XS ) (34)
ox™\’ @)/
s (z)
(55 ()7 (5| an.
3 (@)

. X .
Introducing W; = e* “—t—, we obtain

W, =o /O t [Ws (\/f) (X)) +3e- 0.V, (VF) @ (X) + 202 (VF) @ (Xs(””)>] dB,.

Once again we can rewrite this as

whence

< O(tY? 4 12)el07 miz o)t (33)

AWy = WidM,; +Y/dBy, Wy = 0,
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where / » @) , B 3/
vi=o (3o (vVA) (360) +erop (Vi) (3.

wy

whence, introducing Z; = 7t,

tyl ty/
Z;:/ ist—/ Lsg< M,B>,.
o Us o Us

Y/ \?
(&)

As previously, we obtain,

t

E[(Z)’] §0(1+t)/ E

0

ds

t
<C(+) [ (B V2] + e B [UY]) ds
Ot 2 2 2 2
SO(I—Ft)/ ((81/2 +82)e(60 mi—4a)s +e(60’ m174a)s> ds
0

t
<C(1+1#) / e(6o°mi—da)s ggg
0

<O(L+£3)(1 4t + O M40 < (1 4 ¢4) (1 + e<602m§—4a)t> : (35)
As a consequence,
EWil] <E [(2)2) 2 E[U2)"? < O(1 4 ) (14 el 200t) gl
<C(1+1?) (e%o%%t " e<gazm§72a)t) ,

implying o
PxE

E
03z

< C(l + t2) (6(%02mf70¢)t + e(%o—?mff?)a)t) ) (36)

Finally, using Cauchy-Schwarz inequality, and inserting (30), (33) and (36) in (25),

‘ ‘ (ptg) "

< Cllgll3.00 (1 + t2) (e(%ozm?a)t 4 2oPmi—a)t | e(%gamf,ga)t> ,
oo

which proves the first assertion of the proposition. The proof of the second assertion, equation

(12), follows similarly. Finally to prove the third assertion, we first study the regularity of the

X (@)

first derivative. Notice that t — 36; is almost surely continuous by equation (26). Now take

c@
any sequence t, — t. By (30), the family of random variables {(w;;"g’(Xff)), n> 1} is uniformly

integrable. As a consequence, the second formula in (25) implies that (P, g)'(z) — (P:g)'(z) as
n — oo, whence the desired continuity. The argument is similar for the second derivative, using (31)
and (33). That concludes the proof. O
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